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Locally and globally small Riemann sums and 
Henstock integral of fuzzy-number-valued functions 


Muawya Elsheikh HamicT*, Luoshan Xu “ , Zengtai Gong b 
° School of Mathematical Science, Yangzhou University, Yangzhou 225002, China 
6 College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, P.R. China 


Abstract In this paper, we first define and discuss the locally small Riemann sums ( LSRS ) for fuzzy-number- 
valued functions. In addition the necessary and sufficient conditions have been obtained for a fuzzy-number-valued 
function which has (LSRS), i.e., if a fuzzy- number- valued function is Henstock (H) integrable on [a, 6] then it 
has (LSRS) and the converse is always true. Secondly, the globally small Riemann sums (GSRS) for fuzzy- 
number-valued functions is defined and discussed, and the necessary and sufficient conditions have been given for 
a fuzzy-number-valued function which has (GSRS), i.e., if a fuzzy-number-valued function is (H) integrable on 
[a, ft] then it has (GSRS) and the converse is always true. Finally, by Egorov's Theorem, we obtain the dominated 
convergence theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions. 

Keywords: Fuzzy numbers; fuzzy integrals; (H) integral; (LSRS)', (GSRS). 


1 Introduction 

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [22], it has been studied extensively 
from many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision 
making and fuzzy logic, information science and so on. fuzzy integrals of fuzzy-number-valued functions have 
been studied by many authors from different points of views, including Goetschel [9], Nanda [15], Kaleva [12], Wu 
[18, 19] and other authors [1, 3, 4, 5, 6, 8]. The locally and globally small Riemann sums have been introduced 
by many authors from different points of views. In 1986, Schurle characterized the Lebesgue integral in (LSRS) 
(locally small Riemann sums) property [16]. The (LSRS) property has been used to characterized the Perron 
(P) integral on [a, ft] [17]. By considering the equivalency between the (P) integral and the Henstock- Kurzweil 
(HK) integral, the (LSRS) property has been used to characterized the (HK) integral on [a, 6] [13]. 

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK) 
integrable function on [a, ft]. This research has been done by considering the following fact: Every (HK) integrable 
function on [a, 6] is measurable, however, there is no guarantee the boundedness of the function. A measurable 
function / is (HK) integrable on [a, ft] depends on it behaves on the set of x in which |/(a:)| is large, i.e. |/(*)| > N 
for some N . This fact has been characterized in (GSRS) (globally small Riemann sums) property [13]. 

The (GSRS) property involves one characteristic of the primitive of an (HK) integrable function. That is 
the primitive of the (HK) integral on [a, 6] is ACG* (generalized strongly absolutely continuous) on [a, ft]. This 
is not a simple concept. 

In 2015, Indrati [11] introduced a countably Lipschitz condition of a function which is simpler than the ACG* , 
and proved that the (HK) integrable function or it’s primitive could be characterized in countably Lipschitz 
condition. Also, by considering the characterization of the (HK) integral in the (GSRS) property, it showed that 
the relationship between (GSRS) property and countably Lipschitz condition of an (HK) integrable function on 
[a, 6]. 

In this paper, we first define and discuss the locally small Riemann sums (LSRS) for fuzzy-number-valued 
functions. In addition the necessary and sufficient conditions have been obtained for a fuzzy-number-valued 

‘Corresponding author. Tel.: +8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com 
(M.E. Hamid), luoshanxu@hotmail.com (L.S. Xu) and gongzt@nwnu.edu.cn (Z.T. Gong). 


11 


Elsheikh Hamid et al 11-18 





LLC 


function which has ( LSRS ), i.e., if a fuzzy-number-valued function is ( H ) integrable on [a, 6] then it has ( LSRS ) 
and the converse is always true. Secondly, the globally small Riemann sums (GSRS) for fuzzy-number-valued 
functions is defined and discussed, and the necessary and sufficient conditions have been given for a fuzzy-number- 
valued function which has (GSRS), i.e., if a fuzzy-number- valued function is (H) integrable on [a, b\ then it has 
(GSRS) and the converse is always true. Finally, by Egorov’s Theorem, we obtain the dominated convergence 
theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions. 

The paper is organized as follows, in Section 2 we shall review the relevant concepts and properties of fuzzy 
sets and the definition of (H) integrals for fuzzy-number-valued functions. Section 3 is devoted to discussing 
the locally small Riemann sums (LSRS) of fuzzy-number-valued functions. In section 4 we shall investigate 
the globally small Riemann sums (GSRS) of fuzzy-number-valued functions by Egorov's Theorem, we obtain 
the dominated convergence theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions. 
The last section provides Conclusions. 

2 Preliminaries 

Definition 2.1 [10, 13] Let S : [a, 6] — > R + be a positive real-valued function. P = {[xi-i, Xi\; £,} is said to be a 
(5-fine division, if the following conditions are satisfied: 

(1) a = xo < xi < X 2 < ... < x n = b; 

(2) & € [xi-i,Xi] C (& - <5(&),& + <5(£i))(* = 1,2,- •• , n). 

For brevity, we write P = {[u, u]; £}, where [u, v] denotes a typical interval in P and £ is the associated point 
of [u, «]. 

Definition 2.2 [10, 13] A real-valued function f(x) is said to be (H) integrable to G on [a, 6] if for every e > 0 
there is a function (5(£) > 0 such that for any <5-foie division P — {[w, «];£} we have 

\Y / f(0(v-n)-G\<s (2.1) 

( p ) 

As usual, we write (RH) J ^ f(x)dx = G and f(x) £ RH[a, b]. 

For the results about fuzzy number space E 1 . we recall that E 1 = {u : R — ► [0, 1] : u satisfies (l)-(4) below}: 

(1) u is normal, i.e., there exists a xo £ R such that u(xo) = 1; 

(2) u is a convex fuzzy set, i.e., u(rx + (1 — r)y) ^ min(u(a:), u(y )), x,y £ R, r £ [0, 1]; 

(3) u is upper semi-continuous; 

(4) cl{x £ R : u(x) > 0} is compact, where clA denotes the closure of A. 

For 0 < r ^ 1, denote [tt] r = {* : u(x) ^ ?•}. Then from (l)-(4), it follows that the r— level set [w] r is a close 

interval for all r £ [0, 1] (refer to [2, 7, 9, 12, 14, 20, 21]). We write u r = [u] r = [ u r -,u r + \ or ]it_(r), u+(r)]. 

For u, v £ E 1 , k £ R, the addition and scalar multiplication are defined by the equations: 

[u + v} r = [u} r + M r , i.e., ui + vL = [u + v}L and u+ + v r + = [u + v]+; 

[ku] r = k\v\ r , i.e., [ku] r _ = min{A;M!), ku r + } and [kv\ \ = max{kuL , ku 7 ^} , 

respectively. 

Define D(u, v) = sup d([M] r , ]u] r ) = sup max{|w!l — u!l|, |u+ — v!(|}, where d is Hausdorff metric. Further- 

r-G[0,l] T-e[0,l] 

more, we write 

||u|| B i = D(u, 0) = sup maxlluOl, |m)}|}. 
ag[o,i] 

Notice that || ■ || B i = D(-, 0) doesn’t stands for the norm of E 1 . 

For u, v £ E 1 , u^v means u r _ ^ v r _,u r + ^ (see [2, 7, 9, 12, 14, 20, 21]). 

Using the results of [2, 7, 9, 12, 14, 20, 21], we recall that: 

(1) ( E 1 ,D) is a complete metric space, 

(2) D(u + w, v + w) = D(u, v), 

(3) D(u + v, w + e) < D(u, w) + D(v, e), 

(4) D(ku,kv) = \k\D(u, v),k £ R, 
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(5) D(u + v, 0) ^ D(u, 0) + D(v, 0), 

(6) D(u + v, w) ^ D(u, w) + D(v, 0), where 0 = X{o> and u, v,w,e € E 1 . 

Definition 2.3 [18] A fuzzy-number-valued function f(x) is said to be ( H ) integrable to A £ E 1 if for every 
e > 0 there is a function 5(£) >0 such that for any 5-fine division P = {[it, v]; £} of [a, 6], we have 

D(J2m(v-u),A)<e (2.2) 


( FH ) f f(x)dx = A and 


f(x)eFH[a,b}. 


(2.3) 


Lemma 2.1 [18] Let / : [a, b] — » E 1 be a fuzzy-number-valued function. Then / € FH[a, b] iff fL (x), f+(x) £ 
H[a, 6] uniformly for any r £ [0, 1], i.e., 5(£) in Definition 2.2 is independent of r £ [0, 1]. 


3 Locally small Riemann sums and Henstock (H) integral of 
fuzzy-number-valued functions 

In this section, we shall define locally small Riemann sums or in short ( LSRS ) and show that it’s the necessary 
and sufficient condition for f(x) to be Henstock ( H ) integrable on [a, b]. 

Definition 3.1 A fuzzy-number-valued function / : [a, b] — t E 1 is said to be have locally small Riemann sums 
or (LSRS) if for every e > 0 there is a <5(£) > 0 such that for every t £ [a, b\, we have 

HXy(£)( t,-M )llsi < e ’ ( 3 - 1 ) 

whenever P = {[u, w[; £} is a 5-fine division of an interval [r, s] C (t — 5(f), t + 5(f)), t £ [r, s] and S sums over P. 

If there exists a z £ E 1 such that x = y + z, then we call 2 the H— difference of x and y, denoted by x — y. 

Lemma 3.1 [18] Let / £ FH[a,b\ and F be the primitive of f(x) then F satisfies the F[— difference. 

Lemma 3.2 (Henstock Lemma). If a fuzzy-number-valued function / : [a, b] — > E 1 is ( H ) integrable on [a, b] 
with primitive F, i.e., for every £ > 0 there is a positive function 5(£) > 0 such that for any 5-fine division 
P = {[u, w[; £} of [a, 6], we have 

DC£m(v-u),j2 p ( u ’ v » <s - ( 3 - 2 ) 

Then for any sum of parts ^ from we have 

i 

d (J^/(0( v ~u),J^F(u, v )) Ce. (3.3) 

i i 

The proof is similar to the Theorem 3.7 [13]. 

Theorem 3.1 If f(x) is ( H ) integrable on [a, 6] then it has LSRS. 

Proof Let F be the primitive of f(x). Given e > 0 there is a 5(£) > 0 such that for any 5-fine division 
P = {[«, t>[; £} of [a, 6], we have 

D{ E - «), E V)) < e. (3.4) 

Where F(u,v) = F(v) — F(u). By the continuity of F at £, 

D(F(u),F(v)) < e whenever [w, t>] C (£ - 5(£),£ + 5(£))- 
Therefore for t £ [a, 6] and any 5-fine division P = {[m, «]; of [r, s] C (t — 5(t),t + S(t)), we have 

||£/te)(«-«)|Li < D(J2f(mv-u),Y,Hu, v ))+D(F(r),F(s)) 

< 2 £. 


That is f(x) has LSRS. 

This completes the proof. □ 
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Lemma 3.3 [18] (Cauchy criterion). A fuzzy-number- valued function / : [a,b] — > E 1 is ( H ) integrable on [a, 6] 
iff for every e > 0 there is a positive function 5(1;) > 0 such that whenever Pi = {[ui,Ui];£i}, P 2 = {[U 2 , v 2 ]; £ 2 } 
are two (5-fine divisions, we have 

D( X /(6)(w 1 - ui), XI /(£ a)(v 2 - u 2 )) < e- (3.5) 

(TO (TO 

Theorem 3.2 If a fuzzy-number-valued function / : [a, 6] — > E 1 has LSRS on [a, 6] then f(x ) is (//) integrable 
on any closed sub-interval C C (a, 6). (Where C = [r, s[). 

Proof A fuzzy-number-valued function / : [a, b] —¥ E 1 has LSRS means that for every e > 0 there is a 5 ( £) > 0 
such that for every t £ [a,b\, we have 

HXY(0(v-m)|| b i <e, (3.6) 

whenever P = {[it, u]; £} is a 5-fine division of an interval C C (t — 5(f), t + 5(f)), t £ C and E sums over P. 

(i) If there f £ [a, b] with C C (f — 5(f), f + 5(f)) we have the following discussion: 

(1) If f G C then for every e > 0 there is a two 5-fine divisions Pi = {[mi, Vi]; £ 1 }, P 2 = {[« 2 , V 2 ]; £ 2 } on C, 
such that 

d ( X 1 - ui )> X /(? 2 )( v2 - u2 )) < £ - ( 3 - 7 ) 

(TO (TO 

According to the Cauchy criterion, then /(*) is (H) integrable on C. 

(2) If f ^ C then there is a closed interval E C (f — 5(f), f + 5(f)), with the result that t £ E and C <Z E 
(where E = \g, h] ). As a result, for every e > 0 there is a two 5-fine divisions Pi = {[mi, Vi]; £ 1 }, P 2 = {[u 2 , V2]; £2} 
on E, such that 

£>( X ~ Ul )’ X /(? 2 )( V2 “ U2 )) < £ - ( 3 - 8 ) 

(^1) (P2) 

According to the Cauchy criterion, then f(x) is (H) integrable on E. Because C C E and f(x) is (H) 
integrable on E then f(x) is (H) integrable on C. 

(ii) If C £ (f — 5(f), f + 5(f)) then there is a positive function 5 on [a, b] which resulted in the presence that 
P = {(Ci,ti) : i = 1, 2, • • • , k} is a 5-fine division of the interval C . It follows that f(x ) is ( H ) integrable on C, 
for i = 1,2, ■ ■ ■ ,k. 

Then f(x) is ( H ) integrable on C. 

This completes the proof. □ 

Corollary 3.1 If a fuzzy-number-valued function / : [a, 6] — > E 1 has LSRS on [ a,b\ then f(x) is (H) integrable 
on C for any simple set C C (a, b). 

Notice that a simple set C means that there exists finite closed sub-interval C; which belongs to (a, b ) such 

A. 

that C = U Ci. 

i= 1 

Theorem 3.3 If a fuzzy-number-valued function / : [a, b] — > E 1 has LSRS on [a, 6] then f(x ) is (H) integrable 
on [o, b] . 

Proof A fuzzy-number- valued function / : [a,b] — > E 1 has LSRS then for every e > 0 there is 5*(£) > 0 such 
that for every t £ [a, b], we have 

HXY(0(v-m)|| b i <e, (3.9) 

whenever P = {[m, u];f} is a 5*-fine division of an interval C C (t — 5(t),t + 5(t)), t £ C and E sums over P. 
According to the Corollary 3.1, f(x) is ( H ) integrable on C for any simple set C C ( a, 6 ). 

Rows set {Ei}, Eif)Ej = rf>, Vi ^ j with property (a, b) = [J Ei , Ei is a closed interval. Thus for above e > 0, 
there is a positive numbers no with property 

k{[a,b] - (J Ei} < e, (3.10) 

i<n 0 


where g is Lebesgue measure. 
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For any i, there is a positive function Si such that for any <5i-fine division on Ei, we have 

D (y 'f{o( v ~ u )’( H )[ i(x)dx)<£. 

J Ei 

Define a positive function 5 by the formula: 


(3.11) 


5(0 = 


min{<T(C), ld(£,<9[a,&])} if £ G (J E '<■ 


min{5*(0,5*(C)}. 


i>riQ 

if £ € U Ei. 

i<no 


For each C = {C} = {Ci, C 2 , ■ ■ ■ , Ck} with Cj = Eif)Q (where Q = [u, u]), for one i < no and one Q with 
{[u, u]; £} is a (5-fine division and £ G (a, b), we have 

(i) If Cj = Ei for i < no- Because f(x) is (H) integrable on Ei and f(x) is ( H ) integrable on Cj consequently 

f(x) is (if) integrable on (J Cj. Selected a positive function J* with J*(£) = min{<5j(£) : j = 1,2, •• • , k}, then 
3 = i 

k 

for each <5*-fine division P = {[-u, v];£} on (J Cj, we have 


D (( H ) f k f(x)dx, f(0( v -«))<■ 

J I I C, 


U c. 

3 = 1 


(3.12) 


Thus obtained: 


k 

C ^{H) f f(x)dx || B i < D((H)f k /(a:)da:,y]/(C)(u-u)) +y]j|^/(C)(u-u)|| Bl 
■! c J u Cj =1 

3 = 1 


< e + fee. 


According to the properties of Cauchy, f(x) is (H) integrable on [a, b}. 

(ii) If Cj = Ei P| Q, for i < no and one J-hne Q with {[u, v\, £} and £ G (a, b) then Cj C (£ — (5(£),£ + 5(C))- 

~ ~ k 

According to the Theorem 3.2, then f(x) is (H) integrable on Cj. As the result f(x) is (H) integrable on (J Cj. 

3=1 

k 

Selected a positive function (5i with property (5i(£) < <5(£) then for each (5„-fine division P = {[u, v];£} on (J Cj, 

3=1 

we have 

(3.13) 


D (( H ) f k f(x)dx, f(0(v -«))<■ 

J II Ci 


U c. 

3 = 1 


Thus obtained: 


k 

C ^{H) [ f{x)dx || i < D((H)f k /(a:)da:,^/(C)(u-u)) +y]j|^/(C)(u-u)|| ! 

Jc J u c, l^i 

3 = 1 


< £ + fee. 


According to the properties of Cauchy, f(x) is (H) integrable on [a, b]. 
This completes the proof. 


□ 


Corollary 3.2 A fuzzy-number-valued function / : [a, 6] — > E 1 has LSRS on [a, b ] iff f(x) is (H) integrable on 
[a,b]. 


4 Globally small Riemann sums and Henstock ( H ) integral of 
fuzzy-number-valued functions 

In this section, we shall define globally small Riemann sums or in short GSRS and show that it’s the necessary 
and sufficient condition for f(x) to be Henstock (H) integrable on [a, b]. 
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Definition 4.1 A fuzzy-number-valued function / : [a, b] — > E 1 is said to be have globally small Riemann sums 
or (GSRS) if for every e > 0 there exists a positive integer N such that for every n is N there is a <5„(£) > 0 and 
for every <5„-fine division P = {[u, u];£} of [a, 6], we have 

|| E f(0(v~u)\\ El < e, (4.1) 

ll/(«ll E i>™ 

where the is taken over P and for which ||/(£)|| b i > n - 

Theorem 4.1 Let f(x) be (H) integrable to F(a,b) on FH[a,b\ and F n .(a,b) the integral of f n (x) on FH[a, b], 
where f n (x) = f(x) when ||/(®)|| B i ^ n and 0 otherwise. If F n (a,b) — » F(a,b) asn-ioo then f(x) has GSRS. 


Proof Given e > 0 there is a <5 n (£) > 0 such that for every <5 n -fine division P = {[u, u]; £} of [a, b], we have 


D(J2U0(v-u),F n (a,b)) <e, 

where ( FH ) f„(x)dx = F n (a,b). 

£>(E /(£)( v - «)> F(a, b)) < S, 

where (FH) J ^ f(x)dx = F(a, b). 

Choose N so that whenever N 

D(F n (a, b), F(a, b)) < s. 

Therefore for n ^ N and (5 n -fine division P = {[u, u]; £} of [a, 6], we have 

II E f(t)( v ~ u )\\ El = D (^2 f nit) (v-u),J2 ho (v-u)) 

11/(011 E i >™ 

^ D(J2 /n(0(« - «), Fn(a, b)) + D(F n (a, b), F(a, b)) + D(F(a, b), /(0(« - «)) 

< 3e. 


(4.2) 


(4.3) 


(4.4) 


Hence f(x) has GSRS. 

This completes the proof. □ 


Theorem 4.2 A fuzzy-number- valued function f(x) has GSRS iff f(x) is (H) integrable on [a, 6] and F„(a , b) — > 
F(a , b) as n — > oo where F n (a, b) and F(a, b) are defined as in Theorem 4.1. 


Proof Theorem 4.1 proves the sufficiency. We shall prove only the necessity. Suppose f(x) has GSRS. Note 
that fn(x), as defined in Theorem 4.1, is (FH) integrable on [a, 6] for all n. Then for n,m ^ N and a suitably 
chosen (5-fine division P = {[u, v]; £}, we have 


D(F n (a,b),F m (a,b)) 



D(F n (a,b), 

E 

f(0( v ~ 

u)) + D( 

E fit)i v 



ii/«)ii e i 



11/(011^1 

+ 

II E 

f(0(v 

~ “) B i + 

II E 

f(t)(v~u)\\ B i 


ll/(OII E l>n 



II/(£)II e i : 

>m 

< 

4e. 






That is, F n (a,b) converge to a fuzzy number, say F(a,b), as n — > oo. Again, for suitably chosen N and 5(£) 
and for every (5-fine division P = {[u, t>]; £}, we have 

D(J2 fit)(v - u), F(a, b)) ^ D(F(a , b), F N (a , b)) 

+ D(F N (a, b), J2 /(0(v-w)) + || E fit)(u-u)\\ El 

ll/«)ll E i^JV l|/(e)ll E i>Jv 

< 3e. 


That is, f(x) is (FH) integrable on [a, b]. 
This completes the proof. 


□ 
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Theorem 4.3 Let f„(x) £ FH[a, b], n = 1,2,3- •• and satisfy: 

(1) lim f n (x) = f(x) almost everywhere in [a, 6]; 

71— >• OO 

(2) there exists a Lebesgue ( L ) integrable ( H integrable) function h(x) on [a, b] such that 

D(f n (x), f m (x)) < h(x). (4.5) 

Then, f n (x) has GSRS on [a,b] uniformly for any n. Naturally, / is ( SFH ) integrable on [a, 6]. Furthermore, 


lim (SFH) / f n (x)dx = (SFH) / f(x)dx. 


( 4 . 6 ) 


Proof Let e > 0. Since H(x) = (L) j h(t)dt is absolutely continuous on [a, 6 ], there exists a positive number 
r/ > 0 such that | H(bi) — H(m)\ < e whenever {[ai, 6 ;]} is a finite collection of non-overlapping intervals in [a, 6 ] 
that satisfy ^( 6 , — ai) < 77 . Since lim f n (x) = f(x) almost everywhere in [a,b], and 

D(fnJ) = sup max{|(/ n (a:))!l - (f(x)) r _ |, | (/„(*))+ - (/(x))+|} 

re[0,l] 

= sup max{|(/„(*))I«- - (f(x)) r _ k \,\(f n (x)) r + k - (f(x))?\} 
r k e [0, 1] 

is a sequence of Lebesgue (L) measurable functions, where r k £ [0, 1] is the set of rational numbers, by Egorov’s 
Theorem, there exists an open set G with L(G) < r/ such that lim f n (x) = f(x) uniformly for x £ [a, b] \G. Then, 

71 — >00 

there is an natural number N, such that for any n,m > N, and for any x £ [a, b] \G, we have D(f n (x), fm(x)) < e. 
Since h(x) is (H) integrable on [a, 6 ], there is a 5h(0 > 0 such that for any <5h-fine division P = {[«, u]; £} of [a, 6 ], 
we have 

\^2h(£)(v - u) - (L) f h(t)dt\ < e. (4.7) 

J a 

Define 

if C £ [a, b] \ G, 

{<$(£), satisfying (& - <5(&), & + <5(&)) C G, if £ £ [ 0 , 6 ]. 

Then, it follows that for a (5-fine division Pq = {[a!j_i, **];&} of [a,b\, 



D( Y, fn(£i)(xi - Xi-l 

~ Xi-l)) 

< 

d( y /"Koo*- 

Xi — 1)5 ^ ^ f m(£,i){Xi Xi— 1)) 


«»e[o,6]\G 

£ie[a,b]\G 

+ 

D (Y u(ii)(xi-xi- 

l): Y /”»(&)(*< - Xi-l)) 


Ue a 

€;EG 

< 

Y D (fn(Zi)Jm(Zi))(Xi-Xi- 1) + V £>(/„(&), /„(£, 


£<6[o.i>]\G 

€i6 G 

< 

e(b-a)+ | Y ft (&)( £ 
€;€ a 

a — Xi-i) - / h(t)dt\ + | / h(t)dt\ 

J G J G 

< 

e(b — a) + 3 e. 



Hence, there is an natural number N such that for any n,m > N , we have 
D(F n [a, b],F m [a, b\) 

< D(F n [a, b], Y f„(£i)(xi - Xi- 1 )) + D(F m [a, b \ , Y, f m (ii)(xi - x t -i)) 

+ D (Y fn(£i)(Xi ~ Xi-l), Y fm(£i)(Xi - Xi- 1 )) 

< 3 e. 


Thus, F n [a,b] is a Cauchy sequence, and there is an natural number Ni such that for any n > Ni, we have 
D(F n [a, b],A) < e. According to the (FH) integrability of fi y 1 (x), there is a <5^ (£) > 0 such that for any <5 Ni -fine 
division P = {[m, «];£} of [ci,b], for any n > Nn x , we have 

d C^2MO( v - u),F n [a,b ]) 

< D(F n [a,b],F Nl [a,b]) + D(Y f Nl (£)(v - u), F Nl [a, 6]) 

+ D C^2fn(^)(v-u),J2fNi(0(v~u)) 

< 3e. 
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This completes the proof. □ 

5 conclusions 

In this paper, we introduced locally and globally small Riemann sums for fuzzy-number-valued functions. We 

proved that a fuzzy-number- valued functions is (H) integrable on [a, b] iff it has ( LSRS ). Also it is proved that 

a fuzzy-number-valued functions is (H) integrable on [a, b] iff it has (GSRS). Finally, by Egorov’s Theorem, we 

obtained the dominated convergence theorem for (GSRS) of fuzzy-number-valued functions. 
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Abstract. In this paper, we consider and analyze a general iterative method to approximate a common solution of 
split variational inclusion problem and fixed point problem for a nonexpansive mapping, which is the unique solution for 
the variational inequality in real Hilbert spaces. Furthermore, under reasonable conditions, the sequence generated by 
the proposed iterative scheme converges strongly to a common solution of split variational inclusion problem and fixed 
point problem for a nonexpansive mapping, which is a solution of a certain optimization problem related to a strongly 
positive linear operator. The results presented in this paper improve and extend the corresponding results reported by 
some authors recently. 
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1. Introduction 

Throught out the paper unless otherwise stated, let "Hi and H 2 be two real Hilbert spaces with 
inner product (•,•) and norm || • ||. Let C and Q be nonempty closed convex subsets of Hi and H 2 , 
respectively. A mapping S : Hi — > Hi is called contraction, if there exists a constant a £ (0, 1) such 
that 

||5r - 5*2/11 < a\\x - y\\,\/x,y £ Hi. 

If a = 1, S is called nonexpansive, that is, 

II Sx - 52/|| < || ar - y\\,\/x,y £ Hi. 

Further, we consider the the following fixed point problem (in short, FPP) for a nonexpansive mapping 
S : Hi — > Hi : Find x £ Hi such that 

Sx = x. (1-1) 

The solution set of FPP (1.1) is denoted by Fix(5). It is well known that if Fix(S') ^ 0, Fix(S') is closed 
and convex. Next, let T : Hi Hi be a single-valued mapping. We recall the following definitions: 

(i) T is said to be monotone, if 

{Tx — Ty, x — y}> 0, \/x,y£Hi. 

(ii) T is said to be a-strongly monotone, if there exists a constant a > 0 such that 

(Tx-ty,x-y) > a\\x~y\\ 2 , \/x,y£Hi- 

(iii) T is said to be /3-inverse strongly monotone(or, /3-ism), if there exists a constant /3 > 0 such 
that 

(Tx — ty,x — y) > /3\\Tx - Ty\\ 2 , \/x,y £ Hi . 

(iv) T is said to be firmly nonexpansive, if 

(Tx - ty,x - y) > \\Tx - Ty\\ 2 , \/x,y £Hi. 

Next, let M : Hi — > 2 Wl be a multi-valued mappings. We recall the following definitions: 

• M is called monotone if for all x, y £ Hi, u £ Mx and v £ My such that (x — y, u — v) >0. 

* Corresponding author: 

Email address: rattanapornw@nu.ac.th (R. Wangkeeree) and kiattisakrat@live.com (K. Rattanaseeha) and rabi- 
anw@nu.ac.th (R. Wangkeeree). 
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• A monotone mappings M : Hi —> 2 Wl is maximal if the Graph (M) is not properly contained 
in the graph of any other monotone mapping. 

For more precisely, a monotone mappings M is maximal if and only if for (x, u) £ Hi xH i, (x—y, u—v) > 

0, for every (y, v) £ Graph(M) implies that u £ Mx, where Graph(M) := {(x, y) £ H\xH\ : y £ Mx}. 
Let M : Hi —> 2 Wl be a multi-valued mappings. Then, the resolvent mapping associated with M, is 
defined by 

jf (x) := (/ + A M)~\x), \/x £ Hi 

for some A > 0, where / stands identity operator on H\. We note that for all A > 0 the resolvent 
operator is single- valued, nonexpansive and firmly nonexpansive. 

For a given single- valued operator F : Hi —> Hi, Hartman and Stampacchia [12] introduced the 
variational inequality problem (in short, VIP) : 

, / Find x* £ C such that 
j \ (F(x*),x-x*) > 0,Vx£ C. 

The VIP is a powerful tool to investigate and study a wide class of unrelated problems arising in 
industrial, regional, physical, pure and applied sciences in a unified and general framwork. Variational 
inequalities have been extended and generallized in several direction using novel and new techniques. 
The following existence result of solutions for VIP can be found in [12], Let Hi be a real Hilbert space, 
C a nonempty, compact and convex subset Hi . Then, if F : C — > Hi is continuous, there exists x* £ C 
such that 

(F(x*),x — x*) > 0,Vx £ C. 

Recently, in 2011, Moudafi [24] introduced the following split monotone variational inclusion problem 
(in short, SMVIP): 

. . J Find x* £ Hi such that 0 £ fi{x*) + Bi (x * ), 

( j i y* = Ax * £ H 2 solves 0 £ f 2 (y*) + B 2 {y*). 

where Bi : Hi — > 2 Ul is a multi-valued mappings on a Hilbert space Hi, B 2 : H 2 — > 2^ 2 is a multi- 
valued mappings on a Hilbert space H 2 , A : Hi H 2 is a bounded linear operator, fi : Hi — > Hi and 
f 2 • H 2 — ^ H -2 are two given single-valued operators. If /i = 0 and f 2 = 0, then SMVIP reduces to the 
following split variational inclusion problem (in short, SVIP) : Find x* £ Hi such that 

0 £ Bi(x*), (1.2) 

and 

y* = Ax* £ H 2 solves 0 £ B 2 (y*). (1.3) 

When looked separately, (1.2) is the variational inclusion problem and we denoted its solution set by 
SOLVIP(J3i). The SVIP (1.2)-(1.3) constitutes a pair of variational inclusion problems which have to 
be solved so that the image y* = Ax* under a given bounded linear operator A, of the solution x* of 
SVIP (1.2) in Hi is the solution of another SVIP (1.3) in another space H 2 , we denote the solution set 
of SVIP (1.3) by SOLVIP(B 2 )- The solution set of The SVIP (1.2)-(1.3) is denoted by 

T : {x* £ Hi : x* £ SOLVIP(Hi) and Ax* £ SOLVIP(H 2 )}. 

1, Recently, Byrne et al. [3] studied the weak and strong convergence of the following iterative method 
for SVIP. For given x’o £ Hi, compute iterative sequence {x n } generated by the following scheme. 

x n +i = Jx 1 (x)(x n +7 A*(J^ - I)Ax n ^j, (1.4) 

for A > 0 and A* is the adjoint of A, L = ||A*A|| and 7 £ (0, £). It is proved, in [3], that the sequence 
{x n } generated by (1.4) converges strongly to x* which is the solution of SVIP. 

Very recently, Kazami and Rizvi [13] studied and analyzed the strong convergence of the iterative 
method for approximating a common solution of SVIP and FPP for a nonexpansive mapping in a real 
Hilbert space. Let g : Hi Hi be a contraction mapping with constant a £ (0, 1) and S : Hi — > Hi 
be a nonexpansive mapping. For a given xq £ H\ arbitrarily, let {u n } and {x„} be generated by 

u n = Jx 1 (x n + qA*(jf 2 - I)Ax n ^j ; 

Xn+i = a n g(x n ) + (1 - a n )Su n , (1.5) 
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where A > 0 and 7 £ (0, j), L is the spectral radius of the operator A* A and A* is the adjoint of 
A and {a n } is a sequence in (0,1). They proved that, under some certain conditions imposed on 
the parameters { a n }, the sequences {ii„} and {x n } both converge strongly to z £ Fix(S') fl T, where 

2 = ^Fix(S)nrff( 2 )- 

On the other hand, iterative methods for nonexpansive mappings have recently been applied to 
solve convex minimization problems; see, e.g., [11, 27, 28, 29] and the references therein. Convex 
minimization problems have a great impact and influence in the development of almost all branches of 
pure and applied sciences. A typical problem is to minimize a quadratic function over the set of the 
fixed points a nonexpansive mapping on a real Hilbert space: 

9(x) = min \{Gx, x) — (x, b), (1.6) 

16C 2 

where G is a linear bounded operator, C is the fixed point set of a nonexpansive mapping T and b is a 
given point in H . Let H be a real Hilbert space. Recall that a linear bounded operator B is strongly 
positive if there is a constant 7 > 0 with property 

{Gx, x) > 7||a;|| 2 for all x £ H. (1.7) 

Marino and Xu [25] introduced the following general iterative scheme basing on the viscosity approxi- 
mation method introduced by Moudafi [14]: 

Xn+i — (^ a n G)Tx n a n (3f (x n ), n A 0. (1-8) 

where G is a strongly positive bounded linear operator on H. They proved that if the sequence {a n } 
of parameters satisfies appropriate conditions, then the sequence {x n } generated by (1.8) converges 
strongly to the unique solution of the variational inequality 

((G — flf)x* , x — a:*) > 0 ,x € C (1-9) 

which is the optimality condition for the minimization problem 

min -r(Gx.x) — h(x), 

where h is a potential function for (3f(i.e ., h'(x) = (3f(x) for x £ H). 

Motivated by the work of Kazrni and R.izvi [13] and Moudafi [24] and Marino and Xu [25] and by the 
ongoing research in this direction, we suggest and analyze a general iterative method for approximating 
a common solution of SVIP and FPP which solves the variational inequality (1.9). More precisely, let 
g : Hi —> Hi be a contraction mapping with constant a € (0,1), S : Hi —> Hi be a nonexpansive 
mapping and G : Hi —> Hi be a strongly positive, bounded linear operator with constant y and 
0</3< For a given Xq £ Hi arbitrarily, let {u n } and {x n } generated by 

u„ = jf 1 (x n + yA*(jf 2 - I)Ax n ) ; 

x n _i_i cr n /5 t /'(x n ) T (I ci n G) Su n , (1.10) 

where A > 0 and 7 £ (0, ^ ), L is the spectral radius of the operator A* A and A* is the adjoint of A 
and {a n } is a sequence in (0, 1) and Bi : Hi — > 2 Hl , B 2 : H 2 — > 2^ 2 two multi-valued mappings on 
Hi, and H 2 , respectively. We prove that the iterative method (1.10) converges strongly to a common 
element of SVIP and FPP for a nonexpansive mapping, which is a solution of a certain optimization 
problem related to a strongly positive linear operator. The result presented in this paper generalize the 
corresponding results of Kazmi and Rizvi [13] and Moudafi [24], Marino and Xu [25] and many others. 

2. Preliminaries 

For a real Hilbert space Hi with the norm || • || and the inner product (•,•), it is well known that for 
any A € (0, 1), 

II A* + (1 - AM 2 = A|M| 2 + (1 - A)||j/|| 2 - A(1 - \)\\x - i/ll 2 , Vx , y £ Hi. (2.1) 

Further, every nonexpansive operator T : Hi — > Hi satisfies, for all (x,y) £ Hi x Hi, the inequality 

<(* - T(x)) - (y - T(y)),T(y) - T(x)) < \\\(T{x) - x) - (T(y) - y ) || 2 (2.2) 
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and therefore, we get, for all (. x,y ) £ HiX Fix(T), 

(0 - T ix), ( y - T(x)) < * || T(x) - x\\ 2 . (2.3) 

A mapping T : Hi — > Hi is said to be averaged if and only if it can be written as the average of the 
identity mapping and a nonexpansive mapping, i.e. , 

T := (1- a)I + aS 

where a £ (0, 1) and S : Hi -A Hi is nonexpansive and I is the identity operator on Hi 

Proposition 2.1. (i) If T = (1 — a)S + aV , where S : Hi —¥ Hi is averaged, V : Hi —> Hi is 
nonexpansive and a £ (0, 1), then T is averaged. 

(ii) The composite of finitely many averaged mapping is averaged. 

(in) If the mapping are averaged and have a nonempty common fixed point, then 

N 

Pi Fix(Ti) = Fix(Ti,T 2 , . . .,T N ). 

i= 1 


T 

(iv) IfT is t — ism, then for 7 > 0, 7 T is ism 

T 

(v) T is averaged if and only if , its complement I — T is t — ism for some t > - 


For every point x £ Hi, there exists a unique nearest point in C, denoted by Pcx, such that 

\\x-P c x\\ < ||x — y||, My £ C. 

Pc is called the (nearest point or metric) projection of Hi onto C. In addition, Pc x is characterized 
by the following properties: Pcx £ C and 

(x - Pcx, y - Pcx) < 0, (2.4) 

\\x - y\\ 2 > \\x - P c x\\ 2 + \\y - P c xf , Mx £ Hi,y £ C. (2.5) 

Recall that a mapping T : Hi Hi is said to be firmly nonexpansive mapping if 

\\Tx — Ty\\ 2 < (Tx — Ty,x — y), Mx,y€Hi- 
It is well known that Pc is a firmly nonexpansive mapping of "Hi onto C and satisfies 

\\P C x-Pcy\\ 2 < {x-y,P c x- P c y), Mx,yeHi. (2.6) 

If G an a— inverse-strongly monotone mapping of C into Hi, then it is obvious that G is ^ — Lipschitz 
continuous. We also have that for all x, y £ C and A > 0, 

\\{I - XG)x - (I - XG)y\\ 2 = \\x ~ y - X(Gx - Gy)\\ 2 

= \\x - y\\ 2 - 2X(Gx -Gy,x-y) + X 2 \\Gx - Gy \\ 2 

< \\ x - y \\ 2 + X(X-2a)\\Gx-Gy\\ 2 (2.7) 

So, if A < 2a, then I — X G is a nonexpansive mapping of C into Hi. 


Next, we denote weak convergence and strong convergence by notations — ^ and — >, respectively. A 
space X is said to satisfy Opials condition [31] if for each sequence {x„} in X which converges weakly 
to a point x £ X, we have 

lirninf ||x n - x|| < liminf ||x„ - y\\, My £ X,y ^ x. 

n— >00 n— >00 

Lemma 2.2. [25] Let Hi be a Hilbert space, C be a nonempty closed convex subset of H, and f : Hi — > 
Hi be a contraction with coefficient 0 < a < 1, and G be a strongly positive linear bounded operator 
with coefficient 7 > 0. Then, for 0 < 7 < 'f, 

(x - y,{G - jf)x - (G - jf)y) > (7 — 7 a)||x — y|| 2 , x,y €Hi. 

That is, G — 7 / is strongly monotone with coefficient 7 — 7 a. 

Lemma 2.3. [25] Assume G is a strongly positive linear bounded operator on a Hilbert space Hi with 
coefficient 7 > 0 and 0 < p < ||G|| _1 . Then ||7 — pG\\ < 1 — pj. 
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Lemma 2.4. [23] Let {x n } and {y n } be bounded sequences in a Banach space X and let {/?„} be a 
sequence in [0, 1] with 0 < liminRj^oo /3 n < limsup,,^^ f3 n < 1. Suppose that x n+ i = (1 — P n )y n + /3 n x n 
for all integers n > 0 and limsup^^dli/n+i - y n \\ - ||x„+i - a: n ||) < 0. Then lim^oo ||y n - x n \\ = 0. 

Lemma 2.5. [31] Let Hi be a Hilbert space, C a closed convex subset of Hi, and S : C -A C a 

nonexpansive mapping with F(S) ^ 0. If {x n } is a sequence in C weakly converging to x £ C and if 

{(/ — converges strongly to y, then (/ — S)x = y; in particular, if y = 0, then x £ Fix(S). 

Lemma 2.6. [26] Assume {a n } is a sequence of nonnegative real numbers such that 

Rn+l A (A ) (l n -|- S n , 

where {a n } is a sequence in (0, 1) and {5 n } is a sequence in R. such that 
(!) E~=i °n = oo; 

(2) limsup„^, 00 — < 0 or Jf^Li I < oo. 

Then lim,,-,^ a n = 0. 

3. Main Results 

In this section, we prove a strong convergence theorem for the general iterative methods for ap- 
proximating the common element of SVIP and FPP which is the unique solution for the variational 
inequality (1.9). First, we have the following technical lemma, which is immediately consequence of 
the definition of resolvent mapping: 

Lemma 3.1. SVIP is equivalent to find x* £ Hi such that y* = Ax* £ H 2 , x* = J^ 1 (x*) and 
y* = J^ 2 (y*) for some A > 0. 

Theorem 3.2. Let Hi and H 2 be two real Hilbert spaces. Let A : Hi -A H 2 be a bounded linear 
operator. Assume that B\ : Hi -A 2 Wl and B 2 : H 2 -A 2^ 2 are maximal monotone mappings. Let 
S : Hi — > Hi be a nonexpansive mapping such that Fix(S) fl T ^ 0. Let f : Hi -A Hi be a contraction 
mapping with constant a £ (0, 1) and G : Hi -A Hi a strongly positive, bounded linear operator with 
constant p such that ||G|| = 1, and 0 < /3 < -. For given Vxq £ Hi, let the sequences { u n } and {x n } 
be generated by (1.10), where {a n } is a sequence in (0, 1) satisfying the following conditions : 

(i) linin—^oo oc n — 0? 

(ii) E~=i a n = 00 and 

(hi) E~=i I a n - a n -i\ < 00 . 

Then the sequences {u n } and {x n } both converge strongly to z £ Fix(S) fl T, where z = PFix(S)nr(I ~ 

G + Pf)(z). Moreover, z is a unique solution of the variational inequality (1.9). 

Proof We observe that -Ppix(S)nr(^ ~ G + Pf) is a contraction. Indeed, applying Lemma 2.3 with 
||G|| = 1, we have, 

ll P Fix(S)nr( 7 - G + (3f)( x) - P F ix(S)nr( J ~G + PfMW < I \W + V ~ G))(x) - (/?/ + (I - G))(y)|| 

< l9||/(*)-/(y)|| + ||J r -G||||®-y|| 

< 'ya\\x-y\\+(l-i)\\x-y\\ 

< (1 — (7 — a/3)) ||a; — y\\, 

for all x, y £ Hi- Therefore, Banach’s Contraction Mapping Principle guarantees that -Ppix(S)nr(^ ~ 

G + /?/) has a unique fixed point, say 2 £ Hi. That is, z = QF^f + (/ — G))(z). Next, we devide the 
proof into five steps as follows. 

Step 1. We first show that the sequences {x n } is bounded. Let p £ Fix(S) fl T, then we have that 
p = J\ x p, Ap = J^ 2 ( Ap ) and Sp = p. So, we have 

||wn-p|| 2 = J^ 1 (x n +'yA*(^J^ 2 - I^JAx n ) -p 

= | (x„ + 7 A*(jf 2 - l)Ax n ) - J^pf 

< X n + J A*(^J^ 2 ~ I^JAx n - p 


23 


WANGKEEREE et al 19-31 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


R. WANGKEEREE, K. RATTANASEEHA AND R. WANGKEEREE 


It follow that 


< Wxn-pf+^A^J^-I^AxJ^ + 2 1 (x n -p,A*[j^-l)Ax n ). (3.1) 

\\un-p\\ 2 < \\x n -p\\ 2 + 7 2 ((jx 2 -l)Ax ni AA*(j^ -l)Ax n ) 

+ 2 1 (x n -p,A*(j^ -l)Ax n ). (3.2) 


7 2 {(jx 2 ~ l)Ax n ,AA*(j f 2 - l)Ax n ) < L 7 2 ((jf 2 - l)Ax n , (jf 2 - l)Ax n ) 

= L 7 2 |(jf 2 -/)Ax„| 2 


and using (2.3), we have 


27 (x n -PiA*(j ® 2 - I'jAx^ = 27 (A{x n - p),(j ^ 2 - I^Ax^J 

= 2 1 (A{x n -p)+ (jf 2 - l)Ax n - (jf 2 - l)Ax n , (jf 2 - l)Ax n ) 


2 7 | ( J^Ax n - Ap , (jf 2 - l)Ax n ) - (j (jf 2 - l)Ax r 


< ^{i||(A a -/) 

< -l\{jx 2 ~i)Ax. 


— I ) AXn ~ 


(jf 2 - l)Ax n 


From the inequalities (3.2), (3.3) and (3.4), we can conclude that 


IK -PH 2 < |K -p|| 2 + 7 (i 7 - 1) (jf 2 -I'jAxr, 


Since 7 £ (0, j-), we obtain 


which implies that 


ll M n — p|| 2 < K -pH 2 , 


IK -P|| < K “Pll- 


Therefore 


||^n+l p|| = I \a n Pf(x n ) + (J - a n G)Su n - p|| 

< /Kll/K) - /(p)|| + \\{I - a n G)\\\\Su n -p|| + a n \\pf(p) - Gp|| 

< pa n a\\x n — p\\ + (1 - a n p)\\u n — p\\ + a n \\/3f(p) - Gp\\ 

< /3a n a\\x n -p\\ + (1 - ov-t) IK ~Pll + KI Pf(p) - Gp\\ 

= (pa n a + (1 - a n p)) \\x n - p|| + a n \\pf(p) - Gp\\ 

G. a Mf{P)~Gp\\ 


= (l - a n (p - /3a)) IK -p|| + a n {p - pa)- 


(P - Pol) 


< max < K -p||, 


II Pf(p) - Gp\\ 


p — pa 


By induction, we have 


IK _ Pll < max< ||xi -p|| 


II Pfip) ~ Gp\\ 

p — Pa 


, Vn > 1. 


Hence {x n } is bounded and consequently, we deduce that {u ra }, {f(x n )} and {S7t n } are bounded. 
Step 2. We show that the sequences {x n } is asymptotically regular, i.e. , 

|K+i — x n || — > 0 as n — > 00 . 
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For each n £ N, we notice that 

||*Tn-f 1 *Tn || — || Qtnfi f (x n ) "F (7 a n G) Su n (a n _ i/3/* (x n _i ) (7 a n _ iG) Su n —i^j || 

F || (7 Ot n G) (Su n Su n -l ) (o^n OL n —\^G S'U n — 1 

+f3a n (f(x n ) - f(x n - 1 )) + /3(a n - a n _i)/(x n _i)|| 

— (1 II Su n — 1 1| + | Qt-n &n— 1 1 1| GSu n — \ || 

+f3a n \\(f(x n ) - f(x n - 1 )|| +/3|a n - a n _i|||/(x n _i)|| 

— (1 ^n^OH^n ^n— 1|| “1“ |^n &n— 1 1 1| GSUji— \ || 

-\-f3Q'Q' n \\x n X n — i 1 1 fi\cx. n OL n —\ 1 1| f(x n —i ) || 

— (1 Q' n fJ, S ) \\Un ^n— 1|| “1“ /^C^n||«£n %n— 1|| 

+ \ a n ~ a n _i|(||Gw n _i|| +^||/(x n _i)||) 

^ (1 ^n^OH^n ^n— 1|| “1“ /^G^n||«£n %n— 1|| | &n—l\K (3.8) 

where K = sup { ||Gii n _i|| + /3||/(x n _i)|| : n G N}. Since, for 7 G (0, the mapping J ^{I + 
7^4* (J^ 2 ~ I)A) is averaged and hence nonexpansive, therefore 

K-Un-rll = \\j^(x n + jA*(j^ -l)Ax n ) - Jf 1 (x n _ 1 + 7 A*(jf 2 - 7)Ac n _ 1 )| 

< | Jf 1 (/ + 7^ (/f 2 - - Jf 1 (/ + 7 A* (jf - 

< ||x„-x„_i||. (3.9) 

It follows from (3.8) and (3.9) that 

||*Tn+l *Tn || ^ ( 1 (p /3a)) ||*Tn *Tn— 1 1| “t“ | 1 1 H ■ 

By applying Lemma 2.6 with /?„ = a„(p — /3a) and = |a n — a n -\\K, we obtain 

lim ||x„+i - x„|| = 0. (3.10) 



||x n +i — p|| — > 0 as n —> oo. 

II a n /3f(x n ) + (I - a n G)Su n - p|| 2 
\\a n (/3f(xn) - Gp) + (7 - a n G){Su n -p)|| 2 
||(/ - a n G)(Su n -p) || 2 + 2a n (/3f(x n ) - Gp,x n+ i - p) 
(1 - a n p) 2 \\Su n - p|| 2 + 2 a n /3(f(x n ) - f(p), x n+i - p) 
+2a n (/3f(x n ) - Gp, x„+i - p) 

(1 - a„p) 2 ||w„ - p|| 2 + 2a n /3(/(x n ) - /(p), x n+ i - p) 
+2a n (/3/(p) - Gp,x n+ i -p) 

(1 - a„p) 2 ||w„ -p|| 2 + 2a n /3a||x„ -p||||x n+ i -p|| 
+2a n ||/3/(p) - Gp||||x„+i -p||. 


||x n+ i-p|| 2 < (1 - a„p) 2 j||x n -p|| 2 + 7 (L 7 - 1) (jf 2 -/)Ar n | 


(3.11) 


+2a n f3a\\x n -p||||x n+ i — p|| 

+2a n ||/3/(p) - Gp||||x n+ i — p|| 

= (l - 2a„p + (a„p) 2 )||x n — p|| 2 + (1 - a„/r) 2 ( 7 (L 7 - 1) (jf 2 - I^Ax„ ) 

+2a n /3a\\x n -p||||x n+ i -p|| 

+2a n ||/3/(p) - Gp||||x n+ i — p|| 

< ||x n -p|| 2 + a„p 2 ||x„ -p|| 2 - (l - a„p) 2 ( 7 (l - 7/y) ( J^-I^jAxn ) 
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+2a n pa\\x n -p||||x n+ i - p\\ 

+2a n \\/3f(p) - Gp||||x n +i -p||. (3.12) 

Therefore, 

(1 - a n p) 2 { 7 {\ - Lj) (jf 2 - I^Ax„ < \\x n - p\\ 2 - ||x n+ i - p\\ 2 + a n p 2 \\x n - p\\ 2 

+ 2a n (3a\\x n - p\\ \\x n+ i - p\\ 

+ 2a„||/3/(p) - Gp\\\\x n+ i -p\\ 

< ||x n+ i - x n ||(||x„ -p\\ + I|x n +1 -p\\) + a n p 2 \\x n - p\\ 2 
+ 2a n (3a\\x n - p\\ \\x n+ i - p\\ 

+ 2a„|| Pf{p) - Gp\\\\x n+1 -p\\. 

Since 7(1 — L 7 ) > 0, and a n — > 0 and ||x n +i — x n \\ — > 0 as n — > 00 , we have 

lim (j^-l\Ax n =0. (3.13) 

n — >00 \ / 

Furthermore, using (3.7), (3.11) and 7 G (0, ) ), we notice that 
II U n - p\\ 2 = Jx 1 ( X n + 7 A* ( jf 2 - /) Ax n ) - p 

= | Jf 1 (x n + 7 A* (jf 2 - i)Ax n ) - jf 1 p\\ 2 

< (u n -p,x n + 7 A* ( jf : 2 - /) Ax n ) - pj 

= \{\Wn-p\\ 2 + IK +7 A*(jf 2 - I^j Ax n — p\\ 2 

- ||K -p) - (xn + jA*^ 2 - I^jAx n — p^j } 

= ^{lK -P || 2 + K -p || 2 + 7 (L 7 - 1) (jf 2 -l)Ax n 

- II (u n - x n ) - 7 A*(^Jx 2 - I'jAXnW 2 } 

< \{\\ u n ~p\\ 2 + \\x n -p\\ 2 - IK - x n || 2 

+ 7 2 1| A* ( jf 2 - /) Ax n || 2 - 2 7 (u n - x n: A* ( jf 2 - /) Ar n )] } 

< 2 {ll' 14 ^ ~P\\ 2 + K _ Pl | 2 “ IK - Xn || 2 

+ 2 1 \\A{u n -x n )\\\\(J* 2 -I)Ax n \\}. 

Thus, we obtain 

IK -p || 2 < I|x„ -_p || 2 - IK - K | 2 + 27 mK - X n )||||(jf 2 - 7)Ax n ||. (3.14) 

It follows from (3.11) and (3.14) that 

||x„+l -p || 2 < (1 - Ot n p) 2 \\x n -p\\ 2 - ||tl n - X n 1 1 2 + 27 II A(u n - x n )||||(jf 2 - I)Ax n || 

+ 2a n (3a\\x n - p\\ \\x n+1 - p|| 

+ 2a n \\Pf{p) - Gp||||x n+ i -p|| 

— (1 2,a n p T (oz n p) \\x n p|| (1 Q-nP*') W^n x n || 

+ (1 - a n p) 2 2 7 \\A{u n - x„)||||(jf 2 - 7)Ax n || 

+ 2a n /3a\\x n - p\\ \\x n+ i - p|| 

+ 2a n \\Pf(p) - Gp||||x n+ i -p\\ 

< K -p\\ 2 + a n p 2 \\x n - p\\ 2 - (1 - a n p) 2 \\u n - x n \ \ 2 
+ (1 - a n p) 2 2 7 \\A(u n - x n )||||(jf 2 - I)Ax n \\ 
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+ 2a n /3a\\x n - p\\ \\x n+1 - p\\ 

+ 2a„|| - Gp||||a; n+ i - p\\. 

Therefore, 

(1 - a n n) 2 \\u n - x n \\ 2 < ||x„-p|| 2 - \\x n+1 ~ p\\ 2 + a n p 2 \\x n - p\\ 2 

+ (1 - a n p) 2 2'y\\A(u n - x„)||||(jf 2 - I)Ax n || 

+ 2a n /3a\\x n - p\\ \\x n+ i - p\\ 

+ 2a n \\ f3f{p) -Gp\\\\x n+1 ~p\\ 

— ll*Tn+l *Tn|| (ll^n P\\ T /^ll) T Oi n p \\x n p\\ 

+ (1 - a n p) 2 2^\\A(u n - £„)||||(jf 2 - I)Ax n || 

+ 2a n /3a\\x n - p\\ \\x n+ i - p\\ 

+ 2a„|| Pf(p) -Gp\\\\x n+1 -p||. 

Since a n — > 0 as n — > oo, and from (3.10) and (3.13), we obtain 


lim \\u n - x n | = 0. 

(3.15) 

n— >• oo 

Since ||S'u n — u„|| < \\Su n — x n \\ + ||x„ — « n ||, it follows that 

— u„|| — > 0 as n — > oo. 

(3.16) 


Step 4. We will show that 


lim sup((G - fif)z,x n - z) < 0, where z = f > Fix(S)nr( J - G + fif)(z). 


Since {un} is bounded, we consider a weak cluster point w of {u n }. Hence, there exists a subsequence 
{u ni } of {'Un}, which converges weakly to w. Now, S being nonexpansive, by (3.16) and Lemma 2.5, we 
obtain that w £ Fix(5). On the other hand, u ni = J^ 1 (x Hi + jA*(J^ 2 — I)Ax n \ can be rewritten as 


(x ni -u ni ) + A*(jf 2 

A 


I) An 


£ Biu n .. 


(3.17) 


By passing to limit i — > oo in (3.17) and by taking into account (3.13), (3.15) and the fact that the graph 
of a maximal monotone operator is weakly-trongly closed, we obtain 0 £ Bi(w). Furthermore, since 
{u n } and {x n } have the same asymptoical behavior, {Ax ni } weakly converges to Aw. Again, by (3.13) 
and the fact that the resolvent J^ 2 is nonexpansive and Lemma 3.1, we obtain that Aw £ B 2 (Aw). 
Thus w £ Fix(S) fl T. Since z = -Ppix(S)nr(^ ~ G + Pf)( z )- Indeed, we have 


lim sup((G - /3f)z, z - x n ) 

n—> oo 


lim {(G- f}f)z,z-x ni ) 

i—>oo 

{(G- Pf)z,z-w) < 0. 


(3.18) 


Step 5. Finally, we will show that x n — > z as n — > oo. We have 
H^n+i - z\\ 2 = || a n pf(x n ) + (7 - a n G)Su n - z\\ 2 

= || a n (Pf(x n ) - Gz) + (7 - a n G)(Su n - z)\\ 2 

< ||(I - a n G)(Su n - z ) || 2 + 2a n (/3f(x n ) - Gz,x n+1 - z) 

< (1 - a n p) 2 \\u n - z\\ 2 + 2 a n /3(f{x n ) - f(z), x n+ i - z) 

+ 2ot n {f3f(x n ) - Gz, x n+ i - z) 

< (1 - ot n p) 2 \\x n - z II 2 + 2 a n p(f(x n ) - f(z), x n+ i - z) 

+ 2a n (f3f{z) - Gz, x n+1 - z) 

"Zi (1 ( Tntl) - ||*Tn ^|| T 2cx n f3cx\\x n ^ 1 1 1 1 *Tn + 1 z\\ 

+ 2u n \\/3f(z) - Gz\\ ||x„+i - z\\ 

< (1 - U n p,) 2 \\x n - 2 ;|| 2 + a n (3a[\\x n - z || 2 + ||x„+i - z|| 2 ] 
+ 2a n ||/3/(z) - Gz\\ \\x n+ i - z\\ 
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< ((1 - a n p) 2 + a n /3a) \\x n - z || 2 + a n /3a\\x n - ^|| 2 + ||ar n+ i - z\\‘ 
+ 2ot n \\l3f(z) - Gz\\\\x n+ i - z\\, 


which implies that 


||a: n +i - 2 || 2 < 1 2 a n p + )a n p) 2 + a n 3a ^ _ ^ 


2a r 


1 — a n (3a 

{Pf(z) ~ Gz,x n+ 1 - z) 


1 — a n (3a 
2(/.t — (3a)a. 


1 - 


1 — a. n (3a 


{a n p) 2 


lla;„ - zll 2 + , y \ ||a;„ - zll 2 


1 — a n (3a 


2a r 


1 — a n (3a 


(Pf(z) - Gz,x n+ 1 - z) 


< 


! _ 2(/x - (3a)a r 
1 — cx n (3a 


\\x„ — z 


2(p — (3a)a r 
1 - a n (3a 


(■ a n p 2 )M 


2 (n — /3a) p — (3a 


H - Gz,x n+ 1 - z) 


= (1 - &n)\\ x n - Z IP + cr n 6 n , 


where M = sup{||x n — z\\ 2 : n € N},cr„ = 


2(/x — (3a)a r 
1 — a n (3a 


and S n = 


(■ a n p 2 )M 1 


-wm - 


2(p — (3a) p — (3a 

Gz, x n +i — z). It is easily to see that a n -A 0, Y^=i a n = oo and lim sup^^^ — < 0 by (3.18). Thus, 

by Lemma 2.6, we deduce that x n -A 2 as n -A oo. Further it follows from \\u n — x n \\ — > 0, u n w £ 
Fix(S) fl T and x n — > z as n — > oo, that is z = w. This completes the proof. □ 

Remark 3.3. In general case, if G is any strongly positive bounded linear operator with coefficient 7 

and 0 < 7 < — . We define a bounded linear operator G on E by 
a 

G = ||G|| _ 1 G. 

It is easy to see that G is a strongly positive with coefficient ||G||“V > 0 such that ||G|| = 1 and 

o< hg||- 1 7 < i|g|1 1/x . 

a 

Let the sequence {x n } be defined by, for any xq G E, 

U n = Jf 1 (x n + 7 A*(J^ - I)Ax n ) } 


X n -\-l — Otf 


1 f{x n ) + {I- a n G)Su n , 


(3.19) 


Replacing G with G in Theorem 3.2, we obtain the following result. 


Theorem 3.4. Let "Hi and H 2 be two real Hilbert spaces. Let A : Hi -A H 2 be a bounded linear 
operator. Assume that B\ : Hi — > 2 Wl and B 2 : H 2 -A 2 H2 are maximal monotone mappings. Let 
S : Hi -A Hi be a nonexpansive mapping such that Fix(S) fl T ^ 0. Let f : Hi -A Hi be a contraction 
mapping with constant a £ (0, 1) and G : Hi -A Hi a strongly positive, bounded linear operator with 
constant p and 0 < (3 < ((. For given Vxo £ Hi, let the sequences {u n } and {x n } be generated by 
(3.19), where {a n } is a sequence in (0, 1) satisfying the following conditions : 

(i) lim n _^oo a n — 0 , 

(ii) Y)™=i ct n =00 and 

(hi) X ^ =1 I a n - a n -i\ < 00. 

Then the sequences {u n } and {x n } both converge strongly to z £ Fix(S) nr, where 

z = P Fix(S ) nr (U - IIGT : l (G + 7 /)*)) 

Moreover, z is also a unique solution of the variational inequality (1.9). 
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Proof. From Theorem 3.2, we have that {x n } converges strongly, as n -A oo, to a point z satisfying 

* = ^Fix(S)nr (/-||G'||- 1 (G' + 7/))^ 
which is a unique solution of the variational inequality: 

||G||- 1 <(G' - pf)z, x - z) > 0, X € Hi (3.20) 

It is easy to see that (3.20) is equivalent to (1.9). Hence z is a unique solution of the variational 
inequality (1.9). □ 

Putting G = / and /3 = 1 in Theorem 3.2, we have the following results immediately. 

Theorem 3.5. [13] Let "Hi and H 2 be two real Hilbert spaces. Let A : H i -A H 2 be a bounded linear 
operator. Assume that B\ : "Hi -A 2 Wl and B 2 : H 2 -A 2^ 2 are maximal monotone mappings. Let 
S : Hi — > Hi be a nonexpansive mapping such that Fix(S) fl T 7^ 0. Let f : Hi -A Hi be a contraction 
mapping with constant a € (0, 1). For any given xq £ Hi, let the sequences {tt n } and {x n } generated 
by 

u n = Jf 1 (x n + 7A* ( J-f 2 - I)Ax n ) ; 

Xn + 1 — Oinf(,Xrf) T (1 CX n ^Su n , (3.21) 

where A > 0 and 7 £ (0, L is the spectral radius of the operator A* A and A* is the adjoint of A 
and {a n } is a sequence in (0, 1) such that 
(i) lim n _^oo oz n — 0, 

(ii) E^°=i a n = 00 and 
(hi) X^°=l I a n - <*71-1 1 < 00. 

Then the sequences {u n } and {x n } both converge strongly to z £ Fix(S) flF, where z = Ppix(s)nrf( z )- 

Applying Theorem 3.2, we can establish the strong convergence for new iterative method as the 
following theorem. 

Theorem 3.6. Let Hi and H 2 be two real Hilbert spaces. Let A : Hi -A H 2 be a bounded linear 
operator. Assume that Bi : Hi -A 2 Wl and B 2 : H 2 -A 2 ^ 2 are maximal monotone mappings. Let 
S : Hi -A Hi be a nonexpansive mapping such that Fix(S) fl T 7 ^ 0. Let f : Hi -A Hi be a contraction 
mapping with constant a £ (0, 1) and G : Hi — > Hi a strongly positive, bounded linear operator with 
constant p, and 0 < /3 < -. For any given yi 6 Hi, let the sequences { u' n } and {y n } generated by 

< = (y n + 'yA*(J^-I)Ay n y, 

y n + 1 = a n /3f{Su ' n ) + (I - a n G)Su' n , n > 1, (3.22) 

where A > 0 and 7 £ (0, j^), L is the spectral radius of the operator A* A and A* is the adjoint of A 
and {a n } is a sequence in (0, 1) such that 

(i) linin-^oo ot n — 0, 

(ii) £~ = i a n = oo and 

(hi) XT=i \ a n - «n-l| < 00. 

Then the sequences { v ! n } and {y n } both converge strongly to z obtained in Theorem 3.2. 

Proof. Let {x n } be the sequence given by Xi = yi and 

Un = 1 (* n + 7 A* ( jf 2 - I)Ax n ) ; 

Xn-\-l — CVnfd f (Xti*) T (I OL n Gj Su n , Tl P 1. (3.23) 

From Theorem 3.2, x n — > z. Next, we claim that y n — > z. Since J^ 1 and J^ 2 both are firmly 
nonexpansive, they are averaged. For 7 £ (0, j), L , the mapping (/ + 7 A*(J^ 2 I)A) is averaged, see 
[15] . It follows from Proposition 2.1 (ii) that the mapping J^{I + ^A*(J^ 2 I)A) is averaged and hence 
nonexpansive. For each n > 1, we can estimate the following 

\\x n +i - Vn + ill = || otnPf(x n ) + i 1 ~ ct n G)Su n - a n f3f(Su' n ) - (/ - a n G)Su' n \\ 

< || a n pf(x n ) - a n /3f(Su' n )\\ + ||(/- a n G)Su n - (/ - a n G)Su' n \\ 

< a n (3a\\Su' n - x n \\ + (1 - a n p)\\u n - u' n \\ 
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< a n (3a\\Su' n - S^H + a n (3a\\Sz - x n \\ + (1 - a n y)\\x n - y n \\ 

< a n (3a\\u' n - z\\ + a n /3a\\z - x n \\ + (1 - a n y)\\x n - y n || 

< a n (3a\\y n - z || + a n (3a\\z - x n \\ + (1 - a n y)\\x n - y n \\ 

< a n /3a\\y n - x n \\ + a n (3a\\x n - z\\ + a n (3a\\z - x n \\ + (1 - a n y)\\x n - y n \\ 

= (1 - a n {y - (3a)) \\x n - y n \\ + a n (y - (3a) \\x n - z\\. 

y — (3a 

It follows from ^^°=i a n = oo, linin^oo ||a;„ — z|| = 0 and Lemma 2.6 that ||a; n — y n \\ — > 0. Consequently, 
y n — > z as required. □ 
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A FIXED POINT ALTERNATIVE TO THE STABILITY OF AN ADDITIVE 
p-FUNCTIONAL INEQUALITIES IN FUZZY BANACH SPACES 

CHOONKIL PARK AND SUN YOUNG JANG* 


Abstract. In this paper, we solve the following additive p-functional inequalities 

N (/(* + y)~ f{x) - f(y) - p ( 2 / (^) - f(x) - f(y)) , t ) > t + ^ y) (0-D 

and 

N ( 2 / (—^9 + > t + y ^ (°- 2 ) 

in fuzzy normed spaces, where p is a fixed real number with p ^ 1. 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive p-functional 
inequalities (0.1) and (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [23] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [14, 27, 52], In particular, Bag and Samanta [3], following Cheng and 
Mordeson [10], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy 
metric is of Kramosil and Michalek type [26]. They established a decomposition theorem of 
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed 
spaces [4], 

We use the definition of fuzzy normed spaces given in [3, 31, 32] to investigate the Hyers-Ulam 
stability of additive p- functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [3, 31, 32, 33] Let A be a real vector space. A function N : A x M — > [0, 1] is 
called a fuzzy norm on A if for all x, y £ X and all s,RK, 

(Ni) N(x,t) = 0 for t < 0; 

(IV 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx, t ) = N(x, ||| ) if c ^ 0; 

(IV 4 ) N(x + y,s + t) > min {N(x,s),N(y,t)}; 

(IV 5 ) N(x, •) is a non-decreasing function of M and lim^oo N(x, t) = 1. 

(Nq) for x / 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[30, 31]. 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 
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Definition 1.2. [3, 31, 32, 33] Let (X, N ) be a fuzzy normed vector space. A sequence {.T n } in 
X is said to be convergent or converge if there exists aniel such that lim^^oo N (x n —x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
linin^oo x n = x. 

Definition 1.3. [3, 31, 32, 33] Let (X, N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N such that for all 
n > no and all p > 0, we have N(x n+p — x n . t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X -A Y between fuzzy normed vector spaces X and Y is 
continuous at a point To £ X if for each sequence {x n } converging to .To in X, then the 
sequence {/( x n )} converges to /(to). If / : X — > Y is continuous at each x £ X, then 
/ : X — > Y is said to be continuous on X (see [4]). 

The stability problem of functional equations originated from a question of Ularn [51] 
concerning the stability of group homomorphisms. 

The functional equation f(x + y) = /( x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [19] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [2] for additive mappings and by Th.M. Rassias [43] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [15] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias’ approach. 

The functional equation f ( x ~^ y j = \f(x) + ^f(y) is called the Jensen equation. The stability 
problems of several functional equations have been extensively investigated by a number of 
authors and there are many interesting results concerning this problem (see [9, 20, 22, 24, 25, 
28, 39, 40, 41, 45, 46, 47, 48, 49, 50]). 

Gilanyi [17] showed that if / satisfies the functional inequality 

||2/(t) + 2/(y) - f(x-y)\\ < \\f(x + y)\\ (1.1) 

then / satisfies the Jordan- von Neumann functional equation 

2/(t) + 2 /( 2 /) = /( t + y) + /( t - y). 

See also [44], Fechner [13] and Gilanyi [18] proved the Hyers-Ulam stability of the functional 
inequality (1.1). Park, Cho and Han [38] investigated the Cauchy additive functional inequality 

11/0*0 + f(v) + f ( z ) II < II /(* + V + z ) II (1-2) 

and the Cauchy- Jensen additive functional inequality 

S/M + f(y) + 2/MII < J 2 / (Lp + J) | (i.3) 

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach 
spaces. 

Park [36, 37] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 
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We recall a fundamental result in fixed point theory. 

Let X be a set. A function d : X x X -A [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y. 

(2) d(x, y) = d(y, x ) for all x, y £ X\ 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.4. [6, 11] Let (X. d) be a complete generalized metric space and let J : X -A X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x € X, either 

d(J n x , J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+l x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x,y) < oo}; 

(4) d(y,y*) < jhzd(y,Jy) for all y G Y. 

In 1996, G. Isac and Th.M. Rassias [21] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [1, 5, 7, 8, 12, 16, 30, 34, 35, 41, 42]). 

In Section 2, we solve the additive p - functional inequality (0.1) and prove the Hyers-Ulam 
stability of the additive p- functional inequality (0.1) in fuzzy Banach spaces by using the fixed 
point method. 

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the additive p-functional inequality (0.2) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach 
space. 


2. Additive p-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality 
(0.1) in fuzzy Banach spaces. Let p be a real number with p ^ 1. We need the following lemma 
to prove the main results. 

Lemma 2.1. Let f : X -A Y be a mapping satisfying 

f{x + i /) - f{x) - f{y) = p ^2/ (yy) - f{x) ~ f(y)j (2.1) 

for all Then f : X -A Y is additive. 

Proof. Letting x = y = 0 in (2.1), we get — /( 0) = 0 and so /( 0) = 0. 

Replacing y by x in (2.1), we get /( 2x) — 2 f{x) = 0 and so /( 2x) = 2 f(x) for all x G X. 
Thus 

fix + y)~ f{x) - f(y ) = p (2f - fix ) - f{y)j = pifix + y) - fix) - f(y)) 

and so f(x + y) = f{x) + f{y) for all x, y € X. □ 
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( 2 . 2 ) 


(2.3) 


Theorem 2.2. Let : X 2 — »• [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < ^V(2z,2 y) 

for all x,y G X. Let f : X -A Y be a mapping satisfying 

N (/(* + y) - /(*) - /(y) - p (V ~~ ^ ’ *) - t + y ( g y ) 

/or all x,y £ X and all t > 0. Then A(x) := N- lim n _ > . 0O 2 n f exists for each x € X and 

defines an additive mapping A : X -A Y such that 

N (/(x) - A(x),t) > — — ^ t 

(2 — 2 L)t + L(p{x, x) 

for all x G X and all t > 0. 

Proof. Letting y = x in (2.2), we get 

N (/ (2.x) - 2 f(x),t) > — — ^ v 

t + </?(X, X) 

for all x G X. 

Consider the set 

S:={g:X^ Y} 

and introduce the generalized metric on S: 

d(g , h) = inf { /j G R+ : N(g(x) — h(x), pet) > 


(2.4) 


Vx G X, Vi > 0 > , 


t + ip(x, x) 

where, as usual, inf <f = +oo. It is easy to show that ( S , d) is complete (see [29, Lemma 2.1]). 
Now we consider the linear mapping J : S' -A S such that 


J 9 (x ) := 2 g 


for all x G X. 

Let g, h G S be given such that d(g, h ) = e. Then 


N(g(x) — h(x),et) > 


t + ip(x, x) 


for all x G X and all t > 0. Hence 


N(Jg(x) - Jh(x ), Let ) = X ^2g - 2 h , Let^j 


= N (g(f-) -h(^-) ,^-et 


> 


Lt 

2 


> 


Lt 

2 


¥ + p(i>§) t + w^*) 

t 


t + (f(x, x) 

for all x G X and all t > 0. So d(p, /r) = e implies that d(Jg, Jh ) < Le. This means that 

d( Jg, J7i) < Ld(g, h) 

for all g , h G 5. 
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It follows from (2.4) that 


" ( /W - 21 (I) ’ T ( ) £ 


t 


t + tp(x, x) 


for all x € X and all t > 0. So d(f, J f) < j. 


By Theorem 1.4, there exists a mapping A : X — > Y satisfying the following: 
(1) A is a fixed point of J, i.e., 




(2.5) 


for all x £ X. Since / : X — > Y is odd, A : X -A Y is an odd mapping. The mapping A is a 
unique fixed point of J in the set 

M = {g € S : d(f,g ) < oo}. 

This implies that A is a unique mapping satisfying (2.5) such that there exists a |i £ (0, oo) 
satisfying 


N(f(x)-A(x),fit) > 


t. 


t + tp(x, x) 

for all x € X] 

(2) d(J n f , A) — > 0 as n — > oo. This implies the equality 


N- lirn Tf 


-) = A{x) 


for all x e X] 

(3) d(f,A) < J/), which implies the inequality 

L 


d(f, A) < 


2 - 2 L 


This implies that the inequality (2.3) holds 
By (2.2), 

' x + y 


N (2 n f 


2 n 

~P ( 2 n+1 f 






x + y 
2 n + 1 


-2 n f - -2"/ hS- ,2 n t > 


+ + ^(JL J L) 
° i Y'' V 2 n 5 2 n / 


for all x, y € X, allt > 0 and all n € N. So 
'x + y 


N 2 n f 


2 n 

-P ( 2 n+1 f 


-f 




x + y 
2 n+l 


-2”/(-)-2V(^)),t)> t , jj 


t 

2 n 


2 n “ 1 “ 2 n 


ja + ^+(x,y) 

= 1 for all x, y € X and all 


for all x, y £ X, all t > 0 and all n € N. Since lim n _ > . 0O t i L 
t > 0, 

A(x + y) — A(x) - A(y) = p (2A ~ M x ) ~ 

for all x,y G X. By Lemma 2.1, the mapping A : X -+ Y is Cauchy additive, as desired. □ 
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Corollary 2.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector 
space with norm || • ||. Let f : X -A Y be amapping satisfying 

' x + y N 


N (f(x + y)~ /(x) - f(y) - p ^ 2/ - fix) - f(y)j , ^ 


> 


t 


t + 9 (\\x\\p + \\y\\P) 

for all x, y G X and all t > 0. Then A(x) := A r -lim n 
defines an additive mapping A : X -A Y such that 

( 2 p - 2 )t 


( 2 . 6 ) 


2 n /(^r) exists /or each x G X and 


N(f(x) - A(x),t) > 


(2p — 2)t + 20 ||x||p 


/or all x £ X and all t > 0. 


Proof. The proof follows from Theorem 2.2 by taking <p(x, y) : = 
Then we can choose L = 2 1 ~ p , and we get the desired result. 


Ml p + lly|l p ) f° r x, y 6 X. 

□ 


Theorem 2.4. Let : X 2 -A [0, oo) be a function such that there exists an L < 1 with 

V>(x,y) < 2 L^ Q, 0 

/or allx , y & X. Let f : X — > Y be a mapping satisfying (2.2). Then A(x) := A r -lim T) ^ oc ^ f ( 2 n x ) 


exists /or each x & X and defines an additive mapping A : X -* Y such that 

(2 - 2L)t 


N{f(x) - A(x),t ) > 


(2 — 2 L)t + 9 ?(x, x) 


(2.7) 


/or all x £ X and all t > 0. 


Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S — > S such that 

Jg(x ) := \g{ 2x) 

for all x & X. 

It follows from (2.4) that 

AT (/(*) - ^/(2*), ^t) > 

for all x £ X and all t > 0. So d(f\ J f) < } 2 . Hence 

d(f, A) < 


t + <p(x, x) 


1 


2 - 2 V 

which implies that the inequality (2.7) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • ||. Then A(x) := Ai-lim n ^. 0O ^ f(2 n x ) exists for each x 6 X and 
defines an additive mapping A : X — > Y such that 

(2 - 2 p )t 


N (/(x) - A(x),t) > 


(2 — 2P)t + 20 || x||p 


for all x G X and all t > 0. 
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Proof. The proof follows from Theorem 2.4 by taking p(x, y ) := 0(||x|| p + || y\\ p ) for all x, y £ A. 
Then we can choose L = 2 P ~ 1 , and we get the desired result. □ 


3. Additive ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality 
(0.2) in fuzzy Banach spaces. Let p be a fuzzy number with p ^ 1. 

Lemma 3.1. Let f : X — >■ Y be a mapping satisfying /( 0) = 0 and 

2 / - /(*) ~ /fo) = p + y)~ /( x ) - f(y)) l 3 - 1 ) 

for all x, y £ A. Then f : A -A Y is additive. 


Proof. Letting y = 0 in (3.1), we get 2/ (§) — f(x) = 0 and so /( 2x) = 2 f(x) for all x £ A. 
Thus 

f(x + y)~ f(x) - f{y) = 2/ ~ /(*) - fid) = p(f( x + y) - f(x) - f(y)) 

and so f(x + y) = f(x) + f(y) for all x, y £ X. □ 


Theorem 3.2. Let ip : X 2 -» [0, oo) be a function such that there exists an L < 1 with 

p(x,y) < ^p{2x,2y) 

for all x,y £ X . Let f : X -A Y be a mapping satisfying /( 0) = 0 and 


N ( 2 ^ (“T^) “ ^ ~ ^ “ P + V>> ~ ^ ~ ’ *) - t, + p(x y) 


(3.2) 


for all x,y £ X and all t > 0. Then A(x) := A'-lim n _ ) . 0O 2 n f ( Y) exists /or each x € X and 
defines an additive mapping A : X — > Y such that 


N(f{x) - A(x),t) > 


(1 ~L)t 

(1 - L)t + <p(x,0) 


(3.3) 


for all x £ X and all t > 0. 


Proof. Letting y = 0 in (3.2), we get 

N (/(,) - V (I) . *) - JV (2/ (I) - /(*),<) > ^So, (3 ' 4) 

for all x £ A. 

Consider the set 

^ ;= {g : A -> Y} 

and introduce the generalized metric on S: 

d(g, h) = inf |/i £ M+ : N(g(x) - h(x), fit) > t + ^ x v x £ A, Vf > 0 j , 

where, as usual, inf / = +oo. It is easy to show that (S,d) is complete (see [29, Lemma 2.1]). 
Now we consider the linear mapping J : S -A S such that 

Jg(x) := 2 g 

for all x £ A. 
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Let g, h E S be given such that d(g, h ) = e. Then 

N(g(x) — h(x),et) > 
for all x E X and all t > 0. Hence 


t + ip(x, 0) 


N{Jg(x) - Jh(x), Let) = N ^2 g - 2 h , Let^j 


= N ( 9 ( a ) - h ( aV 


2/2 


> 


Lt 

2 


> 


Lt 

2 


t 


t + tp(x, 0) 

for all x 6 X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 


for all g , h € S'. 

It follows from (3.4) that 

* ( /w - 2 / ( f )’0 - 

for all x 6 X and all t > 0. So d(f, J f) < 1. 

By Theorem 1.4, there exists a mapping H : X — > V satisfying the following: 

(1) H is a fixed point of J, i.e., 

A (I) = 5^*) < 3 - 5 > 

for all x E X. The mapping A is a unique fixed point of J in the set 

M = {g E S : d{f,g) < oo}. 

This implies that A is a unique mapping satisfying (3.5) such that there exists a g E (0, oo) 
satisfying 

N(f(x) - A(x),nt) > 1 

t + <p(x,0) 

for all x E X; 

(2) d(J n f , A) — > 0 as n — > oo. This implies the equality 

N- lim 2 71 f ( — ) = A(x) 
n—*oo \2 n J 

for all x E X; 

(3) d(f,A) < jzrzd(f, Jf), which implies the inequality 

4P)<^ 

This implies that the inequality (3.3) holds. 
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By (3.2), 


« (2“ +1 / (|Sr) - 2”/ 

-p(W/ 


X 


x + y 
2 n 


2 n 

-f 


— - 2 n f — 

On / « V 2?! 


-/ 


, 2 n t > 


i + 9? Jr) 


for all x, y € X, all f > 0 and all n G N. So 


x + y 


-/ 


-/ 


t > 


X 

2 n 


— t. , L n 
2" ' 2™ 


for all x, y E X, all f > 0 and all n 6 N. Since liiri 
t > 0, 


n— too t i L n i \ 

on H - on 


+ (x,y) 

= 1 for all x,jGl and all 


2A 


(~y^) _ ~~ = p ^ A<yX + y ">- ~ A (y^ 


for all x,y € X. By Lemma 3.1, the mapping A : X — > Y is Cauchy additive, as desired. □ 

Corollary 3.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector 
space with norm || • ||. Let f : X -+Y be a mapping satisfying /( 0) = 0 and 

t 


N ( 2jf (^r9 - (*) ~ ~ p + y^~ /( x ) _ f(v)) > ^ 


t + 8( x p + 


(3.6) 


for all x, y £ X and all t > 0. TTien Yl(x) := lV-lim n . 
defines an additive mapping A : X —>■ Y such that 

(2 p - 2 )t 


2 n /(-fr) exists for each x G X and 


N (f(x) - A(x),t) > 


(2P -2)t + 2P8\\x\\P 


for all x £ X and all t > 0. 


Proof. The proof follows from Theorem 3.2 by taking ip(x, y) : = 0(||x|| p - 
Then we can choose L = 2 1 ~ p , and we get the desired result. 


| p ) for all x,t/£l. 

□ 


Theorem 3.4. Let + : X 2 -» [0, oo) be a function such that there exists an L < 1 with 

P{x,y) < 2Lip ^|, 0 

for all x, y G X. Let f : X — > Y be a mapping satisfying /( 0) = 0 and (3.3). Then A(x) := N- 
linin^oo 7^f (2 n x) exists for each x € X and defines an additive mapping A : X -A Y such 
that 


N (/(x) - A(x),t) > 


(1 — L)t 


(1 — L)t + Lip{x , 0) 


(3.7) 


for all x E X and all t > 0. 


Proof. Let ( S , ci) be the generalized metric space defined in the proof of Theorem 3.2. 
Now we consider the linear mapping J : S -A S such that 

Jg{x) ■■= \g{ 2x) 
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for all x £ X. 

It follows from (3.4) that 

N ( fix) f(2x),Lt) > - 

V 2 ) - t + tp(x, o) 

for all x G X and all t > 0. So d(f, J /) < L. Hence 

d(f,A )< - L y , 


which implies that the inequality (3.7) holds. 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 


Corollary 3.5. Let 9 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with the norm || ■ ||. Let f : X Y be a mapping satisfying /( 0) = 0 and (3.6). 
Then A(x) := A r -lim n ^ oc , A^f(2 n x) exists for each x € X and defines an additive mapping 
A : X -A Y such that 


N (f(x) ~ A(x),t) > 


(2 - 2 P)t 

(2-2P)t + 2P0||s||P 


for all x e X . 


Proof. The proof follows from Theorem 3.4 by taking ip(x, y ) := $(||t|| p + ||i/|| p ) for all x,y £ X. 
Then we can choose L = 2 P_1 , and we get the desired result. □ 
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FOURIER SERIES OF HIGHER-ORDER GENOCCHI FUNCTIONS AND THEIR 

APPLICATIONS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND DMITRY V. DOLGY 


Abstract. In this paper, we derive some identities for higher-order Genocchi functions arising from 
Fourier series for them . In addition, we give some application of these identities related to Bernoulli 
function. 


1. Introduction 


The numbers G&, (fc > 0), in the Taylor expansion 

o f 00 fn 

(see [2 — 11]), (1.1) 

n— 0 

are known as the Genocchi numbers. These numbers arise in the series expansion of trigonometric 
functions, and are extremely important in the number theory and analysis. The Genocchi polynomials 
G n (x), (n > 0), are defined by the generating function 


2 1 


e* + 1 


e xt = J2 G n{x)-, (see [5,12,13]). 


( 1 . 2 ) 


n — 0 


Note that G„(a;) € Z[a;] with deg G n (x) = n — 1, for n > 1. Let f(x) be a square integrable function 
defined on [—p,p]. Then the Fourier series of f(x) is given by 


where 


and 


llq r-A / ion . i 

— — |- > a n cos — x + b n sm — x 

2 ^ V P P ) 

1 fP i fP n7r 

ao = - f(x)dx, a n = - / fix) cos — x dx, 

P J- P P 


P J-z 


1 fP T17T 

b n — - / f(x) sin — x dx, (see [6,7]). 
P J-p P 

The Fourier series in (1.3) can be alternatively given as follows: 

OO 

£ C n e^ x , (i = V=T), 

n=— oo 

where 

Cn =^pJ f{x)e~^ x dx,, (see [6,7]). 


(1.3) 


(1.4) 


(1.5) 


(1.6) 


(1.7) 
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2 Fourier series of higher-order Genocchi functions and their applications 

For reN, the higher-order Genocchi polynomials are defined by the generating function to be 

/ o + \ r °° fn 

(ttt) <=" = £+++!. <** PI)- <i-8) 

' ' n— 0 

When x = 0, Gn ^ = G„. ^ (0) are called the higher-order Genocchi numbers. 

For any real number x, we define 

< x >= x — [x] € [0, 1), (1.9) 

where [•] is the Gauss symbol. Note that < x > is the fractional part of x. Thus, G™ (< x >) are 
functions defined on (— 00 , 00 ) and periodic with period 1, which are called Genocchi functions of order 
r. 

In this paper, we derive some identities of Genocchi functions of order r arising from Fourier series for 
them. In addition, we give some application of these identities related to Bernoulli functions. 

2. Fourier series of higher-order Genocchi functions and their applications 

From (1.8), we note that 


G G \x) = 0, for 0 < to < r — 1, and G G \x) = r\. 


Now, we assume that m > r + 1 > 2. We first observe that 

G m(x + 1) = 2 mC'iW - G m (x), (m > 0). 


Indeed, 


£<?£>(* + 1 ) 

z ' ml 


m — 0 


For x = 0 in , we have 


By (2.4), we get 


2t 


e* + 1 
2 1 

e* + 1 


0 (x+l )t _ 


2 1 


e* + 1 


e xt (e t + 1-1) 


2t 


e t + 1 


( e * + 1) “ 


2 1 


e* + 1 


^ J.7TL ^ + 

= 2 f £++(*)+-£ G«(+ 


ra= 0 
00 


m— 0 


, „ 4-11 

st 

r m— 1 l 

m = 0 m — 0 


= 2 mG m-l\ x )r m j - G ™( X ) 


to! 
t m 


uu J.TYI 

= ( 2mG m-l( X ) - G m( X )) 

m — 0 

G^\l)=2mG^~_\\0)-G (x \0). 

G $( 1) = GW(0) ^ GW(0) = mG^zW 0). 


(2.1) 

( 2 . 2 ) 


(2.3) 


(2.4) 

(2.5) 


Gm ( + x + ) is piecewise G . IVloreover, Gm ( + x + ) is continuous for those (/', to) with Gm (0) = 
toG^_^( 0), and discontinuous with jump discontinuities at integers for those (r, to) with Gm (0) 7^ 
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3 


0). The Fourier series of Gm\< x >) is 

OO 

Ci r ’ m) e 2 ™ nx , = 


n——o o 


where 


C£' m) = [ Gt>(<i>)e- 2 * 

Jo 

= [ G^{x)e~ 27vinx dx. 
Jo 


dx 


Now, we observe that 


G$(x)e~ 2winx dx 


1 


q(t) 0 -2 -Kinx \ 1 _J_ / M 


m+ 1 L m+1 ~ Jo ' m + lj 0 

r) /~n\ 27t in 


m 


G m+l( x ) e ' 
1) 


c dx 


m 


Tl ( G ™+ l(0 ' m+ 1 
^ ((to + l)GSr 1} (0) - 0^(0)) + 


Replacing m by to — 1 in (2.8), we have 

‘2'uin 


m 


C (r,m) = C (r,m- 1) + 1 ( G W (Q) _ mG ^~_\ 


Assume first that n ^ 0. Then we have 

G (r,m) _ m (~t(r,m- 1) , 1 ( Mr) (r\\ _ 

G " ~ 2mn n ^ 7tot \ m TOG — 1 

m / m-l (7 ( I .„ rn _2 ) _1_ / G W ( 0) _ ( m _ l)G 

27T'OT V 27T*n nin V m iw v 

1 


1 1) 

m—2 


+ 


7TZn 


(gW(0)-toG^ } (0)) 


_ TO ( TO 1 ) Mr,m-2) , ™ 1 7 p(r) /q\ _ / _ i 

(27rin) 2 G ” + 2 (ttw) 2 1)Gm " 2 

+ T(GL )( 0)-mG^ : i>(0 ) ) 

= + A. ( G W 2 (0) - (m - 2)G|;:5 

(27r?,n) 2 ( 2irin n tt in V m 2W v ’ m d 

+ ( ■ \2 -{m- 1 )G.m_2 ) (0)) H 7“ (G$ (0) - TOG^_} 

Z ( 7Tin) z V / 7rzn V 

_ to(to-1)(to-2) (r<m _ 3) to(to-I) 1 / (r) 

- (2^)3 G " + 2? V G ™- 2(0) " (W " 2)G 


r— 1) 
m—3 


+ 


m 1 

2 (7 rin) s 


(^1(0 ) - (to - lJG&I^O)) + ^ (g«( 0) -mG&lJ 


(27tot) ? 


!Ul mm) , ’v ^ k ~ 1 1 (rW fni _ (m 4- 1 - /.•'ir7 (r_1) 

; n ym-i ( ~'n '2s 2 k ~ 1 (7 r*n) fc \ fm + 1 k ) < ~ r r n-k 


fe= 1 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 
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4 Fourier series of higher-order Genocchi functions and their applications 

Note that 


C'4 r,1) = f 1 G { [\x)e-^ inx dx = 0, 

Jo 


( 2 . 11 ) 


since G^(ai) = 0, for r > 2 and G^\x) = 1. From (2.10) and (2.11), we have 


C n' m> = t ^ TiL ( G ”-« I") - ‘ + 

k= 1 { ’ 

min{m+l— r,m— 1} , . 


(2.12) 


Here we used the fact that Gm = 0, for 0 < m < r — 1. Assume next that n = 0. Then we have 


C^ m) = G$(x)dx = 
Jo 

2 


m + 1 


m + 1 L 

((m + l)G<r , >(0)-G. 




(r) 

m+1 


(2.13) 


Before proceeding further, we recall the following facts about Bernoulli functions B n {< x >) 


and 


°°^ g2irinx 

B m {< x>) = -m! ]T 2 m , for m > 2, (see [1]), ( 2 . 14) 

TI— — 00 ' ' 

n^O 


- E 

n =— oo 
n/0 


g 2irinx 

2n in 


B i(< a; >), for a; ^ Z 
0, for x £ Z. 


(2.15) 


The series in (2.14) converges uniformly, but that in (2.15) converges only pointwise. Assume first that 
Gm (0) = toG^I^(O). Then G„ (1) = Gm^(0). Gm\< x >) is piecewise G°°, and continuous. Hence 
the Fourier series of G^(< x >) converges uniformly to Gm (< x >), and we have 


G&>« x >) = ^ ((m + 1)G^ _1) (0) - G^-dO)) 

OO 

+ E 

n=—o 
n/0 


‘ min{m-|-l— r,m— 1} , > 

(m)fc-i 

i k = 1 


1 (7rm) fc 


G. 


(r) 

m— /c+1 


(0) — (m 



(2.16) 
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5 


for all x € (—oo, oo). In addition, we can express this in terms of Bernoulli functions B m (< x >). 
2 


TO - 

min{ra+l — r,m— 1} 


i(r) 

T m+ 1 


Gtt« * » = — T ((m + l+^+O) - G, 

m + IV 

min{m+l — r,m— 1} . , 

- e ^(« w (»)-(»-hhc; 

k = 1 

t ((to + 1)GG- 1 )(0)-G^i(0)) 


E 

k—2 


(r) 

m+1 — k 




B\{< x >), for x Z 
0, for ieZ. 


/ 


-a y. 


00 g 2-ninx 


n =— oo 
n^0 


(2nin) k 


B k {< x >) 


(2.17) 


Therefore, we obtain the following theorem. 


Theorem 2.1. Let to > r + 1 > 2. Assume that 


g«(o) = tog^:1 ) (o). 


TTien we fcare 


(a) G«(< x >) = JE ((to + l)G(++0) - G: 

1 1 f 

f irin) k V 


(r) 

m+1 


E 

n —— oo 
n^0 


' min{m+l— r,m— 1} 


E 

fc=l 


jn)k- 


2 k 1 (win) 


(r) 

m— fc+1 


(0) - (to - fc + 1)G+ 



Jl'Kinx 


for all x € (— 00 , oo), where the convergence is uniform. 

(b) G# « * >) = ^ ((to + 1)GG _1) (0) - g£ 


+1 


min{m+l— r,m— 1} 


+ 


E 

k—2 


2(m)fe_i 

fc! 


((to + 1 - fc)G^(O) - GJ^JO)) S fc (< a: » 


for all x € (— 00 , 00 ), where B k (< x >) is t/ie Bernoulli function. 

Assume next that G„ (0) ^ mGm”^(0). Then G™ (1) ^ G™ (0), and hence Gm\< x >) is piecewise 
C°° and discontinuous with jump discontinuities at integers. Thus, the Fourier series of Gm\< x >) 
converges pointwise to Gm (< x >), for x £ Z, and converges to \ (g+ (1) + Gm(0)) =mG^Z\\ 0), 
for ieZ. Therefore, we obtain the following theorem. 
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Fourier series of higher-order Genocchi functions and their applications 


Theorem 2.2. Let m > r + 1 > 2. Assume that Gm ( 0) ^ 

2 /, i'--' -,(r) 


(a) 


m + 1 


((to + 1)G^ -1 )(0) — G^j +1 


oo / mini 


iin{ra+l-r,ra-l} , . / -t \ k 

\ ' / \ ' {m ) k - 1 ( 1 \ 

2 fc_1 \7rin J 


n=— oo 
n/0 


/c=l 




I e 2itinx = f G™{< x >), for xtfL, 

forxG Z. 


Here the convergence is pointwise. 


(b) 


TO + 1 

min{ m+ 1 — r , m — 1 } 

+ 

1 

= G$(< x >), forx$ Z, 


-(-1— r,m— 1} . > 

fe=l 


B fe (< x >) 


and 


^((m+l^-^-G^O)) 

min{m+l— r,m— 1} . . 

+ E + ._,(»)) 

/c— 2 

= ?nG^I^(0), for x & Z. 


B fe (< x >) 


Here Bk(< x >) is £/ie Bernoulli function. 
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(9><Ph,m)- CONVEX AND (g, log<p)- CONVEX DOMINATED 
FUNCTIONS AND HADAMARD TYPE INEQUALITIES 
RELATED TO THEM 

MUSTAFA GURBUZ 


Abstract. In this paper, we present the notion of (g, ip h m ) —convex and 
(g, log (f) —convex dominated function and present some properties of them. 
Besides, we attain some Hermite-Hadamard-type inequalities for (g, ip h m ) —convex 
and ( g , logc^) — convex dominated functions. Our results generalize some find- 
ings about Hermite-Hadamard-type inequalities in the literature. 


1. Introduction 


The inequality 

yd /(^) 


i 

< — 
b — a 


f ( x ) dx < 


f («) + / 0) 

2 


which holds for every convex function /, from a closed set [a, b] to K, is known in 
the literature as Hermite-Hadamard’s inequality (see [13]). 

In [1], Dragomir and Ionescu introduced the following class of functions. 


Definition 1. Let g : / — > ffi. be a convex function on the interval I. The function 
f : I — ■> ]R is called g— convex dominated on I if the following condition is satisfied: 

\Xf ( x ) + (1 — A) / (y) — / (Ax + (1 - A) y) \ 

(1.2) 

< A g (x) + (1 - A )g(y)-g (Ax + (1 - A) y) 
for all x,y £ I and A £ [0, 1] . 

In [1] and [2], the authors connect together some disparate threads through a 
Hermite-Hadamard motif. The first of these threads is the unifying concept of a 
g— convex-dominated function. In [3], Hwang et al. established some inequalities 
of Fejer type for g— convex-dominated functions. Finally, in [4], [5] and [6] authors 
introduced several new different kinds of convex -dominated functions and then 
gave Hermite-Hadamard-type inequalities for this classes of functions. 

In [7], S. VaroSanec introduced the following class of functions. 

/ and J are intervals in R, (0, 1) C J and functions h and / are real non-negative 
functions defined on J and /, respectively. 


Date : October 12, 2016. 

2000 Mathematics Subject Classification. Primary 26D15, Secondary 26D10, 05C38. 

Key words and phrases. Convex dominated functions, Hermite-Hadamard Inequality, 
(fh m — convex functions, {(j. P/fj —convex dominated functions, (g, log ip) —convex dominated 
functions. 
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2 MUSTAFA GURBUZ 

Definition 2. Let h be a non-negative function from J which is a subset o/R to 
M., h 0. / : I — > R is called an h— convex function, or that f belongs to the class 
SX (h, /) , if f is non-negative and for all x,y £ I and a € (0, 1], we get 

(1.3) f(ax + (1 - a) y) < h ( a ) /( x) + h (1 - a) f(y). 

If the inequality (1.3) is reversed, then / is said to be h— concave, i.e. / € 

SV (h, /) . 

Youness have defined the p — convex functions in [9]. A function p : [a, b] — > [c, d\ 
where [a, b] C R: 

Definition 3. A function f : [a, b] — * R is said to be p— convex on [a, b\ if for every 
two points x € [a, b ] , y £ [a, b] and t £ [0, 1] the following inequality holds: 

(1.4) / (■ tp (x) + (1 - t) p (y)) < tf (p (x)) + (1 -t)f{p (y)) . 

In [8], Sarikaya defined a new kind of p — convexity using h — convexity as follow- 
ing: 

Definition 4. Let I be an interval in R and h : (0, 1) — > (0, oo) be a given function. 

We say that a function f : I — > [0, oo) is p h — convex if 

(1.5) / ( tp (x) + (1 -t)p (y)) <h(t)f (p (x)) +h(l-t)f(p (y)) 
for all x,y £ I and t £ (0, 1) . 

If inequality (1.5) is reversed, then / is said to be p h — concave. In particular, if / 
satisfies (1.5) with h ( t ) = t , h ( t ) = t s (s £ (0, 1)) , h ( t ) = and h (t) = 1, then / is 
said to be p— convex, p s — convex, p— Godunova-Levin function and p—P— function, 
respectively. 

In [10], Ozdemir et. al. defined ( h — m) —convexity and obtained Hermite-Hadamard- 
type inequalities as following. 

Definition 5. Let YJcR-tlfco non-negative function. We say that 
f : [0, b] — ► R is a (h — m) — convex function, if f is non-negative and for all 
x, y £ [0, b \ , m £ [0, 1] and a £ (0, 1) , we have 

(1.6) / (ax + m (1 — a) y) < h (a) f (x) + mh (1 — a) / (y) . 

If the inequality is reversed, then f is said to be (h — m) — concave function on [0, b] . 

In [2], Dragomir et al. proved the following theorem for g — convex dominated 
functions related to (1.1): 

Definition 6. A function f : I — > [0, oo) is said to be log —convex or multiplica- 
tively convex */logf is convex, or, equivalently, if for all x,y £ I and t £ [0, 1] one 
has the inequality 

(1-7) f(tx + (l-t) y )<[f(x)] t [f(y)} 1 - t . 

We note that if / and g are convex and g is increasing, then g o f is convex; 
moreover, since / = exp (log /) , it follows that a log —convex function is convex, 
but the converse may not necessarily be true [12]. This follows directly from (1.7) 
because, by the aritmetic-geometric mean inequality, we have 

[f(x)] t (f(y)] 1 - t <tf(x) + (l-t)f(y) 

for all x,y £ I and t £ [0, 1] . 
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For some results related to this classical results, (see [13], [14], [15], [16], [17]) 
and the references therein. 

In [17], Sarikaya has defined the log —ip— convex function as following. 

Definition 7. Let us consider a ip : [a, b\ — ■> [a, b] where [a, b] C K. and I stands for 
a convex subset o/R. We say that a function f : I — > M + is a log— ip— convex if 

(1-8) / {tip {x) + (1 -t)ip (y)) < [ f {p (x))] 4 [/ {ip {y))}^ 1 

for all x,y £ I and t £ [0, 1] . 

Theorem 1. Let g : / — > R. be a convex function and f : I — 
dominated mapping. Then for all a,b £ I with a < b, 


a g— convex 


(1.9) 
and 

( 1 . 10 ) 


/ 


a + b 


1 


b 


f{a) + f{b) 1 


b 


f {x) dx 


f {x) dx 


< 


< 


bhl 


g{a) + g (6) 1 


b 


g ( x ) dx. 


In [4], Kavurmaci et al. proved the next theorem: 


Theorem 2. Let h : J — > R be a non-negative function, h ^ 0, g : I — > K be an 
h— convex function and the real function f : I — > R be a {g,h) — convex dominated 
on I. Then one has the inequalities: 

( 1 . 11 ) 


1 


lj {x)dx ~W( T) f 


a + b 


< 


1 


b — a 


L 9(x)dx -u£( T ) 9 


a + b 


b — a 

and 

(1.12) 

[f{a) + f{b)] ( h{X)d\- — [ f{x)dx <[g{a)+g{b)] [ h{X)dX [ g{x)dx 
JO 0 a J a Jo O a Ja 

for all x,y £ I and X £ [0, 1] . 

In [6] , Ozdemir et al. proved the following theorem: 

Theorem 3. Let a nonnegative function g : I C R — > ffi. belong to the class of 
P (I) . The real function f : I C R — > K is (g, P (/)) —convex dominated on I. If 
a,b £ I with a < b and f,g £ L\ [a, b], then one has the inequalities: 


(1.13) 
and 

(1.14) 


b — a 


f f ( x ) dx — f 
J a 


a + b 


< 


b — a 


/ g (x) dx - g 
J a 


a + b 


[f (a) + / (&)] ~ t — [ / {x) dx < [g (a) + g (6)] - — f g (x) dx 
0 a J a 0 a J a 


for all x, y £ I. 

In [11], Ozdemir et al. proved the following theorem: 
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Theorem 4. Let h : (0, 1) — > (0, oo) be a given function, g : I — > [0, oo) be a given 
ip h — convex function. If f : I — > [0, oo) is Lebesgue integrable and (g, ip h ) — convex 
dominated on I for linear continious, non- constant function ip : [a,b\ — » [a, b], then 
the following inequalities hold: 


1 


p(b)~P (a) 


L f(x)dx ~uwA 


P(a) + P ( b ) 


(1.15) 

and 

(1.16) 


< 


P 


1 r (b) , , J 1 (<p(a) + <p(b)\ 

wptmL 9(x)dx -^m s { — 5 — ) 


[f (P ( a )) + f (P ( b ))] [ h (t) dt — 
Jo 


1 


rv(b) 


P(b)~P (a) J v {a) 


f (x) dx 


< [g (ip (a)) + g (<p (b))] [ h (t) dt — -— I g (x) dx 

Jo P (b) P ( a ) J(p{a) 


for all x, y,a £ [0, b\, t £ (0, 1) and m £ (0, 1] . 


In the following sections our main results are given: We introduce the notion 
of ( g , :p h m ) —convex and (g, log (p) — convex dominated function and present some 
properties of them. Besides, we present some Hermite-Hadamard-type inequalities 
for ( g , ip h m ) —convex and (g, log ip) — convex dominated functions. Our results 
generalize the Hermite-Hadamard-type inequalities in [2], [4], [6] and [11]. 


2- ( g,Ph,m ) —CONVEX DOMINATED FUNCTIONS 

Definition 8. Let h : (0, 1) — > R be a non-negative function, h ^ 0, g : [0, b] C 
[0, oo) — > R + be a given <p h m — convex function. The real function f : [0,5] — > M + 
is called (g, <Ph,m) — convex dominated on [0, 5] if the following condition is satisfied 

I h(t)f(<p (x)) + mh (1 - t) f (ip (y)) - / {tip (x)+m{ 1 - t)cp{y)) \ 

(2.1) 

< h(t)g (g> (x)) + mh (1 -t)g (ip (y)) - g (tip (x) +m(l-t)<p (y)) 

for all x, y £ [0, 5], t £ (0, 1) and m £ [0, 1]. 

In particular, if / satisfies (2.1) with m = 1, then / is said to be (g, ip h ) —convex 
dominated function. If the inequality (2.1) is reversed, then / is said to be ip h m — concave 
dominated function on [0, 5] . 

The next simple characterisation of (g, ip h m ) —convex dominated functions holds. 

Lemma 1. Let h : (0, 1) — > (0, oo) be a given function, g : [0, 5] C [0, oo) — > R + be 
a given ip h m — convex function and f : [0, 5] — > M + be a 7'eal function. The following 
statements are equivalent: 

(1) / is ( g , iPh.m) —convex dominated on [0, 5] . 

(2) The mappings g — f and g + f are ip h m — convex on [0, 5] . 

(3) There exist two ip h m — convex mappings l, k defined on [0, 5] such that 

/ = \(l-k) and g = \ (l + k) . 
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Proof. 1<4==>2 The condition (2.1) is equivalent to 

9 {tip (x) + m{l-t)p (y)) - h (t) g{p (x)) - mh{ 1 - t)g{p (y)) 

< h ( t ) f{p {x)) + mh( 1 - t)f(<p (y)) - f {tip (x) + m(l-t)p (y)) 

< h {t) g(ip (x)) + mh{ 1 - t)g{ip {y)) - g ( tip (x) + m{l-t)p (y)) 
for all x,y € [0, 6 ] and t € (0, 1) . The two inequalities may be rearranged as 

{9 + /) {tp (x) +m{l-t)ip (y)) 

< h (t) (g + f) (<p (x)) + m/i(l - t) (5 + /) (</? (y)) 

and 

{g - f) {tp (x) +m{l-t)ip (y)) 

< h (t) {g - f) {ip (x)) + m/i(l -t){g- f) {p (y)) 

which are eqivalent to the ip h m — convexity of g + f and g — f, respectively. 

2<1=>3 Let we define the mappings /, g as / = \ {l — k) and g = \ {l + k). Then 
if we sum and subtract / and g, respectively, we have g + f — l and g — f = k. By 
the condition 2 in Lemma 1, the mappings y — / and g + f are ip h m — convex on 
[0, b] , so l, k are ip h m — convex mappings on [0, b] too. □ 

Theorem 5. Let h : (0, 1) — > (0, oo) be a given function, g : [0, b] C [0, oo) — > K + be 
a given ip h m — convex function. If f is defined from [0, 6] to [0, oo) and it is Lebesgue 
integrable with { g,ip hm ) — convex dominated on [0,6] for linear continuous, non- 
constant function ip : [0, 6] — » [0, 6] , then the following inequalities hold: 


rv>( b ) 


p{b)-p {a) J v{a) 

(2.2) 


/ {x) dx 


m 


p{b)-ip (a) 


.. <e ( b l 

U flx) 


dx — 


Hhr 


C<p(b) 


< 


and 


ip{b)-p {a) J v{a) 


g (x) dx - 


ip(b)-ip (a) J-eLH. 


r ^ l 

Jm s(x)dx ~wf 


p{a)+ip (6) 


p{a) + p (6) 
2 


(2.3) 


< 


[f{<P{a)) + m{f(p(£))+f(p(±))+mf (p (^))}] fj h(t)dt 


,(£)- y (a) Cia) m ] f {*) dx + m V (^)- v {^) ] f (*) dX 


9 Y< 0)) + " ! { 9 {c (£)) +s («” (s)) +ms [ v (i)) }] l h{t) 


\ dt 


’(£) 


m v(pi) -p{°) 


g (x) dx 


m 


°{~^) 


™P(£ *)~P(%) h{^) 


g (x) dx 
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for all x,y,a € [0, b], t G (0, 1) and m € (0, 1] . 


Proof. By the Definition 8 with t = x = Xa + (1 — X)b, y = (1 — A) ^ + A A € 
[0, 1] and to € (0, 1] , as the mapping / is ( g , p h m ) —convex dominated function, 
we have that 


< 


h{\) [.f (p (A a + (1 - A )b)) + mf (p ((1 — A) £ + A£))] 

- / <^(Aa+(l — \)b)+mip((l — \ 

_/ V 5 J 


g (p (A a + (1 - A)6)) + to# f ip ((l - A) — + A— 

\ \ mm 

p (A a + (1 - A )b) + imp ((1 - A) ^ + A£) \ 


Then using the linearity of (^—function, we have 


< 


Mi 




f (a) + (1 - A) <p ( b )) + mf ( - — -ip (a) + —p ( b ) 

m m 


g (A p (a) + (1 — A) ip ( b )) + mg ( - — -ip (a) + —p ( b ) 

' m m 


-/ 


p(a)+p ( b ) 


p(a) + p ( b ) 


If we integrate the above inequality with respect to A over [0, 1] , the inequality 
(2.2) is proved. 

Since / is (g, p h m ) —convex dominated on [0, b \ , we have 

I h ( t ) f (p (x)) + mh (1 -t)f (p (y)) - f (tp (a:) +m(l-t)p (y))\ 


< h(t)g (p (x)) + mh (1 -t)g (p (y)) - g (tp (x) +m(l-t)p (y)) 
for all x, y > 0 which gives for x = a and y = b 


h (t) f (p (a)) + mh (1 - t) f Ip ( — - f [tp (a) + m(\ - t) p 


h (t) g (p (a)) + mh (1 - t) g ( <p [ I — g ( tp (a) + to (1 — t) p 


< 


and for x = y = , multiplying with to, 


mh (t) f f(p ( — ) J + m 2 h (1 — t) f \ ip 
V \m// \ 


< 


m L 


mh (t) g ( (p ( — ) ) + m 2 h (1 — t) g ( ip 
V \m / / V 


mg (tp (— ) + to (1 — t) p ( ) ) 

\ \m z J ) 
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for all t £ (0, 1) . By properties of modulus and adding the above inequalities side 
by side we get, 


h,(t) [f {p (a)) + mf (¥>(£))] + mh (1 — t) [f(<p(£))+mf Mi))] 
- [/ (t<p {a)+m(l-t)<p(±))+mf (tp (£) + m (1 - t) p (^))j 


< 


9 [<P — )+‘rng\p\ — 


h(t) g (<p (a)) + mg ( ip ( — )) + mh(l — t) 

g ( tip (a) + m (1 — t) ip ( — ] ] + mg f tp ( — ) + m (1 — t) p 
V \m / J V \ m / 


m 


m 


Thus, integrating over t on [0, 1] we obtain the inequality (2.3). 


□ 


Remark 1. Under the assupmtions of Theorem 5, if we choose m = 1, the inequali- 
ties (2.2) and (2.3) reduce to Hermite-Hadamard type inequalities for (g, p h ) — convex 
dominated functions given as (1.15) and (1.16) in [11]. 

Remark 2. Under the assupmtions of Theorem 5, if we choose m = 1, h(t) = t, 
t € (0,1) and the function p is the identity, then the inequalities (2.2) and (2.3) 
reduce to Hermite-Hadamard type inequalities for convex- dominated functions given 
as (1.9) and (1.10) in [2]. 

Remark 3. Under the assupmtions of Theorem 5, if we choose m = 1, h ( t ) = 
t s , t,s € (0,1) and the function p is the identity, then the inequalities (2.2) and 
(2.3) reduce to Hermite-Hadamard type inequalities for (g,s) —convex- dominated 
functions given as (1.9) and (1.10) in [4]. 

Remark 4. Under the assupmtions of Theorem 5, if we choose m = 1, h(t) = 
t £ (0, 1) and the function p is the identity, then the inequalities (2.2) and (2.3) re- 
duce to Hermite-Hadamard type inequalities for ( g , Q (/)) — convex-dominated func- 
tions given as (1.9) and (1.10) in [6]. 


3. (g, log p) —CONVEX DOMINATED FUNCTIONS 

Definition 9. Let g : [a, b] C R — » (0, oo) be a given log —p— convex mapping where 
p : [a, b] — ► [a, b } . The real function f : [a, b] — > (0, oo) is called (g, log —p) — convex 
dominated on [a, b] if it holds 


(3.1) 


[/ (v (z))]* [/ (<P (y))] 1 ' - / (tv (a) + (1 - t) p (y)) 


< \g (v (x))}* \g ( p ( y))} 1 1 - g(tp(x) + (i-t)p(y)) 
for all x, y £ [a, b ] and t £ [0, 1]. 

Proposition 1. Let g : [a, 6] C R — > (0, oo) be a given log— p— convex mapping 
where p : [a, b] — > [a, b] and f : [ a,b ] —> (0, oo) be a (g,\og—p) — convex dominated 
function on [a, b] . Then the mapping g + f is p— convex on [a, b] . 
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Proof. The condition (3.1) is equivalent to 

g {tp (x) + (1 -t)ip (y)) - [g (p (a;))]' [g {p (j/))] 1_ * 

< [/ ip (*))]* [/ (p (y))] 1_t - / (tp (x) + (1 ~t)<p {y)) 

< [g (p 0*0)]* [g (p (y))] 1_< - g (tp (x) + (l -t)<p {y)) 

for all x, y G [a, b\ and t G [0, 1] . The left side of the inequality may be rearranged 
as 

(. g + f ) (t<P (x) + (1 - t) ip (y)) 

< If (p (*))]* [/ {<P (i/))] 1_t + [g (p (*))]* [g (p (tf))] 1_t 

< tf (ip (x)) + (1 -t)f(p (y)) + tg {p (x)) + (1 -t)g(p (y)) 

= t (f + g) (p (x)) + (1 - t) {f + g) (p (y)) 
which is eqivalent to the p— convexity of / + g. □ 

Theorem 6. Let g : [a, 6] C ffi. — > (0, oo) be a given log— p— convex mapping 

and f : [a, b] — > (0, oo) is Lebesgue integrable and (g, log —p) —convex dominated 
function on [a, b] for linear continuous function p : [a, b] — » [a, b ] , then the following 
inequalities hold: 


P(b ) - 


i rv( b ) / 

H / G (/ ( x ) - f (P (°) + P (b) - x)) dx- f 

- P («) J V (a) \ 


p{a) + p {b) 


(3.2) 


< 


p{b) - 


1 /■¥’(*>) / 

rr / G (g( x ),g (P («) + P(b)~ x)) dx- g[ 

- P W J v (a) \ 


(3.3) 


'¥>(«) 

r<P( b ) 


p{a) + p (b) 
2 


P (b) ~ 


1 fW** ( 

H / G (/ (x) ,f(p(a) + p ( b ) -x))dx- f ( 

- P ( a ) d v (a) V 


(a) + ^ (6) 


rv {b) 


< 


and 


(3.4) 


¥>(&)-' 


2 mo) / 

/ g (x) dx- g 

- P W J v (a) \ 


p{a)+p (b) 


L (f {p (b)) , f {p (a))) - 


< L (g (p (b)) , g (p (a))) - 


1 




p{b)-p (a) J^ {l 
rv>( b ) 


f (x) dx 


1 


P(b)-P (a) 7 v ( a ) 


g (x) dx 


for all x, y S [a, 6] . 
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Proof. By the Definition 3.1 with t = x = Aa+(1— X)b, y = (1 — A) a+Xb and A € 

[0, 1] , as the mapping / is (g,log — <p) —convex dominated function, we have that 

[/ (<p (Ao + (1 - A)*))] » [/ ( V ((1 - A) a + A6))]» - / + (1 ~ AW + V (( * ~ A) “ + ^ 

< b („ (Aa + (1 - A)6))]i b („ «1 - A ) a + A6»] 1 - 9 + (1 - M + ^ (0 - A >° + . 

Then using the linearity of (^—function we have 

(3.5) [/ (Xip (a) + (1 - A)p (6 ))] Hf ((1 - A) ip (a) + Xip (6))] * - / ^( a ) +¥>(*>) ) 

< 

[s(te(a) + (1 - A)<y3(6))] 3 [g {(1 - X) <p (a) + Xtp (b))}* - g . 

If we integrate the above inequality with respect to A over [0, 1] , the inequality in 

(3.2) is proved. 

On the other hand, if we use the inequality Vab < \ (a + b) for a, b > 0 on (3.5) 
we have 

[/ (Xip (a) + (1 - Ate (&))] Hf ((1 - A) ip (a) + A^ (6))] * - / 

< 

g (A <p («) + (1 - A) ip (6)) + ff ((1 - A) (a) + A tp ( b )) _ / <p (a) + tp ( b ) 

2 9 V 2 

If we integrate the above inequality with respect to A over [0, 1] , the inequality in 

(3.3) is proved. 

To prove the inequality in (3.4), firstly we use the Definition 3.1 for x = a and 
y = b, we have 

I [/ (¥> («))]* [/ te (&))] 1_ * - f {tip (a) + (1 - t) tp (&)) I 


< [g (p (a))}* [g (p (b))} 1 4 - g(t<p(a) + (1 - t)<p(b)) 

Then, we integrate the above inequality with respect to t over [0, 1] , we get 

f(<P( b )) J o j dt ~ J Q f(t<p(a) + (l-t)ip(b))dt 

< g(p{b)) [ 9 H 7TTT dt- f g (tip (a) + (1 — t) ip (b)) dt 

Jo LsteO))J Jo 


= g{v{*>)) 


g{p («)) 
g(<p{t>)) 


log g {p (a)) - log s (¥> (&)) V ( b ) - p (a) J v{a) 


g (a;) dx 


= ffte W)-flte(a)) 1 r (6) a (x)dx 

log / {ip (6)) - log f {ip (a)) ip{b)-<p (a) J v(a) 9 [ > ‘ 


1 rv(b) 

= L (g (<P (b)) , g (<P (a))) 7TT 7T / g{x)dx. 

p(b)-<p (a) J v{a) 
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If similar calculation is made for the function /, the proof is completed. □ 

Corollary 1 . If function ip is the identity in (3.2), (3.3) and (S.f), then we have 


(3.6) 


(3.7) 


and 


1 

b — a 


< 


< 


b-, 


b — 


b-, 


J G{f(x),f{a + b-x))dx-f^ a ^- b ^j 

J G(g(x) ,g(a + b- x))dx- g 
J G(f (x) J (a + b- x))dx- f 

/ g ( x ) dx - g 

J a 


(3.8) 

fo7 ’ all x, y £ [a, b ] . 


L (/ ( b ) , / (a)) - — f f (x) dx 

0 a J a 

1 f b 

< L(g{b) ,g(a)) - g (x) dx 

0 O' J a 
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FIXED POINT THEOREM AND A UNIQUENESS THEOREM 
CONCERNING THE STABILITY OF FUNCTIONAL QUATIONS 

IN MODULAR SPACES 

CHANGIL KIM 


Abstract. In this paper, we investigate a fixed point theorem in modular 
spaces, whose induced modular is lower semi-continunous, for a mapping with 
some conditions in place of the condition of bounded orbit. Using this fixed 
point theorem, we prove the generalized Hyers-Ulam stability for the following 
additive-quadratic functional equation 

f(2x + y) + }(2x - y) - 2 f(x + y) - 2 f(x - y) - 2}{2x) + 4 f(x) = 0 
in modular spaces. 


1. Introduction and preliminaries 

A problem that mathematicians has dealt with, for almost fifty years, is how to 
generalize the classical function space L p ” . A first attempt was made by Birnhaum 
and Orlic.z in 1931. This generalization found many applications in differential and 
integral equations with kernels of nonpower types. The more abstract generalization 
was given by Nakano [13] based on replacing the particular integral form of the 
functional by an abstract one that satisfes some good properties. This functional 
was called modular. This idea was refined and generalized by Musielak and Orlicz 
[11] in 1959. Modular spaces have been studied for almost forty years and there is 
a large set of known applications of them in various parts of analysis! (i , [7], [9], 
[10], [12], [14], [17], [20]). 

It is well known that fixed point theories are one of powerful tools in solving 
mathematical problems. Banach’s contraction principle is one of the pivotal results 
in fixed point theories and they have a board set of applications. Khamsi, Kozowski 
and Reich [4] investigated the fixed point theorem in modular spaces. In [5], Khamsi 
proved a series of fixed point theorems in modular spaces, where the modulars do 
not satisfy Ao-conditions. 

Lemma 1.1. [5] Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. If T : C — > C is a p- 
contraction, that is, there is a constant L G [0, 1) such that 

p(Tx - Ty ) < Lp(x - y), \/x, y G C 

and T has a bounded orbit at a point x.q £ C , then the sequence {T".x’o} is p- 
convergent to a point w G C . 


2010 Mathematics Subject Classification. 39B52, 39B72, 47H09. 
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The stability problem for functional equations first was planed in 1940 by Ulam 
[18]- 

“Let G\ be a group and Go a metric group with the metric d. Given a constant 
S > 0, does there exist a constant c > 0 such that if a mapping / : G\ — > 
G o satisfies d(f(xy),f(x)f(y)) < c for all x,y £ G i, then there exists a unique 
homomorphism h : G i — > Go with d(f(x ), h(x)) < S for all x £ Gi?” 

In the next year, Hyers [3] gave the first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [1] for additive 
mappings and by Rassias [15] for linear mappings by considering an unbounded 
Cauchy difference, the latter of which has influenced many developments in the 
stability theory. This area is then referred to as the generalized Hyers- Ulam sta- 
bility. In 1994, P. Gavruta [2] generalized these theorems for approximate additive 
mappings controlled by the unbounded Cauchy difference with regular conditions. 

Recently, Sadeghi [16] presented a fixed point method to prove the general- 
ized Hyers-Ulam stability of functional equations in modular spaces with the Ai- 
condition and using the fixed point theorem Lemma 1.1, Wongkum, Chaipunya, 
and Kumam [19] proved the generalized Hyers-Ulam stability for quadratic map- 
pings in a modular space whose modular is convex, lower semi-continuous but do 
not satisfy the Ao-condition. 

Lee and Jung [8] proved a general uniqueness theorem that can be easily applied 
to the (generalized) Hyers-Ulam stability of the Cauchy additive functional equa- 
tion, the quadratic functional equation, and the quadratic-additive type functional 
equations in Banach spaces. 

In this paper, we investigate a fixed point theorem in modular spaces, whose 
induced modular is lower semi-continuous, for a mapping with some conditions in 
place of the condition of a bounded orbit. LTsing this fixed point theorem, we will 
prove a general uniqueness theorem that can be applied to the generalized Hyers- 
Ulam stability of additive-quadratic functional equations in modular spaces without 
A o -conditions, 


2. Fixed point Theorems in modular spaces 

In this section, we will prove a fixed point theorem in modular spaces, whose 
induced modular is (convex) lower semi-continuous, for a mapping with some con- 
ditions in place of the condition of a bounded orbit. 

Definition 2.1. Let X be a vector space over a field K(=M or C). 

(1) A generalized functional p : X — > [0, oo] is called a modular if 
(Ml) p(x) = 0 if and only if x = 0, 

(M2) p(ax) = p(x) for every scalar a with |a| = 1, and 

(M3) p(z) < p(x ) + p(y) whenever z is a convex combination of x and y. 

(2) If (M3) is replaced by 

(M4) p(ax + fiy) < ap(x) + fdp{y) 

for all x. y £ V and for all nonnegative real numbers a, /3 with a + fd = 1, then we 
say that p is convex. 

Remark 2.2. Let p be a modualr on a vector space X. Then by (Ml) and (M3), 
we can easily show that for any positive real number S with S < 1, 

p{Sx) < p{x) 
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for all x £ X and hence we have 

p{x) < p( 2x) 

for all x £ X. 

For any modular p on X, the modular space X p is defined by 
X p := {.t £ X | p(Xx) -4 0 os A -> 0}. 

Let X p be a modular space and let {»„} be a sequence in X p . Then (i) {»„} is 
called p-convergent to a point x £ X p , denoted by 

lim x n = p x or x = p lim x n , 
n-^-oo n—too 

if p(x n — x) -A 0 as n -4 oo, (ii) {.t„} is called p-Cauchy if for any e > 0, one has 
p(x n — x m ) < e for sufficiently large m, n £ N, and (iii) a subset K of X p is called 
p-complete if each p-Cauchy sequence in K is p convergent to a ponit in K . 

Proposition 2.3. Let p be a modualr on a vector space X and S : X — > X an 
one-to-one linear map. Define a map ps : X — 4 [0, oo] by 

p s (x) = p(S(x)), \/x £ X. 

Then we have 

(1) ps is a modular on X , 

(2) if p is a convex modular on X , then ps is a convex modular on X , and 

(3) if p is lower semi-continuous, then ps is lower semi- continuous. 

Suppose that S is an isomorphism. Then we have 

(4) S (X ps ) = X p and 

(5) if C is a p-complete subset of X p and S(C) = C, then C is a ps~complete subset 
ofX ps . 

Proof. (1) Suppose that ps{x) = 0. Then by (Ml), S(x ) = 0 and since S is one- 
to-one, x = 0. If x = 0, then ps( 0) = p(S( 0)) = p(0) = 0. Hence ps satisfies 
(Ml). Since S is a linear map, ps satisfies (M2). Let z = ax + fiy for x, y £ X and 
non-negative real numbers a, 3 with a + ff = 1. Since S is a linear map and p is a 
modular, by (M3), we have 

ps(ax + fy) = p(aS(x) + 3S(y)) < p{S{x)) + p(S(y)) < p s (x) + p s {y) 

and thus ps satisfies (M3). 

(2) is trivial. 

(3) Suppose that { x n } is a sequence in X ps such that {x n } is ps convergent to 
x in X Ps . Then {S’(a;„)} is p-convergent to S(x). Since p is lower semi-continuous 
and { 5 ( 2 ;,, )} is p-convergent to S(x), 

(2.1) Ps(x) = p(S(x)) < lim inf p(S(x n )) < lim inf ps(x n ). 

and hence ps is lower semi-continuous. 

(4) Let x £ X p . Then 

lim p( Xx) = lim ps(\S^ 1 (x)) = 0 
A-ro A-m 

and so S -1 (a;) G X Ps . Hence X p C S’i-Ypj,). For the converse, let x £ X Ps . Then 

lim ps{ Xx) = lim p(XS(x)) = 0 
A— lO A-tO 
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and so S(x) £ X p . Hence S(X ps ) C X p . 

(5) Suppose that C is a p-complete subset of X p with S(C) = C. By (4), 
C C X Ps . Let {»„} be a pg-Cauchy sequence in C. For any n,m £ N, 

p(s( x n) S(x m )) — Ps( x n 

{5(s,j)} is a p-Cauchy sequence in C. Since C is a p-complete subset of X p , there 
is an y £ C such that {S' (aj-n) } is p-convergent to y. Then clearly, {.t,,} is pg- 
convergent to S^ 1 (y) £ C and so C is a p^-complete subset of X ps . □ 

A modular space X p is said to satisfy the A 2 -condition if there exists k > 2 such 
that p( 2x) < kp(x) for all x £ X. 

Now, we will prove a fixed point theorem in modular spaces where the map T 
do not assume to be the boundedness of an orbit. Our results exploit one unifying 
hypothesis in which some conditions are assumed. 

Lemma 2.4. Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. Let S : X — > X be an 
isomorphism and T : C — > C a mapping such that S(C) = C and STx = TSx 
for all x £ C . Suppose that there is a constant L £ [0, 1) and x a £ C such that 
p(Tx a — x 0 ) < oo and 

(2.2) p(x + y) < p s {x) + ps(y), p s (Tx - Ty) < Lp(x - y), Vx,y £ C. 

Then there is a unique fixed point w £ C of T such that 

(2.3) p{S~ 2 x o - w) < - — L p{Tx 0 - x 0 ). 

Further, we have 

lim p(T n S~ 2 x o) = p w. 

n— oo 

Proof. By Proposition 2.3, ps is a modular, C is a pg complete subset of X ps , and 
S( X ps ) = X p . By (Ml) and (2.2), we have 

P(x) < Ps(x), ps(Tx - Ty) < Lp(x - y) < Lp s (x - y) 

for all x,y £ C and so T is a p^-contraction. By (Ml) and (2.2), we have 

ps(S- 2 T 2 x 0 - S- 2 x 0 ) = p{S- l T 2 x o - S- l x o) 

< Ps{S- 1 T 2 x o - S-'Txo) + psiS^Tx 0 - S- 1 ^) 

< Lp(S~ 1 Tx o - 5 _1 .to) + p(Tx 0 - x 0 ) 

< (L+ l)p(Txo - x 0 ). 

and 

Ps (S- 2 T n x o - S- 2 x 0 ) < psiS-^x o - S-'Tx 0 ) + psiS^Txo - S '.r 0 ) 

< Lp(S- 1 T n ~ 1 x o - + p(Tx 0 - x 0 ) 

= Lp s (S^ 2 T n ^ 1 x 0 - S- 2 x 0 ) + p(Tx 0 - x 0 ) 

for all n £ N. By induction, we have 

ps{S~ 2 T n x 0 - S- 2 x 0 ) < Y,lzlL k p{Tx 0 - x 0 ) < r ^p(T* 0 - x 0 ) 
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for all n £ N. For any non-negative integers m, n with rn > n, 

(2.4) 

p s (S~ 3 T n x o - S- 3 T m x 0 ) = p(S~ 2 T n x 0 - S-' 2 T m x 0 ) 

< Ps(S-' 2 T n x 0 - S- 2 x 0 ) + p s (S- 2 T m x o - S- 2 z 0 ) 

2 

< 1 _ p(Tx 0 ~ x 0 ). 

Since STx = TSx for all x £ C, T has a bounded orbit at a point S~ s x 0 in 
C C X ps and thus by Lemma 1.1, {T n S~ 3 x o} is pg-convergent to a point uio £ C. 
Let ui = Suio- Then 

lim p(T n S~ 2 x o) =n w 

n—too 

and since pg is lower semi-continuous, by (2.4), we have (2.3). 

Now, we claim that w is a unique fixed point of T. Since pg is a lower semi- 
continuous, we have 

p(w — Tw) = pg(w 0 — Tw 0 ) < lim inf pg(T n+1 S~ 3 xq — Tw 0 ) 

n—HX) 

< lim inf Lp(T n S~ 3 x o — wq) = 0 

n—too 

and hence w is a fixed point of T. Suppose that v is another fixed point of T. Since 
STx = TSx for all x £ C, by (2.2) and (2.3), we have 

piS-'w - S- 3 v) < pg(T n w - T n S-' 2 x 0 ) + pg(T n S- 2 x 0 - T n v ) 

< L n ^ ^ — p{Tx o - ,t 0 ) 

for all n £ N and since 0 < L < 1, w = v. □ 

Replacing (2.2) by (2.5), we have the following lemma. The proof is similar to 
the proof of Lemma 2.4. 

Lemma 2.5. Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. Let S : X — »• X be an 
isomorphism and T : C — > C a mapping such that S(C) = C and STx = TSx for 
all x £ C . Suppose that there are real numbers r, L and x a £ C such that 0 < r < 1, 
L £ [0, \), p(Tx 0 - < <50, and 

(2.5) p(x + y) < rpg(x) + rp s (y), p s (Tx *- Ty) < Lp(x - y), Vx,y £ C. 

Then there is a unique fixed point w £ C of T such that 

lim p(T n S~ 2 To) = p w 

n^t- oo 

and 

2 

(2.6) p(S~ 2 t 0 - w) < -p(Tx 0 - t 0 ). 

1 — rL 

Proof. By Proposition 2.3, pg is a modular, C is a p^-complete subset of X ps , and 
S(X Ps ) = X p . By (Ml) and (2.5), we have 

P(x) < Ps(x ), Ps{T x - Ty) < Lp(x - y) < rLp s {. x - y) 
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for all x,y £ C and so T is a p^-contraction. By (Ml) and (2.5), we have 
Ps(S- 2 T 2 x o - S- 2 x 0 ) = psiS-^xo - S-'x o) 

< r ps(S~ 1 T 2 xo - S~ 1 Txo) + rps^S^Tx 0 - S^x Q ) 

< rLp(S~ 1 Tx 0 — S~ 1 x 0 ) + rp(Tx 0 — x 0 ) 

< r(rL + 1 )p(Txq - .To). 

and 

Ps(S 2 T n x 0 - S- 2 x 0 ) < rpsiS-^x o - S^Ttq) + rpsiS^Tx 0 - S^xo) 

< rLp(S~ 1 T n - 1 x o — 5 _1 a,’o) + rp(Tx o — xq) 

= rLp s (S^ 2 T n ^ 1 x 0 - S~ 2 x 0 ) + rp(Tx 0 - x 0 ) 

for all n £ N. By induction, we have 

Ps(S 2 T"x 0 - S- 2 x 0 ) < ^-y +1 L k p(Tx o - x 0 ) < yz^p( Tx o ~ x o) 
for all n £ N. For any 11011 -negative integers m,n with m > n, 

ps{S- 3 T n x 0 - S- 3 T m x 0 ) = p(S- 2 T n x 0 - S-' 2 T m x „) 

< rp s (S- 2 T n x 0 - 5- 2 .t 0 ) + rp s (S- 2 T m x 0 - S~ 2 x 0 ) 

2r 2 

< z 7 p(Tx 0 - xo). 

1 — rL 

The rest of the proof is similar to the proof of Lemma 2.4 . □ 

3. Uniquness theorem for the stability of functional equations and 

ITS APPLICATIONS 

Throughout this section, we assume that V is a linear space and X p is a p- 
complete modular space whose induced modular is lower semi-continuous. In this 
section, we prove that, if for given map / : V — > X p , there is a mapping F : V — ► 
X p , which is near / in X p , with some properties possessed by additive-quadratic 
mappings, then F is uniquely determined. 

Define a set M by 

M := {g : V — ► X p \ g( 0) = 0} 
and a generalized function p 011 M by for each g £ M, 

p(g) := inf{c > 0 | p{g{x)) < <nF(t), Vt £ V}, 

where 'll : V — > [0, 00 ) is a mapping. 

Similar to Lemma 10 in [19], we have the following lemma : 

Lemma 3.1. We have the following : 

(1) M is a linear space, 

(2) p is a modular on M, and 

(3) if p is convex, then p is convex, 

(4) Mp = M and is p-complete, and 

(5) p is lower semi- continuous. 
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Proof. (1), (2), and (3) are trivial. 

(4) By the definition of Mp, Mp = M. Take any p-Cauchy sequence {g„} in Mp. 

Then {g n { x )} is a P Cauchy sequence in X p for all x £ X. Since X p is p-complete, 
there is a mapping g : V — » X p such that p(g n (x) — g(x)) — ► 0 as n — > oo for 

all x £ X. For any e > 0, there is an m £ N such that 

P(9m( 0) - g{ 0)) = p(g( 0)) < e 

and hence g £ = M. Let S > 0 be given. Since { g n } is a p-Cauchy sequence in 

Mp, there is a k £ N such that for any n, m £ N with n , m > k, 

p(g n (x) - g,n(x )) < ^(a;),Vai £ V 

and since p is a lower semi-continuous, we have 

p{an{x) ~ g{ x )) < lim inf p(g n (x) - g m (x)) < S^(x) 
m— Yoo 

for all x £ X . Hence { g n } is p-convergent and thus Mp is p-complete. 

(5) Suppose that { g„ } is a sequence in Mp which is p-convergent to g £ Mp. 
Then {g, ,.(»)} is p-convergent to g(x) for all x £ V. Let e > 0 be given. Then for 
any n £ N, there is a positive real number c n such that 

p(9n) < c„ < p(g n ) + e 

and so 

p(g{x)) < lim inf p(g n { x)) < lim inf < ( lim inf p(g„) + <? ) V& (a;) 

n— too n— too \ n— too J 

for all x £ X. Hence p is lower semi-continuous. □ 

Now, with Lemma 2.4 and Lemma 3.1, we will show the following uniquness 
concerning the stability of additive-quadratic mappings and using these, we prove 
the generalized Hyers-Ulam stability for additive-quadratic mappings 

Theorem 3.2. Let 4> : V — > [0, oo) be a mapping and L a positive real number 
sucht that 0 < L < \ and 

(3.1) $(2z) < L$(x) 

for all x £ V . Let f, F : V — > X p be mappings such that 

(3.2) p(f(x) - F(x)) < M[$(.t) + $(-x)] 
for all x £ V and some non-negative real number M and 

(3.3) F(2x) = 3 F(x) + F(-x) 
for all x £ X . Then F is determined by 

(3.4) -F(.t)=„ lim + -^—)f(2 n x) + — 2 n x)] 

y ’ 8 y p n-Hx? L\2 2n + 4 2 n + 4 J V2 2n + 4 2 n + 4 J J 

for all x £ V . 

Proof. Let 'f r (.r) = 4 >(.t) + 4>(— x) for all x £ V. By Lemma 3.1, Mp = M is 
p-complete and p is lower semi-continuous. Define T : Mp — > Mp by Tg(x ) = 
|p(2a;) — |p(— 2x) for all g £ Mp and all x £ V and S : Mp — > Mp by Sg = 2 g for 
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all g G Mp. Then S is an isomorphism. Suppose that g, h G Mp and p{g — h) < c 
for some positive real number c. By (M3) and (3.1), we have 

Ps(Tg{x) - Th(x)) = p(^g( 2x) - ^g{- 2x) - ^ h(2x ) + ^h(- 2x)) 

< p(g( 2*) - h(2x)) + p(g(-2x) - h(-2x)) 

< c(tf( 2x) + tf(-2a:)) 

< 2cL'S’(x) 

for all x G V and so 

Ps(Tg - Th) < 2Lp(g - h ). 

By (M3), we have 

p(g- h ) < ps{g) +ps(h) 

for all g, h G Mp. By (3.3), F is a fixed point of T and since ps = PS , by (3.2), we 
get 

P(S“7(®) - TS^fix)) < p(f(x) - F(x)) + p(TF(x) - Tf(x)) 

<M9(x) +p s (TF(x)-Tf(x)) 

< M^{x) + 2 Lp{F{x) - f(x)) 

for all x G V and thus 

p(S ~ 7 - TS~ 1 f) < (1 + 2 L)M < oo. 

By Lemma 2.4, there is a unique fixed point G G Mp of T such that 

lim p{T n S~ 3 f -G) = 0 

n— »-oo 

and 

p(s- 3 f — G) < - TS ^f)- 

Since F is a fixed point of T, S~ 3 F is a fixed point of T and by (3.2), we have 
p(S- 3 f - S- 3 F ) < pis- 1 / - S- 3 F) < t A z p(5- 1 / - TS- 1 /) 
because 1 < jSrp- Hence by the uniquness of G in Lemma 2.4, S~ 3 F = G and 
(3.5) lim p(r n S- 3 f - S- 3 f) = 0. 

n— too V / 

By induction, there are sequences {a,,} and {&„} such that 
T n f(x) =a n f(2 n x)Fb n f(-2 n x) 
for all x G V and all n G N. By the definition of T, 

T n+1 f(x) = (|a„ - 1 -b n )f(2 n+1 x) + (*b n - la n )f(- 2 n+1 x) 

and so 

' 3 i i 

a n + 1 — g a n s^ n 

< 

L 3l _ 1 

< u n + 1 — g Un 

for all n G N. Hence 
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a n + 1 T ^n+1 — 4 (®n T ^n) 

< 

k a n+ 1 ^n+1 — 2^ n 

for all n £ N and so we get 


i i 

L — o2»i+i on+1 

for all n E N. Thus 

S^FY.r) =„ lim [f r + )f(2 n x) + ( r ^—)f(-2 n x)] 

y ' p n^-oo Lv2 2 "+ 4 2"+ 4 / v 7 V2 2n + 4 2 n+4 J Jy \ 

for all x E V and hence we have (3.4). □ 

For any mapping / : V — > X p , let 

fM = /.w = LM±Ati1 . 

Then f 0 is odd and f e is even. By the fact that f(x) = f 0 (x) + f 0 (x) for all x E V . 
we can easily show the following corollary : 

Corollary 3.3. All conditions in Theorem 3.2 are assumed. Then F is determined 

by 

(3-6) 

(3-7) l -F e {x)= p \m io 

and 

0 - 8 ) re™ =» (t^ 242 " 1 ’ + tU< 2 ’ v >) 

/or all x E 1 . 

Proof. Note that 

- AFhV"*)] 

- - (pn+4 + 2«t)-^I 2 ** _ f .... - 2 l i ) I l_ - 

+ - ( i + 2 ^+ 4 ) A -2 x * - ( 2 -" 1 1 - 2 *rpr ) T ( 2 *)] 

for all x £ V and for all n E N. By (3.4), we have (3.6) and similarly, we have (3.7). 
Thus we get (3.8). □ 

If F is additive or quadratic, or additive-quadratic, then F satisfies (3.3) and 
hence we have the following corollary : 
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Corollary 3.4. All conditions in Theorem 3.2 are assumed. If F is addi- 
ive(quadratic, addiitive- quadratic, resp.) then F is determind by 

1 F{X) =' jj'H'.x: il^ X) =» 2^ f ^ TX ^ 

l6 F{x) =» (s^Ti ^ (2 ” t) + 2 ^fo(2 n x)) r resp.) 

for all x G V. 

Similar to the proof of Theorem 3.2, we can show the following theorem for 
modular spaces with convex modulars. 

Theorem 3.5. All conditions in Theorem 3.2 are assumed. Suppose that p is 
convex and L is a positive real number sucht that 0 < L < 2. Then F is determined 
by 

(3.9) iff*) n lim [( jTj + - ^h)/(-2”*)] 

for all x G V . 

Proof. Let '&(») = $(.t) + <f>(— x) for all x G V. By Lemma 3.1, Mp = M is 
p-complete and p is lower semi-continuous. Define T : Mp — | Mp by Tg(x) = 
|g( 2x) — ^g(—2x) for all g G Mp and all x G V and S : Mp — > Mp by Sg = 2 g for 
all g G Mp. Then S is an isomorphism. Suppose that g , h G and p(g — h) < c 
for some positive real number c. By (M3) and (3.1), we have 

Ps{Tg{x) - Th( x)) = p{^g{2x) - *g(- 2x) - ^h{ 2x) + ^h(-2x)) 

< \p(9{ 2z) - h{ 2x)) + lp(s( 2x) - h(-2x)) 

< cL'It^x) 

for all x G V and so 

Ps(Tg - Th ) < Lp{g - h). 

Further, clearly we have 

p(g -h) < ^ps(g) + ^ps(h) 

for all g , h G Mp. By (3.3), F is a fixed point of T and by (3.2), we get 

ptf-'Hx) - TS-'fix)) < \p{f{x) - F(x)) + \p{TF{x) - Tf(x)) 

< \M*{x)F l -p s {TF{x)-Tf{x)) 

< 1(1 + L) MV (x) 

for all x G V and thus 

?(S“V - TS-'f) < 1(1 + L)M < oo. 

By Lemma 2.5, there is a unique fixed point G G Mp of T such that 
p(S- 3 f -G)< - TS - 1 /). 
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and further, we have 

lim p(T”S~ 3 / -G)= 0. 

n—too 

Since F is a fixed point of T, S~ 3 F is a fixed point of T and 

p(S- 3 f - S- 3 F) < \p(S- l f - S~ l F ) < 2^p(S-7 - TS ^f) 

because ^ Hence by the uniquness of G in Lemma 2.4, S~ 3 F = G. The 

rest proof is similar to the proof of Theorem 3.2. □ 

Using Lemma 2.5 and Theorem 3.5, we can show the generalized Hyers-Ulam 
stability for aditive quadrat ic mappings. 

Corollary 3.6. Let V be a linear space and X p a p-complete modular space whose 
induced modular is convex lower semi-continuous. Suppose that f : V — > X p is a 
mapping such that 


(3.10) p(f(x + y) + f(x -y)~ 2 f(x) - f(y) - f(-y)) < </>{x,y) 
for all x,y G V and let <j> : V 2 — > [0, oo) be a mapping satisfying 

(3.11) <f{2x,2y) < L<j)(x,y ), Mx,y G V 

for some real number L with 0 < L < 2. Then there is a unique additive-quadratic 
mapping G : V — > X p such that 

(3.12) p(^/(») - G(x)) < 8 ( 2 -i / ) [^( a: ’ a; ) + 
for all x G V . 

Proof. Let $(*) = <j)(x, x) and <t r (a;) = 4>(.r) + <f>(— x) for all x G V. By Lemma 3.1, 
Mp = M is p-complete and p is lower semi-continuous. Define T : by 

Tg(x) = |p(2.r) — |p(— 2x) for all g G Mp and all x G V and S : — > Mp by 

Sg = 2 g for all g G Mp. Then S is an isomorphism and (2.5) in Lemma 2.5 holds 
for r = \. Letting y = x in (3.10), we get 


(3.13) p(/( 2x) - 3 f(x) - f(-x)) < (f{x,x) 

for all x G V and by (3.13), we have 

p{Tf(x) - /(a?)) < ^(/)(x,x) + ^c/){-x,-x) < ^(.r) 
for all x G V. Hence we get 


(3.14) 


p(Tf -f)< 


8 


and by Lemma 2.5, there is a unique fixed point G G Mp of T such that 

3 


p(S- 2 f-G) < 


For any n G N, let 


8(2 - L) ' 

1 


1 


1 1 

(>n 2 2 «+4 2«+4 ’ n 2 2n +4 2”+4 ' 
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Since G is a fixed point of T, G satisfies (3.3) and by Theorem 3.5, we have 

= p lim [a n f( 2 n x) + b n f(- 2 n x)] 

for all x £ V. By (M3), we get 

(3.15) 

+ y) + ^ G ( x ~y)~ ^ G ( x ) ~ ^ G (y ) - ^ G (-y )) 

< ^p(^G(a; + y) - a n f{ 2 n (x + y)) - b n f(- 2 n (x + 2/))) 

+ ^6fiQ G ( x -y)~ Unf(2 n (x - y )) - b n f(—2 n (x - y))^ 

+ - 2a n J (2 n x) - 2b n f(-2 n x )) 

+ ^p(\ G (y) ~ «n/(2”2/) - b n f(-2 n y)) 

+ J p(l G (-y ) - in/(2"(-y)) - b n f( 2 " ( //:;) 

+ “f p(/( 2"(a + 2/)) + /(2”(* - 2/)) - 2/(2"*) - /(2"») - /(2"(-j,))) 

+ ^p(/(-2"(* + 2/)) + f(—2 n (x - ly)) - 2/ (—2 n x) - f(-2 n y) - f(-2 n (-y))) 

and by (3.11), we have 

(3.16) 

|rp(/(2 n (* + 2/)) + /(2"(X - 2/)) - 2/(2”*) - f(2 n y) - f(2 n (-y))) 

+ ^p(/(- 2"(* + 2/)) + /(— 2"(® - 2/)) - 2/(— 2”x) - f(—2 n y) - f(-2 n (-y))) 

< ^0(2”*,2”22) + ^0(-2”*,-2”22) 

< [^- </>(*, 2 /) + -?/)] 

for all x, y £ V and for all n £ N. Since 0 < a n , |6„| < 2 _ ”, by (3.15) and (3.16), we 
can show that G is an additive-quadratic mapping. Since every additive-quadratic 
mapping satisifes (3.3), G is a unique additive-quadratic mapping with (3.12). □ 
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Rough fuzzy ideals in BCK/BCI - algebras 

Sun Shin Ahn 1 and Jung Mi Ko 2 * 

department of Mathematics Education, Dongguk University, Seoul 04620, Korea 
2 Department of Mathematics, Gangneung-Wonju National University, Gangneung, 25457, Korea 

Abstract. The notions of rough ideals and rough fuzzy ideals in BCK/ BCI-algebras are introduced and some 
properties of such ideals are investigated. The relations between the upper(lower) rough ideals and the upper 
(lower) approximations of their homomorphic images are discussed. 


1. Introduction 

The notion of rough sets was introduced by Pawlark ([11]). The theory of rough sets has 
emerged as another major mathematical approach for managing uncertainty that arises from 
inexact, noisy, or incomplete information. It is turning out to be methodologically significant 
to the domains of artificial intelligence and cognitive sciences, especially in the representation of 
reasoning with vague and/or imprecise knowledge, data analysis, machine learning, and knowledge 
discovery ([11,12]). The algebraic approach to rough sets was studied in [8]. Biswas and Nanda 
([1]) introduced the notion of rough subgrougs, and Knroki and Morderson ([6]) discussed the 
structure of rough sets and rough groups. Kuroki and Wang ([7]) gave some properties of lower 
and upper approximations with respect to the normal subgroups and the fuzzy normal subgroups, 
and Knroki ([5]) introduced the notion of rough ideals in semigroup, which is an extended notion 
of ideals in semigroups, and gave some properties of such ideals. Xiao and Zhang ([13]) established 
the notion of rough prime ideals and rough fuzzy prime ideals in a semigroup. Imai and Iseki 
([2]) introduced two classes of abstract algebras : BCK -algebras and BCI- algebras. It is known 
that the class of BCK -algebras is a proper subclass of the class of BCI- algebras. C. R. Lim 
and H. S. Kim ([8]) introduced the notion of a rough set in B C K/ BCI- algebras. By introducing 
the notion of a quick ideal in RCAY-BCJ-algebras, they obtained some relations between quick 
ideals and upper (lower) rough quick ideals in BCK/BCI- algebras. 

In this paper, we introduce the notion of rough ideals and rough fuzzy ideals in BCK/BCI- 
algebras, and we give some properties of such ideals. Also, we discuss the relations between the 
upper(lower) rough ideals and the upper (lower) approximations of their homomorphic images. 
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2. Preliminaries 


A BCI-algebra ([9]) is a non-empty set X with a constant 0 and a binary operation “ * ” 
satisfying the axioms, for all x,y,z G X\ 

(i) (( x * y) * (x * z)) * (z * y) = 0, 

(ii) (x * (x * y)) * y = 0, 

(iii) x * x = 0, 

(iv) x * y = 0 and y * x = 0 imply x = y. 

A AdT-algebra is a Ad-algebra satisfying the axiom: 

(v) 0 * x = 0 for all x G X. 

We can define a partial ordering < on X by x < y if and only x * y = 0. In any Ad-algebra 
X, the following hold: for any x,y, z G X , 

(1) x * 0 = x, 

(2) (x *y) * z — (x * z) * y, 

(3) x < y implies x * z < y * z and z * y < z * x, 

(4) (x * z) * (y * z) < (x * z). 

Let X be a Adi /Ad- algebra and let 0 G / C X. A set / is called an ideal of X if for all 
x,y G X , x * y G / and y G / imply x & I . An ideal / is said to be closed if 0 * x E I whenever 
x G I. Let S' be a non-empty subset of X. Then S is called a subalgebra of X if, for any x,y G S, 
x*y G S. A closed ideal of a Adi/ Ad- algebra X is a subalgebra of X. An equivalence relation 
p on X is called a congruence relation on X if (x * u,y * v) G p for any (x,y), (u,v) G p. We 
denote by [a] p the p-congruence class containing the element a G X. Let X/p be the set of all 
p-equivalence classes on X, i.e., X/p := {[a] p |a G X}. For any [x] p , [y\ p G X/p, if we define 

M p* [y}p ■= [x*y} p = {z e X\ (z,x*y) G p}, 

then it is well defined, since p is a congruence relation. A congruence relation p on a BCK/BCI- 
algebra X is said to be regular if [x\ p * [y\ p = [0] p = [y] p * [x] p implies [x] p = [y\ p for any 

N P , [ y] P e X/p. 

Theorem 2.1. ([9]) Let X he a BCK-algebra and let p be a congruence relation on X. Then p 
is regular if and only if X/p is a BCK-algebra. 

Let / be an ideal of X. We define a relation pj on X as follows: 

Pi :— {(x, y)\x * y , y * x G /}. (*) 

Then pj is a regular congruence relation ([4]). Let Con(X) be the set of all congruences on X. 
We define a subset I p of X from p G Con(X) by I p := {x * y\{x, y) G p). 
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Proposition 2.2. ([4]) Let A be an ideal. If A is closed, then A = I PA . 

Let X be a BCK/BCI- algebra and let p be a congruence relation on X. Let V(X) denote the 
power set of X and V*(X) = V(X) \ {0}. Define the functions p, p~ : V(X) — > V(X) as follows: 
for any 0^4 6 V(X), p-(A) := {x E A|[x] p C A} and p~(A) := {x E A|[a;] p fl A ^ 0}. The set 
P-(A) is called the p-lower approximation of A, while p~(A ) is called the p-upper approximation 
of A. For a non-empty subset A of X, p(A) = (p_(A), p _ (A)) is called a rough set with respect to 
p of V(X) x V{X) if p-(A ) ^ P~(A). A subset A of X is said to be deftriable if p~(A) = p~(A). 
The pair (X, p) is called an approximation space. A congruence relation p on a set X is called 
complete if [x] p * [y\ p — [x * y\ p for any x, y G X. 

3. Rough ideals in BC K / BC /-algebras 

Let X be a BCK/BCI - algebra and let 0 ^ A C X. Let p be a congruence relation on X. 
Then A is called an upper (a lower , respectively) rough ideal of X if p~(A ) (p_(A), respectively) 
is an ideal of X. 

Theorem 3.1. Let pi he a congruences relation on a BC K / BC I -algebra X as in (V) . If A is a 
closed ideal of X, then it is an upper rough ideal of X . 

Proof. Since A is an ideal of X, 0 G A. Hence A fl [0] PJ ^ 0. Therefore 0 G pC(A). 

Let x,y e X with x*y,y G pi~(A). Then ([ x] Pl *[y\ Pl )nA = ([x*y] Pl )nA ± 0 and [y\ Pi nA ± 0. 
Hence there exist a, (3 e A such that a G [x\ Pl * [y\ Pl = [x*y] Pl and f3 G [y) pr Therefore a = p*q 
for some p G [, x] Pl ,q G [y\ Pl . Since fi,q G [y\ Pl , we have (l3,y),(y,q) G pi and so (/3,q) G p/. 
Hence [/3] Pl = [ q] Pl . Since (q * (3,q * q) = (q * f3, 0) G p/, we have (q*/3)*0 = q*f3 G 4 by 
Proposition 2.2. Using /3 E A, we have q E A. Since p * q, q E A and A is an ideal of X, we 
obtain p E A. Therefore p G [x] Pl fl 4^0. Thus x E p/”(A), completing the proof. □ 

Theorem 3.1 shows that the notion of an upper rough ideal is an extended notion of a closed 
ideal in BCK/BCI- algebras. 

Example 3.2. Let X := {0, 1, 2, 3} be a RCA'- algebra with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

2 

2 

1 

0 

1 

3 

3 

3 

3 

0 


If we take A := {0,2}, then it is not an ideal of A', since 1*2 = 0 E A, but 1 (/A. On the 
while, let p be a congruence relation on X such that {0, 1, 2}, {3} are all p-congruence classes of 
X. Then p~(A) = {0, 1, 2} is an ideal of A. 
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Theorem 3.3. Let X be a BCK / BC I -algebra and let A be a closed ideal of X. Then p_(A), 
if it is non-empty, is an ideal of X. 

Proof. Since A is a closed ideal of X, it is a subalgebra of X. Since p_(H) ^ 0, p_(H) is a 
subalgebra of X. Hence 0 G p_(H). Let x,y G X with x * y,y G p_(H). Then [x] p * [y\ p = 
[x * y\ p C A, [y\ p C A. If a G [x\ p , then (a,x) G p. Since p is a congruence relation on X, we 
have (a * y,x * y) G p and so a * y G [x * y\ p C A. Since A is an ideal of X and y E A, we get 
a G A, i.e., [x\ p C A, proving that x G p~(A). □ 

Let p be a regular congruence relation on a BCK - algebra X and let 0 ^ A C X. The lower 
and upper approximations can be presented in an equivalent form as shown below: 

P-( A )/p =(Mp e X/p | [x\ p C A} 

p~( a )/p ={[x] P e x/p | [x\p nd^0}. 

Proposition 3.4. Let p be a regular congruence relation on a BCK-algebra X. If A is a 
subalgebra of X, then p~(A)/p is a subalgebra of the quotient BCK-algebra X/p. 

Proof. Since A is a subalgebra of A", there exists an element x G A such that [x] p fl d / 0, i.e., 
p~(A)/p ^ 0. Let [x\ p and [y\ p be any elements of p~(A)/p. Then [x\ p fl A ^ 0 and [y\ p fl 4^0. 
This means that there exist a, b G X such that a G [xjpflT and b G [y] p flA Then a*b G [x] p *[?/] p . 
Since A is a subalgebra of X, a * b G A. This means that [x\ p * [y\ p G p~(A)/p, completing the 
proof. □ 

Proposition 3.5. Let p be a regular congruence relation on a BCK-algebra X. If A is a 
subalgebra of X, then p_(A)/p is, if it is non-empty, a subalgebra of the quotient BC K -algebra 
X/p. 

Proof. Straightforward. □ 

Theorem 3.6. Let pi be a regular congruence relation on a BCK-algebra X as in (*). If A is 
an ideal of X, then pi~(A)/pi is an ideal of the quotient BCK-algebra X/pj. 

Proof. Since 0 G pj~(A), we have [0] P/ nH ^ 0 and hence [0] P/ G pj~(A)/pj. Let [x\ Pl *[y\ Pl , [y] Pl G 
pr{A)/p I . Then ([x\ Pl * [y\ Pl ) fl A = [x * y\ Pl fl A ^ 0 and [y\ PI fl A ^ 0. Hence there exist a G A 
with a G [x] Pl * [y] Pl — [x * y\ Pl and (3 G A for some f3 G [ y\ Pl . Therefore a = p * q for some 
p G [x\ PI ,q G [y] Pl . Since (3,q G [y] PI , we have (/3,y),(y,q) G p/ and so (£, q) G p/. Hence 
\I3\ PI = [ q] Pl . Since (q * (3,q * q) = (q* {3,0) G p/, we have (q*/3)*0 = q*/3EAby Proposition 
2.2. Using {3 E A, we have q G A. Since A is an ideal of A" and q G A, we have p G A. Thus 
p G [x] pi n A, proving [x\ pi G P r(A)/ Pl . □ 

Theorem 3.7. Let p be a regular congruence relation on a BCK-algebra X . If A is an ideal of 
X, then p_(A)/p, if it is non-empty, an ideal of the quotient BC K -algebra X/p. 
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Proof. Since p_(A)/p ^ 0, p_(A)/p is a subalgebra of X/p. Hence [0] p G p_(A)/p. Let [x\ p * 
[y\ p , [y\ p G p_(A)/p for some [x\ p G X/p. Hence [x * y] p C A and [y] p C A. Therefore x * y G 
p_(A),p G p_(A). If a G [x\ p , then ( a,x ) G p. Since p is a congruence relation on X, we have 
(a*y,x*y) G p. Hence a*y G Hence aGi, because A is an ideal of X and y G A. 

Therefore [x\ p C A, proving that [x\ p G p_(A)/p. □ 

Theorem 3.8. Let p be a regular congruence relation on a BCK-algebra X. If A is an upper 
rough ideal of X, then p~(A)/p is an ideal of the quotient algebra X/p. 

Proof. Since 0 G p~(A), we have [0] p D A ^ 0 and hence [0] p G p~(A)/p. Let [x] p * [y\ p = 
[x * y ] p , [y\ p G p~(A)/p for some [x] p G X/p. Then ([x] p * [y} p ) n A = [x * y\ p P\ A ^ 0 and 
[y] p fid / 0. Hence x * y,y G p~{A). Since p~{A ) is an ideal of X, we have x G A. Thus 
x G [x\ p fld/0, proving [x\ p G p~(A)/p. □ 

Theorem 3.9. Let p be a regular congruence relation on a BCK-algebra X. If A is a lower 
rough ideal of X , then p_(A)/p is, if it is non-empty, an ideal of the quotient BCK-algebra X/p. 

Proof. Since p_(A)/p ^ 0, p_(A)/p is a subalgebra of X/p and hence [0] p G p_(A)/p. Let 
[x\ p * [y\ p , [y\ p G p_(A)/p for some [x] p G X/p. Hence [x * y\ p C A and [y\ p C A. Therefore 
x * y G p-(A),y G p_(A). Since p_(A) is an ideal of X, we have x G p_(A). Thus [x\ p C A. □ 

4. Approximations of fuzzy sets 


Let p and A be two fuzzy subsets of X. The inclusion A C p is denoted by \(x) < p[x) for all 
x G A", and p fl A is defined by ( p D A)(x) = p(x) A \(x) for all x G X. 

Definition 4.1. Let p be a congruence relation on a BCK/BCI- algebra X and p a fuzzy subset 
of X. Then we define the fuzzy sets p-(p) and p~(p) as follows: 

p-{p)(x) := A oe[x] p B(a) and p~(p)(x) := V ae[x]p /j(a). 

The fuzzy sets p_(/i ) and p~(p) are called the p-lower approximations and p-upper approximations 
of the fuzzy set p, respectively. A set p(p) = (p-(p), p~ (p)) is called & rough fuzzy set with respect 
to p if p_0) ^ p~{p). 

Definition 4.2. ([3]) A fuzzy set p of a BC K / BC /-algebra X is called a fuzzy ideal of X if 

(Fi) p( 0) > p(x) for all x G A", 

(F 2 ) p(x) > niin{/i(x * y), pipy)} for all x, y G X. 

Let p and v be fuzzy ideals of a BCK/BCI- algebra A". Then p fl v is also a fuzzy ideal of A". 

A fuzzy subset p of a BCK/BCI- algebra X is called an upper (a lower, respectively) rough 
fuzzy ideal of X if p~{p) (p_(/i), respectively) is a fuzzy ideal of X. 


79 


Sun Shin Ahn et al 75-84 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Sun Shin Aim and Jung Mi Ko 

Theorem 4.3. Let p be a congruence relation on a BC K / BC I -algebra X. If p is a fuzzy ideal 
of X, then p~(p) is a fuzzy ideal of X. 

Proof. Since p is a fuzzy ideal of X, /i(0) > p(x) for all x G A". Hence we obtain 

p"( /i )(0) = V ze[0 ]p p(z) > V x 'e[ x ] p p(x') = p~(fi)(x). 

For any x, y G X, we have 

p~(p)(x) = V x ’ e[x \ p p(x') > V x '*y’e[ x } p *{ y \ p ,y'e[y] p {nrin {p(x' * y'), p(y')}} 

= V x '*y’e[ x *y] p ,y’e[y\ p {mines' * y'),p(y')}} 

— nrin {\/ X '*y'e[x*y] p y{x * y )j V y '£[y\ p p(y )} 

= min{p" (p)(x*y),p~(p)(y)}. 

Thus p~(p) is a fuzzy ideal of X. □ 

Theorem 4.4. Let p be a congruence relation on a BC K / BC I -algebra X. If p is a fuzzy ideal 
of X, then p~(p) is, if it is non-empty, a fuzzy ideal of X. 

Proof. Since p is a fuzzy ideal of X , p( 0) > p(x) for all x G A". Hence for all x G A", we have 

p_(/i)(0) = A Z e[ 0]p p(z) > A Z 'e[x\ p p{z') = p-{p)(x). 

For any x, y G X, we obtain 

P— (a0(**0 :'e[ x \ p p{x ) ^ ^'x'*y'e.[ x \ P *[y] P ,y'e[y\ P {min{p(x * y ), p{y )}} 

= /\ x '*y’e[ x *y] p ,y’e[y\ p {min {p(x' * y'),p(y')}} 
min{A x'*y'e[x*y] p p{x * y ), A y'g[y] p h(l/ )} 

= min{p_ (p)(x*y),p_(p)(y)}. 

Thus p-(p) is a fuzzy ideal of A". □ 

Let p be a fuzzy subset of a BCK/BCI- algebra X and let (p_(/i), p~(p)) be a rough fuzzy 
set. If p-(p) and p~(p) are fuzzy ideals of a BCK/BCI- algebra A", then we call (p_(p), p~{p)) 
a rough fuzzy ideal of X. Therefore we have: 

Corollary 4.5. If p is a fuzzy ideal of a BC K / BC I -algebra X, then (p_(/i), p~(p)) is a rough 
fuzzy ideal of X. If p, X are fuzzy ideals of a BC K / BC I -algebra X, then (p_(p D A ), p~(p D A)) 
is a rough fuzzy ideal of X. 

Let p be a fuzzy subset of a BCK/BCI- algebra X. Then the sets 

Pt := {x G X\ p(x) > t}, p/f := {x G X\ p(x) > t}, 

where t G [0, 1], are called respectively, a t-level subset and a t-strong level subset of p. 

Theorem 4.6. ([3]) Let p be a fuzzy subset of a BC K / BC I -algebra X. Then p is a fuzzy ideal 
of X if and only if pt and pf are, if they are non-empty, ideals of X for every t G [0, 1]. 
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Lemma 4.7. Let p be a congruence relation on a BC K / BC I-algebra X. If p is a fuzzy subset 
of X and t G [0, 1], then 

(!) ip-ih))t = P-(lM), 

(2) {p-{p))? = p-{pf). 

Proof. (1) We have 

x e ip-ip))t ^ p-ip)(x) > t ^aG[x\ p pi a ) — t 

Vo G [x\ p , p(a) >t<y [x\ p C p t x G p_(yt t ). 

(2) Also we have 

x e {p~{h))t o P~ih)i x ) > t V a£[x\ p p( a ) I 

^ 3a 6 [x] p , /i(a) > t [x\ p D pf ^ 0 -v4> a; G p~(pf). 

□ 

Theorem 4.8. Let p be a congruence relation on a BC K / BC I -algebra X. Then p is a lower 
(an upper) rough fuzzy ideal of X if and only if p t , pf are, if they are non-empty, lower (upper) 
rough ideals of X for every t G [0, 1]. 

Proof. By Theorem 4.6 and Lemma 4.7, we can obtain the conclusion easily. □ 

5. Problems of Homomorphism 

Lemma 5.1. Let f be a surjective homomorphism of a BC K / BC I -algebra X to a BCK/BCI- 
algebra Y and let A be any subset of X. Let p 2 be a congruence relation on Y, and p± : = 
{(xi,x 2 ) G X x X\(f(xi),f(x 2 )) G p 2 }. Then 

(1) pi is a congruence relation on X, 

(2) If p 2 is complete and f is single-valued, then pi is complete, 

(3) f(pf(A)) = pf(f(A)), 

(4) f(pi_(A)) C p 2 _{f(A)). Iff is single-valued, then f(p 1 _(A)) = p 2 _(f(A)). 

Proof. (1) It is clear that p\ is a congruence relation on X. 

(2) Let x' be any element of [x\ * x 2 ] pi . Since p 2 is complete, by the definition of pi, we know 
that fix') G [fix i * x 2 )\ P2 = [f(x i)] P2 * [f(x 2 )\ P2 . Since / is surjective, there exist x \ , x' 2 G X 
such that fix)) G [/(zi)] P2 , /(z' 2 ) G [fix 2 )] P2 , and fix') = fix j) * /(V 2 ) = fix) *x' 2 ). Since / 
is single- valued, by the definition of p \ , we have x) G [x-f\ pi ,x' 2 G [ar 2 ] P1 , such that x' = x) * x' 2 . 
Thus x' G [xf\ Pl * [x 2 ]pi- This means that [x\ *x 2 \ Pl C [x\] Pl * [x 2 ] Pl . On the other hand, we have 
[ x i]pi * [ x ?\pi Q [24 *a; 2 ] P i. Therefore pi is complete. 

(3) Let y be any element of /(pi“(A)). Then there exists x G p\~(A) such that fix) = y. Hence 
[x\ Pl fl 4^0. Then there exists x' G [x] Pl 0 A. Then fix') G f(A) and by the definition of p±, 
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we have f(x') G [f(x)] P2 . So [/(x)]p 2 D /(H) 7 ^ 0, which implies y = f(x) G p 2 _ (/(H)). Thus 
f(pr(A))c P2 -(A)). 

Conversely, let y G p 2 _ (/(H)). Then there exists xGl such that /(x) = y. Hence [/(x )] P2 D 
/(H) 7 ^ 0. So there exists x' G A such that f(x') G /(H ) and f(x') G [f(x)] P2 . Then by 
the definition of pi, we have x' G [x\ pi . Thus [x\ pi fl A / 0 which implies x G pi _ (H). So 
y = f(x) G f(pi~(A)). It means that p 2 _ (/(H)) C /(p 1 _ (H)). From the above, we have 
f(pi~(A)) = P2~(f(A)). 

(4) Let y be any element of /(pi_(H)). Then there exists x G pi_(H) such that f(x) = y. 
so we have [x\ Pl C A. Let y' G [y] P2 - Then there exists x' G X such that f(x') = if and 
f(x') G [/(x)] p 2 . Hence x' G [x] pi C A, and so if = f(x') G /(H). Thus [y] P2 C /(H) which yields 
that y G p 2 _(/(H)). So we have /(pi_(H)) C p 2 _(/(H)). 

Assume that / is single-valued and suppose y G p 2 _(/(H)). Then there exist iGl such that 
/(x) = y and [/(x )] P2 C /(H). Let x' G [x] Pl . Then /(x') G [f(x)] P2 C /(H), and so x' G H. Thus 
[x] Pl C H which yields x G pi_(H). Then y = /(x) G /(pi(H)), and so p 2 _(/(H)) C f(p 1 _(A)). 
From the above, we have /(pi_(H)) = p 2 _(/(H)). □ 

Theorem 5.2. Let f be a surjective homomorphism of a BC K / BC I -algebra X to a BCK/BCI- 
algebra Y . Let p 2 be a congruence relation on Y and A be a subset of X. If pi := {(xi,x 2 ) G 
X x X\(f(xi), /(x 2 )) G p 2 }, then pi“(H) is an ideal of X if and only if p 2 “(/(H)) is an ideal of 
Y. 

Proof. Assume that pi~(H) is an ideal of X. Since 0 G pi“(H), [0] Pl fl H / 0. Hence there exists 
x' G [0 ] P1 fl H. Then f(x') G /(H), and by the definition of pi, we have f(x') G [/(0)] P2 . So 
[/ ( 0)] P 2 D /(H) 7 ^ 0 which means /(0) G p 2 _ (/(H)). Let x',p' G F with x',y' * x' G p 2 ”(/(H)). 
Then there exist x,zgH such that /(x) = x' and /(^) = y' * x' . Hence [/(x )] P2 fl /(H) 7 ^ 0 and 
[/( ; j )] P2 fl /(H) 7 ^ 0. Therefore there exists & G H such that /(&) G [/(x)] P2 . By the definition of 
pi, b G [x] Pl and so b G [x] Pl fl H. Hence [x] Pl fl H 7 ^ 0. Thus x G pi“(H). Since / is surjective, 
there exists y G X such that f(y) = y' . Put u := y * ((y * x) * z ). Then u G X. Since 

f((y *x)*z) =f(y *x)* f(z) 

=f(y *x)*y' *x' (■.■ f(z) = y' * x') 

=(f(y)*f( x )) * (■ y'* x ‘ ’) 

—( y ' * x') * (y' * x') = O', 

we have f(u) = f(y * ((y * x) * z)) = f{y) * f((y * x) * z) = f{y) * O' = f(y) = y' . Since 
[f( z )\p 2 C /(H) 7 ^ 0, we obtain 

W * X '] P 2 n /(H) =([y '] P 2 * [Apt) n f( A ) 

=([/(w)]p 2 * [/(®)U)n/(H) 

=[f( u * x )]pa n /(H) ^ 0- 
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Then there exists a G A such that /(a) G /(H ) and /(a) G [f(u * x)\ P2 . By the definition of pi, 
we have a G [u * x\ Pl . Hence and so u * x E pi _ (H). Since pi _ (H) is an ideal 

of X and x G Pi~(A ), we get u G pi _ (H). Therefore f(u) — y' G /(pi _ (H)) = p 2 “(/(H)). Thus 
p 2 _ (/(H)) is an ideal of Y. 

Conversely, suppose that p 2 _ (/(H )) is an ideal of Y. Since /( 0) = O' G p 2 _ (/(H)), [/(0)] P2 D 
/(H) 0. Hence there exists y' G [/(0)] P2 fl /(H). Since / is surjective, there exists x' G X such 

that f(x') = y' . Hence f(x') G [/(0)] P2 fl /(H). Therefore f(x') G /(H). By the definition of p u 
x' G [0] Pl and x' G A. Hence [0] Pl fl A 0, which means 0 G pi _ (H). 

Let x\,x 2 G X with X\ * x 2 ,x 2 G pi _ (H). By Lemma 5.1, we obtain that f(x i * x 2 ) = 
f(x i) * f(x 2 ),f(x 2 ) G f(pi~(A)) = p 2 “(/(H)). Since p 2 ~(/(H)) is an ideal of F, we have 
/(aii) G p 2 “(/(H)). Hence [f(x i)] P2 D /(H) ^ 0. Therefore y’ G [/(aq)] P2 n /(H). Since / 
is surjective, there exists x' G X such that fix') = y' . Hence fix') — y' G [/(xi)] P2 fl /(H). 
Therefore /(a/) G /(H). By the definition of pi, there exists x' G [xi] Pl and x' G H. Therefore 
[xi] Pl nH/0, which means x\ G pi“(H). Thus pi _ (H) is an ideal of X. □ 

Theorem 5.3. Let f be an isomorphism of a BC K / BC I -algebra X to a BC K / BC I -algebra Y. 
Let p 2 be a complete congruence relation on Y and let A be a subset of X. If p\ := {ix\,x 2 ) G 
X x X\ifixi),fix 2 )) G p 2 }, then px_(H) is an ideal of X if and only if p 2 _(f (A)) is an ideal of 
Y. 

Proof. By Lemma 5.1, we have /(pi_(H)) = p 2 _(/(H)). The proof is similar to the proof of 
Theorem 5.2. □ 

By Theorem 5.2 and Theorem 5.3, we can obtain the following conclusion easily in quotient 
BC K/B Cl- algebras . 

Corollary 5.4. Let f be an isomorphism of a BCK / BC I -algebra X to a BC K/ BC I -algebra 
Y . Let p 2 be a complete congruence relation on Y and let A be a subset of X. If pi := {(aq, x 2 ) G 
X x X\ifixi), fix 2 )) G p 2 }, then pi_iA) / pii resp. pdA)/pi) is an ideal of X/pi if and only if 
p 2 _ifiA))/p 2 iresp. p 2 ~ifiA))/p 2 ) is an ideal ofYj p 2 . 

Theorem 5.5. Let f be a surjective homomorphism of a BC K / BC I -algebra X to a BCK/BCI- 
algebra Y . Let p 2 be a complete congruence relation on Y and let A be a fuzzy subset of X. If 
pi := {(aq, a; 2 ) G X x X|(/(aq), /(x 2 )) G p 2 }, then 

(1) pi~(H) is a fuzzy ideal of X if and only if p 2 _ (/(H)) is a fuzzy ideal ofY. 

(2) If f is single- valued, then pi_(H) is a fuzzy ideal of X if and only if p 2 _(f (H)) is a fuzzy 
ideal of X. 

Proof. (1) By Theorem 4.6, we obtain that pi _ (H) is a fuzzy ideal of X if and only if ( pi~{A))f is, 
if it is non-empty, an ideal of X for every t G [0,1]. By Lemma 4.7, we have (pi - (H))j Y = p 1 _ (H/"). 
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By Theorem 5.2, we obtain that p\~(Af) is an ideal of X if and only if p 2 ~(f(A f)) is an ideal 
of Y. It is clear that f(Af) = (f(A))f. From this and Lemma 4.7, we have 

p 2 -(f(A?))=p 2 -(f(A)?) = (p2~(f(A)))?. 

By Theorem 4.6, we obtain that (p 2 ~ (f (A)))* is an ideal of Y for every t G [0, 1] if and only if 
P 2 ~(f(A)) is a fuzzy ideal of Y. Thus the conclusion holds. 

(2) Since / is single valued, by Lemma 5.1, we have f(pi_(A)) = p 2 _(f(A)). The proof is similar 
to that of (1). □ 

Corollary 5.6. Let f be an isomorphism of a BCK / BC I -algebra X to a BC K/ BC I -algebra 
Y . Let P 2 be a complete congruence relation on Y and A a fuzzy subset of X. If pi := {(ay, x 2 ) € 
X X X \(f(xi)j(x 2 )) e p 2 }, then p 1 _(A t )/p 1 (resp. p 1 ~(Af)/p 1 ) is an ideal of X/pi if and only 
if P 2 -(f(A t ))/p 2 (resp. p 2 ~(f(Af ))/p 2 ) is an ideal ofY/p 2 . 
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Abstract Boehmians are objects obtained by an abstract algebraic construc- 
tion similar to that of field of quotients and it in some cases just gives the field 
of quotients. As Boehmian spaces are represented by convolution quotients, 
integral transforms have a natural extension onto appropriately defined spaces 
of Boehmians. In this paper, we have defined convolution products and a class 
of delta sequences and have examined the axioms necessary for generating the 
V K spaces of Boehmians. The extended V K transformation has therefore been 
defined as a one-to-one onto mapping continuous with respect to A and 6 con- 
vergences. Over and above, it has been asserted that the necessary and sufficient 
conditions for an integrable sequence to be in the range of the D K transforma- 
tion is that the class of quotients belongs to the range of the representative. 
Further results related to the inverse problem are also discussed. 

keywords: Integral transform; analogue system; generalized integral; discrete 
system; Boehmian. 
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1 Introduction 

As some physical situations were determined by initial value problems which are 
not smoothly enough but are generalized functions, numerous integral trans- 
forms were defined in a context of distributions, ultradistributions, tempered 
distributions, tempered ultradistributions and Boehmian spaces. The Laplace 
transform method of right-side distributions was treated in [17] and [18] to solve 
various types of ordinary differential equations. In [19] Loonker and Banerji have 
given a solution of Volterra-Abel integral equations by aid of a distributional 
wavelet transform. Indeed, if the differential equation u = w , w being the 
heaviside step function, is considered then no classical conclusion can be drawn 
at this point. But, on generalized sense, if S denotes a space of rapid descents 
(rapidly decreasing functions) and S be its dual of slow growth, then for every 
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v € S we write 

u (v) 


—u [VI 


u ( x ) v ( x ) dx 


' — OO 
r 0 


/ u /*oo 

av (x) dx — / (x + a) u (x) dx 
-oo J 0 

/•OO 

—av (0) + av (0) — I xv (x) dx 

Jo 


v (x) dx 
w (x) v (x) dx 


>(x) 


where a is some suitable constant. 

Let k be a sampling period and v a be an analogue function. In some engi- 
neering applications, the classical T> transform was presented as an equivalence 
between discrete and analogue systems as [8] 

Vv a (r, k) := Vv a (r) := ^ J v a (t) e~ tK (tK _1 ) r dt (1) 


where V (v a * y a ) (r, k) = ^2 ix ~ k, k) Vv a (r, k) , * being the Fourier con- 

o 

volution product defined by [7] 

{v a * y a ) (t) := J v a (r) y a (t - r) dt. (2) 

R+ 

Let x a be an analogue function and k be a sampling period. Then, treating r 
as a positive real number, say £, then the existed integral, denoted by T> K , is 
given as 


(^, k) = ^ J v a (t) e~ tK 1 (t«- 1 ) € dt, (3) 

R+ 

where ^ G i? + ; R + := (0, oo) . 

In this paper, without reading the efficiency of this integral in discrete and 
analogue systems, we attempt to investigate the extension of this integral to a 
class of Boehmians, being recent in the space of generalized functions. We derive 
virtuous products, give definitions and derive some properties of the existence 
of the given integral in the class of generalized functions. 

Boehmian spaces were inaugurated by the idea of regular operators which is a 
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subalgebra of Mikusinski operators. According to literature, we briefly recall the 
general construction of Boehmian spaces. Let Q be a group and S be a subgroup 
of Q. We assume to each pair of elements / £ Q and u £ S, is assigned the 
product f * g such that : 

(1) oj,ip £ S implies ui * if G S and u> * if = if * u>. 

(2) / G Q and ui,if £ S implies (/ * w) * if = / * ( w * VO • 

(3) f,g G Q,uj G S and A G R, implies (/ + g) *u = f*oj+g*LU , A (/ * w) = 
(A/) * w.Let A be a family of sequences from S such that: 

(!) /, S' € £, {Sn) £ A and f*6 n =g*6„(n = 1, 2, ...) implies f = g,n € N. 

(2) (u n ) , (S n ) G A implies (u> n * ip n ) G A. 

Members of A are called delta sequences. 

Let A be a pair of sequences defined by A = {((/„) , (w n )) : (/„) C Q N , (co n ) £ A} , 
where n £ N, then members of ((/„), (w n )) G A are called quotient of se- 
quences, denoted by [/ n /w n ] , if f n * ui m = f m * <jJn,Vn,m. £ N. Two quotients 
of sequences f n /u> n and g n ^ n are equivalent, f„/u n ~ g n 4>n, if fn * 4>m = 
g m * Vn, to G N. 

The relation ~ is an equivalent relation on A. The equivalence class contain- 
ing f n / oj n is denoted by [/n/w n ] . These equivalence classes are called Boehmi- 
ans. The space of all Boehmians is denoted by j3\. The sum of two Boehmi- 
ans and multiplication by a scalar can be defined in a natural way [/ n /w n ] + 
[sVi/VVi] = [(fn *fpn+ 9n * <*>„) / (u) n * ip n )\ , a [f n /u n ] = [«/n/w„] ,a £ C, space 
of complex numbers. 

The operations * and V a are given by [f n /u n \*\g n /4>n\ = [( fn * g n ) / k * if n )\ 
and V a [fn/uin] = \D a f n /uj n \ whereas, * can be extended to f3 x S in the form 
that If [f n /co n \ £ pi and wG 5, then [/„/w„] * oj = [f n * w/w n ] • 

However, soon after the topic has been initiated, numerous integral trans- 
forms were extended to Boehmian spaces by many authors in [1] , [2] , [6] , [9 — 16] , 
[20 — 23] and many others. 

Definition 1 The Mellin type convolution product © between two signals x a 
and y a is defined by the integral equation ( see [4]) 

(v a ® Ua) (x) = J V a {y~ 1 x) y a (x) y~ 1 dy (4) 

R+ 


when the integral exists. 

The Lebesgue space of integrable functions defined on R\ is denoted by l 1 (R+) 
and the set of smooth functions of bounded supports over R + is denoted by 
d(R+) (see [3] for definition, properties and convergence in •&(R. + )). 


2 Convolution products and Boehmians 

In this section, we establish the prerequisite axioms of the Boehmian space 
B (l 1 (R\) , d, ©, •) with the operations © and • where • is a convolution prod- 
uct defined as follows. 
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Definition 2 Let the casual analogue signals v a , y a G l 1 (-R+) be given. Then, 
between v a and y a , we define a product • given as 

K • I/a) (?, «) = J Va (£, y" 1 *) y* (y) dy (5) 

fl+ 


provided the above integral exists. 

Proving axioms of the space B (l 1 (-R+) , i?, ©,•) begins with the following the- 
orem. 

Theorem 3 Given v a G l 1 (R+) and y a £ i) (i? + ) . Then we get v a • y a G 
l 1 (i$) . 

Proof The hypothesis that v a G l 1 (i?+) implies / |v a (£, y 1 K)|d^dK < 

R l 

M\ (y > 0) . Hence, with the aid of the Fubini’s theorem together with the hy- 
pothesis that y a G i? (R+) we confirm 


J \(Va»y a )(€,K)\d£dK = 

< 

< 

where P is an interval in R + including the support of y a . 

Hence the theorem is finished. 

Theorem 4 Let v a G l 1 (R\) and that y a ,z a G d{R+) be analogue signals. 
Then 

v a • (y a © z a ) = (v a • y a ) • z a . 

Proof On account of (4) and (5) we are permitted to write 

(v a • ( Va © z a )) (£, k) = J v a (£, y~ x k) y a {t~ 1 y) dyz a (t) t~ 1 dt. (6) 
K 

The substitution u = yt~ x implies dy = tdu. Therefore, (6) can be expressed as 

{v a • {Ua & Za)) (£, k) = J V a (£, (f _1 k)) y a («) Z a (t) dudt 

Rl 

{v a • y«) (£, r 1 *) z a ( t ) dt. 

R+ 



R% P+ 


dt^dn 


v a (^y 1 K)y a (y)dy 
J J \v a (^,y~ 1 K)\\y a {.y)\dyd^dK 

p 

Ml J I y a (y) | dy < CO 
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The proof is therefore finished. 

Theorem 5 Given v a € l 1 {R\) • For every y a € d (f? + ) , we get 
(v a © Ua ) (£, k) = {(V K v a ) • y a ) (£, k) 

Proof Applying (3) to (4) gives 

Rk {v a • y a ) (£, k) = ^ J v a (y~ 1 x)y a (y)y~ 1 dy (e~ XK ^ dx 

«+ 

= J v a (y~ 1 x) (e~ XKj ) y a (y)y~ 1 dxdy(7) 

R\ 

Let zy = x, then da: = j/dz. Therefore, on account of (7) we obtain that 

(v a © y a ) (£, k) = J v * i x ) (e~ VZK (ik -1 )" y a (y) dzdy. (8) 

R\ 

Hence, by the Fubini’s theorem, we finish the proof of the theorem. 

Theorem 6 Given r € C, v a G l 1 (/?,+) and y a € d (R+) . We get 

(rv a ) • y a =r(v a »y a ). 

Proof of this theorem is straightforward follows from definitions. Hence it is 
omitted. 

Theorem 7 Given v a , z a G l 1 (R+) • For every y a G d (i?+) , we get 
{v a + Za) • Va = V a » y a + Z a » y a . 

Proof of above theorem follows from simple integration. Details are therefore 
omitted. 

Theorem 8 Given v a ^ n — > v a as n — > oo in l 1 (R+) ■ For every y a G d (R +) , 
we get v atn • y a —■ y v a • y a as n — > oo. 

Proof of above theorem is a direct conclusion of Theorem 4. Hence it is avoided. 

By A we mean the subset of d (R+) such that for every sequence (/i Q ,n)o° e 
d (R+), n G N, we have. 

i : / Ha,ndy = 1; i" : J \fi a , n \ dy < oo; i" : suppp a , n C (0, a n ) , lim^oo a n = 
R- R- \- 

o. 

Elements of A are said to be delta sequences or approximating identities. 
Theorem 9 Given v a G l 1 (R+) ■ For every (p a ,n) G d {R+) , we get lim^oo v a » 

Pa,n • 
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Proof Let v a £ l 1 (f?+) and d (-R+) be the set of smooth functions of bounded 
supports over R 2 , then d (R+) is dense in l 1 (R\) ■ Hence, for a given e > 0, we 
can find ip a £ d (R+) such that 

||fa - V’aH < £• (9) 

Define g a ( y ) = ip a (£,z/ _1 k) , then g a ( y ) is uniformly continuous mapping in 
d (R+) for every £, n > 0. Therefore, for each e > 0 we find S > 0 so that 
-e < g a (yi) - g a ( 2 / 2 ) < e wherever -S < y - y -1 < 6. 

Since y and y _1 belong to R + and that g a G d (f?+) , we get 

-e < 3a (y) - g a Gr 1 ) < e (10) 

when —5 < y — y -1 < S. 

Also, since tp a is of bounded support in d (R+) it follows suppip a (£,z/ _1 k) C 
[ai,a 2 ] x P for some compact subset P of R + . Hence 

ip a (£, 2/ _1 k) = 0, (£, $. [ax - (5, a 2 + £] x P. (11) 


The hypothesis that suppp a ^ n — > 0, n — > oo asserts that we can find N £ N 
such that 

suppp a ,n ( y ) C [0, (5] (12) 

for every n > N. By the property f p a ,ndy = 1 we write 

R+ 


\\(lpa • Pa,n) ~ *l>a\\ = / / (V’a (£, 2/ ^ - ljj a (£, n) p a ,n (y)) dy 

ri \k 

< J (\g a {y) - g a (y~ 1 )\\p a , n {y)\) dyd^da 

R3 + 

0,2+5 5 

= J J J (\g a {y) - g a (y~ 1 )\\y a ,n(y)\) dyd^dn. 


d^da 


Pa i 0 


By virtue of (10) and (12) and the assumption that / \p a ,n\ dy < M we have 

R+ 


77 } \ 

\\lpa • da,n - V’all < £ («2 + S) / \(J>a,n {y)\ dy l d£ 

ai \0 / 


= e (a 2 + <5) M (a 2 — ax + S) 


(13) 


Finally, we write 


||(fa • Pa } n) - 1> a || < || (u a - Ipa) • p a ,n\\ + \ | (V’a • da,n) ~ V’all + HV’a - fall • 

(14) 
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Hence, on account of (9) , (10) and (13) , (14) yields 

|| (v a • y n ) - v a \\ < e (M + M (a 2 - eq + 25) + 1) . 


This finishes the proof of our result. 

The Boehmian space B (l 1 (H+) ,$,©,•) is therefore entirely performed. Simi- 
larly, one can proceed to generate the space B (l 1 (R%) , i?, 0, ©) • 

We introduce addition in B (l 1 (l?+) , i?, ©Ty*) as IK) / ( £ n)] + [On) / On)] = 
[(K • £n) + (v„ • e n )) / (e n © e n )\ . In B (l 1 (R 2 + ) , •d, 0, •) we define scalar mul- 
tiplication as Cl [(u n ) / (e„)] = [Cl (u n ) / (e„)] = [(Clu n ) / (e n )] , Cl £ C. We de- 
fine the convolution • in B (l 1 (R+) ,$,©,•) as [(y? n ) / (e„)] • [(i>„) / (e n )] = 
[(y? n • n„) / (e ra © £„)] . Also, we define differentiation in B (l 1 (R+) , ©, •) as 

D“ [(u n ) / (e„)] = [(I )“«„) / (e„)] , a is a real number. For 13 (l 1 (R\) , i9, ©, •) • 
l 1 (/£ ) the product is given as [(u n ) / (e„)] • ip = [((u n ) • ip) / (e„)] where 
[(«n)0n)] G B (l 1 (R\) ,i?,©,*) and p £ l 1 (R+). 

(0 n ) of B (l 1 (R+) , i?, 0, •) is 5 convergent to 0 in B (l 1 (R\) , $, 0, •) ; i.e. (/?„—>■ /3) , 
if we can find (e„) in A such that 0 n • 0 • ffc G l 1 (-R+) (VA, n £ N) , where 

linin^oo 0 n • e k = 0 • e k in l 1 (R 2 + ) (VA £ N ) . 

(0 n ) of B (l 1 (R +) , i?, ©,•) is A-convergent to 0 in B (l 1 {R\) ,$,.©,•) ; i.e. 
(0 n -^0 ) , if (e n ) £ A, with (/3„ - /?)•€„ G l 1 (f?+) (Vra G N ) , and lim^oo (0 n - /?)• 
e„ = 0 in l 1 (R%_) . 

3 V K transform of Boehmians 

Let 0 = [(t> a , n ) / (yt a ,n)] G 13 (l 1 (R+) ,11,©,©) . Then we present the general- 
ized transform T> K of 0 as 

V K 0 = [{V K v a , n ) / (fi ain )] (15) 

in the space B (l 1 (R%) , ©, •) • 

Theorem 10 The mapping V K 0 : B (l 1 (-R+) ,$,©,©) — > B (l 1 (R+) , $,©,•) 
is well-defined and linear. 

Proof Given [(«<,,„) / (r a , n )] = [(?/«, n) / (V’a.n)] G 13 (l 1 (i?+) , ©, ©) . Then it 

follows that u a>n © y a ,m = Va,n © T a ,m- Employing for the previous equation 
directly gives V K v a ^ n • y a , m = 1 ) K y a ,„ • r a , m , (Vn, m £ N) . That is, 

'DnV 0 c,n/'y’a : n ^ ^nl/ajn/Oajn- (16) 

Finally, let the Boehmians [0 a; „) / 0«,n)] and [( y a , n ) / (tO.n)] be equivalent in 
the space B (l 1 (R+) , i?, ©, ©) . Then by definitions and Theorem 5 the proof of 
our result follows. 

Theorem 11 The extended V K integral is consistent with V K : l 1 (R+) — > 
l 1 (R 2 + ) . 
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Proof For every v a € l 1 (f?+) , let /3 be its representative in B (l 1 (-R+) , $, 0, ©) • 
Then indeed /? = [(u a © {<fi a ,n)) / (VG,™)] where (<^ a , n ) G A (Vn G A) . On the 
other hand, its clear that (<p a ,n) and its representative are independent for n G 
A. Therefore by Theorem 5 we deduce (/3) = [{V K (v a © (<p a ,n))) / (¥>a,n)] = 
[(2 ? k {v a • (v’a.n))) / (<Pa,n)] j that is the representative of V K f in l 1 (R+) ■ 

Hence the proof is finished. 

Theorem 12 Given [(&*,„) / C0a,n)] G B (l 1 (-R+) , i?, ©, •) • Then [(&*,„) / (0a, n)] 
is in the range of V K iff g a>n is in the range of T> K (Vn G A ) . 

Proof Indeed, when [(<?«,„) / (0 a ,n)] is in the range of V K ; then it is obvious 
that g a , n is in the range of V K (Vn G A ) . 

On the other hand, if g a , n is in the range of ~D K (Vn G A), then it can be ob- 
tained an element v a , n G l 1 (f?+) satisfying V K v a , n = 9 a, n (Vn G A) . Due to the 
assumption that [(g a> „) / (0 a ,n)] G B (l 1 (R%) ,#,©,•) , we have g a , n • 4> a ,m = 

(Vm, n £ N) . That is, (n Qj „ © <Pa,n) = 2? K (u a>m © <p a ,n) (™, n G A), 
where u ajn G l 1 (f?+) and y> a> „ G A, Vn G A. 

Now, injectivity of V K leads to v Qj „ 0 (p a ,m = u a>m © Va,™ (nr, n G A) . 

Hence, the quotient v a , n /ip ain defines a quotient in B (l 1 (R+) , V, ©, ©) . There- 
fore, we write [{v a , n ) / {<p a , n )\ G I? (l 1 (R\) , i?,. ©, ©) and V K ([(u a , n ) / (<£<*,„)]) = 

[(5a,n) / (0a, n)] ■ 

Hence the proof is finished. 

Theorem 13 V K : B (l 1 (f?.+) ,$,©,©) — > B (l 1 (f?+) ,$,©,•) is an isomor- 
phism. 

Proof Let V K [(n a ,„) / (<£>«,„)] = £0 [( 5 a , n ) / (0«,n)] in of I? (l 1 (.R+) , i?, ©, •) . 
By aid of Theorem 5 and the idea involving quotients of B (l 1 (R+) , i?, ©, •) we 
deduce that V K v atn »il> atrn = T> K v atm »^ a ^ n . Theorem 5 reveals D K (n Qj „ © ip a ,m) = 
T> k ( 5 a, m © 0a, n) • Properties of V K implies v a , n © tp a ,m = 9 a, m © 0a, n- There- 
fore, the idea of quotients of B (l 1 (R +) , i?, ©,©) leads to [(w a , n ) / ( <Pa,n)\ = 
[{ 9 a, n) / (0a, n)] -Surjectivity of V K can be derived as in the following man- 
ner. Let [(X> K u a , n ) / (<j> a ,n)] G 0 (l 1 (i?+) ,i?,©,*) be given arbitrary. Then 
'D K ,Va,n • 0a ,m = D K V a , m • 0a, n for every TO, IlG A. 

Once again, Theorem 5 leads to £0 (v a ,n © <p a ,m) — 'Rk {v a ,m © <fa,n)- Hence 
the proof is finished. 

Theorem 14 Given 81,82 G B (l 1 (-R+) , i9, ©, ©) . We get V K ( 81 © 82 ) = 

02 ■ 

Proof Let 0i = [{v a , n ) / (<£<*,„)] G £> (l 1 (f?.+) ,$,©,©) • By (15) and calcula- 
tions, we get V K ([(u a ,„) / ( g> a ,n)\ © ['(«a,n) / (0a, n)]) = (t>k («a,n)) / (^a,n) • 

[(^a,n) / (0a, n)] • 

This finishes the proof of the theorem. 

Definition 15 Given [v k ( v a , n )) / { ( Pa,n) G 0 (l 1 (^?+) ,$,©,•) • We define 
T> k as the inverse integral of V K as 

'R k, k (l^a,n)^ / (^a,n) = [(^a,n) / (^a,n)] , (1^) 
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(0a, n) ^ A. 

Theorem 16 Given [(u a ,„) / (<p a , n )] G B (l 1 (R+) . v). (;). •) . For every 0 a £ 
l9 (R+) we get V K ([(t1 a , n ) / (Va,n)\ © 0a) = (««, B ))/(¥>a,n) *0a- 

Proof Let [(«a,n) / (<Pa,n)] e ^(l 1 (i?+) and^0 a G (-R+). Applying 

(15) and Theorem 5 giveP K ([(u 0 ,„) / (^ a ,n)] © 0a) = Rk ([k,n) / (<Pa,n)] • 0a) • 
Hence the proof is finished. 

Theorem 17 V K and V K are continuous in terms of convergence of <5 and A 
types. 

Proof We now confirm that T> K and V K are continuous in terms of 6. Let 
p n — ^P € B (l 1 (R+) , i?, ©, ©) as n -4 oo. By virtue of Theorem 1 we can 
find v at „ tk and n a , fc £ l 1 (!?+) such that p n = [(n Q> „, fc ) / (p a ,k)\ and p = 
[(w a ,fc) / (0a, fc)] wit h lim n-).oo fa,n,fc = «a,t (Vfc G A) . Continuity of V K trans- 
form yields liin^oo V K v a ^ k = R K v a , k in l 1 (R^) . Thus [(P K n a>njfe ) / (<j> a , k )\ -t 
[iVnVa,k) / (0a, fc)] € B (l 1 (R+) , i?, ©, •) as n -> oo. in the sense of 6 . 

On the other hand, we show continuity of the inverse integral with respect to S 
convergence. Let g a ,n^9a in B (l 1 (R+) , $, ©, •) as n — > oo. Then, a parity of 
Theorem 1 implies that we can write g a n = [(' Rn v a,n,k ) / (0a, fc)] and that < 7 a = 

[(' R K v a ^ k ) / (0 a , fc)] with the property that V K v a , n}k -4 T> K v a , k as n — ► oo. Hence 
G,n,fc -t v atk as n -A oo. Therefore, [(««,«, fc) / (0a, fc)] -t [(«a,fc) / (0a, fc)] as n ->• 

00 . By using (17) we get X> K [(£>»«<*, n ,k) / (0 a ,fc)] -t [(2? K Va,fc) / (0a, fc)] 
as n — > oo. 

Now, we establish continuity of and with respect to A convergence. 

Let P n — > p G B (l 1 (i?!j_) , ©, ©) as n 4 oo. Then there exist n Qjn G 
l 1 (R 2 + ) and (0 a ,n) G A such that ( p n - P) © 0 a ,„ = [((t> a ,„) © 0«,fc) / (0a, fc)] 
and i> Qjrl 4 0 as n 4 oo. Employing (16) reveals ((/?„ — p) © 0 Qj „) = 
[(£>« ((w a ,n) © 0a, fc)) / (0a, fc)] ■ Hence, it follows 

((Pn - P)& 0a, n) = [(£>« K.n.fc • 0a, fc)) / (0a, fc)] = (v) 0 

as n -4 oo in l 1 (R+) ■ 

Therefore, V K ((p n - p) © 0 a , n ) = - £> K /3^ • 0 a , ra as n -4 oo. Hence, 

R K p n RkP as n 4- oo in A convergence. 

Finally, let g a , n ^g a in B (l 1 (i?^_) ,$, ©,•) as n — > oo then by Theorem 1 we 
find RnV a ,k G 1 (R_^_) such that (9a, n 9a) * 0a , n — [(^K^ajfc * 0a, fc) / (0a, fc)] 
where P K n a> fc — > 0 as n — ► oo for some (p a ,n) G A. 

Using (17) , we obtain 

'R K, ((9ct, n 9a) * 0a, n) (Rn^a,k * 0a, fc)^ / (0a, fc) 

Theorem 5 implies ((&*,„ - 5a) • Pa, n) = ]((«a,fc) © 0a, fc) / (0a, fc)] ~ fa,n -t 
0 aS Tl y 00. Thus, “R/^ ((9a, n 9a) • 0a, n) — i^R k 9a, n 5a^ © 0a, n 
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as n — > oo. Hence, we get 

9a, n ^9a G B (l 1 , 1?, 0, ©) 


as n — > oo. (18) 


This finishes the proof of the theorem. 
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STABILITY OF THE SINE-COSINE FUNCTIONAL EQUATION IN 

HYPERFUNCTIONS 

CHANG-KWON CHOI and JEONGWOOK CHANG* 


Abstract. Let 'D' LOO (M. 2n ) and A! L oofR 2 ”) be the spaces of bounded distributions and bounded 
hyperfunctions respectively. In this paper we consider the Ulam’s stability of the sine-cosine 
functional equation 

u oT — + o (R 2ri ) [resp. Afo o (R 2n )], 

where u, v are Gelfand hyperfunctions, T : R 2 " — » R n such that T(x, y) = x — y for all x,y S R n , 
and o, (g) denote pullback and tensor product of generalized functions respectively. 


1. Introduction 

A certain formula or equation is applicable to model a physical process if a small change in the 
formula or equation gives rise to a small change in the corresponding result. When this happens 
we say the formula or equation is stable. In an application, a functional equation like the additive 
Cauchy functional equation f(x + y) — f(x) — f(y) = 0 may not be true for all x, y £ K. but it may 
be true approximately, that is 

f{x + y) - f(x) - f(y ) « 0 

for all x, y £ R. This can be stated mathematically as 

( 1 - 1 ) \f( x + y) - f(x) ~ f{y)\ < e 

for some small positive e and for all x, y £ R. We would like to know when small changes in 
a particular equation like the additive Cauchy functional equation have only small effects on its 
solutions. This is the essence of stability theory. In 1940, S.M. Ulam asked the following question: 
Let f be a mapping from a group G i to a metric group Gn with metric d(-, •) such that 

d{f{xy) } f(x)f{y)) < s. 

Then does there exist a group homomorphism h and S e > 0 such that 

d(f{x), h(x)) < S e 

for all x £ Gi ? 

This problem was solved affirmatively by D. H. Hyers under the assumption that Gi is a Banach 
space (see Hyers [19], Hyers-Isac-Rassias [20]). Since then Ulam problems of many other functional 
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equations have been investigated [13, 14, 15, 21, 23, 24, 25, 26, 27, 28]. Among the results, Szekelyhidi 
has developed his idea of using invariant subspaces of functions defined on a group or semigroup he 
prove the Ulam-Hyers stability problem for functional equation 

(1-2) f{x + y) = f(x)g(y) + g{x)f(y), x,y£R n , 

which arises from the sine addition formula [30, 31]. Using his elegant idea, Chung and Chang [7] 
prove the parallel Ulam-Hyers stability problem for functional equation 

(1-3) f{x-y) = f(x)g{y)~ g(x)f{y), x, y £ M”, 

which arises from the sine subtraction formula. As a result it was proved that if /, g : R n — > C 
satisfy 

(1-4) \f(x-y)- f(x)g(y)+g(x)f(y)\ < M, x,y£R n 

for some M > 0, then either there exist Ai, A 2 £ C, not both zero, and L > 0 such that 

(1.5) I Ai / (ai) — \ 2 g{x)\ < L 

for all x £ R ra , or else 

(1-6) f(x-y) = f(x)g(y)-g(x)f(y) 

for all x,y £ K". Also in the sequel, the functions / and g satisfying both (1.4) and (1.5) were 
investigated. 

Schwartz introduced the theory of distributions in his monograph Theorie des distributions [29] 
in which Schwartz systematizes the theory of generalized functions, basing it on the theory of linear 
topological spaces, relates all the earlier approaches, and obtains many important results. After his 
elegant theory appeared, many important concepts and results on the classical spaces of functions 
have been generalized to the space of distributions. For example, the space L°°(]R 11 ) of bounded 
measurable functions on R" has been generalized to the space T>' Lao (R n ) of bounded distributions as a 
subspace of distributions and later the space V' Lao (R n ) is further generalized to the space „4' L oo(R™) 
of bounded hyperfunctions. It is very natural to consider the following stability problem for the 
functional equation in distributions and hyperfunctions u, v with respect to bounded distributions 
and bounded hyperfunctions 

(1.7) u oT — u® v + v u £T>' Loa (R 2n ) [resp. A^oc(R 2 ")], 

where V' Loo (R? n ) and A' L oo(R 2n ) are the spaces of bounded distributions and bounded hyperfunc- 
tions, T : R 2n -A M n such that T(x,y ) = x — y for all x,y € R ra , and o, 0 denote pullback and 
tensor product of generalized functions respectively. In [10] the distributional version of the stability 
of (1.2) was proved. In this paper, as a parallel result we prove the stability of (1.7). As in [10] the 
main tool is the heat kernel method initiated by T. Matsuzawa [22] which represents the generalized 
functions in some class as the initial values of solutions of the heat equation with appropriate growth 
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conditions [12, 22]. Making use of the heat kernel method we can convert (1.7) to the classical Ulam- 
Hyers stability problem of the functional inequality; there exist C > 0 and N > 0[resp. for every 
e > 0 there exists C e > 0 ] such that 


(1.8) 


| u(x — y,t + s) 


u(x,t)v(y, s) + v(x,t)u(y,s) \ < C 



[resp. C e e< 1/t+1/s) ] 


for all x, y € R", t,s > 0, where u, v, w, k : K" x (0, oo) -A C are solutions of the heat equation 
whose initial values are u,v,w,k respectively. In Section 3, we consider the stability problem (1.8) 
with a more general setting, which will be used, combined with the heat kernel method [12, 22], to 
prove the stability problem of (1.7). 


2. Distributions and hyperfunctions 


We first introduce the spaces S' of Schwartz tempered distributions and Q' of Gelfand hy- 
perfunctions(see [16, 17, 18, 22, 29] for more details of these spaces). We use the notations: 


| O' | = Oil + • • 

for x = (xi,--- ,x n ) G 
d- — — 

U J ~ dx , • 


a n , al = a\\ • • 




= \Zx’f-\ X 


X = Xi 


1 ■ xz. 


and d a = d? 1 ■ ■ 


■ d ° 


*, a = (ai, • • • , a n ) G Nq , where N 0 is the set of non-negative integers and 


Definition 2.1. [29] We denote by S or <S(R n ) the Schwartz space of all infinitely differentiable 
functions ip in R” such that 

(2.1) IMU/S =sup\x a dPip(x)\ < oo 

X 

for all a, f3 € Ng, equipped with the topology defined by the seminorms || • || a ,/3- The elements of 
S are called rapidly decreasing functions and the elements of the dual space S' are called tempered 
distributions. 


Definition 2.2. [16, 17] We denote by Q or £/(R") the Gelfand space of all infinitely differentiable 
functions in R n such that 


IM \h,k = sup 

i£E",a, /36NJ 


\x a d^ip{x)\ 

h \ a \m a nnffM^ 


< oo 


for some h, k > 0. We say that tpj — > 0 as j — » oo if | I — ► 0 as j ^ oo 
for some h, k, and denote by Q' the strong dual space of Q and call its elements Gelfand hyperfunc- 
tions. 


As a generalization of the space L°° of bounded measurable functions, L. Schwartz introduced 
the space V Lao of bounded distributions as a subspace of tempered distributions. 

Definition 2.3. [29] We denote by V L \{ R n ) the space of smooth functions on R" such that d a tp € 
L X (R") for all a € Nq equipped with the topology defined by the countable family of seminorms 

IML = ^2 wGN 0 . 

|ct| <m 

We denote by V' Loo the strong dual space offD^i and call its elements bounded distributions. 
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As a generalization of bounded distributions, the space A! L „ of bounded hyperfunctions has been 
introduced as a subspace of Q' . 

Definition 2.4. [12] We denote by A^i the space of smooth functions on R™ satisfying 

ll * = “ pJl w i< “ 

for some constant h > 0. We say that <pj —> 0 in Al* as j — > oo if there is a positive constant h 
such that 

"3>|U. 

a hHa\ 

We denote by A' Loo the strong dual space of Alt- ■ 

It is well known that the following topological inclusions hold: 

Q S 'Di, i, c— t S' c— t Q' , 

Q ^ Al^ T> l i, V' Loo A ' l oo Q' . 

It is known that the space consists of all infinitely differentiable functions tp(x) on R™ 

which can be extended to an entire function on C" satisfying 

(2.2) \tp(x + iy)\ < C exp(-a\x\ 2 + b\y\ 2 ), x,y £ R” 

for some a, b, C > 0(see [16]). 


Definition 2.5. Let Uj £ L/'(R" J ) for j = 1,2. Then the tensor product ui ® 112 of u\ and U 2 , 
defined by 

(ux (g> u 2 , <p( Xi,X 2 )} = (ui , (U2 , ip(xi,X2 )} ) 
for ip( Xi,X 2 ) G f/(R ni x R" 2 ), belongs to ^/'(R” 1 x R” 2 ). 


3. Stability of (1.8) 

Throughout this paper ( G , +) is a 2-divisible commutative group, f,g : G x (0, oo) — » C and N 
denotes a fixed nonnegative real number. We consider the stability problems of each of the following 
functional inequalities; 


there exist C > 0 and d > 0 such that 

( 3 - 1 ) 

| f(x-y,t + s) - f(x,t)g(y,s) + g(x,t)f(y,s)\ < C 

for every e > 0, there exists C e > 0 which depends on e such that 
(3-2) , , ; , 

I f(x — y,t + s) — f{x,t)g(y,s) + g(x,t)f(y,s)\ < C e e e{1/t+1/s) , \/x,y G G, t,s> 0. 

From now on, a function a from a semigroup (S, +) to the field C of complex numbers is said to 
be an additive function provided a(x + y) = a(x) + a(y) for all x,y G S and to : S — > C is said to be 
an exponential function provided m(x + y) = m(x)m(y) for all x,y G S. 


( 1 1 \ 

(- + -) +d, \/x,y G G, t, s > 0; 
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We introduce the following conditions (3.3) and (3.4) on / : G x (0, oo) -A C and N; 

there exist C > 0 and d > 0 such that 
3) 

\f(x, t)\ < Ct~ N + d, VxeG, £>0; 


(3.4) 


for every e > 0, there exists C e > 0 which depends on e such that 
\f(x,t)\ < C t e e/t , \/xeG,t> 0. 


5 


Using the idea in [20, p. 104] we obtain the following (See [10] for the proofs). 

Lemma 3.1. Let f,g : G x (0, oo) -A C satisfy the inequality ; for each y £ G and s > 0 there exist 
positive constants C — C(y, s ) and d = d(y, s) [resp. for each y £ G, s > 0 and e > 0 there exists a 
positive constant C e = C e (y , s) ] such that 

(3.5) \f(x — y,t + s) — f(x,t)g(y,s)\ < Ct~ N + d [resp. C e e e/t ] 

for all x £ G,t > 0. Then either f satisfies (3.3) [resp. (3.4)] or g is an exponential function. 


Lemma 3.2. Let to : Gx (0, oo) -A C be a nonzero exponential function satisfying (3.3) [resp. (3.4)] . 
Then to. can be written in the form 

m(x,t) = mi(x)m 2 (t ) , 

where toi : G -A C, m 2 : (0, 00 ) -A C is exponential functions satisfying |mi(a;)| = 1 for all x £ G. 


Lemma 3.3. Let in be a nonzero exponential function satisfying (3.3) [resp. (3.4)] . Suppose that 
f : G x (0, 00) -A C satisfies the inequality; there exist positive constants C and d [resp. for each 
e > 0, there exists a positive constant C € } such that 

/1 i\ N 

(3.6) | f(x + y,t + s) - f(x, t)m(y, s) - f(y,s)m(x,t)\ < C ( - + -J +d [resp. C e e e/t ] 

for all x,y £ G,t, s > 0. Then we have 


f(x,t) = a(x)m 1 (x)m 2 (t) + 2/ ( 0, | ) TOi(a;)?Ti 2 


R{x,t), 


where a : G -A C is an additive function, m : (0, 00 ) -A C is an exponential function, A £ C and 
R : G x (0, 00) -A C satisfies 

| R(x, t ) | < Cr N + d [resp. (3. 4)] 


for all x £ G,t > 0. 


Theorem 3.4. Suppose that f,g : G x (0, 00 ) -A C satisfy the inequality (3.1) [resp. (3.2)] . Then 
either 

(3.7) /( x — y,t + s) — f(x, t)g(y, s ) + g(x, t)f(y, s) = 0 

for all x, y £ G, t, s > 0, or else there exist Ai, A 2 £ C, not both zero, such that Ai f(x, t) — X 2 g{x, t) 
satisfies (3.1) [resp. (3. 2)]. 
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Proof. It suffices to prove that f,g satisfies (3.7) when X 1 f(x,t) — X 2 g(x,t) satisfies (3.3) [resp.(3.4)] 
only for Ai = A 2 = 0. Let 

(3.8) F(x, y, t, s ) = /( x ~y,t + s)~ f(x, t)g(y, s ) + g(x, t)f{y, s). 

Choosing yi and si with f(yi, s 1 ) / Owe have 

(3.9) g(x, t) = kif(x, t) + k 2 f( x - yi,t + si) - k 2 F( x, yi,t, si), 

where ki = and k 2 = f(y^ Sl ) ■ From (3.8) and (3.9) we have 

(3.10) f((x-y)-z,(t + s) + r)) 

=f(x ~y,t + s)g(z, r ) -g(x-y,t + s)f(z, r) + F(x - y,z,t + s , r ) 

=f(x~y,t + s)g(z,r) 

- (kif(x - y,t + s) + k 2 f{x -y-y\,t + s + s\)~ k 2 F(x -y,yi,t + s, si)) f(z, r) 

+ F(x — y, z,t + s, r) 

= (f{x,t)g(y,s) - g(x,t)f(y,s) + F(x,y,t,sfjg(z,r) 

- fci (/(ar, t)g(y, s) - g(x, t)f(y, s) + F(x, y, t, s)) f(z , r) 

+ k 2 (f(x, t)g(y + yi,s + si)~ g{ x, t)f(y + y u s + si) 

+ F(x,y + yi,t,s + si) - F(x -y,yi,t + s,si)^)f(z,r) 

+ F(x-y,z,t + s,r), 

and also we have 

(3.11) f(x-(y + z),t + (s + r)) = f(x, t)g(y + z,s + r)~ g(x, t)f(y + z,s + r) + F(x, y + z,t,s + r). 
From (3.10) and (3.11) we have 

(3.12) f(x, t ) (g{y, s)g(z, r ) - hg(y, s)f(z, r) + k 2 g{y + yi,s + si)f(z, r) - g(y + z,s + r)j 

+ g(x, t) ( - f(y, s)g(z, r ) + hf(y, s)f(z, r) - k 2 f(y + yi,s + si )f(z, r) + f(y + z,s + r)) 
=F(x, y + z,t, s + r) — F(x -y,z,t + s,r)~ F(x, y, t, s)g(z, r) + kiF(x, y, t, s)f(z, r) 

- k 2 ^F(x, y + yi,t,s + si) - F(x - y,yi,t + s,s 1 j S jf(z,r). 

Fixing y , z, s, r in (3.12), using (3.1) and (3.8) we have 

\F{x, y + z,t,s + r) — F(x -y,z,t + s,r)~ F(x, y, t, s)g(z, r) + hF(x, y, t, s)f(z, r) 

- k 2 (^F(x, y + yi,t,s + si) - F(x - y,yi,t + s,si))/( 2 ,r)| 

~ 2C (l + l) +2d + Cl {] + ]) +dl+C2 (/ + ^) +d2 

< C't~ N + <f, 

where C' = 2 N (2 C + Cd + C 2 ), d! = 2 N (2Cr~ N + C lS ~ N + C 2 sf N ) + 2d + d 1 + d 2 . 
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Similarly, using (3.2) we obtain that for every e > 0 there exists C e > 0 such that 

| F(x, y + z,t,s + r) — F(x -y,z,t + s,r)~ F(x, y, t, s)g(z, r) + kiF{x, y, t, s)f(z, r) 

- k 2 (^F(x,y + y 1 ,t,s + si) - F(x - y,y^t + s,s 1 ) s jf{z,r)\ 

< 2 C' e e e(1/t+1/r) + C'iC' e e e(1/t+1/s) + C 2 C e e e{1/t+1/si) 

< C' e e e/t , 

where C' e = C e (2e e ^ r + C\e e ! s + C 2 e e / Sl ). 

Thus, by the assumption that Ai f(x,t) — X 2 g(x,t) satisfies (3.3) [resp.(3.4)] only for Ai = A 2 = 0 
we have 

g(y, s)g{z, r) - kig{y, s)f(z, r ) + k 2 g{y + yi,s + si)/(^, r) - g{y + z,s + r) 

= f(y, s)g{z , r) - kif(y , s)f{z, r) + k 2 f(y + yi,s + sfi)f{z, r ) - f(y + z,s + r) = 0. 

Thus, it follows that 

(3.13) F(x, y + z,t,s + r) - F(x — y,z,t + s, r) 

= ( - h F(x,y,t,s) + k 2 F(x,y + yi,t,s + s\) - k 2 F(x - y,yi,t + s,si)^f(z,r) 

+ F(x,y,t,s)g(z,r). 

Now, if we fix x, y, t, s, the left hand side of (3.13) satisfies (3.3) [resp. (3.4)] as a function of z 
and r. From the right hand side of (3.13), using the assumption that Ai f(x,t) — \ 2 g(x,t) satisfies 
(3.3) [resp. (3.4)] only for Ai = A 2 = 0 it follows that F = 0. This completes the proof. □ 

Theorem 3.5. Let f,g : G x (0, 00 ) -A C satisfy (3.1) [resp. (3.2)]. Then ( f,g ) satisfies one of the 
following : 

(i) both f and g satisfy (3.3) [resp. (3.4)], 

(ii) f(x, t) = a(x)m(t) + R(x , t), g(x , t) = A f(x, t ) + m{t) for all x £ G,t > 0, where a : G — » C 
is an additive function, m : (0, 00 ) -A C is an exponential function, A € C and R : G x (0, 00 ) -A C 
satisfies \R(x,t)\ < Ct~ 2N +d [resp. (3. 4)] for all x £ G,t > 0 and for some C,d> 0, 

(hi) f(x — y,t + s) — f(x, t)g(y, s) + g(x, t)f(y, s) = 0 for all x,y £ G,t,s > 0. 

Proof. Assume that (/, g) does not satisfy (iii). Then by Lemma 3.4 there exist Ai, A 2 £ C, not 
both zero, such that A±f(x,t) — \ 2 g(x,t) satisfies (3.3) [resp. (3. 4)]. 


(Case 1) /(^ 0) satisfies (3.3) [resp. (3.4)]. 

Assume that /(^ 0) satisfies (3.3). Choosing yo £ G,sq > 0 such that f(yo,so) ^ 0, dividing 
\f(y 0 , sq ) I i n both sides of (3.1) and using the triangle inequality we have 


\g{x,t)\ < 


1 


\f(yo,s 0 )\ 


\f(x - yo,t + s 0 )\ + \f(x,t)g(y 0 ,s 0 )\ + c ( - 


< Ci(t + so) + di + C 2 t~ N + d 2 + C 3 - + — +d 3 

\t s 0 / 

< C't~ N + d’ 


1 1 


N 
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for all x € G,t > 0 and for some positive constants C\,C 2 ,C 3 ,d\,d 2 ,d 3 ,C' and d! . Similarly, if / 
satisfies (3.4) we can show that for every e > 0 there exists C' e > 0 such that 

\g(x,t)\ < C' e e e/t 

for all x £ G,t > 0. Thus, we obtain the case (ii). 


(Case 2) / does not satisfy (3.3) [resp. (3.4)]. 

Assume that / does not satisfy (3.3). In this case we must have A 2 ^ 0 and we can write 

(3.14) g(x,t) = +B(x,t) := A f(x,t) + B(x,t) 

a 2 

for all x € G,t > 0, where R satisfies (3.3) [resp. (3.4)]. Putting (3.14) in (3.1) we have 

/ 1 1\ N 

(3.15) \f(x-y,t + s)~ f{x,t)B(y,s) + B(x,t)f(y,s)\<C i- + -j +d 

for all x, y £ G, t, s > 0. Using the triangle inequality and fixing y and s in (3.15) we have 

/I 1\ N 

\f(x -y,t + s) - f(x,t)B(y,s)\ < \B(x,t)f(y,s)\ + C I- + -J + d < C’t N + d' 
for all x,y £ G,t, s > 0 and for some positive constants C' and d'. Applying Lemma 3.1 we have 

(3.16) B(x,t) = m(x,t) 

for all x £ G, t > 0, where m is an exponential function on G x (0, 00 ). Now, applying Lemma 3.2 
we have 


(3.17) 


R(x,t) = m(x,t) = m\(x)m 2 {t) 


for all x £ G, t > 0, where mi : G — > C, ■ (0, 00 ) — > C are exponential functions. Replacing (x, t) 
by (y,s) in (3.15) we have 


(3.18) 


I f(-x + y,t + s) - f(y,s)B(x,t) + B(y,s)f{x,t) \ < C 



+ d 


for all x, y £ G, t, s > 0. From (3.15) and (3.18), using the triangle inequality, putting y = 0 and 
replacing t, s by | we have 

(3.19) \f(x,t) + f(-x,t)\ < C2 2N+1 t - n + 2d 


for all x £ G, t > 0. Replacing x by — x, y by — y in (3.15), we have 

( 1 1\ N 

(3.20) \f(~x + y,t + s) - f(-x,t)B(-y,s) + B(-x,t)f(-y,s)\ < C f - + -J +d 
for all x,y £ G,t, s > 0. From (3.20) and using (3.19) with fixing y and s we have 

(3.21) \f(-x + y,t + s) - f(x,t)B(-y,s) + B(-x,t)f{y,s)\ < Cit~ N +di 
for all x £ G,t> 0. From (3.20) and (3.21) with fixing y and s we have 

(3.22) |/(x, t) ( B(y , s) - B{-y, s)) - f(y, s ) (B(x, t) - B(-x, t)) \ < C 2 t~ N + d 2 
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for all x,y € G,t, s > 0. Since / does not satisfy (3.3), it follows from (3.22) that 

B(y,s) = B(—y, s) 

for all y £ G,s > 0 and hence m\{y) = 1 for all y £ G. Thus, we have 

(3.23) g(x, t) = A f(x, t ) + m 2 {t) 
for all x £ G,t > 0. From (3.15), (3.17) and (3.19) we have 

(3.24) 

| f(x + y,t + s) - f(x,t)m 2 (s) - f(y,s)m 2 (t)\ < \f{y,s ) + f(-y, s)\\m 2 (t)\ +C + - 

\t s 


N 


< (C2 2N+1 t~ N + 2d)Ct~ N + C 0 + ^ +d 


< C ( - + - 

t s 


2N 


d! 


for all x,y £ G,t,s > 0 and for some C' > 0, d! > 0. 

Similarly, if / satisfies (3.4) we can show that for every e > 0 there exists C' e > 0 such that 

(3.25) | f(x + y,t + s) - f(x,t)m 2 (s ) - f(y,s)m 2 (t)\ < C' e e e/t 

for all x £ G,t > 0. Applying Lemma 3.3 with (3.23) and (3.24) we have 


/ (x, t ) = a(x)m 2 (t) + 2/ 0, - ) m 2 - + R(x, t) 


(3.26) 


for all x £ G,t > 0, where a is an additive mapping and R satisfies (3.3)[resp. (3.4)]. Replacing 
(y,s) by ( x,t ) in (3.1) we see that /(0,t) satisfies (3.3). Thus, 2/ (0, 0 m 2 (0 + R(x,t) satisfies 
(3.3)[resp. (3.4)]. Replacing 2/ (0, 0 m 2 (0 +R(x,t) by R(x,t) and m 2 by m we get the case (iii). 
This completes the proof. 

□ 


4. Main results 

In this section as a main result of the paper we consider the stability of (1.6). The main tools of our 
proof are based on structure theorems for generalized functions and the heat kernel method initiated 
by T. Matsuzawa [22] which represents the generalized functions as initial values of solutions of the 
heat equation with appropriate growth conditions [8, 9, 11, 12, 22]. For the proof of our theorem we 
employ the n-dimensional heat kernel E t (x) given by 

E t (x) = (47rf) - "/ 2 exp(— |x| 2 /4t), t > 0. 

In view of (2.2), we can see that the heat kernel E t belongs to the Gelfand space C/(R") for each 
t > 0. Thus, for each u £ L/'(K"), the convolution (■ u * E t )(x) := ( u y ,E t (x — y)) is well defined. We 
call (u * E t ){x) the Gauss transform of u. From now on we denote by u(x, t) the Gauss transform of 
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u. It is well known that the Gauss transform u(x, t) is a smooth solution of the heat equation such 
that u{x,t) -A u in weak star topology as t — > 0 + , i.e., 


(u,ip) = lim / u(x,t)ip(x)dx 

t— s- o+ J 


for all p £ Q. 


We first discuss the solutions of the corresponding trigonometric functional equations in the space 
Q of Gelfand generalized functions. 

Lemma 4.1. The solutions u, v £ Q' of the equation 

(4.1) uoT— u®v + v®u = 0 
are either 

(4.2) u = \{e c ' x - e~ c ' x ), v = je c ' x + (1 - 7 )e~ c ' x 
or else 

(4.3) u = c • x, v = 1 + Ac • x. 

Proof. As a consequence of the results in [4, 15] the solutions (u,v) of (4.1) are equal to the smooth 
solutions (/, g ) of the equation 

(4-4) f(x -y)- f{x)g{y) + f{y)g{x) = 0 

for all x, y € R". By [2, Theorem 11] all solutions of (4.4) are given by 

(4.5) f(x) = \(m(x) — m(—x)), g{x) = 7 m{x) + (1 — 7 )m{— x) 
or else 

(4.6) f(x) = a(x), g(x) = 1 + Xa(x), 

where m is an exponential function and a is an additive function. From (4.5) and (4.6) in and a are 
smooth functions and hence m(x) = e c ' x and a(x) = c ■ x for some c £ C n . Thus, we get (4.2) and 

(4.3) . This completes the proof. □ 

The proof of Theorem 2.3 of [11] works even when p = oo, i.e., we obtain the following. 

Lemma 4.2. [11] The Gauss transform u(x,t) := (u* E)(x,t) of u £ U' Loo (M n ) is a smooth solution 
of the heat equation (A — d/dt)u = 0 satisfying: 

(i) There exist constants C > 0, N > 0 such that 

(4.7) |u(x, £)| < CtP N for all x G K", t > 0. 

(ii) u(x, t) —> u as t — > 0 + in the sense that for every Lp £ V^i, 

(u,(p) = lim / u(x,t)ip(x) dx. 

*->■ o+ J 

Conversely, every smooth solution u(x,t) of the heat equation satisfying the estimate (4.7) can be 
uniquely expressed as u(x,t) = (u * E)(x,t) for some u £ 'D' LOO (M. n ). 
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The following lemma is a special case of Theorem 3.5 of [12] when p = oo where the space 
*4^00 (K n ) is denoted by Sz,oo(K”). 

Lemma 4.3. [12] The Gauss transform u(x,t) := (u* E)(x,t) of u € A^o^R 71 ) is a smooth solution 
of the heat equation (A — d/dt)u = 0 satisfying: 

(i) For every e > 0 there exists a constant C e > 0 such that 

(4.8) \u(x,t)\ < C e e e for all x £ R", t > 0. 

(ii) u( x, t) u as t — > 0 + in the sense that for every ip £ Aj^i, 

(u, <p) = lim / u(x,t)ip(x) dx. 

*-> o+ J 

Conversely, every smooth solution u( x, t) of the heat equation satisfying the estimate (4.8) can be 
uniquely expressed as u(x,t) = (u* E)(x,t) for some u £ T>' Lao (W n ). 

The following structure theorem for bounded distributions is well known. 

Lemma 4.4. [29] Every u £ V' LOO (W n ) can be expressed as 

(4.9) u=Y J d a f a 

\a\<p 

for some p £ No where f a are bounded continuous functions on K". The equality (4.9) implies that 

{u,p) = (-1) H f f a (x)d a p{x)dx 

\a\<p J 

for all p £ T>li . 


As a special case of Theorem 3.4 of [12] when p = oo where the space A' L (R n ) is denoted by 
SLoo(R n ) we obtain the following. 

Lemma 4.5. [12] Every u £ 4^oo(R") can be expressed by 
(4.10) u = ( Qfc A fc | g + h 

\k = 0 / 

where A denotes the Laplacian, g, h are bounded continuous functions on R" and ak , k = 0, 1, 2, . . . 
satisfy the following estimates; for every L > 0 there exists C > 0 such that 

\a k \ < CL k /k\ 2 

for all k = 0 , 1, 2 , . . .. 


The following properties of the heat kernel will be useful, which can be found in [22]. 

Proposition 4.6. [22] For each t > 0, E t (-) is an entire function and the following estimate holds; 
there exists C > 0 such that 

(4.11) \d°E t (x)\ < C'l“lf-(” + l“l)/ 2 a;! 1 / 2 exp(-\x\ 2 /8t). 

Also for each t, s > 0 we have 

(4.12) (E t * E s )(x) := J E t (x - y)E s (y)dy = E t+S (x). 
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Now, we state and prove the main theorem. 

Theorem 4.7. Letu,v € t/'(K n ). Then (u,v) satisfies (4.1) if and only if (u,v) satisfies one of the 
followings : 

(i) u, v G V' La 0 (I") [resp. -4'^ (R")], 

(ii) u = c - x + r, i> = 1 + Ac • £ for some c G C n , A G C and r € T>' LOO (R") [resp. A' Lao (R n )] , 

(iii) u = X(e c ' x — e~ c ' x ), v = 7 e c ' x + (1 — 7 )e _c ' a for some c G C", A, 7 G C. 

Proof. We use the same method as in the proof of [10, Theorem 4.6]. Here we give the proof for the 
reader. Convolving the tensor product E t (x)E s (y ) of n-dimensional heat kernels in the left hand 
side of (4.1), in view of the semigroup property (E t * E s )( x) = E t + S (x) of the heat kernel we have 

(4.13) [(u o T) * (E t (t)E s {rj))\{x, y) = (uf., J E t (x - £ - rj)E„(y - rf) drf) 

= («£, (E t *E s )(x -y-Q) 

= («£, E t+S (x - y - £)) 

= u(x — y,t + s). 


Similarly we have 


(4.14) [(u® v) * (E t (f)E a (rf))\(x, y) = u(x,t)v(y,s), 

[(cOw) * (E t (£)E s (r}))](x, y) = v(x,t)u(y,s), 


where u(x, t),v(x, t ) are the Gauss transforms of u, v, respectively. Let w :=uoT — u®v + v®u. 
Then w G T>' LOO (R 2n ) [resp. A' LOO (R 2 ")]. First, we suppose that w G V' LOO {R 2n ). Using (4.9) and 
(4.11) we have 


\[w*(E t (£)E a (ri))](x,y)\< Y | [d a f a *(E t (OE s (v))](x,y)\ 

\a\<p 

< Y l[/« * d £, v ( E t(0 E s('n))]( x ,y)\ 

\a\<p 

< Y ll/alU»H^(^(0^(»?))ll^ 

M<p 

<Ci Y l|5fu t (?)|| il ||^U s ( ?? )|| L1 

|/8]+]tI<p 


< (J 2 ^ ^-( n +l^l)/ 2 s -( n +l7l)/2 

\P\ + \l\<P 


< c 




+ d, 


107 


CHANG-KWON CHOI et al 96-110 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


STABILITY OF THE SINE-COSINE FUNCTIONAL EQUATION IN HYPERFUNCTIONS 


13 


where N = n + p/2 and the constants C and d depend only on p. Secondly we suppose that 
w € A'too 


' 1 ). Then, using (4.11) we have 
, a\ 


\a\=k 


< £ ^\\dfE t mLAKE s m L ^ 


I/31+ItI = fc 


^!y! 


ItI 


^ /c!(2/3)! 1 / 2 (27)! 1 / 2 M 2/ ’ „/ 2 — |>s| „-n/2- 

S ^ /?! 7 ! 

|/3| + | 7 |=fc H ’ 

< £ k\{2M) 2k r n/2 - m s- n/2 -^ 

|/3|+| 7 [=fe 

< k\(2y/nM) 2k (1/t + 1 /s) n+k . 

Now, by the structure (4.10) of bounded hyp erfunct ions together with the growth condition of 
Ofe, k = 0, 1, 2, ... we have 


\[w * (m)E a (v))](x,y ) | < £ ||a fc (A fc ff ) * (E t (Z)E s (r,))\\L~ + || h * (m)E s (v)) Ik- 

fc =0 

oo 

< llfllk- £ ||a fc A fc ( J E; t (0^( J? ))|| il + IlftlU- 11^(0^(17)11^ 

fc =0 

OO 

< C, £ — (4nM 2 L) fc (1/t + l/s)" +fc + II^IUoo 


/c— 0 
oo 


A:— 0 

< C f e £(1/t+1/s) , 


where L is taken so that 4 nM 2 L < e and the constant C e depends only on w and e. Thus, we have 
the inequality; there exist C > 0 and d > 0 [resp. for every e > 0 there exists C e > 0] such that 

/I 1\ N 

(4.15) \u(x — y,t + s) — u(x, t)v(y , s) + v(x, t)u(y, s)| < C ( - 4 — J + d [resp. C' e e e ^ 1 ^* +1 / S ' > ] 

where u, v are the Gauss transforms of u, v, respectively, given in Lemma 4.2. Replacing / by u, g 
by v in Theorem 3.5 and using the continuity of u and v we obtain one of the followings (I) ~ (III): 

(I) both u and v satisfy (3.3) [resp. (3. 4)], 

(II) u(x, t) = c • xe bt + R(x, t), v(x, t) = Au(x, t) + e bt , 
where c € C n , 6, A € C and R : R n x (0, oo) C satisfies 

\R(x,t)\ < Ct~ 2N +d [resp. (3. 4)] 

for all x € R n ,t > 0 and for some C,d > 0, 

(III) u(x — y,t + s) — u(x, t)v(y, s ) + v(x, t)u(y, s) = 0 for all x, y G K™, t, s > 0. 

By Lemma 4.2, case (I) implies (i). For the case (II), since u,v are solutions of the heat equation 
we must have 6 = 0 and so is R(x,t) = u(x,t ) — c • x. Letting t — > 0 + in (II) we obtain case (ii). 
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Finally, letting t 0 + in (III) we have 

(4.16) uoT — u®v + v®u = 0. 

The nontrivial solutions of the equation (4.16) are given by (iii) or u = c ■ x, v = 1 + Ac • x which is 
included in the case (ii). This completes the proof. □ 
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Abstract 

The purpose of this paper is to study the effect of the cytotoxic T lymphocytes (CTLs) on an HIV-1 
dynamics. The model considers that the virus infects the macrophages in addition to the CD4 + T cells. The 
role of the CTLs is to kill the infected macrophages and CD4 + T cells. The time delay which accounts the 
time of infection and the time of producing new active HIV-1 is modeled. The HIV-1 dynamics is modeled 
as a 6-dimensional nonlinear delay differential equations. The incidence rate of infection and killer rate of 
infected cells are given by general nonlinear functions. We study the qualitative behavior of the system. The 
global stability analysis has been established using Lyapunov method and LaSalle invariance principle. We 
present an example and perform numerical simulations to emphasize our theoretical results. 

Keywords'. Global stability; HIV infection; time delay; Immune response; Direct Lyapunov method. 


1 Introduction 

Recently, the study of Human Immunodeficiency Virus type-1 (HIV-1) and Acquired Immunodeficiency Syn- 
drome (AIDS) has become a topic of interest in the mathematical literature. In the pursuit of understanding 
the interaction between the HIV-1 and immune system, several mathematical models have been proposed. 

The following is the basic model of HIV-1 infection dynamics that has been described and studied in [1]: 

x = A — dx — /3 xv, 

V = f3xv - 6y, 
v = ky — rv. 

Here, the concentrations of uninfected CD4 + T cells, infected CD4 + T cells and virus are represented by x, y 
and v, respectively. The production rate of CD4 + T cells is represented by A, while the infection rate, and 
thus the infected CD4+ T cell production rate, is represented by (3xv, where f3 is the infection rate constant. 
The uninfected cells and infected cells are die with rate dx and Sy, respectively, k represents the rate constant 
of virion generation by CD4 + T cells while r represents the rate constant of viral particle emptying from the 
plasma. 

Replication models assume cytotoxic T lymphocyte cells (CTLs) to be the main host defence restricting 
viral replication in vivo and thus the main determinant of viral load. Nowak and Bangham [2] constructed the 
first model of HIV taking into account CTLs as: 

x = A — dx — /3xv, 
y = Pxv — Sy — pyz, 
v = ky — rv, 
z = cyz — bz. 


Ill 


Shaimaa A. Azoz et al 111-125 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


where z represent the concentration of CTLs which multiply at a rate cyz when stimulated by infected cells, 
while bz represents the death rate of this population of CTLs. 

Delay differential equations are used to introduce delays into the infection equations and/or equations for 
virus production to account for the intracellular phase of the viral life cycle. This delay is defined as period 
between infection of a CD4 + T-cell and the point at which the infected cell begins to produce viral particles 
(see, e.g. [3], [5], [6], [7], [8], [9], [10]). Complications have been shown to occur ([11], [12], [13]) when time 
delays are introduced into infection models with immune responses. Such complications include stable periodic 
solutions and chaos. The use of general kernel function to represent distributed intracellular delays has been 
motivated by the argument that constant delays may not biologically realistic ([22], [23], [24]). In contrast to 
Nakata’s [17] investigation of the stability of an immunity mediated HIV-1 model with two finite distributed 
intracellular delays, Wang et al. [16] and Li and Shu [14] examined the stability of an infection model with 
infinite distributed intracellular delays by constructing Lyapunov functionals. Yuan and Zou [15] proposed and 
developed an appropriate mathematical model for HIV-1 infection by incorporating distributed delay into the 
cell infection equation and another virus production equation and nonlinear incidence rate and a nonlinear 
removal rate for the infected cells. However, the presence of the macrophages has been neglected. 

Our aim in this paper is to study the effect of the CTL immune response of the global dynamics of a 
distributed delayed HIV-1 model which describe the interaction between the virus and two target cells, CD4 + 
T cells and macrophages. The motivation for considering the two target cell model is the observation that the 
rate of viral load decline was considerably lower after the rapid first phase of decay during the 1-2 weeks after 
antiretroviral treatment ([3], [4], [18]). The model is a 6-dinrensional nonlinear ODES that takes into account 
cytotoxic T lymphocyte cells (CTLs) with nonlinear incidence rate and distributed delays using distributed 
kernels reflecting the variance in time required for viral entry into cells and the variability in time required for 
intracellular virion reproduction. The positive invariance properties and the boundedness of the solutions for 
the model are studied. By constructing explicit Lyapunov functionals and using the LaSalle invariance principle, 
which are extensions and modified forms of the Lyapunov functionals given in [15], we prove that the steady 
states of the model are globally asymptotically stable (GAS) and the dynamics of the system is fully determined 
by the basic reproduction number Rq. 


2 Mathematical model 


We shall examine a deterministic model of HIV infection, which represents the interaction of HIV with two 
co-circulation populations of target cells, representing CD4 + T and macrophages cells. The system takes into 
consideration the distributed invasion and production delays and (i) We assume that the incidence rate is given 
by a nonlinear form, (ii) The model takes into consideration cytotoxic T lymphocyte cells (CTLs) immune 
response: 


Xl{t) 


Vi{t) 


x 2 (t) 


Vi (t) 


v(t) 

z(t) 


Mi - hxi (t) - aiXi(t)fi(v(t)), 

OO 

ai J e~ miT Gi{r)xi(t - r)fi(v(t - r))dr - ryi(t) - 0yi(t)hi (z(t)), 
0 


M 2 - k 2 x 2 (t) - a 2 x 2 (t)f 2 (v(t)), 

OO 

a 2 J e~ m2T G 2 {r)x 2 {t - r)/i(n(t - r))dr - ry 2 (t) - Py 2 (t)h 2 (z(t)), 

0 

/ OO OO \ 

N r I J e~ niT ^ i(T)y\(t — r)dr + J e~ n2T T 2 (r)y 2 {t — r)dr J — dv(t), 


*(yi(t) + y 2 (t))-qz(t). 


(1) 

(2) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 
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The state variables describes the plasma concentrations of: aq, y i, represent the uninfected and infected CD4 + 
T cells; X 2 , y 2 , represent the uninfected and infected macrophages. Eq. (1) and (3) describe the populations of 
target cells, where /zi and perform the rates of new generations of CD4 + T cell and macrophages from sources 
within the body, k\, k 2 are the death rate constants, and on, a 2 are the infection rate constants. Equation 
(2) and (4) represent the population dynamics of the infected target cells, where r represent the clearance 
rate and it killed at rate Pyi{t)hi(z(t)) and f3y 2 (t)h 2 {z(t)), respectively. The CTL cells are produced at a rate 
X(yi + y 2 )z and are decayed at a rate qz . Assume the kernel functions G, and T , , * = 1,2 satisfy Gi(r,) > 0, 

OO OO 

ft j(r» ) > 0. Let us denote a, = J e~ miT Gi(T)dT, bi = f e^ niT ^ i{r)dT , i = 1,2. Thus 0 < o* < 1, 0 < bi < 1 

o o 

All parameters are assumed to be positive. The function /,( v) and hi{z) are continuously differentiable and 
guarantee this conditions are met: 

(Cl): fi{ 0) = 0, /}(£,) exists and satisfies /'(£*) > 0 and ^ 0 in (0, oo), 

(C2): hi( 0) = 0, /ij(Ci) is strictly increasing in (0, oo), 


2.1 Positively and Boundedness 

To prove the positively and the boundedness of the solutions, it is biologically reasonable to consider the 
following non-negative initial conditions for the system (1-6), define the Banach space of fading memory type 

C a = {(/? € C ((— oo,0],i?) : ip(9)e a6 is uniformly continuous for 8 G (— oo,0] and ||y>|| < oo} 

where a is a positive constant and ||<£>|| = sup £)<0 \<p{0)\ e“ e . Let C+ = {ip € C a : <p(6 ) > 0 for 8 G (— oo,0]}. 
The initial conditions for system (1-6) are given as: 

xi{8) = ipi(0), yi{9) = tp 2 {9), x 2 (8) = <p 3 (&), y 2 (8) = ip 4 (8),v(8) = ip 5 (0), 
z{8) = ipe(8) for 9 G [-oo, 0] , ip { G G+, i = 1, 2, ..., 6. (7) 


By the fundamental theory of functional differential equations (see [20] and [21]), model (1-6) with initial 
conditions (7) has a unique solution and the following lemma establishes the positivity and boundedness of the 
solutions. 

Lemma 1. Let (aq (t), yi(t), a; 2 (t), y 2 (t), v(t), z(t)) be the solution of system (1-6) with the initial conditions 
(7), then xi(t),yi(t),x 2 (t),y 2 (t),v(t) and z(t) are all positive and bounded for all t > 0. 

Proof. First, we will prove that Xi(t) > 0, * = 1,2, for all t > 0. Assume that a q(f) loses its nonnegativity 
on some local existence interval [0, u] for some constant v and let t* G [0, n] be such that a ;*(£*) = 0. From (1) 
and (3) we have x*(f*) = /q > 0. Hence Xi(t*) > 0 for some t G + e), where e > 0 is sufficiently small. 

This leads to a contradiction and hence aq(f) > 0, for all t > 0. Further by using the variation of parameters 
method and Eq. (2), (4) and (5) we have 

y,(t)=y t ( 0 )e-/oH^bW))* 

nt /»oo 

+ ai e ~ I* ( r+h (z(v)))dri / e ~ miri Gi{ri)x{s — rj)fi(v(s — rf))drjds\ *= 1 , 2 . 

Jo Jo 

r-t r OO ^ 

v(t) = v{0)e~ dt + Nr / e _d ^ _s ^ / e~ niV '^ i (r])y i (s — r])dr]ds, 

Jo Jo 


confirming that y, (t) > 0, 


1, 2, and v(t) > 0 for all t > 0. Now from (6) we get 


z{t) 


z( 0)e~ qt 


+ X f e - q{t ~ s) 
Jo 


2 

!>(*)*• 

i=i 


Then z(t) > 0, for all t > 0, and this prove the positively of the solution. Now we shall prove that the solution 
are bounded, from Eq.(l) and (3), we have Xi(t) C /x» — kiXi(t), this implies lim swpt^ooXi(t) < = 1,2, let 


113 


Shaimaa A. Azoz et al 111-125 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Ui(t) = / 0 °°e miT Gi(T)Xi(t- r)d,T + yi(t), then 

Ui(t) = / 0 °° e~ miT Gi(r)xi{t - r)dr + yi(t), 

= / 0 °° e~ miT Gi(r)(ni - kiXi(t - r) - - r)))dr 

OO 

+ a iJ e~ miT Gi(T)xi(t - t )fi(v(t - t ))dr - ry^t) - fiyi(t)hi(z(t)), 
o 

= IMCH - cq f 0 oc e~ miT G i (T)x i (t - r)dr - ryi(t) - /3y z {t)h t {z(t)), 

< ^cLi - piUi(t). 

It follows that limsup (t) < ,< '" i , where = minjo;!, a 2 , r}. Since #j(t) > 0, yAt) > 0 and z(f) > 0 
then lim sup JT =1 p,;(f ) ( _ >oc < Tj, lim sup ip(f ) t _ >00 < £i, * = 1,2. On the other hand, 

u(f) < Nr(b\Li + b 2 L 2 ) — du(t) < NrbL — dv(t). 

where 6j = / 0 °°e _ni ' r 'I f ,;(r)(fT. From Eq.(6) we get i(f) < XL — qz(t). Then lim sup^oo v(t) < Nr ^ L and lim 
supt-^oo z(t) < Therefore, Xi(t), y\(t), x 2 (t), y 2 {t), u(f), and z(t ) are ultimately bounded and this complete 
the proof of boundedness of solutions. 


2.2 Basic reproduction number and steady state 

To obtain the equilibrium points of model (l)-(6), we consider the following equations: 


AU - hxi - aiXifi(v) = 0, 
aidiXifi(v) - ryi - Ayihi{z) = 0, 
M2 - k 2 x 2 - a 2 x 2 f 2 (v) = 0, 
a 2 d 2 x 2 f 2 (v) - ry 2 - f3y 2 h 2 {z) = 0, 
Nr (hyx + b 2 y 2 ) - dv = 0, 
A ( 1/1 + y- 2 ) -qz = 0. 


We find that if z ^ 0, there is two steady states E 0 = (cc^, 0, 0, 0, 0) where x 2 = and 

E* = (. xl,yl,X 2 ,y 2 ,v*,z *) satisfies the equations: 


Mi 


ki+oiifi{v*y 

A ^ 2 * A d * 

- -Y,i=iVi - Nrhq v 


v~^2 * d * 

^ l=lVi ~ Nrb V ’ 
' 1, ";/,('•*) 


Vi = 


r + /3hi(z*) 


Xi . 


The basic reproduction number, i?o, for system (l)-(6) is given by: 


Ro — 


MiQiaiiVbi/((0) 

kid 


y 2 a 2 d 2 Nb 2 f 2 (0) 

k 2 d 


R\ + i?2> 


where, and R- 2 are the basic reproduction numbers for CD4 + T cells and macrophages cells, severally. 
Now, we shall prove that Rq > 1 is a sufficient condition to ensure the existence of an infected steady state 
E* = (x*, y\, x 2 , y 2 , v*, z*). Using the above calculations the existence of an infected equilibrium is equivalent 
to the existence of a positive root of the equation L(v) = 0, where 


L(v*) 


aiai/i(u*) 


Mi 

h + aifi{v*) 


a 2 d 2 f 2 (v*) 


M2 

k 2 + a 2 f 2 {v*) 


I'd * j3d f A dv* \ 
Nrb Nrb \NrbqJ 
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and it satisfies L(0) = 0, L(+oo) = — oo, and 

L'{ 0) = ai a if[(0)^- + a 2 a 2 f 2 (0)j=- - 

d aiaiHiNbf[(0) a 2 a 2 ii 2 Nbf2(0) 
~ Nb k\d + k 2 d 


-1 = m ( Ro -1)>0. 


It follows from the continuity of the function L(v) in [0, 00 ) that L(v) = 0 has at least one positive root. Hence, 
we see that the condition at least has one infected equilibrium E* when Rq > 1. We can rewrite the model as: 


±i{t) = fii- kixi{t) - a\Xi(t)fi(v(t)), (8) 

OO 

2/i 0) = j e~ miC gi(C)xi(t - - C))d( - ryi{t) - fiyi(t)h(z{t)), (9) 

0 

x 2 (t) = y 2 - k 2 x 2 {t) - a 2 x 2 (t)f 2 (v(t)), (10) 

OO 

2 d (t) = d 2 J e~ m2C g 2 {Qx 2 (t - Qfi(v(t - Q) d C ~ ry 2 {t) - fiy 2 (t)h(z(t)), ( 11 ) 

0 

00 00 

i>(t) =71 J e~ nit: i>i(C)yi{t - C )d( + 72 J e~ n2<: ip 2 (()y 2 (t - QdC - dv(t), ( 12 ) 

0 0 

z(t) = X(yi(t) +y 2 (t)) - qz(t). (13) 

For simplify, we taked hi = h 2 = h, d t = a^, 7 * = Nrbi , g.;(C) = ( pp, C) = p£p- 


3 Global stability 


In this section, we going to show that the steady states satisfy the global stability condition: 

Theorem 1. Let Conditions Cl and C2 hold true and Rq < 1, then the infection-free equilibrium Eq is 
globally asymptotically stable. 

Proof. Define Hi(t) = / t °° 2 /i(C)^Ci> = iP^iiQdC,, and consider laypunov function W (t) = 

where, 


1 


i = 1 
2 


rrr /,x ST" 1 I ^ * \ I U *« U\ I U\ , Ut U l il J r z Wut/-\J/- 


otiH, 


otiHir 


O^ifliP rz(t) . 


w 2 (t) = J2 - c - Ci))dCi, 


2 


w 3 (t) = 


0 

Oi/qr 

kid 


Pi(Ci)Vi(t - Ci)dCi, 


o 


It clear that, W(t) > 0 and W(t) = 0 if and only if Xi(t) = jX and y*(t) = v(t) = z(t ) = 0. The derivative Wi(t) 
of along the solution is: 


wi(t) = Y, 


Xi(t ) - -r 1 I (m - kiXi(t) - aiXi(t) f (v(t))) + 




gi((i)x.i(t - C - C i))d(i 


Oii/liT . Oiillijd . . . . .. OZifliT 

- 2 'Hit) - —— yi{t)h(z(t )) 


kid, 

kiXdi 


kidi 

h{z(t)) [X yi(t) - qz(t)] 


kidi 


r fpi(Ci)yi{t - C i)dQi - a pp rd v{t) 
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Note that Hi 0) = 1, Hj(oo) = 0 and dHi{t) = —git)dt. Using integration by parts, we calculate the derivative 
of W 2 : 


w 2 (t) = J2-jr 

i=l 

2 

= -£ 


d(Xj(t- Ci)fi{v(t- C;))) 
dt 




d(xi(t- Ci))) 


dCi 


- C i)fi(v(t - Ci)) i£„ +-T" 1 / x i(t ~ C i)fi(v(t - Ci))dHi «*) 


2=1 




= X] ( ~ -J 7 1 1 9i((i) x i(t - Ci)fi(v(t - C*))^Ci • 


Similarly 


Therefore 


W3(i) = E 


-Vitt) - 


i— 1 


kjdi 


M,; 


fU(f) = 53 


2=1 


+ o^i, . _ Q))d(i - - ^P^y,{t)h{z(t)) 


-hi ( x*(i) - ^ ) - aiiX?(t)fi(v(t)) + a ^ 1 Xi{t)fi(v(t)) 


i>i(Ci)yi(t - Q)dQ , 


UiPiT 




k 


kitii 


kiVi 


- ( wrf- [ i>i(Ci)yi{t - Ci)d(i - yy —v(t) + -r-jr- Vi{t)h{z{t)) 

0 

oo 

~^-z(t)h(z{t)) + ^^Xi{t)fi{v{t)) - - ^ [ gi(Ci)xi(t - Q)fi(v(t - (i))dQ 


OO 

+ ~Y¥~ Vi ^ TyT ~ & d & 


Hence 


tu(f) = 53 


-h ( Xi(t) - ^ - aifi{v(t)) ( xf(t) - ^Xi{t) + 


ki 


2/x,: 




t4 

kl 


«iM? 


■iri rf /.\\ CXiHiVd . . OtiHifiq . , , . ,, 


tu(t) = 53 






-fci x,(t) - — - aifi(v(t)) Xi(t) - 


Mi\ _ QiMififf 
kiXdi 


z(t)h(z(t)) 


otiVird ( fiitii'ii fi(v(t)) 


kitiiii 


it) 


kird v(t) 


- 1 


But from Condition (Cl), we have ^ // (0) . Hence 


iu(t) < 53 


2=1 


-fcj ( £j(f) - ^ ) - aiifi(v(t)) ( Xi(t) - ^ ) + 


Mi 


eg ford 
kifli'Yi 


(Ro - !)«(*) - 


«»Mi/?g 

kjXfli 


z(t)h(z(t)) 


If -Ro < 1) then, lUi < 0. To prove the global stability of the infected equilibrium, we need to use this lemma: 
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Lemma 2. If satisfies Condition (Cl), then g(F(a)) < g(cr), a > 0 with the equality holding only at 
cr = l, where F(a) = , and g(u) = u — 1 — In u and with g : (0, oo) — > [0, oo) has the global minimum 

^(l) = 0 and positive elsewhere for Q € (0, 00 ). 

Proof. Since F(l) = 1 and the derivative of g(a) has the same sign as cr — 1 for a > 0, we need only to 
prove that a < F(a) < 1 for cr G (0,1) and 1 < F{a) < cr for a € [l,oo) . The proof of case cr € [l,oo) is 
similar to that case of a G (0, 1) , so we will only consider the case when a G (0, 1) . Note that a < F (cr) < 1 is 
equivalent to - for cr G (0, 1) , from Condition (Cl) we completed the proof. 


Theorem 2. Let conditions Cl and C2 hold true and Rq > 1, then the chronic infection equilibrium E* is 
globally asymptotically stable for all positive solution. 

Proof. Define 


y i = 


i = 1 

2 




i—1 
z(t ) 


Xi ( t ) 


Vi (t) 


V 5 = / [h(Ci)-h(z*)]dCi,, 


with the infected steady state conditions: 


U = £ Ih, k,) 9 , ( •# <Mj$ dCli 


i=l 


?/<(«*) 




•(t) 


^ = E hi{Q9i( yj ^\ds. 

V Vi 

l ~ L 0 


Mi = hx* + atiX* fi (v*) 
OiX*fi ( v *) = r Vi + /3y*h(z *) , 


* 7 * 

7i2/j = av , 

Ay* = 92 *- 


(14) 


we will let the function V (t) and study the derivative of the Lyapunov functional as: 

V (t) = x*V u (t) + a iX * h (v*) V 2i (: t ) + °^P 3 i (i) + (t) + ^V 5i ( t ) + (t) 

Ui U*7i Ai?i 

+ OtiX* fi (V*) V 6i (t) . 

satisfies V (t) > 0 with the equality holding if and only aq (f) = x*, yi ( t ) = y* , v ( t ) = u*, z(t) = z* and 
Xi(t - Q)fi(v(t - Ci)) = < /i K) , Viit - C i) = y*. We get 


Vii (i) = "ir fl “777^) (&i®* + /* (u*) - &»£*(*) - ctiXi(t)fi(v(t))) . 

x i \ x i V'l J 
\2 


-fcj (a?» ft) ~ a*) 
(*) 


+ CCj /i (v*) 


1 - 


Xi{f)f{v{f)) /,;(u(f)) 

Ci (*) < /* (u*) /* (u*) 


(15) 


T> m Xi(t)fi(v(t)) (Xi{t)fi{v{i))\ f Xi{t-Ci)fi(v(t-Ci)) ^ 

V 2 , (t) = yyw-7 In « . , - 9i (Ci) ITTTTTt 


x*Mv*) 


x*fi(v*) 


x*Mv*) 


s. (C.) in I I d(„ 


where 


Hi{ 0) = 1, H,{ 00 ) = 0, 


dHi(t) = -g t (■ t ) dt. 


1 f ^ 

V31 (t) = — [1 - ) ( Vi I gi(Q)xi(t - c - C i))dCi ~ ryi{t) - / 3 yi(t)h(z(t)) 

1 0 
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Using Eq. (14) 


V 3i (i) = 


Vi 

d iX*M v * 

y* 


f ^ x i(t-£i)fi(v(t-Ci)) ^ diX*fi(v*) [ 

9i[Q) x*fi(v*) dQ y* J 9i[Q) 

0 

m jt) h jz jt)) _ hjz jt)) ' 
y*h(z*) h{z*) 


Xi(t - Ci)yZ fi(v(t - &)) 
x*Vi ( t)fi{v *) 


dQ 


\ _ Vi (t) yi(t)h(z jt)) _ h(z jt)) 
y* y*h(z*) h(z*) J 


(16) 


1 


V« (t) = - 1 - 


Vi 


’it) 



71 / ipi(Ci)yi(t - Ci)^Ci + 72 / ^2 (C2 )?/2 it - (2)^(2 - dv(t) 


Using Eq. (14) 


V 4i (t) = d 


1 - 


■(*) 


+ / V’i(Ci) 


Vi(t - C i) 


Vi 


dQ - / YiiQ) 


0 0 
% i (t) = [h (z (t))-h iz*)] [A yi (t) - qz (i)] . 

Using Eq. (14) 

% i (t) = ~q [h (z (t)) - h ( 2 ;*)] [2 (t) - 2 *] + Ay* h(z*) 1 1 - 
Similar to U 2i (t) the derivative of V 6i (t) differentiating gives 


v*Vi{t - C i) 
v (t) y* 


dQ 


Vi (t) Vi ( t ) h (z jt )) _ h (z jt )) 
y* y*h(z*) h{z*) 


J 


dQ. + tpi{Q) In 


Vijt ~ Q) 

Vi if) 


dQ 


It follows that 


*(*) = £■= 1 


-h jxj jt) - x*) 

Xi (t) 


+ on x*fi (v*) 


1 - 


X* , 


Xi (t) fi (v*) 


-\-OLi Xifi (v ) J g % (Q) l n ^ at Xi 1 V J 9* ^ / - A * 


x*Vi (' *) 


aim 

$i 

a.irv*d 

’dili 


\ Vi it) | yi(t)h{z(t)) h (z (<)) 


1 - 


a ildy*jh jz*) 

di 


Vi 

vjt) 

v* 

1 - 


y*h(z*) h{z*) 


— a ; Xi Ti v 


fi Q 


Vi jt) h jz jt)) _ h {z jt)) 
y*h{z*) h{z*) 


V’i(Ci) 


Vi{t-Q ) 


dQ - / 4>i(Q) 


v*yi{t - Q) 


'{t)y* 


dQ 


’it) 


tiiQ) 


Vijt-Q) 

y*i 


dQ - / i>iiQ) 


v*yijt - Q) 

V it) y* 


dQ 


a iPq< u , ,, r /,N *1 . ai/3y*h{z*) 

[h iz (t)) — h(z )}[z(t)-z} + - 


Adi 


d. 

+on x*fi {v*) - an x*fi [v*) f ipiiQ) Vl ^ „ ^ dQ + on x*fi (v*) f ipiiQ) In f V,lyt d Q 

Vi J Vi J \ Vi \t) J 


1 - 


Vi iQ yi{t)h{z(t)) _ hjzjt)) 
y* y*h iz*) hfz*) J 

yiit-QY 
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We have = ry* = x*f t (v*) - / 3y*h (z*), then 


V(t) = Eti 


2 ~ki (Xi (t) - x*f 


G ( t ) 


OLi x*f t (v*) 


3- 


x* , fi(v{t)) 


r H (t) fi (V*) 


: ifi ( v *) 


'(*) 


^ ^2 fi \ v ) / (Cz) * (+\ f f *\ “I - ^2 fi \ v ) / 9i (C i) 

7 tfyi{t)fi(y*) J 


Xj{t - Ci)fi(v{t - Ci)) 


dCi 


- <*i X*fi (V*) 


Vi ( t ) h(z(t)) _ h (z (t)) 
y*h (z*) h(z*) 


-a, x*fi(v*) k(C) ^ * ^ d C i 

J Vi 


oti/3q 

\#i 

We can write 


- [ft (2 0)) - ft (^*)] [z (i) - z*] + a,: x*fi (v*) J ipi(Ci) In 

0 

oo oo 

3 = 2 J Qi (C i) d<» + J'tpi (C) ftC, 


Hence 


*(t) = E?=i 


-h (xi (t) - x*) aif3q 


Xi ( t ) 


+«i x*fi (v*) 


OO 

J 9i (CO 


A^i 

Xi(t) 


[h(z(t))-h(z*)\ [z(t)-z*] 


Xjit - Qy* fi(v{t - C)) 

x*Vi (t) fi(v*) 


— In 


*(*) 


_ ln x{t - (i)y* fijvjt ~ (j)) ln £;(f - C»)/(v(* - O) 


x*yi(t)fi{v*) 

_ ln - C) ln Vi(t - C) 




<eL 


a* x*fi (v*) 


Vi(t) 

fi(v(t )) 


dC<- 

— In 


Xi(t)fi(v(t)) 

fi(v(t)) v(t) 


d(i + / V’i(C) ~ 9 


v*Ui(t - C) 
v (t) y* 


fi («*) V /< (v*) 


/i(v*) JJ 

/»(*>(*)) \ KC , 


ln 




= Ei=i [«< ^/iK)(«)-#))]. 


where cr = and using Lemma 2, we get U (t) < 0 and V (t) = 0 if and only if Xi (t) = x*,z(t) = 
z*, y*ifi{v{t-Q) = yi(t)fi(v*), v*yi(t~Ci) = v(t)y* and v(t) = v* for Q G [0,oo). Then the solutions converge 
to T, which is the largest invariant subset of {V (t) = 0} and by conforming LaSalle’s invariance principle, we 
get that E* is GAS in L. 


4 Numerical simulations 

In this section, we present an instance to explain the main results given in Theorem 1 and 2 by using the 
Lyapunov direct method. We have determined a set of conditions which guarantee that the steady states of 
model (l)-(6) are GAS. Table 1 have the estimate values of model (l)-(6) parameters. The effects of two main 
factors on the qualitative behavior of the system which include therapy efficacy e and time delay r will be 
studied below in details. Using MATLAB we have implemented all computations. This example is obtained 
from the model (l)-(6) by choosing particular template of the functions fi(v(t)) and hi(z(t)) as follow: 

fi(v(t)) = v— ^ , f 2 (v(t)) = — , hi(z(t)) = z(t), h 2 (z(t)) = z{t) , 

1 + Wi1> 1 + W2f 

where wi, W 2 > 0 are constants. Further more, we are going to choose a particular form of the probability 
distribution functions Gi(r) and \Eb(r) as Gj(r) = S(r — n), H /*(r) = S(t — r,), i = 1,2, where S(.) is the 
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Dirac delta function, r-| and r 2 are constants where t* € [0, oo], i = 1, 2. are constants where Gi(r)dT = 

/ 0 °° ^/j(T)dr = 1. Using Dirac delta function properties we get: 

OO OO 

g t = J e~ miT S{r - T^dr = e ~ miT * J 5{t - n)dr = e~ miTi 

0 0 

oo oo 

i/>i = J e~ niT d(r - Ti)dT = e~ niTi J 5 {t - n)dT = e - " m , 

0 0 

oo 

J 5(t - Ti)e~ miT Xi(t - r)fi(v(t - r))dr = e~ miTi Xi(t - n)f t {t - n), 


0 

oo 

J S(t - Ti)yi(t - Ti)dr = e~ niTi yi(t - n). 
o 

Referring to the previous relations, we can rewrite model (l)-(6) as follows 

xi(t) = Hi - kixi(t) - aixi (t) V ^ . . , (17) 

1 + 0JiV{t) 

2 /i (t) = aie~ miTl Xi(t - Ti) ^ ~ , Tl) — r - ryi(t) - (18) 

l + ujiv{t — n) 

X 2 (t) = H2 - k 2 X 2 (t) - a 2 X 2 (t) V ^ , , (19) 

1 + 0J2V(t) 

yi(t) = a 2 e~ m2T2 F 2 x 2 (t - r 2 )— ^ — r - rj/ 2 (<) - Pyi{t)z{t), (20) 

1 + u) 2 v{t — r 2 ) 

v(t) = Nr {e~ niTl y\(t - n) + e~ n2T2 y 2 (t - r 2 )) - du(t), (21) 

i(t) =A(2/i(t) + 2/2(i))-^W- (22) 


To study the effect of drug efficacy, we choose ol\ = (1 — s)a 0 and a 2 = (1 — £)6 0 - We have chosen the initial 
conditions: 

IC: = 600, <p 2 (u) = 1, ifi 3 (u) = 500, ipi{u) = 1, ^(u) = 10 and tpe(u) = 40, u € [— oo,0]. 

Table 1: We define the parameter values of model (17-22) as follow: 


Parameter 

Value 

Parameter 

Value 

Mi 

10 cells mm~ 3 day _1 

M2 

6 cells mm -3 day -1 

fci 

0.01 day" 1 

k 2 

0.01 day -1 

a 0 

0.004 day -1 

b 0 

0.001 day -1 

Wl 

0.05 virus -1 mm 3 

U} 2 

0.05 cells -1 mm 3 

r 

0.3 day -1 

mi 

1 day -1 

p 

0.001 

m 2 

1 day -1 

N 

5 virus cells -1 

n i 

1 day -1 

d 

3 day -1 

n 2 

1 day -1 

A 

3 day -1 

T\ = t 2 

varied 

q 

0.1 day -1 

£ 

varied 


Case I: Effect of drug efficacy on the dynamical behavior of the system: 

In this case, we fix the delay parameter n = r 2 = r = 0.5. Figures 1-6 show the effect of drug efficacy on 
the stability of the steady states and the evolution of the uninfected and infected for each CD4+ T cells and 
macrophages, free virus particles and immune response. We observe that, as the drug efficacy is increased from 
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£ = 0 to £ = 0.8, Ei still exists and is a globally asymptomatically stable. Moreover the concentrations of 
uninfected CD4+T cells and macrophages are increasing and converging to their normal values = 1000 cells 
mm -3 , ^ = 600 cells mm~ 3 , respectively. While the concentrations of CD4+T, macrophages infected cells 
and free viruses are decaying and tend to zero when e = 0.8. The concentration of cytotoxic T lymphocytes 
(CTLs) immune response is increasing for the values of equal to 0, 0.2, 0.5 and tend to zero when £ equal to 
0.8. It means that the numerical results are consistent with the theoretical results that are given in theorem 
1,2. We can see from the simulation results that the treatment with such drug efficacy succeeded to eliminate 
the HIV virus from the blood. 

Case II: Effect of time delay on the dynamical behavior of the system: 

In this case, we confirm the effect of delay parameter in pre-treatment case where £ = 0.0. Figures 7-12 show 
the effect of time delay on the stability of the steady states and the evolution of the uninfected and infected 
for each CD4+ T cells and macrophages, free virus particles and immune response. We observe that, as time 
delay is increased from r = 0.1 to 0.9, E\ still exists and is a globally asymptomatically stable. Moreover the 
concentrations of uninfected CD4+T cells and macrophages are increasing for the values of r except r = 0.1. 
The concentrations of CD4+T, macrophages infected cells and free viruses are decaying with the increasing of 
time delay values and tend to zero when r = 0.9. While the concentration of cytotoxic T lymphocytes (CTLs) 
immune response is increasing for the values of equal to 0.1, 0.3, 0.5 and it tend to zero when r equal to 0.9. 
It means that the numerical results are consistent with the theoretical results that are given in theorem 1,2. 
Moreover from a biological point of view, the intracellular delay plays a similar role as an antiviral treatment 
in eliminating the virus. Where, sufficiently large delay repress viral replication and works on virus clearance. 
This awaken us to the significance of medications running on the prolong of intracellular delay period. 




Figure 1: The evolution of uninfected CD4+T cells Figure 2: The evolution of infected CD4+T cells 

against time with constant time delay r = 0.5. against time with constant time delay r = 0.5. 


121 


Shaimaa A. Azoz et al 111-125 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 




Time(days) Time(days) 


Figure 3: The evolution of uninfected macrophages Figure 4: The evolution of infected macrophages 

cells against time with constant time delay r = 0.5. cells against time with constant time delay r = 0.5. 



Time(days) 



Time(days) 


Figure 5: The evolution of free viruses against time 
with constant time delay r = 0.5. 


Figure 6: The evolution of immune response against 
time with constant time delay t = 0.5. 



Time(days) 



Time(days) 


Figure 7: The pre-treatment evolution of uninfected 
CD4+T cells against time. 


Figure 8: The pre-treatment evolution of infected 
CD4+T cells against time. 
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Time(days) Time(days) 


Figure 9: The pre-treatment evolution of uninfected Figure 10: The pre-treatment evolution of infected 

macrophages cells against time. macrophages cells against time. 




Time(days) Time(days) 


Figure 11: The pre-treatment evolution of free Figure 12: The pre-treatment evolution of immune 

viruses against time. response against time. 
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5 Conclusion 

In this paper, we suggested a distributed delayed human immunodeficiency virus (HIV) models with CTL 
and two target cells as a system of nonlinear ODES. We demonstrated the positively and boundedness of the 
solutions and calculate the steady states of the model. Besides we have used suitable Lyapunov functions to 
set the global asymptotic stability of the steady states. We have derived the basic reproduction number R 0 
and established that the global dynamics are completely established by the value of the related reproduction 
number. 
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Abstract 

By applying Ahlfors’ theory of covering surfaces, we prove that for quasi-meromorphic 

mapping / satisfying limsup, >oc (hg ’ r )2 = +oo, there exists at least one pseudo-T-direction 

of /. We also prove that there exists at least one pseudo-Nevanlinna direction of / which is 
also pseudo-T-direction of / under the same condition. 

Key words: A-quasi-meomrophic mapping; pseudo-T-direction; pseudo-Nevanlinna direction 

2000 Mathematics Subject Classification : 30D 60. 


1 Introduction, definitions and results 

It is very interesting topic on singular directions of meronrorphic functions in the fields of complex 
analysis([3, 6, 8, 13, 10, 14]), such as Julia direction, Borel direction, T-direction, Hayman direc- 
tion, and so on. In 1997, Sun and Yang [7] extended the value distribution theory of meromorphic 
functions (see [3, 13] for standard references) to the corresponding theory of quasi-meromorphic 
mappings [1, 7]. In fact, for value distribution of quasi-meromorphic mappings /, the singular 
direction for / is also one of the main research objects. In [7], Sun and Yang obtained an existence 
theorem of the Borel direction by using the filling disc theorem of quasi-meromorphic mappings. 
Later, there were some important results about singular directions for quasi-meromorphic map- 
pings. In 1999, Chen and Sun [1] gave the definition of Nevanlinna directions of quasi-meromorphic 
mappings on the complex plane and proved that there exists at least one Nevanlinna direction for 
quasi-meromorphic mappings of infinite order by using type function, and they also obtained that 
the Nevanlinna direction for quasi-meromorphic mappings of infinite order is also one Borel direc- 
tion with respect to the type function. In 2004, Liu and Yang [4] studied the relationship between 
the Julia direction and the Nevanlinna direction of quasi-meromorphic mappings by applying a 
fundamental inequality of quasi-meromorphic mappings on an angular domain. 

For a meromorphic function /, Zheng [14] introduced a new singular direction called a T- 
direction conjectured that a transcendental meromorphic function / must have at least one T- 
direction and proved that lim sup TTl = + 00 - Later, H. Guo, J. H. Zheng and T. W. Ng [2] 

r—> oo 

proved that the conjecture is true by using Ahlfors-Shimizu character T(r, f2) of a meromorphic 
function in an angular domain f 2. Xuan [12] studied the existence of T-direction of algebroid 
function dealing with multiple values. In 2006, Li and Gu [5] proved that there exists at least one 
Nevanlinna direction for a X-quasi-meromorphic mapping / under the condition lim sup ' y \{} 2 = 

r— xx> ^ °s r ) 

‘The author was supported by the NSF of China(11561033, 11561031), the Natural Science Foundation of 
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi of Chi- 
na (GJJ150902). 
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+oo. In this paper we will further investigate some new singular direction of A^-quasi-meromorphic 
mapping /. Before stating our main results, we will introduce some definitions and notations, which 
can be found in [7, 11]. 

Definition 1.1 (see [7]). Let f be a complex and continuous functions in a region D. If for any 
rectangle R = {x + iy; a < x < b, c < y < d} in D, /( x + iy ) is an absolutely continuous function 
of y for almost every x £ (a, b), and f(x + iy) is an absolutely continuous function of x for almost 
every y € ( c,d ), then f is said to be absolutely continuous on lines in the region D. We also call 
that f is ACL in D. 

Definition 1.2 (see [7, Definition LI]). Let f be a homemorphism from D to D' . If 

(i) f is ACL in D, 

(ii) there exists K > 1 such that f(z) = u(x,y) + iv(x,y) satisfies \f z \ + \f~\ < K(\f z \ — |/~|) 
a. e. in D, then f is called an univalent K-quasiconformal mapping in D. If D' is a region on 
Riemann sphere V, then f is named an univalent K -quasi-meromorphic mapping in D. 

Definition 1.3 (see [7, Definition 1.2]) Let f be a complex and continuous function in the region 
D. For every point Zo in D, if there is a neighborhood U(c D) and a positive integer n depending 
on Zo, such that 

F(A = l (/(*))”> /(+o)= o o, 

w \ (f(z)-.f(z 0 )^+f(z 0 ), f(z 0 ) ± 00 . 

is an univalent K -quasi-meromorphic mapping, then f is named n-valent K -quasi-meromorphic 
mapping at point zo . If f is n-valent K -quasi-meromorphic at every point of D, then f is called a 
K -quasi-meromorphic mapping in D. 


Let V be the Riemann sphere whose diameter is 1. For any complex number a, let n(r, a) be 
the number of zero points of f(z) — a in disc \z\ < r, counted according to their multiplicities, 
n l \r, a) be the number of zeros of f(z) — a with multiplicity < l in disc \z\ < r, counted according 
to their multiplicities. Let F r be the covering surface f(z) = u(x, y) + iv(x, y) on sphere V and 
S(r, f) be the average covering times of F r to V, 


S(r,f) 


\FA 


i 
7 r 



\h\ 2 -\M 2 

(i + I/I 2 ) 2 


rdtpdr, 


where |F r | and \V\ are the areas of F r and V respectively, 


T(r,f)= f 

Jo 


S(r,f) 


dr. 


N(r,a) = [ 

Jo 


n(t, a) — n( 0, a) 


dt + n(0, a) log r, 


at/w \ f r n l \t, a) — a) , 

N l \r, a) = / — ^ -dt. + n J) (0, a) logr. 

Jo t 

Let fl(<p i, + 2 ) = {z € C : ipi < arg z < +2j-(0 < +1 < +2 < 2n), we denote 


F r 


1 


S{r, + 1 , + 2 ; /) = 177T = - 


\fA 2 -\h 


1^1 kJo K, (! + l/l 2 ) 2 


■ rdipdr , 


T{r, + 1 , + 2 ; /) = [ 

Jo 


S(r,ipi,ip 2 ;f) 


dr, 


when +1 = 0,+ 2 = 2tt, we note S(r, 0, 27r; /) = S(r, /), T(r, 0, 27t; /) = T{r, /). 
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For any complex number a, let n(r, p\, p> 2 ', a) be the number of zero points of f(z) — a in sector 
fl(^i , P’fi) D {z : \z\ < r}, counted according to their multiplicities, n l \r,ipi,(p 2 ',a) be the number 
of zeros of f(z) — a with multiplicity < l in sector P 2 ) D {z : \z\ < r}, counted according to 

their multiplicities. We define 


n(t, p 2 \ a) - n( 0 , a) 


t 

-nOr 


dt + n(0,(pi,ip 2 ;a) log r, 


N[r,p> i,tp 2 ;a) = / 

Jo 

AT n, x r nd (t, ^,¥> 250 )- n‘l ( 0 , a) n 

AT -'(r, (^1,(^2; a) = / dt + n •’(0,(^1, ^ 2 ; a) log 

Jo * 


r. 


Next we give the definitions concerning the Nevanlinna direction of A'-quasi-meromorphic map- 
pings dealing with multiple values . 


Definition 1.4 Let f be a K -quasi-meromorphic mapping and l be a positive integer. Then we 
call 6 l \a,ipo) the deficiency of the value a in the direction A((po): argz = p>o,0 < po < 27t. We 
call a the deficiency value of f in the direction A(ipo) if 6 l > (a,<po) > 0 , where 

x i), x 1 ,• r N l \r,v 0 -e,ip 0 + e-,a) 

0 [a, ipo) = 1 — lim sup lim sup — 7 —. 

e^+o r— >-oo T(r, <po-e, p 0 +£;f) 

Definition 1.5 We call A (ip 0 ) : arg 2 = tp 0 the pseudo-Nevanlinna direction of f if, for any system 
flj ECU {oo}(j = 1,2 ,... ,q) of distinct values and any system kfij = 1,2, ... ,q) such that kj is 
a positive integer or +00 such that 


E 


j-t 


1 

kj H- 1 


> 2 , 


(i) 


and 


Er k fn skl (wvo)<2. 

4 = 1 3 


Similarly, we give the pseudo-T-direction of i^-quasi-meromorphic mapping as follows. 

Definition 1.6 Let f be the I\ -quasi-meromorphic mapping. A direction B : arg 2 = (p o (0 < po < 
27t) is called a T-direction of f if, for any e(0 < £ < |), and any system aj ECU {oo}(j = 
1,2, ... ,q) of distinct values and any system kfij = 1,2, ... ,q) such that kj is a positive integer 
or +00 satisfying (2), there exists at least one integer j(l < j < q) such that 


lim sup 

r —¥ 00 


N k A( r , tp 0 £, po + £, aj ) 

T{r,f) 


> 0. 


Now, we will give an existence theorem of pseudo-T-direction of A'-quasi-meromorphic mapping 
f as follows. 


Theorem 1.1 Let f be the K -quasi-meromorphic mapping satisfying 

lim sup f = + 00 , (2) 

(log r) z 

then there exists at least one pseudo-T-direction of f. 


We also investigate the problem on the relationship between pseudo-Nevanlinna direction and 
pseudo-T-direction of / under the condition lim sup /jy/xl = + 00 , and obtain the following result: 

r —> 00 

Theorem 1.2 Let f be the K -quasi-meromorphic mapping satisfying (2). Then there exists at 
least one direction which is both one pseudo-Nevanlinna direction of f and one pseudo-T-direction 

off- 
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2 Some Lemmas 


Let F be a finite covering surface of Fi, F is bounded by a finite number of analytic closed Jordan 
curves, its boundary is denoted by dF. We call the part of dF, which lies the interior of F 1; the 
relative boundary of F, and denote its length by L. Let D be a domain of F\, its boundary consists 
of finite number of points or analytic closed Jordan curves, and F(D) be the part of F, which lies 
above D. We denote the area of F,Fi,F(£>) and D by |F|, |Fi|, |F(D)| and \D\, respectively. We 
call 



S(D) 


\F(D)\ 

\D\ 


the mean covering numbering of F relative to Fi, D, respectively. 


Lemma 2.1 (see [9, Theorem 3]) Let F be a simply connected finite covering surface on the unit 
sphere V , and let kj(j = 1, 2, . . . , q) be q positive integers. Let Dj(j = 1, 2, . . . ,q) be q(> 2) disjoint 
spherical disks with radius 6/ 3(> 0) on V and without a pair of Dj such that their spherical distance 
is less than S and let nfi be the number of simply connected islands in F(Dj), which consist of 
not more than kj sheets, then 


E 


3 = 1 


k 3 

kj + 1 



> 




C + 9n :h 


where L is the length of the relative boundary of F. 


By applying Lemma 2.1, we can get an important inequality of A"-quasi-meromorphic mapping 
in an angular domain as follows. 

Lemma 2.2 Suppose that f(z) is a K -quasi-meromorphic mapping, and let kj(j = 1, 2, . . . , q) be 
q positive integers, and {a, } are q(> 3) distinct points on V and without a pair of {aj} such that 
their spherical distance is less than 5 + 25/3, nfi be the number of zeros of f(z) — aj, which are 
consisted of not more than kj multiplicities, then 


E 


3 = 1 


k 3 

kj + 1 



> 




C + 9TTh 
S s^ L - 


Lemma 2.3 (see [5, Lemma 2.2]). Let f(z) be a K -quasi-meromorphic mapping on the angular 
domain — <5, 'jC’o + 5), a\ ,...,a q (q > 3) are distinct points on the unit sphere V and the 

spherical distance of any two points is no smaller than 7 £ (0, |). Let Fq = V \ {ai, 02 , ... , a q }, 
D = Ll(r,ip 0 - ip, (fi 0 + <f) n {z : \z\ > 1} \ {/ _ 1 (ai), / _ 1 (a 2 ), . . . ,/ _ 1 (ai)} and D r = Dr{z: \z\ < 
r}(r > 1), F r = f(D r ) C V , then for any positive number <p satisfying 0 < ip < 6, we have 


L(df(D r )) <V2Kn 


d(S(r, ip 0 -<p,ip 0 + 1 p; /) - 5(1, ip 0 - ip, <p 0 + y?; /)) 
dip 


(logr) 2 (3) 


+ V2K5rn 2 (r, ip 0 - 5, ip 0 + 5) + V2K5p 2 (1, ip 0 - 5,ip 0 + 5). 


where F r is the covering surface of Fq and L(df(D r )) is the length of the relative boundary of F r 
relative to Fq, and 


p(r, ip 0 - 5, ifo + .5) 


r<Po+S 

Lpo-S 


\M 2 -m 2 

(1 + |/(re* v | 2 ) 2 


rdip. 
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Lemma 2.4 Let f(z) be a K -quasi-meromorphic mapping on the angular domain f2(y>o — 8, <po+<5), 
and kj(j = 1,2 ,q) q positive integers. If a \, . . . , a q (q > 3) are distinct points on the unit sphere 
V and the spherical distance of any two points is no small than 7 £ (0, |). Then 




W' =1 


kj + 1 


- 2 S{r,ip 0 - <p,ip 0 + ¥>;/) 


< 


kj k) . . . , 2C 2 j~ 6 tt 2 K 

X 7 — T T n J ( r ’^° “ <5, <A) + £;%•) + — 7 — -T \ 

TU + 1 (Ek (‘ - w) - 2 ) <* - *0 


log r 


1 


+ ^X ^1- 1 -1 ) -2 ) S{l,ip 0 - ip,ip 0 + (p; f) + 2C~/ 3 S2K^r^p,^(r,ip 0 -S,ip 0 + S) 

+ 2C'y~ 3 5z K? ( 1 , ip 0 — 8, <po + S) 


(4) 


and 


^X “ k 1 ) “ 2 j T ( r > “ T, To + <p\ f) 


< X k + ^ N kj \r, (fio -S,<po + 8; aj) + 


2C 2r y~ h TT 2 K 


3= 1 


(&i (^^Tl)- 2 ) (*“*) 


(logr) 


Ei - 




kj + 1 


- 2 T(l, (fo - (p,(p 0 + (p;f) 


^X ( 1_ k~+l) _2 j ~ <P,<Po + V, f)logr 


1 _ „ 1 1 


+ 2 C 7 *5*K 2 ^ 2 (i 5 ^ 0 — <5 , (^ 0 + (5) log r + A(r , ipo -5,(p 0 + 6) 


(5) 


for any ip,0 < <p < 6 , where C is a constant depending only on {ai, < 22 , . . . , a q }. A (r, po~5, Po+8) = 
2Cj~ 3 Si J^ ^ r ^o-s,vo+f>) ^ dr) ^ - «5, <p 0 + £) = (i+j/^.v^ rdy) 

A(r , ipo - 5, ip 0 + 6) < 2C"/~ 3 S^n^ K^(T(r,ip 0 -S,ip 0 + 6 ; /))* log T(r, ip 0 -8,Vo + S', f) (6) 

outside a set Eg ofr at most, where E$ consists of a series of intervals and satisfies f E (r log r)~ 3 dr 
< +00. 

Proof: Under the condition of Lennna 2.3 and Lemma 2.2, we have 

S(D r ) = S(r, (p 0 -<P,<Po + f) - S(l, <p 0 ~T,Po + /)■ (7) 

Using Lemma 2.1, we easily obtain 

(x ~ k + 1 ) _ ^ r ’ v?o ~ <y9 ’ + ^ ^ - s ^ 1, - + ^ /)] 


^x 

1=1 




kj H- 1 


n- :i) {r,<p 0 - 5 ,p 0 + S;aj) + U7 3 L(d(D r )). 


(8) 
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where C is a constant depending only on {ai,a, 2 , ■ ■ ■ ,a q }. 
Taking (3) into (8), we have 


Eh- 


^' =1 

9 


1 


kj + 1 


- 2 [S{r, y 0 ~V,Vo + V, /) - ^(l, Vo - V, Vo + V, /)] 


- X] _ + ^ °i) _ ( r ’ “ <*> + <5) 

1= i 3 


~ Cj 3 V2K6/J,2( 1, (/?o - 5, <y9o + <5) 


<C~/- 3 ^2Kn 


d{S(r, y 0 -y,y 0 + y\ /) - 5(1, <y9 0 - ¥>, <^o + ¥>; /)) 


dt/3 


(log r ) 5 


(9) 


We denote 


A{r, v) = ( X - ~k~+l) ~ ^ r ’ + v5; ^ “ 5 '( 1 ’ - V, /)] 

Q i 

- X] fc . 1 nfcj) ( r » ¥>o - (5, Vo + <5; aj) - C-y~ 3 Y2KSrp (r, Vo ~d,Vo + S) 
l=i J 

- C , 7 _3 'v/2if<5|U5(l, (^o — 5, vo + S). 

By (9) and (10), we have 

1 

~d(S(r, vo ~V,Vo + V, f) ~ S{1, Vo ~V,Vo + V, /)) 


(10) 


A(r, v) E Cy 3 V2Ktt 


dv 


(log r) 2 . (11) 


And from (10), it follows that A(r, v) is an increasing function of y. Thus, there exists <5o > 0, 
such that A(r, y) < 0 for 0 < v < and A(r, v) > 0 for v > ^o- 
Now, two following cases will be considered: 

Case 1. For v > ^o> by (11) we have 


[A(r, v)} 2 < 2C 2 'y~ 3 Kn 
By (10) we have 

1 


2 —6 Ts 2 d (S(r,vo-V,Vo + V,f)~ S(l,vo-V,Vo + V,f)) 


dv 


logr. (12) 


dA{r, y) 

dv 


= IEI 1 - 

1=1 


kj -I- 1 


- 2 


d(S(r, vq -y,y o + y, f) - 5(1, y 0 -y,y 0 + y; /)) 
dy 


• (13) 


From (12) and (13) we have 

[A{r,y)Y < 


2 C 2 7 6 K ir 2 logr dA(r,y) 


EU{ 


1 - 


kj +1 


-2 


dip ’ 


z.e., 


dip < 


2C 2 7 6 if 7r 2 logr dA(r,ip) 


EU h - Ai) - 2 [ ' 4(r ' rfP ' 

For the above inequality, by integrating its two sides, we have 

c /• 5 , 2C 2 j~ 6 Kn 2 log r f s dA(r,y) 2C 2 'y- 6 Kn 2 logr 

s ~ v =l dv< - 


eu h - A.) - 2 ■ 4(r - v) ' 
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Thus 


A(r, <p) < 


2C 2 "/~°Ktt 2 logr 


{T.U (i - 


kj+1 


~ 2) (6-<p) 


(14) 


Case 2. Because A(r, if) < 0 when 0 < ip < So, the above inequality also holds. 
From Case 1 and Case 2, we can easily get 


A(r, if) < 


2C 2 ^~°Kn 2 logr 


( 


1 - 




— 2 )(6-if) 


for any <f, 0 < ip < 8. Thus, from (10) we can get (4) easily. 

Then, by dividing r and integrating from 1 to r on each sides of (4) we get 


Ed- 




1 


kj + 1 


- 2 T(r,ip 0 - ip,if 0 +<p;f) 


^E 

3 = 1 


kj 1 


N kj \r, if 0 -8,ip 0 + S-aj) + 


2C 2 j~ b TT 2 K 


1 - 


Eb- 


C =1 


1 


kj + 1 


(£!-. ( 

- 2 I T(l,if 0 - if,ip 0 +if,f) 


kj -\- 1 


) — 2) (8- if) 


(logr) 5 


|e ~ aTTi) “ + <P;/)logr 


+ 2C7 K? pi (l,ip 0 — 8,(p 0 + 8)\ogr + 2Cj S 8^K^ 


p{r, ipo -8,ip 0 + 8) 


dr. 


From the definitions of S(r, ip\,ipn',f), m(t, fo — 8, tfo + 8) and A (r, ipo — S,ipo + S), and Schwarz’s 
inequality we get 


(A(r ,(f 0 — S,ip 0 + 5)) 2 = AC 2 j~°SK 


M(r, <Po-^^o + <5)b 2 


dr 


/ r *r 

fi(r, <fo ~ 8, ipo + 5)dr J r~ x dr 

< 4C ,2 7 _6 7n5A'logr J dS(r,ip 0 - S,ip 0 + 8; f) 

< AC 2 j~ 6 irSKS(r, ipo — 8,tpo + 8; f) log r 


= AC 2 'y~ b Ti8K 


- dT ( r, ifo-S, (fo+S-J) 
dr 


r log r. 


(15) 


Choosing ro,ro > 0 such that T(ro,fo — 8, ipo + 8; f) > 1, and setting E$ = {ro < r < 00 : 
(A(r, ifo - 8, ip 0 + S))' 2 > AC 2r i~ 6 n8KT{r, fo - 8,ip 0 + 8; f)(logT(r,ip 0 ~ S,p 0 + S;f)) 2 }, thus we 
have 


dr 


< 


dT(r, ifo-S , ifo + 8-f) 


I e s r logr J e§ T {r,fo - 8,po + 8] f)[\ogT(r,ip 0 - 8,ipo + 8\ f)} 2 

< [log T (?’ 0 , ipo ~ 8, ifo + 8; /)] _1 < +00. 


(16) 


Then for r > r 0 and r E$, we have (5). 

Thus, the proof of Lemma 2.4 is completed. 


□ 
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Lemma 2.5 (see [11, Lemma 2-4] or [12]). Let F(r) be a positive nondecreasing function defined 
for 1 < r < +oo and satisfy 

ii ™ p (iS+ =+o °' <i7) 

Then, for any subset E C (1, +oo) satisfying f E < j(p> 2), 

.. F( r ) 

limsup = +oo. 

r— >oo,rE(l,+oo)\£7 Tj 

Lemma 2.6 Let f(z) be the K -quasi-meromorphic mapping and m(m > 1) be a positive integer. 
Put <Po = 0,<pi = |r,.. .,<p m - i = (m- l)f?. Let 


A (<pi) = {z\\argz - ifi\ < — > (0 < i < m - 1). 

I m J 

Then among these m angular domains {A(y>*)}, there exists at least an angular domain A (ipf) 
such that for any system afij = 1,2 , . . . ,q) of distinct values and any system kj(j = 1,2, ... ,q 
such that kj is a positive integer or +oo and that 




there exists at least one integer j(l < j < q) such that 

r N k >\r, A(<pi),a) ^ n 

limsup rTTn > °- 

Proof: Suppose that the conclusion is false. Then for any A(< Pi)(i = 0, 1, . . . , m — 1), there is 
a system a) (j = 1,2, ... ,q) of distinct values and a system fc * (j = 1,2 ,... ,q) such that fc* is a 
positive integer or +oo and that 

j-i 3 

for any j ( 1 < j < q), we have 


lim sup 


N ki i\r,A(ifii), aij) 

T(r,f) 


Let ft be any positive integer. Put \i + ^ , 0 < i < m — 1, 0 < k < /? — 1. For any given 


number r > 1, writing 


A ,;, fc (r) = {z||z| < r,ip iik < Pi,k+i} ■ 


fi—l m— 1 

i\z\ <r} = J2Yl A hk(r)- 

k = 0 i—0 


I Pi, 0 + Pi, 1 , , <P*+1,0 + Pi+ 1,1 

A 2 - ar9Z - 2 


A° = {z|<p i>0 < argz < p i+ i,i}, 0 < i < m - 1, 


El 1 - 


= mm 

kj + 1 / l<i<m 


E P- 


<=; + i 
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From Lemma 2.4 we have 




{r, A a})+0(logr)+/qr 2 /i 2 ( r , ^ i+1)1 ). 


Add from * = 0 to m — 1 and divide both sides of this inequality by r and integrate both sides 
from 1 to r, and since T(r, /) = EiL -o ^( r > Aj, /), then the following inequality can be obtained 


i C'-M 


kj + 1 


-2 T(r,/) 

\ KM H- I / 

^' =1 

m— 1 q m-1 

^EEt+ A— N k i\r, A°,a}) + 0((logr) 2 ) + ^ A(r, (p+o, <p*+i,i), 
i=o j=i K i ” l ~ i=0 


(19) 


where 


A(r, (p+cnPi+i, l) < K 


27t i; 


(T(r, <p*+i,i; /)) 2 log T(r, +i, 0 , Pi+ 1 ., 1 ; /) 


at most outside a set Ei of r, where Ei satisfies / E . (r log r) Mr < +oo(i = 0, 1, . . . , m — 1). 

For any i £ {0, 1, . . . , m— 1} and p > 2, there exists r* > 0 such that T{ri, ipifl, fi+i,i\ f) > e pm 
for r > r,;. Then it follows from (16) that 


-dr < 


1 1 

< < 


rlogr logT(r,p ii0 ,Pi+i,i;/) pm p 


Put E = U ™ =0 1 E i , then 


rlogr 


d r < 


i=0 


r Ei 


rlogr 


-dr < m max 


o <i<m-i J E . rlogr 


1 , 11 

dr < to • < — . 


pm p 


By applying Lemma 2.5 to this set E and T(r, /), we obtain that 

T(r,f) 

Inn sup — = +oo. 

r— too,r£(l,oo)\E (log r) 


There exists {r n } € (r, +oc)\.E, 

For this sequence {r„}, by (19) we have 


,. T{r n ,f) , 

inn = +oo. 

n—too (log r n ) z 


E *- 


1 


kj + 1 


-2 T(r n ,f) 

\ KM- H- I / 

Vi=i 

m— 1 q i m— . 1 

^EEtt -^—N k j\r n , A°, oj) + 0((logr„) 2 ) + ^ ' A(r n , pj,o, Pi+i,i)- 

i=0 j = 1 K 0 + i— 0 


From (18), by dividing both sides of the above inequality by T(r n , /) and letting n — > oo, we obtain 
EU (* _ SJ+t) “ 2 < 0 that is, Ej=i (l - S+pr) < 2, a contradict. 

Thus, this completes the proof of Lemma 2.6. □ 
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3 The Proof of Theorem 1.1 


Proof: By Lemma 2.6, we can choose subsequence of { 9 m }, assume that 9 m — > 9o when m — > oo. 
Then B : arg z = 9 0 is a pseudo-T-direction of /. 

In fact, for any e(0 < e < f), when m is sufficiently large, we have A (9 m ) C f2($o+)- By 
Lemma 2.6, we have 


lim sup 

r—¥ oo 


jV^)( r , 9p, e, a j) 

T(r,f) 


> lim sup 

r—¥ OO 


N kj \r, A(0 m ), cij) 
T(r,f) 


> 0. 


Thus, we complete the proof of Theorem 1.1. 


□ 


4 The Proof of Theorem 1.2 


Proof: Suppose 5 € (0, 27 t), we can choose r 0 > 0 such that T(ro, <po ~ 8,<p + 6; f) > e p . Then it 
follows from (16) that 


1 


1 1 

log T(r 0 , ipo — S,ip + S; /) < p 


Je s rl °g r 

By applying Lemma 2.4 for the set E$ and T(r, /), it follows that 

T(r,f) 


lim sup 

r— >-oo,r6 (l,oo)\Es 


(log r)‘ 


= +oo. 


So, there exists a sequence {r n } £ (r,+oo)\Eg, 


lim 

n—¥ oo 


T(r n ,f) 

(log r„) 2 


= +oo. 


( 20 ) 


By applying the finite covering theorem at [0, 27 t], there exists some ipo such that ipo £ [0, 27r] and 


lim sup 


n +o -<p,po + +; /) 

T(r n ,f) 


> 0 


( 21 ) 


for an arbitrary ip, 0 < <p < ipo- Thus, we will prove that the direction A(y>o) : arg z = <po is one 
pseudo-Nevanlinna direction of f(z) which is also the pseudo-T-direction of f(z). 

Step one. We firstly prove that the direction A(y>o) : arg 2 = ipo is one pseudo-Nevanlinna 
direction of f(z). 

Otherwise, for an arbitrary positive number £q > 0, there exists a system a,j £ C U {oo}(j = 
1 , 2 , ... ,5) of distinct values and a system kj(j = 1 , 2, . . . , q) such that kj is a positive integer or 
+00 and that 

t( 1 - ¥ Vr)>2. < 22 > 

j—i ' j / 

the following inequality holds 


^ ( a i> +0) > 2 + £o- 

j — 1 3 

From the definition of 5 kj (aj,po), we get 


lim sup lim sup - — 3 - — 

cp — ^ TO r— >•+ 00 kj -b 1 


N k ^(r, <p 0 -ip,p 0 + p-,a j ) 
T(r, p 0 -ip,p 0 + (p;f) 



t=i 


1 

kj + 1 


— 2 — £ 0 - 
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Thus, there exists some p'(> 0), and for any tp, 0 < p < <p' , we have 


kj N kj \r, (fio -p,p 0 + p; aj ) 


lim sup V , . n 

r— i-+oo trf k j + 1 T (r,p 0 -p,po + pu) 


< 


Ed- 


i 


j = i 


i=i 


/c 7 ‘ + 1 


— 2 — £q. 


Then for any tp, 0 < tp < p' , set 


T(tp) = limsup 

n— >-+oo 


T( Po - p, po + p; f ) 
r(r„,/) 


(23) 


(24) 


Obviously, T(y>) is an increasing function in interval [0, From (21) we have T(p) > 0. So, 
0 < T( <p) < 1. Since the increasing of T(tp) in interval [0, and the continuous theorem for 
monotonous functions, we can see that all discontinuous points of T(p) constitute a countable set 
at most. Then, by Lemma 2.4, we can get 


- k ^ x ) - 2^ T(r n , tp 0 -p,p 0 + tp; /) 


^E 

j = i 


kj 1 


N kj \r n ,p o -6,p o + 5\aj) + 0(log r„) 2 


+ 0((T(r n , p 0 -S,p 0 + 6; /)) 2 log T(r n , tp 0 -S,p 0 + 6; /)) 


(25) 


for 0 < p < 5 < p' and r n £ E$. 

Thus, it follows from (23)-(25) that 


(5"-sL 


- 2 ) T(ip) < ( 2(1- 

0 =1 


-)-2-£ 0 T(S). 


(26) 

(27) 


Then, we get from (26) 

T(p) ~ > T(d), p — > 5. 

By combining (26) with (27), we can obtain T(d) = 0, which is a contradiction to T(S) > 0. Then 
A(<po) : argz = tp$ is the pseudo-Nevanlinna direction of f{z). 

Step two. We will prove that A(y>o) : argz = po is the pseudo-T-direction of f(z). 

Otherwise, there exists £0 > 0 and there is a system a,j(j = 1, 2, . . . , q) of distinct values and a 
system kj(j = 1 , 2 ,..., q) such that kj is a positive integer or +00 and that 


3 — 1 


> 2 , 


for any j ( 1 < j < q), we have 


lim sup 


N k ^(r, po-e 0 ,p 0 + e 0 , aj) 


T(rJ) 


= 0. 


Then there exists a sequence {r„} such that 


lim 

r—>o o 


N k i\r n ,p 0 - £q,Pq + £q, cij) 
T(r n ,f) 


= 0. 


(28) 


For tp £ (0, £ 0 ), similar to (24), we define T(p), then 0 < T(<p) < 1. By Lemma 2.4, for the above 
sequence {r„} C (1, +oo)\Eg and 0 < p < tp' < S, we have 


E( X _ ~ 2 I T ( r n,Po~P,Po+p;f) < E j^^ Nki \ r n,Po-£o,Po+£o;al)+0((logr n ) 2 ) 

0= 1 j J J =1 j 


kt 
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+0((T(r n , ip 0 - £ 0 , <Po + £o; /))= log T(r n , <p 0 - e 0 , <p 0 + £o! /))■ (29) 

By (21), (28), (29) and X]j=i(l — FTf) > 2, we can obtain T(y>) < 0 which is a contradiction with 
T(ip) > 0. Therefore A(ipo) : argz = tfo is the pseudo-T-direction of f(z). 

Thus, this completes the proof of Theorem 1.2. 

□ 
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Abstract 

In this paper, we firstly establish the second main theorem about meromorphic functions on 
annuli concerning small functions. Then, by using this theorem, we deal with the uniqueness 
of meromophic functions sharing some small functions on annuli and obtain the results of 
meromporphic functions sharing five small functions on annuli, which is an answer to the 
question of Cao and Yi. In addition, we investigate the properties of meromorphic functions 
on annuli, and obtain a form of Yang’s inequality on annuli by reducing the coeffcients of 
Hayman’s inequality. Moreover, we also study Hayman’s inequality in different forms, and 
obtain accurate estimates of sums of deficiencies. 

Key words: Small function, Nevanlinna theory, the annulus. 

Mathematical Subject Classification (2010): 30D30, 30D35. 


1 Introduction 

Firstly, we always assumed that the reader is familiar with the notations of the Nevanlinna theory 
such as T(r, f),m(r, f),N(r, f) and so on (see [6, 22, 23]). 

In 1920s, R. Nevanlinna (see [17]) first established the famous Nevanlinna characteristic of mero- 
morphic functions. It is well known that the Nevanlinna characteristic is powerful, and Nevanlinna 
theory of value distribution play an important role in the research of complex analysis, which has 
been used to deal with various complex problems, such as: complex differential equation, complex 
difference equation, uniqueness of meromorphic functions, complex dynamic systems, etc. Among 
many basic theorems in Nevanlinna theory, the second main theorem is very important to study 
the value distribution, uniqueness, singular direction, which is listed as follows. 

Theorem 1.1 (see [6, 23]). Let f(z ) be a non-identically- constant meromorphic function, let 
ai , . . . , a q be distinct complex numbers, one of which can be equal to oo. Then 

X! TO ( r ’~F“ — ) < 2T 0,/) - N 1 (r,f) + S{r,f), 

J 


*The authors were supported by the NSF of China (11561033,11561031), the Natural Science Foundation of 
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi (GJJ150902) 
of China. 

t Corresponding author. 


138 


Hua Wang et al 138-150 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


(Q ~ 2 )T(r, f) < £ N(r, ) + S(r, /), 
j=i 1 aj 

where 

Ni(r, f) = N(r, 1) + 2 N{r, /) - N(r, /), 

anti S(r,f) = O(logr) as r — » oo, z/ / zs of finite order, S(r,f) = 0(log(rT(r, /)) as r — > oo, 
excluding, possibly, some set of segments in [0, oo) with finite total length, if f is of infinite order. 

As a corollary we get the following result about deficiencies 

a£C 

where 

m(r, TZT:) iV(r, 73- ) 

S(a, f) = liminf y ^— — = 1 — limsup , ,, . 

V " r-*» T(r, f) T(r , /) 

Nevanlinna asked whether Theorem 1.1 is still true when we replace constants a^ to arbitrary 
collection of distinct small functions ai(z) with respect to /. This question is very interesting and 
attracted many investigations (for references, see [5, 18]). In 2004, Yamanoi [21] extended the 
second main theorem to the case of small functions and obtained the following result 

Theorem 1.2 (see [21]). Let f(z) be a non- constant meromorphic function and a±(z), a 2 {z),..., 
a q (z) be q distinct small functions of f(z). Then, for all e > 0 

i _ i 

(q - 2 - e)T{r, f) N(r, — — ), 

j=i 1 j 

as r — ► oo, r $ E, where E is a subset of [0, oo) such that E is of finite linear measure, and the 
defect relation: 

J2 5 H Z )J) < 2- 

After theirs theorems, there are vast references on the value distribution of meromorphic func- 
tions in the whole complex plane (see [6, 13, 14, 19, 23]). Moreover, it is an interesting topic how 
to extend some important results of Nevanlinna value distribution in the complex plane to some 
subset of the whole complex plane, such as, the unit disc, the angular domain, the annuli. In 2003, 
J. H. Zheng firstly took into account the value distribution of meromorphic functions in an angular 
domain and extended the second main theorem in the complex plane to an angular domain (see 
[24, 25]). 

Theorem 1.3 (see [26, pp.59 and pp.85[). Let f be a nonconstant meromorphic functions in an 
angular domain Ll(a,fd) = {z : a < arg z < /?} (0 < [3 — a < 2n) let a±, . . . ,a q be distinct complex 
numbers, one of which can be equal to oo . Then 

« _ X 

{q ~ 2)T a ,/3 (r, f) <^2 ( r > TT — ) + QocAr, /), 

i=i 1 Uj 

where Q a ,p{r,f) = 0(logr + log + 'T a ^(r, /)) as r — ► oo, possibly except some set of r with finite 
linear measure. 

Theorem 1.4 (see [26, Theorem 2.3.2]). Let f be a nonconstant meromorphic functions in an 
angular domain fI(a,/3) = {z : a < arg z < /?}(0 < /3 — a < 2 n) let a i, . . . ,a q (q > 3) be distinct 
small functions with respect to f(z). Then, for any positive number e, we have 

« i 

{q ~ 2 - £)%<*, p(r, f) (r, -j - — ) + Q a ,p{r, /)• 

J 
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In recent, there have some results on the Nevannlina Theory of meronrorphic functions on 
annulus (see [8, 9, 11, 15, 16, 20]). In 2005, Khrystiyanyn and Kondratyuk [8, 9] proposed the 
Nevanlinna theory for meronrorphic functions on annuli (see also [10]). Later, the other forms of 
the second fundamental theorem on annuli were given by Cao, Yi and Xu [3]. 

Theorem 1.5 (see [3, Theorem 2.3]). (The second fundamental theorem) Let f be a nonconstant 
meromorphic function on the annulus A = {z : < \z\ < Rq}, where 1 < Ro < +oo. Let Or, a 2 , 

. . . , a q be q distinct complex numbers in the extended complex plane C. Let k\, A 2 , . . . , k q be q 
positive integers, and let A > 0. Then 

(Q - 2 )T 0 (r, /) < £ N 0 (r , ) - ^(r, /) + 5i(r, /), 

3 = 1 1 a ° 

{q - 2 )T 0 (r, /) < ^ lV 0 (r, -^) + 5r(r, /), 

1=1 1 aj 

where 

N^(r, f) =N 0 {r,j) + 2 N 0 (r, f) - iV 0 (r, / ), 
and Si(r, f) is stated as in Lemma 2.1. 

The basic notions of the Nevanlinna theory on annuli will be showed in the next section. Lund 
and Ye [15] in 2009 studied functions meromorphic on the annuli with the form {z : R± < \z\ < 
R 2 }, where Ri > 0 and R 2 < 00 . In 2009 and 2011, Cao [2, 3] investigated the uniqueness 
of meromorphic functions on annuli sharing some values and some sets, and obtained an analog 
of Nevanlinna’s famous five- value theorem. From Theorems 1.1-1. 4, we can pose the following 
question 

Question 1.1 Whether Theorem 1.5 is still true when we replace constants ai to arbitrary collec- 
tion of distinct small functions at(z ) with respect to f? 

In [6], W. K. Hayman obtained the following well-known theorem by investigating the charac- 
teristic functions of meromorphic function and its derivative in the complex plane. 


Theorem 1.6 (see [6, Hayman inequality]). Let f be a transcendental meromorphic function on 
complex plane, then for any positive integer k, we have 


T <’'• f > < ( 2 + \ ) N (’■• 7 ) + ( 2 ^ + 1) w (?' T^rr) + s(r ’ '>• 


W. K. Hayman [6] gave a question: whether the coefficients of two counting functions N(r, j) 
and N(r, jprnq;) are best in Theorem 1.1? Hayman’s question attracted many investigations (for 
references, see [23, 27, 4]). In [23], Yang Lo studied the above question and established the well- 
known Yang Lo’s inequality, in which the coefficients of the counting functions is more precise than 
the ones of Hayman inequality. 


Theorem 1.7 (see [23]). Let f be a transcendental meromorphic function on the complex plane, 
then for any e > 0 and positive integer k, we have 


T(r,f) 


< 


(i + ^ N(r, j) + (l + N(r, N (r, 

+eT(r, /) + S(r, /). 
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2 Conclusions 

The main purpose of this paper is to extend Theorem 1.5 to the case of small functions and obtained 
the following result. 

Theorem 2.1 Let f be a nonconstant meromorphic function on the annulus A = {z : N < \z\ < 
Ro}, where 1 < Ro < +oo. let aq, . . . , a q (q > 3) be distinct small functions with respect to f(z). 
Then, for any positive number e, we have 

(q - 2 - e)T 0 (r, f) < £ N 0 (r, + Si(r, /). 

3 = 1 1 Gj 

From Theorem 2.1, we can get the following result immediately. 

Theorem 2.2 Let f\ and f -2 be two transcendental or admissible meromorphic functions on the 
annulus A = {z : 0 < \z\ < oo}. Let aj(z ) ( j = 1,2, 3, 4, 5) be five distinct small functions with 
respect to f\ and /2 . If fi,f 2 share aj(z ) CM for j = 1,2, 3,4, 5, then fi(z) = f- 2 (z). 

The other purpose of this paper is to study the Hayman inequality of meromorphic function 
on annuli. We obtain: 

Theorem 2.3 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{z : 0 < \z\ < oo} ; then for any e > 0 and positive integer k, we have 

To{rJ) < { 1 + l) No { r ’f) + { 1 + l) N °( r ,/(^ri) 

~ N o y) + £T o(a/) + Si(r,f). 

Furthermore, when a, b are two finite complex number, a ^ b and b ^ 0. Then we have 

6o(a,f) + 5 k 0 (b,fM)<^l. 


Remark 2.1 For a £ C, we define 


Nr 


( r -/b) 


<^o(a,/) = 1 - hmsup 

r —¥ oo -^0 V 5 J ) 


, <^o( a , / (fe) ) = 1 — limsup 


N o(r, 

To(r,f) 


Definition 2.1 Let f(z) be a non-constant meromorphic function on the annulus A = {z : < 

1^1 < Ro}, where 1 < Ro < +oo. The function f is called a transcendental or admissible meromor- 
phic function on the annulus A provided that 

rj~\ J\ 

limsup — — — — = oo, 1 < r < Ro = +oo 

r—too log r 


lim sup 


To(r,f) 
jiT ~ log(R 0 - r) 


= oo, 1 < r < Ro < +oo, 


respectively. 

Moreover, we also investigated other kind of precise inequalities, and obtained accurate esti- 
mation of the sum of deficiencies as follows. 
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Theorem 2.4 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{z : 0 < \z\ < oo}, then for any finite complex numbers a,b(a b),e > 0 and positive integer k, 
we have 



-No (r, yjry) +eT 0 (r,f)+S 1 (r,fW), 


Furthermore, we have 

5 0 (a,f^) + 6 0 (bjW)< l+g^- 

3 Preliminaries and some lemmas 

Now, we will introduce the basic notations and conclusion about meromorphic functions on annuli 
(see [8, 9, 10]). From the Doubly Connected Mapping Theorem [1], we can get that each doubly 
connected domain is conformally equivalent to the annulus {z : r < \z\ < R}, 0 < r < R < +oo. 
For two cases: r = 0, R = +oo simultaneously and 0 < r < R < +oo, the latter case the homothety 

^ reduces the given domain to the annulus {z : < \z\ < Ro}, where Ro = Thus, 

every annulus is invariant with respect to the inversion 2 i — > } in two cases. 

Let / be a meromorphic function on the annulus A = {z : < \z\ < R.q}, where 1 < r < Ro < 

+oo, the Nevanlinna characteristic of / on the annulus A is defined by 

To(r, f) = m 0 (r, /) + N 0 {r, /). 

Some basic conclusions and properties of To(r, /), No(r, /), mo(r, /) had been introduced in (see 
[3, 8, 9, 10]). 

In 2005, the lemma on the logarithmic derivative on the the annulus A was obtained by Khrys- 
tiyanyn and Kondratyuk [9]. 

Lemma 3.1 (see [9, Lemma on the logarithmic derivative]). Let f be a nonconstant meromorphic 
function on the annulus A = {z : < \z\ < Ro}, where Ro < +oo, and let A > 0. Then 

m ° ( r ’ y) = 


where (i) in the case Ro = +oo, 


Si(r, *) = O(log(rT 0 (r, *))) 

for r £ (1, +oo) except for the set A r such that / A r A_1 dr < +oo; 

(ii) if Ro < +oo, then 

Si(r,*) = 0( 

Ro - r 

for r £ (1, Rq) except for the set A r such that < +oo. 

Remark 3.1 If f is a transcendental or admissible meromorphic function on the annulus A, then 
S\ _(r,f) = o(To(r, /)) holds for all 1 < r < Ro except for the set A r or the set A r mentioned in 
Theorem 3.1, respectively. 

By using the same argument as in (Valiron-Mohon’ko) ([12]), we can get the following lemma. 
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Lemma 3.2 Let f be a nonconstant meromorphic function on the annulus A. Then for all irre- 
ducible rational functions in f, 


R(zJ(z)) 


e;=(A'WW’ 


where meromorphic coefficients a.i (z),bj(z) are small functions with respect of f, then the charac- 
teristic function of R(z, f(z)) satisfies that 


T 0 (r, R(z, f(z))) = dT 0 (r , /) + S^r, /), 


where d = max{m, n} . 

In order to prove the following lemma, we firstly give the definition of Wronskian determinant 
of ai{z ), . . . , a p (z) 


W(a 1 (z),...,a p (z)) 


ai(z) 

a 2 {z) 

a p (z) 

a'i (z) 

a' 2 {z) 

a'p(z) 

a { i~ l \z) 

a { r x \z) •• 

■ a < ' p ~ 1 \z) 


where a\(z ), . . . , a p (z) are meromorphic in annuli. 


Lemma 3.3 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{z : 0 < \z\ < oo} and e > 0. Then for p = 1,2, we have 


( P ~ 1 )N 0 (r, /)<(!+ e)N 0 



+ (1 + e)N^r,f) + S 1 (r,f), 


(1) 


where N^{r, f) = N 0 (r, f) - N 0 (r, /). 

Proof: For any given e > 0 and positive integer n, we choose a positive integer n(> -), and consider 
for all z £ A. Let W(z) = W(l, z, z 2 , ■ ■ ■ , z p+n ~ 1 , /, zf,- ■■ , z n f) as the Wronskian determinant 
of 1, z, z 2 , ■ ■ ■ , z p+n ~ 1 , /, zf, • • • , z n f. Since / is a transcendental meromorphic function, we can 
suppose that W{z) 0. It is easy to see that W{z) is a homogeneous differential polynomial of 
degree p + 1 in / with polynomial coefficients of z and without f^> (z) ( j < p) in each term of W(z) . 
Let B(z) = W(z) ■ from Lemma 3.1, it follows 


m 0 (r,B) = Si(r, /). 


From the first fundamental theorem for meromorphic function on annuli, we have 


N 0 {r, < T 0 (r,B) + 0(1) = N 0 (r,B) +m 0 {r,B) + 0(1) 

<N 0 (r,B) + S 1 (r,f). 


(2) 


Next, we will estimate the number of zeros and poles of B on A. From the definition of W(z ), 
we have 

W(Z) = /P+ 2 n + l wi f-\zf-\- ■ ■ , Z P+n ~ l f-\ l,Z,---,Z n ). 

If Zo is a pole of / of order t, then 

W(z) = 0((z- z 0 )~ t{p+2n+1) ), z^z 0 . 


Hence 


B(z) = O ({z — 20 )O+D(p+t)-t(p+ 2 n+i)j 
= o({z- Zo y(p-l)-(p+n){t- if 


(3) 
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cis z — y zq. 

Let N t (r),N^°(r) and N t (r) be the counting functions for those poles of / of order t on A, 
where B(z) has a zero, pole or finite nonzero value, respectively, each pole being counted only 
once. From (2) and (3), we get 

oo 1 

^2(n(p - 1) - (p + n)(t - 1 ))N° p (r) < N 0 (r , — ) < N 0 (r, B) + S^r, /) 

t= 1 

OO 

< J2((P + n){t - 1) - n{jp - 1))N? (r) 

t= 1 

+ (n+ 1)N 0 (r, +5i(r,/). (4) 

If a pole of / contributes to iV t (r), then from (3) it follows n(p — 1) — (p + n)(t — 1) < 0 and 

n(p - 1 )N* (r) <(p + n)(t - 1)AT* (r). 

Summing for f = 1, 2, • • • in above and substituting to (4), we obtain 

OO OO 

n{p - 1) E N t {r) <(p + n) E0 - 1 )N t (r) + (n + l)N 0 

t= 1 t= 1 

where N t {r) = N^{r) + N^° (r) + iV t (r). 

Noting 


A 


f( P )J 


+ £1 0, /), 


( 5 ) 


530 -l)JVt(r)=X)[^t(r)-JV t (r)] 

£=1 £=1 
oo 

= E IX r ) - *t00] = JVo(r, /) - iv 0 (r, /), 

t=i 


since n > | and (5), we have proved Lemma 3.3. □ 

By using the same argument as in the proof of Lemma 3.3, we can get the following lemma. 

Lemma 3.4 Let f(z) and a,j(z)(j = 1, 2 ,p;p > 3) be stated as in Theorem 2.1. Set W(f) = 
W(ai(z),a 2 (z),...,ap(z),f{z)). If aj(z)(j = 1,2 ,...,p;p > 3) are linearly independent, then for 
£ > 0, we have 

pN 0 {r, f) < N 0 (r, + i 1 + e ) N o (r, f) + Si O', /)■ 

Lemma 3.5 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{z : 0 < \z\ < oo}. Then for any £ > 0 and positive integer k, we have 


N o(r, f)<l N 0 ( r > /w) + l Noir ' f) + £To(r ’ f) + 5l(r ’ /} ’ 
Proof: Replacing e with | in Lemma 3.3, it follows 

V„(r,/) (r, J^j) + »(*-./) + O' jm) 

+ n o (t, /) + Si O', /)• 


(6) 

( 7 ) 
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Since 


< T 0 (r,/( fc >) + O(l) 


(fe)' 


< 


m° (r, ty-'j + m 0 (r, f) + N 0 (r, f {k} ) + 0(1) 


< m 0 (r, f ) + N 0 (r , /) + fcJV 0 (r, /) + Si(r, /) 

< (fc + l)T 0 (r,/) + Si(r,/), 


from (7), we have 


c 1c If I O 

^^(r, y) + ^ N o(r,f) < — £To(r,/) + 5i(r,/) 


< eT 0 (r,f) + S\(r, /). 


From (7) and (8), we get (6) easily. 


(8) 


□ 


Lemma 3.6 fsee /7, Theorem 2]). Let f be a transcendental or admissible meromorphic function 
on the annulus A = {3 : 0 < |^| <oo}, and k be a positive integers. Then 

To(r, f) < N 0 (r, /) + N 0 (r, - f ) + N 0 (r , — ^-y) ~ N 0 {r, - + Si(r, /). 

Lemma 3.7 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{3 : 0 < |z| < 00 }. Then for any e > 0 and positive integer k, we have 

(9) 


N 0 (rJ) <— iVo ^r, -J + -iV 0 ^r, ^. (fc) _ x j +eT 0 (r,/) + Si(r,/). 
Proof: From Lemma 3.5 we have 


^0 ( r ’ 7(^1) ) > + iWr, /) - iV 0 (r, /) - ^eT 0 (r, /) - S 1 (r, /). 

Substituting the above inequality back into Lemma 3.6, we obtain 

kN 0 (r, f) < N 0 (r, ^ + N 0 (r, — + Wo (r, /) - T 0 (r, /)) 

+ ^y^eTo(r, /) + 5 i(r, /). 

Therefore 


N o(r,f) < l N o( r ^) + l N °(r, j^-i ) + ^^g?i(r,/) + gi(r,/) 

< 7^0 (V, ^ + *iV 0 (V, 7^737) + £ ' t o(a /) + 5 i(r, /). 

Thus, this completes the proof of Lemma 3.7. □ 

From Theorem 1.5, we get the following conclusion easily. 

Lemma 3.8 Let f be a transcendental or admissible meromorphic function on the annulus A = 
{z : 0 < \z\ < 00 }. Then for any finite complex number a, b(a ^ b), we have 

T 0 (r, f) < N 0 (r, f ) + N 0 (V, jt—'j + N 0 (V, j^-yj - N°(r) + S^r, /), 

where N$(r) = 2 N 0 (r, f) - N 0 {r, /') + N 0 (r, . 
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Lemma 3.9 Let f be a transcendental or admissible meromorphic functions on the annulus A = 
{z : 0 < \z\ < oo}. Then for any finite complex numbers a,b(a ^ b), positive number e > 0 and 
positive integer k, we have 

N 0 (r,f) < ^N 0 (r, (r, + eT 0 (r, f) + Si(r, /). 

Proof: By using Lemma 3.8 for f l ' k ' 1 and three distinct complex numbers a, 6, oo, we have 
T„ (r, /“>)<*„ (r, /<«) + Wo (r, + W„ (r, ? W_) 

-iV 0 °(r) + ^(r,/«), 

where N§(r) = 2 N 0 (r, / (fc) ) - N 0 (r, / (fe+1) ) + N 0 (r, • 

Thus, we get 

To (r,/<*>) <W 0 (r,/) + Wo (r, yW-) + W 0 (r, jP—f) (10) 

Since T 0 (r,f^) = mo(r,/*^) + N 0 (r, f) + kN 0 (r,f ), then by applying Lemma 3.7 for f^ k+1 \ it 
follows 

No (r, >(k + l)N 0 (r, f) - N 0 (r, f) - (k + l)eT 0 (r, /)-(* + l)Si(r, /). 

Substituting the two above inequalities back into (10) , we get 


N 0 (rJ) < 


< 


h N ° ( r - t <^) 

+ ^r SilrjW) 

2k N ° (’’’ /<*>-<■) 

+s.(<-,/“ 1 ). 


s^ r '7Prvy) + *^' ;r »( r, fl 


i' v "( n 7«^, l+e ' ro(r ' /) 


From the definition of Si(r, *) and T 0 (r, f) < T 0 (r , f^) < (k + l)T 0 (r, f) + S\(r , /), where Si(r, f) 
is as stated in Lemma 3.1, we can get the conclusion of Lemma 3.9. 

Thus, we can complete the proof of Lemma 3.9. □ 


4 Proofs of Theorem 2.1 and Theorem 2.2 

4.1 The proof of Theorem 2.1 

Without any loss of generalities, suppose that {ai(z), 02 ( 2 ), . . . , a p {z)} is a maximum linearly 
independent subset of aj{z){j = 1,2, ... ,q), then p < q and each aj(z)(j = 1,2 ,...,q) can be 
linearly expressed in terms of aj(z)(j = 1.2, p). Set W(f) = W{a\, < 22 , . . . , a p (z), /), then 

W(f) = b p fW + 6 P _i/ (p - 1} + • • • + for/' + b 0 f , (11) 

where bj(j = 1,2 , ... ,p) are small functions with respect to /. It follows from (11) that 

N 0 (r, W(f)) = pN 0 (r, f) + N 0 (r , /) + Si(r, f) (12) 
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and 


m 0 (r,W(f)) < m 0 (r, f) + m 0 (r, —jP~) = m o (?’,/) +Si(r,f). 


Thus from (12), (13) it follows that 

T 0 (r, W(f))< pN 0 (r, f) + T 0 (r, /) + Si(r, /). 


(13) 


(14) 


From the definition of W(f ), we have W(f — a,j ) = W(f) for j = 1, 2, . . . , q. Thus, it follows by 
Lemma 3.1 that 


Set 


m 0 {r, ) = m 0 (r, — J —) = Si(r,/). 

f-aj f ~ aj 




(15) 


Then it follows from (14), (15) and by Lemma 3.4 that 


m 0 (r,F ) < m 0 (r , ^yy) + rn 0 (r, FW(/)) 

< r 0 (r, 1F(/)) - iv 0 (r, ^) + Sr(r, /) 

< P^o(r, /) + T 0 (r, /) - iV„(r, ^) + Si(r, /) 

< T 0 (r, f) + (1 + e)N 0 (r, /) + Si(r, /). 

Then it follows by Lemma 3.2 that 

qT 0 {r,f) =T 0 (r,F) +Si(r,/) 

« 1 

< E ^(r, -j- — ) + T 0 (r, /) + (1 + e)N 0 (r, f) + Si(r, /) 

i=i 1 Gj 

< E ^o(r, ) + (2 + e)T 0 (r, /) + Si(r, /). 

i=i J j 

Hence, this completes the proof of Theorem 2.1. 


4.2 The proof of Theorem 2.2 

Suppose f(z) ^ g(z). By applying Theorem 2.1, since / and g share Or, . . . , CM , we have 

5 1 1 
(3 - e)T 0 (r, /) < E N °( r ’ ~ a ~) + /) ^ ^(r, j^) + Sr(r, /) 


l-l 


/-<T 


< T 0 {r, f)+T 0 (r,g) + Si(r, /), 

(2 -e)T 0 {r,f) < T 0 (r,g) + S'i(r,/). 


that is, 

Similarly, we have 

(2 — e)T 0 (r, g) < T 0 (r, /) +5i(r,g). 

Thus for any small number e(> 0), it follows from (16) and (17) that 

(1 - e) [To(r,f)+T 0 (r,g)] < Si(r,/) + 5i(r,g), 

which is a contradiction with the assumption that /, g are transcendental or admission. 
Therefore, we have / = g. 


(16) 

(17) 
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5 Proofs of Theorem 2.3 and Theorem 3.4 


5.1 The proof of Theorem 2.3 

From Lemma 3.4 and Lemma 3.7, we get 

To{rJ) < { 1 + l) No { r ’j) + { 1 + l) No { r 'jm^) 

~ N ° ( r ’ f(k+ 1 ) ) + eT o{r,f) + S 1 {r,f). 

Now, we will prove the inequality of the sum of deficiencies as follows. First, by using the above 
inequality for the function 1^, then it follows 


T 0 (r,f)<(l + j)N 0 (r, 


f~a 


+ sT 0 (r, f) + Si(r, /) 


< ' 1 + fc j W ° V’J^a 


(‘ + i) N ” ( r • jvhi) - N ° (y jwj) 

(i + N„ (r, f(l l_ J + eT„(r,J) + Si(r,f). 


Dividing the both sides of the above inequality by To(r, /), we have 


1 + 



^ To(r,f) + To(r,/) J 


< 1 + 



Si{r, f) 
MrJY 


(18) 


From the definitions of So(a, f), f^), then it follows from (18) that 

1' 


1 + 


( 6 0 (a,f)+S k 0 (bJ <*>) 


1 


< 1 + — lim inf 1 — 


t N ° ( r ’ 7=o) | t N ° ( r ’ f^b) 


To(r,f) 

< lim sup ( 1 + y + £ ^ + lim inf Q- . 
r-K» V K J To(r, / ) 

Since / is a transcendental or admission on annuli, we have 

lim&M-O. 


T„(r,f) 


Hence, 


To(r,f) 


S 0 (a,f) + 6*(b,fW)< 


k + 2 
k + 1 


Thus, this completes the proof of Theorem 2.3. 


(19) 


5.2 The proof of Theorem 2.4 

By Lemma 3.9, it follows from (10) that 



- N ° ('• Jiikn) + sT °(r, f) + s, (r, /<») . 
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The above inequality implies 


1 \ / jy o 

1+ 2A?'' 2 - 


No (r, N 0 (r, y^b) 


r i i 1 , - i ^(r,/^) 

T 0 (r,fW) T 0 (r,fW) k T 0 (r, /(*>)’ 


( 20 ) 


Thus, it follows from (20) and the definition of 8 a ,p{a,f) that 

( 1+ i) (^(a,/ (fe) ) + 5o(6,/ (fe) )) 


iVr 




iVr 


< I 1 + — I lim inf 1 — , .. 

2k J r-->oo \ To(r, /( fe )) 

< limsup I 1 + r + £ ) + liminf { (k) \ ■ 
r->oo V k J r^-oo T 0 (r,J^>) 


1 - 


( r ’7?«h> 

T 0 (r,fW) 


Since / is a transcendental or admission on annuli, we have the following equalities easily 

r-¥ oo To(r, /(*)) 

Since e is arbitrary, it follows from (21) that 

<5 0 (a,/ (fc) ) + <5o(6,/ (fe) )<l 1 

Therefore, we complete the proof of Theorem 2.4. 


( 21 ) 


2k + 1 
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WEIGHTED COMPOSITION OPERATORS BETWEEN 
WEIGHTED HILBERTIAN BERGMAN SPACES IN THE 
UNIT POLYDISK 

NING CAO, GANG WANG AND CEZHONG TONG* 


Abstract. In this paper, we prove that the topology spaces of nonze- 
ro weighted composition operators acting on some Hilbert spaces of 
holomorphic functions in the unit polydisk are path connected, which 
generalized Hosokawa, Izuchi and Ohno’s results in single complex vari- 
ables’ case [9]. 

Keywords: Weighted Hilbertian Bergman spaces, weighted composi- 
tion operator, polydisk, norm topology, Hilbert- Schmidt topology. 


1. Introduction 

Let H(JD) n ) be the space of analytic functions on the open unit poly disk 
B n := {z = (z\,...,z N ) G C N : \zi\ < 1, i = 1, 2, . . . , N} 

and H°° the space of bounded analytic functions on with the supremum 
norm || • Hoc. When N = 1, the unit polydisk reduces to the unit open disc 
D in the complex plane C. Let «S(H> JV ) be the set of analytic self-maps of 
D w . Every p = (ipi, ■ ■ ■ , <px) G S(TS> N ) induces the composition operator C v 
defined by C v f = / o tp for / G H (O n ). If u G H( D w ), the multiplication, 
M u : H(JD> n ) — ¥ H{ D w ), is defined by 

M u (f)(z) = u{z) ■ f(z) 

for any / G H(B> N ) and z G DY If u G H(B N ) and <p G S( D w ), we call the 
operator M U C V to be the weighted composition operator. 

Much effort has been expended on characterizing those analytic maps which 
induce bounded or compact composition operators between those classic 13- 
paces of analytic functions. Readers interested in this topic can refer to the 
books [16] by Shapiro, [7] by Cowen and MacCluer, and [23, 24] by Zhu. 

An active topic is the topological structure of the space of composition op- 
erators acting on function spaces. If X is a Banach space of analytic functions, 
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we employ the symbol C(X) to represent the space of composition operators 
on X equipped with the operator norm topology. In 1981, Berkson [3] firstly 
studied the topological structure of C(H 2 ( O)). Central problem focuses on 
both the structure of C(H 2 { O)) and the compact differences of its members. 

In 1989, MacCluer [12] showed that, on the weighted Bergman space vl^(O) 
for s > — 1, all the compact composition operators can be connected by path- 
s, and she gave necessary conditions for two composition operators to have 
compact difference. At about the same time, Shapiro and Sundberg [17] gave 
further results on compact difference and isolation and they believe that the 
compact composition operators should form a connected component of the set 
C(H 2 (P)). 

In 2008, Gallardo-Gutierrez and co-workers [8] showed that there exists 
noncompact composition operators in the component generated by all com- 
pact composition operators. In 2005, Moorhouse [13] characterized compact 
difference for composition operators acting on A^(D), A > — 1, and gave a 
partial answer to the component structure of C(A|(D)). Later, Kriete and 
Moorhouse [11] extended that results to linear combinations. In 2012, Saukko 
[14, 15] obtained a complete characterization of bounded and compact differ- 
ences between standard weighted Bergman spaces. Recently, Choe, Koo and 
Park [5, 6] extend Moorhouses characterization to the Bergman spaces in unit 
polydisk and unit ball. In 2015, Hosokawa, Izuchi and Ohno [9] investigate 
the topology space of weighted composition operators acting between some 
Hilbert spaces on D in general, and they also consider the Hilbert-Schmidt 
norm topology. Readers interested in those related topic can refer recent 
papers [19, 20, 21, 22] and the references therein. 

Generally speaking, theory of composition operators on the spaces of holo- 
morphic functions in the unit polydisk are far from complete. To completely 
characterize the boundedness and compactness of composition operators on 
Hardy spaces and weighted Bergman spaces is still open. In [2] , Bayart showed 
that the study of boundedness of composition operators on the polydisk is a 
difficult problem, and many obstacles are caused by differences between the 
torus of (distinguishing boundary of D w ) and the whole boundary. Stessin 
and Zhu [18] characterized the boundedness of composition operators between 
different weighted Bergman spaces in the polydisk. Inspired by [2, 9, 18], we 
continue to investigate the topology spaces of weighted composition operators 
between different weighted Bergman spaces in the unit polydisk. On those 
spaces, we will also consider the Hilbert Schmidt topology spaces of weighed 
composition operators. 


2. Preliminaries 

Let d A(z) = dxAy/iT denote the normalized area measure of D. For s > 
— 1 the weighted Hilbertian Bergman space consists of all functions 


152 


NINGCAO et al 151-160 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


WEIGHTED COMPOSITIONS IN THE POLYDISK 3 

/ g H{ D W ) such that 

II /II s = [ \f(z)\ 2 dv s (z) <oo, 

Jo N 

where du s (,z) = dA s {z\) ■ ■ ■ dA s (zjv) and dA s (zj) — (s + 1)(1 — \zj\ 2 ) s dA(zj). 
The inner product of A 2 (B W ) is given by 


(/, 9)s 



f{z)g(z)dv a (z), 


where /, g € A 2 . And the reproducing kernel of A^(D JV ) is given by 


N 

^A^,wi z ) 7T 

j = 1 ^ 


1 


WjZj) 


2+s 


When s = 0, Aj^B^) is the classical Bergman space. It is well known that 



r% + i)n 

i=i 


r K + 1) 

r(crj + s + 2 ) 


where a = (or, . . . , aw) and z a = z • • • z^ N - 

We believe the following pointwise esitmate is well known, and we list it 
with a simple proof for the completeness. 

Lemma 2.1. Let p > 0 and s > —1. If f £ A^B^), then 


I/HI < 



N 2 + c 

iki-hi 2 )^- 

i = 1 


for each w = {w \, . . . , Wjv) G B N . 

Proof. Fixing W2, ■ ■ ■ , wjv, function f(^i,W2, ■ ■ ■ , Wn) is analytic with respect 
to € B. It is well known that 


| f(W!,W 2 , ■ ■ .,w N )\ p < 


||/(Cl,W2,...,Wjy)||f 

(1 - |tCi| 2 ) 2+s 


Is l/(Ci, w 2 , ■ ■ ■ , wjy)| p dA s (Ci) 

(1 — |wi| 2 ) 2+s 
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We can also estimate |/(Ci,w> 2 , • ■ • > wn)\ p by the similar inequality with re- 
spect to u> 2 , and then up to w^, hence we have 

l/H, w 2 ,...,w N )\ p 
^ fo |/(Cii w 2, • • ■ , whv)| p dA s (£i) 

(l- H| 2 ) 2+s 

/ / D / D l/(Cl,<2, . . • ,^)|PdA s (C 2 )dA s (Cl) 

(1 — |wi| 2 ) 2+s (l — |u> 2 | 2 ) 2+s 

/ f D • • • /d l/(Cl, C2, • • • , C N)\ p dA s (( N ) . . . dA s (C 2 )dA s (Cl) 

(1- |w; 1 | 2 ) 2 + 5 ...(1- |wjv| 2 ) 2+s 

That is 

I/HI < ^ — — • 

na-Hi 2 )^ 

i= 1 

□ 


It is an obvious consequence that the point evaluation e w : / H > f(w) = 
f(w\, . . . , wn) is a bounded linear functional on Af (D w ), and 

max ^ sup ||eto||Aj < 00 

for every 0 < r < 1. 

If —1 < s' < s, we can immediately have that A 2 , C A 2 by a direct 
computation ||/|| s < C\\f\\ s * where the constant C depends only on s and 
s'. Let C„,(A 2 ,, A 2 ) be the space of nonzero bounded weighted composition 
operators from a weighted Hilbertian Bergman space A 2 , to another A 2 with 
the operator norm topology, that is, 

C W (A 2 ,, A 2 ) = {M U C V : MuCp : A 2 , -a- A’ 2 is bounded, u ^ 0}. 

And C U ,(A 2 ) = C W (A 2 , A 2 ). For a bounded linear operator T : X' -A X, we 
write llTHjfqA' its operator norm. If — 1 < s' < s, for M U C V € C„,(A 2 ), we 
have 

\\M u C v f\\ Ai < \\M u CJ Ai \\f\\ s <C-\\M u CJ Ai \\f\\ s , 

for every / G A 2 ,. Hence M U C V : A 2 , — > A 2 is bounded and 

(2.1) \\M u C v \\ A 2^^ A 2 < \\M u CJ Ai for every M U C V G C W (A 2 ). 

Restricting M U C V G C W (A 2 ) on A 2 ,, we may consider that M U C V is also a 
bounded linear operator from A 2 , to A 2 . We note that 

C W (A 2 ,, A 2 ) = C W (A 2 ) 

as sets, and if M U C V G C W (A 2 ,, A 2 ), then u G A 2 . 
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3. Operator norm topology spaces 
Now we discuss the operator norm topology spaces C W (A 2 ,. A 2 ). 

Lemma 3.1. If ip = • • • , <Pn) G S(B n ) and Halloo := max ||^»||oo < 1> 

then C v f G H°° for every f G A 2 and 

\\C v f\\oo < ll/IU max sup IMU;- 

Proof. For f GPL and z G O w , we have 

l( C V/)( 2 0l = l/(¥?0))| < H/IUIIe^lU? < \\f\\s . max sup |M| A 2 , 

z=l,...,N |uj i |<||(^|| 00 

so we get the assertion. □ 


The main result is following. 

Theorem 3.2. If —1 < s' < s, then the space C W (A 2 ,,A 2 ) is path connected. 

Proof. Let M U C V G C W {A 2 ,,A 2 ). Since C W (A 2 ,,A 2 ) = C W (A 2 ) as sets, we have 
u G A 2 and ||M U C ' V || A 2 < oo. Let 0 < r < 1. For f G A 2 , by Lemma 3.1 we 
have f o rip = f(rip i, . . . , np^) G H°° and by Lemma 2.1, 

\\M u C rip f\\ s = \\u{f orip)\\ s < ||/or^||oo||w|| s 

< ||u|| 8 ||/|| a max sup ||e„,|| A s, 

Z=1,..., N | Wi |< r 

Hence M u C rcp G C W (A 2 ), so M u C rip G C W (A 2 ,,A 2 ). 

Fixing 0 < to < 1, we apply the similar method in [9] to show that 
|| M u C to<p - M u C tip \\ A 2 ijA 2 -A 0 as t -» t 0 . Let g(z) = c a z a G A 2 ,. For 
each 0 < t < 1, let 

9t(z ) = ~t M )z a . 

a 

Since A 2 , c d,, we have g G A 2 . Note that 

ht\\ 2 s = {9t,9t)s= [ ^c a {t l Q l -t lal )z a ^c a {t l o l -t\ a \)z a dv s (z) 

J ® N a a 

= - tlal ) 2 [ \c a \ 2 \z\ a dv s {z) 

< / \c a \ 2 \z\ a dv s {z)=A\\g\\ 2 s , 
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we have g t € A 2 . Hence 


< 


< 


\\{M u C toip -M u C tip )g\\ 2 s 

2 

- t^)ip a 

a s 


\\M u C v g t \\l<\\M u C v \\%\\g t \\l 

Ii^ii^5:i^l a i*!. a| -* w l a ii* a ii2 



Then 

\\M u C toV - M u C tt p\\ A 2,,A* < \\ M uC v \\ai sup (\ 4“' 
5 " ° |a|>0 V 



For any positive integer n, we have 




+ 2 sup — - 

\a\>n 2 \\ z ° 


Hence 

(3-1) 


lim sup || M u C toV - M u C t(p \\ A 2 a 2 < 2||M„C' ¥ ,||a| sup ~ / ■ 

t—>to 8 8 \a\>n 2 \\ z ||s' 


According to the Stirling’s approximation, we have 


N 


SUP 77 

|a| >n 2 \\ Z<X 


^0+ 1) n TwtSA 


= sup 

\a\ >n 2 


3 = 1 


N 


r' , (»' + i)nrgj¥3u 

j — 1 


N 


< C • sup J ] 


\a\ >n 2 


3 = 1 


a 


,+s' + 2\ aj+s ' +2 


OLj +5 + 2 


1 


OLj +5 + 2 


Since |a| > n, there is at least one aj > n. Considering that 


OLj + s f + 2 
OLj +5 + 2 


ocj +s+2 


is bounded for j = 1, . . . , N, we get M u C tlp — t M u C toip as t — > t 0 in C W (A 2 , , A 2 ) 
by letting n — > oo in (3.1). 

□ 
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4. HlLBERT-SCHMIDT NORM TOPOLOGY SPACES 


We will consider the topology spaces of Hilbert-Schmidt weighted composi- 
tion operators. If X is a separable Hilbert spaces with orthonormal bases {e m } 
and X' is another Hilbert space, recall that a linear operator T : X — »• X' is 
said to be Hilbert-Schmidt if 

OO 

\\T\\x,x',hs := E \\Te m f x , < oo 

m = 0 


Since {z a /||2“|| s } is an orthonomal bases of A 2 , M U C V G C W (A 2 ) is Hilbert- 
Schmidt if and only if 


II M U C V 


I %,HS 


E 

| a |>0 


II M u CJz° 


E 

|a|>0 


I nip * 1 


■<p a N N \ 


y a N 112 

“A II s 


< OO. 


We denote by C w ^hs(A 2 ) the space of Hilbert-Schmidt operators M U C V in 
C W (A 2 ) with the Hilbert-Schmidt norm topology. 

We have that M U C V € C W (A 2 ,,A 2 ) is Hilbert-Schmidt if and only if 

|2 


II m u q 


v\\A 2 ,,A 2 ,HS ■■ 


E 


II up 


< 00 . 


We denote by C Wt ns(A 2 ,, A 2 ) the space of M U C V € C W (A 2 ,,A 2 ) which are 
Hilbert-Schmidt operators. We consider the Hilbert-Schmidt norm topology 
on C Wi hs(A 2 , , A 2 ). The topology on C w> hs{A% ,A 2 ) is stronger than the oper- 
ator norm one. So a path connected set in C w .hs(A 2 s ,,A 2 ) is so in C W (A 2 ,,A 2 ). 
Since 


II M U C, 


v\\a 2 ,,a 2 ,hs 


^E 


II u<p c 


= C\\M u Cu 


II A 2 HS’ 


we have C w ,hs{'H) C C w , hs(A 2 , , A 2 ). Next lemma will be employed in the 
main result of this section. 


Lemma 4.1. Let s',s > —1. For each 0 < r < l, if the operator M U C V : 
A 2 S , -a is a Hilbert-Schmidt operator for some nonzero u G A 2 and < \p G 
S(U> N ), then M u C rip is also a Hilbert-Schmidt operator from A 2 , to A 2 . 


Proof. The Lemma follows immediately from the computations that 


|| M U C, " 2 - ^ \\M u C rip (z' 


y rip\\A 2 ,,A 2 ,HS ~ E ' 

a>0 


a \\\2 


= E* 

o =>0 


.2|a| 


II up 


a \\2 


< ||M u C' ¥ ,|| 2 4 2^ A 2 hs < oo. 


□ 


Theorem 4.2. If — 1 < s' < s, then the topology space C Wj hs{A 2 , , A 2 ) is path 
connected. 


157 


NINGCAO et al 151-160 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


N. CAO, G. WANG, C. TONG 


Proof. If M U C V G C w ,hs{A 2 ,, A 2 ), recall that { 2 a /||, 2 a || : a} is an orhonomal 
basis, and we have 


(4.1) 


|| M U C, 112 


vll A 2 ,,A 2 s ,HS 


= E 


ll w 


A II 2 


< 00 . 


| a |>0 


Besides, M u C tip G C w ^hs(A 2 , , A 2 ) for every 0 < t < 1 by Lemma 4.1. 

If we fix 0 < to < 1- we can also prove \\M u C toV — M u C tv \\A 2 ,,A 2 ,HS 0 
as t — > to as following statements. For any positive integer N, we have 

||w(4 a| -t^)<p a \\ 2 


\\M u Ct oV M uC'tip\\A 2 ,,Al,HS — 'y 1 

| a |>0 


»o II 2 


|a|<JV 


\\W 


A || 2 


E 


\\mp 


All 2 


|a|>AT 

Take e > 0 arbitrary. Then by (4.1), we may take N large enough so that 

v i ME, 

IHa||2 ^ £ - 


H>iv 


Hence 


\\mp‘ 


All 2 


II M u C t0<p - M u C tip \\ 2 A 2 /AlHS <e+ |4“' - 

|a|<A 

By letting t — » to, we have 

limsup \\M u C toV - M u C tlp \\ 2 A 2 A2 HS < e. 
t-H 0 s " 

Let £ -A 0 then, we have the topology space C w> hs(A 2 , , A 2 ) is path connected. 

□ 


5. Final remarks 

Lemma 5.1. Let s > — 1. If ||</?||oo < 1 and u G A 2 , then M U C V G C W {A 2 ) 
and is compact. 

Proof. By the first paragraph of the proof in Theorem 3.2, we have M u Ccp G 

C W (A 2 ). 

To show that M U C V is compact, let {/„} be a sequence in A 2 such that there 
is a positive constant K satisfying ||/„|| s < K for every n. By the pointwise 
estimate (Lemma 2.1), we may assume that f n converges to some / G H(H N ) 
uniformly on compact subsets of O w . By the assumption, f n o ip — » / o ip in 
H°°. Hence both u(f n o(p) and u(f o ip) are in A 2 , and 

II M u c v f n - u(f O <p)|| s < ||w|| s ||/„ o (p - f O i^Hoo a 0, n oo. 

Thus M U C V G C w { A 2 ) is compact. □ 
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Proposition 5.2. If— 1 < s' < s, then C W (A? S , , A? s ) consists of all compact 
weighted composition operators. 

Proof. For 0 < r < 1, by Lemma 5.1 M u C r(p € C W (A 2 ) is compact. Hence 
M u C r ip : A 2 — > A 2 S , which can be regarded as the composition of id : A 2 , — > A 2 
and M u C rip :A 2 S ^ A 2 , is compact. Since the algebra of compact operators is 
closed in norm topology, we get M U C ^ is compact since it can be approximated 
by compact operators M u C rip by Theorem 3.2. □ 

We note that on many spaces, the compact (weighted) composition opera- 
tors form a path connected subset in the topology space of bounded (weighted) 
composition operators. The compactness has played an important role in the 
proof of the main result. 
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On the L 0 o convergence of a nonlinear difference 
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Abstract 

In this article, a nonlinear difference scheme for Schrodinger equations 
is studied. The existence of the difference solution is proved by Brouwer 
fixed point theorem. With the aid of the fact that the difference solution 
satisfies two conservation laws, the difference solution is proved to be 
bounded in the norm. Then, the difference solution is shown to be 
unique and second order convergent in the Loo norm. Finally, a convergent 
iterative algorithm is presented. 

MSC(2010): 35A35, 35K55, 65M12, 65M15 

Keywords: Schrodinger equations, Nonlinear difference scheme, Solvability, 
Convergence 


1 Introduction 

The Schrodinger equation is one of the most important equations in quantum 
mechanics. This model equation also arises in many other branches of science 
and technology, e.g. optics, seismology and plasma physics. Recently, a growing 
interest is on the numerical solution to the nonlinear Schrodinger equations. 
Many authors investigated the finite difference methods for solving this kind of 
equations, including the conservation, solvability, stability, convergence and the 
symplectic geometry (see [1] — [8]). 

Consider nonlinear Schrodinger equations 


du d 2 U . l2 

a + fei + 9 H» = o. 

0<x<l,0<t<T, 

(1.1) 

u(x,0) = <p(x), 

0 < x < 1, 

(1.2) 

u(0,t) = 0, u(l,t) = 0, 

0 < t < T, 

(1.3) 


1 Corresponding author: X.M. Liu, email: 230159429@seu.edu.cn 
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where q is a real constant, ip(x) is a known function and t/?(0) = tp(l) = 0, u(x, t) 
is an unknown function. Take two positive integers m and n. Denote h = 
1/m, r = T/n, so we have 


Xj = jh, 0 < j < m, tk = fcr, 0 < k < n. 


Denote fl hT = {(xj,th) | 0 < j < m,0 < k < n}. Suppose u = {u h j | 0 < 
j < m,0 < k < n } be a discrete grid function on Ohr- Introduce the following 
notations: 

«r * = l « +i + »*) ■ = ; <d +i - »f) . m i K‘ + ■ - “h 1 ) ■ 


2r v J 


= 1 (d« - d) ■ = l (^i+i - «.»: 


J- ^ 


The author of [9] developed the following nonlinear difference scheme for 
(1.1)-(1.3) 


iSfU 


fc+i 




fe+i 






fc+i 


= 0, 


l<i<m-l,0<fc<n — 1, 


(1.4) 


u° = 1 < j < m - 1, (1.5) 

Uq = 0, = 0, 0 < k < n. (1.6) 

The contents in [9] pointed out that the difference scheme preserves the densities 
and the energy of the solution, and the author also proved that the difference 
scheme is uniquely solvable and convergent with the convergence order of (r 2 + 
ft 2 ) in L 2 norm under some constraints on the stepsizes. On this basis, we proof 
further that this difference scheme is convergent with the convergence order of 
(r 2 + ft 2 ) in Loo norm. 

In this paper, we will analyze the difference scheme (1.4)-(1.6). The re- 
mainder of the paper is arranged as follows. In Section 2, the existence of the 
difference solution is shown by the Brouwer fixed point theorem. Then with 
the aid of the conversations of the difference solution, the boundedness and u- 
niqueness of difference solution are proved. In Section 3, the convergence of the 
difference scheme is discussed. The difference scheme is proved to be convergent 
with the convergence order of 0(r 2 + ft 2 ) in norm. In Section 4, an iterative 
algorithm for the difference scheme with the proof of the convergence is given. 
A short conclusion section ends the paper. 


2 The existence of the difference solution 

In this section, we will prove that the finite difference scheme (1.4)-(1.6) exists 
a solution. 
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Let H = {v | v = (vo,vi, . . . ,v m ),Vj € C, 0 < j < m, vq = v m = 0 } be 
the space of complex grid functions on Oh- Given any complex grid functions 
v, w £ H , denote the inner product 

m—1 

(v,w) = hY^ VjWj. 
i=i 

The discrete L p norm || • || p , maximum-norm || • Hoc and Hq norm | • |i are defined 
respectively as follows 


Hb = 


N 


m—1 

i= i 


Vj\ p ,p>l, IHloo = max H, 

0 <i<m 


Mi = 


\ 


3=0 


Vj+1 - Vj 


For abbreviation, we write || • || 2 as || • ||. 

In order to illustrate the existence of the difference solution, we need the 
following lemma. 


Lemma 2.1. (Brouwer Fixed Point Theorem [10]) Let (H, (•,•)) be a finite 
dimensional inner product space, || • || the associated norm, and II : H — » H be 
continuous. Assume moreover that 


3a >0, \/z £ H , ||z|| = a, Re(H(z), z) > 0. 

Then, there exists an element z* £ H such that 11(2*) = 0 and || 2 *|| < a. 

Theorem 2.2. The solution of difference scheme (1.4) — (1.6) exists. 

Proof. Suppose { vj | 0 < j < m} be the numerical solution. Using the notation 
introduced before, we rewrite the difference scheme (1.4)-(1.6) in the following 
form 


(uj + 5 - ufj + $lu 3 + * + | ( \u‘ 


2u] + --u] 


n 

Ui = 0. 


( 2 . 1 ) 


1 < j < m — 1 , 


Let 


vj 3 

then (2.1)-(2.2) can be written as 


&+§ r\ a 

Iq — 0, Urn — 0. 

Vj = Uj , 0 < j < m, 


( 2 . 2 ) 


K ( V 3 ~ U i) + S l V 3 + 


I (I- 


ij | 2 + |2 Vj — Uj | 2 ) Vj =0, 1 < j < m — 1, 


(2.3) 
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Vo = 0, V m = 0. 

Define the mapping II : H — > H, 

( n (v))j = ' °’ 


(2.4) 


j = 0, m, 

Vj — u k — i 2 [Slvj + § i\u) I 2 + \2vj - u^\ 2 )vj] , 1 < j < m - 1. 

Computing the inner product of II(u) and v, we obtain 

m — 1 

( n (w), v) = h Y [vj - u) - qS^Vj - I 2 + 1 2v i - u j\ 2 ) v i\ Vj 

3 = 1 

m— 1 

= IMI 2 ^ (H» - i\h Y { 5 l v o)vj - \ u j\ 2 + \ 2v j - u j I 2 ) \ v . 

j = i 


= \\ v f-(u\v)-qhY 


3 = 1 




(HI 2 + 1 2 ^- - «il 2 ) H 


So taking the real part of the inner product 
i?e(II(v),u) = ||r;|| 2 — Re(u k , v) 


[ m— 1 

| u 1 1 2 - Re [ h Y u> jVj 


> ||u|| 2 — Re 

= INI 2 -HI 


HlMI 2 - 


3=1 
( m — 1 

hi „,k 


( m— 1 


HI 2 + |H| 2 ) 
Hi 2 ) 


When ||v|| = ||u fc ||, i?e(II(u),u) > 0. Using Lemma 2.1, we have Vu £ H , ||u|| = 
|| M fc +5|| = || u fc || > 0, iZe(II(u), v) > 0. Then there exists an element v* € H 
such that II(u*) = 0 and ||v*|| < ||u fe ||. Hence, it is easily seen that the solution 
{vj | 0 < j < m} satisfies the difference scheme (2.3)-(2.4). The proof is 
complete. □ 


3 The uniqueness of the difference solution 

Theorem 3.1. ([9])The solution of difference scheme (1.4) — (1.6) is conser- 
vative. In more precisely , let { u k | 0 < j < m,0 < k < n} be the solution of 
(1.4) — (1.6), we have 


\u k \\ 2 = ||u°" 2 _ P o 


E k =E°, l<k< n, 


where 


m— 1 

E k =hJ2 1$. 

3=0 


”h; 


m— 1 




3=1 
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Theorem 3 . 2 . ([9])The difference solution of (1.4) — (1.6) is bounded in the 
discrete Loo norm. In more precisely, let {u k | 0 < j < m,0 < k < n} be the 
solution of (1.4) — (1.6), we have 

ll^'IlL < \ (^| 2 ||«°H 6 + |«°|? - §ll«°lll) * 1 < fc < n, 

Using Theorems 3.1 and 3.2, we can obtain 

Theorem 3 . 3 . The difference solution of (1.4) — (1.6) is unique. 

Proof. To proof this theorem, we can prove the solution of difference scheme 
(2.3)-(2.4) is unique. 

Let {vj | 0 < j < m } and {wj | 0 < j < to} be the solutions of (2.3)-(2.4). 
Then we have 

i-(wj — Uj) + S 2 Wj + | ( \u k \ 2 + |2 wj — u k \ 2 ) Wj = 0, 1 < j < to — 1, (3.1) 

w 0 = 0, w m = 0. (3.2) 

Denote 

9j — Vj — Wj, 0 < j < m. 

Subtracting (3.1)-(3.2) from (2.3)-(2.4) respectively, we obtain the following 
equations 


i'^dj + 5l6j + l\u k j\ 2 6j + l (|2 Vj - u k \ 2 Vj - |2 w 3 - u k \ 2 Wj ) = 0, . 

1 < j < m - 1, 1 


0o = O, 


= 0. 


(3.4) 


Multiplying (3.3) by — ih.Oj , summing up for j from 1 to ?n — 1, we can obtain 


Kmi 


in— 1 m— 1 _ m— 1 

2 -h £ 1 9j\ 2 -ih £ (6 2 x 9j)9j-qh £ 

j — i i =1 i =1 

771—1 

~i\h £ (|2 vj - Uj\ 2 Vj - |2 wj - u k j\ 2 Wj) 9j = 0. 
i=i 


(3.5) 


Adding the term — 12 Vj — u k \ 2 Wj to the part of the forth term in (3.5). 
Meanwhile, noticing the equality \a\ 2 — \b\ 2 = (a — b)a + b(a — b) where both a 
and b are complex functions, we have 


| 2 Vj - u k \ 2 Vj - \2 Wj - u k \ 2 Wj 

|2 Vj - Uj\ 2 (vj - Wj) + (|2 Vj - u k | 2 - |2 Wj - u k \ 2 )wj 


\2vj - u k j \ 2 9j + \2{vj - Wj)2vj - u k + 2 (vj - Wj)(2wj - u k ) 
1 2 Vj — u k \ 2 9j + 2 \.9j2vj — u k + 9j{2wj — u k ) 


Wi 


165 


Xiaoman Liu et al 161-175 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


On the Lao convergence of a nonlinear difference scheme 


6 


Thus, taking the real part of (3.5) with the rewritten forth term, we obtain 


m— 1 


Ill'll 2 - Im { d h H 2 [\ 9 j\ 2 ( 2v 3 ~ u j ) + ( 2w i ~ u j 

3 = 1 


= 0 . 


According to Theorem 3.2 which illustrates that the solution v , w are bounded- 
ness, we easily get that |i>|, |iu| < ||it fc ||oo- So using Theorem 3.2 and Cauchy- 
Scliwarz inequality, we have 

m— 1 

2 r\W < \<l\h E (|2«J - + \2wj - «J|) \9j\ 2 \wj\ 

3 = 1 
m— 1 

< kl/i E (%| + |uJ| + 2K| + |^|)||CK-I 

< 6i«i - J jr« jfe ni 0 ii6»ii 2 


Denote the right term of the inequality in Theorem 3.2 be a constant c\, we 
have 

^ll 2 <6c?M-||0|| 2 . 

When r < we get ||#|| 2 = 0. Hence, Vj = Wj, 0 < j < m. The proof is 

complete. □ 


4 The convergence of the finite difference scheme 

Suppose that the continuous problem (1.1)-(1.3) has a smooth solution u , and 
= { u(xj,tk ) I 0 < j < m, 0 < k < n} is the solution u under the mapping 
flhr- In this section, we will illustrate that the solution Uj of the difference 
scheme (1.4)-(1.6) is convergent to the solution Uj with the convergence order 
of 0(r 2 + h 2 ) in the L M norm. 

Denote 

c 0 = o maxju(-,t)||oo, (4.1) 

e k j = U k — u k , 0 < j <m, 0 < k < n. 

Lemma 4.1. (Gronwall Inequality [9]) Assume {G n | n > 0} is a nonnegative 
sequence, and satisfies 

G n+ 1 < (1 + cr)G n + rg, n = 0, 1, 2, ... , 

where c and g are nonnegative constants. Then G satisfies 

G n < g cnr (qO + 71 = 0,1,2,.... 

Lemma 4.2. ([11]) For any complex functions U,V,u,v, one has 

| \U\ 2 V-\u\ 2 v\ < (max{\U\,\V\,\u\,\v\}) 2 -(2\U-u\ + \V-v\). 


166 


Xiaoman Liu et al 161-175 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


On the Lao convergence of a nonlinear difference scheme 


7 


Lemma 4.3. ([9]) Denote 

Vh = {v \ v = {Vi | 0 < i < m } is the grid f unction on fl/j} , 
Vh = {v\v = {vi\0<i<m}€ V h , v 0 = v m = 0}. 


(1) Suppose v € Vh, so there is 

IMIoc< *Mi. 

(2) Suppose v € Vh- For any e > 0, there is 

\\v\\l<e\v\ 2 1 + j-Jvf. 

Theorem 4.4. Suppose that the difference scheme (1.4) — (1.6) has the solution 
Uj and the equations (1.1) — (1.3) has the solution U k . When r is small enough, 
there exists a constant C independent of h, r such that 

||e fe ||oo < C(r 2 + h 2 ), 0 < k < n. (4.2) 


Proof. Subtracting(1.4)-(1.6) from (1.1)-(1.3) respectively, we obtain the error 
equations 


. r- K 

ib t e. 




(|[/, fc i 2 + |i7 7 fe+1 i 2 )c/,; +5 - 




4 + T )u 


2 

3 


= iC, 1 < j < m — 1, 0 < /c < n — 1, 


e° = 0, 1 < j < to — 1, 

eg = 0, = 0, 0 < k < n. 

In using the Taylor expansion with Lagrange remainder, we can get 


k t 2 d 3 u 


i 2 

24 


d^u d^u 

tei® k ' tk) + d*®’ k+i ' tk+ l} 


d 4 u 


8 dx 2 dt 2 


(4.3) 

(4.4) 

(4.5) 

i X ji Cjk) i 


where 


Vjk, Cjk S (tfc,tfc+l), fjk • fj.k+l ^ ( x j — l, x j+l)- 

Therefore there exists a constant C 2 such that 

\R k \ < C 2 (r 2 + h 2 ), 1 < j < to — 1, 0 < k < n — 1. 


Let G) +h ={\Uff\ 2 
term -{\Uf\ 2 + |t/ fc+1 ' 2 


lc/| +1 l 2 )t/; T5 - + k 

)w^ +2 to the G^ +2 , we obtain 


2 )r 


(4.6) 
and add the 


G 


k+h 


(|t/jf + \U k+1 \ 2 )e] + ^ + (|L//| 2 + |L J fe+1 | 2 - |a*| 2 - \u) +1 \ 2 ) u 
(\U k \ 2 + |t/ fc+1 | 2 )e* +i + [(Uf - u*)U* + u k AU* -u*) 


fc+j 


+(u; +i - u« 


k+l\Trk+l 


fc +1 /rrfc +1 


i n-+ u[ 

{\U k \ 2 + |C/f +1 | 2 )e^ +5 + {e k ,m +ufef + e* +1 G fc+1 


(c/; +i - a 


fc+1 
J 


)]u 


k+k 


k +1 - k+1) k + k 
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Noticing the initial-boundary value conditions (1.2)-(1.3) and (1.5)-(1.6), we 
have 

= W + \U k+1 \ 2 ) u k 0 + i ~ (K fc | 2 + l«o fc+1 | 2 ) = 0 , 

= (\U k m \ 2 + \U^\ 2 ) U k m +i - (|i4| 2 + \utr\ 2 ) = 0. 

According to Lemma 4.2, we get 


k+i 


') 


or we can 


\G k+h \ < (max{|C^|,|C^ + ’|,| U J|,|«J +i |}) 2 . (2\e k 
say there exists a positive constant C3 such that 

l|G fc +i|| 2 < c 3 (|| e fe || 2 + || e fc+1 || 2 ) , 0 < k < n - 1, 

| G fc+ 3 1 2 < c 3 (|| e fe || 2 + || e fc+1 || 2 + \e k \l + \e k+1 \i ) , 0 < k < n - 1. 

Multiplying the (4.3) by he^ 2 , summing j from 1 to m — 1, we have 


(4.7) 

(4.8) 


ih 


m— 1 


n ^ kA- 1 kA- 1 m 1 _ 1U_|_ 1 L._|_ 1 771 1 iU_|_ 1 L>_|_ 1 

E (6 t e k+ *)e k+ * +h E (^ej +a )ej +a + f/i E GJ a eJ a = h E ifce 

7 = 1 7 = 1 


m " 1 _fc+i 


7=1 7=1 7=1 7 = 

m , . i m— 1 , 

Mll efc+ 1 ll 2 - H efc H 2 ) ^ h E l^v ?| 2 + f/iE fltfjf + It/y 1 ! 2 ) |ej 

7=1 2 7=1 

m — 1 m — 1 


„ fc +3 1 2 


,fc fc- 


*2^U|e 

+ ?'.’E 1 (ejt/f + »‘ej + + »* +1 e‘«) <+ 4 e‘ + ” = h ”e 

7=1 2 = 1 


.fc+l 

'7 


Taking the imaginary part and then using (4.1), (4.6) and Theorem 3.2, we can 
get 


2 T 



< l 4 h E I (e*G* + uj?ej + e) +1 E fc+1 + 


m— 1 


3 = 1 


J J 1 JE7 
m— 1 


-r^ +i ) 


hJ.1 771 1 , k_|_i 

•u- + 2 e- + 2 |+/i £ I^K 2 


J 3 
m— 1 


7=1 


< (l e j l c o + c i | e* | + | e j +1 |c 0 + ci\e k+1 \) 

7=1 

, , i m— 1 i»_i_ 1 

•ci|e5 +3 | + /i E |^||ej +a l 

J = 1 
m— 1 

< ¥Mco + cr) Cl E (l e il + l e ? +1 |) • |(l e f| + l e ^ +1 | 


7=1 


+ ic 2 (r 2 + /i 2 ) 2 + t E [|(l e 7 1 2 + l e 7 


fc+l 1 2 \ 


7=1 


< 


¥(c 0 + Ci)ci + || (||e fc || 2 + ||e fe+1 || 2 ) 

V 


+ \c\(t 2 + h 2 ) 2 , 0 < k < n — 1. 


Thus, 

(1 - r (|g|(c 0 + ci)ci + i)) ||e fe+1 || 2 

< (l + r (jg|(c 0 + ci)ci + ¥)) l|e fc || 2 + tc|(t 2 + h 2 ) 2 , 0 < k < n - 1. 
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Let /3 = t (|g|(c 0 + ci)ci + |). When /3 < 5, we have 

1 


lie' 


fe+l||2 


fell 2 


<(l + 3/3)||e fc || 


1-/3 


Tc^ + h 2 Y, 


or we can say 


\ e k+l\\2 < 


1 + 3r ( |g|(c 0 + ci)ci + - 


s fe || 2 + (-r 2 + /z. 2 ) 2 , 0 < k < n— 1. 


According to Gronwall Inequality in Lemma 4.1, we obtain 


l|e fc |r < exp 


3 kr ( |g|(co + ci)ci + ^ 


0 1 1 2 


l|e u || 


c|(r 2 + h 2 ) 


2\2 


2|oi(co + Ci)ci + 1 J 

1 < A: < n. 


By the initial-boundary value conditions, we could easily know ||e°|| =0, so 

Iki < exp [|r(M(o + d)a + j)] , eJ T cl)c , +1 (^ 2 + > a ) (4 9) 

= C4(r 2 + /i 2 ), 0 < k < n. 

_&+- 

Multiplying the (4.3) by —h8te- 2 , summing j from 1 to m — 1 and taking 
the real part, we have 


Q 

2 


(^ +l )j 

Re |V (* t e$ +l ) j - ife |/z | . 


(4.10) 


Now, we estimate each term of (4.10). 

Firstly, simplifying the left of (4.10), we obtain 


E («e‘ + >) (s4 H ) 
ft E(4e‘!j) ■«,«}) 


ft 1 1 («.£| + J,e}_,) • i (fce‘+! - «*_*) 


J = 

J_ 

2r 


m / 

f'* E (l 

i=i v 


J 2 


l^ e y_ i I 2 ) . 


that is 


m— 1 


■flebE (^) (*4 +i ) = 27 (|e fc+1 li - |e fc li) • (4-11) 


i= i 
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Let the right term of (4.10) be Ai,A 2 separately. By the error equation 
(4.3), we have 


c — 2 • c 2 — o ft • 2 , ■ r)k 

d t e j = -Wx e j ~ -jiGj +tRj. 


(4.12) 


Substituting (4.12) into A 1: we obtain 


Re \ h Y 

j = i 


Re UrY G k+l (-i<5fe* +l - + iR^j j 

= Re l ~ih Y 5 GJ 5 - if||G fe +5 || 2 + ih Y R'jG, ' '' f 

[ j=i l=i J 

I m ~ 1 „ 1.1 i 1.1 1 m ~ 1 L., I I 

= /to j -ft £ <5 2 eJ +3 GJ +3 + ft. £ R t G] 2 


— B\ + B2, 


where 


< |ft E ^er 5 Gr 2 1 < 


'2 — ^“l - 2 2 

"j I - 


i=i 

m— 1 


B 2 <|ftE RjG 


l=i 


j 1 - 2 


^ (|e fc +i|? + |G fc +i|f) , 

l=i 

^ m— 1 m— 1 \ 1 

E i^i 2 + E i<*i a < 2 (J^h 2 + n Gfc+l 11 2 ) • 


j=i 


1=1 


Then according to (4.6)-(4.8), we can estimate the first right term A\ as follow 
A\ 


< 

< 


l (|e fe +3 |f + | G k+1 * |f + \\R k \\ 2 + ||G fc +i || 
||e fc+ 5 |f + |c 3 (||e fc || 


||e fe+1 || 2 + |e fc |f + |e fc+1 |f) 

+ 4 c i(r 2 + ft 2 ) 2 + f c 3 (l|e fc || 2 + II e fe ' 


| e fc +2 |f + cf (r 2 + ft 2 ) 2 + §c 3 (||e fc || 2 + ||e' 


5 112 

k \l 

fc + l ||2 

fc ||2 


ofc+l||2i 


|C3 (|e fe |i + |e fc+1 |i) 


< 4 


| 

3<s (l< 


| e fc +2 |f + cf (r 2 + ft 2 ) 2 J + qc 3 c\ (r 2 + ft 2 ) 2 + |c 3 (|e fc |f d 
|e fe+1 |f) + ||e fc+ s |f + (qc 3 c\ + |c|) (r 2 + ft 2 ) 2 


fc |2 


0 k + 1 1 2 


I?) 


According to (4.6), we can also estimate the second right term A 2 as follow 



Now, substituting the three estimations just represented before into (4.10), 
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we obtain 


h (\e k+ 1 \i-\ ek \i) 


< I c 3 (\e k \l + \e k+1 \l) + ||e fe+ 2 | 2 + (gc 3 c| + |c|) (r 2 + ft 2 ) 2 


212 , lufe+||2 


+ I c 2( r 2 _|_ /j2j2 + 1 

< fc 3 (|e fe |i + |e fc+1 | 2 ) + |e fc+ 5 + ( q c 3 c 2 4 + ^cf) (r 2 + h 2 ) 2 

< fc 3 (|e fc |f + |e fc+1 j 2 ) + 2 f~(|e fc |i ! + |e fe+1 1?) + (gc 3 c| +'®±?c|) (r 2 + ft 2 ) 2 

= ^±2 (| e fc|2 + | e fc+l| ? ) + (, C3C 2 + ,±2,2) (r 2 + /l 2)2 > 

that is 

(l - r^a+^2) | e fc+i|2 < (i + t 2 ^3+,+2 ) | e fc|2 

+ (2 gc 3 c 2 + (r 2 + ft 2 ) 2 , 0 < fe < n — 1. 

Let /? = r 2qc 3 4 9+2 . When f3 < we have 


D fe+l|2 


t < 1 + 3r 


2?c 3 + <7 + 2 \ 


V 


<7 ± 2 


e ll + o r ( 2 ? c 3 c 4 + 2 ^2 J ( T “ + ) 

0 < k < n — 1. 


l2\2 


Denote 


C5 = 


2?c 3 + q + 2 n 2,9 + 22 


c 6 = 2gc 3 c 4 + 


c 2) 


then we rewrite the inequality as follow 


\c k+1 \\ < (1 + 3rc 5 )|e fe | 2 + -tc 6 (t 2 + ft 2 ) 2 , 0 < k < n - 1. 


Using Gronwall inequality, we get 


e k \i < exp(3fcrc 5 ) • |e°| 2 + 


c 6 (r 2 + ft 2 ) 2 


2c 5 


, 1 < k < n. 


By the initial-boundary value conditions, we also know |e°|f = 0, so 

\e k \\ < exp(3fcrc 5 ) • Cs(r 2 ^ } 

< exp(3c5T)^-(r 2 ± ft 2 ) 2 , 0 < k < n. 

According to (1) in Lennna 4.3, we have 

l|e fc ||L < ||e fc |? 


(4.13) 


< ^ exp(3c5T)(r 2 + ft 2 ) 2 , 0 < k < n. 


Denote 


c= vS exp(3csT) - 

Therefore, when r is small enough, there exists a constant C independent of 
ft, r such that 

||e fc ||oo < C(t 2 + ft 2 ), 0 < k < n. (4.14) 

This completes the proof. 

□ 
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5 Iterative algorithm 

There are some discrete methods about the nonlinear Schrodinger equations 
[12]- [13]. In this section, we use an iterative method [9] to compute the solution 
of the difference scheme (2.3)-(2.4). 

Define the following iterative method 


if (vf'* - uf'j + Slvj 1 ' 1 + § ( \uj\ 2 + |2uj‘ L> — u? | z ) v'f’ = 0, 


vf V - utf) vV - < 
l<j<m— l,0<k<n— 1, 


(5.1) 


„(0 


= 0, Vm(l) = 0, 


(5.2) 


where v ^ = u k , 0 < j < m, l = 1,2, 

Multiplying the (5.1) by hijj , summing j from 1 to to — 1 and taking the 
imaginary part, we have 


that is 


9 rn- 1 

-\\v^t - RehY^rfvf =0, 

3 = 1 


rn— l 

f||v^|| 2 = Reh u jVj 

3 = 1 
/ m— 1 


< M E^f-Etf) 2 

V = 1 i=l y 


m— 1 


m — 1 


= U E K ) 2 • U E (#) 2 


i - i 

= ll« fc IMIv 


i=i 


(0 1 


Thus, 

Denote 


lh> (,) ll< 11**11, 1 = 1,2,.... 

(Z) (0 TO / • / 

£j = Vj — vy, y) < ] < m. 


(5.3) 


Theorem 5.1. Suppose that the solution is {u k | 0 < j < to}, r is sufficiently 
small enough, then the iterative method (5.1) — (5.2) is convergent. 

Proof. Subtracting (5.1)-(5.2) from (2.3)-(2.4), we obtain 

* 2 4° + 5 l £ T + 2 d u i I 2 + 1 2v o ~ u j\ 2 ) v j - (\ u j I 2 + |2^ _1) - u^\ 2 )vf ^ ^ 

= 0, 1 < j < TO — 1, 


£ (0 _ £ (0 _ Q 
fc 0 — — u - 


(5.5) 
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Multiplying the (5.4) by h£j( l \ summing j from 1 to to — 1, we have 


m— 1 


-3 
m— 1 


m— 1 


i$h E \e?\ 2 + h E {5lef)e^ + lh E K*| 2 |e?| 2 

i~\ j-i J—i 

m—1 r 

+ l h E \\ 2v j - \ 2v 


i= 1 




£ - W = 0. 


(5.6) 


Noticing the term in brackets, we add \2v^ ^ — Uj\ 2 Vj to this term as follow 

\2 Vj - u k \ 2 Vj - |2nj /_1) - u k \ 2 vf* 

= \2v ( }~ l) - u k \ 2 (vj - nf } ) + [\2vj - Uj | 2 - \2v^~ 1] - u k | 2 ) Vj 
= \2v < - l ~ 1 ' > - u k \ 2 e^ + (2e l j~ 1 \2vj - u k ) + (2ik _1) - u k )2£j Vj. 

Then, substituting this rewritten term into (5.6) and taking the imaginary part, 
we have 


< 

< 

< 

< 



\q\ ■ l|e ( ' _1) l|oo • ||e (| )|| 


\q\ ■ I|e° 1} l|oo • ||e (0 ||oo 

kl- ll^lloc -Halloo 


- u k ) + (2vf 1] - u k )2ejV-V) VjSjW 

5 i 1 (|2«i-«J| + |2^- 1) - U J|) \vj\ 

•(M + ||w fc || + ||2a6- 1 )|| + ||n fc ||)||t;|| 

•6||u|| 2 . 


According to (5.3) and Theorem 3.1, we obtain 

lk W H 2 < 3r|g| • || £ ^- 1 )|| 00 • || £ (*)||oo • ||w fe || 2 

= 3r|g| • 1) iioo-ik (0 iioo-i|w 0 || 2 - 


Similarly, taking the real part of (5.6), we have 


(5.7) 


k (0 l? 


< 

¥ii« 

fc || 2 -|k W || 2 oc + ¥lk (;) ll^c 

m—1 

,-h E 

A — 1 

4 (Vj 1 1 ' > ) 2 + {u k ) 2 


+kl • 

lk ( ' _1) lloc 

• lk (0 ||oo • 6||u 

3 — 1 

II 2 


< 

4\\n 

fc ll 2 lk w IIL 

+ ¥ik (0 i^- 

(4||u fc || 2 

+ ||u fc || 2 +4||n fc || 2 ) 


+6 <7 

• IKII 2 lk (i 

- 1} ||oo Halloo 



< 

5M- 

l|w fc || 2 ||e (0 ll 

2 oo + v\q\-\W k 

Hl^-^lloolkWlloo 

< 

%|- 

lKll 2 lk (0 ll 

lo +6|g| • ||w° 

ll 2 lk (, - 1) lloolk (I) ll=o. 


According to (2) in Lemma 4.3, for any a > 0, there is 

||£ (0 |IL < a|e (0 li + sll e( 0 ll 2 

< a (5|g| • ||u°|| 2 ||£6)||^ + 6|g| • ||u 0 || 2 ||£ ( *- 1) || oo ||e (z) || oo ) 

+ ¥ ' 3t M ‘ ll u ol| 2 ||e (i_ 1 ) l|oolk (i) lloo- 
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That is 

lk (0 lloo < a (5|g| • ||u 0 || 2 ||e ( * ) || oo + 6|g| • ||w 0 || 2 ||e (i_1) ||oo) 
+ E ' 3r M • ll«o|| 2 |k (i-1) Hoc- 

Taking a = 1/ (12|g| • ||wo|| 2 ), we get 

lk (0 ||oc < ^lk (i) ||oo + ^ll^-^lloo + Wllnoini^-^lloo, 

that is 

Halloo < y (^+9 t 5 2 || Uo || 4 ) Halloo- 


When rg 2 || it 0 || 4 < we have 




144 


ll^ll^Slk^lloc. 


This completes the proof. 


□ 


6 Conclusion 

In this paper, we consider a nonlinear finite difference scheme for the Schrodinger 
equations. We prove that the difference scheme has a unique and bounded 
solution and the finite difference solution is convergent with the convergence 
order of 0(r 2 + h 2 ) in norm. Finally we give a convergent iterative method 
to compute the solution of the difference scheme. 

Acknowledgement: This work is supported by the Natural Science Foun- 
dation of China (11171285) and the Foundation Research Project of Jiangsu 
Province of China (BK20161158). 
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SINGLE POINT V.S. TOTAL BLOW-UP FOR A REACTION 
DIFFUSION EQUATION WITH NONLOCAL SOURCE 


DENGMING LIU 


Abstract. In this paper, we consider the following initial-boundary value 
problem of a semilinear parabolic equation with local and nonlocal sources 

ut = Art + u p + / u q ( x , t ) dx, ( x , t) £ B x (0, T ) , 

J B 

where p, q > 0, B = {a; S R ;V : x < R } . We completely classify blow-up 
solutions into total blow-up case and single point blow-up case according to 
the different values of the nonlinear parameters, and give the blow-up rates of 
solutions near the blow-up time. 


1. Introduction 


In this paper, we deal with the property of the blow-up solution of the following 
reaction-diffusion equation with local and nonlocal sources 


Ut = A u + u p + f B u q (x, t ) dx , 
< u (x, t) = 0, 

U (x, 0) = U 0 ( X ) , 


( x,t ) eBx (0,T) , 
(x,t) GdBx (0, T) , 
x G B, 


( 1 . 1 ) 


where p, q > 0, B = {x £ R N : |cc| < R }. Throughout this paper, we assume 
that the initial data uo € C 2 (B) fl C(B), ug (x) = u(r) > 0 with r = |x|, and 
u' 0 (r) < 0 for r € (0, R\. Moreover, we assume that there exists a positive constant <5 
such that Au 0 +Ug + f B u^dx > 5. When min {p, q} > 1 , we can easily show the local 
existence and uniqueness of classical solution of problem (1.1). If min{p, q} < 1, 
the existence of maximal solution can be proved. Moreover, if max{p, q} > 1, we 
can prove that the solution of blows up in finite time for large initial data. In 
this paper, we consider the blow-up set of problem (1.1) and denote the blow-up 
time by T. We now begin with the definition of the blow-up point for a blow-up 
solution. 


Definition 1.1. A point x £ B is called a blow-up point if there exists a sequence 
(x n ,t n ) such that x n —X x, t n T and u ( x n , t n ) — > oo as n — X oo. 

The set of all blow-up points is called the blow-up set. For simplification, we 
denote the blow-up set by S. When S = B, we call this phenomenon “total blow- 
up” and when the blow-up set include only one point, we call this “single point 
blow-up” . 


2000 Mathematics Subject Classification. 35K55, 35K65. 

Key words and phrases. Nonlocal source; Single point blow-up; Total blow-up. 
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In 1984, Weissler(see [l]) considered the property of the blow-up solution for the 
following one-dimensional initial-boundary value problem 

ut = A u + u p , ( x , t) £ ( —R , R ) x (0, T ) , 

< u(x,t) = 0, (x, t) e {—R, R} x (0, T ) , (1-2) 

u (x, 0) = uq (x) , x £ [—1?, R] , 

where p > 1, and obtained the single point blow-up phenomenon under some suit- 
able conditions. In [2], Friedman and McLeod generalized Weissler’s results to 
TV-dimensional case, and showed that the blow-up point is only the origin, namely, 

S = {°}- 

Chadam et al. in [3] studied the following problem with localized reaction term 
ut = Ait + u q (x * , t ) , (x,t) £Bx (0,T), 

< u{x,t)= 0, (x,t) £ dB x (0,T) , (1-3) 

U (x, 0) = Uq (x) , X £ B, 


and proved that total blow-up occurs whenever a solution blows up, that is, S = B. 
Souplet (4j|5| extended the results in |3 to the case for the moving source x* (t) and 
obtained the precise blow-up profiles of the total blow-up solution. 

Recently, Okada and Fukuda in 1 7 dealt with the single point and total blow-up 
for the following problem 


ut = Ait + u p + u q (a t) , (x,t) £ B x (0, T ) , 

( u(x,t) = 0 , (x, t) £ dB x (0, T) , (1-4) 

it (x, 0) = Uq (x) , x £ B. 


They showed that p = q + 1 is a cut off between the single point blow-up and the 
total blow-up for x* = 0, and p = q is the critical exponent of the single point 
blow-up and the total blow-up for x* ^ 0. 

Motivated by above works, we investigate problem ( 1.1 ). Similar to [7j, the main 
purpose of this article is to evaluate the effect of the competition between u p and 
f B u q dx on the single blow-up and total blow-up. Motivated by the idea of Souplet 
in 1 6 1 , through modifying the construction of auxiliary functions used in [7|, we 
completely classify blow-up solutions into total blow-up case and single point blow- 
up case according to the different values of p and q , and give the blow-up rates of 
solutions near the blow-up time. 

In order to state our results, we first let tp be a solution of 


<Pt = A<p, (x,t) £ B x (0,T), 

< p(x,t) = 0, (x,t) £ dB x (0,T) , (1-5) 

p (x, 0) = po (x) >0, x £ B , 


where p 0 £ C 2 (B) D C(B), p 0 (x) = p{r) with r = |x|, and p' 0 (r) < 0 for r £ 
(0, R] . The main results of this article are stated as follows. 
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Theorem 1.2. Suppose q > p and q > 1, and let u be a solution of (1.1 ) with uq = 
\<Po (A > 0), then there exists a positive constant Ao (</?o) such that if A > Ao (v?o), 
then u blows up on the whole domain, that is, S = B; Moreover, the following 
estimate 

Ci(T -t)~*& <u(x,t) <C 2 (T -t)~^ , t T (1.6) 

holds for any compact subset of B, here C\, C 2 are positive constants. 


Theorem 1.3. Suppose p > q and p > 1, then all blow-up solutions of problem 
0 blow up only at the origin, namely, S = {0}; Moreover, there exist positive 
constants C 3 and C 4 such that 

C 3 {T -t)~^ '<u(0,t) <C 4 (T -t)~^ , t->T. (1.7) 

Remark 1.4. From Theorems 1.1 and 1.2, we know that p = q is the critical 
exponent for single point blow-up and total blow-up. 


This paper is organized as follows. In the next section, we will give some lemmas. 
In section 3, we concern with the single point blow-up and the total blow-up, and 
give the proofs of Theoremsl.l and 1.2, respectively. 


2. Preliminary 

In this section, we will state two important lemmas, which will be used in the 
sequel. 


Lemma 2.1. Suppose q > 1 and q > p, let u(x,t ) be a solution of (1.1) with 
uq (x) = Aipo (x), then there exists a positive constant Ao (</2o) such that 

U ( x , t)> ^ ^ X, t J u (0, t) = tj) ( x , t) u (0, t) , (x,t) e B x [0,T), (2.1) 

2^o (0) 

holds if A > Ao (<^o)- 

Proof. Using maximum principle (see [4]), we have 

0 <p{x,t)< ip 0 (x) < po (0) • 

Because of q > p and u 0 (0) = A<^ 0 (0), we can choose A large enough such that 

2ijj (x, t) Uq~ 9 (0) < {A(/?o (0)} P 9 < [ if q (x,t)dx. (2.2) 

J B 

Now, letting 

U = u(x,t) — ip (x, t ) u (0, t ) , 
after a series of simple computation, we have 


Ut — AU = u p + J u q dx — ip (x, t) (0, t) + u p (0, t) + J u q dx^ 

f u q dx — if (x,t)u p (0,t) . 


(2.3) 


On the other hand, Amq + Uq + J g u 3 dx > 6 means Ut > 0, thus, for any t £ [0, T), 


we see 


u (0, t ) > Mo (0) . 


(2.4) 
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Combining (2.2), (2.3) with ( 2.4 ) , we know 


Ut — A U > - (/ u q dx — 2 ip (x, t) Uq q (0) u q (0, t) 

^ u q dx — J ip q u q (0 ,t)dx 


> - 
~ 2 

= 9 


(2.5) 


U$dx, 


where 


$ = / [Ou + (1 — 6) tfu ( 0 , t)] q 1 dQ. 

Jo 

In addition, for any (x,t) £ dB x (0, T), we have 

U (x,i) = 0, 

and 

U (X, 0) = Uq (x) - -0 (X, 0) Uq (0) = A <p 0 (x) - ^ ° ^ A ip 0 (0) = ^O^x) 

Zipo (0) 2 


From (2.5), (2.6), (2.7) and maximum principle, it follows that 
U (x,f) > 0, {x,t) £ B x [0, T), 


which leads to (2.1 ). The proof of Lemma 2.1 is complete. 


( 2 . 6 ) 
>0. (2.7) 

□ 


Lemma 2.2. Suppose p > 1 and q > 0, let u (x, t ) be a solution of (1.1), then there 
exists a positive constant rj such that 


Proof. Putting 


Ut > rj(p(x,t) ^u p + J u q dx^j , (x,t) £ B x [0,T). 

J (x, t) = Ut {x, t) — rpp (x, t) + J u q dx^j , 


(2.8) 


where will be chosen later. Computing directly, we obtain 

' p_1 ( u p + [ u q dx — u t + Au 


J t — A J — puP 1 J > rjpipu'' 


— r] (ipt — A tp) + J u q dx^j + q (1 — pip) J u q x utdx 
+ 2ppu p ~ 1 'S/u • V p + r]p(p— 1) pu p ~ 2 |Vu| 2 
> 2 , qpu p - 1 X7u ■ V<p + q (1 — pip) / u q ~ 1 u t dx. 

Jb 


(2.9) 

Since u and <p are radially symmetric and monotone decreasing with respect to r, 
we have 


X2 


X 2 


Vu • Vtp = U r , , • • • , • ip r ( , — , • • • , = U r ip r > 0. 

\ r r r / \ r r r J 

On the other hand, by maximum principle, the assumption Auq + u p + J B u^dx > 5 
implies that u t > 0. Choosing rj small enough such that 

1 — pip (x, t) > 0, (2-10) 
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we then have 


J t — AJ — pu p 1 J > 0. 


( 2 . 11 ) 


Moreover, we can verify that 

J (x, 0) = i i t (x, 0) - rjipo ( x ) ( x ) + J u o ( x ) dx 

= Au 0 ( x ) + Uq ( x ) + J Uq (x) dx - r/ipo ( x ) (x) + J u q 0 (x) dx 

> V - Wo (0) (0) + J u o (°) 

> 0 , 

( 2 . 12 ) 

holds for sufficiently small rj. In addition, for any (x,t) £ dB x (0 ,T), we have 

J (x, t) = 0. (2.13) 


From (2.11), (2.12), (2.13) and maximum principle, it follows that 

J (x, t ) > 0, (x, t) B x [0, T), 


which yields (2.8). The proof of Lemma 2.2 is complete. 


3. Proof of Theorems 1.1 and 1.2 


□ 


In this section, we will discuss the single point and total blow-up phenomena 
according to the different values of p and q. Firstly, we give the proof of Theorem 
1 . 1 . 


Proof of Theorem 1.1. Since 


lim u (0, t) = + 00 , 

t-s-T 


we can easily show the total blow-up result under the condition q > p from Lemma 
2 . 1 . 

Moreover, noticing the fact that 

max u (x, t) = u (0, t ) , 

X(zlB 

we have 

A u (0,f) < 0. 

On the other hand, thanks to q > p and q > 1, there exists t\ £ (0, T) such that 

ut (0, t) = Au (0, t) + u p (0, t) + / u q (0,t)dx 

Jb 

<u p (0,t)+ f u q {D,t)dx 
J B 

< (|B| + iK(0,f), te(h,T). 


(3.1) 


Combining (3.1) with Lemma 2.1, we obtain 

CxiT-ty^ <Cu(0,t) <u(x,t), {x,t) £ K x (ii.T) , (3.2) 

where K is any compact subset of B. 
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Furthermore, it follows that, from (2.1) and (|2.8|), 


ut{0,t)>r]ip(0,t) / u q dx > r] \B\ <p (0, t) if q (0, t) u q (0, t) . 
Jb 


Integrating (3.3) from 0 to t, we conclude 


u (x, t) < u (0, t) < C 2 (T — t) 9 :1 , (x, t) £ B x (0, T) . 


(3-3) 


(3-4) 


Combining (3.2) with (3.3), we get (u.6k. The proof of Theorem 1.1 is complete. □ 


Now, by the method of contradiction, we give the proof of Theorem 1.2. 

Proof of Theorem 1.2. Using mean value theorem, and noticing the fact that u (x, t) 
is radially symmetric and monotone decreasing with respect to r, we know that 
there exists a unique point x* such that 

f u q dx = \B\ u q (x* , t ) , x* 7^ 0 and x* dB. 

Jb 

We suppose that, on the contrary, there is a blow-up point xq 7^ 0 (|aio| < \x*\ = ro). 
Since u (x, t) is radially symmetric and monotone decreasing on r, then for any 
rq £ [0, r 0 ], we see 

lim u (ri,t) = 00 . 

t—¥T 

Letting 0 < n\ < /.i < H 2 < tq, and 

So (m,7) = {x = (xi,x 2 ,-- ■ ,%n) £ M. N : /j, < x\ < n + 7,0 < Xj < 7 (j = 2, • • • N)} 

here 7 is a sufficiently small constant such that 


So (/A 7) e B{fi 2 )\B{fi 1). 

Defining an auxiliary function as the form 

F (x, t) = u Xl (x, t ) + eb (x) u m (x, t ) , (x, t) £ S 0 x [0, T), 

where e, m will be determined later, and 


(3.5) 


b (x) = sin 


Calculating directly, we obtain 


n (xi - /Li) 


N 

n 

3 = 2 


sin - 




= e (to — p) bu p+m 1 + embu m 1 f u q dx + 

J B 


-bu r ‘ 


= e (m — p) bu p+m 1 +emb\B\n m 1 u q (x*,t)-\ ,, 

T 

, m—2 1 Y 7 ,2 , 2 me 2 Vb-Vu 2m _! 

— em(m — l)bu |Vu| H bu 


< e(m — p) 6u p+m - 1 + emb \B \ + 
On the other hand, it is easy to verify that 


en 2 N 

7 2 


bu 71 


- bu " 


2 me 2 V6 • Vu 


bu 


2m— 1 


2 me'Vb ■ Vu 2mTreN 

0 < < — . 

7Mi 


181 


DENGMING LIU 176-183 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


SINGLE POINT V.S. TOTAL BLOW-UP 


For the case p = q, we can choose m < 1+ ^ B | and t\ large enough such that 


F t - AF — ( pu p ~ l - 


2 emV6 • Vrt 


,m— 1 


F 


< — ebu m < \p — m (1+ |H|)] u p ^-u — 


n 2 N 2mneN p 2 


7 


7Mi 


(3-6) 


<0, 


holds for every (x,t) £ So x [ti,T). 

For the case p > q, we can take m < p and 72 large enough such that, for any 
{x,t) 6 Sq x [t 2 ,T), the following inequality holds 


F, - AF - I pH*- 1 - 2em7il ' — u m -' 


F 


^ . m — 1 // \ p , n , , 7r 2 N 2miteNp 2 „ 

< — eou < (p — m)u p — m \B\ u H r-u u 

l 7 7 AH 

< 0 . 

Next, putting r = max{Ti,T 2 }, and taking e small enough, such that 

F (x, t) = u Xl (x, t) + eb (, x ) u m ( x , r) 

< max u Xl (x,t) + e max u m (x,t) < 0. 
x€So x£So 

In addition, we can easily check that, 

F (, x , t) = u Xl (x, t ) < 0, (, x , t) e x [r, T). 


(3.7) 


(3.8) 

(3.9) 


Combining (3.6), (3.7) and (3.8) with (|3.9|), we conclude immediately that 


which implies 
Fixing 

and denoting 


F (x,t) < 0, for any (x,t) £ So x [r, T), 
— u~ m u Xl > eb (x) . 
a' = (a 2 , ■ ■ ■ (in) G R™ -1 , 
ai = (n + 7 , a 2 , • ■ ■ in) ■ 


(3.10) 


Integrating ( |3.10| ) by X\ from p to p, + 7 , we have 

0 < 


f ^e6 (a! )d Bl = ^nsin^< 


3 = 2 


7 (to — 1) n m_1 («i, t) 


(3.11) 


Since 


lim u (ai,t) = + 00 , 


t-¥T 


from (3.11), we have a contradiction. Hence, u(x,t) blows up only at the origin. 
In light of 

max u (x, t) = u (0, t ) , 

x£B 


then similar to the process of the derivation of (3.1) and (3.2), we find that 


C 3 (T-t)~^ < u(0,t), t —> T. 


(3.12) 
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Now, using Lemma 2.2, we get 

ut (0 ,t) > r)<p (0, t) u p (0, 


From (3.13), it follows immediately that 

u{0,t) < C 4 (T — t)~p^ 


Combining (3.12) with (3.14), we arrive at (1.7). 
complete. 


t). 

(3.13) 

t -A T. 

(3.14) 

The proof of Theorem 1.2 is 


□ 
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COMMON FIXED POINT RESULTS FOR WEAKLY COMPATIBLE 
MAPPINGS USING C-CLASS FUNCTIONS 

GENO KADWIN JACOB 1 , ARSLAN HOJAT ANSARI 2 , CHOONKIL PARK* 3 , N. ANN AM ALAI 4 


Abstract. In this paper, using the concept of (7-class fuction, we prove the existence of com- 
mon fixed point for generalized Zamhrescu-type mappings and generalized weakly Zamfirescu- 
type mappings. Our results generalize so many results in the literature. 


1. Introduction 

In 1922, Banach proved the existence of fixed point on complete metric space (X,d). A 
mapping / has been considered to be a contraction and a self-mapping. 

Definition 1.1. Let ( X , d) be a metric space. A mapping / : X — > X is said to be a contraction 
mapping if there exists k £ [0,1) such that 

d(f(x),f{y )) < kd(x,y). 

Later many authours have proved fixed point existence on several type of generalized con- 
tractions. Kannan type and Chatterjea type mappings were significant type of mappings since 
they provided existence of fixed point for non-continuous mappings in literature (see [4,6]). 

In 1972, Zamfirescu [7] generalized functions of Banach, Kannan and Chatterjea by intro- 
ducing a new kind of mapping and proved the existence of fixed points for mappings. 

Definition 1.2. Let (A, d) be a metric space. A mapping / : D — > X is said to be a Zamfirescu 
mapping if for all x, y £ X it satisfies the condition 

d(f(x)J{y)) < kM f (x,y ) 

for some k £ [0, 1), where 

M f (x, y) := max { d{x, y), ^ [d(x, f{x)) + d{y, f(y ))] , ^ [d(x, f(y)) + d(y , f(x))] j. 

Apart all these generalizations, Dugundji and Granas [5] in 1978 generalized the contraction 
mapping as follows. 

Definition 1.3. [5] Let (X,d) be a metric space and D C X. A mapping / : D -A X 

is said to be a weakly contraction mapping if there exists a : D x D -A [0, 1] such that 
©(a, b ) := sup{a(x , y) : a < d(x, y) < b) < 1 for every 0 < a < b and for all x,y £ D, 

d(f(x),f(y )) < a(x,y)d(x,y). 

2010 Mathematics Subject Classification. Primary 47H10; 54H25. 

Key words and phrases, cyclic coupled contraction; best proximity point; multivalued mapping; fixed point; 
(7-class function. 
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In 2014, the concept of (7-class functions was introduced by Ansari [2], By using this concept , 
we can generalize many fixed point theorems in the literature. 

Definition 1.4. [2] A function F : [0,oo) 2 -A M is called a C -class function (also denoted as 
C ) if it is continuous and satisfies the following: 

(1) F(s,t ) < s; 

(2) F(s, t) = s implies that either s = 0 or t. = 0 
for all s,l £ [0, oo). 

Example 1.5. [2] The following functions / : [0, oo) 2 -A M are elements of C, for all s,t G 

[0, oo): 

(1) f(s,t) = s-t, f(s,t) = s => t = 0; 

(2) f(s,t ) = ms, 0<m<l, f(s,t ) = s => s = 0; 

(3) f(s, t ) = r G (0, oo), f(s, t) = s =>• s = 0 or t = 0; 

(4) f(s, t ) = log (t + a s )/( 1 + t), a > 1, f(s, t) = s => s = 0 or t = 0; 

(5) f(s, t ) = ln(l + a s )/ 2, a > e, f(s , 1) = s =$■ s = 0. 

Definition 1.6. Let T denote all the functions i/ 7 : [0,oo) -A [0, oo) which satisfy 

(i) = 0 if and only if t = 0, 

(ii) is continuous, 

(iii) 'ip(s) < s, Vs > 0. 

Definition 1.7. Let (X,d) be a metric space. Then f,g : X -a X are said to be weakly 
compatible if fg(x) = gf{x ) for x G X whenever f{x) = g(x). 

Lemma 1.8. ( [3]) Suppose that (X, d) is a metric space. Let { x n } be a sequence in X such 
that d(x n ,x n + 1 ) -A 0 as n A oo. If {x n } is not a Cauchy sequence, then there exist an 
e > 0 and sequences of positive integers {m(k)} and (n(fc)} with m(k ) > n(k) > k such that 
^{Xm(k)— 1 ) X n {k)) F £ and 

(i) lim fc —>•00 d j [Xm(k) — l’) %n(k)-\-l) 

(ii) limfe — kx> d(x m (jt)i x n (j-g) £, 

(iii) lim/j—^oo d(x m (^.)_i , x n (^.) ) £. 

In this paper, we prove the existence of common fixed point for two weakly compatible 
mappings on a complete metric space. 


2. Main results 

Definition 2.1. Let (X,d) be a metric space. Consider two self-mappings / and g on X and 
let a : X x X — > [0, 1] be a function. Then g is an /-weakly generalized Zamfirescu type 
mapping if, for all F G C, if G 4/ and for all x, y G X, 

d(g(x),g(y)) <F(a{f{x), f(y))max{(d(f(x), f(y)), ^ [d(f(x),g(x)) + d{f(y), g(y ))\ , 

\[dU(x),g{y)) + d(f(y),g(x))\}, 

ip{a(f(x),f(y))m ax {(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))], 

\ [ d (f( x )i g{v)) + d(f(y),g(x))\ }) ) . 
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Theorem 2 . 2 . Let (X,d) be a complete metric space and f,g : X — >• X mappings such that 
g is an f -weakly generalized Zamfirescu type mapping. Then f and g have a unique common 
fixed point on X if the following conditions are satisfied: 

(1) g(X) C f(X); 

(2) f(X) is complete; 

( 3 ) /, g are weakly compatible. 

Proof. Choose xo € Y arbitrarily and x n € X such that f(x n ) = g{x n -\). Then 

d(f(x n ),f(x n+ 1)) = d(g(x n -i),g(x n )) ( 2 . 1 ) 

< F(a(f(x n -i),f(x n ))max{d(f(x n -i),f(x n )),-[d(f(x n -i),g(x n -i)) + d(f(x n ),g(x n ))], 

l,[d(f(x n ),g(x n -i)) + d(f(x n -i),g(x n ))\ j, 

(a(f{x n - 1), f(x n ))max{d(f(x n - 1), f(x n )), - [d(/(x„-i), g{x n -i)) + d(f(x n ),g(x n ))] , 

^[d(f(x n ),g{x n -l))+d(f(xn- l),g(x n ))\ })) 

< a(f(xn-i),f(xn))max{d(f(x n -i),f(x n )),^[d(f(x n -i),g(x n -i)) + d(f(x n ),g(x n ))], 

7) [d(f(x n ),g(x n - 1)) + d(f(x n -i),g(x n ))] } 

< a(f(x n - 1), /(x n ))max{d(/(x n _i), f(x n )), ^ [d(f(x n - 1 ),f(x n )) + d(f(x n ), /(x n+ i))] , 

\ [d(f(x n ), f{x n )) + d(f(x n - 1), f(x n+ 1))] | 

< a(f(x n - 1), f{x n j)max^d{f{x n - 1 ), f(x n )), | [d(/(x„_i), f(x n )) + d(f(x n ), /(x n+ i))] , 

\ [d(f(x n - 1), f(x n )) + d(f(x n ), /(x n+ i))] | 

< a(f(x n -i),f(x n ))max^d(f(x n - 1 ),f(x n )),^[d(f(x n - 1 ),f(x n )) + d(f(x n ), /(x n+ i))] }. 

Claim: d(f(x n ),f(x n+ 1)) < a(f(x n -i),f(x n ))d(f(x n -i),f(x n )). 

Suppose that 

d(f{x n ),f(x n+ 1)) < a (f( x n-i)TM) ^(f(x n -i), f(x n )) + d(f(x n ), f(x n + 1))] 

=*• d(f(x n ),f(x n+ 1)) < — d(/(g w _i),/(g w )) 

2 - a{f (x n -i), f (x n j) 

< a(f(x n - 1), f(x n ))d(f(x n - 1), /(x n )). 

Then {d(/(x n ), /(x n +i))} is positive, decreasing and converges to some d G [0,oo). 

Now, letting n — )• oo in (2.1), we get 

d < J-im^ a(/(x„-i), /(x n ))max|d(/(x„_i), /(x n )), ^ [d(/(x„_i), g(x n _i)) + d{f(x n ), g{x n ))\ , 

2 [d(/(x n ), ff(Xn-l)) + d{f(x n -i), g{x n ))\ | 

<d, 
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which implies that 

d= lm^a(f(x n - l ),f(x n ))max^d(f(x n -i),f(x n )), (2.2) 

2 [d(f(x n -i),g(x n -i)) + d(f(x n ),g(x n )j ] , ^ [d(f(x n ),g(x n - 1)) + d(f(x n -i), g{x n ))\ }. 
Again, letting n — )• oo in (2.1) and using (2.2), we get 

d < F(d, ip(d)) < d. 

Thus F(d,t/}(d)) = d, which implies that d = 0. 

Next, we prove that {f(x n )} is Cauchy. Suppose not. Then by Lemma 1.8, there exist se- 
quences of positive integers {m(k)} and {n(k)} with > n*, > k such that d(f(x mkl ), f(x nk )) 
and d(f(x mk ), f{x nk )) converge to some 5 > 0. So 

d{f{Xm k ), f(Xn k )) = d(g(Xm k -l), g(x rlk _ 1 )) (2.3) 


< -P(a(/(x mfc _i), /(x nfc _i))rnax|(i(/(x mfe _ 



^[rf(/(*m*-l] 

l^(*m fc -l)) +d(f(x nk - 1 ) 

l,^(x nfc _i))], 

\[d{f{x mk -l] 

),g(x nk -i)) + d(f(x nk -i) 

,5(x mfc _i))]}, 

'ip(a(f(x mk -i),f(x nk -i))max{d(f(x rnk . 

1 

R* 

1 


\[d(f{ Xm k -l] 

),g(.X mk -i))+d(f(x nk - 1 ) 

-se 

e 

02 

-\d(f{x mk -{, 

),g(x nk - 1 )) + d(f(x nk -i) 

,t/(x m ,_i))]})) 

< a(f(x mk - 1 ), f{x nk _i))max|d(/(x mfc _i), 

e 


^[rf(/(*m*-l] 

I,^(*mfc-l)) +d(f(x nk - 1 ) 

\,g(x nk - l ))\, 


),g(x nk - 1 )) + d(f(x nk -i) 

, g(x mk -i))] } 

< max|d(/(x mfe _i), /(x nfc _i)), ^ [d(/(x mfc _ 

-l),g(x mk -l )) + d(/(x nfc _ 

.i),g(x nfc _i))], 


l,5(*n fc -l)) + d(/(®n*-l) 

,y(x mfc _i))] } 


< max | d(f(x mk -i),f(x nk )) + d(/(x n J,/(x nfc _ 1 )) , d{f{x nk _ 1 ), f(x nk )), 

^ [d(/(x mfe _i), /(x n J) + d{f{x nk _ 1 ), /(x n J) + d(f(x nk ), f(x m J)] J. 
Letting n -A oo in (2.3), we get 

5 = lim a(/(s m|fc _i), /(x nfc _i))max|d(/(x mfc _i), /(x n J), 

2 [d(/( l)> 9( x m k — l)) + d(f(x nk ), (?(x n k ))], (2-4) 

| [rf ( /( •T?n fc - l)i 5'( x n k )) + d(f{x nk ), g(x mk -i))] |. 
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Again, letting n -A oo in (2.3) and using (2.4), 

6 < F(5,il>(6)) < 5. 

Thus 5)) = 5, which implies that 5 = 0, which is a contradiction. 

Therefore, {/(x m )} is Cauchy and converges to x = f(u) for some x G A. 

Next, we prove that d(f(u),g(u)) = 0. 
d(g(u),x)= lim d(g(u),g(x n )) 

n— >oo 

< l^F^a(f(u)J(x n ))max^d(f(u),f(x n )), ^[d(f(u),g(u)) + d(f(x n ), g{x n ))\ , 

7 ,[d(f{x n ),g(u)) + d(f(u),g(x n ))] }, 

ip(a(f(u), f(x n ))max^d(f(u), f(x n )),^\d(f(u), g(u)) + d(f(x n ), g(x n ))\, 

7 , [d{f(x n ),g{u)) + d(f(u),g(x n ))] }) ) 

< at(f(u), f(x n ))max{d(f(u), /(x n )), ^[d(f(u),g(u)) + d(f(x n ),g(x n ))], 

\ [d(f(x n ),g(u)) + d(f(u),g{x n ))\ j 

= ( lbn_ a{f(u), f(x n ))max{d{f(u), /(i„)), ^ K/(u), g(u)) + d(f(x n ), f(x n+ 1 ))] , 

^[d(/(x n ),£f(u)) + d(f(u),f(x n+ 1 )] | 

< \d(f(u),g(u)) < ^ d(x,g(u )). 

So x = g(-u) = /(it) on A. Therefore, by the weak compatiblity of / and < 7 , we have /(x) = 
fg{u) = gf(u) = g(x). 

Claim: x is a common fixed point of / and g. 
d{x,g{x)) = d(g(u),g(x)) 

< F(a(f{u),f(x))max^d(f(u),f(x)),^[d(f(u),g(u)) + d(f(x),g(x)), 

\[d(f(u),g(x)) + d(f(x),g(u))\Y 

V 7 («(/(«), /(^))T 7 xaaT{d(/(ix), /(re)), ^ [d(f(u),g(u)) + d(f(x),g(x)), 

\[d(f(u),g(x)) + d(f(x),g(u))]}^ 

< a{f{u), f(x))max{d(f(u), /(x)), i [d(/(it), g{u)) + d{f(x),g(x)), 

\ [d(f(u),g(x)) + d(f(x),g(u))] } 

< d(x,g(x)). 

Thus F(d(x, g(x)),'tp(d(x, g(x)))) = d(x,g(x)), which implies d(x,g(x)) = 0. So x is a common 
fixed point of / and g on A. 

Uniqueness of common fixed point: 
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Suppose that x and x' are common fixed points of / and g. Then 

d{x,x') = (f(x)J(x')) = d(g(x),g(x')) 

< F(a(f(x), f{x'))max{d(f(x), f{x')), ^ [d(f(x),g(x)) + d(f(x'), g(x '))\ , 

l [d(f(x),g(x ')) + d(f(x'),g{x))] }, 

^ («(/(»)> f(x'))max{d(f(x), f(x')), * [d(f(x),g(x)) + d(f(x'),g(x '))\ , 

l [d(f(x),g(x ')) + d(f(x'),g{x))] j) ) 

< <x(f(x), f(x'))max{d(f(x), f(x')), ^ [d(f(x),g( x)) + d(f(x'),g(x '))] , 

l [d(f(x),g(x ')) + d(f(x'),g{x))] J 

< a(f(x), f(x')) max | d(x, x‘ ’), - [d(x, x') + d(x' , a;)] | 

< d(x, x'). 

Therefore, F(d(x,x'),ip(d(x,x')) = d(x,x'), which implies d(x,x') = 0. So x is the unique 
common fixed point of / and g on X. □ 

Definition 2.3. Let (X,d) be a metric space. Consider two self-mappings / and g on X and 
let a : X x X [0, 1] be a function. Then g is said to satisfy condition (A) on / if, for all 
F £ C, G T, k € [0, 1) and for all x, y € X , 

d{g{x),g(y)) < k a(f(x),f(y))max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))], 

\ W(x),g(y)) + d(f(y),g(x))] }. 

Corollary 2.4. Let (X,d) be a complete metric space and f,g\X-+X mappings such that g 
satisfies the condition (. A ) on f. Then f and g have a unique common fixed point on X if the 
following conditions are satisfied: 

(1) g(X) C f(X); 

(2) f(X) is complete; 

(3) /, g are weakly compatible. 

Proof. Choose xq € Y arbitrarily. Let x n 6 X be the element such that f(x n ) = g(x n -i) and 
define a function Fi : [0, oo) 2 — > M as F\ (s, t ) = ks for all k 6 [0, 1) which is a C -class function. 
Since / and g satisfy the condition (A). 

d(g(x),g(y )) < k a(f(x),f(y))max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))], 

\ [d{f{x),g(y)) + d{f(y),g(x ))] } 
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\W(x),g(y)) + d(f(y),g(x))]} 

\W(x),g(y)) + d(f(y),g(x))]Y)y 

Hence by Theorem 2.2, / and g have a unique common fixed point in X. □ 

Definition 2.5. Let (X. d) be a metric space. Let / and g be two self-mappings on X. Then 
g is said to satisfy condition (B) on / if, for all F E C, E T and for all x,y € X, 

d(g(x),g(y )) 

< F^nax^(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))],^[d(f(x),g(y)) + d(f(y),g(x))\J, 

if(max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))],^[d(f(x),g(y)) + d(f(y), g(x))\ })). 

Corollary 2.6. Let (X,d) be a complete metric space and f,g:X-±X mappings such that g 
satisfies the condition ( B ) on f. Then f and g have a unique common fixed point on X if the 
following conditions are satisfied: 

(1) g(X) C f(X); 

(2) f(X) is complete; 

(3) /, g are weakly compatible. 

Proof. By Theorem 2.2, if a(x,y ) = 1 for all x,y G X, then the mappings / and g have a 
unique common fixed point on X . □ 

Definition 2.7. Let (X. d) be a metric space and f,g be two self-mappings on X. Then g is 
said to satisfy condition (C) on / if, for all x, y G X and a, b, c G [0, 1), 

d(g(x),g(y)) < max j a(d(f(x), f(y)), ^ [d(f(x),g(x)) + d(f(y),g(y ))] , 

^[d(f(x),g{y)) + d(f(y),g{x))\y 

Remark 2.8. If we choose / = I x ( I x is the identity mapping in the condition (C), then we 
obtain the definition of Zamfierscu mapping [7]. 

Corollary 2.9. Let (X,d) be a complete metric space and f,g:X^X mappings such that g 
satisfies the condition (C) on f . Then f and g have a unique common fixed point on X if the 
following conditions are satisfied: 

(1) g(X) C f(X); 

(2) f(X) is complete; 

(3) /, g are weakly compatible. 
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Proof. Choose xq € Y arbitrarily. Let x n € X be elements such that f(x n ) = g(x n - 1 ) and 
define a function F\ : [0, oo) 2 — > M as F\ (s. t ) = ks for all k G [0, 1) which is a C -class function. 
Since / and g satisfy the condition (C), 

d(g(x),g(y )) < max | a(d(f(x),f(y)), ^d(f(x),g(x)) + d(f(y), g(y ))\ , 

^\d(f(x),g(y)) + d(f(y),g(x))\} 

< k maxj (d(f{x),f(y)),^\d{f(x),g(x)) + d{f(y),g(y))], 

\[d{f{x),g(y)) + d{f(y),g{x ))] } 

= F 1 (max^(d(f(x),f{y)),^[d(f(x),g(x)) + d(f(y), g{y))\, 

\ \d(f{x),g{y)) + d(f(y),g(x))] }, 

ip(max{{d(f(x), f(y)), ^ [d(f(x),g(x)) + d(f(y), g(y ))\ , 

\W(x),g(y)) + d(f(y),g( x))]})). 

Hence by Corollary 2.6, / and g have a unique common fixed point in X. □ 

Definition 2.10. Let (X,d) be a metric space and / and g two self-mappings on X. Then g 
is said to satisfy condition (D) on / if, for all x, y G X, 

d{g(x),g(y )) < max j(d(/(x), f(y)), ^ [d(f(x),g(x)) + d(f(y), g(y ))\ , 

^\d(f(x),g(y)) +d(f(y),g{x))\} 

- ^(rnaxj (d(f{x),f(y)),^[d(f{x),g{x)) + d(f(y),g(y))\, 
\[d(f(x),g(y)) + d(f(y),g{x))\^ 

Corollary 2.11. Let (X,d) be a complete metric space and mappings such that 

g satisfies the condition ( D ) on f . Then f and g have a unique common fixed point on X if 
the following conditions are satisfied: 

(1) g(X) C f(X); 

(2) f(X) is complete; 

(3) /, g are weakly compatible. 

Proof. Choose xq G Y arbitrarily. Let x n G X be elements such that f(x n ) = g(x n - 1 ) and 
define a function F 2 : [0, oo) 2 gK as F 2 (s,t) = s — t which is a C -class function. Since / and 
g satisfies the condition ( D ), 

d{g(x),g{y)) < max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))\, 

^ [d(f(x),g(y)) + d(f (y), g(x))} } 
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- v(max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))], 

^ [d(f{x),g(y)) + d(f(y),g(x))] }) 

= F 2 [max{(d(f(x),f(y)),^[d(f(x),g(x)) + d(f(y),g(y))], 

\[d(f(x),g(y)) + d(f(y),g(x))]}, 

Y>(max |(d(/(x), f(y)), ^ [d(f(x),g(x)) + d(f(y), g(y ))\ , 

\ W(x),g(y)) + d(f(y),g(x))\ })) . 

Hence by Corollary 2.6, / and g have a unique common fixed point in X. □ 

Definition 2.12. [1] Let X be a normed linear space. Then a set Y € X is called g-starshaped 
with q 6 Y if the segment [q, x] = {(1 — k)q + kx : 0 < k < 1} joining q to x is contained in Y 
for all x 6 Y. 

Definition 2.13. Let (X, d) be a metric space, /, T two self-mappings on X and let a : 
X x X — > [0, 1] be a function. Then T is said to be a /-weakly generalized almost Zamfirescu 
mapping if, for all x, y € X and a/,cG (0, 1), 

\\T(x)-T(y)\\ 

<F{a(f(x) - f(y)) max ja||/(x) - f(y)\\,^[dist(f(x), [q,T(x)]) + dist(f(y), [q,T(y)])], 

[ dist(f(x ), [q, T(y )]) + dist(f(y), [q, T(x)})] |, 
t(o(/(.t) - f(y)) max |a||/(.x) - f(y)\\,^[dist{f(x), [q,T(x)]) + dist(f(y), [q,T(y)})], 

( -\dist(f(x), [ q,T{y )]) + dist(f(y), [q,T(x)})} |^. 

Theorem 2.14. Let f and T be self-mappings on a nonempty q-starshaped subset Y of a 
Banach space X, where T is a f -weakly generalized almost Zamfirescu mapping and satisfies 
the following conditions: 

(1) / is linear and q = f{q); 

(2) T(X) C f(X); 

(3) f(X) is complete; 

(4) /, T are weakly compatible. 

Define a mapping T n on Y by 

T n (x) = (1 - /3 n )q + fi n T(x), 

where {fin] is a sequence of numbers in (0, 1). Then for each n, T n and f have exactly one 
common fixed point x n in Y such that f(x n ) = x n = (1 — fi n )q + fi n T(x n ). Also T and f have 
a common fixed point ieL Moreover, if { x n } is Cauchy and lim fi n = l, then x n — > x. 

n— >oo 

Proof. By definition, 

\\T(x)-T(y)\\ 

<F(a(f(x) ~ f(y )) max ja||/(x) - f(y)\\,^[dist(f(x), [q,T(x)]) + dist(f(y), [q,T(y)])\, 
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I [dist(f(x), [g, T(y)]) + dist(f(y), [q, T(x)])] j, 

^ («(/(») - f{y)) max |a||/(x) - f(y)\\,^[dist(f(x), [q,T(x)}) + dist(f(y), [q,T(y)])], 

| [dist(f(x), [g, T(y )]) + dist(f(y), [q, T(x)])] })) 
<a(f{x) - f(y )) max |a||/(x) - f(y)\\,^[dist(f(x), [g,T(x)]) + dist(f(y), [g,T(y)])], 

| [d*si(/(x), [g, T(y)]) + dist(f(y), [q, T(x)])] j, 

< max |a||/(x) - f(y)\\,^[dist(f(x), [q,T(x)]) + dist(f(y), [g,T(y)])], 

| [dist(f(x), [g, T(y)]) + dist(f(y), [q, T(x)])] j, 
<max{a||/(x) ~ f(y)\\,~\j\f(x) -T(x)|| + ||/(y) - T(y)||] , 

|[||/(x)-T(y)|| + ||/(y)-r(x)||]}. 

Therefore, by Corollary 2.9, T and / have a common fixed point x G Y . 

By definition, 

\\T n {x)-T n {y)\\=p n \\T{x)-T{y)\\ 

<P n F(a(f{x ) - /(y)) max ja||/(x) - f(y)\\,^[dist(f(x), [q,T(x)]) + dist{f(y), [g,T(y)])], 

C - [dist{f(x), [q, T(y )]) + dist(f(y), [q, T(x)])] j, 
^(a(/(x) - /(y)) max |a||/(x) - /(y)||, ^ [dist(/(x), [g, T(x)]) + dist(f(y), [g,T(y)])], 

C -[dist{f(x), [ q,T(y)])+dist(f{y), [g,T(x)])] })) 
<P n a(f{x) - /(y)) max |a||/(x) - /(y)||, ^ [dist(/(x), [g, T(x)]) + dist(f(y), |g,T(y)])], 

| [disi(/(x), [g, T(y)]) + dist(f{y), [q, T(x)])] j, 
<P n a(f(x) - f (y)) max |||/(x) - /(y)||, J [||/(x) - T(x)|| + ||/(y) - T(y)||] , 

|t||/(x)-T(y)|| + ||/(y)-T(x)||]}. 

Therefore, by Corollary 2.4, T n and / have a common fixed point x £ Y. 

By the assumption that {x n } is Cauchy, let us consider {x n } -A y. If lim fi n = 1, then 

n—¥ oo 

||x n - x 1 1 = ||T n (x„) - T(x)|| 

= ||(1 - /3 n )p + P n T{x n ) - T(x) II 
< 11(1 -/?n)p|| +/3n||^(x n ) -T(x) || 
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< 11(1 - Pn)p\\ + PnF(a(f(x) - f(y )) max |a||/(x n ) - f(x) ||, 

^ [dist(f(x n ), [q, T(x n )}) + dist{f{x), [ q , T(x)])] , 

| [dist(f{x n ), [q, T(x)]) + dist(f(x), [q,T(x n )])] }, 
^f(a(f(x) - f(y)) max ja||/(x n ) - /(x)||, 

^ [dist(f(x n ), [q, T(x n )]) + dist{f{x), [q, T(x )])] , 
^\dist(f(x n ), [q,T(x)]) + dist(f(x), [q,T(x n )})] 

< 11(1 ~ Pn)p\\ + Pn max |a||/(x n ) - /(x)||, 

^[\\f(x n ) -T(x n )\\ + ||/(®) ~T(x) ||], 

|[ll/(*n) - r(®)|| + ||/(s)-T(x n )||]} 

< 11(1 - Pn)p\\ +/3„max|a||x n - x\\^(^—^)\\x n - p\\, 

\ [\\Xn - l|| + ||* - + (1^ )P|I] }- 

Letting n — > oo, we obtain 

||y-x|| < max|a||y-x||,0, |{]|y-x|| + ||x-y||]| < k\\y - x\\, 
where k = max{a, c}. Therefore, x = y and so x n — > x. □ 
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COUPLED FIXED POINT THEOREM IN PARTIALLY ORDERED 
MODULAR METRIC SPACES AND ITS AN APPLICATION 

ALi MUTLU, KUBRA OZKAN, AND UTKU GURDAL 


Abstract. In this article, we extend certain coupled fixed theorem which 
was introduced for mappings having the mixed monotone property in vari- 
ous metric spaces to partially ordered modular metric spaces. In addition to 
this, we express some results about this theorem. Finally, we show using our 
main theorem that there exists a unique solution for a given nonlinear integral 
equation. 


1. Introduction 

The first time in literature, Guo and Lakshmikantham [12] introduced the con- 
cept of coupled fixed point in 1987. After that, Bliaskar and Lakshmikantham 
[5] introduced the concept of the mixed monotone property and expressed certain 
coupled fixed point theorems which are considered as the most interesting fixed 
point theorems for mappings having this property in ordered metric spaces. They 
showed the existence of a unique solution for a periodic boundary value problem. 
Since the coupled fixed point theorems in the study of nonlinear integral equations 
and differential equations are important tools, many researcher have studied them 
in various partially ordered metric spaces, e.g. [3, 4, 6, 13, 16, 18, 20, 21, 22, 23, 24], 

Lately, a lot of significant results related to fixed point theorems have been 
extended to modular metric spaces which was introduced by Chistyakov via F- 
modular [7] in 2008 and developed the theory of this spaces in 2010 [8]. And then, 
many authors made various studies on these structures, e.g. [1, 2, 9, 10, 11, 14, 15, 
1? ]- 

In this article, we extend certain coupled fixed theorem which was introduced 
for mappings having the mixed monotone property in various metric spaces to 
partially ordered modular metric spaces. In addition to this, we investigate some 
results about this theorem. Finally, we show using our main theorem that there 
exists a unique solution for a given nonlinear integral equation. 

2. Modular Metric Spaces 

Here, we express a series of definitions of some fundamental notions related to 
modular metric spaces. 

Definition 2.1. [19] Let X be a vector space on R. and p : X — > [0, oo] be a 
function. If p satisfies the following conditions, we call that p is a modular on X: 

(1) p(0) = 0; 

(2) If a € X and p(ya) = 0 for all numbers 7 > 0, then a = 0; 


2010 Mathematics Subject Classification. 46A80, 47H10, 54H25. 
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(3) p(—a ) = p(a), for all a £ X; 

(4) pl^a + Ob) < p(a) + p(b) for all j,0 > 0 with 7 + 0 = 1 and a,b £ X. 

Let X ^ 0 and to : (0,oo) x X x X — > [0, oo] be a function where A € (0, oo). 
Throughout this article, the value w(A, a, b) is denoted by co\(a, b) for all a,b £ X 
and A > 0. 


Definition 2.2. [8] Let X ^ 0 and ui : (0,oo) x X x X — » [0, oo] be a function. 

If lo satisfies the following conditions for all a, b, c £ X , we call that w is a metric 

modular on X: 

(ml) wa(o, b) — 0 for all A > 0 <t=> a = 6; 

(m2) wa(«, b) = uj\(b, a) for all A > 0; 

(m3) LOx+/j,{a, b) < (a, c) + u+(c, b) for all A, p > 0. 

From [8, 9], we know that as fix ao € X, the two sets 

X^ = X^ (a 0 ) — £ X i u+(u, do) — v 0 as A — 't oo} 

and 


X* = X*(do) = {d € X : 3X = A(a) > 0 such that ui\(a, oo) < oo} 
are said to be modular spaces. 

From [8, 9], the modular space X w can be equipped by a metric 
du(a, b) = inf{A > 0 : o+(a, b) < A} 

which is generated by w for any a, b £ X w where w is a modular on X. 

Definition 2.3. [15] Let X u be a modular metric space, {a„}„ 6 N be a sequence in 
Xu and C C X u - Then, 

(1) {flij}n6N is called a modular convergent sequence such that a n — > a, a £ Xu 
if 

di\(a n , a) — > 0 as n — > oo 

for all A > 0. 

(2) {a„}„ 6 N is called a modular Cauchy sequence if and only if for all e > 0 
there exists n(e) £ N such that di\(a n , a m ) < e for each to, n > n(e) and 
A > 0. 

(3) C is called complete modular if every modular Cauchy sequence {a n } in C 
is a modular convergent in C. 


3. Main Results 

Let < be a ordered relation and X u be a modular metric space. Throughout 
this article, (X u , <) denotes partially ordered modular metric space. 

Definition 3.1. Let (X w ,<) be a partially ordered modular metric space. The 
mapping F : Xu x X u — > X u has the mixed monotone property if F holds the 
following conditions for any a, b £ X u 


asi < a 2 => F(di, b) < F(a 2 , b), cq ,d 2 £Xu 

and 

bi > b 2 F(d, 6i) < F(d, b 2 ), bi,b 2 £ Xu- 
These imply that F is monotone non-decreasing in a and monotone non-increasing 
in b. 
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Definition 3.2. Let X u be a modular metric space, (a, b) £ X u x X w and F : 
Xui x X u — > X^ be a mapping, (a, b) is called a coupled fixed point of the mapping 
if 

F(a, b) = a and F(b, a) = b. 


Theorem 3.3. Let (X u ,<) be a partially ordered complete modular metric space, 
the mapping F : X u x X u — > X u has the mixed monotone property in X u and k, l 
be non-negative constants such that k + l < 1. Suppose that we have the following 
condition for all a, b,p,q € X u and A > 0 

(3.1) u\(F(a,b),F(p,q)) < ku>\(a,p) + lu>\(b,q) 

where a> p, q > b. 

If there exist ao,6 0 £ X u with ao < F(ao,bo) and b 0 > F(bo,ao), then F has a 
unique coupled fixed point. 


Proof. Let ao,6o £ X u with ao < F(ao,bo) and bo > F(bo,ao). We take ai,6i £ 
Xu with a\ = F(ao,bo) and bi = F(bo,ao). Again we take 02,62 £ X u with 
02 = F(ai,bi) and 62 = F(6i,ai). Repeating this way, we obtain sequences {a n } 
and {6„} in Xu with 

o n +i = F{a n ,b n ) and 6„+i = F(b n ,a n ) 
for all n £ N + . In view of mixed monotone property of F, we get 


ao < ai < a 2 < • • • < a n < a n+ 1 < • • • 


and 

60 > 61 > 62 > • • • > b n > b n+ i > • • < . 

Then, by (3.1), we get 

(3.2) co^(o n , o n 4-i) = LU\{^F{a Jn —\,b n —\),F{a, n ,b r ff), 

< kw\{a n -i,a n ) + luj\{b n - 1 ,b n ) 
for all n £ N + , A > 0 and k + l < 1. Similarly, 

(3.3) cu\ (6 n , 6 n +i) = uj\(F(b n —i, o n _i), F(b n , an)), 

< kuj\(b n -i,b n ) + lu)\(a n -i,a n ) 
for all n £ N + , A > 0 and k + l < 1. Therefore, letting 

e„ = w A (a ni o n + 1 ) + wa (6 ni bn+l) 
for all n £ N + , A > 0. Using equations (3.2) and (3.3), we get 
e n = w A (a rn On+i) + wa(6 m &n+l) 

< koj\(a n -i,a n ) + lu)\(b n _i, b n ) + kuj\(b n -i,b n ) + Zw A (an-i, o n ) 

= (fc + Z)(wa(o„_i, a„) + wa(6„_i, b n )) 

— (k + l)e n - 
Then, we obtain that 

(3.4) 0 < e n < (k + l)e n -i < (k + Z) 2 e n _ 2 ^ ^ (k + Z) n eo- 

If eo = 0, then eo = wa(oo, oi) +wa( 6 o, 61) = 0. Therefore, we get wa(oo, oi) = 0 
and u}\(bo, 61) =0. So, from condition (m2) of modular metric spaces, we get 

a 0 < oi = F(o 0 , 6 0 ) and 6 0 > 61 = F(b 0 , o 0 ). 

This implies that (oo,6q) is a coupled fixed point of F. 
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Now, let eo > 0. Preserving the generality, suppose that for m, ?j£N and n < m, 
there exist n a G N satisfying 

^ A (u n , ttn-f- 1) T ^ A (^nj ^n+l) = &n 

for all ^ > 0 and n> n \ . We get 
(3.5) 

uj\(a n ,a m ) < u_^_(a n ,a n+1 ) + ^_a_ (a„+i, a„ +2 ) H 1 -w * (flm— 1 ? ^m) ? 

^xipni km) ^ ^ ^ (^n? ^n+l) T ^ * (^n+l? ^n+ 2 ) T * * * T A 6 m ) 


for each n < m. Thus, from (3.4) and (3.5), we get 

0 Jx(a n ,a m ) +vx(b n ,bm) < (o;_^_ (a n , a n+i ) + (6 n , 6 n +i)) H 

T(cd A (flm-l , &m) T ^ * ipm— 1 , 5 m )), 

— T ^n+1 T * * * T Cm— 1, 

< (fc + l) n e 0 + (k + l) n+1 e 0 + --- + (k + l) n 


eo, 


(3.6) 


< 


((fc + l) n + (fc + l) n+1 + --- + {k + l) m ~ 1 )eo, 
{k + l) n 
l-{k + l) e ° 


for n < to and A > 0. Let k + l = 5. Since there exists no such that yz^ e o < e, 
from (3.6), we have for each n,m> no that 

^X {ci n , Clm ) T (but ^m) ^ £ 

for an arbitrary e > 0. Then, {a„} and {&„} are Cauchy sequences in X w . Using 
completeness of X u , we can talk about existence of a,b £ X w with 


lim a n = a and lim b n = b. 

n— >oo n— >oo 

There exists no G N with ujx(a n ,a) < | and u)\(b n ,b) < | for all n > no, A > 0 
and every e > 0. So, from (3.1), we get 


u\(F(a,b),a) < lo\ (F( a, b), a n+ i) + u>\ (a„+i, a) 

= u)\(F(a, b),F{a n ,b„)) + wx(a„+i,a) 

< ku a ( a n , a) + Iujx ( b n , 6) + ux (a„+i, a) 
. e ,e e 

< fc 2 +? 2 + 2 

= [k + l)\ + \<e 


for all A > 0 and each n G N. Then, ui x (F(a, b ), a) = 0. So, F{a , 6) = a. In similar 
way, we get F{b , a) = b. These imply that (a, 6) is a coupled fixed point of F. We 
assume that F has an another coupled fixed point ( a*,b *). Then, for A > 0 we get 


u\(a*, a) = uj\(F(a*, b*), F(a, b )) < ku x (a*,a) + luj\(b*,b) 


and 

u\(b*,b) = ui x {F(b*,a*),F{b,a)) < ku x (b* ,b) + lu x (a* , a). 
Therefore, we get 

(3.7) uj x (a*,a) +uj x (b*,b) < (k + l)(u x (a* ,a) + u x (b * ,&)). 
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Since k + l < 1, from (3.7) we get uj\(a* ,a) + L 0 \(b* ,b) = 0 for all A > 0. Hence, we 
obtain that 

u>\(a*,a) = 0 <t=> a* = a and lu\ (b*,b) = 0 <+ b* = b. 

Therefore, (a, 6) is a unique coupled fixed point of F. □ 

If we take equal the constants k, l in Theorem (3.3), the following corollary is 
obtained. 


Corollary 3.4. Let (X w , <) be a partially ordered complete modular metric space, 
the mapping F : X u x X u — » X u has the mixed monotone property in X w and 
k £ [0, 1). Suppose that we have the following condition for all a, b,p,q £ X u and 
A > 0 

(3.8) u)\(F(a, b), F{p, q)) < ^(w A (a,p) + u\(b, q)) 

where a > p, q > b. 

If there exist ao,bo £ X u with 

ao < F(ao,b 0 ) and b 0 > F(b 0 ,a 0 ), 
then F has a unique coupled fixed point. 


Theorem 3.5. Let (X u ,<) be a partially ordered complete modular metric space. 
Suppose that X w satisfies the following conditions 

(i) if a non- decreasing sequence a n — > a, then a n < a for all n, 

(ii) if a non-increasing sequence b n — > b, then b n > b for all n. 

Let the mapping F : X u x X w — > X u has the mixed monotone property in X u and k, 
l be non-negative constants such that k + l < 1. Suppose that we have the following 
condition for all a, b,p,q € X u and A > 0 

w\(F(a,b),{p,q)) < kuj\{a,p) +lu\(b 1 q) 

where a > p, q > b. 

If there exist ao, 6o € X w with 

a 0 < F(a 0 ,b 0 ) and b 0 > F(b 0 ,a 0 ), 

then F has a unique coupled fixed point. 


Proof. This proof can be made in analogy to the proof of Theorem (3.3). Here, it 
will be enough only to show that F(a, b) = a and F(b, a) = b for proof. Let e > 0. 
Since F(a n -i,b n -i) = a n — ► a and F(b n -i,a n -i) = b n -+ b, there exists no £ N 
with 

/o 0J A (a n ,a) cvx( y F(^a n ^i 1 6 n _r), a) ^ ^ 

iv\{b n ,b) = u;^(F(b n - 1 ,a n - 1 ),b) < § 

for all n > no- Letting n > no and using the equations (3.1) and (3.9), we get 


u\(F(a,b),a) < 

< 

< 


lox ( F(a , b), a„+i) + u) \ (a n+ i, a) 
wx ( F(a , b ), F(a n , b n )) + (a„+i, a) 


kuj a (a n , a) + lu>\ (b n , b) + lux (a n +i, a) 
, e ,e e 
k 3 +l 3 + 3 
(k + l ) e - + l<e. 
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Then, we get F(a,b) = a. In a similar way, we obtain that ui\(F(a,b),a) < e 
implies F(b, a) = b. On the other hand, uniqueness of the coupled fixed point of F 
can be shown in a similar way with the proof of Theorem (3.3). □ 


Corollary 3.6. Let {X u , <) be a partially ordered complete modular metric space. 
Suppose that X u satisfies the following conditions; 

(i) if a non-decreasing sequence a n — > a , then a n < a for all n, 

(ii) if a non-increasing sequence b n — A b , then b n > b for all n. 

Let the mapping F : X u x X u —A X u has the mixed monotone property in X u and 
k £ [0, 1). Suppose that we have the following condition for all a , b,p,q £ X u and 


A > 0 


wa (F(a,b),(p,q)) < -(w A (a,p) 


-wa(M)) 


where a > p, q > b. If there exist ao, bo £ X u with 


a 0 < F(a 0 ,b 0 ) and b 0 > F(b 0 ,a 0 ), 


then F has a unique coupled fixed point. 


Example 3.7. Let X u = K. If we take the usual partial order < in K, then (K, <) 
is a partially ordered set. We define a mapping w : (0, oo) x K x M — A [0, oo) by 
b) = for all a, b £ K. and A > 0. It can be said that X u is a complete 
modular metric space. We take a mapping F:RxR->K such that F{a, b) = 

We easily see that F has the mixed monotone property. Then, we have 

u\(F(a,b),F(p,q)) = 

6 6 
A 

1 \a - p + b — q\ 

6 A 

< l ( \ a ~p\ | 

- 6 l A A ’ 

= g(w A (a,p) + ui\(b,q)) 

for any a,b,p,q £ X w So, the equation (3.8) is satisfied for k = Therefore, from 
Corollary (3.4), F has a unique coupled fixed point. Also, there are ao = 0 < 
F(0, 0) = F(a 0 , bo) and b 0 = 0 > F( 0, 0) = F(b 0 , a 0 )- It is obvious that (0, 0) is the 
coupled fixed point of F. 

On the other hand, if F : X u x X u — » X u is defined by F(a, b) = then F 
satisfies the condition (3.8) for k = 1. Then, we get 

iv x {F(a,b),F(p,q)) = w A (^^,^^) 

A 

_ 1 |a — p + b - q\ 

2 A 

< 1 ( \a~P\ I &-gk 

~ X \ 1 

= ^{u x ( a ,p) + u x (b ,<!))■ 
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Therefore, coupled fixed points of F are both (0, 0) and (1, 1). Namely, F has not a 
unique the coupled fixed point. Then, the conditions k < 1 in Corollary (3.4) and 
k + l < 1 in Theorem (3.3) are the most appropriate conditions for satisfying the 
uniqueness of coupled fixed point. 

4. Application 

Here, we show that there exists a unique solution of a nonlinear integral equation 
using the Theorem (3.3). 

We consider the following nonlinear integral equations: 

(4.1) a(s) = f f(s,a(t),b(t))dt, sg [0,S] = / 

Jo 

b(s) = f f(s,b(t),a(t))dt , s G [0, S] = I 
Jo 

where S £ R + (S > 0) and / TxlxR-il. 

Let X u = C(I, R) and X u be a partially ordered set. We define the order relation 
as follows: 

a < b <t=> a(s) < b(s ) 

for a, b £ C(I, R) and all s £ I. We can easily see that X u is a complete modular 
metric space such that 


ui a (a, b) = sup 

SGI 


Kg) - b (s)\ 

A 


for all a,b £ X and A > 0. 


Assumption 4.1. There exist two non- negative constants k and l with k + l < 1 
such that 


(4.2) 


0 < f(s,a,b ) - f(s,p,q ) < ^;( — 


p) + l{g-b) 

A ’ 


for all s £ /, a, 6, p, q £ X u and A > 0 where a > p, q > b. 


Definition 4.2. (a, /J) £ C(I, R) x C(/,R) is called a coupled lower and upper 
solution of the integral equations (4.1) if a(s) < (3(s) and 

a(s)< [ f(s,a(t),P(t))dt 
Jo 


P(s)< / f(s,p(t),a(t))dt 
Jo 

for all s £ I. 


Theorem 4.3. We suppose that the Assumption (4.1) is satisfied. The integral 
equations (4.1) have a unique solution in C(I, R) if there exists a coupled lower 
and upper solution for equations (4.1). 

Proof. Let X u = C(I, R). X u is a partially ordered set if we define the order 
relation such that for a, b £ C(/,R) and all s £ I 

a < b <t=> a(s) < b(s). 
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It is obvious that X u is a complete modular metric space such that 


(4.3) 


uj\(a, b) = sup 
sei 


l a (s) - b ( s ) I 
A 


for a, b £ C(I, R) and all A > 0. Also, we define a partial order on X u x X u = 
C(I,R) x C(I,R ) such that 


(a, b ) < ( p , g) =>• a(s) < p(s) and g(s) < 6 (s) 


for (a, 6 ), (p, q ) G x and all s £ I. 

Now, we define F : X u x X u — > X u with 


(4.4) F(a,b)(s)= f(s,a(t),b(t))dt 

Jo 

for a, b £ C(I, R) and s £ I. We need to show that F has the mixed monotone 
property. If ai < 02 , that is, Oi(s) < 0 , 2 (s) for all s £ I, by Assumption (4.1) we 
get 


F(ai,b){s) - F(a 2 ,b)(s) = 


< 


f(s, b(t))dt — / f(s,a 2 (t),b(t))dt 


(/(s, ai(t), b(t)) - f(s, a 2 (t ), b(t)))dt 


0 . 


Then, F(ai,b)(s) < F(a, 2 ,b)(s) for all s £ I. That is, F(ai,b) < F(a, 2 ,b). 

Similarly, if b\ > 62 , that is, 61 (s) > b 2 (s) for all s £ /, by Assumption (4.1), we 
get 


F(a, 6 i)(s) - F(a,b 2 )(s) = f f(s, a(t), b^t^dt - f f(s,a{t),b 2 (t))dt 

Jo Jo 


(. f(s , a(t),b 1 (f)) - /(s, a(t), b 2 (t)))dt 


0 . 


Then, F(a, bi)(s) < F(a,b 2 )(s) for all s £ I. That is, F{a,b\) < F(a,b 2 )- There- 
fore, F(a, b ) is monotone nondecreasing in a and monotone nonincreasing in b. 

Now, we show that F has a coupled fixed point. Let a > p and q > b. Then, 
a(s) > p(s) and q(s) > b(s) for all s £ I. From equation (4.2), (4.3) and (4.4), we 
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obtain that 

\F(a, b)(s) - F(p , g)Q)| 

A 


< 

< 


< 


< 


for all A > 0 which implies that 

\F(a,b)(s)~ F(p,q)(s)\ ^ \a(z) - p(z)\ \b(z) - q(z ) | 

_ ^ rv Slip \ L Slip 

A zei A z g/ A 

Therefore, we obtain that 

uix(F(a,b),F(p,q)) < ku>\{a,p) + luj\(b,q) 

for a,b,p,q £ X u and all A > 0. On the other hand, let (a,/3) be a coupled lower 
and upper solution of the integral equations (4.1), then we get 

a(s) < F(a,(3)(s) and /3(s) > F(j3,a)(s) 
for all s € / where «,/?€/. Then, 

a < F(a,f3) and /? > F((3,a). 

We obtain that Theorem (3.3) is satisfied. Therefore, from Theorem (3.3), we get 
a unique solution (a, b ) £ X w x X u of integral equations (4.1). □ 
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Abstract 

The minimum order and extremal graph of a connected m—K n — residual graph were first proposed 
by Erdos, Harary and Klawe, in addition to two important conjectures related to the graph. They 
addressed said conjectures solely from the perspective of K n — residual graphs, and did not study 
the m — K n — residual graphs m > 1. In this study, we found that with n > 2m + 2, the minimum 
order of connected m — K n — residual graph was (m + n)(m + 1) and the unique extremal graph was 
K„,+ n x Km+ 1 . This conclusion agreed with the conjectures proposed by Erdos, Harary and Klawe. 
Moreover, with n = 2m + 2, we identified at least two non isomorphic m — K n — residual graphs; 
this did not correspond with the conjecture. The m — K n — residual graph was determined only by 
m, n and the maximum connected branch r. The relationship among m, n and r was similar to that 
among the parameters of Hill cryptosystem implementation steps. According to these observations 
and principle knowledge regarding Hill cryptosystem implementation, the novel binary cryptosystem 
related m — K, * — residual graphs was established. We also built a Hill password encryption algorithm 
that ensures the binary cryptosystem is effective. The complexity of the minimum order and extremal 
graphs of connected m— K n — residual graphs make the ciphertext, plaintext, and relationship between 
the keys highly complex and give the binary cryptosystem favorable performance. 

Keywords: Residual graph; Minimum order; Extremal graph; Isomorphic. 


1 Introduction 

The residual graph, which represents an important branch of graph theory, was first proposed by 
Erdos, Harary and Klawefl], and has since been widely applied throughout information science, network- 
ing, computer science, and other fields[2-7]. By definition, a residual graph is built by removing points 
in the closed neighborhood N(u) that are isomorphic with the original graph; each removed point the 
closed neighborhood N(u) in the graph has the same nature as its counterpart the original graph. For 
example, is a highly stable triangle that retains its original shape but with even higher stability after 
the adjacent edges and vertices of m — K 3 — residual graph are removed for m times. In cryptology, an 
important component of information security [8-9], known information is denoted by graphs and kept 
in cipher form. Corresponding residual graphs are constructed according to their relevant definitions. 
Many residual graphs can be constructed, but it is difficult to select only one as the ciphertext: On- 
ly a sufficiently complex(i.e.,unique)representative residual graph can ensure information security. The 
complete graph K n is often utilized in the computer networking and computer aided design fields [10- 12], 
making it a useful research object in regards to the minimum order and extremal graph of connected 
to — K n — residual graph. 

Erdos, Harary and Klawe originally defined this concept[l] and they concluded that as n > 1, n / 2, 
the minimum order of connected to — Kn— residual graph is 2 (n + 1); as n / 2,3,4, K n+ 1 x K 2 is the 
unique connected K n — residual graph with the minimum order. They also proposed the following two 
conjectures for connected to — K n — residual graphs. 

Conjecture 1: If n 7 ^ 2, then every connected m — K n — residual graph has at least min{2n(m + 
1 ), (n + to) (to + 1 )} vertices. 

Conjecture 2: If n is large, there is a unique smallest connected to — K n — residual graph. 

‘Corresponding author. Tel:+86-13507164166; E-mail:xpingxiao@163.com (X.P. Xiao). 
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It is difficult to study the minimum order and residua graph of connected m — K n — residual graph. As 
shown in Fig.l, for example, we successfully constructed a residual graph with order of 6 from m = 2 and 
n = 1, but it was very difficult to prove that the minimum order was 6 or even that the graph as-drawn 
was the unique extremal graph. 



Fig.l 2 — A'i— residual graph. 

There has been notable progress towards resolving problems related to the minimum order and ex- 
tremal graph of connected m — K n — residual graphs. Author [13], for example, investigated complete 
residual graphs of odd order to find that there is no K n — residual graph of odd order for any odd n. Au- 
thor [14] studied the K n — residual graph to determine several other important properties and ultimately 
obtain the minimum order and extremal graph with n = 2, 3, 4 . Author [15] explored the 2— K n — residual 
graph to find that when n>5,n/6, the results are in accordance with the two conjectures listed above. 
Other researchers [16] found that when n > 9 , the 3 — K n — residual graph is also in accordance with 
the conjectures. Author [17] examined the nature of a connected residual graph when n = 3, 4. In this 
study, we explored a connected m — K n — residual graph to find that when n > 2m + 2, the minimum 
order was (to An) (to + 1) and the unique extremal graph was K m+n x A' m +i- This also agreed well with 
the conjectures described above. In addition, when n = 2m + 2, there were two isomorphic connected 
m — K n — residual graphs as least— this does not align with the conjectures. 

Recent years have seen rapid advancements in modern cryptography [18-23]. Information security has 
become especially important with the advent of the internet. Protecting information via secure, efficient 
cryptosystems is a popular research subject, to this effect. Hill cryptosystems [23-24] are widely used 
in encryption and digital signature applications, but do contain loopholes. Researchers are still looking 
for a more effective cryptosystem. At present, the relationship between graph theory and cryptography 
is understood primarily as a relationship between the block cipher and DNA algorithm components of 
graph theory [25-27]. In other words, graph theory is an important theoretical basis for cryptography. 

Again, there are some loopholes in the security of the traditional Hill cryptosystem [28-30]. Despite 
notable achievements in improving cryptosystem security, there is much room for further improvement. 
In this paper, plaintext is denoted by to, n, and the maximum connected branch r. The parameters of the 
Hill cryptosystem and minimum order and extremal graph of the connected residual graph were carefully 
assessed, and a novel Hill password encryption algorithm was established. The binary cryptosystem 
was found to be secure due to the complexity of the minimum order and extremal graphs of connected 
to — K n — residual graphs, which makes the ciphertext, plaintext, and relationship between the keys highly 
complex. The security of this binary cryptosystem was also found to be adjustable. 

The remainder of this paper is organized as follows. Section 2 provides some background information 
on the residual graph concept, and Section 3 introduces the minimum order and extremal graph of 
the connected to — K n — residual graph. In Section 4, the binary cipher is proposed according to several 
parameters of the connected to — K n — residual graph and the security of the resulting system is discussed. 
Section 5 concludes the paper. 

2 Preliminaries 

The following concepts and results for solving the to — K n — residual graphs. 

Definition 2.1 V(G) is the number of vertices in a graph G, N(u) is the closed neighborhood of vertex 
u £ V[G), and N*(u ) are the original neighborhood and closed neighborhood of u in G. 

Definition 2.2 For u £ V(G), define G u = G — iV[u]. For convenience, we use notation ( S ) to mean 
G[S](the subgraph induced by S in G). 
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Definition 2.3 Let F C G, then the degree of F in G is the cardinality of its boundary do(F) = 
J^doix) - d F {x),x G F. 

Definition 2.4 A graph G is said to be a F— residual graph if for every vertex v in G, the graph obtained 
from G by removing the closed neighborhood of v is isomorphic to F. We inductively define a multiply 
—F— residual graph by saying that G is an in — F— residual graph if the removal of the closed neighborhood 
of any vertex of G results in a (m — 1) — F— residual graph, where of course a 1 — F— residual graph is 
simply said to be a F— residual graph. 

Definition 2.5 Let 1,7 C V(G), X is said to be adjacent to Y, and viceversa, if there exist x € X and 
y GY , then xy € F(G). If xy € F(G) for all x € X and y € Y , then X is said to be complete adjacent to 
Y , and viceversa, for example, X and Y are said to be nonadjacent if there are no edges between them. 

Definition 2.6 Let G± and Gi are two disjoint graphs the join, G = G 1 +G 2 , ofG\ and G 2 is defined as 
follows V ( G ) = V (G 1 ) U V (G 2 ) two vertex u and v are adjacent to each other, if and only if, u € V (Gi) 
and v € V(G 2 ), or uv G E(G\) or uv G F(G 2 ). 

The known supporting results are summarized in the following Lemma. 

Lemma 2.1 [1] If G is a connected F-residual graph, then for any vertex u in G, the degree d(u ) = 
u(G) - v{F) - 1. 

Lemma 2.2 [17] If G = G 1 + G 2 , then G is m — F— residual graph, if and only if, both G\ and G 2 are 
m — F — residual graphs. 

Lemma 2.3 [15] If G is a 2 — K n — residual graph, when v(G) = 3 n + t, 1 < 2 n, then it hasn’t u G G, 
which makes d(u) = n + t — 1, when n>5,n^6, then v(G) = 3n + 6, G = K n+ 2 x K 3 . 

Lemma 2.4 [16] If G is a 3 — K n — residual graph, when n> 11, then v{G) = 4n + 12, G = K n+3 x X 4 . 

Lemma 2.5 [17] Assume G is an mK n — residual graph, G (m + 1 )K n , then u{G) > 2 (to + 1 )n, and 
-^m+i.m+iI-Kn] the unique extremal graphs. 

3 On connected m — K n — residual graphs 

In order to obtain the minimum order and extremal graph of the connected m — K n — residual graph, 
we need the following Lemma. 

Lemma 3.1 Assume G is an m — K n — residual graph, m > 2, u G G, and F C G, F is the maximum 
connected subgraph, and F is a r — K n — residual graph, (0 < r < m — 2), if v(G) < v(F) + 2 (m — r)n, 
then there certainly a v G G u , which makes G v = G — JV[u] connected. 

Proof. In the following, by reductio absurdum, we suppose there don’t exist vertexes v G G u , which 
make G v = G — 7V[r;] connected, then we need to prove u(G) > v{F\) + 2 (to — r)n. Set H = {F\F C 
G v ,v G G u ,u G F}. Let T\ G H, v{F\) = max{v{F)\F G H}, and G v = Fi U Gi, then F\ is a 
r — K n — residual graph. When r = 0, Fi = K n , then G 1 is an (to — r — 2) — K n — residual graph. 

For every w G (G — N(F\)) C G u , let G w = F 2 U G 2 , where Fi C G w , hence Fi C F 2 , because Fi is 
the biggest connected components, then F 2 = Fi, G w = Fi U G 2 , N(F) fl G 2 = 0, G 2 C [G — IV(Fi)], 
G 2 is an (to — 1 — 2) — K n — residual graph too, G — IV(Fi) is a (to — r — 1) — K n — residual graph, and 
v(G — N(Fi)) > (to — r)n. 

Let N(Fi) — Fi = X, then G — N(Fi) is complete adjacent to X, in the following, we have discussed 
Fi according to three conditions. 

Case 1. Fi is complete adjacent to X, then 

G = (IV(Fl) U (G - N(Fi))) = (X U Fi U (G - iV(Fi))) 

= (X) + (Fi U (G - iV (Fi))) = (X) + (G - X), 
because |X| > (to + 1 )n, then 

i/(G) > (to + l)n + i/(Fi) + (to — r)n > v(F\) + 2 (to — r)n. 
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Case 2. Fj is a (r + 1) independent, let {no, u\, • • • , u r } C Fj, let X — N{uq, u\, ■ ■ ■ , u r ) = X\, then 
Xi ^ 0 , hence we have 

G = G — N(uo, ui, ■ ■ ■ , u r ) = ( X ) + (G — N(Fi)), 

by Lemma 2.2, then G is a (m — r — 1) — K n — residual graph, and \Xi\ > (m — r)n, according to the 
proving in Case 1, we know that v(G) > v(F{) + 2 (m — r)n. 

Case 3. There is a l independent set and l < r+1. Set U\,U 2 , • • • , ui} C F\, let X—N(u\,U 2 , • • • , ui) = 
X 2 , then X 2 ^ 0. Let 

G" =G-N( Ul ,u 2 ,--- , Ul ) =(X 1 ) + (G"U(G-N(F 1 ))), 

because|X| > \X 2 \ > (in — l + 1 )n > (to — r)n, according to the proving in Case 1, we know that 
v{G) > v{Fi) + 2 (to. — ?’)n. 

From the proves above, we know that if v(G) < n(F) + 2 (m — r)n, then there certainly exist a vertices 
v € G u , which makes G v = G — iV[n] connected. 

Theorem 3.1 Assume G is anm—K n — residual graph, m> 2, ifS{G) = n, thenv(G) > {m+3)n+m — l, 
and the Fig. 3 is the only extremal graph. 

Proof. We take induction to m, let Gj be a 2 - K n — residual graph, if exist w £ G i u , which makes 

G w = G\ — N{w) connected, then dG 1 {vj) = n + t — 2, d{w) = n + t — 1, G w = Hi U H 2 = 2K n and 

u £ if i = K n , i = 1,2. By Lemma 3.1, 

n{Gi) > S{G) + v{G w ) + 1 > n + An + 1 = 5n + 1, 

G w is a K n —residual graph, when v{G\) = 5n+l, we can specify the Fig.l is the minimum 2— K n — residual 
graph. 

Suppose that Theorem is true for to. > 2, and assume G is an (to + 1) — K n — residual graph, and 
6{G) = n , let u £ G, d(u) = n, and assume v{G ) < (?n + 4)n + TO. In the following, we prove that it must 
exist a vertex v £ G u with the case of the above assumptions, which makes G v connected. By contrary, 
by Lemma 3.1, we have v{G ) > v{F) + 2{m — r + l)n, and F is a connected r — K n — residual graph, if 
F = K n . We have 

v{G) > n + 2 (to + l)n = (to + 4)n + (to. — l)n 
= (to + 4)n + to. + (to — l)n — 1) — 1 > (to + 4)n + to, 
this is a contradiction. Since u £ F, d{w) = n, we have r/ 1. If r > 2, by induction hypothesis of F is 
a connected r — K n — residual graph with 5{F) = n, hence n{F) > (r + 3)n + r — 1 and 

v{G) > (r + 3)n + r — 1 + 2 (to + 1 — r)n 
= (to + 4)n + (to + 1 — r)n + r — 1 

> (to + 4)n + to, 

which contradicts that v{G) < (TO + 4)n + ?n. So we have there must be a vertex v £ G Ul which makes G v 
connected. Let u £ G v , then n < 5(G V ) < do^{u) < d{u ) = n, so we have 5{G V ) = n, and by induction 
hypothesis, we have v{G u ) < (to + 3)n + to — 1, and by Lemma 2.1, 

v{G) = v{G u ) + d(v) + 1 

> (to + 3 )n + TO^l+n+l 
= (to + 4 )n + to. 

So we have ^(G) = (to + 4)n + to, and v{G) < (to + 4)n + to. is not true, then v{G) > (to + 4)n + to. 
When v{G) = {in + 4 )n + to, we can construct (to — 1) — K n — residual graph and in — K n — residual graph, 
the Fig. 2 is the minimum (to — 1) — K n — residual graph, and the Fig. 3 is the minimum in — K n —residual 
graph. 

In the following, we have proved the Fig. 3 is the only extremal graph. Let v £ G u , G v = X\ U X 2 U 
F 1 UY 2 U Vj, j = 3,4, • • • , to + 1, Xi = Yi, i = 1,2, Vj = K n+1 . Let Vj = {./•,.//,} JG ( . j = 3,4, •• • ,to + 1, 
and let X = XiUX 2 U{a; 3 ,a; 4 , • • • ,x m + 1 }, T = Y\ UY 2 'U{y 3 ) 2 / 4 , ■ ■ ■ , 2 /m+i}> then X is complete adjacent 
to Y. Suppose u £ G 3 , G u is the Fig. 2, we have G = ( N(v ) U G v ), G u = (( G v — N(u)) U N{v)) = 
(((G u ) - ^ 3 ) U Vrn+ 2 } , where V m+2 = N(u) = {x m+2 ,y m + 2 } C G m+2 , a ; m+2 is complete adjacent to 
W — { 2 / 3 }, Vm +2 is complete adjacent to X — {X 3 }, hence we have let X* = IU{i m+2 }, Y* = FU{i/ m+2 }, 
then X* is complete adjacent to Y*, so that the Fig. 3 of G is the only extremal graph. □ 
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Fig.l 2 — A' n — residual graph with order 5n + 1 
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Fig. 2 ( m — 1) — An-residual graph with order (m + 2)n + m — 2 
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Fig. 3 m — A'n-residual graph with order (m + 3 )n + m — 1 

On the basis of the conclusion from literature [15] and the definition of m — K n — residual graph, we 
have 


Theorem 3.2 Let G be a connected m — I\ n — residual graph , v{G) = (m + 1 )n + t, 1 < t < 2n, m > 2, 
n > 4, then G has no vertex of degree n + t — 1 . 

Proof. We take induction to m, when m = 2, by Lemma 2.3, G has no vertex of degree n + f — 1. 
When m = 3, G is a connected 3 — K n — residual graph v(G) = 4n + f, 1 < t < 2 n. Supposing there 
exist such vertices like u £ G, which make d(u) = n + t — 1 and G u = H 1 U H 2 U H 3 = 3 K ni because 
v{G) = An + 1 , 1 < t < 2 n, then i'(G) < 6n < 6n + 2. By Lemma 3.1, there exists at least v £ G u , and 
we might as well suppose v £ H 3l which makes G v connected, then G v — N(u) = Hi U H 2 = 2K n , and 
by Lemma 2.1, v{G v ) = v(G ) — d(v) — 1, let d(v) = n — r, is(G v ) = An + t — n — r — 1 = 3n + 1\, let 
t\ = n — r — 1, v{G v ) = 3 n + fi, 1 < t\ < 2 n, because G v is 2 — K n — residual graph, it is contradictory 
to the conclusion of literature [15] that there are no vertexes makes d{u) = n + t — 1. 

We suppose let G be a connected m — K n — residual graph, and there doesn’t exist such vertices 
like u £ G, which make d(u) = n + t — 1. For G be a connected (m + 1) — K n — residual graph, 
z'(G) = (to + 2 )n + t, 1 < t < 2 n, to > 2, n > 4. Supposing there exists u £ G, which makes 
d{u) = n + t— 1, then G u = Hi U H 2 U • • • U H m+ i = (m + l)K n , because v(G) = (m + 2)n + t,l < t < 2 n, 
then 

v{G) < (to + 2 )n + 2 n= mn + 4 n 
< mn + 4 n + m= (to + 4 )n + to, 

by Lemma 2.3 and Lemma 3.1, there exists v £ G u , let v £ H m+ 1 , which makes G v is connected then 
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G v — N ( u ) = Hi U H 2 U • • • U H m = mK n , 

and by Lemma2.1, v(G v ) = v(G)—d(v) — 1, let d(v) = n—r , v(G v ) = (m.+2)n+t—n—i — 1 = (m+l)n+fi, 
i-i = n — r — 1 it is contradictory to the induction and assumption that G v is an m — K n — residual 
graph, then there don’t exist vertices, which make d(u) = n + t — 1, u £ G.D 

Theorem 3.3 There are at least two non isomorphic minimum m—K ni — residual graph, One is K m+ni x 
K m + 1, and the other is G m [Kni ], where G m = m — K 2 — residual graph, n± = 2m + 2, and this example 
doesn’t meet the conclusion Erdos and Harary and Klawe made in [1]. 

Proof. Let G = K m+m x K m+ 1, v(G) = (m + m)(m + 1), and G m — to — K 2 —residual graph, by 
literature [1], n(G m ) > 3 to + 2, v(G m [K ™ 1 ]) = ^(3 m + 2), and n\ = 2m + 2, so when n = m, it 
doesn’t meet the conclusion Erdos and Harary and Klawe made that only one K m+ni x K m+ i is an 
to — K ni — residual graph. □ 

Theorem 3.4 Let G be a connected m — K n — residual graph, if n > 2m + 2, m > 3, then v(G) > 
(to + n)(m + 1), and when v(G) = (m + n)(m +1), G — K m+n x K m+ 1 is a connected m — K n — residual 
graph of minimum order, it is only such graph, so we show that the conjectures are true, when n > 2to+2. 

Proof. At first, we prove v(G) > (in + n)(m + 1) and construct to — K n — residual graph, and show the 
conjecture [1] is true. 

Let Gi be 2 — K n — residual graph, when n > 6, by Lemma 2.3, G\ = K n+ 2 x K 3 , and G\ is the Fig. 4, 
all points in the same square are mutually adjacent, and two vertices, which are joined by a line, are 
adjacent. Let u £ G, we have G u is (to — 1) — K n — residual graph, suppose v(G u ) = (to + n — 1 )m, and 
G u = x A m . Let 

G u = (H 1 uLT 2 ---uH m ) = {xi\iz i’j;;;; ;” +m_1 }, (3.1) 

where H r = (xl,x^, ■ ■ ■ ,x r f +m ~ 1 ), and if i = j, then x] is adjacent to x° k , if i ^ j, x\ is nonadjacent to 
x 3 m , l ^ k,k,l = 1, 2, • • • , to, adjacent to the Fig. 5, all points in the same square are mutually adjacent, 
and two vertices, which are joined by a line, are adjacent. According to the induction and assumption 
that v(G u ) > (to + n — 1 )m. When G u is disconnected, by Lemma 2.5, let G u = (to — 1 )nK n , and 
v(G u ) > 2 (to — l)n. Because n > 2m + 2,m > 3, then v(G u ) > 2 (to — l)n > ( m + n — l)m, by definition 
of residual graph, if and only if, when G u is connected, v(G) is minimum. According to the Fig. 5, we 
can construct to — K n — residual graph in the Fig. 6, when v(G) = (to + n)(m + 1). The Fig. 6, all points 
in the same square are mutually adjacent, and two vertices, which are joined by a line, are adjacent. By 
G u is connected and Lemma 2.1, v(G) = v(G u ) + d(v) + 1, according to the induction and assumption 
that v(G u ) > (to + n — 1 )to, and by the Fig. 6, d(u) > n + 2m — 1, and by Lemma 2.1, hence 

v(G) = v(G u ) + d(v) + 1 

> (to + n — 1 )to + n + 2m — 1 + 1 
= (to + n)(m + 1). 

In the following, exist a vertex u G G, which makes G u connected. Because v(G) = (to. + n)(m + 1), 
by Lemma 3.1, when F is r — K n —residual graph, 0 < r < (to — 2), i /(G) = v(F) + 2 (to — r)n. In the 
following, we prove n(G) = u(F) + 2(m — r)n > (m + n)(m + l), when F = K n , and n > 2m + 2, we have 
v(G ) > n + 2 mn > (to. + n)(m + 1), if r > 1 by induction hypothesis F is a connected r — K n — residual 
graph. So v(F) > (r + n)(r + 1), and 

v(G) = v(F) + 2 (to — r)n= (r + n)(r + 1) + 2 (to — r)n, 

because of (r + n)(r + 1) + 2 (to — r)n — (to + n)(m + 1)> (to — r) 2 + to — r > 0, then 

v(G) = v(F) + 2 (to — r)n 
= (r + n)(r + 1) + 2 (to — r)n 

> (to + n)(m + 1). 

So it must exist a vertex u £ G, which makes G u connected. 

From the proves above, we know v(G) > (to. + n)(m + 1), when n > 2m + 2, because 2 n(m + 1) > 
(to + n)(m + 1), so we show the conjecture [1] is true. 
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Fig. 4 2 — K n — residual graph with minimum order 3n + 6 
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Fig. 6 m — K n — residual graph with minimum order (m + n)(m + 1) 

In the following, we prove uniqueness, we have a discussion according to five conditions, so we show 
that the conjecture [2] is true. 

Fact 1. Let 


F = H x U ff 2 U • • • U H m S K rn+n _i x K m , 
where Hi = K n+m _i,i = 1, 2, • • • , to, then Hi and Hj have bijection 

9:V(H i )^V(H j ),i,j = l,2,-.- ,to, 

and Ui G Hi is adjacent to 9(v,i) G Hj , where j ^ j, i,j = 1,2 , • ■ • , to. If if C F, and if C f\ s , 
3 < s < n + m — 1, then if C if^,, 1 < w < n. 

Fact 2. Let «gG, v(G u ) = (to + n — 1 )(to — 1), hence G u = x if m . Adjacent to (3.1), let 
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G 2 =G- N[x^ +m - 1 } = (H 0 * U Hj U HI U • • • U H* m ) S* A m+ „_i x K m , 
we have 




-*Mn+n- 

by Fact 1, without loss of generality, we may assume that 

(+2 >+2 


n+m— 2 


} cG 2 


. n+m-2\ r UK _ /™0 . . . n+m— 2\ 


• >a: 5 +m - 2 )cJT 2 * = <*§,*; 


n+m- 2\ 
) J '2 / 


/-l „2 ... „n+TO— 2\ TT* /-r 0 -r 1 ... ~,n+m— 2\ TO o', 

> a, m / — > "*'m / to-to 

If xj is adjacent to xj, where j = 0, 1, • • • , n + to — 1. Obvious xj = u, then Hq = (xq, xj, • • • , Xq +I71-2 ). 

We now prove xj is adjacent to x" +m_1 . Suppose the contrary, let G3 = G — IV[x™ +m_1 ], xj £ G3, 
by (3.1), (3.2), we have xj is adjacent to {xj,xj,--- ,x" +m_1 } C 7V[x" +m_1 ]. Thus 

d(x j) > da 3 (xj) + n + m — 2 
= n + m — 1+n + m — 2 
> n + to — 1 — m = n + 2m — 1 . 

So xj is adjacent to x” +m_1 , xj is adjacent to Hi. Set 

Hi = (x\,x\,--- ,x^ +m ^) ^ K m+n . 

Similarly, xj, is adjacent to H w , set 


H w = (x j , +, • • • , x™ +m *) = K m+n , w = 1, 2, ■ ■ ■ , to. 


Similarly, in 

G - IV* [x2 +m_1 ] = (Hj U H* U H 3 * U • • • U H* m ), 

we have XQ +m ~ 1 £ IV*[x2 +m_1 ] = (Hq U HI U H% U • • • U Ujj) complete adjacent to Hq. Obvious, 
X„ +m _! e ( jff2Ux ™+™-l U ^+™-l U ... Ua; »+m-l) C IV* [x 2 +m_1 ], 

hence H 0 = (xj, xj, • • • , XQ +m ~ 1 ) = K m+n . 

Fact 3. Any vertex in H, is adjacent to single vertex in H s , r 7^ s. Suppose the contrary, let xj £ Hq 
be nonadjacent to H m , then 

G* = G - IV [xj] S* ATn+m-l X A m , 

but H m = K m+n , H (j C G*, contrary to G* = K n+m _ 1 x AT m , hence xj is adjacent to H m . If H m has 
two vertices adjacent to xj, by 

d,H 0 (xj) = n + to + to — 1 = n + 2 to — 1 , 
d (x j ) = n + rn + m + l= n + 2?n + 1, 

we have this xj is nonadjacent to one of which is a contradiction. Similarly, xj_ 1 is adjacent to 
Hi, i = 1, 2, • • • , m, and is adjacent to only one vertex in Hi. 

Fact 4. By Fact 3, we have xj adjacent to H 2 . If xj is adjacent to x J 2 ,j 7^ 0, by x 2 , j 7^ 0 is adjacent 
to xj, thus Hi has two vertices adjacent to x j , j 7^ 0, contrary to Fact 3, so xj adjacent to xj. Similar, 
so xj adjacent to xj, and x” +m_1 adjacent to Xg +m_1 , 1 = 1, 2, ■ ■ ■ , to. 

Fact 5. Since xj is adjacent to x^ for j = 0, n+m— 1, let xj be nonadjacent to x 3 m for j 7^ 0, n+m— 1, 
by Fact 3, we have xj is adjacent to x l m , i 7^ j. Since xj is adjacent to xj, l 7^ k, l, k = 1, 2, • • • , to, set 


G - IV [xj] = ((Hi - xj) U (H 2 - xj) U • • • U (H m - xjj) = A„ +m _i x K m 


(3.3) 


By Fact 4, we have xj adjacent to xjj, t 7^ i,j, by (3.3), we have xj adjacent to x J m , contrary (3.1), hence 
Xq is adjacent to x° m . Similarly, xj is adjacent to x J m . 

Hence 


G = (X) 


, j\j=0+2,- 
\^r lr— 0 “ 


= 0 , 1 , 2 ,- 


,n+m— 1 \ 
,m / 


where xj is adjacent to xj, if and only if r = s,i 7^ j, or i = j, r 7^ s, thus G = K m+n x AT m+ i.n 
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4 Binary cryptosystem of connected m — K n — residual graphs 

The implementation principle and steps of the traditional Hill cryptosystem were followed to establish 
the novel, binary cryptosystem proposed here. The Hill cryptosystem is a symmetrical cipher that is 
effectively resistant to frequency analysis that was first proposed by Prof. Lester S. Hill in 1929. It is 
implemented in the following steps. 

(1) The digitization of plaintext M = • , m*,] (41 characters, including 26 letters, the 

figures from 0 to 9 and punctuation corresponded to the figures from 0 to 40, respectively), with t 
components taken as a row vector (if the amount could not reach t in the last row, the space is required 
for supplementation.) that constitute a nt matrix, written as M . 

(2) Matrix A of t ■ t is constructed in Zn where gcd{det(A ), 41) = 1 is required as the encryption key. 

(3) Encryption operation C = E(M) = MA(mod41) is carried out to obtain the ciphertext. 

(4) Decryption operation M = D(C) = C A -1 [inodAl) is carried out to recover the plaintext. 

It is difficult for the Hill cryptosystem to withstand a plaintext attack. After attackers intercept the 
ciphertext C , they are able to guess certain words used in the plaintext to attempt to ascertain the key 
K, then can calculate MI\ to determine whether ciphertext C can be generated. A large amount of 
information is stored in a computer system in a form of figure and transmitted through a public signal 
channel. Unfortunately, these computer systems and signal channels are very susceptible to attack in 
an open environment. The complexities of the minimum order and extremal graph of the connected 
m — K n — residual graph can be used to denote the plaintext with different K n , thus forming the proposed 
binary cryptosystem of the connected m — K n — residual graph. The corresponding encryption algorithm 
is as follows. 

(1) Each character in plaintext M is translated into the corresponding figure n, : ; 41 characters, (26 
letters, figures from 0 to 9, and punctuation corresponded to the figures from 0 to 40, respectively, where 
rii € Z41 .) 

(2) For encryption operation, each figure n, corresponds to a K ni . The sequence [mi, 777 - 2 , •• • , 777-fe] 
represents the multiples, where nik € Z . Finally, the largest connected branch r can be identified and 
assigned to an extremal graph, i.e., the ciphertextC. 

(3) For decryption operation, each ciphertext C equals an extremal graph and the complete graph K n . 
is determined according to the multiple sequences [mi, m 2 , • • • , uik\ and the largest connected branch r. 
The corresponding rij can also be identified, rij € iv 4 i(i.e., j(j = 1, 2, • • • ,41)); the resulting graph is the 
plaintext M. 

These implementation steps are depicted in Fig. 8. 

The binary cryptosystem of the connected m — K n — residua, 1 graph makes full use of all available 
complexity in constructing the minimum order and extremal graph of the connected in — K n — residual 
graph, which ensures optimal binary cryptosystem security. Even if attackers intercept the ciphertext C 
and knew that the minimum order and extremal graph of the connected m — K n — residual graph have 
been used for encryption, they are unable to solve the decryption operation and thus cannot obtain the 
plaintext. 

5 Conclusions 

(1) The minimum order and extremal graphs of connected m — K n —residual graphs form an open 
question put forward by Erdos, Harary, and Klawe which was addressed in this study. 

(2) It is difficult to determine the minimum order and extremal graphs of connected m— K n — residual 
graphs. 

(3) We confirmed that the in and n values identified are in accordance with the conjectures of Erdos, 
Harary, and Klawe; namely, that the minimum order and extremal graphs of connected m — K n — residual 
graphs do exist. This had important practical significance for establishing the proposed binary cryp- 
tosystem. 

(4) A new binary password system comprised of an image-encryption-based password system and 
encryption algorithm was proposed here. This system represents an enhanced relationship between 
graph theory and cryptography. 

(5) According to the complexity of the minimum order and extremal graph of the connected in — 
K n — residual graph, the ciphertext, plaintext, and relationship between the keys is highly complex and the 
binary cryptosystem performs well. The security of the binary cryptosystem can be effectively adjusted 
according to these factors. 
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Encryption 

Operation 



Regard as The corresponding 



►j Ciphertext C 


Decryption 

Operation 


Fig.8 Encryption and decryption operation 
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Abstract 

The question that raised after the recent introduction of the derivative with no singular ker- 
nel was: Does this non-singularity have a comprehensive impact on real life phenom- 
ena like wave motion or other related motions? We comprehensively analyze the Harry 
Dym model generalized with two types of derivatives, namely a derivative with singular 
kernel, the Caputo derivative and the other one without singular kernel called the Caputo- 
Fabrizio derivative. Using Picard L-stability combined with the fixed-point theorem, the 
well-posedness of both models arc proved together with their existence and uniqueness 
results existence. Techniques to approximate numerical solutions arc provided for each of 
the two models with graphical representations performed and compared for several values 
given to the derivative order a. Similar behaviors arc noticed for soliton waves related to 
close values of a and arc compared to the soliton wave of the standard first order ( a = 1) 
Harry Dym model. 

Keywords: Harry Dym equation; existence, uniqueness, derivative with and without singu- 
lar - kernel, approximated solutions 

AMS Mathematics Subject Classification: 35F10, 26A33, 35D05. 


1. Introduction 

It is well known that one of the most popularly used derivative with fractional order is the one 
introduced in 1967 by Michele Caputo and called the Caputo derivative [1] given by 


0 < a < 1 , with its associated anti-derivative well known to be defined by 




1 f r r(x, t) 

T\a)Jo (t-z) l - a 


clx. 


( 1 . 2 ) 


However in April 2015, Caputo and Fabrizio [5] observed that the Caputo fractional derivative is 
unable to properly described some features related to some behavior happening in the fields of clas- 
sical thermal media, classical viscoelastic materials or electromagnetic. Hence they proposed a new 
definition, the fractional derivative with no singular kernel in order to address the noticed unsolved 
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issues. The new version called the Caputo-Fabrizio derivative differentiate from the Caputo deriva- 
tive by having no singular kernel in the integral part. It reads as 


cf D?r(x,t) 


(2 -a)M(a) 
2(1 -a) 



a(t - t)\ 
l- a ) 


dr. 


(1.3) 


0 < a < 1, where M(a ) is a normalization function such that M{ 0) = M( 1) = 1. Its associated 
fractional integral (anti-derivative) is given by [8] : 


Cf l?r(x,t) 


r l x t ) + 

(2 -a)M(a) 


2 a 

(2 -a)M(a) 



(1.4) 


a e [0, 1] t > 0. This expression shows the integral as a sort of average between the function r and its 
integral. Since then, many authors have improved the concepts. Starting with Losada and Nieto [8] 
who developed the associated fractional integral (1.3) and Doungmo Goufo [1 1] or Doungmo Goufo 
and Atangana [12] who proposed the related Riemann-Liouville version. 

Nevertheless, the literature is full of several other definitions of fractional derivative. General 
formulation is done in [9] and many useful properties are intensively analyzed in [1-3, 10], espe- 
cially in the analysis of the spread of diseases [14-17]. The main goal of this work is to apply 
both Caputo and Caputo-Fabrizio derivatives to the same Harry Dym equation and see their impact 
on the output behavior of the solutions. In other words, does the non-singularity have a significant 
influence on a real life process like wave motion or other motion? Recall that unlike Caputo deriva- 
tive, there is no singularity at t = r for Caputo-Fabrizio derivative and the following equality for 
Caputo-Fabrizio fractional derivative is satisfied: 


and 


lim Df r{x,t) 
a-M 



(1.5) 


lim cf D?r 

a- s-0 


(x,t) 


= r(x,t ) — r(x,0). 


( 1 . 6 ) 


This paper investigates the non-linear third-order Harry Dym differential equation within the scope 
of the two types of derivatives mentioned above. Note that the traditional Harry Dym model can be 
solved using the Lax operator [18-20] and is associated with the Sturm-Liouville operator. 


2. Solvability with Caputo fractional derivative 

Let £1 = (a,b), M.3 T > 0~R3 b > a^M. and r S C° [O x [0, T]] . Let a G [0; 1], j3 G (0, +°°) then, the 
non-linear Dym equation expressed with the Caputo time fractional derivative is investigated in this 
section. Existence and uniqueness of the exact solution are shown for the model under investigation 
that reads as 


C D < ?r(x,t) = r 3 r xxx (x,t), 


(2.1) 


subject to the initial condition 


r(x 1 0)=g(x) (2.2) 

with ( Dfr{x. J t) the Caputo derivative as defined in (1. 1) and g : G i — )> M + . We start by transforming 
(2.1) into an integral form by applying the anti-derivative integral (1.2) on both sides to get 
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r(x,t)~r(x, 0) = f—[ (t-y) a 1 (r 3 r xxx (x,t))dy (2.3) 

I (a) Jo 

Let us proceed by simplicity and consider the operator with three variables 

S (x,t,r) =r 3 r xxx (x,t). (2.4) 

The next goal is to show that operator S with respect to variable r verities the Lipschitz condition. 
For that. 


\\Z(x,t,r)-E(x,t,v)\\ = \\r 3 r xxx (xd)~v 3 v xxx (xf)\\ (y[ax[OT]] (2.5) 

Assuming that r and v arc bounded functions, there is a positive constants k\ > 0 and kj > 0 such 
that 


ll r llc°[nx[o,r]] — h an d ll v llc°[r2x[o,r]] — ^ 2 - (2.6) 

Furthermore, using the properties of the norm and the Lipschitz condition for the first order deriva- 
tive function d x there is a positive constant $ such that (2.5) becomes 

\\E(x,t,r) -S(jr,f,v)|| c o [flx[OT ] ] < h k 2 $ 3 \\r- . (2.7) 


Putting 


K = k^kJ 3 , 


we finally get 

||S(x,f,T)-S(x,f,v)|| c o[£2x[o,r]] <^lk- v llcO[ax[o,r]]> 

which therefore proves the desired Lipschitz condition. This enables us to evaluate the following 
norm 


||r(x,f)|| c o[£2x[o,7’]] , t e [0, T], 

Assuming the existence and the boundedness of the initial condition g, there is a positive constant 
C such that |g(x) || c vi[ fix [ 0 < C for any x G Cl. Whence, 


ll r (^T)|lcO[nx[0,r]] < ll r ( x !0)llc°[i2x[o,r]] + F(a) fo^ —y) a l ^(x,y,r(x,y))dy 

< lkWllcO[fix[o,r|] + i^y/o( f -y) a_ld y , (2-8) 

.. „ . VT a 


which yields the following propositions: 


Proposition 2.1. Assuming that g given in (2.2) is bounded, let 0 < a < 1 and S [x,t,r(x,t)\ : 
[£l x M x B — y A ( with A Z) B) be a continuous function with respect to t for any fixed x (E 
Cl, r G B. If r(x,t) € C° [Cl X [0, T]} , then the function r(x,t ) verifies the model (2.1)-(2.2) if and 
only ifr(x,t ) verifies the corresponding Volterra integral equation (2.3). 
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Proof. To prove the necessity condition we assume that r(x,t) ec° [Q x [0,7]] satisfies the equa- 
tions (2.1)-(2.2). Because S (x,y,r(x,y) £ C[72 x [0, 7] x B] for any r £ B then (2.1) means there 
exists the Caputo fractional derivative of r in C [72 x [0. T\ . However 

$D?r=?- t fc a )[r(x,t)-r(x, 0)]. (2.9) 

Exploiting 

I 0 a [r(x,t)-r(x,0)]eC° [ft x [0,r]] 
and applying the results in [13] for y = 0 to 

V(x,t) = r(x, t) — r(x,o), 


yields 


Iq o D ? r (x,t) = 7 0 « C 0 D%[r(x,t) - r(x,0)] 

t t \ i A \ v 1 r l 
= rf,,,)-r(*,0)-£ r(a _ j+1) 


( 2 . 10 ) 


with n_ a (x,t) = Iq a [r(xJ) — r(x,0)]. Using the integration by parts in (2.10) and differentiating 
the resulting expression give 


= 37 ( 7 o a [d t r{x,t)-r(x, 0)]) 


( 2 . 11 ) 


Changing of variable t = /3 + p(y — /3) leads to 


1 cx, 1 

'-iUW) - rn _ a) /a - p)~“ +P( y- j8)]) . 

0 

Recalling 0 < a < 1 and r 1_; (x,t) £ C[72 x [0,7]], equation (2.12) and (2.10) take the form 


( 2 . 12 ) 


/“ %D?r{x,t) = r(x,t)-r(x, 0) 

Since 7® S(x, T, r(x, t)) £ C° [72 x [0, 7]] and using the Lipschitz condition of S, we obtain 


(2.13) 


l|7“ “(x, T,r(x,T)|| c °[ n x[o,r]] ^ a r(a) ' 


Nonetheless, applying 7“ on both sides of (2.1) and making use of the initial condition we prove the 
necessity condition by recovering the Volterra version (2.3). 


Conversely for the sufficient condition, assume r(x,t) £ C [72 x [0,7]] verifies the Volterra ver- 
sion (2.3) of equations (2.1)-(2.2). It suffices to show that r(x,t) satisfies the initial condition (2.2). 
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The differentiation of the two sides of the Volterra version yields 

t 

dt r (x,f) = —— — j Z{x,z,r(x,z))(t-z) a dz. 

' o 

Changing again the variable f = j3 + p(y — /j j in the Volterra expression for k = 1 , leads to 

jcr ( y-P ) [Z(x,P+p(y-P), r (x,P+p(y-P))) ^ 

'V' ) = I (!-«■-«« dy 

0 

Passing to the limit as y — > /3 and making use of the continuity of K show that the sought initial 
condition is verified, and the sufficient condition is proved. □ 

Proposition 2.2. Considering 0 < (X < 1 and the Lipschitz condition for £ then, there is a unique 
solution for equation (2.3) in the space 


C°' a [0,r] xO 


Proof. From the above analysis in Theorem 2.1, it is sufficient to show the existence of the unique 
solution r(x,t) G C° [fl x [0. T)) of the Volterra equation (2.3). Indeed, the model (2.3) holds in any 
interval [0, t] C [0, T] . Hence, we select the adequate t\ e [0, T] so that 

< \ 

aT{a) 

and then, prove the desired existence result of a unique r(x,t) £ C° Cl x [0, fj]] . We can exploit the 
technique of successive approximation and set 


r 0 {x,t) = r(x, 0) 

r n (x,t) = r„_i(x,0) + J 


1 E(xr,r l{ xz)) 

(a) J (t-zy- a 

o 


Obviously, r(x, 0) £ C° [0, T ] and the differentiation of (2. 14) with respect to t yields 


(2.14) 


d t r n (x,t) = 


S(x,T,r„_i(x,T)) 


r(a-l )J (f-T)- 

o 


dz. 


Using the differentiability of r(x, 0) with respect to t leads to r n (x,t) €C°[0,T]. 

The quantity || r„(x,t) — r n _i ( jc,/) ||c°[S2 X [0,r x ]] can be evaluated for n £ N. Whence, 


Ktf 


\ r n(x,t) — r„-i (x,t)|| c o [ Q x[0 , ?1 ] ] < ^^y- 
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Furthermore, 

||r 2 (x,t)-r 1 (x,t)|| c o[ a x[o,? 1 ]] < ll^o° ! S(x,T,ri(x,T))-S(x,T,ro(x,T))|| c o [nx[ o ifl]] 

t a 


< 


ar(«) H ri ( x ’ ? ) - r °( x ’ f )ll c °[nx[0,fi]] 


< 


Kri 


ar(a) ar(a) 

The above iteration is repeated /(-times and yields 


\ r l(x,t) - ri(x,t)\\co [ilxM < 


Kt? 

aT(a) 


n - 1 t a 

M 


ar(a) 


Hence, the sequence {r„(x,t)}„ e N has r(x.t) G C° Tl x [0, fi]] as its limit function. Moreover, the 
assumption 


ar(a) 


< 1 


gives lim \\r n (x,t) — T ) _i(x,t)|| c o^ x [ 0 fl ]] = 0. However by considering t\ = T. we can estimate 

Z(x,t,r n (x,z)) -Z(x,t,r{x,t)). 

Taking into account the Lipschitz condition of S leads to 


1 [Z(x,x,r n {x,x)) ^ 1_ r Z(x,z,r(x,T)) ^ 


r (a)J (t-T) 1 -® 

o 


r(a) J (t — t) 1_0! 
0 


C°[£2x[0,T]] 


and 


lim 

n — >oo 


- J lk»(^0-K^OIIco[Qx[ OA i 


1 fZ(x,T,r n (x,z)) d ^ 1_ r S(x,T,r(x,T)) ^ 


r(a) J (t-Ty~ a 

0 


r(a) J (t- t) 1 -® 
0 


= 0 , 


c°[nx[o,r]] 


which prove that r{x.t) satisfies (2.3) in the space C° [Q x M- 

Uniqueness result 

Considering now that there are two separate solutions r\ (x.t) and r 2 (jc,f ) verifying (2.3) on [0,fi] 
then, 

Kt a 

||r 1 (x,f)-r 2 (x,f)|| c o [ax[ o, fl]] < ^ ||u(tT) -r 2 (x,f)|| c o [nx[0ifl]] . 

This gives 1 < ar( ‘ a ^ which is a contradiction. The solution is unique in O [Q x [0,q]] 

We consider now the closed interval [t\ ,t 2 ] with / 2 = tj + h\ where h ] > 0 and f 2 < T. For t G [ti,f 2 ], 
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we have 


r(xt) = — , 0) + — h(x,T,r„(x,T)) 

n,) r(a)J +K ' ) + r{a)J ( t-zy- a 


dr. 


Taking into account the uniqueness result on [0,fi], then 


r(x,,) = r\(x,,) + f —j 


1 f E(x,r,r n (x,r)) 


(a) J (t — t) 1_a 


dr 


where r\{x,t) = r(x, 0) + i s a given function. 

we repeat the same analysis presented above and there is an unique solution r(x,t) £ C° [£2 x [t\ .tj]] 
for (2.3). Taking another interval \t 2 fy\ so that tj = t 2 +h 2 with hi > 0 and tj < T, the same analysis 
is performed to finally obtain the existence of an unique solution r(x,t ) £ C° [Q. x [0, 7 1 ]] of equa- 
tion (2.3) and therefore, proves the existence of an unique solution of equation (2.1) in the space 

c°' a [q x [o,r]]. □ 

Corollary 2.3. Assume S satisfies Theorem 2.1. If the inequality 

KT a < ^ 

ctr(a) “ 

holds, then the sequence r n (x,t), (. n £ N) tends to the exact solution r(x,t). Moreover, we have for 
any n £ N, 


j'a j^n 

||r(x,f)-r„(x,t)|| c o [ ^ x[0 , fl]] < ^7— ja - 

' ' 1 ar(a) 

Proof. The proof is done by the mathematical induction on n. 

For 


KT a 

ri{x,t) - r 0 (x,t)\\ c o [ax[OA]] < ^ 


r 2 (x,t) 


n(jc,/)llco[nx[o,«i]] < K 



2 


Thus by induction. 


r„(x,t) 


ja / ]£ r f ( x \ 1 

r n-i(^)f)||cO[£2x[o,n]] < ^fj-y y ar (a) J 


i 
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but. 


\\r{x,t) -r„(x,0||cO[Qx[0 ) t 1 ]] = ^J\ r n+j(x,t) -r #l (x,l)||c°[Qx[0 ) t,]] 

= ||r„ + i(x,t)-r„(x,t)|| c o [£1 x[o,f 1 ]] + ll r «+2(^0-''n+l(^OIIc 0 [nx[0 I f 1 ]] + ' 

( r ra \ W +1 / r ra \ w +2 

Sw) +fr " +, (^' + - 

( T c 

rrn I 


. n + 1 

(X) 

/ KT a \k 

) 

I- ( 

k = 0 

K aF(a) J 


(2.15) 


and the corollary is proved. 


□ 


This implies the following existence and uniqueness results for our model (2.1)-(2.2): 
Corollary 2.4. The function r(x,t ) is the strong solution of the sequence r n (x,t ) given by (2.14). 
Proof. This result is an immediate consequence of Propositions 2.2 and 2.1 □ 


3. Analyzis with Caputo-Fabrizio fractional derivative 
3.1. Introduction and formulation 

Definition 3.1 (Piccard’s L-stability). 

Consider the Banach space ( B , || ||), the self-map L of B and the recursive technique <r„ , | = g(L. a n ). 
Let us assume that B(L), containing all the fixed points of L has at least one element and a„ con- 
verges to an element b of BiL). Let { u„ } C B and set cl n = \\u n+ \ —g(L,u„) ||. Therefore lim d n = 0 

n — 

leads to lim u n = b. In this case, we say that the reccurence formula c n+ \ = g(L. o n ) is L-stable. 

n — ^oo 

Remark 3.1. Assuming that {u,,} has a upper boundary, o n+ \ = L<y„ is called Piccard’s iteration if 
the conditions of Definition 3.1 are satisfied and therefore, will be L-stable. 

Lemma 3.1. Let (B. || || ) be a Banach space and L a self-map ofB verifying 

\\Lx — Ly\\ < C||x — Lx 1 1 +C||x — y|j 

for all x.v G B. where 0<C, 0 < a < 1 . IfL admits a fixed point f then, L is Picard L-stable. 

Proof. [4, Theorem 3.1] □ 

Proposition 3.2. The self-map L expressed as 

L(r n (x,t)) = r n+ i(x,t) 

= r n (x,t ) + cf I?[Pr xxx {xf))\ 


is L-stable in L 1 (a,b) 
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Proof. The first step is to prove that L has a fixed-point. For that set i,j <G N then. 


\Lri(x,t)-Lrj(x,t)\\ = \\r i+1 (x,t) -r j+l (x,t)\\ = ||r ( -(v,t) + cf /“ [rfd gr,-] -rj(x,t) - c/ /“ [r-djpv] | 


with 




2(1 -a) 
(2- a)M(a) 


K0 + 


2a 

(2 -a)M(a) 



the anti-derivative associated to the Caputo-Fabrizio derivative as given in (1.4). Then, making use 
of the boundedness the function li. the Lipschitz condition for the first order operator d x with the 
same constants k \ , k 2 . $ as in the previous section, we have 


\\Lri{x,t)-Lrj{x,t ) || < \\n{x,t) -rj(x,t)\\ + \\ cf I t a [r 3 d\r t - r-d\rj 


< 


2(1 — a) 

(2 -a)M(a) 


k l k 2 # J 


n-r; 


+ 


2a 


(2 -a)M(a 




Thus, 


With 


||Lr ; -(x,t)-Tr ; -(x,t)|| < ^||r ; -(v,t) - r ; -(v,t)|| 


JT = 


2(1 -a) 

(2 -a)M(a) 


— r.- 1 | + 


2a 


(2- a)M(a) 


k { k 2 iT 


Consequently L is Lipschitz continuous with respect to r and this means the non-linear operator L 
has a fixed point. To conclude the proof, it is necessary to remark that taking C = 0 and C = P, the 
conditions of Lemma 3.1 are verified for L and then, L is Picard L-stable. □ 


4. Numerical Solvability 

This section deals with some numerical schemes associated with both models. So a technique to 
determine the solution for each model using integral iterative methods is presented. We The model 
with Caputo derivative is iteratively solved making use of Laplace transform while the model with 
the Caputo-Fabrizio derivative exploit the Sumudu transform. Si mi lar results are obtained as shown 
below. 


4.1. Numerical Approximations with Caputo derivative 

Applying the Laplace transform «£? on both sides of the model (2.1)-(2.2) iteratively yields 

P r (x,p) — g(x) = [r 3 r xxx (x,t)\ (p), 

equivalently 


r(x,p) 


Six) 

P 


+ -S? \r 3 r xxx 
P 


{x,t)} ip). 
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Taking the inverse Laplace transform Jz? 1 yields 

r{x,t) 

= g(x)+S?~ l (^^’[r i r xxx (x,t)]^j (t). 

Now, we can introduce the following iterative formula 

ro(x,t) =g{x ) 

r n+l (x,t) = r„(x,t) +^f _1 [r 3 r xxx (x,t)]^j ( t ). 

the above formula leads to a numerical approximation with Caputo derivative and the approximate 
solution reads as 

r(x,t) = lim r n (x,t) 


4.2. Numerical Approximations Caputo-Fabrizio derivative 

Here we first recall the following important relation 


S' 


=M(a) 


pF(p)~f(o ) 

1 - a - ap 


where F(p) = 5? ( f{t )) is the Sumudu transform of f(t). Applying the Sumudu transform S' on 
both sides of equation (2.1) yields 

pr(x,p)-g(x) 


1 -a-ap 


= S' [rV XCT (x,t)] (p), 


equivalently 


r(x,p) 


= + (1 - a - a p)S' [r* r xxx {x,t)\ (p). 

P 

The inverse Sumudu transform 1 yields 

r(x,t) 


= g(x) + S' 1 ((1 - a- ap)S' [r 3 r xxx (x,t)]) (t). 
repeating as above, the following iterative formula introduced 
r 0 (x,t)=g(x) 

r n +i(x,t) = r n (x,t) + S'~ l ((1 -a-ap)S' [r 3 r xxx (x,t)] ) (t). 

which leads to a numerical approximation with Caputo-Fabrizio derivative and the approximate 
solution reads as 

r(x,t) = lim r n (x,t). 
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Those recurrence schemes are used and numerical representations of both models can be depicted 
in Fig.l to Fig. 5 for different values of the order a. The graphics in Fig.l, Fig. 2, Fig. 3, Fig.4 and 
Fig.5, performed respectively for a = 0.2, a = 0.3, a = 0.4, a = 0.8 and a = 1 .0 using the Caputo 
derivative and compared to one using the Caputo-Fabrizio derivative show the standard well-known 
wave solution of the Harry Dym equation. It is clear that the figures show similar behavior for 
solutions of both models. 


5. Concluding remarks 

We have proved the existence and uniqueness of the solution to for the nonlinear Harry Dym equa- 
tion modelled with both the classical Caputo derivative and the newly introcuced derivative of 
fractional order with no singular kernel. It is the first time that the same model of Harry Dym is 
analyzed using both derivatives in the same work. This proves that there is a possible way to extent 
the nonlinear Hairy Dym model to the scope of fractional calculus.Two numerical methods suitable 
to approximate the solutions of model with both derivatives have been presented with numerical 
simulations performed for a = 0.2, a = 0.3, a = 0.4, a = 0.8 and a = 1.0. Each figure exhibits 
solution with similar behavior for the involved wave associated to the Dym equation. This paper 
innovates by pointing out another concrete application of the Caputo-Fabrizio derivative, new in the 
literature and till under investigation. More complex investigation will certainly follow. 




Fig. 1: Representation of the solution r(x,t) when a = 0.2 with both derivatives. 



Fig. 2: Representation of the solution r(x,t) when a = 0.3 with both derivatives. 
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Fig. 3: Representation of the solution r(x,t) when a = 0.4 with both derivatives. 




Fig. 4: Representation of the solution r(x,t ) when a = 0.8 with both derivatives. 


Solution tor alpha = 1 



Fig. 5: Representation of the solution r(x,t) when a = 1.0 with both derivatives. 
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Product-type Operators from Weighted Bergman Spaces to 

Bloch-Orlicz Spaces 


Zhi-jie Jiang 

(School of Mathematics and Statistics, Sichuan University of Science and Engineering, 

Zigong, Sichuan, 643000, P. R. China) 

Abstract: Let D be the open unit disk in the complex plane C and H{ D) the class of all 
analytic functions on D. Let ip be an analytic self-map of D and u € H( D). By constructing some 
suitable test functions in weighted Bergman space, in this paper the boundedness and compactness 
of the product-type operators D n M u C v , D n C v M u , C v D n M u , M u D n C v , M u C v D n and C v M u D n 
from weighted Bergman space to Bloch-Orlicz space are characterized in terms of the symbol func- 
tions u and ip. 

Keywords: Weighted Bergman-type space; Bloch-Orlicz space; product-type operator; 
boundedness; compactness 

MR (2010) Subject Classification: 47B38; 47B33, 47B37 
Chinese Library Classification: 0177.2 

1 Introduction 

Let H) = {z £ C : \z\ <l}be the open unit disk in the complex plane C and H( O) the 
class of all analytic functions on B. Let ip be an analytic self-map of B and u £ H( B). The 
weighted composition operator W VtU on H( D) is defined by 

W V}U f(z) = u(z)f(ip(z)), z £ ID). 

If u = 1, it becomes the composition operator, usually denoted by C v . If ip(z) = z, it becomes 
the multiplication operator, usually denoted by M u . Since W v . u — M U C V , it is a product- 
type operator. A standard problem is to provide function theoretic characterizations when 
<p and u induce a bounded or compact weighted composition operator (see, for example, 
[2, 4, 8, 13, 15, 23, 26, 27] and the references therein). 

Let n £ N 0 = N U {0}. The ?rth differentiation operator D n on H( D) is defined by 

D n f(z) = fW(z), 2 £B>, 
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destruction Detecting and Engineering Computing (No.2016QZJ01), the Key Fund Project of Sichuan 
Provincial Department of Education (No.l5ZA0221) and the Cultivation Project of Sichuan University 
of Science and Engineering (No.2015PY04). 
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where f 1 ' 0 ' 1 — f. If n — 1, it is the differentiation operator D. A systematic study of 
some other product-type operators started by Stevie et al. since the publication of papers 
[11] and [12], Before that there were a few papers in the topic, e.g., [5]. The publication 
of paper [11] first attracted some attention in product-type operators DC<p and C V D (see, 
e.g., [14, 18, 20] and the references therein). The publication of paper [12] attracted some 
attention in product-type operators involving integral-type ones (see, e.g., [9, 19, 21] and 
the references therein). Now there is a great interest in various product-type operators (see, 
e.g., [6, 7, 10, 16, 30, 31] and the references therein). 

By using multiplication, composition and the nth differentiation operators, we define 
the product-type operators in the following six ways 

D n M u Ccp, D n C v M u , C v D n M u , M u D n C v , M u C v D n , C v M u D n . (1.1) 

When n — 1, they were studied by Sharma in [17]. They were also studied on the weighted 
Bergman space in a unified manner by Stevie et al. in [24] and [25]. 

By constructing some test functions in weighted Bergman space, here we characterize the 
boundedness and compactness of the product- type operators in (1.1) from weighted Bergman 
space to Bloch-Orlicz space. Because some more suitable test functions were not found in 
weighted Bergman space, before this work we didn’t find any result on these operators from 
weighted Bergman space to Bloch-Orlicz space. 

Let clA(z) = \ dxdy be the normalized Lebesgue measure on D. For a > —1, let 
dA a (z ) = (a + 1)(1 — \z\ 2 ) a clA(z) be the weighted Lebesgue measure on D. For p > 1, the 
famous weighted Bergman space A p a consists of all / £ H( D) such that 

ll/II^S = [ \f(z)\ p dA a (z)<oo. 

J D 

It is well known that the weighted Bergman space AP a with the norm || ■ is a Banach 
space. For some results of the weighted Bergman space, see, for example, [28, 29]. 

Let T be a strictly increasing convex function on [0, +oo) such that T(0) = 0. The Bloch- 
Orlicz space B' v was introduced in [15] by Ramos Fernandez, is the class of all / £ H( D) 
such that 

sup(l - \z\ 2 )^(X\f(z)\) < oo 

zgB 

for some A > 0 depending on /. Ramos Fernandez in [15] proved that is isometrically 
equal to /r^-Bloch space, where 

M*) ^ , T ._i/ 1 v 

W 1 1 - I'z ) 

Hence, B' v is a Banach space with the norm given by 

II/IIb* = l/(0)| 4-sup/z*(z)|/'(z)f* 

z6D 
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This space generalizes some other spaces. For example, if T(f) = t p with p > 0, then the 
space B' v coincides with the weighted Bloch space B a , where a — 1/p. Also, if \E r ( t ) = 
tlog(l + 1), then B 31 coincides with the Log-Bloch space (see [1]). 

Let X and Y be Banach spaces. A linear operator L : X — ► Y is bounded if there exists 
a positive constant K such that 

\\Lf\\y<K\\f\\ x 

for all / £ X. The operator L : X — ► Y is compact if it maps bounded sets into relatively 
compact sets. 

In this paper, the letter C denotes a positive constant which may differ from one occur- 
rence to the other. The notation a < b means that there exists a positive constant C such 
that a < Cb. When a < b and b < a, we write a x b. 


2 Prerequisites 

The first result is a alternative to Proposition 3.11 in [3], which characterizes the com- 
pactness in terms of sequential convergence. So the proof is omitted. 

Lemma 2.1. Let T be one of the operators in (1.1). Then the bounded operator T : A p — > B' v 
is compact if and only if for every bounded sequence {fj}je n in TYf such that fj — > 0 uniformly 
on every compact subset of D as j — > oo, it follows that 

hm ||r/j||s* = 0. 

J^OO 


For k — 0, the following lemma was proved in [29], while for k > 1 it essentially follows 
from the Jensen’s inequality (see [6]). 


Lemma 2.2. Let a > — 1 and p > 1. Then for each k £ N 0 , there exists a positive constant 
Ck = C(a,p, k ) independent of f £ A p and z £ D such that 


\f {k) (z)\ < 


c k \\f\U 

( 1 -| z\ 2 ) k+ ^' 


In order to construct some test functions in weighted Bergman space, for a fixed vj £ D 
and i £ No we define the following function 

(l — M 2 ) i+ p 

k w ,i(z ) = 2 „+4 , Z eO. 

(1 — wz) l+ P 

Then from [6], we know that f wi £ AP a and 


sup \\k Wti \\ A P a < 1. (2.1) 

ui6D 
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By using some suitable linear combinations of the functions k w l , we obtain the test 
function in in the following result, which will be used in the proofs of our main results. 

Lemma 2.3. Let w £ D and n £ N. Then for each fixed k £ {0, 1, . . . ,n + 1}, there exist 
constants a 0 ,k, o-i,k> • • • , a n +i,t such that the function 


n+1 


fw,k(z) ^ ^ 


i = 0 


satisfies 


fwlH = 


w k 


and f^ k (w) = 0 


(i - M 2 ) fc+ ' 
for each j £ {0, 1, . . . , n + 1} \ {k}. Moreover, 


SUP \\f w ,k\\Al < 1- 


( 2 . 2 ) 


(2.3) 


Proof. We write a — (2 a + 4 )/p. From a direct calculation, it follows that the system (2.2) 
is equivalent to the following system 

' n+1 

( a + = 0 

2=0 

n+1 

(a + i)(a + i + 1 )a^k = 0 

2=0 


< n+1 k — 1 (2-4) 

Z n (a + i + j)a it k = 1 

2=0 j = o 


n+1 n 

Z FI {a + i + j)a hk = 0. 

W 2=0 j= 0 

Hence we only need to prove that there exist constants a 0 ,fe, ay*,, . . . , a n+ such that 
the system (2.4) holds. By Lemma 3 in [22], the determinant of the system (2.4) equals 
n"=ij!) which is different from zero. So there exist constants ao,k, ®i,fc, • . ., (in+i.fc such 
that the system (2.4) holds. From (2.1) the asymptotic expression of sup.^gjj ||/,„ j / c || A v < 1 
is obvious. □ 

Remark 2.1. It is not hard to see that f. w k — > 0 uniformly on every compact subset of D 
as | to | — > 1 _ . 

Stevie in [22] used the Faa di Bruno’s formula of the following version 

n 

(/ o <+"+) = £ f W (<p(z))B n ,kW(z), . . • , + n ~ k+1) (z )), (2.5) 

k= 0 
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where B n ^(x i, ...,x n _k+i) is the Bell polynomial. For n £ N the sum can go from k = 1 
since B nt0 (ip'(z), ..., + n_fc+1 +)) — 0, however we will keep the summation since for n = 0 
the only existing term f+o is equal to 1. From (2.5) and the Leibnitz formula the next 
Lemma 2.4 follows. 

Lemma 2.4. Let f , u £ H(JD>) and p be an analytic self-map of D . Then 

n+1 n+1 

(u(z)f(ip(z))) (n + 1] = f W (<P( z )) Y C n+l u(n+1 ~ j \ Z ) B j,k{T\ z ): • • • , T {j ~ k+1) {z)). 

k — 0 j—k 


3 Boundedness of the product-type operators 


First we characterize the boundedness of the operator D n M u C ip : Af —> B^ . 

Theorem 3.1. Let a > —1, p > 1, p be an analytic self-map of D and u £ Then the 

following statements hold. 


(i) The operator D n M u C v : AP a — > £>'*' is bounded. 

(ii) The functions u and p satisfy the following conditions: 


n+1 


4 := sup 

zgB 


M*) £ Ci +1 u^+ 1 ^(z)B j ^(p'(z),...,^- k + 1 \z)) 

j—k 


(! - W( z )\ 


2 \k+- 


< OO 


for each k £ {0, 1, . . . , n + 1}. 


Proof. ( i ) => (ii). Let h 0 (z) = 1 £ AP a . Then we get 

n+1 


L 0 = SUp pv(z) | Y C n+\ l 

3 = 0 


) n+1 - j \z)B jfi (p'(z), . . .,p u+1) (z)) < C\\D n M u CJ. (3.1) 


zei 


Let hk(z) — z k £ A p , k — 1, 2, . . . , n + 1. Assume now that we have proved the following 
inequalities 


n+1 

su V ^(z)\Y cJ n + iU in+1 - j) ( z ) B j,i(T'(z ), . . . , p u ~ l+1 \z)) < C\\D n M u C v 

zeB> I 

3=1 


(3.2) 


for each / £ {0, 1, ..., k — 1} and a k < n +■ 1. Applying Lemma 2.4 to the function h k , and 
noticing that lifHz) = 0 for s > k, we get 

k n+1 

(- D n M u C v h k )\z ) = Y h k\pi z )) E C l n+ y n+1 - i \z)B hj (p\z ), . . . , <+- J+1 +)) 

j=0 

k n+1 

Y h "-- ik i • 1 )(^)) fc_J E Q + i^ +1 ”^)^oV(+ • • • , ^ (i - J+1) (^))- (3.3) 

3=0 i=j 
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From (3.3), the boundedness of function ip and the triangle inequality, by noticing that the 
coefficient at 


n+1 


j—k 


(n+1— j] 


k+1 \z)) 


is independent of z and finally using hypothesis (3.2) we easily obtain 


n+1 


L k :=sup ^(z)\yCi +1 u^ +1 ^\z)B^ k (p , (z),...,^ j - k+1 \z)) < C\\D n M u CJ. (3.4) 

J=k 


By induction we see that (3.4) holds for each k £ {0,l,...,n+l}. 

For a hxed w £ D and k £ {0, 1, . . . , n + 1}, by Lemma 2.3 there exist constants a 0tk , 
ai ; fc, . . . , a n +i, k such that the function 


n+1 


f<p(w) i k(z) ^ ^ Q J i,kk'tp(w) i 


i=0 


satisfies 


p(w) 


4(1)>M) = - I , 

(1 - \<p(w) I 2 ) 

for each j £ {0, 1, . . . ,n + 1} \ {fc}. Moreover 


LEi+i and = 0 


(3.5) 


sup II f<p{ w ), k | Us < C. 


•u;Gl 


(3.6) 


Then from (3.5), (3.6) and the boundedness of D n M u C v : +) — > 23+ we have 


n+1 


I k (w) := 


\<p(w ) \ k | C 3 n+1 vS n+1 j '>(w)B jtk (ip'(w),...,^ j fc+1) (+))| 

j—k 


(i - I^HI 2 ) fe+a e 

< \\D n M u CJ v{w) , k \\ B * < C\\D n M u CJ. 


(3.7) 


From (3.7) we see that 


from which we obtain 


sup 4+) < C\\D n M u C v \\, 


n+1 


M*)| £ Ci + 1 uW-*\z)B Jtk W(z),...,<pV-W(z))\ 
sup ^ <C\\D*M U C V I 

W{z)\>l/2 (1 - \ip(z)\ 2 ) + p 


(3.8) 
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On the other hand, from (3.4) we get 


n+1 


sup 

l<p(*)l<l/2 




(! - l</+)| 


2\ k+ “ 


< CL k < C\\D n M u CJ. 

(3.9) 


Hence from (3.8) and (3.9) we see that I k < oo for each k £ {0, 1, ...,n + 1}. 

(ii) => (i). From Lemma 2.2 and Lemma 2.4, for all / £ A? we have 

sup fm,(z) | ( D n M u C ip f)\z ) | 

n+1 n+1 

= supM*)|£ f (k) (‘P(z))^2c J n+1 u {n+1 - J \z)B jik (ip , (z), . . .,ifi u ~ k+1 \z)) 

ze ° ' fe=0 j=* 

n+1 n+1 

< sup Hv(z) X: |/ (fc) +(2))| I X; C 'n+l u( " +1_j) (^)- B Lfc(^ , (^), • • • , V U ~ k+1 \z)) 

Z6D fe=0 1 ,=fc 

n+1 

<j2c k I k \\f\\ Al . (3.10) 

k=0 

It is clear that 


\{D n M u C v fm\<C\\f\\ Al . (3.11) 

Hence from (3.10) and (3.11) it follows that D n M u C ip \ A p a ^ B^ is bounded. □ 

Remark 3.1. If D n C v M u : A p —> B^ is a zero operator, then it is obvious that \\D n C v M u \\ = 
0. Hence, the case is usually excluded from such considerations. 

Remark 3.2. Since D n C v M u = D n M UO(p C v , the characterization of the boundedness of 
D n C v M u : A p — > B xi can be directly obtained from Theorem 3.1. So we omit here. 

Noticing that 

n+1 

(< C v D n M u f)'(z ) = £^+1 u( n+1 - k \v{z)W{z)fM{y{z)), 

k - 0 

we can obtain the following result whose proof is similar to that of Theorem 3.1. So we also 
omit. 

Theorem 3.2. Let a > —1, p > 1, ip be an analytic self-map of D and u £ Then the 

following statements hold. 

(i) The operator C v D n M u : A p a — > B xV is bounded. 
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(ii) The functions u and p satisfy the following conditions: 

t Mz)\u^ +1 ~ k KAz)W(z)\ _ 

Jfc . blip a. + 2 ^ 

zOB (1 - \p(z)\ 2 ) + ~^ 

for each k £ {0, 1, . . . , n + 1}. 

From a calculation, we have 


(■ M u D n C v fY(z ) = ^f( k \cp(z))[u\z) B n , k (<p\z),...,^ n - k+1 \z» 


k—0 


+ u(z)B n+hk (p'(z), ...,p {n fc+2) 0))] + u(z)(ip'(z)) n+1 f {n+1 \ip(z)), 


and then we have the next result. 


Theorem 3.3. Let a > —1, p > 1, p be an analytic self-map of D and u £ Then the 

following statements hold. 


(i) The operator M u D n C v : AP a — > B * is bounded. 

(ii) The functions u and p satisfy the following conditions: 


M k := sup 

zSB 


{z)\u'(z)B nM (p'(z), ...,p (n fc+1) 0 )) + u(z)B n+lik (p'(z), . 


)(p (n-k+ 2)( 2 )) 


(! - \<p(z)\ 


2\k+- 


< OO 


for each k £ {0, 1, , ro}, and 


M n + 1 


M*)K*)ii^)i n+1 

blip _ | o 

z6B (1 - \<p{ Z ) |2)»+H-^- 


< OO. 


Since ( M u C v D n f)'(z ) = u' (z) f^ n \p(z)) + u{z)p' {z) f^ n+1 \p{z)) , we have the following 
result. 


Theorem 3.4. Let a > —1, p > 1, p be an analytic self-map of D and u £ Lf(D). LTien f/ie 
following statements hold. 

(i) The operator M u C v D n : A p a — > B' v is bounded. 

(ii) The functions u and p satisfy the following conditions: 


R : — sup 

zSB 


n*(z)\u' (z)\ 

{i-\p(z)\>Y+'W 


< OO, 


and 


S := sup 

zSB 


IJ,y(z)\u(z)\\p'(z)\ 

(i-\p(z)\T +1+ ^ 


< OO. 
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Remark 3.3. Noticing that C v M u D n — M UO(p C ip D n , we can obtain the characterization of 
the boundedness of C v M u D n : A p — > B' 1 ' from Theorem S.f. Here we omit. 


4 Compactness of the product-type operators 

We first characterize the compactness of the operator D n M u C v : AP a — > B* . 

Theorem 4.1. Let a > — 1, p > 1, ip be an analytic self-map of D and u £ H(H>). Then the 
following statements hold. 

(i) The operator D n M u C v : A p a — > is compact. 

(ii) The functions u and <p satisfy L k < oo and 


n+1 


lim 

IvWHT 


E Cf + M n+1 - j) (z)B J , k ^'(z),...,^- k+1 \z)) 

1 j=k 


(! - \<f(z)\ 


2\k+- 


= 0 


for each k £ {0, 1, . . . , n + 1}. 


Proof. ( i ) => (ii). Suppose that the operator D n M u C v : A p — > B^ is compact. Then 
it is clear that the operator D n M u C ip : A p —> B^ is bounded. Hence from the proof of 
Theorem 3.1 it follows that L k < oo for each k £ {0, 1, . . , , n + 1}. Consider a sequence 
{<+++« in D such that |<++| — > 1“ as i — > oo. If such a sequence does not exist, then 
the last condition in (ii) obviously holds. Without loss of generality, we may suppose that 
\y>(zi)\ > 1/2 for all i £ N. For each fixed k £ {0, 1, . . . , n + 1}, by using this sequence we 
define the function sequence fi, k (z) = f v ( Zi ),k(z), i £ N. Then from Lemma 2.3 and Remark 
2.1, we see that sup i6N ||/;,/c|Ug < C and ./+ —* 0 uniformly on every compact subset of D 
as i —*■ oo, moreover 


/£*(¥>(*)) = 


V(zi 


~ \v(zi)\ 


2 \k+- 


and fi2 + + )) = 0 


for each j £ {0, 1, . . . , n + 1} \ {fc}. Then from Lemma 2.1 we have 


(4.1) 


lim \\D n M u C v fi, k || 8 * = 0. 

i—* oo 

Combing (4.1) and (4.2), for each fixed k £ {0, 1, . . . , nf 1} we get 


lim 

i—* oo 


n+1 


M+l E C n+l uin+1 j) (z l )B jik (ip'(z i ),...,^ j k+ 1 ) (Zi))\ 

j=k 

(1-|++|++^ 


= 0. 


(4.2) 


(4.3) 
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(it) => (i). We first prove that D n M u C v : A p a — > B' v is bounded. We observe that the 
last condition in (ii) implies that for every e > 0, there is an ij 6 (0, 1), such that for any 
z G K — {z G D : \ip(z)\ > rj} 


n+1 


h{z) = 


j—k 


(! - I++ 


2\£+ £ 


< £ 


(4.4) 


for each k e {0, 1, . . . , n + 1}. From the fact L k < oo for each fee {0, 1, . . . , n + 1} and (4.4), 
we have 


Ik < £ + 




(1 - ? ? 2 ) fe+£ 


(4.5) 


From (4.5) and Theorem 3.1, we see that the operator D n M u C v : AP a — > E* is bounded. 

In order to prove that D n M u C v : A p a — ► is compact, by Lemma 2.1 we only need to 
prove that, if {/+eN is a sequence in A p such that sup igN ||/,;|+ — M and fi — > 0 uniformly 
on any compact subset of D as i — ► oo, then 


lim \\D n M u C v fills* = 0. 

%—*■ oo 

For such chosen e and rj, by using (4.4), Lemma 2.2 and Lemma 2.4, we have 
sup | ( D n M u C v fi)\z ) | 


n+1 


n+1 


= sup Y ft k) (</+)) Y C n+\ u(n+1 j \ z ) B j,k (</0) k+1) ( z )) 

Z6D 1 k = 0 j=k 

n+1 n+1 

< sup mt+) Y | fi k) ++» 1 1 Y C n+i u(n+1 ~ j) 0 )Bj,k (¥>'(«) , ■ • ■ , <^ (i_fe+1) ( 2 )) 


zei 


fc =0 


j—k 


n+1 


n+1 


j—k 


<(sup+ sup )n*(z)Y |/i fe) +( 2 ))| \Y C n+i u(n+1 k+1 \zj) 

ZGK zea\K “ 1 

n+1 n+1 

<YjLk sup |/f ) (+ + Af]TC' fc £ 


_ (4.6) 

k= 0 1^1— 77 fe=0 

From (4.6), Lemma 2.1 and the fact fi — > 0 uniformly on compact subsets of D as i — > 00 
implies that for each k E N, /+ — > 0 uniformly on compact subsets of D as i — > 00 , we 
hnally get 


lim sup^+z)|(Z>"M u C' v / i ) , (. 2 )| = 0. 


(4.7) 


It is clear that 


lim UD n M u C v fi)(p) — 0. 

i—>oo 


(4.8) 
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From (4.7) and (4.8) we obtain 


lim \\D n M u C v f l \\ B , = 0. 

i—> oo 

This shows that the operator D n M u C v \ A p a ^ B^ is compact. □ 


Remark 4.1. Since D n C v M u — D n M uoip C ip , the characterization of the compactness of 
D n C v M u : A p a — > £>'*' can be directly obtained from Theorem f.l. So we omit here. 

Similar to Theorems 3.2, 3.3 and 3.4, we have the following results. 

Theorem 4.2. Let a > —1, p > 1, ip be an analytic self-map of D and u £ Then the 

following statements hold. 

(i) The operator C,„D n M v : A p a ^> B* is compact. 

(ii) The functions u and p satisfy the following conditions: 

sup p^(z)\u^ n+1 ~ k \p(z))\\p' (z)\ < oo 

zeD 

and 

lim ^{z)\u^ n+1 - k) {p{z))\\p'{z)\ = Q 
IvMI-i- (1 - \p(z)\ 2 ) k+ ^ 

for each k £ {0, 1, . . . , n + 1}. 

Theorem 4.3. Let a > —1, p > 1, p be an analytic self-map of D and u £ H(JD>). Then the 
following statements hold. 

(i) The operator M u D n C v : A v a — > B* is compact. 

(ii) The functions u and p satisfy the following conditions: 


supp^(z)\u l (z)B ntk (p'(z),...,p {n k+1) (z)) + u(z)B n+1}k (tp'(z), . . . ,p {n k+2) (z))\ < oo, 


z 6 1 


p^(z)\u'(z)B n}k (p'(z), . . . ,p^ n k+1 '>(z)) + u(z)B n+ltk (p , (z),...,p < ^ n fc+2) (^))| n 

lim = U 

Iv’Whi" 


(1 ~ \p( Z )\ 2 ) k+a r 


for each k £ {0, 1, . . . ,n}, 


and 


sup p^(z) \u{z)\\p\z)\ n+1 < oo, 

zeD 


lim 


p*(z)\u(z)\\<p'(z)\ n + 1 


ldz)l-l- (1 - \p( Z )\ 2) 


2'in+l+- 


= 0. 
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Theorem 4.4. Let a> — 1, p > 1, ip be an analytic self-map of D and u £ H(JD>). Then the 
following statements hold. 

(i) The operator M u C v D n : A £ — > B 9 is compact. 

(ii) The functions u and ip are such that u £ B 9 , 

sup/x^(z)|Li(^)||<^ , (2:)| < oo, 

zgB 


and 


lim 


Hn,(z)\u'(z)\ 


(1 — \tp(z)\ 2 ) 


2\™+ £ 


= 0 , 


lim 


Hy{z)\u{z)\\ip'{z)\ 


IvWHi- (1- \<p{z)\ 2 ) 


2'i«+l+- 


= 0 . 


Remark 4.2. Noticing that C v M u D n — M uov ,C ip D n , we can obtain the characterization of 
the compactness of C v M u D n : AAf — > B' ]I from Theorem 4-4- Here we omit. 
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On some recent fixed point results for 
^-admissible mappings in 6-metric spaces 
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Abstract: The purpose of this paper is to present some fixed point theorems for 
weak cc- admissible mappings type in the setting of 6-metric spaces. The results 
greatly optimize and improve some fixed point results in the existing literature. 
Moreover, we highlight our assertions by utilizing an example. In addition, we 
use our results to obtain the existence of solution for a class of nonlinear integral 
equations. 

Keywords: ce-admissible mapping, ^-contraction mapping, rational a-Geraghty 
contraction of type, fixed point, integral equation 


1 Introduction 

Since Polish mathematician Banach proved the well-known Banach contraction map- 
ping principle in metric spaces in 1922 (see [1]), fixed point theory occupies a prominent 
place in strong research activity. Due to its applications in finding the existence of solu- 
tions for the nonlinear Volterra integral equations, nonlinear integro-differential equations 
and existence of equilibria in game theory as well, it has become the most celebrated tool 
in nonlinear analysis. During the past decades, scholars extend this principle towards dif- 
ferent spaces, such as G-rnetric spaces, 2-metric spaces, fuzzy metric spaces, probabilistic 
metric spaces, cone metric spaces, partial metric spaces, modular metric spaces, 6-metric 
spaces, etc (see [2-10]). Whereas, the most influential spaces among them, i.e., 6- metric 
spaces, or metric type spaces called by some authors, introduced by Bakhtin [9] or Czer- 
wik [10], have a rapid development. Compared with other spaces, people are willing to 
deal with fixed point problems or the variational principle for single- valued or multi-valued 
operators in 6-metric spaces, based on the fact that 6-metrics have no continuity in general. 

On the other hand, people fascinate fixed point results by substituting the Banach 
contractive mapping, such as Kannan contraction mapping, Chatterjea contraction map- 
ping, a-i/?-contractive type mapping, cyclic contractive mapping, multivalued contraction 
‘Correspondence: denggt@bnu.edu.cn (G. Deng) 
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mapping, and so on (see [6-14]). Recently, Samet et al. [12] introduced the notion of a- 
admissible mapping in the framework of metric spaces, and very recently, Sintunavarat [15] 
introduced the concepts of a-admissible mapping type S, weak a-admissible mapping, weak 
a-admissible mapping type S, as some generalizations of a-admissible mapping. Moreover, 
[15] proved fixed point theorems based on his new types of a-admissibility in the setup of 
6-metric spaces. In this paper, inspired by [15], we introduce the notion of a-admissibility 
mapping, and obtain some fixed point theorems, as compared to the main results of [15], 
with much simpler conditions and more straightforward proofs. Furthermore, we cope 
with some fixed point results for the mappings on rational a-Geraghty contraction of type 
in terms of a-admissibility in 6-metric spaces. In addition, we give an application in the 
existence of a solution for a class of nonlinear integral equations. Our conditions are weak 
and applicable compared to the applications from [15]. 

For the sake of reader, the following definitions and results will be needed in the sequel. 
Definition 1 . 1 ([16]) . A mapping p : [0,oo) — > [0, oo) is said to be an altering distance 
function if it holds: 

(1) <p is nondecreasing and continuous; 

(2) <p{t) =0 if and only if t — 0. 

Definition 1.2 ([15]). Let X be a nonempty set and s > 1 a given real number. Let 
a : X x X — > [0, oo) and / : X — > X be mappings. We say / is an a-admissible mapping 
type S if for all x,y G A", a(x,y) > s leads to a(fx,fy ) > s. In particular, / is called 
a-admissible mapping if s — 1. 

Remark 1.3 Usually, use A(X, a) and A S {X, a) to denote the collection of all a-admissible 
mappings on X and the collection of all a-admissible mappings type S on A". It is worth 
reminding that the class of a-admissible mappings and the class of a-admissible mappings 
type S are independent, in other words, A( X, a) ^ A S (X, a) in general case. 

Definition 1.4([15]). Let A" be a nonempty set and s > 1 a given real number. Let 
a : X x X — > [0, oo) and / : X — > X be mappings. We say / is a weak a-admissible 
mapping type S if for all x G A", a(x , fx ) > s leads to a(fx, ffx ) > s. In particular, / is 
called weak a-admissible mapping if s — 1. 

Remark 1.5. Customarily, utilize WA(X, a) and WM S ( X, a ) to denote the collection of 
all weak a-admissible mappings on A" and the collection of all weak a-admissible mappings 
type S on A". Clearly, A( X, a) C WM(X, a) and *4 S (X, a) C WM S ( A, a). 

Definition 1.6([10]). Let X be a nonempty set and s > 1 a real number. A mapping 
d : X x X — > [0, oo) is called a 6-metric if for all x,y,z G A, the following conditions are 
satisfied: 

(bl) d(x, y) — 0 if and only if x = y\ 

(d2) d(x,y) = d(y,x ); 

(d3) d(x, z) < s[d(a;, y) + d(y, z)\. 

In this case, (A, d) is called a 6-metric space. 

Definition 1.7([17]). Let (A ,d) be a 6-metric space, x G A" and {x n } a sequence in A". 


256 


Huaping Huang et 255-269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

Then we say 

(i) { x n } 6- converges to x if d(x n ,x) — >• 0 as n — > oo. In this case, we write lim x n = x. 

n— >oo 

(ii) {x n } is a 6-Cauchy sequence if d(x n ,x m ) — * 0 as n,m — * oo. 

(iii) (. X , d) is 6-complete if every 6-Cauchy sequence is 6- convergent in X. 

(iv) a function / : X — > Y is 6 -continuous at a point x G X if {x n } C X 6 -corrverges to 
x, then {fx n } 6 - converges to fx, where (Y, p ) is a 6 -metric space. 

Throughout this paper, unless otherwise specified, X is a nonempty set, / : X — > X is 
a mapping, Fix(/) denotes the set of all fixed points of / on X, that is, 

Fix(/) := {x G X\ fx = x}. 

Also, for each elements x and y in a 6-metric space (X, d) with coefficient s > 1, let 

M, (x , y) := max y U ( x , /,), <%, fy), } . 

Lemma 1.8([18]). Let ( X , d) be a 6-metric space with coefficient s > 1 and let {x n } and 
{y n } be 6-convergent to points x,y G X, respectively. Then we have 

\d(x,y) < lim inf d(x n ,y n ) < limsupd(x n , y n ) < s 2 d(x,y). 

S n—> oo n— >-oo 

In particular, if x — y, then we have \im n ^ yoo d(x n ,y n ) = 0. Moreover, for each z G X, we 
have 

1 

- d(x,z ) < lim inf d(x n , z) < lim sup d(x n , z) < sd(x,z). 

S n—> oo n — >-oo 

Definition 1 .9( [15] ) . Let ( X , d ) be a 6-metric space with coefficient s > 1, let a : 
X x X — v [0, oo) be a mapping and let -i/j, : [0, oo) — > [0, oo) be two altering distance 
functions. A mapping / : X — > X is said to be an (a, (^-contraction mapping if 

x,y eX with a(x,y) >s^ ^(s 3 d(fx,fy)) < ^{M s (x,y)) - (p(M a (x,y)). (1.1) 

In this case, write Q s (X,a,^,<p) as the collection of all (a, ip, (^-contraction mappings. 
Theorem 1 . 10([15] ) . Let (X,d) be a 6-complete 6-metric space with coefficient s > 1, 
let -0, (p : [0, oo) — > [0, oo) be two altering distance functions and let a : X x X — > [0, oo) 
and / : X — > X be given mappings. Suppose that the following conditions hold: 

(51) f eQ s (X, a, i/,,<p)nWAs(X,ay, 

(5 2 ) there exists xq G A" such that a(x 0 , f x 0 ) > s; 

(A 3 ) a has a transitive property type S, that is, for x,y,z G A", 

a(x, y) > s and a(y, z) > s = 3 - a(x, z) > s; 

(64) / is 6-continuous. 

Then Fix(/) ^ 0. 

Theorem 1 . 1 1 ([15] ) . Let (X ,d) be a 6-complete 6-metric space with coefficient s > 1, 
let ip, (p : [0, 00) — > [0, 00) be two altering distance functions and let a : X x X — > [0, 00) 
and / : X — > X be given mappings. Suppose that the following conditions hold: 


257 


Huaping Huang et 255-269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


(-Si) / e £l s (X, a, ip, (f) fl WA S (X, a); 

(5 2 ) there exists xq G X such that a(x o, fx o) > s; 

(5 3 ) a has a transitive property type S ; 

(5 4 ) X is « ^-regular, that is, if {x„} is a sequence in X such that 

(^(•Eni ^n+l) — ® 

for all n G N and a: n — > x G A" as n — » oo, then o;(x n , x) > s for all n G N. 

Then Fix(/) 7 ^ 0. 

Corollary 1 . 12( [15]) . Let (X,d) be a 6 -complete 6 -metric space with coefficient s > 1 , 
let ip, ip : [0, oo) — > [0, oo) be two altering distance functions and let a : X x X — > [0, oo) 
and / : X — y X be given mappings. Suppose that the following conditions hold: 

(£) f en 8 (X, a, i/,,<p)nAs(X,ay, 

(S2) there exists xq G X such that a(x 0, fx 0) > s ; 

( 5 * 3 ) a has a transitive property type S; 

(S 4 ) / is 6 -continuous. 

Then Fix(/) 7 ^ 0. 

Corollary 1 . 13( [15]) . Let (X,d) be a 6 -complete 6 -metric space with coefficient s > 1, 
let ip, ip : [ 0 , 00) — > [ 0 , 00) be two altering distance functions and let a : X x X — » [ 0 , 00) 
and / : X — » X be given mappings. Suppose that the following conditions hold: 

(£) f en 8 (X,a,iP,<p)nAs(X,ay, 

(5 2 ) there exists x 0 G X such that a(x 0 , /x 0 ) > s; 

(5 3 ) a has a transitive property type S; 

(5 4 ) X is Os-regular. 

Then Fix(/) 7 ^ 0. 

2 Main results 

Definition 2.1. Let (X,d) be a 6 -metric space with coefficient s > 1, let a : X x X — > 
[0, 00 ) be a mapping and e > 1 be a constant. A mapping f : X —)■ X is said to be an 
o-contraction mapping if 

x,y e X with a(x, y) > s => s £ d(fx, fy ) < M s (x, y). (2.1) 

In this case, write r2 s (A", a) as the collection of all o-contraction mappings. 

Theorem 2.2. Let (X, d) be a 6 -complete 6 - metric space with coefficient s > 1. Let 
a : X x X — » [0, 00 ) and f : X X be given mappings. Suppose that the following 
conditions hold: 

(51) f en,(x, a) nWAs(X, a)-, 

(52) there exists xq G X such that a(x 0 , fx 0 ) > s ; 

(5 3 ) / is 6 -continuous. 

Then Fix(/) 7 ^ 0. 
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Proof. By (S 2 ), for x 0 G X, construct a Picard iteration sequence {x n } satisfying x n+ i = 
fx n , n G N. Assume that x no = x no+ i for some no, then Fix(/) = {x no } ^ 0 , in this case, 
the conclusion is satisfied. So set x n ^ x n+ \ for all n, that is, d(x n , x n+ \) > 0 for all n. Let 
us prove the following inequality: 

d(x n+1 ,x n+2 ) < Xd(x n ,x n+1 ), (2.2) 

where A G [0, 1) is a constant. 

Indeed, in view of / G WA S (X , a) and a(x 0 , fx 0 ) > s, it implies that 

a(x 1 ,x 2 ) = a(fx 0 ,ffx 0 ) > s. 

Repeating this process, we make a conclusion that 

for all n. Making the most of ( 2 . 1 ), we have 

s £ d(x n+ i,x n+2 ) = s £ d(fx n ,fx n+ 1) 

Xd s {%niXn-\- 1 ) 

= ma x jd(x n , x n+ i), d(x n , fx n ),d(x n+l , fx n+1 ), 

d(x n , f x n+ 1) + d(x n+ 1, fx n ) 1 
2s J 

= max jd(x n , x n+ i), d(x n , x n+i ), d(x n +i, x n+2 ), 

d(x n , X n _|_2) A X n _|_i) 1 

2s J 

, ft/ \ 7/ \ d(x n , x n _pi) A d(x n _|_i, x n _|_2) "j 

< max < Gt(x n , x n+ i), a(x n+ i, x n+2 ), f 

= max{d(x n , x n+1 ), d(x n+ i, x n+2 )}. ( 2 . 3 ) 

If d(x n ,x n+ 1) < d(x n+ i, x n+2 ), then by ( 2 . 3 ), it follows that 

s d(x n +\ , in+2) A d(x n _|_i , x n _|_2) • 

Hence, d(x n+ i, x n+2 ) = 0 , it is a contradiction. If d(x n+ \, x n+2 ) < d(x n ,x n+ 1), then by 
( 2 . 3 ), it establishes that 

s d{x n -\-\, x n _|_2) A d(x n ,x n -y. 1). 

As a result, (2.2) holds, where A = ^ G [ 0 , 1). 

Now by [ 11 , Lemma 3 . 1 ], taking advantage of ( 2 . 2 ), we claim that {a;™} is a 6-Cauchy 
sequence. Since (X, d) is 6-complete, we know that { x n } 6-converges to some point x G X. 
Finally, we show x G Fix(/). Actually, by using (S3), it is not hard to verify that 

d(fx, x) < s[d(fx , fx n ) A d(fx n , x)] = s[d(fx, fx n ) + d(x n+1 , x)] -A 0 as n -A 00 . 
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Therefore, d(fx,x ) = 0 , that is to say, x G Fix(/). □ 

Theorem 2.3. Let ( X , d) be a 6-complete 6-metric space with coefficient s > 1 . Let 
a : X x X — > [ 0 , oo) and / : X — > X be given mappings. Suppose that the following 
conditions hold: 

(51) f en,(X, a) nWAs(X, a)-, 

(5 2 ) there exists xq G X such that a(x o, fx o) > s ; 

(53) X is a ^-regular. 

Then Fix(/) ^ 0 . 

Proof. Making full use of the proof of Theorem 2 . 2 , we obtain a sequence {x n } satisfying 
x n+ i = fx n — >■ x G X as n — > 00. Then by (S 3 ), we get a(x n ,x) > s for all n G N. By 
virtue of (Si), we have 


s £ d(fx n ,fx ) < M s (x n ,x ) 


which implies that 


= max|d(x n , x),d(x n , fx n ), d(x, fx), 
d(x n , fx) + d(x, fx n ) 


2 s 




< max|d(a: n , x), s[d(x n , x) + d(x n+ 1, x)], d(x, fx), 

d(x n ,x) + d(x, fx) d{x,x n+l ) 1 

2 2s J 


— >■ max 


0,0,d(x,/x), | = d(x,fx) (n ->■ 00), 


Note that 


lim d(fx n ,fx) < —d(x,fx). 


( 2 . 4 ) 


-d(x,fx) < d(x,fx n ) + d(fx n ,fx) = d(x,x„+i) + d(fx n> fx). 


( 2 . 5 ) 


Taking the limit as the above inequality ( 2 . 5 ) and utilizing ( 2 . 4 ), we speculate that 


-d(x, fx) < —d(x,fx), 
s s £ 

which follows that d(x, fx) = 0 , that is, x G Fix(/). □ 

Corollary 2.4. Let (X, d) be a 6-complete 6-metric space with coefficient s > 1. Let 
a : X x X — > [ 0 , 00) and / : X — > X be given mappings. Suppose that the following 
conditions hold: 

(51) f en a (x, a) nAs(X, a)] 

(52) there exists xq G X such that a(x 0, fx 0) > s; 

(5 3 ) / is 6-continuous. 

Then Fix(/) 7^ 0 . 
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Corollary 2.5. Let (X,d) be a 6-complete 6-metric space with coefficient s > 1. Let 
a : X x X — > [0, oo) and / : X — > X be given mappings. Suppose that the following 
conditions hold: 

(Si) fen s (X, a) ni s (A»; 

(S'2) there exists xq G X such that a(x 0, fx 0) > s; 

(S3) X is « ^-regular. 

Then Fix(/) 0- 

Remark 2.6. Theorem 2.2, Theorem 2.3, Corollary 2.4 and Corollary 2.5 greatly opti- 
mize and improve Sintunavarat’s theorems, i.e., Theorem 1.10, Theorem 1.11, Corollary 
1.12 and Corollary 1.13, respectively. Actually, on the one hand, compared with (1.1), 
(2.1) not only deletes the limitation of the altering distance functions and 92, but also 
it dispenses with an item ip(M s (x,y)) which makes the condition become much wider. 
These are some great improvements. Moreover, our index £ > 1 is arbitrary, and it clearly 
contains £ = 3. Hence, our range e > 1 is much larger and more applicable. On the other 
hand, our theorems dismiss the condition of transitive property type S for the mapping a. 
That is to say, the conditions of our theorems are weaker than Sintunavarat’s theorems. 
Therefore, our conclusions may be more convenient than Sintunavarat’s in applications. 
Remark 2.7. From the proofs of our theorems, it is easy to see that we do not use 
Lemma 1.8. Our proofs are much simpler since we do not refer to 6-discontinuity of 6- 
metric. Whereas, in order to overcome the difficulty of the 6-discontinuity of 6-metric, the 
proofs of Sintunavarat’s theorems are very comprehensive based on the fact of depending 
on Lemma 1.8 strongly. 

Example 2.8. Let X — R and define 

d(x,y) = \x- y | 2 * 4 


for all x, y G X. Then (A", d) is a 6-complete 6-metric space with coefficient s = 2. Define 
mappings / : X — > X and a : X x X — * [0, 00) by 


fx = 


4’ 

W+ 2 


*G[0,f], 
x G (f , 00 ), 


and 


a(x,y) 


! + [°>y]> 

0, otherwise. 


Let us prove / 
hence x, y G [0, y] 


G Q S (X, a). Actually, assume that x,y G X with a(x,y) > s 
with \x — y\ < |. Let 1 < £ < 4 be a constant. Then 


2 and 


2 £ d(fx,fy) = 2 e | fx - fy \ 2 

_ y X _ y 2 

4 4 

= 2 £ ~ a \x — y\ 2 
< M s (x,y). 
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As a consequence, / G f2 s (X, a). 

We also can verify / G V\?A S (X, a). Indeed, if x G X such that 

a(x, fx ) > s = 2, 

then x,fx G [0, y] and \x — fx\ < |. Thus x G [0, y]. This indicates that ffx G [0, |] 
and hence 

a(fx , ffx ) = - + t~t > — > s = 2. 
u ; 4 3|x| “ 4 

Otherwise, it is obvious that / is ^-continuous and there exists Xq = 1 such that 


5 1 

a ( x 0 i fx 0 ) = a(l, /!) = -+ — y- 


31 

= — > 2 = s. 
12 “ 


Consequently, all the conditions of Theorem 2.2 hold. Thus Fix(/) = {0} ^ 0. 

However, we cannot use Theorem 1.10 to get Fi x(/) ^ 0, since a is unsuitable for the 
condition (S 3 ) of this theorem. Indeed, put x = 4, y = 3, z = 2. Though a(x,y) — | > 2 
and a(r/, 2 ) = | > 2, whereas, a(a;, z) — | < 2. So (S 3 ) does not hold in this example. In 
other words, Theorem 2.2 is more superior than Theorem 1.10. □ 

In the sequel, let s > 1 be a constant and let T s denote the class of all functions 
/ 3 : [ 0 , 00 ) — y [ 0 , -) satisfying the following condition: 

lirnsup fi(t n ) = - implies that t n — )■ 0 as n — > 00 . 

n— >00 S 

Definition 2.9. Let (A", d ) be a 6 -metric space with coefficient s > 1, and let « : XxX G 
[0, 00 ) be a function. A mapping / : X — > X is called a rational o-Geraghty contraction 
of type \ £ fi if there exist £ > 0 and (3 E T s such that 


x, y £ X with a(x,y) > s => a(x,y)s e d(fx, f y) < P(M,(x,y))Mj(x,y), 


( 2 , 6 ) 


where 


M (x v] - max l d(xv ) d ( x ’ f' x ) d (y’fy) d(x,f x)d(yjy ) 1 
M,(x,y)- max|rf(x,y), , l + d{fxJy) f 


Definition 2.10. Let (X,d) be a 6 -metric space with coefficient s > 1, and let a : 
X x A" — > [0, 00 ) be a function. A mapping / : X — > X is called a rational o-Geraghty 
contraction of type H £ /j if there exist £ > 0 and (3 G X s such that 

x, V G X with a(x, y) > s => a(x, y)s £ d(fx , fy) < f3(M n (x, y))M n (x , y), (2.7) 


where 


Mjj (x, y) = max d (x, y ) , 


d (x, fx) d (x, fy) + d (y, fy) d (y, fx) 
l + s[d (x, fx) + d (y, fy)} 
d (x, fx) d (x, fy) + d (y, fy) d (y, fx) \ 

1 + s[d (x, fy) + d (y, fx)} J ' 
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Definition 2.11. Let (X,d) be a 6-metric space with coefficient s > 1, and let a : 
X x X — y [0, oo) be a function. A mapping / : X — > X is called a rational a-Geraghty 
contraction of type III £ ^ if there exist e > 0 and f3 G X s such that 

x,y e X with a(x,y) >s^ a(x,y)s £ d(fx, fy) < f3(M in (x, y))M in (x, y), (2.8) 


where 


M ni (x, y) = max d (x, y ) , 


d (. x , fx) d (y, fy) 


1 + s [d (x, y) + d (x, fy) + d (y, fx)} ’ 
d{x, fy)d(x,y) 


1 + sd (x, fx) + s 3 [d (y, fx) + d (y, fy)} 


Theorem 2.12. Let (X,d) be a 6-complete 6-metric space with coefficient s > 1, and 
let a : X x X — > [0, oo) be a function and / : X — >• X be a mapping. Suppose that the 
following conditions hold: 

(i) / is a rational a-Geraghty contraction of type l e ^ (resp. type II £j/ g or type III^); 

(ii) / G A S (X, a) and there exists Xo G X such that a(x o, fx o) > s; 

(iii) / is 6-continuous or X is a s -regular. 

Then Fix(/) 0. 

Proof. By (ii) and the proof of Theorem 2.2, we can construct a Picard iteration sequence 
{x n } satisfying x n+ i = fx n and 

*^n+l) ^ ® 


for all n G N. Let us prove that 


d{x n +\ , x n + 2 ) ^ Arf(x n , Xji+i) (2.9) 

for all n G N, where A G [0, ^). 

First of all, let / be a rational a-Geraghty contraction of type I £;i g. Then by (2.6), we 
have 


s e d(x n+1 ,x n+2 ) = s £ d(fx n ,fx n+1 ) 

< a(x n , x n+ i)s £ d(fx n , fx n+ 1 ) 

< /3(M I (x n ,x n+1 ))M I (x n ,x n+1 ) 

< -M I (x n ,x n+ 1 ), (2.10) 

s 

which follows that 


s d(x n -\-i , x n + 2 ) A Mi(^x n ,x n - |_i) 


= max|d(x n ,x n+ i) , 
< max [d (x n , x n+1 ) , 


d *£n+l) ^ (*^n+ 15 ^n+2) d (*£nj ^n+l) d (^n+l? ^n+2) 1 

l + rf(x n ,x n+ i) ’ 1 + d(x n+u x n + 2 ) / 

d (*^n? ^n+l) ^ (^n+l? ^n+2) d (*^nj *^n+l) d (*^n+l 5 *^71+2) 1 


d *^n+l) 
= max {d (x n , x n+i ) , d (x n + u x n+2 )} • 


d (^n+l) ^n+2) 


7 


( 2 . 11 ) 
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If d(x n ,x n+ i) < d(x n+ i,x n+2 ), then from (2.11), it leads to 

d (^n+l) %n+'2) ^ d (x n _|_i, X n _|_2) d (x n -)_i, ^n+2) • 
This is a contradiction. So 


d(2'?i+l; 2'n+2) ,1 d (x n) X n -\.\) . 


In this case, (2.9) is satisfied, where A = G [0, -). 

Secondly, let / be a rational a-Geraghty contraction of type II £)( g. Then similarly by 
(2.10), we have 

S d(x n -\-\ , X n -^2^) — Mu (*^n, X n -\-± ) , 

S 

which establishes that 


S d(x n -\-\ , X n -\-2^) 5; ■Mlli'Xni X n - |-l) 


= max < d (x n ,x n+ i ) , 


d ( x n , x n -|_i) d (x n , x n _|_ 2 ) T d (x n -]- \ , x n _|_ 2 ) d (x n _)_i, x n _)_i) 


1 + s [d (x n ,x n+ i) + d(x n+ i,x n+2 )] 
d [x n , x n -|-i) d (x n , x n _|_ 2 ) T d (s^n+i, ^n+ 2 ) d (x n _)_i, 3i n _|_i) 1 


= max jd (x„,x n+ i) , 
< max / d (x n , x n+ \) , 


1 + s [d (x n , x n+2 ) + d (x n+1 ,x n+ i)} 
d ^n+l) ^ (^n? ^n+ 2 ) 


d {%m %n+ 1 ) d {x nj X n _|_ 2 ) 1 


< max |d(x n ,x„+i) , 

< d(x n ,x„+i) . 


1 + S [d (x„, Xn+i) + d (in+i, ^n+ 2 )] ’ 1 + sd (x n , 2 ^+ 2 ) 

srf (x n , Xjj^-i) [d {x n} x n _)_i ) T d (x n _|_i , ^n+ 2 )] d(x n , x n _)_x )d(x n , x n _|_ 2 ) 1 
1 + s[d(x n ,x n+ i) + d(x n+ i,x n+2 )] ’ sd(x n , a: n+ 2) / 

sd (x n , x n+ i) [d (x n , x n+1 ) + d (x n+ i, x n+2 )] d(x n , z n +i) 1 


s [d (x n , x n+ i) + d (x n+1 , x n+2 )] 


7 


Accordingly, (2.9) is also satisfied, where A = G [0, -). 

Thirdly, let / be a rational a-Geraghty contraction of type III e ,/ 3 - Then similarly by 
(2.13), we have 

s £ d(x n+ !,x n+2 ) < -M IU (x n ,x n+ 1 ), 
s 

which implies that 


s d{x n -\-\ , x n -\- 2 ) 5; -^d m(x n ^ x n - |_i) 


= max d (x n , x n+1 ) , 


d (jEni *^n+l) d (x n _)_i, 3?n+2) 


1 + s [d (x n , x n+ i) + d (x„, x n+2 ) + d (x„+i, x n+ i)] ’ 
d {x n , x n -^-2) d ( x n , x n -|_i) 


1 + sd (a; n , x n+ i) + s 3 [d (x„+i, x n+1 ) + d (x n+ i, x n+2 )] 
d *^n+l) d (x n _|_i, 3T-/T.H-2 ) 


< max < d (x n , x n+ i) , 


1 + s [d (x n , a; n+ i) + d (x n , x n+2 )] ’ 

■s[d(x n , x n+ \) + d(x n+1 ,x n+2 )\d(x n ,x n+1 ) 1 
1 + sd(x n , x n+ i) + s 3 d(x n+ i, x n+2 ) / 

d (x n , x n _|_i) d (x n _|_i , x n _|_2) s[d(xji, x n _|_i) T d(x n j r \ , 2in+2)] d(x n , Xn+i ) 1 


< max d (x n , x n+ i) , 


d (p^ni *^n+ 1 ) 
= max {d (x n , x n+ i) , d (z„+i, x n+2 )} . 


s[d(x n ,x n+ i) + d(x n+ i,a; n+2 )] 


7 


264 


Huaping Huang et 255-269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


A similar discussion as to (2.11), we can get (2.9), too. 

In a word, under the conditions of (i) and (ii), we always acquire (2.9). As a conse- 
quence, by using [11, Lemma 3.1] and the 6-completeness of (X,d), there exists a point 
x G X such that x n — * x as n — * oo. Now by (iii), if / is 5-continuous, then 

x = lim x n+1 = lim / (x n ) = f ( lim x n j = fx, 

n — >og n— >• oo \n— >■ oo / 

that is, x G Fix(/). If A" is c^-regular, then a(x n ,x ) > s. Put 

M(x n ,x ) G {M/(x n , x), M n (x n , x), M in (x n , x)}, 
it follows immediately from (2.6), (2.7) and (2.8) that 

a(x n , x)s £ dffx n , fx) < fi(M(x n , x))M(x n , x). (2.12) 

We show that 


lim M (x n , x) — 0. 


(2.13) 


Indeed, for one thing, 


, \ f j, \ d(x n ,x n+1 )d(x,fx) d(x n ,x n+1 )d(x,fx)\ 

M 7 (x n , x) = max d (x n , x ) , — — r , , 1t y-— > 

l 1 + d(x n ,x) 1 + d (x n+ i, fx) J 

— > max {0, 0, 0} = 0, as n — >• oo. 


For another thing, 

Mi i (. x n , x) = max <| d (. x n , x ) , 


d (x n , x n+1 ) d (x n , fx) + d (x, fx) d (x, x n+1 ) 

1 + s [d {x n , x n+ i) + d (x, fx)} 
d (x n , x n+ i) d (x n , fx) + d (x, fx) d (x, x n+ i) 1 
l + s[d(x n ,fx) +d(x,x n+l )] J 

< max {d (x n , x ) , d (x n , x n+l ) s [d (x n , x) + d (x, fx)} + d (x, fx) d (x, x n+1 ) , 

d (. x n , x n+ i) s [d (x n , x) + d (x, fx)} + d (x, fx) d (x, x n+1 )} 

— * max {0, 0, 0} = 0, as n — > oo. 

For the third thing, 

d(x n ,x n+ i)d{x } fx) 


Mm(x n ,x) = max < d(x n ,x), 


1 + s[d(x n , x) + d(x n , fx) + d(x, x n+ i )] 
d(x n , fx)d(x n ,x) 


1 + sd(x n ,x n+ 1 ) + s 3 [d(x,x n + i) + d(x, /x)] 
— > max {0, 0, 0} = 0, as n — » oo. 

Thus (2.13) holds. 

Using (2.12) and (2.13), we speculate that 

s £ d(x, fx) < s £+1 [d(x , fx n ) + dffx n , fx)} 

< s £+1 d(x, x n+ i) + s £+1 a(x n , x)d(fx n , fx) 

< s £+1 d(x,x n + i) + sfi(M(x n ,x))M(x n ,x) 

< s £+1 d(x, x n+ i) + M (x n , x) — >• 0, as n —>■ oo, 
which establishes that rf(x, fx) = 0, that is to say, x G Fix(/). 


□ 
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3 Application 

In this section, we prove an existence theorem for a solution of the following nonlinear 
integral equation by using our results in the previous section: 

x(c) = 0(c) + f K(c,r,x(r))dr, (3.1) 

J a 

where a, 6 G M, x G C[a, 6] (the set of all continuous functions from [a, 6] into M, 0 : [a, b] — * 
M and K : [a, b] x [a, b] x M — » M are given mappings. 

The following theorem greatly improves Theorem 3.1 of 1 15] with simpler conditions, 
which illustrates the superiority of our results. 

Theorem 3.1. Consider the nonlinear integral equation (3.1). Suppose that the following 
conditions hold: 

(i) K : [a, b] x [a, b] x M — y M is continuous and nondecreasing in the third order; 

(ii) there exists p > 1 satisfying the following condition: for each r, c G [a, b] and 
x, y G C[a, b] with x(w) < y(w ) for all w G [a, b], we have 


I K(c,r,x(r)) - K(c,r,y(r))\ < ((c,r)\x(r) - y{r ) [, 


(3.2) 


where ( : [a, b] x [a, b] — > [0, oo) is a continuous function satisfying 


sup 

cE[a,b\ 


C(c, r) p dr 


1 

< 

- 2 £ P~ £ (b - a)P~ l 


and e > 1 is a constant. 

(iii) there exists xo G C[a, b] such that xo (c) < 0(c) + J a 6 Jl (c, r, xo(r))dr for all c G [a, 6]. 
Then the nonlinear integral equation (3.1) has a solution. 

Proof. Put X = C[a, b] and define a mapping / : X — >■ A" by 


f b 

(fx){c) — (f>{c) + / A (c, r, x(r))dr 
J a 


for all .x G A" and c G [a, 6], Define a mapping d : X x A" — » [0, oo) by 


d(x,y) = sup |x(c) — y(c)\ p (p > 1) 

c£[a,b] 

for all x,y G A". Then (X,d) is a 6-complete 6-metric space with coefficient s = 2 P ~ 1 . 
Define a mapping a : AT x X — > [0, oo) by 

f 2 P ~ 1 , x(c) < y(c) for all c G [a, 61, 
a(x, y) = < \ ■ 

^ r, otherwise, 

where 0 < r < 2 P ~ 1 . Since K is nondecreasing in the third order, we get / G A s (X,a) C 
WA s (X,a). By (iii), it infers (S 2 ) in Theorem 2.3 is satisfied. Also, we get that condition 
(S 3 ) in Theorem 2.3 also holds (see [21]). 
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Finally, we show / G Q s (X,a). To prove this fact, we first choose g 6 1 such that 
^ ^ = 1. Assume that x, y G X such that a(x,y) > s = 2 P_1 , that is, x(c) < y(c) for all 

c G [a,b\. From (ii) and the Holder inequality, for each c G [a, b] we get 


2 £p ' £ l(/z)(c) - (fy)(c)\ p 

i ft 

< 2 £p ~ £ ' 

< 2 £p ~ £ 


| K (c, r, x(r ) ) — K (c, r, y (r) ) | dr 


l 9 dr ) ( / \K(c,r,x(r)) — K(c,r,y(r))\ p dr 


<2 £p £ (b — a)i yj ((c,r) p \x(r) — y(r)\ p dr 
<2 £p ~ £ {b — a)^ ( [ ((c,r) p d(x,y)dr 


< 2 £p ~ £ (b - a) p - l M s (x,y ) C(c,r) p dr^ 

< M s {x,y). 


This implies that s £ d(fx,fy ) < M s (x,y). Hence / G a). Thus all the conditions of 

Theorem 2.3 are satisfied and hence / has a fixed point in X. It follows that the nonlinear 
integral equation (3.1) has a solution. □ 

Remark 3.2. Compared with [15, Theorem 3.1], our Theorem 3.1 has many superiori- 
ties. First, our condition (ii) is much simpler than (ii) from [15, Theorem 3.1]. Indeed, our 
condition (3.2) is weaker than the corresponding condition of [15, Theorem 3.1]. More- 
over, we delete the function T (f). Whereas, T(t) is a complex function with very strong 
conditions. Otherwise, our function ( (c, r) satisfies the wider condition since £ is arbitrary. 
Further, even if £ = 3, our condition for ( (c, r) is also much weaker. 

Remark 3.3. In [15, Theorem 3.1], there exist some mistakes. For instance, the incorrect 
equality from the proof of [15, Theorem 3.1] appears as follows: 

(s 3 d(fx,fy)) p = ( 2 3p ~ 3 sup \{fx){t) - (fy)(t)\ 

V ie[a,fe] 

In fact, it should be the following: 

(■ s 3 d{fxjy)) p = f 2 3p ^ 3 sup \{fx)(t) - (fy)(t)\ p 

\ ie[a,b] 

Due to such mistake, the conditions from [15, Theorem 3.1] need some revisions. Similar 
revisions should be done in Corollary 3.2 and Corollary 3.3 from [15, Theorem 3.1]. 
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Anti Implicative IF-Ideals in BCK/BCI- algebras 
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Abstract: Using triangular norms, we present a new classification of fuzzy subalgebras, ideals and 
implicative ideals in BCK/BCI-algebras. 

Keywords: t-norm; anti if- ideal; anti implicative if- ideal; BCK/BCI-algebra. 


1 Introduction 

BCK/BCI-algebras are an important class of logical algebras introduced by Irnai and Iseki [7], and was 
extensively investigated by several researches. BCK/BCI-algebras generalize, on the one hand, the 
notion of the algebra of sets with the set subtraction as the only fundemental non-nullary operation 
and, on the other hand, the notion of the implication algebra (see [7]). In 1965, Zadeh [16] introduced 
the notion of fuzzy sets and in 1991, Xi [15] applied this notion to BCK/BCI-algebras. In 1990, 
Biswas [4] introduced the notion of anti fuzzy subgroups of groups and in 2008, modifying Biswas’ 
idea, Kutukcu and Sharrna [10] introduced the notion of anti fuzzy ideals in BCC-algebras. 

In the present paper, we introduce the notions of anti if-subalgebras, anti if-ideals and anti implica- 
tive if-ideals of BCK/BCI-algebras with respect to arbitrary t-conorms and t- norms. Illustrating with 
examples, we prove that our definitions are more general than the classical ones. We also prove that 
an if-subset of a BCK/BCI-algebra is an anti if-ideal if and only if the complement of this if-subset is 
an anti if-ideal. We also discuss some relationships between such notions. 

Let us recall [7,8] that a BCI-algebra is an algebra (X, *,0) of type (2,0) which satisfies the 
following conditions, for all x,y,z € X : (i) ((# * y) * (x * z)) * (z * y) = 0; (ii) (x * (x * y)) * y = 0; 
(iii) x * x = 0; (iv) x * y = 0 and y * x = 0 imply x = y. A BCI-algebra X satisfying the additional 
condition (v) for all x £ X, 0 * x = 0 is called a BCK-algebra. 

We can define a partial ordering < on X by x < y if and only if x * y = 0. Furthermore, in any 
BCK/BCI-algebra X, the following properties hold, for all x,y, z e X: (i ) (x * y) * z = (x * z) * y; (ii) 
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x * (x * (x * y)) = x * y; (iii) x * y < x; (iv) x * 0 = x; (v) (x * z) * (y * z) < x * y; (vi) x < y implies 
x * z < y * z and z * y < z * x. 

A non-empty subset A of a BCK/BCI-algebra X is called an ideal of AT if 0 € A, and x * y G A 
and y G A imply x G A for all x, y G X. 

A non-empty subset A of a BCK/BCI-algebra X is called an implicative ideal of X if 0 G A, and 
(x * (y * x)) * z G A and z G A imply x G A for all x,y,z G X. Any implicative ideal is an ideal, but 
not conversely. 

A mapping / of a BCK/BCI-algebra X into a BCK/BCI-algebra Y is called a homomorphism if 
fix *y) = fix) * fiy) for all x, y G X. 

By a triangular conorm (shortly t-conorm) S [14], we mean a binary operation on the unit interval 
[0, 1] which satisfies the following conditions, for all x, y, z G [0, 1]: (i) S(x, 0) = x; (ii) S(x, y) < S(x, z) 
if y < z; (iii) S{x,y) = Siy,x); (iv) Six, S(y, z)) = SiSix, y), z). Some important examples of 
t-conorms are <Sx(a;, y) = min {x + y, 1}, Spix,y) = x + y — xy and Sm/c, y) = max {x, y} . 

By a triangular norm (shortly t-norm) T [14], we mean a binary operation on the unit interval [0, 1] 
which satisfies the following conditions, for all x,y,z G [0, 1]: (i) T{x, 1) = x; (ii) T{x, y) < T{x, z) if 
y < z\ (iii) Tfx,y) = T{y,x)-, (iv) T(x, T{y, z)) = T{T{x,y), z). Some important examples of t-norms 
are T L {x,y) = max {a; + y- 1,0}, T P ix,y) = xy and T M ix, y) = min{x,y} . 

A t-conorm S and a t-norm T are called associated [11], i.e. S(x,y) = 1 — T(1 — x, 1 — y) for all 
x,y G [0, 1]. For example, t-conorm Sm and t-norm Tm are associated [6,9-11]. Also, it is well known 
[6,9] that if S' is a t-conorm and T is a t-norm, then max {x, y} < S(x, y) and min {x, y} > T(x, y) for 
all x,y G [0, 1], respectively. 

Note that, the concepts of t-conorms and t-norms are known as the axiomatic skeletons that we 
use for characterizing fuzzy unions and intersections, respectively. These concepts were originally 
introduced by Menger [13] and several properties and examples for these concepts were proposed by 
many authors (see [6,9-11,13,14]). 

A fuzzy subset A in an arbitrary non-empty set X is a function y A : X — * [0,1]. The complement 
of y A , denoted by y c A , is the fuzzy subset in X given by y A ix) = 1 — y A ix) for all x G X. 


Definition 1.1 ([15]) A fuzzy subset A in a BCK/BCI-algebra X is called a fuzzy BCK/BCI-subalgebra 
of X if 

^a{x*v) > min {n A ix), fj, A {y)} 

for all x,y G X . 

Definition 1.2 ([15]) A fuzzy subset A in a BCK/BCI-algebra X is called a fuzzy ideal of X if 

M0) > M®) > ™.m{(j, A {x*y),y, A (y)} 


for all x,y G X . 

Definition 1.3 ([10,12]) A fuzzy subset A in a BCK/BCI-algebra X is called a implicative fuzzy 
ideal of X if 

M0) > M 21 ) > min {y A {{x * [y * x)) * z),/j, a (z)} 

for all x, y, z G X. 


Definition 1.4 ([12]) A fuzzy subset A in a BCK/BCI-algebra X is called an anti fuzzy BCK/BCI- 
subalgebra of X if 

M®* 2 /) < max {M®), My)} 


for all x, y G X. 


2 


271 


Servet Kutukcu et al 270-282 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Definition 1.5 ([12]) A fuzzy subset A in a BCK/BCI-algebra X is called an anti fuzzy ideal of X 

if 

Va( 0) < Ha(x) < max{/i A (a; * y),/i A {y)} 

for all x, y £ X . 

As a generalization of the notion of fuzzy subsets in X, Atanassov [2] introduced the concept of 
intuitionistic fuzzy subsets (or simply if-sets) defined on X as objects having the form 

A = {(x,p A (x), X A {x)) : x £ X} 

where the functions y A : X — > [0, 1] and X A : X — > [0, 1] denote the degree of membership (namely 
y A (x)) and the degree of non-membership (namely X A {x)) of each element a; in J to the set A , 
respectively, and 0 < p A ( x ) + A A (x) < 1 for all x in X. 

In [3], for every two if-subsets A and B in X, we have 

(i) AC B iff y A ( x ) — L l b( x ) an d X A (x) > Xg(x) for all x £ X, 

(ii) UA = {(x,n A (x),n c A (x)) : x £ X} , 

(iii) <)A = {{x,X c A (x),X A (x)) \x £ X} . 

For the sake of simplicity, we shall use the symbol A = {y, A , X A ) for the if-subset A = {{x, H A {x), X A {x)) : x € X}. 

2 Anti IF-Ideals 

Definition 2.1 An if-subset A = (y, A , X A ) in a BCK/BCI-algebra X is said to be an anti intuitionistic 
fuzzy BCK/BCI-subalgebra of X (or simply, an anti if- BCK/B Cl- subalgebra of X) if 

(i) Ha( x * V) < ma x{y A ( x )cx(y)} , 

(ii) X A (x*y)> min { A^ (x ) , A^ (y) } 
for all x,y C X . 

Definition 2.2 An if-subset A = (ix A , X A ) in a BCK/BCI-algebra X is said to be an anti intuitionistic 
fuzzy BCK/BCI-subalgebra of X with respect to a t-conorm S and a t-norm T (or simply, an ( S,T)~ 
anti if- BCK/B Cl- subalgebra of X) if 

(i) n A {x*y) < S{n A {x),n A {y)) 

(ii) X A {x*y)>T(X A (x),X A (y)) 
for all x,y £ X . 

Remark 2.3 Every anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra is an ( S , T)-anti if-BCK/BCI- 
subalgebra of X such that S = Sm und T = Tm, but it is clear that the converse is not true. If 
X A (x) = 1 — Pa( x ) for all x £ X, then every anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra X 
is an anti fuzzy BCK/BCI-subalgebra of X. Also, if \ A (x) = 1 — p A ( x ) f or x £ X , S = Sm und 
T = Tm, then every ( S,T)-anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra X is an anti fuzzy 
BCK/BCI-subalgebra of X. 
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Definition 2.4 An if-subset A = {p A ,\ a) in a BCK/BCI-algebra X is said to be an anti if-ideal of 
X if 

(i) Ma( 0) < IJ>a( x ) and Aa(0) > A A {x), 

(ii) p A (x) < max {n A (x * y), p A {y)} , 

(iii) A a (x) > min {\ A (x * y), \ A (y)} 
for all x,y £ X . 

Definition 2.5 An if-subset A = (p A ,X A ) in a BCK/BCI-algebra X is said to be an anti if-ideal of 
X with respect to a t-conorm S and a t-norm T (or simply , an ( S,T)-anti if-ideal of X) if 

(i) p, A ( 0) < p A (x) and Aa(0) > X A {x), 

(ii) n A (x) < S(p A (x*y),p A (y)), 

(iii) X A {x) >T(X A (x*y),X A {y)) 
for all x,y £ X. 

Remark 2.6 Every anti if-ideal of a BCK/BCI-algebra is an ( S,T)-anti if-ideal of X such that 
S = Sm and T = Tm, but it is clear that the converse is not true. If X A (x) = 1 — P A {x) for 
all x £ X, then every anti if- ideal of a BCK/BCI-algebra X is an anti fuzzy ideal of X. Also, 
if X A (x) = 1 — h A {x) for all x £ X , S = Sm and T = Tm, then every ( S,T)-anti if-ideal of a 
BCK/BCI-algebra X is an anti fuzzy ideal of X . 

Example 2.7 Let X = {0, 1,2,3} be a BCK-algebra with the Cayley table as follows 


* 

0 

1 

2 

3 





0 

0 

0 

IT 

0 





1 

1 

0 

0 

1 





2 

2 

1 

0 

2 





3 

3 

3 

3 

0 





Define an 

if-set A 

= 

Oa,A a) in 

X by 





o, 


X = 

0 

| 

r 

x = 0 

p A {x) 

= l 

1/2, 

X = 

1 or 2 

and AaOe) = < 

1/3, 

x = 1 or 2 



l 1- 


X = 

3 

1 

l 0, 

x = 3 


It is easy to check that 0 < y A {x) + X A {x) < 1, ^a(0) < h A {x) and Aa(0) > X A (x). Also, 
h A (x) < S M {y A (x*y), n A {y)) and X A (x) > T L (X A {x*y), X A {y)) for all x, y G X. Hence A = (y A , X A ) 
is an ( SM,T]/)-anti if-ideal of X. Also note that t-conorm Sm and t-norm T f are not associated. 

Remark 2.8 Note that, the above example holds even with the t-conorm Sm and t-norm Tm, and 
hence A = (y A ,X A ) is also an ( SM,TM)-anti if-ideal of X. Therefore, every anti if-ideal of X is an 
( S,T)-anti if-ideal but the converse is not true. 

Example 2.9 Let X = {0, a, b, c, d} be a BCK-algebra with the Cayley table as follows 
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* 

1 o 

a 

b 

c 

d 

0 

0 

0 

0 

0 

0 

a 

a 

0 

a 

0 

0 

b 

b 

b 

0 

0 

0 

c 

c 

b 

a 

0 

0 

d 

d 

d 

d 

d 

0 

Define an 

if-set A 

— (Ma> ^a) 


f 

1/2, 

x £ {0, 

t L A\ x ) 


3/4, 

otherwi 

It is easy 

to check that 0 

< 


l,b} 


by 

and A a(x) = 


1/3, 

1/4, 

A a{x) < 1, n A ( 0) 

Ha{ x ) < S L {ii A {.x*y),iiA{y)) and A A {x) > T P (X A {x*y), X A (y)) for all x,y £ X. Hence A = (y A ,X A ) 
is an ( SL,Tp)-anti if-ideal of X. But A = (/j, a ,Xa) is not an anti if-ideal of X. 


x £ {0, a, 6} 
otherwise. 

< n A (x ) and Aa(0) > Xa(x). 


Also, 


Lemma 2.10 If A = (y A ,X a) is an ( S,T)-anti if-ideal of a BCK/BCI-algebra X, then so is DA = 
{n A i 1 1 a) such that t-conorm S and t-norm T are associated. 

Proof. Since A = (n A ,X a) is an (S, T)-anti if-ideal of X, then /j, a (0) < Ha{ x ) f° r all x € X and so 
1 — y A {0) < 1 — Ii A ( x ), hence n A (0) > H c A {x)- Also, for all x,y £ X, we have 

Ha(x) < S(fi A (x * y), n A {y)) 


and so 

which implies 


i - fjf A ( x ) < ^(i - iA{ x *y)A- iA{y )) 


Ha{x) > 1 - 5(1 - n c A (x *y), 1 - y, A (y)). 
Since S and T are associated, we have 


»a( x ) > T (t j 'A( x *y)^ c A(y))- 
Thus, DA = (^a, la A ) is an (5, T)-anti if-ideal of X. m 

Lemma 2.11 If A = (h a ,Xa) is an ( S,T)-anti if-ideal of a BCK/BCI-algebra X, then so is {> A = 
(X A , Aa) such that t-conorm S and t-norm T are associated. 

Proof. The proof is similar to the proof of Lemma 2.10. ■ 

Combining the above two lemmas, it is easy to see that the following theorem is valid. 

Theorem 2.12 A = (y A ,X a) is an ( S,T)-anti if-ideal of a BCK/BCI-algebra X if and only if DA 
and 0 A are ( S,T)-anti if-ideals of X such that t-conorm S and t-norm T are associated. 

Corollary 2.13 A = (/ j, a ,Xa ) is an ( S,T)-anti if-ideal of a BCK/BCI-algebra X if and only if y A 
and A A are anti fuzzy ideals of X such that t-conorm S and t-norm T are associated. 

Lemma 2.14 Let A = (/ i A , Aa) be an (S, T)-anti if-ideal of a BCK/BCI-algebra X . If < is a partial 
ordering on X then H A {x) < ^(y) and X A {y) < A a{x) for all x,y £ X such that x < y. 
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Proof. Let X be a BCK/BCI- algebra. It is known [8] that < is a partial ordering on X defined by 
x < y if and only if x * y = 0 for all x, y € X. Let A = (y A , X A ) be an (S, T)-anti if-ideal of X. Then 

H A {x) < S{p A (x*y),y A (y)) = S(y A (0), p A (y)) < A i A {y ) 

and 

A a{x) > T( X A (x * y),X A (y)) = T(X A (0),X A (y)) > X A (y). 

These complete the proof. ■ 

Theorem 2.15 Let A = (p A , Aa) be an (S, T)-anti if-ideal of a BCK/BCI-algebra X. A is an (S, T)- 
anti if-BCK/BCI-subalgebra of X. 

Proof. Let A = {y A ,X A ) be an (5,T)-anti if-ideal of X. Since x * y < x for all x,y £ X, it follows 
from Lemma 2.14 that y A (x * y) < y A {x) and X A (x) < X A (x * y). Then 

H A (x*y) < La(x) < S(n A (x*y),fj, A {y)) < S(y A {x), y A {y)) 

and 

A a{x *y)> Xa(x) > T(Xa(x * y), X A (y)) > T{ X A {x), X A (y)) 
and so A is an (S, T)-anti if-BCK/BCI-subalgebra of X. m 

Remark 2.16 The converse of the above theorem does not hold in general. In fact, suppose that X 
be the BCK-algebra in Example 2.7. Define an if-set A = (p A , Aa) in X by 

f0, x = 0 fl’ % = 0 

Ta{ x ) = ^ 1 / 2 ; x = 1 and X a{x) = < 1 / 3 , x = 1 

1 , x = 2 or 3 \ 0 , x = 2 or 3 

By routine calculations, we know that A = (y A ,X a) is an (SM,TAt)-anti if-BCK-subalgebra of X but 
not an ( SM,TM)-anti if-ideal of X because p. A { 2) = 1 > max{p. A (2 * 1),/Za(1)} and Aa( 2) = 0 < 
min{AA(2 * l), Aa(1)}- 

If A = (ji A , Aa) is an if-subset in a BCK/BCI-algebra X and / is a self mapping of X, we define 
mappings y A [f] : X -»■ [0, l] by p, A [f](x) = p A (f(x)) and A A [f] : X -* [0, l] by A A [f](x) = X A (f(x)) 
for all x € X, respectively. 

Proposition 2.17 If A = {jj, a , X A ) is an ( S,T)-anti if-ideal of a BCK/BCI-algebra X and f is an 
increasing endomorphism of X, then {y A [f], Aa[/]) is an (S,T)-anti if-ideal of X. 

Proof. For any given x,y £ X, we have 

T A [f\{x) = ma (/(*)) < S(p A {f{x)* f{y)),^ A {f{y))) 

= S \h A (f(x*y)),p A (f(y))) 

= S{p A [f]{x*y),y A [f](y)), 

A A [f]{x) = X A (f(x))>T(X A (f(x)* f(y)),X A (f{y))) 

= T(X A (f(x* y)),X A (f(y))) 

= T(X A [f](x*y),X A [f](y)). 
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Also, since A is a BCK/BCI-algebra, we have 0 * x = 0 and so 0 < x for all x £ X. Since / is 
increasing, we have /( 0) < f(x) for all a; € A and, from Lemma 2.14, fi A (f( 0)) < lx A (f(x)) and 
A A (f(x)) < X A (f(0)) i.e., H A [f]{ 0) < H A [f]{x) and A A [f](x) < Aa[/]( 0) for all x £ A. This completes 
the proof. ■ 

If / is a self mapping of a BCK/BCI-algebra A and B = {y B ,X B ) is an if-subset in /(A), then 
the if-subset A = (p A , A^) in A dehned by \jl a = \i B o / and X A = X B o f (i.e., (i A {x) = / j, B (f(x )) and 
Aa(ic) = A B (f(x)) for all x £ A) is called the preimage of B under /. 

Theorem 2.18 An onto increasing homomorphic preimage of an ( S , T)-anti if-ideal is an (S, T)-anti 
if-ideal. 

Proof. Let / : A — > Y be an onto homomorphism of BCK/BCI-algebras, B = (p B ,X B ) be an 
(S, T)-anti if-ideal of Y, and A = (y A , X A ) be preimage of B under /. Then, we have 

v>a( x ) = Mb (/fa)) < S(fj, B {f(x) * f(y)),v B {f{y))) 

= S(n B (f(x*y)),n B (f(y))) 

= S(y, A (x*y),fj, A (y)), 

X A {x) = X B (f(x)) > T(A s (/(x) * f(y)), X B (f(y))) 

= T(X B (f(x*y)),X B (f(y))) 

= T(X A (x*y),X A (y)) 

for all x,y € A. Also, y A (0) = /i B (f(0) ) < = La( x ) and Aa( 0) = A s (/(0)) > A B (f(x)) = 

X A (x) for all x £ X. Hence, A = (ji A . X A ) is an (S, T)-anti if-ideal of A. ■ 

Lemma 2.19 ([9]) Let S and T be a t-conorm and a t-norm, respectively. Then 

S(S(x, y),S(z, t)) = S{S(x,z),S(y,t)), 

T(T(x, y), T(z , t)) = T(T(x, z),T(y , t)) 

for all x, y,z,t £ [0, 1]. 

Theorem 2.20 Let S be a t-conorm, T be a t-norm and X = Ai x A 2 be the direct product BCK/BCI- 
algebra of BCK/BCI-algebras Xi andX 2 . If Ai = (fj. Ai ,X Al ) (resp. A 2 = (y Ao , X A2 )) is an ( S,T)-anti 
if-ideal of X\ (resp. X 2 ), then A = ( /i a ,X a ) is an ( S,T)-anti if-ideal of X defined by p A = y Al x y Ao 
and X A = A^! x X A2 such that 

Ta (xi,x 2 ) = (n Al X n A2 )(x 1 ,x 2 ) = S(p Ai {xi),p A2 (x 2 )), 

X A (x 1 ,x 2 ) = (X Al x A^ 2 )(a;i, a; 2 ) = T( Xa/x/, Xa 2 (x 2 )) 

for all (x\,x 2 ) £ X. 
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Proof. Let x = (xi,x 2 ) and y = (2/1,222) be any elements of X. Since X is a BCK/BCI-algebra, we 
have 

Ta{x) = (n Al x ha 2 ){xi,x 2 ) 

= S{/j, Ai (x i),Ma 2 0 2 )) 

< S{S(y, M {x 1 *y 1 ),y Al (y 1 )),S{y M (x 2 *y 2 ),y A 2 {y 2 ))) 

= S(S(y Ai {x 1 *y 1 ),y A 2 (x 2 *y2)),S(y Al (y 1 ),H A 2 (y 2 ))) 

= S((n Al x y M ){xi* y lt x 2 *J/2), (Ma x X Ma 2 )(j/i>J/2)) 

= - 5 ((/i Al x /x A 2 )((xi,a;2) * (221,2/2)), (/L^ x /j A 2 )(j/i, 2/2)) 

= S(y, A (x*y),fj, A (y)), 

Xa(x) = (Xa 1 x X A 2 )(xi,x 2 ) 

= T(X Al (xi), Xa 2 (x 2 )) 

> T(T(X Al (x\ * yi),X Al (yi)), T(Xa 2 (x 2 * 2/2), X A2 (2/2))) 

= T(T(X Al (x\ *y 1 ),X A 2 (x 2 *y 2 )),T(X Al (y 1 ),X A 2 (y2))) 

= T(( X Al x Xa 2 )(x 1 * yi,x 2 * 2/2), (X Al x X A /){yi, 2/2)) 

= ^((Aaj x X A 2 )((x ly x 2 ) * ( yi ,y 2 )),(X Al x X A 2 ){yi,y 2 )) 

= T(X A (x*y),X A (y)) 

Also, 

Ta ( °) = (Ma, x M A2 )(0,0) = 5(/i Al (0),/z A2 (0)) 

< = (ma x x Ma 2 )(*i»*2) 

= Ma(®)> 

Aa(0) = (Aa x x Aa 2 )(0,0) =T(Aa 1 (0),Aa 2 (0)) 

> T(X Al (a;i), A As (x 2 )) = (A Al x X A 2 )(x 1 ,x 2 ) 

= X A (x). 

This completes the proof. ■ 

Definition 2.21 Let S be a t-conorm and T be a t-norm, and let A = (y, A , X A ) and B = (y B ,X b) 
be if-sets in a BCK/BCI-algebra X. Then S-product of y A and y B , and T-product of X A and X b, 
written [y A .y B ]s and [A a .Ab]t, are defined by 

\La-Tb}s(x) = S{n A (x),fj, B (x)), 

[Xa-X b ]t(x) =T( X a (x),X b (x)) 

for all x € X, respectively. 

Theorem 2.22 Let S be a t-conorm and T be a t-norm, and let A = {y A ,X a) and B = {y B ,X b) be 
( S,T)-anti if-ideals of a BCK/BCI-algebra X. If S\ is a t-conorm which dominates S, that is, 

Si{S{x,y),S(z,t)) < S(Si(x, z), Si(y, t)) 

8 


277 


Servet Kutukcu et al 270-282 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


and T\ is a t-norm which dominates T, that is, 

Ti(T(x,y),T(z,t)) > T(T 1 (x,z),T 1 (y,t)) 

for all x,y , z,t £ [0, 1], then ([p A -y B ]sn [Aa-Ab]ti) is an ( S,T)-anti if-ideal of X. 

Proof. For any x, y £ X, we have 

[Ma-Mb]si(z) = S 1 (ix a (x),ii b (x)) 

< 5i (5 {p A {x *y),n A {y)),S (y B {x * y ) , y B (y))) 

< S(Sx(n A {x*y),y B (x*y)),S 1 (n A {y),n B (y))) 

= S([fi A .fj, B \ Sl {x * y), [ma-MbIs! (y)), 

[Aa-AbIt,^) = T 1 (X a (x),X b (x)) 

> Ti(T(X a (x * y), X A (y)),T(X B (x * y),X B (y))) 

> T(Ti(X a (x * y), \ B (x * y)),T 1 (X A (y),X B (y))) 

= T([X a .X b ]t 1 (x * y), [Aa-AbIt^i/)). 

Also, 

[t L A-t l B \s 1 (0) = Si(y A (0), y B (0)) < S/y^x), y B {x)) = [y A .y B \ Sl {x), 

[Aa-Ab]ti (0) = Ti(Aa(0), Ab(0)) > Ti(Xa(x), X B (x)) = [Aa.Ab]it (a;) 

This completes the proof. ■ 

3 Anti Implicative IF-Ideals 

Definition 3.1 A fuzzy subset A in a BCK/BCI-algebra X is said to be an anti implicative fuzzy 
ideal of X if 

(i) H A { 0) < MaO), 

(ii) y A {x) <ma x{fj, A ((x * (y * x)) * z), y A {z)} 
for all x,y,z £ X. 

Definition 3.2 An if-subset A = (y A , Aa) in a BCK/BCI-algebra X is said to be an anti implicative 
if-ideal of X if 

(i) Ma(°) < (J>a( x ) and Aa(0) > X A (x), 

(ii) y A (x) <ma x{y A ((x * (y * x)) * z), y A (z)} , 

(hi) X A {x) > min {Aa(t; * (y * x)) *z),X A (z)} 

for all x,y,z £ X. 
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Definition 3.3 An if-subset A = (p A i Aa) in a BCK/BCI-algebra X is said to be an anti implicative 
if-ideal of X with respect to a t-conorm S and a t-norm T (or simply, an (S, T)-anti implicative if-ideal 
of X) if 

(i) Ha( °) < Va( x ) and Aa(0) > X A {x), 

(ii) p A (x) < S(fj, A ((x*(y*x)) * z),p A (z)), 

(iii) A A {x) > T{ \ A {x * (y * x)) * z),X A (z)) 
for all x,y,z £ X. 

Remark 3.4 Every anti implicative if-ideal of a BCK/BCI-algebra is an (S,T)-anti implicative if- 
ideal of X such that S = Sm and T = Tm, but it is clear that the converse is not true. If X A (x) = 
1 — p A {x) for all x £ X, then every anti implicative if-ideal of a BCK/BCI-algebra X is an anti 
implicative fuzzy ideal of X . Also, if X A (x) = 1 — p A (x) for all x £ X, S = Sm and T = Tm, then 
every (S, T)-anti implicative if-ideal of a BCK/BCI-algebra X is an anti implicative fuzzy ideal of X. 

Example 3.5 In Example 2.9, it is easy to see that A = (p A , X A ) is also an ( SL,Tp)-anti implicative 
if-ideal of X. 

Remark 3.6 An ( S,T)-anti if-ideal of a BCK/BCI-algebra X need not to be ( S,T)-anti implicative 
if-ideal. For instance, in Example 2.7, we know that A = (/jl a , X a ) is an ( SM,Tff)-anti if-ideal of X 
but it is not an (, SM,T/)-anti implicative if-ideal of X, because p A ( 1) > SM(/h4((l*(2*l))*0),/iA(0)) 

mid Aa(1) < T l (X a {{1 * (2 * 1)) * 0), A a (0)). 

Theorem 3.7 Any ( S,T)-anti implicative if-ideal of a BCK/BCI-algebra X is an ( S,T)-anti if-ideal 
ofX. 

Proof. In Definition 3.3, let z = y and y = x. Hence p A {x) < S(n A ((x * (x * x)) * y),H A (y)) an< ^ 
X A (x) > T(X a ((x * (x * x)) * y),X A (y)). Since x * x = 0 and x * 0 = x, we obtain (ii) and (iii) in 
Definition 2.5. This completes the proof. ■ 

Theorem 3.8 Let A = ( p A ,X A ) be an ( S,T)-anti if-ideal of a BCK/BCI-algebra X. Then A = 
(Pai Aa) is an (S, T)-anti implicative if-ideal of X iff p A (x) < p A (x*(y*x)) and X A (x) > X A (x*(y*x)) 
for all x, y £ X. 

Proof. Assume that A = (p A , X A ) is an (S,T)- anti implicative if-ideal. Taking 2 = 0 in (ii) and (iii), 
and using (i) in Definition 3.3, we get the inequalities. Conversely, since A = (p A , Aa) is an (S,T)- anti 
if-ideal, hence 

Pa(x) < p A (x*(y*x)) < S(p A ((x * (y * x)) * z),p A {z)), 

X A {x) > X A {x *(y* x)) > T(X a ((x *(y* x)) * z),X A (z)). 

This completes the proof. ■ 

Lemma 3.9 Let A = (p A , Aa) be an ( S , T)-anti if-ideal of a BCK/BCI-algebra X . If x*y < z holds 
in X, then p A {x) < S(p A (y), p A (z)) and X A (x) > T(X A (y), X A (z)) for all x,y £ X. 
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Proof. Since x* y < z holds for all x, y € X, we have 

Pa{ x * y) < S(n A ((x*y)* z),p A {z)) 

< S(p A (z*z),p A {z)) 

= S(n A (0 ),p A (z)) 

< Pa(z) 

it follows that 

Pa{ x ) < S(p A (x * y), p A {y)) < S(p A (y), p A {z)), 

A A (x*y) > T(X A ((x*y)*z),X A (z)) 

> T(X A (z* z),X A (z)) 

= T(X a (0),X a (z)) 

> A A (z) 

hence 

A a( x ) > T{ X A {x * y), X A (y)) > T(X A (y),X A (z)). 

This completes the proof. ■ 

Theorem 3.10 ([12]) A BCK-algebra is implicative iff it is both commutative and positive implica- 
tive. 

Theorem 3.11 ([12]) If X is an implicative BCK-algebra, then x * (( x * (y * x)) * z) < z for all 
x,y,z € X. 

Theorem 3.12 In an implicative BCK/BCI-algebra, every ( S,T)-anti if-ideal is an ( S,T)-anti im- 
plicative if-ideal. 

Proof. The proof is easily follows from Lemma 3.9 and Theorem 3.11. ■ 

Theorem 3.13 The intersection of any set of (S,T)-anti implicative if-ideals of a BCK/BCI-algebra 
X is also an ( S,T)-anti implicative if-ideal whenever S and T are continuous norms. 

Proof. Let {A* = (p Ai , X A i )'\ ieI be a family of (S, T)-anti implicative if-ideals of X. Then, for any 
Xj y , z £ 

(n Pa,) (0) = inf |ma,( 0)} < in f {paM)} = ( n Ta) ( x ), 

(n X Ai ) (0) = sup{AAi(0)} > sup{Aa ; (t;)} = (n X Ai ) (x). 

Also, 

(n Pa){x) = mf{n Ai (x)}<m{{S(p A .((x*y)*z),n A .(z))} 

= S(in£ {p Ai ({ x *y)* z)} ,inf {p A .(z)}) 

= S((n p A .)((x*y)*z),(n p A .)(z)), 

(nAi,)(i) = sup {p Ai {x)} > sup{T(A Ai ((a; * y) * z),X Ai {z))} 

= T{ sup {Aa ; ((a; * y) * 2 )} , sup {X Ai (z)}) 

= T((n X Ai )((x*y)*z),(n X A /{z)). 

This completes the proof. ■ 
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4 Conclusions 

In this work, we introduce the notions of anti intuitionistic fuzzy BCK/BCI- subalgebras, anti in- 
tuitionistic fuzzy ideals and anti implicative intuitionistic fuzzy ideals with the help of arbitrary 
t-conorms and t-norms, and discuss some properties such as product, direct product and relations 
between them. But there are still some open problems. How can we define the notions of anti in- 
tuitionistic fuzzy filters and anti intuitionistic fuzzy congruences with recpect to arbitrary t-conorms 
and t-norms on a BCK/BCI-algebra? What are the relations between such notions, between the 
cosets of an anti intuitionistic fuzzy filter and anti intuitionistic fuzzy congruences? These could be 
a topic of further research. Furthermore, using that generalizations, one could define the notion anti 
intuitionistic fuzzy subgroups in BCK/BCI-algebras with respect to arbitrary t-conorms and t-norms 
in the sense of [1] and [7]. Using the idea of Dudek et al. [5], one could also generalize the notion of 
fuzzy topological anti BCK/BCI-algebras to intuitionistic fuzzy structures. 

The notions given in this paper can be fundamental to other sciences. For instance, in the last 
decade, most of researchers are focused on Content Based Image Retrieval, shortly CBIR, and manag- 
ing uncertainty becomes a fundamental topic in image database. Intuitionistic fuzzy set theory can be 
ideally suited to deal with this kind of uncertainty. This fuzziness is mainly due to similarity of media 
features, imperfection in the feature extraction algorithms, esc. Using the concept of this paper, one 
could develop an anti intuitionistic fuzzy model for image data and provide an anti intuitionistic fuzzy 
subalgebra for dealing with such data. Moreover, new anti intuitionistic fuzzy algebraic operators 
could be defined in order to capture the fuzziness related to the semantic descriptors of an image, 
and built thematic categorizations of multimedia documents using ontological information and anti 
intuitionistic fuzzy subalgebra in triangular norm systems. 

Problem. Can we replace in the statement of Theorem 3.13, the condition "S and T are contin- 
uous" with "inf a> o S(a, a) = 0 and sup b<1 T(b,b) = 1"? 
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1 Introduction 

Banach contraction principle or Banach’s fixed point theorem provides a technique for solving a va- 
riety of applied problems in mathematical science and engineering. Many authors have extended, 
generalized and improved Banach’s fixed point theorem in different ways. In [9] Jungck introduced 
more generalized commuting mappings, called compatible mappings, which are more general than 
commuting and weakly commuting mappings. This concept has been useful for obtaining more com- 
prehensive fixed point theorems (Jeong and Rhoades [8], Jungck [9,10], Jungck and Rhoades [11], 
Kang and Rhoades [13]). 

Recently, Jungck and Rhoades [11,12] defined the concepts of <5— compatible mappings and weakly 
compatible mappings, respectively, which extend the concept of compatible mappings in single- valued 
settings to set-valued mappings. They showed that compatible mappings and S — compatible mappings 
are weakly compatible but the converse does not need to be true. Several authors used these concepts 
to prove some common fixed point theorems (Ahmed [2], Chang[3], Rashwan and Ahmed [20,21], 
Rhoades [22]). Pant [16-19] initiated the study of noncompatible maps and introduced pointwise R- 
weak commutativity of mappings. He also showed that pointwise R- weak commutativity is equivalent 
to weak compatibility at coincidence points for single-valued mappings. Following Itolr and Takahshi 
[7], Singh and Mishra [23] introduced the notion of (IT)-commutativity for single- valued and multi- 
valued mappings. They showed that (IT)-commutativity of hybrid pair is more general than their 
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weak compatibility at the same point. More recently, Aamri and Moutawakil [1] defined a property 
(E.A) for self single valued maps and obtained some fixed point theorems for such mappings under 
strict contractive conditions. The class of (E.A) maps contains the class of noncompatible maps. 

In this paper, the concept of (IT)-commutativity and property (E.A) between single-valued map- 
pings and set- valued mappings are used to prove some common fixed point theorems on metric spaces 
without taking any mapping continuous. We improve and generalize the results of Ahmed [21, Fisher 
[4] and Khan et al. [15]. 

2 Preliminaries 

In the sequel, (X,d) denotes a metric space and B(X) is the set of all non empty bounded subsets of 
X. As in [3] and [6], we define 

S(A,B ) = sup{d(a, b) : a € A, b £ B}, 

D(A,B) = inf {d(a,b) : a £ A,b £ B}, 

H(A, B) = inf{r > 0 : A r D B, B r D A} 

for all A, B in B(X) where A r = {x € X : d(x, a) < r for some a £ A} and B r = {y G X : d(y , b) < r 
for some b £ B}. 

If A = {a} for some a £ A, we denote 8(a,B), D(a,B) and H(a,B ) for 8(A,B), D(A,B) and 
H(A,B) respectively. Also, if B = {&} and A = {a}, one can deduce that < 5(A,B) = D(A,B) = 
H(A, B) = d(a, b). 

It follows immediately from the definition of S(A,B) that 5{A,B) = S(B,A ) > 0, 5(A,B) < 
S(A, C ) + 8{C, B), 8{A, B) = 0 iff A = B = {a}, 5{A, A) = diamA for all A,B,C£ B(X). 

Definition 2.1 ([6]) A sequence {A n } of nonempty subsets of X is said to be convergent to a subset 
A of X if 

(i) Each point a in A is the limit of a convergent sequence {a n }, where a n is in A n for all n € N. 

(ii) For arbitrary e > 0, there exists an integer m such that A n C A e for n > m, where A e denotes 
the set of all points x vn X for which there exists a point a in A, depending on x, such that 
d(x, a ) < e. 

A is said to be the limit of the sequence {A n }. 

Lemma 2.2 ([6]) If {A n } and {B n } are sequences in B{X) converging to A and B in B(X), respec- 
tively, then the sequence {8(A n , B. n )} converges to 8(A,B). 

Lemma 2.3 ([6]) If {A n } is a sequence in B(X) and y is a point in X such that 8(A n , y) — > 0, then 
the sequence {A„} converges to the set {y} in B{X). 

Lemma 2.4 ([3]) For A, B,C, D £ B{X), we have 

8(A, B) < H(A, C ) + 8(C, D) + H(D, B). 

Definition 2.5 ([6]) The mappings I : X — » X and F : X — > B(X) are said to be weakly commuting 
if IFx € B(X) and 8(FIx, IFy) < m&x{8(Ix,Fx),diamIFx} for all x in X. 
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Definition 2.6 ([11]) The mappings I : X — * X and F : X — > B{X ) are 5-compatible if the limit 
lim n ^ 00 5(FIx n , IFx n ) = 0 whenever {x n } is a sequence in X such that IFx n € B(X), Fx n — > {f} 
and Ix n — ■> t for some t in X . 

Definition 2.7 ([12]) The mappings I : X — > X and F : X — > B(X) are weakly compatible if they 
commute at coincidence points, i.e. for each point u £ X such that Fu = {Iu}, we have Flu = IFu 
(Note that the equation Fu = {Iu} implies that Fu is singleton). 

Itoh and Takahsi [7], and Singh and Mishra [23] defined the (IT)-commutativity for single- valued 
and set- valued mappings is as follows: 

Definition 2.8 The mappings I : X — > X and F : X — » B(X) are said to be (IT) -commuting (Itoh- 
Takahasi commutativity is simply called (IT) -commuting) at x £ X if IFx C Fix. I and F are 
(IT) -commuting on X if they are (IT) -commuting at each point of X. 

In [14], the property (E.A) for single- valued and set- valued mappings is defined as follows: 

Definition 2.9 The mappings I : X — > X and F : X — > B(X) are said to satisfy the property (E.A) 
if there exists a sequence {x n } in X such that limn^aolxn = t and Umn^aoFxn = {t} for some 
t £ X. 

Remark 2.10 Let X is a metric space, I : X — * X and F : X — > B(X). Then it is clear from Jungck 
and Rhoade’s [11] definition that I and F will not be 6-compatible if there exists at least one sequence 
{x n } in X such that linin^oolxn = t and liirin^ooFxn = {t} for some t £ X, but 6(FIx n ,IFx n ) is 
either non- zero or non existent. Thus two non 5-compatible maps satisfy the property (E.A). 

Example 2.11 Let X = [l,oo] with the usual metric. Define I : X — > X, F : X — > B(X) by 
lx = x + 1 and Fx = [l,x + 1] for all x £ X. Then IF\ C FI\. Therefore, I and F are IT- 
commuting at x = 1. But I and F are not weakly compatible since IF\ ^ FI\. Consider the sequence 
{;r„} = {1/n}. Clearly limn^^lxn = 1 and Umn^ocFXn = {1}. Thus I and F satisfy the propeHy 
(E.A). But I and F are not 5-compatible. 

Remark 2.12 It is clear from Remark 1 and Example 1 that if I : X — > X and F : X — » B(X) are 
(IT) -commuting maps then I and F satisfy the propeHy (E.A). 

Let I : X — » X and F : X — > B(X). In all that follows, C(F,I) stands for the set of coincidence 
points of the maps F and J, that is C(F, I) = {z : {Iz} = Fz}. 

3 Main Results 

Theorem 3.1 Let (X,d) be a complete metric space. Let I,J be mappings of X into itself and F,G 
of X into B(X) such that 

(1.1) 5{Fx, Gy) < ma x{cd(Ix, Jy ), c5(Ix , Fx),c5(Jy , Gy), aD(Ix, Gy) + bD(Jy, Fx)} for all x,y £ X, 
where 0 < c < 1 , a, b > 0, a + b < 1 , cmax{j^, < 1, 

(1.2) U F(X) C J(X) and U G(X) C I(X), then 
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(i) F and I have a coincidence point. 

(ii) G and J have a coincidence point. 

Further if 

( 1 . 3 ) F and / are (IT)- commuting at p € C(F,I), G and J are (IT)- commuting at q € C(G,J), 
then 

(iii) I , J, F and G have a unique common fixed point u £ X. 

Proof. Let Xq be an arbitrary point in X. By ( 1 . 2 ), we choose a point x\ in X such that Jx\ £ 
Fx o = Zq and for this point x\, there exists a point a; 2 in X such talrt lx 2 € Gx\ = Z\ and so on. 
Continuing in this manner, we can define a sequence {x„} as follows: 

( 1 . 4 ) Jx2n+1 G Fx2n = -^2n and I%2n+2 € GX2n+l = ^ 2 ra+l> Tl £ N U { 0 }. 

For simplicity, we put V n = S(Z n , Z n+ 1) for n £ N U { 0 }. By ( 1 . 1 ) and ( 1 . 4 ), we have 

I^2n = fi(Z2n, Z2n+l) = 5(Fx2n,Gx2n+l) 

< max{cd(Ix 2n , J x 2n +i ) , cd ( Ix 2n , Fx 2n ) ,c6(J x 2n +i , Gx 2n +i ) , 
aD(Ix 2n ,Gx2n+l) + bD(Jx2n+i,Fx 2n )} 

< max{cV2n-i, cV 2n , a(v 2n -i + V 2n )} 

r a -IT 

< max{ c, J— - } V 2 n- 1 
for n £ N . Similarly, one can show that 

V2n+1 = d(Z2n+l, Z2n+2) = S(GX2n+l, Fx2 n +2) < max{c, — -}V2 n 

for n £ N. If we put (3 = max{c, j^}.max{c, then by hypothesis it can be easily seen that 
0 < /3 < 1 . So we deduce that 

( 1 . 5 ) V 2 n < PV2n-2 < •••• < / 3 "Vo Emd V2n+1 < PV2n - 1 < •••• < / 3 ”Vl 

for n £ N. Put M = max{Vo, Vi}. It follows from the inequality ( 1 . 5 ) that if z n is an arbitrary 
point in the set Z n for n £ N, then we obtain that d(z2 n ,Z2n+i) < d(Z2 n , -^2n+i) < / 3 n M and 
d(z2 n +i, Z2n+2) < < 5 (-^ 2 n+i j -^2n+2 ) < / 3 "M. This implies that {2n} is a Cauchy sequence in the 
complete metric space X. Hence it converges to a point 11 £ X, which does not depend upon the 
particular choice of each z n . In particular, the sequences {Ix2n} and {Jx 2n+i} converge to u and the 
sequences of sets {Fx 2 n } and {Gx2n+i} converge to the set {u}. 

Since UG(X) C I{X), there exists a point p £ X such that {u} = {Ip}- Then using ( 1 . 1 ), we have 

S(Fp, Gx 2n + 1) < ma x{cd(Ip, Jx 2n + 1), cS(Ip, Fp), c5(Jx2n+i,Gx 2 n+i), 

aD(Ip , GX2n+l) +bD(Jx2n+i,Fp)} 

< ma x{cd(u, Jx2 n +i),c6(u,Fp),c6(Jx2 n +i,Gx2n+i), 
aS(u,Gx 2 „+i) + b6(Jx 2 n+i,Fp)}. 

Taking the limit as n — > oo, we have 

5 {Fp , u) < max{ci 5 (u,, Fp), b8(u, Fp)} = max{c, b} 5 (Fp, u) 

and hence Fp = {u}, since max{c, 6 } < 1 . Therefore {Ip} = {u} = Fp. Thus Fp is singleton and 
p £ C(F, I). 
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Since UF(A) C J(X), there exists a point q € X such that {it} = {Jq}. Then using (1.1), we 
have 


5{u,Gq) = 

< 


S(Fp,Gq) 

rna x{cd(u, u),c6(u, it), cS(u, Gq), aS(u, Gq) + b6(u, it)} 
max{c<5(it, Gq), aS(u, Gq)} 
max{c, a}S(u, Gq). 


Since max{c, a} < 1, then {it} = Gq = {Jq}. Thus Gq is singleton and q € C(G, J). 

Since F and / are (IT)-commuting at p € C(F, /), so IFp C FIp, that is, {/it} C Fit. Using (1.1), 
we have 


6{Fu, Gx 2 n+\) < niax{cd(/it, Jx 2n+1 ), c5(Iu, Fit), c5{ Jx 2n +i, Gx 2n +i), 
aD(Iu,Gx 2n+ i) + bD(Jx 2n +i,Fu)} 

< ma x{c5(Fu, Jx 2n+ 1 ), cS{Jx 2n+1 ,Gx 2n+1 ), 
a5(Fu,Gx 2n+ i) + b5(Jx 2n+ i,Fu)}. 


Taking the limit as n — > oo, we have 

5(Fu,u) < max{c5(Fu,u),ad(Fu,u) + b5(u, Fu)} 

= max{c, a + b}5(Fu, it). 

Since max{c, a + b} < 1, then {it} = Fit. Since {it} = {/it}, {Fit} = Fu = {it}. Similarly we can 
prove that Gu = {Jit} = {u}. Thus u is a common fixed point of /, J, F and G. 

Now suppose there exists w € X,u ^ w such that Fw = {w} = { Iw }. Using (1.1), we obtain 
that 


d(w,u) < 5(Fw,Gu) 

< max{cd(iu, u), ad(w, it) + bd{u, id)} 

= max{c, a + b}d(w, u) . 

Since max{c, a + 6} < 1, it follows that it = w. So it is unique common fixed point of F and I such 
that Fit = {u} = {/it}. Similarly, it can be shown that u is the unique common fixed point of G and 
J such that Gu = {u} = {Jit}. This completes the proof. ■ 

By using the property (E. A) and by removing the completeness of the space with a set of alternative 
conditions in Theorem 3.1, we prove the following: 

Theorem 3.2 Let ( X , d) be a metric space. Let /, J be mappings of X into itself and F,G of X into 
B{X) satisfying condition (1.1), (1-2) and 

(2.1) {F, /} or {G, J} satisfy the property (E.A), 

(2.2) if the range of one of I{X), J(X), F{X) or G(X) is a complete subspace of X, then 

(i) F and I have a coincidence point 

(ii) G and J have a coincidence point. 

Further if (1.3) is satisfied then 
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(iii) /, J, F and G have a unique common fixed point. 

Proof. Suppose that the pair {F,I} satisfies the property (E.A). Then there exists a sequence {x n } 
in X such that lirrin^oolxn = it and Umn^ooFxn = {it} for some u £ X. Since UF(X) C J(X), 
there exists a sequence {y„} in X such that Urrin^ocFXn = Hnin^ooJyn. Hence limn^^ Jy n = it. 
Let us now show that Urrin^ooGyn = {it}. Indeed in view of (1.1), we have 

5(Fx n ,Gy n ) < max{cd(Ix n , Jy n ), c5(Ix n , Fx n ), cS(Jy n , Gy n ), 
aD(Ix n ,Gy n ) + bD( Jy n , Fx n )}. 

Taking the limit as n — > oo and since max{a, c} < 1 , we have lirrin-^ooGyn = {it}. Suppose that J(X) 
is complete subspace of X. Then u = Jq for some q £ X. Subsequently, we have Urrin^ooGyn = 
{ Jq} = lirrin^ocFxn and limn^^lxn = lirrin^ooJyn = Jq. Using (1.1), we have 

5(Fx n ,Gq) < ma,x{cd(Ix n , Jq),c5(Ix n , Fx n ), c5(Jq,Gq), 
aD{Ix n ,Gq) + bD( Jq, Fx n )}. 

Taking the limit as n — > oo and since max{a, c} < 1, we have Gq = {Jq} = {it}. Thus Gq is singleton 
and q € C(G, q). On the other hand UG(A') C I(X), there exists p £ X such that {Ip} = Gq. Using 
(1.1), we have 

5(Fp,Gq) < max{cd(/p, Jq), c5(Ip, Fp), c5(Jq,Gq), 
aD{Ip, Gq) + bD{Jq , Fp)} 

< max{c, b}S(Ip, Fp). 

Since max{c, b} < 1, so {Ip} = Fp that is p £ C(F,I) and {Ip} = Fp = {it} = {Jq} = Gq. Since 
F and / are (IT)-commuting at p £ X. Therefore IFp C FIp which implies {/it} C Fu. Similarly 
{Jit} C Gu. By using (1.1), we have 

5(Fu, Gy n ) < ma x{cd(Iu,Jy n ),c5(Iu,Fu),cS(Jy n ,Gy n ), 
aD(Iu, Gy n ) + bD{Jy n , Fit)} 

< max{ cS (Fit , J y n ) , c5{Fu, Fu ) , c5(Jy n , Gy n ) , 
aS{Fu, Gy n ) + b6(Jy n , Fu)}. 

Taking the limit as n — > oo, we have S(Fu,u) < max{c, a + b}6(Fu,u), then Fit = {it}. Since 
{/it} C Fit and Fit is singleton, /it = it. Therefore it is common fixed point of F and I. Similarly we 
can prove that it is common fixed point of G and J. 

The proof is similar when I(X) is assumed to be complete subspace of X. The cases in which F{X ) 
or G{X) is a complete subspace of X are similar to the cases in which J(X) or I{X), respectively, is 
complete since U F(X) C J(X) and U G(X) C I(X). Hence it is common fixed point of /, J, F and G. 
The uniqueness of common fixed point u £ X follows from (1.1). This completes the proof. ■ 

With the help of Remark 2.12 and Theorem 3.2, we get the following: 

Corollary 3.3 Let ( X , d) be a metric space. Let /, J be mappings of X into itself and F,G of X into 
B(X) satisfying condition (1.1), (1-2), (2.2) and the pairs {F, /}, {G,J} are (IT) -commuting. Then 
/, J, F and G have a unique common fixed point. 

The conditions (1.2) and (2.2) can be removed by taking I(X) and J{X) as closed subspaces of 
X. We prove the following: 
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Theorem 3.4 Let (X,d) be a metric space. Let I,J be mappings of X into itself and F,G of X into 
B(X) satisfying condition (1.1) and 

(3.1) the pairs {F,I} and {G,J} satisfy the property (E.A), 

(3.2) I(X ) and J(X) are closed subspaces of X, then 

(i) F and I have a coincidence point, 

(ii) G and J have a coincidence point. 

Further if (1.3) is satisfied then 

(iii) I, J, F and G have a unique common fixed point. 

Proof. Since the pair {F,I} satisfies the property (E.A), then there exists a sequence {x n } in X 
such that lirrin-toolxn = u and lim n ^aoFx n = {tt} for some u £ X. Again since the pair {G,J} 
satisfies the property (E.A), then there exists a sequence {y n } in X such that lirrin^^ Jy n = w and 
Unin^ooGyn = {u>} for some w £ X. If w ^ u, then by using (1.1), we have 

S(Fx n ,Gy n ) < max{cd(Ix n ,Jy„),c5(Ix n ,Fx n ),c5(Jy n ,Gy n ), 
aD(Ix n ,Gy n ) + bD( Jy n , Fx n )}. 


Taking the limit as n — > oo, we have 

6(u,w) < max{cd(u, w),ad(u,w) + bd(u,w)} 

= ma x{c,a + b}d(u,w). 

Since max{c, a + b} < 1, it follows that u = w. Since I(X) is closed, we have limn^oolxn = Ip for 
some p £ X. Thus Ip = u. Subsequently, we have limn^ooFxn = {Ip}. From (1.1), we have 

5(Fp 1 Gy n ) < ma x{cd(Ip,Jy n ),c5(Ip,Fp),c5(Jy n ,Gy n ), 

aD(Ip, Gy n ) +bD(Jy n ,Fp)} 

Taking the limit as n — > oo, we have S(Fp,u) < max{c, b}S(u, Fp) and hence Fp = {u} = {Ip}, since 
max{c, 6} < 1. Since J(X) is closed, we have limn^ooJyn = Jq for some q £ X. Thus Jq = u. 
Subsequently, we have limn^aoGyn = {Jq} = {u}. Using (1.1), we have 

6(u, Gq) = S(Fp, Gq) < ma x{cd(/p, Jq), c5(Ip, Fp), cS(Jq, Gq), 
aD(Ip, Gq) + bD(Jq, Fp)} 

= max{ci5(ii, Gq), aS(u, Gq)} 

= max{c, a}S(u, Gq). 

Since max{c, a} < 1 then {u} = Gq. Thus Gq is singleton and q £ C(G,J). The remaining part of 
the proof is same as that of Theorem 3.1. This completes the proof. ■ 

With the help of Remark 2.12 and Theorem 3.4, we get the following: 

Corollary 3.5 Let ( X , d) be a metric space. Let I, J be mappings of X into itself and F,G of X 
into B(X) satisfying condition (1.1), (3.2) and the pairs {F,I} and {G,J} are (IT) -commuting then 
I, J, F and G have a fixed point. 
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Abstract:The aim of this paper is to give some new fixed point theorems for contractive type map- 
pings in intuitionistic fuzzy metric spaces. The results presented improve and generalize some well 
known results in literature. 

Keywords: Intuitionistic fuzzy metric space; fuzzy metric space; complete; compact; fixed point. 


1 Introduction 

In [6], the well-known fixed point theorems of Banach [1] and Edelstein [3] were extended to fuzzy 
metric spaces obtaining the following two theorems, 

Theorem 1.1 Let ( X , M, *) be a complete fuzzy metric space. Let T : X — > X be a mapping satisfying 

M[Tx,Ty,kt) > M(x,y,t) 

for all x, y £ X where 0 < k < 1. Then T has a unique fixed point. 

Theorem 1.2 Let ( X , M, *) be a compact fuzzy metric space. Let T : X — > X be a mapping satisfying 

M(Tx, Ty , .) > M(x, y , .) 

for all x ^ y (i.e. M(Tx,Ty , .) > M(x,y,.) and M(Tx,Ty , .) ^ M(x,y,.) for all x ^ y). Then T 
has a unique fixed point. 

In this paper, we give some new fixed point theorems in intuitionistic fuzzy metric spaces. The 
results not only improve and generalize Theorems 1.1 and 1.2, but also unify and extend some main 
results of [5-8]. Let us call some basic definitions, 
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Definition 1.3 ([2]) The 5-tuble (X, M, N,*, 0) is an intuitionistic fuzzy metric space if X is an 
arbitrary set, * is a continuous t-norm, 0 is a continuous t-conorm and M, N are fuzzy sets on 
X 2 x [0, oo) satisfying the following conditions: for all x,y,z £ X, 

(i) M (, x , y, t) + N(x, y, t) < 1; 

(ii) M(x, y, 0) = 0; 

(iii) M ( x , y, t) = 1 for all t > 0 iff x = y; 

(iv) M(x, y, t) = M(y, x, f); 

(v) M ( x,z,t + s ) > M ( x , y, t ) * M (y, z, s) for all t,s > 0; 

(vi) M (x, y , .) : [0, oo) — > [0, 1] is left continuous; 

(vii) lim M(x,y,t) = 1; 

t — »oo 

(viii) N(x,y,0) = 1; 

(ix) N(x, y, t) = 0 for allt > 0 iff x = y\ 

(x) N(x,y,t ) = N(y,x,t ); 

(xi) N(x, z,t + s ) < N(x, y,t)()N(y, z, s ) for all t, s > 0; 

(xii) N(x, y , .) : [0, oo) — > [0, 1] is right continuous; 

(xiii) lim N(x, y, t) = 0. 

t— >0 O 

Remark 1.4 By (iii) and (v), it is easy to show that M{x, ///.) is non- decreasing and by (ix) and 
(xi), it is easy to show that N(x,y , .) is non-increasing for all x,y £ X. 

Remark 1.5 Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy metric space of the form 
(X,M, 1 — M, *,0) such that t-norm * and t-conorm {> are assosiated, i.e. x()y = 1 — ((1 — x) * (1 — y)) 
for any x,y € [0, 1]. Moreover, Theorem 1.1 is a fuzzy generalization of Theorem 2 in [)]. 

Definition 1.6 ([2]) A sequence {x n } in an intuitionistic fuzzy metric space (X, M, N, *, 0) is a 
Cauchy sequence iff lim„ M(x n + P , x n , t) = 1 and lim Jl tV( x n + p ,x n ,t) = 0 for each t > 0 and p £ N. 
A sequence {x n } in X is convergent to x £ X t/lim^^oo M(x n ,x,t) = 1 and linin^oo N(x n ,x,t) = 0 
for each t > 0. Yin intuitionistic fuzzy metric space ( X , M, N, *, 0) is called complete, if every Cauchy 
sequence in X is convergent. It is called compact, if every sequence in X contains a convergent 
subsequence. 

Lemma 1.7 ([2]) Let lim„ x n = x and lim„ y n = y. Then, for all t > 0, 

lim inf M(x n ,y n ,t) > M(x,y,t) and lim sup N(x n ,y n ,t) < N(x,y,t), 

n — »oo n — xx) 

lim sup M(x n , y n , t) < M(x, y, t) and lim inf N(x n ,y n ,t) > N(x,y,t). 

n — >oo n—> oo 

Particularly, if M{x,y, .) and N(x,y , .) are continuous at point t, then 

lim M(x n ,y n ,t) = M(x,y,t) and lim N(x n ,y n ,t) = N(x,y,t). 
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2 Main Results 

Definition 2.1 Let the function <j> : [0, oo) — > [0, oo) satisfies the following conditions: 

{4>f) 4>{t) is strictly increasing, 0(0) = 0 and lim„0 n (f) = oo for all t > 0, where <fi n (t) denotes the 
n-th iterative function of 0(f). Then <f>(t) > t and 0™(t ) > 0 ra_1 (t) for t > 0 and n = 1, 2, ... 

(0 2 ) lim t ^ oo [0(f) - t\ = oo. 

Lemma 2.2 Let * and 0 be continuous t-norm and t-conorm, respectively. Then for each A £ (0, 1), 
there is a sequence {A„} in (0, 1) such that 

(1 A n ) * (1 A„) >1 A„_i and Xn^)^n Y A n _i, n — 1,2, ..., 

where Ao = A (obviously, the sequence {A„} satisfying the condition is decreasing). 

Proof. Since * is continuous at point (1, 1) and a* b < 1*1 = 1, and since {> is continuous at point 
(0, 0) and a()b > 000 = 0 for all a, b £ [0, 1], we have 

sup [(1 — /x) * (1 — /x)] = 1 and inf = 0, 

0</i<l °<A<1 

respectively. Thus, for each A £ (0, 1), there exists Ai £ (0, 1) such that 

(1 — Ai) * (1 — Ai) > 1 — A and AiOAi < A. 

Similarly, there exists A 2 € (0, 1) such that 

(1 — A 2 ) * (1 — A 2 ) > 1 — Ai and A 2 OA 2 < Ai. 

Continuing this procedure, we can obtain a sequence {A„} C (0, 1) satisfying the condition. ■ 

Lemma 2.3 Let ( X , M, N, *, 0 ) be an intuitionistic fuzzy metric space. Let T : X — > X be a mapping 
satisfying 

M(Tx,Ty,ti) > M(x,y,t{) and N{Tx,Ty,t\) < N(x,y,t±), 

where t\ is a fixed positive number. Then there exist a continuity point to of M(x, y , .) and N(x, y , .) 
such that 

M(Tx,Ty,t 0 ) > M(x,y,t 0 ) and N(Tx,Ty,t 0 ) < N(x,y,t 0 ). 

Proof. Since M(Tx,Ty , .) — M(x, y,.) is left continuous and N(Tx,Ty , .) — N(x,y , .) is right contin- 
uous at point t\ . there exists f 2 > 0 such that 

M(Tx,Ty,t) > M{x,y,t) and N(Tx,Ty,t) < N(x,y,t) 

for all t £ Note that the set of discontinuous points of M(x,y , .) and N(x,y , .) is countable at 

most. Hence, there exists to £ [£ 2 ,^ 1 ] such that M(x,y , .) and N(x,y , .) are continuous at to- ■ 

Theorem 2.4 Let ( X , M, N, *, 0 ) be a complete intuitionistic fuzzy metric space. Let T : X — > X be 
a mapping satisfying the following conditions: 
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(i) there exists Xo £ X such that 

lira M(xo,T' l Xo,t) = 1, lim N(xo, T*Xo, t) = 0, * = 1, 2, (2-1) 

n — xx) n—> oo 

(ii) there exists a mapping m : X — > N such that for any x, y £ X 

M{T m ^x,T m ^y,t) > M(x,y,<f)(t)) and 

N(T m ^x,T m ^y,t) < N(x, y, <j>{t)) (2.2) 

where the function <j>{t) satisfies conditions (c^q) and (</> 2 )- 

Then T has a unique fixed point x * and the quasi-iterative sequence {x n = T m ^ Xn ~ 1 ' > x n -\\ con- 
verges to x*. 

Proof. First, we prove that 

sup inf M(xo, x, s) = 1 and inf sup N(xo,x,s) = 0 (2-3) 

s >oieo T (io) s>0 ieo T (io) 

where Ot(x o) = {xo, Txo, T 2 xq, ...} is called the orbit of Xo for T. For any n £ N with n > m(x o), 
we can denote 

n = km(xo) + s where 0 < s < m(x o). 

Note that <j>(t) > t for allt > 0 and lim ( ^ oo [0(t) — t\ = oo. By (2.1), we have 

lim M(xo,T z Xo,<j>{t)) = 1 and lim N(xo,T z Xo,<j>(t)) = 0 (2-4) 

t— > oo £— > OO 

for i = 1,2, ..., rn(xo) and 

lim M(xo,T l xo,<j>(t) — t) = 1 and lim N(xo, T 1 xq, <j>(t) — t) = 0. (2.5) 

£—►00 £— > oo 

Moreover, by Lemma 2.2, for any A € (0, 1), there is a sequence {A„} in (0, 1) such that 

(1 A n ) * (1 A n ) >1 A„_i and Xn()X n Y A n _i, n — 1, 2, — 

Thus, it follows from (2.4) and (2.5) that for given A*,, there exists to > 0 such that 

min M{xo,T l Xo,<j){t)) > 1 — Afc and max N(xq, T l Xo, </>(t)) < A &, 
l<i<m(a;o) l<i<m(afo) 

M(xo,T m ( x °^xo, <j>(t) -t)> 1 - A fc and 7V(x 0 , T m ^Xo, <f>(t) - i) < A fc ,Vt > i 0 . 

So, by (2.2), for all t > to, we have 

M( x o, T n x 0 , 4>{t)) = M{xo,T km ^ +s xoA{t)) 

> M(x 0 ,T m ^x 0 ,<j>(t)-t) 

*M{T m ^x o, T fem ( x °) +S x 0 , t) 

> M(xo,T m ^x 0 ,<j>(t)-t) 

*M(x 0 , 0(i)) 

> ... > M(x 0 ,T m ^x o, 0(i) - i) 

* W * M(x 0 , T m ^°)x 0 , M) - i) * M(x 0 , T s x 0 , 0(t)) 

> (1 — Afc) * * (1 — Afc) 

> (1 — Afc_r) * ((?) * (1 — Afc_i) 

> ... >(1-Ai)*(l-Ai)>l-A, 
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N(xo,T n xo,(f>(t)) = N(x 0 ,T km ^+ s x 0 ,ci>(t)) 

< N(x 0 ,T m ^x 0 ,<f>(t)-t) 

ON(T m{xo) x 0 , T km{xo)+S x 0 , t) 

< N(x 0 ,T m ^x 0 ,<t>(t)-t) 

0N(x o ,T^- 1)m ^ +s x o ,<l)(t)) 

< ••• < N(x 0 , T m ( Xo ^x 0 , 4>{t) — t) 

0W0N(x o ,T m ^x o ,<j>(t) - t)0N(x o ,T s x o ,^t)) 

< A fc 0 (fc .t. 1} 0A fc 

< A fc _ 1 0 (fc .t 1 )0Afc_ 1 

< ... < AiOAi < A. 

Therefore, for all t > to, 

inf M(xo,x,<j)(t)) > 1 — A and sup N{xo,x,<f>{t)) < A 

x£O t (x 0 ) xGOt(xo) 

and hence 

sup inf M(xo,x, s) > 1 — A and inf sup N(xq,x,s) < A. 
s>0 xeO T (x 0 ) s>0 xGO t (x 0 ) 

By the arbitrariness of A, we have 

sup inf M(xq,x, s) = 1 and inf sup N(xo,x,s) = 0. 
s>0 i60t(io) s> VOt(x o) 

Next, we prove that the quasi-iterative sequence {.t„ = T rn ( Xn ~ 1 ' 1 x n -±} C ^ =1 is a Cauchy sequence. For 
convenience, put rn t = m(xi),i = 0, 1, 2, .... Then, by (2.1), for all t > 0, we have 

M(x n ,x n+P ,t) = 

> M (x n - 1 , y TO n+ P -j‘+.. .+to„ Xn _ 1 ,<j>(t)) 

> M(x n _ 2 ,T m ^- 1 +-+ ro '*x n _ 2 ,0 2 (t)) 

> ... > M(xo,T m -+ p - 1+ - +rn -x 0 A n (t)) 

> inf M(xo, x, 4> n {t)) 

xeo T {x o) 

> sup inf M(xo,x,s), 

0<S<^"(t) i e°T(xo) 


N^Xm ^n-\-p , 


= 

JV(T m »- 1 * n _i,T ro " 

.+p-l+ r ^n+p-2 + ---+^n-l ^ ^ 

< 

X(x„ d .T"'“ '‘ 

^(t)) 

< 

N(x n - 2 , T mn+P ~ 1+ ' 

■• +ro ’*X n _ 2 ,0 2 (t)) 

< 

... < JV(s 0 ,T ro »+»>- 1 

+ - +m “* 0 ,r(t)) 


< sup N(xo,X,(/) n (t)) 
xEOt(xo) 

< inf sup N(xo,x,s). 
Q<s«t> n {t)xeo T {x 0 ) 
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Then, by condition (< /q) and (2.3) 

lim M(x n ,x n + P ,t ) = 1 and lim N(x n ,x n + P ,t) = 0 

n — >oo n— >oo 

for all t > 0. This means that { x n } is a Cauchy sequence in X. By the completeness of X, there 
exists lim„ x n = a:* € X. Now, we prove that x * is the unique fixed point of T m *, where m* = m(x*). 
By (v) and (xi) in Definition 1.3, and (2.2), we have 

M(x*,T m *x*,t) > M(x*,T m *x n ,^)*M(T TO *a;„,T m *a ; *,^) 

> M(x*,T m *x n , ^) * M(x n , c/>(^)), (2.6) 

N(x*,T m *x*,t) < N{x*,T m *x n , ^)0N(T m *x n ,T m *x*, ^) 

< N(x*,T m *x n ,t)ON(x n ,T m *x*,<f>(t)). (2.7) 

It is easy to prove that 

lim M[x*,T m *x n ,u) = 1 and lim N(x*,T m *x n ,u) = 0 

n— > oo n—>oo 

for all u > 0. In fact, 


M(x*,T m *x n , u) 

> 

11 11 

M{x*,x n , -) * M(x n ,T m * x n , -) 



= 

11 11 
M(x*,x n , -) * M (T mn ~ 1 x n -i,T rnn - 1+m * x n -i, -) 


> 

u 

M(x*,x n , -) * M (x n -i,T m * x n -\ 



> 

11 

... > M( x*,x n , -) * M(x 0 ,T m *x o 


N(x*,T m *x n ,u) 

< 

11 11 
N(x*,x n , -)0N(x n ,T m *x n , -) 



= 

11 

N(x*,x n , -)0iV(T m "- 1 x„_ 1 ,T m 



< 

IX 

N(x*,x n , —)<)N(x n -i,T rn *x n -i, 

<» 


< 

IX 

... < N(x*,x n , —)()N(xo,T m *xo, 

<T(f))-o. 


Thus, letting n — » oo on the right sides of (2.6) and (2.7), and noting the continuity of * and 0, we 
have 

M(x», T m *x*, t) = 1 and N(x*, t) =0 

for all t > 0. This implies that T m * a:* = a;*, i.e. a;* is a fixed point of To show uniqueness, 

assume that T m ^ x * > y = y for some y £ X. Then 

M(x*,y, t) = M(T rn( ' x ^x*,T m( - x *^y,t) > M(x*,y,(j>(t)), 

N(x.,y,t) = N(T m ^x*,T m ^y,t)<N(x*,y,<j>(t)). 
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On the other hand, as M (x* , y, t) is non-decreasing and iV (a:* , y , t) is non-increasing, we have M (a;* , y , i) < 
M(x*,y,(j)(t)) and N(x*,y,t) > N(x*,y, 4>(t)), respectively. Thus 

M(x*,y,t ) = M(x*,y,<f>(t)) = M(x*,y,<j) n (t)), 

N(x*,y, t) = N{x ie ,y, <f>(t)) = N(x*,y, <f n {t)) 

for all t > 0. Hence, by condition (</q), and (vii) and (xiii) in Definition 1.3, we have 

M(x*,y,i) = 1 and N(x*,y,t) = 0, 

i.e. a;* = y. Finally, we prove a:* is the unique fixed point of T, too. In fact, since T m ( x *^x* = a;*, it 
follows that Tx* = T(T m *x *) = T m *(Ta;*). Hence, Ta:* = x*. Uniqueness is obvious. This completes 
the proof. ■ 

From Theorem 2.4, we can obtain the following consequence immediately. 

Corollary 2.5 Let (X, M, N, *, 0) be a complete intuitionistic fuzzy metric space. LetT : X — > X be 
a mapping satisfying the following conditions: 

(i) there exists x 0 € X such that 

lim M(xo,T l Xo,t) = 1, lim N(xq, T l Xo, t) = 0, i = 1, 2, ...; 


(ii) there exists a mapping to : X — > N such that for any x,y € X 

M(T m ^x,T m ^y,t) > M{x,y,t/k),N(T m ^x,T m ^y,t) < N(x,y,t/k ) 
where 0 < k < 1. 


Then the conclusion of Theorem 2.4 remains true. 

Proof. Taking <f>(t) = t/k. Obviously, <f>{t) satisfies the conditions (c/q) and (</> 2 ). Tlreorefore the 
conclusion follows from Theorem 2.4 directly. ■ 

Corollary 2.6 Let (X, M, N, *, 0) be a complete intuitionistic fuzzy metric space. LetT : X — > X be 
a mapping. If there exists a mapping to : X — » N such that for any x, y £ X, 

M(T m ^x,T m ^y,t) > M(x,y,<f>(t)),N(T m Wx,T m Wy,t) < N(x,y,<Kt)), 

where the function satisfies the conditions (^q) and (<j> 2 ). Then T has a unique fixed point x* and 
the iterative sequence {T n x} converges to x* for every x £ X. 

Proof. By Theorem 2.4, we need only to show that the iterative sequence {T n x} converges to x*. 
For neN with n > m(x*), 

n = km{x *) + s, 0 < s < m(x*). 

Since 


M(x*,T"x,t) = M(T m (**)x*,T fem (**) +s x,t) 

> M(x„r( fc - 1 >"*( a, *) +B x,^(t)) 

> ... >M(x*,T s x,(£ fe (f)) 1, 
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N(x*,T n x,t) = N(T m ^x*,T krn ^ +s x,f) 

< N{x^T^- 1 '> m ^ +s x,(j){t)) 

< ...<N{x*,T s x,(t> k (t))->0 

so lim„ M(x*,T n x, t) = 1 and lim n N(x*,T n x, t) = 0 for all t > 0, i.e. T n x — » a:*. ■ 

Remark 2.7 Taking <j>(t) = t/k (0 < k < 1) and m(x) = 1 in Corollary 2.6, we at once obtain 
Theorem 1.1. Hence Theorem 1.1 is a special case of Corollary 2.6. In the view of Remark 1.5, taking 
<j)(t) = t/k , N = 1 — M , and * = min and 0 = max (i.e. a * b = min(a, b) and a()b = max(a, b)) in 

Corollary 2.6, we obtain that the main results of [5-8] are special cases of Corollary 2.6. 

Theorem 2.8 Let (X, M, N, *, <0) be a compact intuitionistic fuzzy metric space. Let T : X — > X be 
a continuous mapping satisfying 

M(Tx, Ty , .) > min {M(x,Tx, .), M(y,Ty, M(x,y, .)} , (2.8) 

N(Tx,Ty , .) < rna x{N(x,Tx, .), N(y,Ty, .), N(x,y, .)} (2.9) 

for all x y. If there exists Xo € X such that {T n x o}^Lo ^ as an accumulation point a:* € X and for 
all t > 0 , n = 1 , 2 , ... 

M(T n ~ 1 x 0 ,T n x 0 ,t) < M(T n x 0 ,T n+1 x 0 ,t), 

N(T n ~ 1 x 0 ,T n x 0 , t) > N(T n x 0 ,T n+1 x 0 ,t) 

then x * is the unique fixed point of T and lim„ T n x o = a:* . 

Proof. Assume T n Xo 7 ^ T n+1 x 0 for each n € N. (If not, there is no € N such that T n °x 0 = T n ° +1 x 0 . 
This means that a:* = T n °xo is a fixed point of T and lim„ T n Xo = a:*). Since {T n Xo}[(/- 0 has an accu- 
mulation point a:* G X, there exists a subsequence {T rai a;o} , lim.jT rai a;o = a:*. {M(T n Xo,T n+1 Xo,t)} 
and {N(T n x 0 , T n+1 Xo, f)} are non-decreasing and non-increasing, respectively, and also bounded, thus 
{M(T n *x 0 ,T n *+ 1 x 0 ,t)} , {M(T ni+1 x 0 , T ni+2 x 0 ,t)} and {^(T^T^a^t)} , {N(T^ + 1 x 0 ,T^+ 2 x 0 , 
are convergent to a common limit, i.e. 

lim M(T ni xo,T ni+1 xo,t) = lim M(T ni+1 x 0 ,T ni+2 x 0 ,t), 

i — »oo i —* 00 

lim N(T ni Xo,T n ' +1 Xo,t) = lim N(T n ' +1 x 0 ,T n ' +2 x 0 ,t) 

i —> 00 i —¥ 00 

for all t > 0. By the continuity of T, we have 

lim T ni+1 x 0 = lim T(T n 'x „) = Ta:*. 

i— > 00 i —* 00 

Suppose a;* 7 ^ Ta:*. Putting y = Tx in (2.8) and (2.9), we have 

M(x, Tx , .) < M(Tx, T 2 x , .) and N(x, Tx , .) > N(Tx, T 2 x , .) 

for every x 7 ^ Tx. So, by Lemma 2.3, there exists a continuous point to of M(x*, Tx *, .) and 
N(x*,Tx*, .) such that M(Tx*,T 2 x*,t 0 ) > M(x*,Tx*,t 0 ) and N(Tx*,T 2 x*,t 0 ) < N(x*,Tx*,t 0 ). 

On the other hand, by Lemma 1.7 

Af(a;*,Ta;*,fo) = lim M(T n 'xo,T(T ni xo),to) 

i —> 00 

= lim M(T n ’ +1 x 0 ,T ni+2 x 0 ,to) 

i —> 00 

> M(Tx*,T 2 x*,t 0 ), 
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jV(x*,Tx*,t 0 ) = lim N{T ni x 0 ,T(T n 'x 0 ),t 0 ) 

i—> oo 

= lim N(T n ' + 1 xo,T ni+ 2 xo,to) 

i — xx) 

< N(Tx*,T 2 x*,to) 

are contradictions. Therefore x* = Tx*, i.e. x* is a fixed point of T. Uniqueness follows from (2.8) and 
(2.9). Finally, we prove that limnT^Xo = x*. Since limjT^’Xo = x* and limiT™ i+1 Xo = Tx* = x*, 
by Lemma 1.7, 

lim inf M(T ni Xo,T ni+1 x 0 ,t) > M(x*,x*,t) = 1, 

i—* oo 

lim sup7V(T ni xo,T' ra ’ +1 Xo,t) < lV(x*,x*,t) = 0 


for all t > 0. So, lim i M(T ni x 0 ,T ni+1 x 0 ,t) = 1 and lin N(T ni x 0 ,T ni+1 x 0 ,t) = 0 for all t > 0. For 
any n (E N with n > n\, there exists n* with m + 1 > n > rii. By (2.8) and (2.9), we have 

M(T n x 0 ,x*,t) > min{M(T”- 1 xo,T n xo,t),l,M(T"- 1 x 0 ,x*,t)} 

- \ ,M(T" _2 x 0 ,x*,t) 

= min {M(T” _2 x 0 , T^xo, i), M(T n ~ 2 x 0 , x*, t)} 

> ... > min {M(T ni x 0 , T’ li+1 x 0 , t),M(T ni xo, x*, f)} , 

lV(T”xo,x*,t) < max{7V(T ra_1 Xo,T ,ra Xo,t),0,fV(T n_1 Xo,x*,<)} 

mPY J N(T n ~ 1 xo, T n xo, t), N(T n ~ 2 xo, T" _1 x 0 , t) 

- 1 , N(T n ~ 2 xo, x*,i) 

= max {7V(T n_2 x 0 , T ,ra_1 x 0 , t),N(T n ~ 2 x 0 , x., t)} 

.. < max{7V(T"'xo,T" i+1 x 0 ,t),lV(T ni xo,x*,t)} . 


< 


Letting n — > oo (n* — > oo), we have 


lim M(T n Xo,x*,t) > 1 and lim N(T n Xo,x*,t) < 0 

n—>oo n—> oo 

for all t > 0. Hence, lim„ T™Xq = x*. ■ 


Remark 2.9 Theorem 1.2 is the immediate consequence of Theorem 2.8. In fact, by Theorem 1.2, 
it is easy to see that T is continuous and (2.8), (2.9) hold for any Xq € X. In addition, by the 
compactness of X, {T ra Xo} has an accumulation point. Hence Theorem 1.2 follows immediately from 
Theorem 2.8. 
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Abstract 

In this paper, we consider the singular problem for higher order fractional differential equations with 
infinite-point boundary value conditions. First, we get some properties of the Green function, then 
by a monotone iterative technique, we establish the existence and uniqueness of the positive solutions 
for singular higher order fractional differential equations with infinite-point boundary value conditions. 
Moreover the iterative sequences of positive solution and error estimation are also given. In the end, an 
example is given to illustrate one of the main results. 

Keywords: fractional differential equation, positive solution, monotone iterative technique, Green function, exis- 
tence and uniqueness, completely continuous operator 


1 Introduction 


In this paper, we consider the following singular problem for a higher order fractional differential equation 
with infinite-point boundary value conditions. 


-'D a x(t) = q(t)f(x(t),'D IJ ' 1 x(t),'D ,J ' 2 x(t),--- , X ^ n ~ 1 x(t)), f € (0,1) 

OO 

®(0) = V^x(0) = 0, XVbcp) = ^a j V> x x{i j ), 1 < i < n - 1, 

j = i 


( 1 . 1 ) 


where n > 3, n — 1 < a < n, n — k — 1 < a — Hk < n — k, for k = 1, 2, • • • , n — 2, n — n n _ \ > 0, a — < 2, 

OO 

a - n > 1, otj > 0, 0 < q < & < • • • < q-i <&<■■■< 1 {j = 1, 2, . . .), 0 < < P is 

3 — 1 

the standard Riemann-Liouville derivative. Recently, fractional differential equations have been applied in 
variety of different areas such as chemical physics, engineering, electrical networks, mechanics, see [1, 3-10] 
and references cited therein for details. Zhang et.al [11], by establishing eigenvalue interval for the existence 
of positive solutions from Schauder’s fixed point theorem and the upper and lower solutions, obtained a 
multiple positive solution of the following fractional differential equation. 


—V a x(t) = \f{x{t),V tll x{t),V ti ‘ 2 x{t), ■ ■ ■ ,V fl ’ 1 - 1 x(t)),t € (0, 1) 

p - 2 

z(0) = V^x{0) = 0, X> M x(l) = ocjV»x( q), 1 < i < n - 1, 

i= i 


( 1 . 2 ) 


*The work was supported by the Foundation of Department of Education of Jiangxi Province(No. GJJ152008). 
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where n > 3, n — 1 < a < n, n — k — 1 < a — Hk < n — k, for k = 1, 2, • • • , n — 2, /z — > 0, a — p n -\ < 2, 

P-2 

a- ii > 1, otj > 0, 0 < < £ 2 < •• • < Cp - 3 < ip -2 < 1 (j = 1,2,.. .,p-2), 0 < ^ < 1, V a is the 

j — 1 

standard Riemann-Liouville derivative. In [12], Zhang and Han concerned the following singular nonlinear 
(n — 1, 1) conjugate-type fractional differential equation with one nonlocal term 


-V°‘x(t) = f(t, x(t)),t G (0, 1), a G (n - 1, n], 

a: fe (0) = 0, 0 < k < n — 2, x(l) = f x(s)dA(s), 

Jo 


(1.3) 


where a > 2, T> a is the standard Riemann-Liouville derivative , A is a function of bounded variation and 
Jp 1 x(s)dA(s) denotes the Riemann-Stieltjes integral of x with respect to A, dA is a signed measure. By using 
a monotone iterative technique, Zhang and Han [12] established the existence and uniqueness of this positive 
solution. 

Motivated by the above articles, we study the existence and uniqueness of positive solution of fraction- 
al differential equation (1.1). By means of a monotone iterative technique, we obtain the existence and 
uniqueness of the positive solutions of (1.1). 

In the rest of this article, we suppose that following assumptions hold: 

(LI) q{t) : (0, 1) — > [0, + 00 ) is continuous and does not vanish identically of (0, 1) and 


0 < 



q(s)ds < +00; 


(L2) / : (0, +oo) n — » [0, + 00 ) is continuous and is nondecreasing at Xi > 0 for i = 1, 2, • • • , n; 

(L3) for all r G (0, 1), there exists a constant 0 < A < 1 such that for each (aq, # 2 , ■ ■ ■ , x n ) G (0, +00)", 

f(rxi, rx 2 , ■ ■ ■ , rx n ) > r x f(xi, x 2 , ■ ■ ■ ,x n ). 


Remark 1.1. If (L3) holds, then for r > 1, there exists a constant 0 < A < 1 such that for each 
(xi,X2j ■ ■ ■ ,x„) G ( 0 , +00)", 

f(rxi, rx 2 , ■ ■ ■ , rx n ) < r x f(x i,x 2 ,--- ,x n ). 


2 Preliminaries 

For the convenience of the reader, we present the necessary definitions and lemmas from the fractional 
calculus theory. These definitions and lemmas can be found in monograph [3, 5, 6, 8, 10, 11]. 

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a function f : (0, + 00 ) — > R is 
given by 

1<x f{t) = J -7 / (t- s)^ a - 1) f(s)ds, 

r («) Jo 

provided that the right-hand side is point wise defined on ( 0 , +00). 

Definition 2.2. The Riemann-Liouville fractional derivative of order cc > 0 of a continuous function f : 
( 0 , +00) — > R is given by 


v a nt) = r( 1 , (|r [\t sY n - a -Vf( S )ds, 

1 (n — a) dt J 0 

where n — 1 < a < n, provided that the right-hand side is point wise defined on (0, + 00 ). 
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Lemma 2.1. (1) If x € (7(0, 1) f] L( 0, 1), v > a > 0, then 

FI a x(t) = I v+,T x{t),V°I v x{i) = F- a x{t),V a I a x (t) = x(t). 


(2) If v > 0,(7 > 0, then 

— l 7((j) + — 

~ r(<7 — v) 

Lemma 2.2. Assume that x € <7(0, 1) P| L(0, 1) , with a fractional derivative of order a > 0 that belongs to 
(7(0, 1) P| i 1 (0, 1). Then 


I a V a x(t) = x(t) + c\t a 1 + c\t a 2 + • • • + c n t a n , 


where Ci £ K(i = 1, 2, • • • , n), n is the smallest integer greater than or equal to a. 

Remark 2.1. There are many kinds of functions satisfying conditions (L2) and ( L3 ). In fact, let 
K = {f(x i,X 2 ,--- ,x n ) : f(x i,X 2 ,--- ,x n ) satisfies conditions (L2) and (L3)} 
and ai(t) be nonnegative continuous on (0, +oo), (i = 1, 2, • • • , n). 

Then it is easily verified directly that the following facts hold: 

n 

wE ai(t)x^ G K , where bi G (0, 1) are constants, i = 1, 2, • • • , n. 

l 

n 

(2) } [ai{t)xf‘''\ /• £ K (* = 1,2, ••• , n) and /.t > max{/.ti}, 

l<i<n 

1 

(3) If f(x i,x 2 ,--- ,x n ) £ I< then a % (t)f(x i,x 2 ,--- ,x„) £ K(i = 1,2,--- ,n). 

(4) If fi(x i,x 2 , ■■■ , x n ) £ K (i = 1, 2, • • • , n), then 


max {fifx !,x 2 , ■■■ , x n )} £ K, min {fi(x i, x 2 , ■ ■ ■ , x n )} £ K 

l<i<n l<i<n 


and 


Let 


and 


max {fi(xi,x 2 , ■ ■ ■ ,x n )}+ min {fi{xi, x 2 , ■ ■ ■ ,x n )} £ K. 

1 < 2 <n l<Kn 


r ■■ '(i - s) c 


_ (t _ s)®-/*"-!-! 


(7i(t, s) — 


r(a - At„_i) 

Vn — l 1 (! _ 

r(a - Hn-i) 


,0 < s < t < 1 


0 < t < s < 1 


t o-n-l (! _ S )a-M-1 - (f - 
r(a - Hn- 1) 


G 2 (t,8) = 

Obviously for t,s £ [0, 1], we have 


-,0 < s < t < 1 


r(a - Hn- i) 


0 < G x {t,s) < 


,0 < t < s < 1. 


i-l 

r(a - Mn-i) ’ 




r(a - At„-i) 


r(a-/Lt n _i)‘ 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 

(2.4) 
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Lemma 2.3. If h(t) G L 1 ( 0, 1) then the boundary value problem 

! —’D°‘-^ n - 1 w (t) = h(t),t G (0, 1) 

oo 

izj(O) = o,D“-^- 1 u;(l) =^2ajV°‘-^- 1 w(£ j ) 

3 = 1 


(2.5) 


has the unique solution 


where 


w(t) = f G(t,s)h(s)ds, 

Jo 


J-Ot — fin i — 1 °° 

G(t, s ) = Gi(t, s) H E ajG 2 (fj,s) 


( 2 . 6 ) 


1 - X! 


1= 1 


is f/ie Green function of the boundary value problem (2.5) 


a—p—l j — l 
3 


p-2 


Proof. The proof is similar to Lemma 2.3 of [11] if replacing E] ctjV a ,lr '= 1 w(f j) with E] otjV a ^ n ~ 1 w(^j), 

3 - 1 1=1 

so we omit the details. □ 

Lemma 2.4. The function G(t , s) has the following properties; 

(1) G(t, s) > 0, for t, s G (0,1); 

(2) ct a -^- 1_1 (1 - s)"-'*-^ < G(f,s) < dt*-^- 1 - 1 , where 


c = 


E ^ r ^ d -^ i ) 

1=1 


d = 


(i-E^lC" M 1 ) r (a-Mn-i) M 1 )r(a-Mn-i) 

l=i l=i 

Proof. The first result is obvious so we only prove the second one. 

From (2.3), (2.4), (2.6) we have 


G(t,s) > 


^a-pn- 1-1 


1 


E a l G 2fe,s) 


1 = 1 


E^r M_ 1 d-^)(i-d Q - M -d 


> l a -V Tl- 1-1 jzl 


(! - E “1^1 M - Mn-l) 

1=1 

= ct «-An-. 1 - 1 (l_ s )a-^- 1 s 
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and 


i — l °° 

G(t,s) = Gi(t,s)-\ 55 E a jG2{£j,s) 

5= 1 

j-OL — fl n —\ — 1 J.Q; — fl n i — 1 °° 

v i, i - J=i 

5=1 

i-l 


< 


M 1 )T(a — Mn-i) 

5=1 


= dt a -^- 1 ~ 1 . 


□ 

For the convenience of expression in the rest of the paper, we let /zo = 0, = (7[0, 1]. Now let us consider 

the following modified problem of (1.1): 


• • • , I^-^vit), v{t)),t G (0, 1) 

OO 

u(0) = o 

5=1 


(2.7) 


Lemma 2.5. Let x(t) = / M " _1 ^°v(t), v(t) G E. Then we can transform (1.1) into (2.7). Moreover, if 
v G C[(0, 1), (0, +oo)] is a solution of (2.7), then the function x(t) = I^ n - 1 ~^°v(t) is a positive solution of 
( 1 . 1 ). 

Proof. The proof is similar to Lemma 2.5 of [11], so we omit the details. □ 

Let e n -\ (t) = t a ~^ n - i-i, and for i = 0, 1, 2, • • • , n — 2, define 


e i(t) = l 7 * 71-1 Mi e„_i (i) 


F(a fJ-n-l) 

r(a - Hi) 


Let P = {v G E : v(t) > 0, t G [0, 1]}. Clearly P is a normal cone in E. Now let us define a sub-cone of P as 
follows: 

D = {v(t.) G P: there exist two positive numbers L v > l v such that l v e n -\(t) < v(t) < L v e n -\(t)} . 
Obviously, D is a nonempty set since e„_] (t) G P. 

Lemma 2.6. Let the operator T : D — ► E he defined by 

(Tv)(t) = f G(t, s)g(s)/(/ M " _1_Po u(s), / M " -1 ~ Ml u(s), • • • , I Mri_1_At " _2 u(s), u(s))ds, 

Jo 

and 0 < Jg q(s)f(eo(s), ei(s), ■ ■ ■ , e n - 2 (s), e n -i(s))ds < +oo, then any fixed point of T is a solution of (2.7), 
and T is a well defined completely continuous operator and T : D — > D. 

Proof. For each v G D , there exist two positive numbers L v > 1 > l v such that 


l v e n -\{t) < v(t) < L v e n -i(t),t G [0, 1]. 


( 2 . 8 ) 
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According to (2.8), (L2), (L3), Lemma 2.1(2) and Remark 1.1, we have 

(Tv)(t) < [ G(t,s)q(s)f(I^-^°L v e n - 1 (s)J^-^L v e n - 1 (s),--- ,I''"-*--''"-’L v e n - 1 (i)),L v e n - 1 (s))ds 

do 

Jo 

< dL * / q(s)f(e 0 (s ), ei(s), • • • , e n _ 2 (s), e n _i(s))dse n _i(t) < +oo, 

Jo 


and 

(Tw)(t) > f G(t, s)g(s)/(/ Ai "' 1_At0 ?„e„_i(s),/ At "- 1_Mi ;„e ri _i(s),--- , I> i "- 1 -i i ”-H v e n - 1 (s), Z„e n _i(s))ds 

do 

> l v ( G(t,s)g(s)/(/ Mll - 1_Mo e„_i(s),/ ,i "- 1_A ‘ 1 e n _i(s),--- ,/ M "- 1_M "- 2 e n _i(s),e n _i(s))ds 

> ci£ [ s(l- s) a ~* 1 ~ 1 q(s)f(eo(s),e 1 (s ),••• , e n _ 2 (s), e n _i(s))dse n _i(t). 

Jo 

From above it is not difficulty to prove that T : D — > D is a completely continuous operator. □ 

3 Main results 

Theorem 3.1. Suppose that ( L1)-(L3 ) hold and 

0 < / g(s)/(e 0 (s),ei(s),--- ,e„_ 2 (s),e„_i(s))ds < +oo. 
do 

XTien f/ie equation (2.7) has a unique positive solution v* in D, and for each initial value v 0 £ D, the iterative 
sequence v n = Tv n _i(n = 1, 2, • • • ) converges to v* as n — » +oo. Meanwhile IUn-i-uo v * j s unique solution 
of (1.1). Furthermore we have the following error estimation 

|| - u*\\ < 2(1 - (ig) AB )||/ M “- 1 ^ 0 w 0 ||, 

and the rate of convergence is o( 1 — (to) x )> where t-o is determined by vq, and to € (0, 1). 

Proof. From Lemma 2.6 for any v o G D, then there exist four positive constants l VQ , L Vfs , l~ , L~ such that 
li/Q&n—l{t) + 7+ A 1 (f ) , &n— 1 (f) ^ Tuq F VQ e n —\ (t). 

S ° 

p^ 0 < < -p 9 -^. 

tY / / n L 1J C , 


Let 


then < 0 G (0, 1) and 


<o = min • 


/- \ l-A 

mo 

L 


7 \ i--' 

I’Ve, 


’\LZ 


to < Tvq < ^p 
Let /io = to^o, wo = pi/Q, then /xq < 7+ < wq. Now we define 


1 — A 


Z+- 


H n = Tfj, n -i,u n = Tu„_i(n = 1,2,---). 


(3.1) 


(3.2) 
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mg to (L3)and 

Remark 1.1 we have 





C Trv)(t ) 

= 

f 1 G(t,s)q(s)f(I^- 

J o 

^ °rv(s ), 

1 Ml rf(s),- 


~ 2 rv(s), rv(s))ds 


> 

r x T(v), if 0 < A < 1 





(Trv)(t) 

= 

f 1 G(t,s)q(s)f(I^ 
Jo 

-M° ru ( s ), JVt, 

-i“ Ml ni(s), • 

. . ? jUn-l-^n 

~ 2 rv(s), rv(s))ds 


< 

r x T(v), if A > 1. 






By a careful calculation and (L2) we can obtain 


T(ju o > t^Tuo > t 0 v 0 


M 0: Tula < 



Tv 0 < —v 0 = wo- 
to 


(3.3) 


By induction we can get 

Mo < Mi < • • • < Mn < • • • < w„ < • • • < wi < w 0 . (3.4) 

Notice that Mo = to w o> by induction it is easy to get \i n > (tg) A w n , (n = 1, 2, • • • ). Since P is a normal cone 
with the normality constant 1, and Mn+m, ~ H'n < u n — jjL n for each m G N, we obtain 


|| Mn+m - Mnll < ||w n - Mn|| < (1 ~ (Iq) A " ) || w 0 1| 0 , (n +00 ). 


(3.5) 


It means that {m«} is a Cauchy-sequence, so Mn converges to some v* G D, and Tv* > v* in the other hand 
we have 

||w„ - v*\\ < ||w n - Mnll + IlMn - Kl 0, (n -+ +00 ). 

This implies that u> n converges to v* , and and Tv* < v* . So v* is a fixed point of T, and v* G [mo ■ Wq] ■ For 
each initial value vq G D, we have Ho < vq < w o and Mn < ^n < w n , (n = 1, 2, • • • ). So 

IK ~V*\\< |K - Mn|| + ||Mn ~ +1 < 2||w n - Mn|| < 2(1 - {$) A " ) || W 0 1| , 


which implies that v n converges to v* . From Lemma 2.5 we get / M °v * is a positive solution of equation 
(1.1) satisfying 

= J I'., i- _ *,*) < 2(1 - (t2)A n )/An^-Mo Wo , 


Furthermore we have the error estimation 


_ /Mn-i-Wj,*!! < 2(1 - (t2)^)||/M,-i-M Wo ||_ 

So the rate of convergence is o(l — (fg) A "); where to is determined by v 0 . 

Now we shall prove the uniqueness of positive solution of(2.7). 

For any fixed point v~ G D of T, from the definition of D, let 

t\ = inf{t > 0 : v~ < tv*}. 


Then 0 < t± < +oo. Now we prove t\ < 1. Otherwise, then 

v~ = Tv~ < T(t iv*) < t$T(v*) = t$v*. 

It implies t x < t\, which contradicts the definition of t-\ . So t\ < 1 and v~ < v* . In the other hand, let 
t -2 = inf{t > 0 : v* < tv~}. In the same way we obtain v* <v~, thus v~ = v* , that is v* is the unique fixed 
point of T G D. Of course, it is also the unique positive solution of (2.7). 

Thus according to Lemma 2.5, j s unique solution of (1.1). □ 
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Example 3.1 Consider the following equation 

T>ix(t) + t 2 (x s (f) + (T>ix(t))^ + (T>ix(t))^ + {T>i x{t))i) = 0,t G [0, 1] 
a:(0) = D^x(0) = D*x(0) = V^x(0) = 0 

°° O 1 1 

vfx(i) = ^-(-yv^ x ([i-(-y] 10 ), 

f=i 

where n = 4, m = f , p 2 = M3 = ?(*) = t 2 , a = |, 

f(x 4 ,x 2 ,x 3 , x 4 ) =x 1 9 (t) +x| (f) + (f) -t-zj (i). 

By a careful calculation we get a — fi— 1 = gg, a — p n _i — 1 = g, 

4 13 3 

f{x 1 ,x 2 ,x 3 ,x 4 ) = x 4 (t) + x| (f) + z 3 7 (f) +x| (i), 

is increasing on [0, 1]. 

OO 

And f(rx 1 ,rx 2 ,rx 3 ,rx 4 ) = rif(x i,x 2 ,x 3 ,x 4 ), 0 < | < 1, 1 > f = > °- 

3=1 


e 0 = Hti = ^|fyfS,ei = I™t« = ^ J -t*,e 2 = I™t* = ^fy*se 3 =t* 


r¥±A r (D d 


r(p 


0 < / g(s)/(e 0 (s),ei(s),--- ,e n _ 2 (s),e„_i(s))ds 

Jo 


r (I) a r(|) z r(|) s i 

TTT S4 ’F7YT <4 ’ S6 ) 


< 


l sV( r© SI T(!i)- T(|) 
/■‘(t® £©£©!)< +0O 


/0 k r(|)’r(^)’r(|) 

From Theorem 3.1, the equation (3.6) has a unique positive solution. 


(3.6) 
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Abstract. In this paper, we consider the fermionic p-adic ^-integral on Z p which was 
defined by Kim [T. Kim, On p-adic interpolating function for q-Euler numbers and its 
derivatives, J. Math. Anal. Appl. 339(2008) 598-608]. By using this integral, we define 
the (h, </)-Euler polynomials and numbers and give some interesting identities of these 
polynomials and numbers. 


1. Introduction 


Let p be a fixed prime number with p = l(mod 2). Throughout this work, Z p , C, Q p and 
C p will, respectively, denote the ring of p-adic integers, the complex field, the field of p-adic 
rational numbers and the completion of the algebraic closure of Q p . The p-adic norm | • | p 
is normalized by |p| p = U When one talks of ^-extension, q is variously considered as an 
indeterminate, a complex number q £ C, or p-adic number q £ C p . If q £ C, we assume that 
|< 7 | <1. If q € C p , we assume that | q — l| p < p~p ~ so that q x = exp(:r logq) for |tc| p < 1. We 
use the notation 

[x\g : -y — 1 1 — and [x}_ q = ~ ^ , (see [1,4,5,11,12,15,21,22,24]). (1) 

Let C(Z p ) be the set of continuous functions on Z p . For / £ C(Z p ), the p-adic g-integral 
on Z p is defined by Kim to be 

P N -i 

I- q {f)= j f{x)dp,-g{x)= \ im^p^— f{x){-q) x , (see [2, 3, 6 - 25]). (2) 

It is well-known that the classical Euler polynomials E n (x) are defined by means of the 
following generating function: 

r o 00 j . n 

/ e t ( x+ yUpL- q {y) = ——e xt = Y j E n {x)- v (see [8 - 13, 15, 16, 19, 22 - 25]). (3) 

K e + 1 (S, n! 


1991 Mathematics Subject Classification. 05A10, 11B68, 11S80, 05A19. 
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2 LEE-CHAE JANG, JEONG GON LEE 

For a fixed h £ C p with |1 — h\ p < p~ Wa, we define the (h, g)-Euler polynomials as 

4 h q( x )= [ [y + x]qh y dn- q (y). (4) 

J Z p 

When x = 0, £n]q = 44(0) are called the (h,q)- Euler numbers. When <7 = 1, En \x ) = 
4, i ( x ) is called the (Zi)-Euler polynomials as follows 

E n\x)= [ (y + x) n h v dn- q (y), (5) 

«/ Zp 

and 44 = .44(0) is called the (Zi)-Euler numbers. 

In this paper, by using the fermionic p-adic g-integral on Z p , we define the (h, q , )-Euler 
polynomials and discuss their properties. Furthermore, we give some interesting identities of 
these polynomials and numbers. 


2. The (h, <7)-Euler polynomials 


From (4), we observe that 


{q 1 h) v dy,- q (y) . 


We note that 


p — 1 




PI, , im 1 + (s'-'fe)- 


2 N-y oo 1 + q l+1 h 

[ 2 ], 


1 + q l+1 h' 

By (6) and (7), we obtain the following theorem. 


Theorem 2.1. For n € N U {0}, we have 

[2 '" ^ ,n 




Now, we observe that 


4^(4 

[ 2 ], 


(i-4 

] 9 


n / \ oo 


/— 0 x 7 m — 0 

iQl 00 U 

V i-i n ra n m V ( n 
l 


(1 - g) n 2^ 


E (-1 ) m h m q m E ( " t )q l(x+m \-l) 1 


m — 0 


J=0 


= [2],E(-D m h m q n 


i 


ra =0 


(!-«)’ 


. ( qX+m _ 


( 6 ) 


( 7 ) 


( 8 ) 
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3 

oo 

= [2],£(-l ) m h m q m [x + m] n q . (9) 

m = 0 

By (9), we obtain the following theorem. 


Theorem 2.2. For n 6 N U {0}, we have 

OO 

O*) = P]« E (-1 ) m h m q m [x + m] n q . (10) 

m— 0 


Let us consider the generating function of the (h, g)-Euler polynomials as F] lq (x,t) = 
where t £ C p with |1 — t\ p < 1 or t G C with |t| < 1. Then we see that 


F h , q (x,t) = 


n— 0 
oo 


n\ 

oo 


= E [m q J2(-v m h m r[x+m} r q 


n — 0 


m— 0 


= [2],E(-i r^ m E 


x + m\ q - 


m = 0 


n — 0 


n! 




m—0 


By (11), we obtain the following theorem. 


( 11 ) 


Theorem 2.3. Let Fh, q (x,t) be the generating function of (h, q)- Euler polynomials as F q (x,t) = 
J2™=o£n h q(x)K. Then we have 


F h:q (x, t) = [2] q J2 {-l) m h m q m e^ +m ^ 


m—0 


(12) 


From Theorem 2.3, we note that 

OO 

lim q ^F h . q (x,t) = 2^(-l) m re< I+ ^ 


and 


m—0 


= 2e xt ^(-l) m K 


m^rnt 


m—0 


he* + 1 

f h y e^ x+y ^ d/j,- q (y) 

J 'Zip 

°° /• xn 

= E / + y)” d h- g (y)-, 

x j.n 

n = 0 


(13) 


(14) 
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where E^\x) are the (h)-Euler polynomials. We also observe that if f\{x) = f(x + 1), then 
we have 


p"-i 


,/_„(/,) = E(-1)Y(* + 1)9 i+1 


= >L“ 


"9 x=0 

P N 


JV^oo [p N ]- q ^ 

P N ~ 1 


= — lim 


1 


N^oo [ p N ]-q 

[ 2 ] 


E (- 1 ) I /(*)« a 


x=0 


+ lim Hi ((-1 r N -\P N f(p N ) + /( 0) 

AT— >oo Z \ 


= E < - i, *"VW + I 21 ,/(° ) 

I = -/-,(/) + [2],/(0)° 

By (15), we obtain the following integral equation. 

qi-M + i- q (f) = [2],/(o). 

We note that if f(y) = /i y e^ +y ^, by (5) and (16), then we get 


i ^ + ^-M = 


From (13), (14) and (17) 


(15) 

(16) 

(17) 


Theorem 2.4. Let E^ l \x) be (h) -Euler polynomials with the generating function Fh t i(x,t) = 


- E " l) ( x ) FT ■ T he n we have 


F h ,i(x,t) = 


he * + 1 

In particular, when h = 1 and q = 1, we get 

2 

^i,i OM) = -y— e ; 

+ 1 




n— 0 


= ^ E n(x) X r 


n — 0 


where E n (x) are the classical Euler polynomials. 


(18) 


(19) 


From (16), we note that if /(x) = h x [x\™, then we have 

qf h x+1 [x+ l]™dp- q {x) + [ h x [x]™dp- q (x) = { 2],0£. 

J Zp J Zp 

By (20), we obtain the following theorem. 


( 20 ) 


Theorem 2.5. For n€NU {0}, we have 

qh£i h l(l)+£^ q = [2] q S n: o, (21) 

where S n fi is the Kronecker’s symbol. 
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We note that 

[x + y] n q = (N q + q x [y] q ) n 

= E(")MrV*[y]*. (22) 

By (22), we get 

£n h q(x) = [ h v [x + y]™dn- q (y) 

J Zp 

= E(?)wrV x / [y] l q dn- q (y) 

, =0 W j z p 

1=0 ' ' 

= fa h \x) + [x] q y , (23) 

with the usual convention about replacing ( £ q l \x )) z = £i h q (x). Thus, by (21) and (23), we 
obtain the following theorem. 


Theorem 2.6. For n £ N U {0}, we have 

qh (q£ (1) + l) " + £ $ = [2], J n ,„ (24) 

with the usual convention about replacing (. £ q h \x )) 1 = £^ q (x), where S n t o is ifte Kronecker’s 
symbol. 


3. Remarks 


In this section, we assume that q,h £ C with \q\ < 1 and \h\ < 1. For s € C, we define the 
(ft , <;)-Zeta functions as follows: 


°° (_T\n n nuh 

(«.*> = PI. E [n + l| . ■ *^0,-1, -2,-... 


(25) 


n— 0 


By (10) and (25), we obtain the following theorem. 


Theorem 3.1. For m £ N, we have 

&\-m,x) = £$Jx). 


(26) 


We note that if d £ N with d = l(mod 2), then we have 

/ f(x)dp- q {x) 

J Tip 

p n ~ i 


= lim 


1 


N^o o [ P N ]-q 


E /(*)(-«)“ 


x=0 
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d-lp N -l 


= lim 


1 


N^oo [p N ]-q 


EE f(a + dx)(-q) 


a-\-dx 


a— 0 x=0 


= lim 

1 


1 + q 1 + q 




EE f(a + dx)(-q) a 


-\-dx 


n-Too 1 + q d P N 1 + q d n 

1 a — 0 X—0 

d—l p N — 1 

lim r -EE f{x)f(a + dx)(-q) a+dx 

Q d a — 0 x=0 

d - 1 , p N - 1 


[d]-q N ~ >oo [p N ]_ q d 


1 


E(-9)° J im 7~]vT E /(*)/(« + da 0(-g d ) a 


[d]_„ ^ N^OO \p N ]_qd *- 

L J q a=0 ^ 1 1 x=0 

A 1 

1 


By (27), we obtain the following theorem. 


E(-9)“ [ f{a + dx)dn- q (x). 

1 a— 0 


(27) 


Theorem 3.2. Let d £ N with d = l(mod 2). Then, we have 


[ f{x)dp.- q {x) = E^ _ ^) a / /(a + da:)d/i_ g (ar). 

I- J Q a — Q 


(28) 


We note that if f(y) = h v [x + y] q , then we derive 
[ h v [x + y]qdv-q(y) 


[d]-q 


d-i . 

E(-9) q / ^"[a + dy + sftd^fo) 

„ n 'J Zn 


a— 0 
!— 1 


[d]_ 

[< 

[d]-9 

[< 

[d]-< 

where d € N with d = l(mod 2). 


r— ^2(~<l) a h a [ h dv [a + dy + x]™dy- q {y) 

\ —Q „ — n J 


a — 0 
d - 1 


n a 


a — 0 
d-1 


E(-d) a ^ a C 


(h) / a + x 


a— 0 


(29) 


Theorem 3.3. Tor n € N IJ {0}, we have 


(30) 


4. Results and discussion 


The results of our works are some interesting identities of the (h, g)-Euler polynomials as 
follows. The first result is to fine the generating function of the (h, g)-Euler polynomials in 
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Theorem 2.3. We note that the (h, g)-Euler polynomial is the generalization of the g-Euler 
polynomial and the (h)-Euler polynomials (see Theorem 2.4). The second result is to find 
the recurrence formula of the (h, g)-Euler polynomials in Theorem 2.6. The third result is to 
compare with the (h, g)-Euler polynomials and the (h, q )- Zeta functions in Theorem 3.1. The 
fourth result is to find the distribution equation of the (h, g)-Euler polynomials in Theorem 
3.3. 

In the future, we will work to find some interesting identities between the (h, (j)-Euler 
polynomials and the g-Euler polynomials and to compare with the zeros of the (h, <j)-Euler 
polynomials and the zeros of the g-Euler polynomials. 


5. Conclusions 

We defined {h, q)-Euler polynomials which are g-Euler polynomials with some weight func- 
tion in Eq.(6) and remarked that if h = 1, (1, (j)-Euler polynomials are q - Euler polynomials. 
In Theorems 2.1 and 2.2, we found some properties of (h, q )- Euler polynomials. In Theorem 
2.3, we obtained some specific type of the generating function for (h, gj-Euler polynomials 
and noted that when h = q, we saw the more specific type of the generating function of 
(h, (j)-Euler polynomials. 

Furthermore, we investigated very interesting recursion formula of (h, g)-Euler polynomials 
in Theorem 3.1. In section 3, we defined the (h,q )- Zeta functions and gave some relation 
with the (h, g)-Zeta funtion and {h, g r )-Euler polynomials. Finally, we obtained a distribution 
identity equation of (h, g)-Euler polynomials in Theorem 3.3. 
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D 

HERMITE-HADAMARD TYPE INEQUALITIES FOR n-TIMES 
DIFFERENTIABLE AND cc-LOGARITHMICALLY PREINVEX FUNCTIONS 

SHUHONG WANG* * 


ABSTRACT: In the paper, the concept of a-logarithmically preinvex func- 
tion is introduced, and by creating an integral identity involving an ro-times 
differentiable function, some new Hermite-Hadamard type inequalities for a- 
logarithmically preinvex functions are established. 

KEY WORDS: Integral identity, Hermite-Hadamard type inequality, a-logarithmically 
preinvex function. 


1. Introduction 

Throughout this paper, let R = (— 00 , 00 ), R + = (0, 00 ), N denote the set of all positive 
integers, I denote the interval in R, and A denote the set in R n ,n £ N. 

First, let us recall some definitions of various convex functions. 

Definition 1.1. A function / : / C R — ► R is said to be convex if 

f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) ( 1 . 1 ) 

holds for all x,y £ I and t £ [0, 1]. If the inequality reverses, then / is said to be concave 
on I. 

Definition 1.2 ([!]). A set A C R" is said to be invex with respect to the map rj : Ax A— > R n , 
if for every x,y £ A and t £ [0, 1] 

y + tr)(x,y) £ A. (1.2) 

The invex set A is also called a ^-connected set. 

It is obvious that every convex set is invex with respect to the map r)(x , y ) = x — y, but there 

exist invex sets which are not convex (see [ 1 ], for example). 

Definition 1.3 ([J). Let A C R" be an invex set with respect to 77 : A x A — > R". For every 

a :,y £ A, the ?ypath P xv joining the points x and v = x + y(y, x) is defined by 

Pxv = {v]v = x + tTj(y,x),t £ [0,1]}. (1.3) 

Definition 1.4 ([13]). Let A C R 71 be an invex set with respect to 77 : A x A — »• R n . A 
function / : A — > R is said to be preinvex with respect to rj, if for every x,y £ A and t £ [0, 1] 

f(y + tr)( x > V )) < tf{x) + (1 - t)f(y). (1.4) 

The function / is said to be preincave if and only if — / is preinvex. 

Every convex function is preinvex with respect to the map r/(x, y) = a ' — y, but not conversely 
(see G3I, for instance). 


*College of Mathematics, Inner Mongolia University for Nationalities, Tongliao 028043, China. 
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Definition 1.5 ([ID]). Let A C K n be an invex set with respect to r/ : A x A — » R". The 
function / : A — »• K + on the set A is said to be logarithmically preinvex with respect to 77, if for 
every x,y £ A and t £ [0, 1] 

f{y + tr){x, y )) < [f(x)] ' [f(y)] i_ ' . (1.5) 

For properties and applications of preinvex and logarithmically preinvex functions, please refer 
to 0 El EH ESI and closely related references therein. 

The most important inequality in the theory of convex functions, the well known Hermite- 
Hadamard’s integral inequality, may be stated as follows. Let / Cl and a, b £ I with a < b. If 
/ : [a, /] C I -> 1 is a convex function on [a, b], then 

/>)d,<!M±M. (1.6, 


/ 


a + b 


< 


b — a 


If / is concave on [a, b], then the inequality (1.6) is reversed. 

The inequality ( |1.6[ ) has been generalized by many mathematicians. Some of them may be 
recited as follows. 

Theorem 1.1 ([5])- Let / : / C 1 — >Rfca differentiable mapping on I and a,b £ I with 
a < b. If | f'(x)\ q for q > 1 is convex function on [a, b\, then 


/(«) + /(&) 


1 


and 


2 

a + b 


b — a 

1 


/( x) dz 


< 


b-af\f'{a)\<+\rm 9 \ 1/9 


b-i 


/( x) dx 


< 


b-af\f(a)\«+\f(b)\i\ 1/q 


(1.7) 


(1.8) 


Theorem 1.2 ([B]). Let / :/ CK->K be differentiable on I , a,b £ I with a < b, and p > 1 . 

If\f^ x) \r/{r-D 

is convex on [a, b ] , then 


a + b 


b — a 


f{x)dx 


< 


b — a 


16 \p+ 1 


i/p 


|/ , (a)| p/ ( p_1 )+3|/ , (6)| p/ ( p_1 ) 


1 1-1/p 


3 |/'( a )| p/(p - 1) + |/ , (5)|p/(p-D 


1 1 - 1 /p 


• (1-9) 


Theorem 1.3 ([5]). Let A C 1 be an open invex set with respect to 77 : A x A — >• 1 and 
a : b £ A with r](a, b) > 0 for all a ^ b. If f : A —¥ 1+ is a preinvex function on A, then the 
following inequality holds 

%)(.<«! (MO) 


/ 


2 a + 77(6, a) 


< 


1 


V(b,a) J a 


Theorem 1.4 am). Let A C 1 be an open invex set with respect to rj : A x A — »• 1 and 
a,b £ A with r/(a,b) > 0 for all a b. Suppose that f : A — > K is a differentiable function. If 
\fW\«,q>l,q£R, is a log-preinvex function on A, then we have the inequality 


/( « + j(M) ) - 


fa-\-rj(b, a) 


V(b, 


< 


f(x) dx 
V(b,a)y/\f{a)\ 


{\fm q/2 -(\f(a)\) 


q/2 


2 1 / p (p + l) 1 /Pq 1 li L(ln(|/'(6)|) -ln(|/'(o)|))J 


1/9 


, ( 1 . 11 ) 


where 1 + 1 = 1. 
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Theorem 1.5 ([7]). Let A C R be an open invex set with respect to r) : A x A — » R and 
a,b £ A with r](a, b) > 0 for all a ^ b. Suppose f : A -A R is a function such that exits on 
A and f ^ is integrable on [a, a + rj(b,a )] for n £ N,n > 1. If \ fl n '>\ q is log-preinvex on A for 
n £ N,n > 1, q > 1, then we have the following inequality 


(' r)(b , a)) n \f( n ^ (a) I (n !) 1/9-1 


where 
E2(n,q) = 


2(4i)( g -i)/.(n + ijU, H E ^ 1/q + MM]*}, (1.12) 

(_l)n+! 

ln(|/(")(a )|)]” +1 

(-l) fc 


qn+i [ln(|/(")(6)|) — ln(|/(")(a)|)]" +1 

( \f (n \b)\ \ q/2 


and 

E 3 {n,q ) = 


. . v 

V \f (n) (a) | / k=Q (n — k)\q k+1 2 n ~ k [ln(|/( n )(6) |) — ln(|/(™)(a) |)] fc+1 

I f M (b)\ q 


(1.13) 


r,n + 1 


1 n+1 


ln(|/(")(6)|) - ln(|/( n )(a)|) |/ (n) ( a )| 


|/ (n) ( 6 )| 


9/2 


E 


-■ (1-14) 


, |/ (n) ( a )| / (n — fc)!q ,fc + 1 2 n_fe [ln(|/( ra )(&)|) - ln(|/(")(a)|)] fe+1 ' 

Recently, some related inequalities for preinvex functions were also obtained in EBnaisuni. 


2. New Definitions and lemmas 


Now we introduce the concept of a-logarithmic preinvex function. 

Definition 2.1. Let A C R n be an invex set with respect to rj : A x A — > R n . The function 
f-.A^ R + on the set A is said to be a-logarithmically preinvex function with respect to 77 , if 
for every x,y £ A,t £ [0, 1] and some a £ (0, 1 ] 

f(y + tTi(x,y))<[f(x)]‘ [f(y)] 1_i . (2.1) 

Clearly, when taking a = 1 in {13, then / becomes the standard logarithmically preinvex 
convex function on A. 

In order to obtain our main results, we need the following lemmas. 

Lemma 2.1. For n£N, let A C R be an open invex set with respect to q : A x A — > R and 
a,b £ A with r]{a, b) > 0 for all a ^ b. If f : A — »• R is an n-times differentiable function on A 
and /(") is integrable on the rj-path Pb c for c = b + r](a , b), then 


E 

fc =0 


1 


{k + l)\q(a,b) 


[( b + r]{a, b)-x) k+ 1 ^(b- x)^ 1 ] / (fc) (*) - 


^ rb+ri(a,b) 


V(a,b ) 


f(x ) dx 


(-1 r +1 [ V (a,b)Y 

n\ 


f*™ t n f( n) ( b + tri( a , b ))dt+ f {t-l) n f^ n \b + tri(a,b))dt 

Jo J r 

Tj(a,b) 


(2.2) 


where x £ [6, b + rj{b , a)] . 
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Proof. Since a,b £ A and A is an invex set with respect to rj, for every t £ [0, 1], it follows that 
b + tr]{a, b) £ A. When n = 1, by integrating by part in the right-hand side of (2.2), it turns out 
that 

_x — b 

/ n 

v (M) 


V ( a , b ) 


tf {b + tr]{a,b)) dt + / (t — 1)/ (b + ti)(a, b)) dt 

I x — b 

V^b) 


x — b 

vi a , b) 


fix) - 


' f(b + trj{a,b))dt- - — b f(x) - f f(b + tr](a,b))dt 


/o 


via, b) 


x-b 

7?(a,b) 


= fix) - 


rb+r)(a,b) 


via, b) 


fix) dx. 


Hence, the identity (2.2) holds for n = 1. 


When n = in and m > 1, suppose that the identity (2.2) is valid. 
When n = m + 1, by the hypothesis, we have 


(-l) m + 2 [r](a,b)] m+1 

(to + 1)! 


V ( a , b ) 


f m+ i/( m+ i)(6 + f?7(a,6))df 


+ J b {t-l) m+1 f (m+1 \b + tr]{a,b))dt 


ri(a,b) 

i-f) m+2 [via,b)} 


-b 

m+1 


m+1 


77(a,b) 


t m f( m \b + tr](a,b))dt 


vi a , b) 

(_ 1 )m+2f(m)( x ) 
(to + l)!?7(a, b) 
(-1 ) m + 1 [r 1 (a,b)] 


f( m \x) — (to + 1 ) 

^0 

x-b-i](a,b)_\ f (t-l) m fW(b + tr)(a,b))dt 

[{x - b) m+1 -{x-b- T]{a, b)) m+1 ] 

jj <a ’ b) t m f im \b + t r] { a ,b))dt + J b {t-l) m f^ m \b + tr]{a,b))dt 


= £ 

fc= 0 


to ! 

1 


V (a,b) 


1 i-b+ri(a,b) 

[{b + rf{a, b) - x) k+1 -{b- x) k+1 ] fW ( x ) - j ! f{ x ) dx. 


{k + l)\via,b) 


Therefore, when n = m + 1, the identity (2.2) holds. By induction, the proof of Lemma 2.1 
complete. 


Remark 2.1. Under the conditions of Lemma 


2.1 


n— 1 

E 

k—0 


fo(a,6)] fc [l + (-!)*] 


(k + l)!2 fc + 


{—l) n+1 [r]{a, b)] r 




1 

V{a,b) 


taking x = b + ; we g e t 

/•b+ri(a,b) 


fix) dx 


t n fW(b + tr](a,b))dt+ I {t-l) n f^ n \b + tr]{a,b))dt 


(2.3) 


which may be found in ,7 . 

Lemma 2.2 ( [H]). Let /i > 0 and x > 0. Then 


E{n\ii,x)= / t n /i t dt = 


I 1— LLWTL | nbi x V' n U 1 ) * ^ 1 

tdt=l (lnM)" +1 + ‘ 2^k = 0 (n— fc)!(ln /j.) ts + 1 ’ T T 

R = 1 


~ n+1 
n+1 ’ 


(2.4) 
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for n > 0, n £ N. 

Lemma 2.3 ([T2]). Let r > 0, p > 0 and x > 0. Then 

F(r; x) 4 f f- V dt = ^ < »■ 

Jo [yr, /i = l, 

where ( r)k = r(r + l)(r + 2 ) • ■ • (r + k — 1 ). 

Lemma 2.4 ([3]). 0 < <f> < 1 < ip and 0 < t, s < 1. Then 

cjf 3 < (j> st 

and 

i/>*' < tp st+1 ~ s . 


(2.5) 


(2.6) 

(2.7) 


3. Hermite-Hadamard type INEQUALITIES 

Now we start out to establish some new Hermite-Hadamard type inequalities for n-times 
differentiable and a-logarithmically preinvex functions. 

Theorem 3.1. For n € N and n > 1, let A C K. be an open invex set with respect to 
77 : A x A — > R. and a, b £ A with r)(a 7 b) > 0 for all a ^ b. Suppose that f : A — > K. is an n-times 
differentiable function on A and f ^ is integrable on the q-path Pb c for c= b + 77 ( 0 , , b). If | f^ | 
is a-logaritlimically preinvex function on A for q > 1, then for a £ (0, 1] and x £ [b,b + r/(a , 6 )] 

n ~ 1 -1 -1 nb-\-r](a,b ) 


E 

fc =0 


1 


(& + l)!77(a,&) 


1 pOA-riya,o) 

t [(& + v(a, b ) - x) k+l ~{b~x) k+l ] /<*> (*) - j /(*) dz 


C N ( a ^)] ( ” +1 q)h \ (a;_6)(»+l)(9-l)/9|/(«)( a )|«|/(™)(&)| C 


n\[n + 1 ) 1_1 /9 

+ (6 + r](a, b) - x )(«+ 1 )(9-i)/« | /(") ( a ) | 5 1 /(») (6) | 
/ M (a) 


E n; p qa , 


x — b 

V (a,b)J _ 


1/9 




+ 77 ( 0 , b) — x 

V(a,b) 


1/9 


(3.1) 


where p = 


/<”>(&) 


{0,1}, 

{1 - a, a}, 

if0<P<l, 

if F > 1, 

(3.2) 

{a,l - a}, 

if 0< p<l, 

(3.3) 

{1,0}, 

if F > 1, 


u,o = 

{<W = 

and E(n;p,x) is defined in ( |2.4[ ). 

Proof. Since a,b £ A and A is an invex set with respect to 77 , for every t £ [0,1], we have 
b + trj(a, b ) £ A. Using Lemma 2.1 Holder’s inequality and a-logarithmic preinvexity of | f^ | , 
we deduce that 


n— 1 

E 

k = 0 


[k + 1 )!t 7 (o, b) 


[(6 + 77 ( 0 , b) - x) k+1 - (& - x) k+1 ] / (fc) (x) - 


fb+ri(a,b) 


V(a,b) 


f{x)dx 


< 


[v(a,b)Y 


x-b 1 

[ V[ab) t n \f^\b + tr]{a,b))\dt+ [ {l-t) n \f^ n \b + tq(a,b))\dt 

Jo J r 

r/(a,b) 
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< 


[v(a,b)] r 


V(a,b) 


U0 


t n dt 
1-1 /q 


1-1 /q 


V{a,b) 


LJO 


t n \f^(b + tr,(a,b))\ q dt 


1/9 


/*1 “|1 — l/9r r 1 "I l/<? 'j 

+ / (l-/) n dt / (l-i)"|/W(& + i» 7 (a ) 6))| 9 di 

/ x — b / x — b | 

L M J L M J y 


< 


77(a,b) rj(a,b) 

[77(0,, 6 )](”+ 1 -Q >/9 


i\{n + l) 1-1 /? 


(x — b)^ 


n+l){q-l)/q 


' V (a,b) 


U0 


+ (6 + 7 ? (a,6)-x) (n+1)(9 - 1)/ « 


t n \f( n \a)\ qta \f^ n \b)\ q(1 n dt 

1/9 


1/9 


J b (l-i) n |/< n >(a)|*“|/ (n) (&)| ,(1 n d£ 


L rj{a,b) 


[„(a,tr-»-,)/,| / w (fc) | r 

nKn + l)'- 1 /* ' 


x-b 

*77(a,b) 


-|l/9 


where fi = 


+ (6 + 7 ? (a,6)-a;) ( " +1)(9 - 1)/9 
/ W (a) 


/■1 1 1/9 ^ 

^d-tr^dt j 


d t 

1 1/9 


/W( b ) 


By Lemma 2.2 and Lemma 2.4 for 0 < /r < 1, we give 


’ T|(0t|fa) 




tV* dt< / t n n qat dt = E n;/Lt 9a 


x — b 
r?(a,6) 


and 


f (l - /)V 4 ° di < f (1 — t) n n qat dt 

J -4=^ ■> T 

' Tj(a,b) 

tV* 1 -.) dt = iS°e(w°, b + ^ - x 

V *7(a> 0 ) 


V(.a,b) 

b+7?(a,b) — 
77(a,b) 


for // > 1, we obtain 


* r?(a,b) 


t V‘“ dt < 


r?(a,b) 


^(ai+H-a) df = E 


n]H H 


t x-b 

' V(a,b) 


and 


f {l-t) n n qta dt< f (1 - t) » At 9(«*+!-«) dt 

77(a,b) 

jt. 9 (a(i-t)+i-a) dt = fj9E(n;fi- qa , b ±ji^Z_Yi\ 

V ??(M) / 


77(a,b) 

b+77(a,b)- 
’ r7(a.b ) 


Substituting (3.5 ) to (3.8 ) into (3.4), we get the inequality (3.1). 
Theorem |3.1| is thus proved. 

Corollary 3.1.1. Under the assumptions of Theorem \3.1\ 

(1) if q = 1, we know 

1 


E 

k = 0 


(* + 1M„J) [ (i> + ^ - *>‘ + ‘ - ^ 


r b+r)(a,b) 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


(3.8) 


□ 


/( x) da: 


< 


[v{a ^ T { | f (n) (a) | ' 4 1 f in) ( b)\ C E(n ; 


x — b 
V(a,b) 
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+ i/w wr wr-E(~; 11 + *;;»> ~ }; 


(3.9) 


(2) if a = 1, we get 


E 


i 


-i rb+r)(a,b) 

[( b + via, b) - x) k+1 -ib-x) k+1 ] f W (*) - j fix) dx 


ik + l)!i?(a, b) 


< 


ix — b)(' 


n+l)(q-l)/q I f(n) 


/ W (&) 


E 1 n-,p q , 


x — b 

Via,b)j 


1 1/9 


k - 0 

[r;(a,6)]( n+1 -9)/9 
?d(n + l) 1_1 /9 

+ (6 + j7(o, 6) -x) (n+1)(9 - 1)/<J |/ (n) (a) 

(3) if a = 1 and q = 1, we have 

n-i 

E a-uiM i M [ (6 + ^ a ’ 6 ) - a; ) fc+1 - (b- X) k+1 ] fW ix) 

“ [k + l)!r?(o,6) ? 7 (a,&) 


1 ’ rtM) 


(3.10) 


fb+ri(a,b) 


fix) dx 


< 


[vi a i b)] r 


x — b 


f (n) ib)\E[ n;p, ^ - y )+|/ (n) (a)|-E( n\p, 


b + via , b) — x 

vi a , b) 


(3.11) 


Theorem 3.2. For n £ N and n > 1, let A C K fee an open invex set with respect to 
V : H x H -a R. and a,b £ A with via , b) > 0 for all a b. Suppose that f : A -£ M. is an n-times 
differentiable function on A and /*■"•* is integrable on the y-path P\, c for c = b + via, b). If | /*■"■* | 
is a-logarithmically preinvex function on A for q > 1, then for a £ (0,1], x £ [b, b + via, 6)] and 
0 < r < nq, we get 

n— 1 


E 

k = 0 


1 


i i-b+r]{a,b) 

[( lb + Via, b) - x) k+1 ~ib~x) k+1 ] f™ (*) - J fix) dx 


ik + 1 )!??(a, b) 


< 


[via, 6)]( r '+ 1_ 9)/9 / q- 1 1/9 


n! 


ng + g — r — 1 


x |(a;-6) n+1 - (7 ' +1)/9 |/ (Tl) (a)| C |/ (n) (6)| C F^r + l;jt 9a , 
+ (6 + vi a , b) - x ) n+1 -( r+1)/q I / (n) (a) 1 5 1 / (n) (6) I " 


- b 


vi a , b) J _ 


1 1/9 


F r + 1; p 


b + via, b) — x\ 1 1 ^ q 


vi a , b) 


(3.12) 


where p, {£, £} an d {<5, <r} are given in Theorem 3.1 and F(r; /q x) is defined by (2.5 1. 

Proof. Since a,b £ A and A is an invex set with respect to v, f° r every t £ [0, 1], it is easy to 
see that b + tyia,b) £ A. From Lemma 2.1 Holder’s inequality and a-logarithmic preinvexity of 
|/(") | 9 , one has that 


”~1 i i rb+r](. a ,b) 

E /i-lim i n - x ^ k+1 f (k) (*) u\ / /(*) d * 

ik + l)\via,b) L v ia,b) J b 


< 


< 


k = 0 

[yja,b)Y 

n\ 

[vja,b)} r 

n I 


V (a,b) 


r|/ Cn) (6 + tr?(a,6))|dt+ / & (1 - t)"|/ w (6 + ty{a, 6))| df 


e(n)j 


7j(a,b) 


rj(a,6) 


t (n9-r)/(9-l) di 


Uo 


1-1 /q 


r7(a,b) 


t r I /(") (6 + tyia, b))\ 9 dt 


L^o 


1/9 
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1 1-1/9 r /-I 


f 1 1 1-1/9 r /*1 1 1/9 N 

/ ^ (1 -/)("9- r V(9-i) di / ^ (l-t) r |/W(& + ij ? (a ) &))| ,, dt l 


< 


[?7(a, 6)]^ r+1 q ^ q ( 9—1 y 

nl \nq + q — r — 1 


X (l- 6 )T»+l-(r+l)/ g 


+ (b + rj(a, b) — x) 


— rr\n+l-{r+l)/q 


[ V(a ' b) t r \f^\a)\ qta \f^(b)\ q{1 - n dt 

Jo 

- pi "I 'l 

/ ^ (1 -/) r |/ (n) (a)| 9t “|/ (7l) (6)| 9(1_t0) d/ l 


[? ? (a,6)]('-+ 1 -«)/«|/(")(6)| / g-1 y- 1/9 


^719 + g — r — 1 
+ (6 + 77 ( 0 , b) — x ) n + 1_ ( r+1)/9 


r 1 1 1/9 1 

/ (i-t)V* a dt , 


(® - 6)n+l-(r+l)/a 
1 1/9 




t V‘“ dt 


1 1/9 


(3.13) 


where p = 


/‘"’(a) 


/M(6) 


By Lemma |2.3| and Lemma |2.4[ for 0 < /i < 1 , we show 

/ f r /+ dt< / ty a! d1 = f r + l;/“, , ,, 

do do V i 7 (a,o) 


x — b 


(3.14) 


and 


Tj(a,&) 

b+T7(a,b) — a: 


for ft > 1, we state 


“ rj(a,b) 


and 


f b (1 - t) r n qta dt < f b (1 - t) r n qat dt 

— ~ Tj(a,b) 

dJ = b + ^ (>+ X 

V ^(M) 

g-b 

t V‘“ dt < / r,< “■ i>, t>«( at+ i-“) dt = (r + l-,n qa , 

do V ??(+ 0) 

J b (1 - t) V 4 “ d t< J b (l- t) r /x 9(a * +1_a) dt 


(3.15) 


(3.16) 


rj(a,b) 

b+r?(a,b) 


T7(a,b) 


[ ^ ^ g(«(i-t)+i- a ) dt= g F 4 + 1 -go, & + 7? ( a ’^ X V (3.17) 

do V i 7 (a, b) / 


Substituting (3.14) to (3.17) into (3.13), we get to the inequality (3.12). 
The proof of Theorem 3.2 is established. 


□ 


Corollary 3.2.1. Under the assumptions of Theorem 3.2 
(1) i/a = 1, we write 

”” 1 1 1 
S ( t + i)„( 0 , t) K t+ ’> ( °' t) - ->‘ +1 ^ - 


nb+r]( a ,b) 


k—0 


v(a,b) 


f(x) da; 


< 


[?7(a, fo)](^+ 1 -o)/'? / 9 — 1 V 1/9 


n! 


\ 719 + 9 — r — 1 
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x | (x - b) n+1 - {r+1)/q | /<"> (6)| F \r + 1; /F 
+ (6 + r,{a , 6) - x ) n+l ~^ r+1)/q | / (n) (a) | 

(2) if r = nq, we find 


x — b 


1 !/<? 


F r + 1; n 


Via, b) J \ 

6 + r}(a, b) - x x 1 


vi a , b) 


(3.18) 


n ~ 1 -j i pb-\-r](a,b) 

£ (*+!)!,(■», !,) [(i> + b) - * r ' ~ (b - 1)1+11 /W W - WM l fMiX 


k = 0 

< [ ??(Ql6) ] ( ' i ! <?+1 q),q \ (x-6) 1 - 1 ^|/^(a)| g |/ (ra) W| C 




x — b 

vi a , b) 


+ (6 + r?(a, 6) - x) ^ 1/9 1 / (n) (a) | 5 1 / (n) (6) | " 


F ng + 


b + via , b) — x 

vi a , b) 


1/9 


1/9 


. (3.19) 


E 


In particular, if r = nq and a = 1, one 6as 
1 


i rb+ri(a,b ) 

[(6 + r]{a, b ) - x) fc+1 - (6 - x) fc+1 ] / (fe) (x) - ^ ^ j ^ fix) dx 


(k + 1 )!?y(a, 6) 


< 


fc= o 

[rKa,6)]( n9+1 ~ 9 )/« 


n! 


(a; — 6) 1 - 1/ 9|/(^)(6) 


F nq + 1; n q , 


x — 6 

??(a, 6) 


+ (6 + r ? (a,6)-x) 1 - 1 / 9 |/^(a)| 
(3) if r = 0, we observe 


6 + n(a, b) — x 
F(nq + l;/i 9 , 

vi a , a) 


1/9 


1/9 


(3.20) 


n— 1 


< < 


£ 5USS [(,> + ,,(o - 4) - 1)1+1 - < 4 - I)1+,] /<1>(I) - ^ I 

V 1 L ln|/(n)(a)|-ln|/(")(6)| 

+ (6 + via, b) - a: )"+ 1 - 1 /9 | /(") (o ) | *-°(6+u(«.6)-*)Ma,6) | /(n) (&) | 

- |^( n ) ^ | (b+r?(a,b)-x)qQ;/rj(a,b) | j(n)^ \ | ( b +V(a,b)-x)qcx/7](a,b) -| 1/g 

]/<"> 


6+?j(a,b) 


fix) dx 


(3.21) 


9-1 

n\r)(a,b ) \ nq+q— 1 


ln|/(")(b)|-ln|/(")(a)| 

\ 1-1/9 

J [(x - b) n+1 + (6 + via, b) - x)" +1 ] , 


if H 7^1, 
if li = l. 


Specially, if r = 0 and a = l, one has 


n— 1 

E 

k = 0 


ik + 1 )lvia, 6 ) 


[(6 + via, b) - x) k+1 - (6 - x) fc+1 ] / (fc) (x) - 


^ y.b+?j(a,b) 


77(0,6) 


/(x) dx 
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10 


S. H. WANG 


[ri(g,b ) ] (1 ~ g)/g / q - 1 
nig 1 / q l nq+q— 1 


/ W (a) 


I ( x-b)q/-q(a,b ) 


1-1 /q 


-I f M (b) 


| (a; — b) n+1 ~ 1 / q \f ( ' n \b)\ 

(x—b)q/r)(a,b) -i 1 / g 


(b+r)(a,b)-x)/r)(a,b) 


< 


ln|/M(a)|-ln|/M(b)| 

+(b + via, b) - x ) n + 1 - 1 /^ | /(") (a) | {x ~ b}/ri{a ’ b) 

f ^\ h )\ {b+ ^ a ' b) ~ x)Q/Ma,b) J f M(a) 


(b+r 1 (a,b)-x)q/r ] (a,b) -i l/g 


In /<">(&) -In lf( n ) (a) 


. (^ t ) ’ 1 H x - & ) n+1 + ( 5 + *?( a - & ) - *) n+1 ] - 


(3.22) 


*////!. 

if li = l. 
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Existence of solutions for boundary value problems 
of fractional differential equation in Banach spaces* 

Yabing Gao, Pengyu CheB 

Department of Mathematics, Northwest Normal University, 
Lanzhou 730070, People’s Republic of China 


Abstract 

In this paper, with the help of a new estimation technique for the measure 
of noncompactness, under more general conditions of growth and noncom- 
pactness measure, combining with the Sadovskii’s fixed point theorem and 
Leray-Schauder type fixed point theorem of condensing mapping, we obtain 
the existence of solutions for the following boundary value problems of frac- 
tional differential equation in Banach spaces 

f — C D^ + u(t) = f(t,u(t)), t <E J, 

l u(o) = u( i) = e, 

where 1 < /3 < 2 is a real number, J = [0, 1], C D^ + is the Caputo fractional 
derivative of order /3, / : J x E -+ E is continuous, E is a Banach spaces, 6 
is the zero element of E. 

Keywords: Banach spaces; fractional differential equation; measure of non- 
compactness; condensing mapping 

Mathematics Subject Classification(2010): 34A08; 34B15; 47H08; 49K27 


1 Introduction 

Differential equations of fractional order occur more frequently in difference re- 
search areas and engineering, such as physics, chemistry. For the details, one can 
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see the monographs [1-5]. Recently, many people pay attention to the boundary 
value problem for fractional order ordinary differential equation involving Caputo’s 
derivative, see [8-29] and the references therein. However, as far as we know, there 
are few papers studied the existence of solution to boundary value problems for 
fractional differential equation involving Caputo’s derivative in abstract space. 

In 1988, Guo and Lakshmikantham [6] firstly studied the existence of solutions for 
the following boundary value problem of nonlinear second order differential equation 
in Banach spaces 

j -u"(t) = f(t,u(t)), t G [0, 1], 

1 «(0) = 7/(1) = 0, 

where / : J x E — > E is continuous, E is a Banach spaces, 9 is the zero element of 
E. 

In 2008, Li and Guo [7] obtained an existence result of positive solution of BVP 
(1) by employing a new estimate of noncompactness measure and the fixed point 
index theory of condensing mapping. 

Motivated by the above mentioned works, in this paper, with the help of a new 
estimation technique of noncompactness measure, under more general conditions of 
growth and noncompactness measure, combining with the Sadovskii’s fixed point 
theorem and Leray-Schauder type fixed point theorem of condensing mapping, we 
consider the existence of solutions for the following boundary value problem (BVP) 
of fractional differential equation in Banach space E 


- c D^ + u(t) = f(t,u(t )), t G J, 
7/(0) = 7/(1) = 9, 


where 1 < /3 < 2 is real number, J = [0, 1], c D^ + is the Caputo fractional derivative 
of order /3, f : J x E — y E is continuous, 9 is the zero element of Banach space E. It 
is easy to see that if f3 = 2, then BVP (2) will degrade into the problem (1), which 
was studied in [6] and [7]. 


2 Preliminaries 

Throughout this paper, we denote by C(J, E) the Banach space of all continuous 
E - value functions on interval J with the supnorm ||t/||c = sup ||t/(£)||. 

teJ 
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Definition 2.1 The fractional integral of order q > 0 with the lower limit ze- 
ro for a function g is defined as 

(■ t — s) q ~ 1 g(s)ds, t > 0, 

where T(-) is the gamma function. 

Definition 2.2 The Caputo fractional derivative of order q > 0 with the low- 
er limit zero for a function g is defined as 

(■ t — s) n ~ q ~ l g^ n \s)ds, t > 0, 0 < n — 1 < q < n, 

where the function g{t) has absolutely continuous derivatives up to order n — 1. 

If g is an abstract function with values in E, then the integrals which appear in 
Definitions 2.1 and 2.2 are taken in Bochner’s sense. 

Next, we recall some properties of the measure of noncompactness that will be 
used in the proof of our main results. In order to no confusion may occur, we denote 
by «(•) the Kuratowski measure of noncompactness on both the bounded sets of 
E and C(J,E). For the details of the definition and properties of the measure of 
noncompactness, we refer to the monographs [30] and [31]. For any D C C(J,E) 
and t G J, set D(t) = { u(t ) | u G D} C E. If D C C(J, E) is bounded, then D(t) is 
bounded in E and a(D(t )) < a(D). 

Lemma 2.3 ([36]). Let E be a Banach space, and let D C C(J,E) be bound- 
ed and equicontinuous. Then a(D(t )) is continuous on J, and 

ma xa(D(t)) = a(D) = a(D(J)). 

Lemma 2.4 ([35]). Let E be a Banach space, and let D = {u n } C C(J,E) be a 
bounded and countable set. Then a(D(t)) is Lebesgue integral on J, and 

J u n {t)dt | n G —^J a (D(t))dt. 

Lemma 2.5 ([32,33]). Let E be a Banach space, and let D C E be bounded. Then 
there exists a countable set D 0 C D, such that a(D ) < 2 a(D 0 ). 

3 


"D q 0+ g(t) = 


r (n-q) Jo 
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Lemma 2.6 ([34]). Let u G C(J, E), i/j G L(J, M + ). Then 

/ u(s)ip(s)ds G / ip( s)dscou(J ), 

Jj Jj 

where u(J ) = { u(t ) | t G J}. 

Lemma 2.7 ([31]). Let E be a Banach space. Assume that D C E is a hounded 
closed and convex set on E, Q : D — >• D is condensing. Then Q has at least one 
fixed point in D. 

Lemma 2.8 ([36]). Let E be a Banach space. Assume that Q : D — >• D is 
condensing, if {x \ x = A Qx , 0 < A < 1} is a bounded set. Then Q has at least one 
fixed point in D. 

With the help of the existence of solutions for fractional differential equation in 
real number space, we firstly get the corresponding existence and uniqueness of the 
fractional linear differential equation in Banach spaces. 


Lemma 2.9. Assume that 1 < (3 < 2 and J = [0,1]. Then for any h G C(J,E), 
the boundary value problems of fractional linear differential equation in Banach 
spaces (LBVP) 


~ C Dtu(t ) = h{t), 


t, G •/, 


( 3 ) 


«( 0 ) 


w(l) = 9, 


has a unique solution 


where 


u(t ) 


G(t, s)h(s)ds 


Th(t), 


G(t,s ) 


1 

rM 


t(l - s)^- 1 - (t - s)P-\ 0 < s < t < 1, 

tll-sf- 1 , 0 < t < s < 1. 


( 4 ) 

( 5 ) 


Proof. From the expression (4), we first easily know that u(t) is a solution of 
LBVP (3). Next, we prove u(t) is uniqueness solution. 

Suppose ui(t),U 2 (t) G C{J,E ) is solutions of LBVP (3). For any tp G E * , where 
E* is conjugate space of E. Let r(t) = (p(ui(t) — u 2 (t)). Then r(t) is a solution 


4 
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about pure variable t of fractional linear differential equation 

— c Dy + r(t) = 0, 1 < /3 <2, t G J, 

r(0) = r( 1) = 0. 

Evidently, r(t) = 0, according to the arbitrary of ip G E*, we know U\{t) — u 2 (t) = 6 , 
also, u\{t) = -u 2 (t) on J. Thus, u{t) expressed by (4) is a unique solution of LBVP 
(3). This completes the proof of Lemma 2.9. □ 

Lemma 2.10. The integral operator T : C(J , E) — > C(J , E) defined by (4) satisfies 
the following inequality of norm 


mi < 


r (/3 + 1) 


P 1 -? -p^.h 


Proof. For any h G C(J, E), by the definition of T, we have 

||Th(t)|| < || [ G(t,s)h(s)ds\l 

Jo 

replace above G(t,s ) with the expression of G(t,s ) defined by (5), we obtain 

t t* 


\\Th(t)\\ < 


T(P + 1) T(P + 1) 


Ci 


and since, we easily know 
1 


r(P+l) 


t-T 


c< 


r (p + 1) 


pi-? _ pi-p 


c 


Hence 


namely, 


\\Th\\ < 


l/i p 

P*=e -p^e 


mu < 


T(P + 1) 

1 


c, 


i p 

fii-p - fii-p 


r(/? + 1) 

This proof is completed. □ 

Let us introduce the following assumptions which are used hereafter. 
(FI) There exist constants cq, C\ > 0 satisfying C\ < (jJ^ — 

such that for any 16 J and x G E, ||/(t, x)|| < ci||a;|| + cq; 


-l 
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r(/3+i) 


(F2) There exist constant L satisfying 0 < L < 
that for any t G J and bounded set D C E, D )) < La(D ); 


pi 


such 


r(/3+i) 


/3 — p 


(F3) There exist constant L satisfying 0 < L < 
that for every bounded set D C E, a(f(J,D )) < La(D ); 

(F4) There exist constant L satisfying 0 < L < — /3 T 

such that for every bounded set D C E, a(/(J, D )) < La(D). 


such 


p \ \ -i 
-p 


Dehned by the following integral operator Q : C(J, E) — >• C(J, E ) 


Qu(t) — / G(t, s)f(s,u(s))ds. 
Jo 


(6) 


To be convenient for next prove procedure, we firstly introduce the following two 
Lemmas. 


Lemma 2.11. Assume that (FI) and (F2) hold. Then Q : C(J,E) — >• C(J,E) is 
a condensing mapping. 

Proof. By (6) we easily know that Q is a continuous operator. Next, we show 
that Q is a condensing mapping. 

When (FI) hold, we see easily that Q maps bounded set in C(J, E) into bounded 
and equicontinuous set in C(J,E). For every non-rclatively compact bounded set 
D C C(J,E ), we will prove in the following that a(Q(D)) < a(D). 

For every bounded set D C C(J,E), by the Lemma 2.5, there exists a count- 
able subset D\ = {u n } C D, such that a(Q(D)) < 2a(Q(Di)). Since a(Q(D i)) 
is a bounded and equicontinuous set, by the Lemma 2.3, we have a(Q(D i)) = 
max a (Q(D\ (t))). By the Lemma 2.4, for any t e J, we can obtain 

a(Q(Di(t))) = a 


ds 

< 2 J G(t,s)a^f(s,D 1 (s)) > jds. 


< 


2 [ a 

Jo 


| G(t,s)f(s,u n (s))ds | n e N 


G(t, s)f(s,u n (s))ds | n £ N 
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According to properties of the measure of noncompactness and condition (F2), we 
have 


a(f(s,D 1 (s)) < La(D 1 (s)) < La(D 1 ) < La(D). 


Further 


a(Q(D 1 (t)))<2La{D) G(t,s)ds. 

Jo 

From this inequality, we have 


<*{Q{D i)) 


= maxa(Q(Di(t))) 


< 2 La(D) max 
v teJ 


G(t, s)ds 


< 


2 L 


r(/3 + 1) 


fii-p _ fji -f>\ a (D). 


From the condition (F2), we get that 


a(Q(D)) < 2a(Q(Di)) < * L + (j3^> - /jA)a(B) < a (D). 


Then, Q : C( J, E) — > C(J,E) is a condensing mapping. This completes the proof 
of Lemma 2.11. □ 


Lemma 2.12. Assume that (FI) and (F3) hold. Then Q : C(J,E) — > C(J,E) is 
a condensing mapping. 

Proof. By Q defined by (6) and condition (FI), we easily know that Q maps 
bounded set in Q : C(J,E) into bounded and equicontinuous set in Q : C(J,E). 
For every non-relatively compact bounded set D C C(J,E), we hope prove that 
<x(Q(D)) < a(D). 

For every bounded set D C C(J,E), since Q(D) is bounded and equicontinuous 
set, by the Lemma 2.3, we know a(Q(D )) = ma x.a(Q(D(t))). 

Denote B = D(J), then B C E is bounded and a(B) < 2 a(D). For any 
t G J, u G D, by the Lemma 2.6, we obtain 

Qu(t) — I G(t,s)f(s,u(s )) G f G(t,s)dsco f(J x B), 

Jo Jo 

Q(D)(t) C / G(t, s)dsco f(J x B). 

Jo 

7 


335 


Yabing Gao et al 329-341 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Combining with properties of the measure of noncompactness and condition (F3), 
we have 

<*(Q{D)(t)) < 

G(t, s)dsa(^f(J x B)j 

G(t, s)dsa(B) 

<2 L f G(t, s)dsa(D) 

Jo 

* 

From condition (F3), make the maximum value on both sides of this inequality, we 
know 

a{Q{D)) = ma xa(Q(D(t))) < ^ ^ (d»-3 - f3^a(D) < a(D). 

Therefore, Q : C(J, E ) — » C(J, E ) is a condensing mapping. This proof is completed. 

□ 




G(t, s)dsa( co f(J x B) 


By the definition of Q, we know that the solution of BVP (2) is equivalent to the 
fixed point of Q. We will find the fixed point of Q by using the Leray-Schauder fixed 
point theorem and the Sadovskii’s fixed point theorem about condensing mapping. 


3 Main results 


Theorem 3.1. Assume that, f : J x E — >• E is continuous and satisfies the condi- 
tions (FI) and (F2). Then BVP (2) has at least one solution. 

Proof. We firstly prove that fl = {u G C(J, E) \ u — XQu, 0 < A < 1} is a 
bounded set in C(J,E). In fact, for any u G Q satisfies 


u(t) = A Quit ) 


A / G(t, s)f(s,u(s))ds, 


0 < A < 1. 
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Combining with condition (FI), we have 

||«(*)|| = A|| [ G(t,s)f(s,u(s))ds\\ 

Jo 

< / G(t, s)(cq + Ci||w(s)||)rfs 
Jo 

< c 0 f G(t, s)ds + ciT 0 ||w(i)||, 

Jo 

where T||'u(t)|| = f* G(t, s)||w(s)||rfs is defined by (3). Since ||T|| < (P 1 ^ ~ 

P 1 ^^, we can obtain ||ciT|| < (p 1 -^ — P 1 ^^ < 1, and by the famous per- 

turbation theorem of unit operator, we easily know that I — C\T exists a bounded 
inverse operator (/ — ciT) -1 , and 


a - c,r)-‘ = Y.(ciTy 


n = 0 


is positive. Hence 


MIc < 


Co 




np + 1 ) 

oo 

D- 


Since Ci < ( P 1-/3 ~ P 1-/3 'j'j > then there exist e > 0 such that cy + e 

(rP)(^^)) l - Namely 


< 


| c n T „|| < c n|| T ||n < 


Cl 


Ci + £ 


n 


By the fact that YlPP=o (crfe j * s conver g ence ’ we know that Y^n=o c ” ||T' n || is conver- 
gence. Denote M 0 = )C^=o c i 11^" II < +°°- Then \\u\\ c < r (j 3 +i) ( ' P ^ - ^|m 0 . 
Therefore, combined with Lemma 2.8 and Lemma 2.11, we get that the operator Q 
has a fixed point, which is the solution of BVP (2). This proof is completed. □ 


Similar with the Proof of Theorem 3.1, we can obtain the following result. 
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Theorem 3.2. Assume that f : J x E —>■ E is continuous and satisfies the condi- 
tions (FI) and (F3). Then BVP (2) has at least one solution. 


Theorem 3.3. Assume that f : J x E — >■ E is continuous and satisfies the condi- 
tions (FI) and (F4). Then BVP (2) has at least one solution. 

Proof. Firstly, when (FI) hold, we easily know Q maps bounded set in C(J,E ) 
into bounded and eqnicontinnous set in C(J,E). 

Secondly, let fl R = B C (9,R) be a closed ball in C(J,E), where 

c 0 (p^ ~P^) 


R > 


r{p+i)~ Cl (j3^ -p&y 


Clearly, fl R .is a bounded set in C(J,E). For any t E J, u E Or, according to the 
condition (FI), we have 


uo^mw < 

< 

< 

< 


G(t,s)\\f(s,u(s))\\ds 


G(t,s)(co + ci||u(s)||)ds 
Co ( 


r (/3 + 1 ) 

R, 




then Q( Or) C Or and it is continuous operator. Let O 0 = coQ(Or), obvious O 0 is a 
bounded closed and convex set in C(J, E) and it is eqnicontinnous. Since O 0 C Or, 
then we have Q(O 0 ) C Q( Or) C O 0 and Q : O 0 — > O 0 is a continuous operator. 
Finally, we will prove Q : O 0 — > O 0 is a condensing operator. 

For any non-relatively compact bounded B in Oo, we can obtain that both B 
and Q(B) is a bounded set and equicontinuous set. By the Lemma 2.3, we have 

ot(B) = ma xa(B(t)) = a(B(J)), a(Q(B )) = ma xa(Q(B(t))). 

J 

By the proof of the Lemma 2.12 and the Lemma 2.6, for any t E J, u E B, we 
have 

Q(B)(t) C [ G(t,s)dscof(J x B(J)). 

Jo 

From the properties of the measure of noncompactness and condition (F4), we easily 
obtain 

a(Q(B)(t)) < f G(t, s)dsa(co f(J x B(J))) 

Jo 
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< L / G(t,s)dsa(B(J )) 


= L 


G(t, s)dsa(B). 


Combining with condition (F4), we have 


a(Q(B)(t)) = ma xa(Q(B(t))) 


< La(B) max / G(t, s)ds 


< 


n/3+i) 

< a(B). 


fii-p _ p 1-/3 )a(B) 


Therefore, Q : fl 0 — ; > O 0 is a condensing operator. By the Lemma 2.7, we obtain 
that the Q has at least one fixed point, which is the solution of BVP (2). This 
completes the proof of Theorem 3.3. □ 
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On the Higher Order Difference equation 
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ABSTRACT 

The main objective of this paper is to study the global stability of the positive solutions, the boundedness and 
the periodic character of the difference equation 

x n +i Ax n T Bx n -i -(- Cx n —k T yy , ti — 0, 1, ..., 

JJXn—s \ 

where the parameters A, B , C, D, E,j € (0, oo) and the initial conditions x_ (T ,x_ r7+ i,...,x_i, x 0 are positive 
real numbers where a = max{l, k, s, t}. Numerical examples will be given to explicate our results. 

Keywords: Difference equations, Stability, Global stability, Periodic solutions, Boundedness. 

Mathematics Subject Classification: 39A10 

1. INTRODUCTION 

Difference equations appeared much earlier than differential equations. But it is only recently that difference 
equations gained the place they deserve. There is no doubt the interest in difference calculus is related to 
computers which let effectively apply approximate methods to solve nonlinear difference equations and systems 
of difference equations [1 - 6]. Particularly, the boundedness, persistence, local asymptotic stability, global 
character, and the existence of positive periodic solutions can be discussed in many papers [7 - 36]. 

In [7] El-Dessoky investigated the global stability character and the periodicity of solutions of the recursive 
sequence 

_ ax n ^i+bx n — k 
n + ^ c+dXn-lXn-k ' 

Xiu-Mei Jia et al. [8] studied the dynamical behavior of rational difference equation, 

. _ r+py n +y n _ k 

yn+1 qVn+Vn-k ■ 

Kosmala et al. [9] obtained the periodic and the global stability of solutions of rational difference equation 

p-\-y n —i 

yn + l ~ qyn+Vn-l ‘ 

In [10] Abo-Zeid studied the global asymptotic stability of all solutions of the difference equation 

Ax n — 2 

Xn + 1 — • 

In [11] Devault et al. investigated the dynamics of the difference equation 

i tCn — k 

x n+1 = p+ 
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Elsayed et al. [12] investigated the global stability and the periodicity of solutions of the difference equation 


X n +1 — OjX n T 


b-\-cx n — i 

d-\-eXn — i ' 


Zayed et al. [13] obtained some qualitative behavior of the solutions of the difference equation, 


^n+l — r y%n—k H - 


ax n -\-bXn — k 
cx n —dx n —k * 


In [14] El-Dessoky obtained the global stability character, the boundedness and the periodicity of the positive 
solutions of the difference equation 


, 7 , , ax-n — s 

Xn-\- 1 aX n T 0 X n —k “f" CX n -l ex n — s —ax n — t * 

Our goal is to investigate some qualitative behavior of the positive solutions of the difference equation 

Xn+l Ax n T Bx n — i T Cx n —f~ -\- j} Xri _ s J r E Xn _ t i XI 0, 1, (1) 

where the initial conditions x_ a , X- a +\, X-±, Xo are positive real numbers where <r = max{l, k, s, t} and the 
coefficients A, B , C , D, E, 7 € (0, 00 ). 

Let J be some interval of real numbers and let 

G : J a+1 J, 

be a continuously differentiable function. Then for every set of initial conditions X- a , X- a+ i, ..., x$ £ J, the 
difference equation 

Xn+l — G(x n , X n — \, . .., X n —,j ), 71 0 , 1 , ( 2 ) 


has a unique solution {x n }ffL_ a . 

Definition 1.1. The linearized equation of Eq. (2) about the equilibrium x is the linear difference equation 


Un+l — QlUn + TTUn-l + Q3 Vn-k + QiVn-s + ?5 Dn-t- (3) 

dG(x, x, x, x, x) dG(x, x, x, x, x) dG(x, x, x, x, x) dG(x, x, x, x, x) dG(x, x, x, x, x) 

^ dx n ’ ^2 dx n -l ’ ^ dXn-k ’ ^ dx n - s ’ ^ dx-n-t 

The characteristic equation associated with Eq. (3) is 

q(X) = qi + < 72 X 7 1 + q^X 7 k + q± X 7 s + q^X 7 * = 0, (4) 


Theorem 1.2. [ 1 ]: Assume that qi, q 2 , <73, qi and <75 £ R. Then 

| 9 i | + |« 2 | + |®| + | 94 | + | 95 |< 1 , ( 4 ) 

is a sufficient condition for the locally asymptotically stability of the Eq. (2). 

Theorem 1.3. [4, 5]: Let h : [C,??]‘ T+1 — > [C,v], be a continuous function, where o is a positive integer, and 
where [£, rf\ is an interval of real numbers. Consider the difference equation 

Xn- f-i h(x n , Xji — 1 , ..., x n —,jf n 0, 1, ... . (5) 

Suppose that g satisfies the following conditions. 

(1) For each integer i with 1 < i < a + 1; the function h(zi, Z 2 , ■■■, z a + 1 ) is weakly monotonic in Zi for fixed 

Zli ^2) Zi — \i Zi+li Z<7+1- 
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(2) If to, M is a solution of the system 

m = h(mi, m 2 , m <T+1 ), M = h(M lt M 2 , ..., M a+1 ), 


then to = M, where for each i = 1, 2, er + 1, we set 


J to, if h is non-decreasing in Zi 

\ M, if h is non-increasing in Zi 


and 

M _ f M, if h is non-decreasing in Zi 
1 to, if h is non-increasing in z^ . 

Then there exists exactly one equilibrium point x of Eq. (5), and every solution of Eq. (5) converges to x. 


2. LOCAL STABILITY OF EQ. (1) 


Eq. (1) has equilibrium point and is given by 

x = Ax + Bx + Cx + 


'yx 

Dx-\-Ex ’ 


or 

x(D + E)(l-A-B-C) = 7 . 

If A + B + c < 1; then the only positive equilibrium point x of Eq. (1) is given by 

— ■y 

X ~ {D+E)(l-A-B-C)‘ 


Theorem 2.1. The equilibrium point x of Eq. (1) is locally asymptotically stable if 

A + B + C < 1. 


Proof: Suppose that G : (0, oo ) 5 — ► (0, oo) be a continuous function defined by 

G(u i, u 2 , 1 x 3 , 1 x 4 , 1 x 5 ) = Au\ + Bu 2 + 6 * 1 x 3 + duJ+Eu 5 


( 6 ) 


Therefore, it follows that 


dG(ui, U2 , U3, U4, U5) 
dui 

dG(ui, U2, U3 , U4 , 1x5) 

du4 


So, we can write 


A, 


dG(u 1, 


■D7113 

(DU4+EU5) 


«2| 123, 12 4 , U5) 77) 9G(l2 1, 

9i2 2 - D ’ 

dG(ui , 122 , 123, 124, 125) 

2 ’ 9125 “ 


222, 223, 12 4 , 225) 
9l23 

E-yu 3 

(D124 + E225) 2 ‘ 


c + 


2 


5 G(tc, af, x, x , x) 

5 G(:r, a:, x, x, x) 
du4 

dG(x, x, x, x, x) 
du§ 


a dG(x, x, x, x, x) 7-) dG(x, x, x, x, x) 

A =VU 9i2 2 = B = p 2 , g U3 i 

~-°t( (D + E)(1 -a-b-C) ) _ D(A+B+C- 1 ) _ 

(^ + g) 2 ( (C + g)( l-A-B-C ) ) 2 P 4 ’ 

~ g 2( (D + E)(l- A-B-C) ) _ -EjA + B + C-l) _ 

(^ + g ) 2 ( (0 + g)( l-A-B-C ) ) 2 ‘ D+E) P5 ' 


1- A- B = p 3 , 


Then the linearized equation of Eq. (1) about x is 


Un+l -PlUn -VlUn-l ~ PsVn-k ~ PiVn-s ~ PsDn-t = 0 . 
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It follows by Theorem 1 that, Eq. (1) is local asymptotically stable if and only if 

\Pi\ + \P 2 \ + \P3\ + \Pi\ + |ps| < 1- 


Thus, 


bil + |p 2 | + \ps I + \pi\ + \ps\ 


\A\ + \B\ 


+ \1-A-B\ 


D(A+B+C-1) 


E(A+B+C-1) 

(D+E) 

1 

( D+E ) 


l + A + B + C-l = A + B + C, 


for 




The proof is complete. 

Theorem 2.2. The equilibrium x of Eq. (1) is unstable if A + B + C > 1. 


Example 1 . The solution of Eq. (1) is local stability if l = 2 , k = s = 3, 4 = 4, A = B = ^ = 0.1, C = 
0.2, D = 1 and E = 0.6 and the initial conditions x_ 4 = 0.2, a:_ 3 = 0.7, a;_ 2 = 0.3, x_\ = 2.1 and x 0 = 1.1 (See 
Fig. 1). 


plot of x(n+l)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t))) 



Figure 1. Plot the behavior of the solution of Eq. (1). 

Example 2 . The solution of Eq. ( 1 ) is local stability if l = 4 , k = t = 2 , s = 3, 7l = 0.09, B = C = 
0.01, D = 0.3, E = 0.5 and 7 = 0.6 and the initial conditions x _ 4 = 0.2, x -3 = 0.7, x _2 = 0.2, x-\ = 2.1 
and x 0 = 1.1 (See Fig. 2). 


plot of x(n+l)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t))) 



Figure 2. Plot the behavior of the solution of Eq. (1). 
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Example 3. The solution of Eq. (1) is unstable if l = 4, k = t = 2, s = 3, A = C = 0.2, B = 7 = 0.7, D = 
0.1 and E = 0.5 and the initial conditions x _4 = 0.2, a:_ 3 = 0.7, x_ 2 = 0.3, cc_i = 2.1 and x 0 = 1.1 (See Fig. 
3). 



Figure 3. Plot the behavior of the solution of Eq. (1) is unstable. 


3. GLOBAL ATTRACTIVELY OF EQ. (1) 

Theorem 3.1. The equilibrium point x is a global attractor of Eq. (1) ifA + B + C < 1 and 7 > 1. 

Proof: Suppose that f and 77 are real numbers and assume that h : [£, rj } 5 — > [£, ?/] is a function defined by 

h( v i, v 2 , v 3 , V 4 ,, v 5 ) = Av 1 + Bv 2 + Cv 3 + Dv Jl 3 Ev5 ■ (7) 


Then 


dh(v 1 , V2, V3, V4, V5 ) 
dv± 

dh(v 1 , V2, V3, V4, ^ 5 ) 
dvi 


A dh(v 1 , v 2 , V3, V 4 , V5) td dh(v 1 , v 2 , V3, V4, V5) ri . 7 

5 dv 2 1 f)vi ' Dva 4 - 


OV 3 


DV4~\~EV5 5 


^3? ^4, ^5) 

(DU4+SU5) 2 ’ dv$ 


D 7113 


E 7113 


(DV 4 +SV 5) 2 * 


First, we can see that the function /i(vi, v 2 , u 3 , tq, U 5 ) increasing in v\, v 2 , u 3 and decreasing in V 4 , V 5 for 
C + 7 >0. 

Uttj + -E/W 5 

Let (m, M) be a solution of the system M = h(M , AT", M, m, in) and in = h(m, in, in, M, M). Then 
from Eq. (1), we see that 

M = AM + BM + CM + D ff+ Em and m = ^4m + Bin + Cm + D j]+ em > 


and then 

thus 


M{ 1 


and 


Subtracting we obtain 


then 


^- B - C ) = I5^»ndm(l-A-.B-C-) 
(1 - A - B - C) {D + E) Mm = qAf 
(1 — A — B — C) (D + E) Mm = 7 m. 

7 (M — m) = 0, 

M = m. 


7 m 

DM+EM ’ 
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It follows by Theorem 2 that a; is a global attractor of Eq. (1). This completes the proof. 


Second, we can see that the function h(y i, V 2 , V 3 , tq, U 5 ) increasing in Vi, V 2 and decreasing in v$, iq, V 5 


for C 


7 


<0. 


Dv 4 + Ev 5 

Let ( m,M ) be a solution of the system M = h(M, M, m, m, m) and m - h(m, to, M, M, M). Then 
from Eq. (1), we see that 

M = AM + BM + Cm + Dr ^+ E m anc ^ m = ^ m + Bm + CM + DA ]+ EM , 


and then 

and 

Subtracting we obtain 


m (l-A-B)-CM=^ E . 


(M — m)(l — A — B — C) = 0, 
under the condition A + B + C < 1, we see that 


M = m. 

It follows by Theorem 2 that a; is a global attractor of Eq. (1). This completes the proof. 

Example 4. The solution of Eq. (1) is global stability if l = 2, fc = s = 3, t = 4, A = 0.5, B = 0.07, C = 
0.01, D = 2, E = 0.6 and 7 = 0.1 and the initial conditions X- A = 0.2, X -3 = 0.7, X -2 = 0.3, X-i = 2.1 
and x 0 = 1.1 (See Fig. 4). 


plot of x(n+l)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t))) 



Figure 4. Plot the behavior of the solution of Eq. (1) is global stability. 


4. EXISTENCE OF PERIODIC SOLUTIONS 

Theorem 4.1. Ifl,k,t are an even and s is an odd then Eq. (1) has a prime period two solutions if and only if 

(i) (E — D)(A + B + C + 1) + AD > 0. 
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Proof: First Let there exists a prime period two solution 

...P, Q, P , Q, ..., 

of Eq. (1). We see from Eq. (1) when l, k and t are even and s odd that 

P = AQ + BQ + CQ+ Dp % Q and Q = AP + BP + CP + D q+ ep ■ 

Therefore, 

DP 2 + EPQ = D(A + B + C)PQ + E(A + B + C)Q 2 + jQ, ( 8 ) 

and 

DQ 2 + EPQ = D(A + B + C)PQ + E(A + B + C)P 2 + 7 P (9) 

Subtracting (9) from ( 8 ) gives 

D(P 2 - Q 2 ) + E{A + B + C){P 2 - Q 2 ) + 7 (P - Q) = 0, 

then 

(P ^ Q)[(D + E(A + B + C))(P + Q) + j] = 0 

Since P ^ Q, then 

P + Q = d+E (a+b+c) ■ ( 10 ) 

Again, adding ( 8 ) and (9) yields 

D{Q 2 + P 2 ) + 2 EPQ = 2 D(A + B + C)PQ + E(A + B + C){Q 2 + P 2 ) + j(Q + P), 

then 

2 (E - D(A + B + C))PQ = ( E(A + B + C )- D)(Q 2 + P 2 ) + 7 (Q + P). (11) 

By using (10), (11) and the relation 

P 2 + Q 2 = (P + Q) 2 - 2 PQ for all P, Q € R, 

we obtain 

{E{A + B + C) — D)((P + Q) 2 - 2 PQ) + 7 (Q + P) = 2 (E -D(A + B + C))PQ, 

2[E — D(A + B + C) + E(A + B + C) — D] PQ = (E(A + B + C) - D)(P + Q) 2 + 7 (Q + P), 

2 (P - D)(A + P + C + 1)PQ = ( D+EiA l B+ c ) ) 2 (^ + B + C) - P) + 7 ( d+e(A \ b+c) ) , 


Then, 


2{E-D)(A + B + C + 1)PQ 
2{E-D)(A + B + C+l)PQ 


■y 2 (E(A+B+C)-D)~~f 2 (D+E(A+B+C )) 
( D+E(A+B+C )) 2 

2T>7 2 

(£>+£(A+B+C)) 2 ‘ 


PQ 


( DP 

\(D+E(A+B+C)) : 


')( 


(B-£>)(A+B+C+1) 


)■ 


( 12 ) 


Now it is obvious from Eq. (10) and Eq. (12) that P and Q are the two distinct roots of the quadratic 
equation 


+ 2 j 2 + _ [ Pi ) ( I ) — n 

1 ^ D+E(A+B+C) b \(D+E(A+B+C)) 2 J \(E-D)(A+B+C+1) J U ’ 

(D + E(A + B + C)) t + 7 t — (e_d)(a+ B +c+i)(d+e(a+ B +c)) = 0) (13) 
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and so 


( 2 

\D+E(A+B+C) 


+ 4 


D 7 2 


00 


(gBW BI ^(B-D)(A+B+C+1) 


1 + 


4 D 


(E-D)(A+B+C+ 1) 


> 0 , 
> 0 , 


or 

{E - D)(A + P + C + 1) + 4P> > 0. 


For E > D then the Inequality (i) holds. 

Second suppose that Inequality (i) is true. We will show that Eq. (1) has a prime period two solution. 


Suppose that 


p _ 7(t~l) ft _ 7(1+0 

r 2 (D+Ea) dllu ~~ 2 (D+Ea) ’ 


where Q = 1 + (g ^^ a+1 ) an d a = A + B + C. 

We see from the inequality (i) that 


(E - D)(A + B + C+l)+4D>0, 


which equivalents to 

(E — D)(a + 1) + 4D > 0. 

Therefore P and Q are distinct real numbers. 

Set 

a '-i = Q, x_ k = Q, x_ s = P, x_ t = Q, •••, +- 3 = P, £_ 2 = Q, a:_i = P, x 0 = Q. 
We would like to show that 

Xi = x-i = P and X 2 = xq = Q. 

It follows from Eq. (1) that 


x\ — AQ + BQ + CQ + 


7 Q 


DP+EQ 


= 7(-l~0 

^ “ l 2(D+Ea) 


+ 


VTtlzill 

7t2(P + E a ) ) 

D ( 7(~l+<) \ +E ( 7(-l-P 1 ~ 
1J \2(D + Ea) ) + n/ \2(D + Ea) ) 


Dividing the denominator and numerator by 2 (D + Ea) we get 


- a ( 7(-i-0 
J 1 — a V 2(D+E«) 


7(-l-0 


t(— i— C) 


= a 


7(1+0 

(£>+£)+(#-£>)< • 


D(-l+0+B(-l-0 

Multiplying the denominator and numerator of the right side by (D + E) — (D — E) ( 

■y(l+Q((D+E)-(E-D)Q 


x\ = a 


a 


= a 


= a 


= a 


( 7(— 1— 0 
y 2(D+Ea) 

f 7(-l~0 ' 

V 2 (D+Ea) 


( 7(-l~0 

V 2(D+£q) 


f 7(-l~0 ' 

y 2(D+Ea) , 

( 7(-l~0 ' 

\ 2(D+Ea) 


((D+E)+(E-D)C)((D+E)-(E-D)C) 


( 7(-l~0 \ 

^2(D+Eq) y 


7 ((D+g)+2DC-(g-PK 2 ) __ /S(-l-0 A , 7((T»+g)+2DC-(g-T>)(^ 


(d+£) 2 -(£-d) 2 c 2 


= a 


l 2(D+E«; 


) 


7 ((D+E)-(E-D)C+(£»+E)C-(S-£')C 2 ) 

(d+e) 2 -(e-d) 2 c 2 : 

(g-T>)(q + l)+4T> y 
(E-£))(a+l) J, 


(D+E) 2 -(E-D) 


f (E-D)(a+1)+AD \ 
(E-D)( a + 1) ; 


7 ^(D+E)+2£>C- 


/(£-.D)(q + l)+4£>\ 

l (« + l) 


(g+ ^- ( ^)( ^a) i?44D ) 

7 ( D+E+ 2DC-B+£>-(^j) 


LL - r*( 71-1-0 

^2(D+Ea) 


= a 


7 (( D+E)+ 2DC-((E-£>) + ^^y)) 
(D+E) 2 -(B-D)((£;-D)+4^ T y) ’ 


( D+E) 2 -(E-D) 2 - 

7((l+0(a+l)— 2) 
2E(ot+l)~2(E~D) 


4 (E-D)D 
(q+i) 


= Q! 


f 7 ( — 1 — O 
1 2(D+£q) 


^(^C-THTiy) 


ADE— 


q(-l-0 + (l+0(a + li-2 
2(D+Eq) 


) = 


A(E—D)D > 
(q + 1) 

7(t— 1 ) _ p 

2(D+Eq) — r ‘ 
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Similarly as before, it is easy to show that 

x 2 = Q- 

Then by induction we get 

x 2 n = Q and x 2n+ i = P for all n > — 2. 

Thus Eq. (1) has the prime period two solution 

-,P, Q, P, Q,~; 

where P and Q are the distinct roots of the quadratic equation (13) and the proof is complete. 

Example 5. Figure (5) shows the Eq. (1) has a prime period two solution when l = 2, k = t = 4, s = 
A = 0.01, B = 0.02, C = 0.03, D = 0.2, E = 0.3 and 7 = 0.1 and the initial conditions X-i = X- 2 = Xq = 
and x_ 3 = X-i = P. 


plot of x(n+l)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t))) 



Figure 5. Plot the solution of Eq. (1) has a periodic solution. 

Theorem 4.2. Eq. (1) has a prime period two solutions if and only if 

(D — E)(A + B + C + 1) + 4 E >0 ,l,k,s — even and t — odd. 

Theorem 4.3. Eq. (1) has a prime period two solutions if and only if 

1 — C — 3A — 3B > 0 l,s,t — even and k — odd. 

Theorem 4.4. Eq. (1) has a prime period two solutions if and only if 

A + B + C > 3 l,k — even and s. t - odd. 

Theorem 4.5. Eq. (1) has a prime period two solutions if and only if 

(D — E) (A + B + 1 — C) > 4D(A + B) l,s — even and k, t — odd. 
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Theorem 4.6. Eq. (1) has a prime period two solutions if and only if 

(E — D)(l + A + B — C) > 4E(A + B) l,t — even and k, s — odd. 

Theorem 4.7. Eq. (1) has a prime period two solutions if and only if 

(D — E) (1 + A + C — B) + 4P(1 — B) > 0, k, s — even and l,t— odd. 

Theorem 4.8. Eq. (1) has a prime period two solutions if and only if 

(E — D) (1 + A + C — B) + 4 D (1 — B) > 0, k,t — even and l,s — odd. 

Theorem 4.9. Eq. (1) has a prime period two solutions if and only if 

A + C + SB > 3, k — even and l,s,t— odd. 

Theorem 4.10. Eq. (1) has a prime period two solutions if and only if 

(D — E) (1 + A — C — B) > 4 DA, s — even and l, k, t — odd. 


Theorem 4.11. Eq. (1) has a prime period two solutions if and only if 

(E — D) (1 + A — C — B) > AEA, t — even and l, k, s — odd. 


Theorem 4.12. Eq. (1) has a prime period two solutions if and only if 

3A + B + C < 1, s. t — even and l, k — odd. 


Theorem 4.13. Eq. (1) has no prime period two solutions if l, k , t and s are an even when 1 +A+B + C ± 0. 

Proof. Let there exists a prime period two solution ...P, Q, P, Q, ...,ofEq. (1). We see from Eq. (1) when 
l, k ,t and s are even 

P = AQ + BQ + CQ + jjQ+EQ > (14) 

and 

Q = AP+BP + CP+„g mi . (15) 

Subtracting (14) from (15) gives 

(1 + A + B + C)(P-Q) =0, 

then 

(P - Q) [{D + E)(A + B + C)(P + Q) + 7] = 0 
Since 1 + A + B + Cy^O, then P = Q. This is a contradiction. Thus, the proof is completed. 
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Example 6. Figure (6) shows the Eq. ( 1 ) has no period two solution when l = 2, k = s = t = 4, A = 0.1, 
B = D = 0.2, C = 0.6, E = 0.3 and 7 = 0.1 and the initial conditions x_4 = 0.2, a:_ 3 = 0.7, a:_ 2 = 0.3, 
£_i = 2.1 and Xq = 1.1. 


plot of x(n+l)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t))) 



n 


Figure 6. Plot the solution of Eq. ( 1 ) has no periodic. 


Theorem 4.14. Eq. (1) has no prime period two solutions if l is an even and k, s, t are an odd when 
A + B -C + 1^0. 


Theorem 4.15. Eq. (1) has no a prime period two solutions if l, k, s, t are an odd when 1 — A + B + C ^ 0. 


Theorem 4.16. Eq. (1) has no a prime period two solutions if k, t, s are an even and l is an odd when 
1 + A + C^B^0. 


5. BOUNDEDNESS OF THE SOLUTIONS OF EQ. (1) 

Theorem 5.1. Let {x n } be a solution of Eq. (1). Then the following statements are true: 

(i) Suppose 7 < D and for some N > 0 , the intial conditions 

•^N— (7+1) • • • 5 ^N—li %N ^ [" d ? > 


are valid, then we have the inequality 

d (A + B + C) + < x n < {A + B + C) + ( 7 +e) , 

for all n > N. 

(ii) Suppose 7 > D and for some N > 0, the intial conditions 

%N— <t+1) •••) %N—1> Tjv £ [l, ~j[)\ , 


are valid, then we have the inequality 

(A + B + C) A ( 7 1 E ) < x n < (A + B + C) + (D2 \^ E ^ 


for all n > N. 

Proof: First of all, if for some N > 0 , E < Xn < 1, we have 


X N+ 1 — Axn + Bxn-1 + CxN-k + Dx N -s+Ex N -t 




-yx N -k 

DxN-s+ExN-t ' 


(16) 


(17) 
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But, it is easy to see that Dxn- s + ExN-t >7 + E, then we get 


xn+i < A + B + C + 

(18) 

Similarly, we can show that 

Xn+1 >%(a+b+c)+ DXN ir + - E k XN _ t 

(19) 

But, one can see that Dxn_ s + ExN-t < D j/A then 


xn+i > % (A + B + C) + D f +lE 

(20) 


From (18) and (20) we deduce for all n > N that the inequality (16) is valid. Hence, the proof of part (i) is 
completed. 

Similarly, if 1 < < jj, then we can prove part (ii) which is omitted here for convenience. Thus, the proof 

is now completed. 
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AN ADDITIVE (a, /^-FUNCTIONAL EQUATION AND LINEAR 
MAPPINGS IN BANACH SPACES 

CHOONKIL PARK, SUN YOUNG JANG*, AND YOUNG CHO 


Abstract. In this paper, we investigate the additive (a, /3)-functional equation 

f{x) +af(ay) = f -1 f(f(x + y)) (0.1) 

for all complex numbers a with |a| = 1 and for a fixed nonzero complex number /3. 

Using the fixed point method and the direct method, we prove the Hyers-Ulam 
stability of the additive (a, /3)-functional equation (0.1) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [21] 
concerning the stability of group homomorphisms. 

The functional equation f[x + y) = f(x) + f(y) is called the Cauchy equation. In 
particular, every solution of the Cauchy equation is said to be an additive mapping. 
Hyers [9] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by 
Rassias [17] for linear mappings by considering an unbounded Cauchy difference. A 
generalization of the Rassias theorem was obtained by Gavruta [8] by replacing the 
unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. See [5, 7, 13, 14, 15, 18, 19, 20, 22] for more information on functional 
equations. 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [2, 6] Let (X,d) be a complete generalized metric space and let J : X — > 
X be a strictly contractive mapping with Lipschitz constant a < 1. Then for each given 
element x G X, either 

d{J n x , J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x ) < oo, Vn > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y e X j d{J n °x, y) < oo}; 

2010 Mathematics Subject Classification. Primary 39B52, 39B62, 47H10. 

Key words and phrases. Hyers-Ulam stability; additive (a, /3)-functional equation; C-linear map- 
ping; fixed point method; direct method; complex Banach space. 
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C. PARK, S. Y. JANG, AND Y. CHO 
(4) d(y,y*) < j^d(y, Jy ) for all y G Y. 

In 1996, Isac and Rassias [10] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [3, 4, 16]). 

In Section 2, we solve the additive (a, /^-functional equation (0.1) in vector spaces 
and prove the Hyers-Ulam stability of the additive (a, /3)-functional equation (0.1) in 
Banach spaces by using the fixed point method. 

In Section 3, we prove the Hyers-Ulam stability of the additive (a, /^-functional 
equation (0.1) in Banach spaces by using the direct method. 

Throughout this paper, assume that X is a complex normed space and that Y is a 
complex Banach space. Let P be a fixed nonzero complex number. 

2. Additive (a, /^-functional equation (0.1) in complex Banach spaces / 
We solve the additive (a, /3 ) -functional equation (0.1) in complex vector spaces. 

Lemma 2.1. Let X and Y be complex vector spaces. If a mapping f : X — > Y satisfies 

f(x) + af(ay) = P~ l f(P(x + y)) (2.1) 

for all x, y G X and all a G T := {y G C | | /i = 1}, then f : X — > Y is C-linear. 

Proof. Assume that / : X — > Y satisfies (2.1). 

Letting x = y — 0 in (2.1), we get (1 + a)/( 0) = P~ l f{ 0) for all a G T. So /( 0) = 0. 
Letting a — 1, y — —x in (2.1), we get f(x) + f(—x) = 0 and so f(—x) = —f{x) for 
all x G X. 

Letting a — 1, x — 0 and replacing y by x + y in (2.1), we get 

f(x + y) = P^fiPix + y)) 

for all x,y G X. Letting a = 1 in (2.1), we get f(x) + f(y) = P~ l f(P(x + y)) and so 

f(x + y) = f{x) + f(y) 

for all x,y G X. 

Letting y = — x in (2.1), we get f(x) + af(-ax) = 0 and so f(ax) = ctf{x) for all 
x G X and all a G T. By the same reasoning as in the proof of [12, Theorem 2.1], the 
mapping / : X — >■ Y is C-linear. □ 

Using the fixed point method, we prove the Hyers-LHam stability of the additive 
(a, /^-functional equation (2.1) in complex Banach spaces. 


356 


CHOONKIL PARK et al 355-363 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


ADDITIVE (a, /3)-FUNCTIONAL EQUATION 

Theorem 2.2. Let (p : X 2 — » [0, oo) be a function such that there exists an L < 1 with 

(2 ’ 2) 

for all x, y E X. Let f : X Y be a mapping satisfying /( 0) = 0 and 

\f(x) + af(ay) - p' 1 f(fi(x + y))\\ < <p{x,y) (2.3) 


for all x, y E A" and all a E T. T/ten t/iere exists a unique C-linear mapping A : X — > Y 
such that 

\\f(x) -A(x)\\ < 2{\ — L \ 7 (0 ? 2 ^) + V{x,x)) (2.4) 

for all x E X. 


Proof. Let a — 1. 

Letting y — x in (2.3), we get 

|2/(t) “/9 -1 /(2/9a;)|| < ip(x,x) 

for all x E X. 

Replacing y by 2x and letting x — 0 in (2.3), we get 

|/(2T)-r7(2/Lr)|| <^(0,2 t) 

for all 

It follows from (2.5) and (2.6) that 

\\f(2x) - 2f(x)\\ < tp(0,2x) + tp(x,x) 


(2.5) 


( 2 . 6 ) 


(2.7) 


for all x E X. 

Consider the set 

S := {h : X -A Y, h( 0) = 0} 
and introduce the generalized metric on S: 

d(g , h) = inf {y E M+ : ||^(x) — h(x) || < y(tp (0, 2x) + <p (x, x)), Vx E X} , 

where, as usual, inf 0 = +oo. It is easy to show that (S, d) is complete (see [11]). 
Now we consider the linear mapping J : S — >■ S such that 

Jg(x) ■■= 2 9 

for all x E X. 

Let g,h E S be given such that d(g, h) = e. Then 

\\g(x) -h{x) || < e((p (0, 2x) + ip (x, x)) 
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for all x G X. Hence 

\\Jg(x) - Jh(x)\\ = 




<2s (<p (0,x) + p 


< 2e— {(p (0, 2x) + (x, x)) = Le(ip (0, 2x) + (x, x)) 

for all x G X. So d(g, h ) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all g, h G S. 

It follows from (2.7) that 

f(x)-2f(^j < ip (0, a;) + V 7 (f j f) — f (0? 2x) + ip (x, x)) 
for all x G X. So d(f, J f) < j. 

By Theorem 1.1, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

A(x) = 2^(|) (2.8) 

for all x G X. The mapping A is a unique fixed point of J in the set 

M = {g G S : d{f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.8) such that there exists a/iG 
(0, oo) satisfying 

\\f(x) - A(x)\\ < fi(<p(0,2x) + <p(x,x)) 

for all iGl; 

(2) d(J l f, A) — > 0 as l — * oo. This implies the equality 


"/(£)=**> 


for all x £ X; 

(3) d(f,A ) < jX-d(f, Jf ), which implies 

nan - ,4(2)11 < 


2(1 - L) 

for all iGl. 

It follows from (2.2) and (2.3) that 

|H(a;) + av4(m/) — (/3(a; + 7 /)) 


(<P (0,2x) + <p(x,x)) 


= lim 2 r 

n— >00 




x + y 


< lim 2 n (p — ) =0 

~ n— 400 r \2 n 2” 
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for all x , y G X and all a G T. So 

A(x) + aA(ay) — fd~ l A (/ 3{x + y)) = 0 

for all x, y G X and all a G T. By Lemma 2.1, the mapping A : X — > Y is C-linear. □ 

Corollary 2.3. Let r > 1 and 0 be nonnegative real numbers, and let f : X — >■ Y be a 
mapping satisfying 

| f(x) + af(ay) - /3 _1 /(/?(a: + y))| < d(||a;|| r + |||/|| r ) (2.9) 

for all x, y G X and all a G T. Then there exists a unique C-linear mapping A : X — > Y 
such that 

\\f(x) - A(x)\\ < l^0\\x\\ r 

for all x e X. 

Proof. The proof follows from Theorem 2.2 by taking tp(x,y) = d(||a;|| r + ||y|| r ) for all 
x,y G X. Then we can choose L = 2 1 ~ r and we get the desired result. □ 

Theorem 2.4. Let ip : X 2 — * [0, oo) be a function such that there exists an L < 1 with 

ip(x,y) < 2L(^(|,|) 

for all x,y e X. Let f : X — y Y be a mapping satisfying /( 0) = 0 and (2.3). Then 
there exists a unique C-linear mapping A : X — >• Y such that 

\\f{x) - 4(x)|| < —^—((p(0,2x)+ip{x,x)) 

for all x e X. 

Proof. It follows from (2.7) that 

f(x) ~\f( 2x ) < ^(<^(0,2x) + <p(x,x)) 

for all x G X. 

Let (S', d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S — > S such that 

Jy(x) := (2x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r < 1 and 6 be positive real numbers, and let f : X — > Y be a 
mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — > Y 
such that 

\\f(x)-A(x)\\<ff^e\\xr 
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for all x G X. 

Proof. The proof follows from Theorem 2.4 by taking ip(x,y) = 0(||a;|| r + |||/|| r ) for all 
1 , 1/6 X. Then we can choose L = 2 r_1 and we get desired result. □ 

3. Additive (a , /^-functional equation (0.1) in complex Banach spaces II 

In this section, using the direct method, we prove the Hyers-Ulam stability of the 
additive (a, /^-functional equation (2.1) in complex Banach spaces. 

Theorem 3.1. Let ip : X 2 — » [0, oo) be a function and let f : X — * Y be a mapping 
satisfying /( 0 ) = 0 and 

■= < oo, 

\f(x) +af(ay) - f(P(x + y))\\ < <p{x,y) (3.1) 

for all x, y G X and all a G T. Then there exists a unique C-linear mapping A : X —> Y 
such that 

II f{x) - A(a:)|| < ^(4/(0, 2x) + T(a;,a:)) (3.2) 

for all x G X . 

Proof. Let a — 1. 

It follows from (2.7) that 

< <f(0,x) + ip 

for all x G X. Hence 



for all nonnegative integers m and l with m > l and all x G X. It follows from (3.3) 
that the sequence {2 k f(§^)} is Cauchy for all x G X. Since Y is a Banach space, the 
sequence {2 k f(fk)} converges. So one can define the mapping A : X — > Y by 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.3), we get 
(3.2). 
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Now, let T : X — >• Y be another additive mapping satisfying (3.2). Then we have 

IDW-rW|| = 

* K£H^)IHK£H'(s)l 

which tends to zero as q — * oo for all x G X. So we can conclude that A{x) = T[x) for 
all x G X. This proves the uniqueness of A. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — y Y be 
a mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — > Y 
such that 

for all x G X. 

Proof. The proof follows from Theorem 3.1 by taking <p(x,y) = d(||a;|| r + |||/|| r ) for all 
x,y e X. □ 

Theorem 3.3. Let p : X 2 — > [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0, (3.1) and 

OO ^ 

^(®,J/) : = E A 7 ^( 2 ^, 2 J y) < oo 
j=o z 

for all x,y G X . Then there exists a unique C-linear mapping A : X — >• Y such that 

II f{x) -4(x)|| < ^(T(0, 2x) + ^(x,x)) (3.4) 

for all x G X . 

Proof. It follows from (2.7) that 

f( x ) ~ \f( 2x ) <(<^(0,2 x) + <p(x,x)) 

for all x G X. Hence 

1 1 m— 1 1 1 

57/(2'*) - -/(2”V) < y -/ (Vx) - —f (2^x) (3.5) 

3=1 

m_1 / I 1 \ 

< E 2J+lx ) + ^TT^(2 J a;, 2**)} 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (3.5) 
that the sequence {^/( 2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {^/( 2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim — /( 2 n x) 

V ’ n— >00 2 n V 

for all x G X. Moreover, letting l = 0 and passing the limit m — >• 00 in (3.5), we get 
(3.4). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.1. □ 

Corollary 3.4. Let r < 1 and 9 be positive real numbers, and let f : X — > Y be a 
mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — » Y 
such that 

\\f(x)-A(x)\\<YY()\\z\\ r 

for all x G X . 

Proof. The proof follows from Theorem 3.3 by taking <p(x,y) = d(||a;|| r + ||j/|| r ) for all 
x, y G X. □ 

Acknowledgement 

S. Y. Jang was supported by Basic Science Research Program through the National 
Research Foundation of Korea funded by the Ministry of Education, Science and Tech- 
nology (NRF-2013007226). 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 
(1950), 64-66. 

[2] L. Cadariu, V. Radu, Fixed points and the stability of Jensen’s functional equation, J. Inequal. 
Pure Appl. Math. 4, no. 1, Art. ID 4 (2003). 

[3] L. Cadariu, V. Radu, On the stability of the Cauchy functional equation: a fixed point approach, 
Grazer Math. Ber. 346 (2004), 43-52. 

[4] L. Cadariu, V. Radu, Fixed point methods for the generalized stability of functional equations in 
a single variable, Fixed Point Theory Appl. 2008, Art. ID 749392 (2008). 

[5] A. Chahbi, N. Bounader, On the generalized stability of d'Alembert functional equation, J. Non- 
linear Sci. Appl. 6 (2013), 198-204. 

[6] J. Diaz, B. Margolis, A fixed point theorem of the alternative for contractions on a generalized 
complete metric space, Bull. Am. Math. Soc. 74 (1968), 305-309. 

[7] G. Z. Eskandani, P. Gavruta, Hyers-Ulam-Rassias stability of pexiderized Cauchy functional equa- 
tion in 2-Banach spaces, J. Nonlinear Sci. Appl. 5 (2012), 459-465. 

[8] P. Gavruta, A generalization of the Hyers- Ulam-Rassias stability of approximately additive map- 
pings, J. Math. Anal. Appl. 184 (1994), 431-43. 

[9] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. U.S.A. 27 
(1941), 222-224. 

[10] G. Isac, Th. M. Rassias, Stability of if -additive mappings: Applications to nonlinear analysis, 
Internat. J. Math. Math. Sci. 19 (1996), 219-228. 


362 


CHOONKIL PARK et al 355-363 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


ADDITIVE (a, ^-FUNCTIONAL EQUATION 

[11] D. Mihet;, V. Radu, On the stability of the additive Cauchy functional equation in random normed 
spaces , J. Math. Anal. Appl. 343 (2008), 567 572. 

[12] C. Park, Homomorphisms between Poisson JC* -algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97. 

[13] C. Park, Orthogonal stability of a cubic-quartic functional equation , J. Nonlinear Sci. Appl. 5 
(2012), 28-36. 

[14] C. Park, K. Ghasemi, S. G. Ghaleh, S. Jang, Approximate n-Jordan * -homomorphisms in C* - 
algebras, J. Cornput. Anal. Appl. 15 (2013), 365-368. 

[15] C. Park, A. Najati, S. Jang, Fixed points and fuzzy stability of an additive-quadratic functional 
equation, J. Cornput. Anal. Appl. 15 (2013), 452-462. 

[16] V. Radu, The fixed point alternative and the stability of functional equations, Fixed Point Theory 
4 (2003), 91- 96. 

[17] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Am. Math. Soc. 
72 (1978), 297-300. 

[18] K. Ravi, E. Thandapani, B. V. Senthil Kumar, Solution and stability of a reciprocal type functional 
equation in several variables, J. Nonlinear Sci. Appl. 7 (2014), 18-27. 

[19] D. Shin, C. Park, Sli. Farhadabadi, On the superstability of ternary Jordan C* -homomorphisms, 
J. Cornput. Anal. Appl. 16 (2014), 964-973. 

[20] D. Shin, C. Park, Sh. Farhadabadi, Stability and superstability of J* -homomorphisms and J* - 
derivations for a generalized Cauchy- Jensen equation, J. Cornput. Anal. Appl. 17 (2014), 125-134. 

[21] S. M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960. 

[22] C. Zaharia, On the probabilistic stability of the monomial functional equation, J. Nonlinear Sci. 
Appl. 6 (2013), 51-59. 

Research Institute for Natural Sciences, Hanyang University, Seoul 04763, Repub- 
lic of Korea 

E-mail address: baakShanyang . ac . kr 

Department of Mathematics, University of Ulsan, Ulsan 44610, Republic of Korea 

E-mail address: jsym@ulsan.ac.kr 

Faculty of Electrical and Electronics Engineering, Ulsan College West Campus, 

Ulsan , Republic of Korea 

E-mail address: ycho@uc.ac.kr 


363 


CHOONKIL PARK et al 355-363 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Riemann-Liouville fractional Hermite-Hadamard 
inequalities for h - preinvex functions 

Tingsong Du 1 * Shanhe Wu 2 Shoujiang Zhao 1 Muhammad Uzair Awan 3 

1 Department of Mathematics, College of Science, China Three Gorges University, 
Yichang 443002, Hubei, P. R. China. 

2 Department of Mathematics, Longyan University, 

Longyan 364012, Fujian, P. R. China. 

3 Department of Mathematics, Government College University, Faisalabad, Pakistan. 
* Corresponding author E-mail: tingsongdu@ctgu.edu.cn 


Abstract 

In this paper, we first prove two Hermite-Hadamard type inequalities for 
h- preinvex functions via Riemann-Liouville fractional integrals, and then, by 
introducing an integral identity including the second order derivatives of a given 
function, we establish some Hermite-Hadamard type inequalities for functions 
whose second order derivatives are /i-preinvex via Riemann-Liouville fractional 
integrals. 

2010 Mathematics Subject Classification: Primary 26A33; 26A51; Secondary 
26D07, 26D20, 41A55. 

Key words and phrases: Hermite-Hadamard’s inequality; /i-preinvex func- 
tions; Riemann-Liouville fractional integrals. 


1 Introduction 


In [27], Sarikaya et al. considered Hermite-Hadamard type inequalities involving 
Riemann-Liouville fractional integrals and established the following interesting 
inequalities. 

Theorem 1.1 Let f : [u, u] — > M be a positive function with 0 < u < v and 
let f £ L 1 [u,v\. Suppose f is a convex function on [u,v\, then the following 
inequalities for fractional integrals hold: 



< 


r(q + l) 

2(v — u) a 


[jz + m + j:-f(u )] < 


f(u) + f{v) 
2 


( 1 . 1 ) 


1 
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where the symbol Jff+f and J a -f denote respectively the left-sided and right- 
sided Riemann-Liouville fractional integrals of the order a £ R + defined by 

J u+f( x ) = f^[ (x-t) a ~ l f{t)dt, u<x 
r ( a ) Ju 

and 

Jv-f( x ) = x < v. 

1 (a) J x 

Here, r(o) is the Gamma function and its definition is 


fC 

T(a) = / 
JO 


e 1 d p. 


We observe that, for a = 1, the inequality (1.1) can be reduced to the 
following termed Hermite-Hadamard inequality 


/ 


u + v 
2 


< 


1 


v — u , 


f(x)dx < 


f{u) + f{v) 


( 1 . 2 ) 


where / :/ C R — >■ R is a convex mapping on the interval I of real numbers and 
u,v £ I with u < v. 

In recent years, many researchers have studied error estimations with respect 
to the inequality ( |1.2[ ); for refinements, counterparts, generalization please refer 

to mmmmmm- 

We evoke, now, some basic definitions as follows. 

Definition 1.1 (\3$ ) A set S C is said to be invex set with respect to the 
mapping g : S x S — »• M", if x + trj(y, x) £ S for every x,y £ S and t £ [0, 1] . 
The invex set S is also termed an y-connected set. 


Definition 1.2 fllfffl ) A function f defined on the invex set I\ C K" is said to 
be preinvex respecting y, if 


f(x + ty(y,x)) < (1 -t)f{x) +tf{y),Vx,y £ K,t £ [0,1]. (1.3) 


The function f is said to be preincave if and only if —f is preinvex. 

Very recently, some new generalizations of integral inequalities in connection 
with the preinvexity were explored by Du, Liao and Li [8|, Hussain and Qaisar 
[SJ, Latif and Dragomir [TJ, Li and Du [T5], respectively. 

Definition 1.3 Let /i:JCR-jlka positive function, h ^ 0. We 

say that f : I C M — ► K is h-convex, or that f belongs to the class SX(h.,I), if 
f is non-negative and for all x,y £ I and t £ (0, 1), one has 

f(tx + (1 - t)y) < h(t)f(x) + h{ 1 - t)f(y). (1.4) 

If inequality a is reversed, then f is called h-concave, i.e. f £ SV(h,I). 


2 
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If h{t) = t, then any non-negative convex mapping belongs to SX(h,I) 
and each non-negative concave mapping belongs to SV(h,I ); if h(t) = t, then 
SX(h,I) = Q(I ); if h(t) = 1, then SX(h,I) 2 P(- 1); and if h(t) = t s for 
s £ (0, 1], then SX{h,I) 2 K 2 . 

Definition 1.4 (fl Vj) Let h : [0, 1] — >• R be a non-negative function and h ^ 0. 
The function f on the invex set X is said to be h-preinvex with respect to y, if 


/( x + ty(y, x)) < h(l - t)f(x) + h(t)f(y ) 


(1.5) 


for each x,y £ X and t £ [0, 1] where /(•) > 0. 

Definition 1.5 (JSTf ) We say that h : J Q M. — 1 I is a super-multiplicative 
function, if for any x,y £ J with xy £ J , one has 


h(xy) > h{x)h{y). 


Definition 1.6 (JTf) We say that h : J C.M. M. is a super-additive function, 
if for every x,y £ J with x + y £ J , one has 


h{x + y) > h(x) + h(y). 


In order to prove some of our results in the present paper, we need the 
following Condition C given by Mohan and Neogy in 1H1 . 

Condition C: Let y : R n x R" — > R”, we say that the mapping y satisfies 
the condition C if for any x, y £ R n , 


(Ci) y(x,x + ty(y,x)) =-ty(y,x), 
(C 2 ) y(y, x + ty(y, x)) = (1 - t)y{y, x), 


for all t £ [0, 1]. 

Note that for any x, y £ R n , t\, t 2 £ [0, 1] and from Condition C, we can deduce 



Also, if ti = 0, we have 



In pi], Noor et al. proved the following variant of the Fejer-Hermite- 
Hadamard inequality type under /i-preinvexity. 

Theorem 1.2 Let f : I CR-> (0,oo) be an h-preinvex function with y{v,u) > 
0, h{\) 0 and letw : [u;u+y(v,u)] — > R is a non-negative, integrable function 

and symmetric regarding u+ ^y (v,u), then recurring to Condition C, we have 


u-\-r)(v,u ) 


u-\-ri(v, u) 



u 


u 



u 


( 1 . 6 ) 
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Corollary 1.1 In Theorem 1.2, letting w(x) = 1 or ^ , 


we can obtain 


1 / 2u + r](v,u) \ < 1 

2 h{\) V 2 / _ r]{v,u) 


u-\-r](v,u ) 


f(x)dx< + ^ V \ h(t) + h(l - t)], 


(1.7) 


specially for rj{v, u) = v — u, we can get 


V(^)^/ 


2 h{\) 


f(x)dx < + — - [h{t) + h{ 1 - t)}. (1.8) 


Corollary 1.2 In Theorem 1.2 if f is an h-preincave function and w(x) = 1 
or T(hr)- we can 9et 

f{u) + f(v) 


u-\-rj(v,u ) 

+ / /<l)dl £ 2^T)K 


1 (2u + rj{v,u) 


(1.9) 


In some of the recent literatures, Riemann-Liouville fractional Hermite- 
Hadamard type inequalities are applied widely in the field of analysis, and many 
new results of fractional Hermite-Hadamard type inequalities are gained based 
on the original Hermite-Hadamard inequalities for functions of different classes. 
For example, refer to for convex functions H EHUl H33 123 HB], for ?n-convex 
functions [32] GS] and (s,m)-convex functions [2], for r-convex functions 33 . 
for harmonically convex functions mm, for quasi-geometrically convex func- 
tions m, for GA-s-convex functions [TS] , for preinvex functions [231 j2S], for 
(a, m)-preinvex functions [5], for h- convex functions [20] and references cited 
therein. 

Motivated and inspired by these results and the recent developments in this 
area, in the present paper, two Hermite-Hadamard’s inequalities for h- preinvex 
functions via fractional integrals are firstly established and the obtained results 
of [30] are generalized. Secondly, a second-order new identity for fractional inte- 
grals is found. By virtue of this integral identity, we present the left-sided new 
Hermite-Hadamard type inequalities for h- preinvex functions and /i-preincave 
functions via Riemann-Liouville fractional integrals. Some results proved in this 
paper can be viewed as generalization of several known results of [29., 30l . 


2 Main Results 

In this section, we are going to prove our main results. 

Theorem 2.1 Let f : I C R — ► (0,oo) be an h-preinvex function with p(b,a) > 
0 and f £ Li [a, b] . Then one has the following inequality recurring to Condition 
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C via fractional integrals 


r(a) 


[j“ + /(a + 7 ,( 6 , a)) + J(a+ V (b, a ))~ /( a ) 

< [f(a) + f(a + r](b,a))] I t^ 1 [h(t) + 6(1 - t)]dt 

Jo 

2[/(a) + /(<> + »(!>, a))] ( j\ h(t) y A \\ 


( 2 . 1 ) 


(ap — p + 1) p 

where p^ 1 + q -1 = 1 with p,q > 1. 

Proof. Since / is 6-preinvex, we have 

/(* + (1 - t)v (y, %)) < h{t)f(x) + h( 1 - 2)/(y) 

and 

f{x + tr)(y , x)) < 6(1 - 2)/(x) + h(t)f(y). 

By adding these inequalities we can deduce 

f(x + {l-t)r](y,x)) + f(x + tri{y,x)) < [6(2) + 6(1 - t)][f(x) + f(y)}. (2.2) 

By employing ( 2 . 2 ) with x = a and y = a + 77(6, a) we have 

/(a + (1 - 2)77(0 + 77(6, a), a) j + f(a + tr)(a + 77(6, a), a)) 

< [ 6 ( 2 ) + 6(1 - t)] [/(a) + /(a + 77(6, a))] . 

By making use of Condition C for the left hand side of ( | 2 . 3 [ > , we can get 

f(a + (1 - 2)77(0 + 77(6, a), a)j + f(a + tr)(a + 77(6, a), a)) 

= /(a + (1 - 2)77(6, a)) + /(a + £77(6, a)). 

Utilizing ( | 2 . 4 [ ) in ( | 2 . 3 | , we have 

/(a + (1-2)77(6, a)) + / (a + 277(6, a)) 

< [6(2) + 6(1 - 2)] /(a) + /(a + 77(6, a)} 


( 2 . 3 ) 


( 2 . 4 ) 


( 2 . 5 ) 


Then multiplying both sides of ( 2 . 5 ) by t a 1 and integrating the resulting in- 
equality with respect to t over [0, 1], we obtain 

J t 0-1 /(a + (1-2)77(6, a)) + /(a + £77(6, a), a)) d2 

< [ 2 a_1 [6(2) + 6(1 — 2)] [/(a) + /(a + 77(6, a))] d2 
Jo 
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and 


r(a) 


[^ Q +/(« + V(b, a)) + J( a+ri{b , a)) -f(a) 

< [/(a) + f(a + 77(6, a))] [ t 01-1 [h(t) + h(l - t))dt 

Jo 


( 2 . 6 ) 


and therefore the first inequality of (2.1 ) is proved. 


the right hand side of (2.6), we get 


To prove the second inequality in (2.1 ), by virtue of Holder’s inequality for 


j t a ~ i [h{t)+h{i-t)]dt < [j (t a ~ i ) p d *y(J {Ho+m-oydty 

= L P -p+i Y(J„ 

Due to the Minkowski inequality, we may deduce 

( ap-p+l Yii W‘) + h(l ~ • 


< 


ap-; 


jtt )'[(/ + d w 1 - < » ,df 


(ap — p + 1) p \Jq 
where the proof is completed. 


(h(t)) q dt) , 


We point out, now, some special cases of Theorem 2.1 


Corollary 2.1 Letting r](b 7 a) =b — a, the inequalities \2.1ty reduce to Theorem 
2.1 given by Tung in fM Page 561}. 


Corollary 2.2 In Theorem \2. 1\ letting a = 1. we can deduce 

1 ra+ri(b,a ) rl 

f(x)dx < f(a) + f(a + r](b,a)) / h(t)dt 

1 J Jo 


V(b, a) J a 


< 


f(a) + f(a + rj(b,a)) ( ^ ( h(t)) q dt 


for h-preinvex functions. 

Corollary 2.3 (1) If we take h(t) = t in Corollary \2.2\ we get 

1 ^ ^ ^ f( a ) + /(a + 77(6, a)) ^ /(a) + /(a + rj(b, a)) 

j (^’Jarr S „ S 


V (b,a) 


(q + l)‘ 
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for preinvex functions. 

(2) If we take hit ) = 1 in Corollary 2.2 we have 


fa-\-rj(b,a ) 


v(t>, 


f(x)dx < f(a) + f(a + rj{b, a)) 


for P -preinvex functions. 

(3) If we take h(t) = t s in Corollary\2.2\ we also obtain 


1 


V(b,a) J a 


a+V(b ’ a) fix) dx < /W + /(« + ^«)) < /(a) + /(a + v(b, a)) 


s + 1 


{sq + l) 9 


for s-preinvex functions in the second sense with s £ (0, 1] . 


Theorem 2.2 Let f : I — >■ (0, oo) be an h-preinvex function with rjib,a) > 0, h. 
be super- additive on I and f £ Li[a,b\, h £ Li[0, 1]. Then one has inequality 
for h-preinnvex functions via fractional integrals 


rfib^a) [ J ° +/ ' ( a + ??(6 ’ a) ) + J (a+ v ( b ,a))-fia)] < ^ [/(a) + /(<* + »?(M))]- 

(2.7) 


Proof. Since / is h- preinvex and h is super-additive, by virtue of (2.5 1, we have 


/(a + (1 - t)r]ib, a)) + /(a + a)) < [h(t) + h(l - t)] [/(a) + /(a + 77 ( 6 , a))] 

< /i(l)[/(a) + /(a + 77 ( 6 , a))]. 

( 2 . 8 ) 


Then multiplying both sides of (2.8) by t a 1 and integrating the resulting in- 
equality respecting t over [ 0 , 1 ], we get 


and 


f(a + (1 - t)rjib, a)) + f(a + tiqib, a)) 


< t a 1 /i( 1) fia) + /(a + 77 ( 6 , a)) d t 


r}<*(b,a) J a+f( a + T l( b ’ a )) + J (a+ri(b,a))-f( a ) 

< h{l) fia) + fia + 77 ( 6 , a)) [ t a ~ 1 dt, 




(2.9) 


which completes the proof. 

As special cases, we provide the following results for the Theorem 2.2 


Corollary 2.4 Letting r]ib,a) = b — a, the inequality (2.7) reduces to Theorem 
2.4 proven by Tung in m Page 562]. 


7 
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Corollary 2.5 If we take a = 1 with r](b, a) = b — a in Theorem 2.2 then the 
inequality ( 2 . 1 ) becomes a special version of right hand side of ( 1 . 8 ). 

We prove, next, some Hermite-Hadamard type inequalities for mappings 
whose derivatives are differentiable h- preinvex via fractional integrals. To do 
this, we present the following lemma. 

Lemma 2.1 Let A C K. be an open invex subset with respect to 77 : A x A — / R 
and a,b £ A with rj(b, a) > 0 . Suppose that f : A — ► R. be a twice differentiable 
function on A. If f" £ L[a, a+r/(b, a)\ , then the following identity for Riemann- 
Liouville fractional integrals with a > 0 holds: 


T(q + 1) 
2?7 “(M) 
V 2 {b,a) 


where 


Proof. Set 


J a+ /(« + V{b, a)) + J ( “ +)7(M) - /(a) 
1 

[ (t- \{t))f"(a + trj{b,a))dt+ I 


j. ( 2 a + T](b, a) 


((! ~t)~ A (t))/"(a + tr](b, a))dt 

( 2 . 10 ) 


h = 


I 2 = 


m = 

V 2 (b,a) 

2 

V 2 {b,a) 


1 - t a+1 - (1 - t ) a+1 
a + 1 


( 2 . 11 ) 


tf'(a + tr](b, a))df, 

L 

(l-t)f"(a + tr)(b, a))dt, 


and 


h = 


2 {b, a) f 1 1 - t a+1 - (1 - t ) a+1 


a + 1 


f"(a + tr)(b, a))dt. 


Since a,b £ A and A is an invex set regarding 77, for every t £ [ 0 , 1 ], we have 
a + tii(b, a) £ A. Integrating by part yields that 


h = 


r? 2 (M 


V(b, a) 


tf'(a + tr}(b,a)) 


0 77(6,0) 7 0 


/'(a + 677(6, a))dt 


77(6,0)^20 + 77(6,0)^ l t ^ 

—4—/ ( 2 ' " 2 A a + ^(M) 

rj(b, a) , , 2a + 77(6, a). 1 r / 2 a + 77(6, a) 


■/'( 




4 J v 2 
Analogously we also have 

77(6, a) ,,20 + 77(6, a), 1 


-) - /(a) 


h = — 




) + 2 [f( a + v(b,a)) - f[ 


/2a + 77(6, a) 
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On the other hand, integrating by part, it yields that 


As = 


?y 2 (6, a) 


i _ j-a+l _ (1 _ 7la+l 

[ ’ f(a + t V (b,a )) 


(a + 1 )??(&, a) 


— (a + l)t a + (a + 1)(1 — t) c 


y 2 (b, a) 


(a + 1 ) 77 ( 6 , a) 
t a - (1 - t) 


/'(a + tg(b , a))df 




77 2 (6,a) 

H- gi( 1 — t) 


Jo 

/(a) + /(a + ii 7 (&,a)) a 
2 2 


f(a + tg(b , a)) 

/(a + tg(b, a))dt 

J (i“ _1 + (1 -i)“ _1 )/(a + t7?(&,a))dt 


(2.12) 


Let u = a + tg(b, a) and using the reduction formula T(a + 1) = oT(a)(a! > 0) 
for Euler gamma function, we get 

f l + *7(6. a )) d * = oj J (a +) 7(b,«))-/( a ) ( 2 ' 13 ) 

and similarly we also have 

^ L (! ~ 0 a ' V(« + Mb, a))dt = ^ J„+/(a + tg(b, a)). (2.14) 

Applying ( |2.13[ ) and ( 2. 14| ) to ( |2.12 1 , we obtain 
f(a) + f(a + y(b,a)) T(a + 1) 


Is = 


2 2g a (b,a) . 

From / 1 , /2 and 13 , it follows that 

r(a + l) 


J°+f(a + V(b, a)) + J(“ + n {b,a))~ /(a) 


h + 12 ~ h = 


2rj a (b,a) l 


Ja+f(a + y(b, a)) + J( a+ r,(b, a)) -f( a )\ - , 


which is the desired result. The proof of Lemma 2.1 is completed. 


Corollary 2.6 Letting g(b,a) = b—a, the formula (2.10) reduces to lemma 2.1 


given by Zhang and Wang in fSSl page f]. Clearly, the obtained Lemma \2. 1\ in 
the present paper is an extension of a result proved by Zhang et al. in 


With the aid of Lemma |2.1[ let us begin with our next results involving 
fractional integral inequalities for h- preinvex functions. 

Theorem 2.3 Let A: JClql ([0, 1] C J) be a non-negative function and 
h(t) > t for 0 < t < 1. Suppose that f : [a, a + g(b,a)\ C [0,oo) — > R be a 
twice differentiable mapping on (a, a + gib, a )) with rj(b,a) > 0 such that f" 
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£ L\[a,a + rj(b,a)]. If \f"\ is h-preinvex on [a,a + rj(b,a)], then the following 
inequality for fractional integrals with a > 0 hold: 


r(a+l) 


2 7 j“( 6 , a) 

V 2 (b,a) 


Ja+f( a + V(b,a)) + ^(a +J) ( 6 , „))-/(«)] -/( 


2 a + r)(b , a) 


< 


L Jo 


( t_ 


M*)dt + J i ((l-t)-\{t))h{t)dt\[\f”(a)\ + \f‘ 

(2.15) 

where X(t) is defined by \2.11 ). 

Proof. From Lemma |2.1| and properties of absolute value, we have 


< 


2ri a (b, a 
V 2 (b,a) 


r(a + !)r , -i /2a + rj(b, a) 

Ja+f( a + V(b,a)) + J ia+V( b, a) )~f(a)\ ~f[ 

rh r\ 

\t — A(£)| \f"(a + trj(b, a)) |d£ + / | (1 — t) — A(f)| |/"(a + tr](b, a)) |d£ 

** i 

t\f" {a + tr](b, a)) \dt + f (1 — f)|/"(a + trj(b, a)) |df 


L Jo 


rj 2 (b,a) 


- f \(t)\f'(a + tr](b,a))\dt 
Jo 


(2.16) 


According to the h-preinvexity of |/"| on [a, a + 77 ( 6 , a)] , we have 


r(a + l) 


Ja+fi a + v(b,a)) +J(*a+ V (b,a))-f( a ) 


< 


2y a (b,a) L 
r] 2 (b,a) 


h(l-t)\f"(a)\+h(t)\f"(b)\ d t+ (1-t) h{l-t)\f"(a)\+h(t)\f"(b)\ 


dt 


- / aw Mi-^irwi+M^irwi 


d£ 


rj 2 (b,a) 


|/"(a)| / th(l — t)dt+ / (1 — f)h(l — t)dt — / A(f)/i(l — t)d£ 


L Jo 


+ |/"( 6 )| / £/i(t)dt+ / (1 — t)h(t)dt — / A(£)/i(£)dt 
L Jo Ji Jo 

V 2 (b,a) 


JO 


(t- \{tf)h(t)dt+ I ((1 -£) - A(t))/i(t)d£ (|/"(a)| + |/" 


(2.17) 


where we use the following fact that 


t/i(l — f)d£ = / (1 — t)/i(t)d£, 


10 
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th(t)dt = (1 — t)h{ 1 — t)dt 


and 


/ X{t)h(l — t)dt = f X(t)hft)dt. 
Jo Jo 


Hence, we obtain the required inequality (2.15). This completes the proof of 
Theorem 12.31 


Let us discuss some special cases of Theorem |2.3 


Corollary 2.7 Under conditions of Theorem 2.3 if we choose h(t) = t , then 
(2.15) becomes the following inequality for preinvex functions 

T(a + l)r , , I (2a + r](b,a)' 

2r 1 a (b, a) + ^ (6 > a) ) + J (°+4(M))- /(«)J " /(- 

r] 2 (b, a) \ a 2 — a + 2 


< 


i/»i + \m 


16 L(a + l)(a + 2). 

specially for a = 1 and rj(b, a) = b — a, we get the following inequality for convex 
functions 


1 


6-, 


f{x)dx - /( 


a + b 


< 


{b-af\\f”{a)\ + \f"{b)\ 
24 


which is is the same as the inequality established by Sarikaya, Saglam, and 
Yildirim in \29\ Theorem 3]. 

Also, in Theorem\2.3\ letting h(t) = 1, then we get 


T(a + l)r . I f2a + rj(b,a) 

2rj a (b, a) [ J ° +f ( a + ^ a) ) + (M)" /(«) J - / ( 3 


< 




^4 (a + l)(a + 2) 


)} 


for P -preinvex functions. 


Corollary 2.8 In given conditions of Theorem \2.3[ if we take h(t) = t s , then 
(2.15) reduces to the following inequality for s-preinvex functions 


r ( a + !) T 7 a f( . n s\ P tf A ,/2a + r/(b, a) 

2r] a (b, a) r«+/( a + ^ a )) + J (a+r,(t»,a))-/( a )J - f{ 2 


< 




irwi + irwi 


2 S+1 _ ! 


1 


/3(s + 1 ,qi-1 2) 

J L2 s+1 (s + l)(s + 2) (s + l)(s + a + 2) + a + 1 


Corollary 2.9 In Theorem 2.3. if \f"(x)\ < M, then (2.15 ) becomes the fol- 
lowing inequality 


T(a + 1) 


2 r) a (b,a) L 
< Mr] 2 {b , a) 


J“ + /(a + r;(6,a)) + J ( “ +r/(M)) -/(a) -/( 

1 

th(t)dt - 


2 a + rj(b , a) 


(1 — t)h(t)dt — [ X(t)h(t)dt 


L4o 


11 
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where A (t) is defined by \2.11 ). 

Theorem 2.4 Let h : J C I — > R ([ 0 , 1 ] C J) be a non-negative and h(t ) > t 
for 0 < t < 1 . Suppose f : [a, a + rj(b , a)] C [ 0 , oo) — > K be a twice differentiable 
mapping on (a, a + 77(6, a)) with rj(b , a) > 0 such that h q , f" £ L\ [a, a + rj(b , a)] 
and p -1 + g -1 = 1 with p,q > 1 . If \ f"\ is h-preinvex on [a, a + 77(6, a)], i/ien 
t/ie following inequality for fractional integrals with a > 0 hold: 


r(a + l) 


< 


2t?“ (6, a) 
r] 2 (b,a) 


7 “+/(o + ri(b, a )) + J,“ /(«)] - /( 2 “ + ’ 7 * ! ’’ 


|/"(a)| + |/"(fc)|]J (-)'(-) 


1\ 1+ ? 


2 

/i 9 (f)df^ 


1 (pa + p — 1\ p 


/ pa+p - iy 
V pa + p + 1 / 


a + 1 Vpa + p + 1 


/i 9 (f)di 


h 9 


( 2 . 18 ) 


Proof. Continuing from inequality ( 2.171 in the proof of Theorem 2.3 using 
properties of absolute value again, recurring to definition of A(f) and Holder’s 
inequality, we have 


r(a + l) 


< 


2?7 a (6, a) K +/(a + 77(61 a)) + J (“+^(M))-/( a ) J ~ f{ 
r] 2 (b,a) 


(2a + 77(6, a) 


l/"(a)l + l/"(6)l 

A , „i 


70 


>0 


h q (t)dt] +( / (1 — t) p dt ) ( j h q (t)dtj 


1 


a + 1 


< 


V 2 (b, a) 


(1 -t a+1 - (l-t) a+1 ) P dt 

irwi + irwi 


/i 9 (f)df^) 


{ (yn) ' © 1+ " f (r '* ,(t)di ) ' + (/ 


1 /pa + p — ly 
Vna + v + 1/ 


/i 9 (t)di ] 




a + 1 Vpa + p + 1/ 

To prove the second inequality above, we use the following fact that 


t p dt = / (l^t.) p dt = 


1 


and 


J (l-t“ +1 -(l-t) a+1 ) P dt< 


2 P+ 1 (p+ 1) 

pa + p — 1 


pa + p + 1 ’ 


( 2 . 19 ) 


( 2 . 20 ) 


12 
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where we use the following inequality 

(1 - t a+1 - (1 - t) a+1 ) P < 1 - t p{a+1) - (1 - t) p(a+1) 
for any t £ [0, 1], which follows from 

{A - B) p < A p — B p 


for any A > B > 0 and p > 1. 

Hence, we can get the desired result (2.18). 


We give, now, some special cases of Theorem |2.4| 

Corollary 2.10 In Theorem \2.4\ if we take p = q = 2, then we get 

'2a + r]{h , a) 


< 


r(q + 1) 

2 r} a (b, a) - 
rfip, a 


Ja+f(a + v(b,a)) + J( a+riM) -f(a) J - /(- 


1/ ( a )l + \f (b)\ 

1 / 2a + l \i/ f 1 

a + 1 V 2a + 3 / \ Jg 

where h is super-multiplicative. 


/-L 

[ 2\/6 


h(U 


h(t 2 )dt^ " + ( / h(t 2 )dtj 


Corollary 2.11 Under assumptions of Theorem \2.4\ letting h{t) = t, then the 
inequality (2.18) becomes the following inequality for the preinvex function 


r(a + l) 


< 


2r) a (b,a) - 
V 2 (b,a)f 1 


J a “ + /(a + V (6, a)) + J? a+vM) -f(a)\ /( 


(^TT )'[lH«)l + !/"(&)( 




2 a + rj(b , a) 


1 rpa+p - In i I 
V pa + » + 1 7 (’ 


a + 1 \pa + p + h 
specially for a = 1, we get the following inequality for preinvex functions 


1 




< 


2 v(b, a) } a 
ri 2 (b,a) ( 1 


(— y) 5 [ i/»i + i/'»i 
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In Theorem 2-4, if we choose h(t) = 1 , then we get 

F(a + i) [ rQ ,, , / 7 \ \ . jet ft A f /2a + 77(6, a) \ 

— — — [J a+ /(a + ??(6,a)) + J (a+ ^( M) )-/(a)J -/(^ - J 


2r] a (b, a) . 


< 


'/»™i 


1 ( pa + p — 1\ p 


a + 1 \pa + p + 1 / 


for P-preinvex functions. 


Corollary 2.12 In Theorem 2.4 if we take h(t ) = t s , then the inequality (2.18) 


becomes the following inequality for s-preinvex functions 
j“ + /(a + n(b, a)) + J( a +ri(b,a))- f ( a )\ ~ /( 


< 


r(a + l) 

2 V a (b,a) L 
p 2 (b,a) 


( — Iyt) ? [l/ ,, ( a )l + \f"(b)\ 

Vsg + 1 / L 


(^rGnGr+^y 


2 a + 77(6, a) 
2 


1 /pcc+p-ly 

V va + v + 1 / 


a + 1 \pa + p + 1 


Theorem 2.5 Let h : J C I — ► K. ([0,1] C J) be a non-negative and super- 
multiplicative function, h(t) > t for 0 < t < 1. Assume that f : [a, a + rj(b , a)] C 
[0, 00) — ► R. fee a twice differentiable mapping on (a, a + 77(6, a)) with i){b,a) > 0 
suc/i that f" £ Li[a,a + rj(b,a)]. If \f''\ q is h-preinvex on [a, a + 77(6, a)] , q > 1 
and |/"(a;)| < M, x £ [ a,a+rj(b,a )], then the following inequalities for fractional 
integrals with a > 0 hold: 


r(a + l) 


2rj a (b, 1 


J?+f(a + V(b,a)) + J? a+nM) -m /( 


< 


Mrj 2 (b,a) f / 1 \ 1_ i r/ f 2 


() 


< 


2 

2« Q - 1 

+ 2«“(a + l)Vy 0 
Mri 2 (b,a) f / 1 \ 1_ i r/ f 2 


0 


2 

2« a - 1 
29 “ (a + 1) W 0 


t[/i(t) + /i(l — ; 

[/i(t) + /i(l — f)]dt^ 

[h(f 2 ) + h(t — t 2 )]dt^ 


[h(t) + h( 1 — f)]df 


2 a + 77(6, a) 

~ 2 

(1 - t)[h(t) + h( 1 - 

( 2 . 21 ) 


1 r 


/i(t — f 2 ) + m (1 — t) 


dt 


( 2 . 22 ) 


Proof. Continuing from inequality ( 2.161 in the proof of Theorem 2.3 using 


properties of absolute value again, recurring to definition of A (t) and power 


14 
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mean inequality for q > 1, we have 


r ( a + 1 )r T a f, , a. W > ra t ( , ( 2a + T]{b, a) 

2 v a (b, a) [ J a+f( a + T l( b ’ a )) + J (a+ n (b,a))-f( a )\ ~ /( 2 


< 


r] 2 (b,a) 


1— — /* — 

fdf^ 9 ( / + tvib, a)) | 9 dtj 


+ (Jl 9 iji ( 1 ~ t }\f"( a + tr] ( b ’ a '))\ 9dt ) q 

[ (1 - * a+1 - (1 - *)° + T|/"(« + *»?(*, a)) | 9 dt 

.do 


\ l-l 
ldf 


a + 1 

According to the /i-preinvexity of \f"\ q and |/"| < M, we get 
1 1 

/ t\f'(a + tr](b,a))\ q dt< [ t h{l - t)\f"(a)\ q + h(t)\f"(b)\ q 
do do L 

< M q f t[h(t) + h( 1 — t)]df. 


df 


Similarly, we also have 


and 


f (1 — t)|/"(a + trj(b, a)) | 9 dt < M q f (1 — t)[h(t) + h(l — t)]dt 
•'I -2 

J (l -t a+1 - {l-t) a+i y\f"(a + tr]{b,a))\ q dt 

< (i - 2^) Mq J [h{t) + h( 1 - f)]di, 


where we use the fact that 


(1 - (1 - t) a+1 - i Q+1 ) 9 <!—[(! — f) Q+1 + t a+1 ] q < 1 - (2"“) 9 = 1 - — 


for any t £ [0, 1] with q > 1. 

Also 

tdt = J (l-t)dt = 


Using these results, we see that the inequality (2.21) is proved. To prove (2.22), 
and using the additional properties of h in hypothetical conditions, we further 
have 


t[h(t) + h(l — t)]dt < / [h(t 2 ) + h(t — t 2 )]dt 
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and 


r 1 . 


(1 — t)[h(t) + h(l — t)]dt < / h(t — t~) + hl(l — t) 


dt. 


Hence, the proof of (2.22) is completed. 


Elementary calculation yields the following result. 


Corollary 2.13 In Theorem\2.5[ if we choose h(t) = t, we can obtain 


r(a + !.)[- i ,2a + 77(6, a), 

2?? a(5 i a ) [ J a+f( a + V(b,a)) + ^ (a+?7(M ))-/(a) J ~ / ( ^ ) 


< 


Mr] 2 (b , a) / 1 


(: 


2 qa - 1 


2 V4 ' 2 qa (a + 1) / 
specially for hit) = 1, we get 

r(a + l) 


< 


T{b,a) ( 
V 


J a+ /(a + *?(&» a)) + J (a +t7 (6,a))- /( a )J - / ( 
2« a - 1 


2r] a (b,a) i 
Mr] 2 (b , a) ^ 1 

4 + 29“(a + 1)7' 


2a + 77(6, a) 


Theorem 2.6 Let 6 : J C ffi. — ► R. ([ 0 , 1 ] C J) k a non-negative and super- 
additive function, hit) > t fort) < t < 1. Suppose that f : [0,0+77(6,0)] C [ 0 , 00) 
-llfcfl twice differentiable mapping on (a,a + r/(b,a)) with r/(b,a) > 0 such 
that f" £ L\[a,a + 77(6, a.)] . If \ f"\ q is h-preinvex on [a, a + 77(6, a)], p,q > 1, 
| + ^ = 1 and \f'(x)\ < M, x £ [a, a + 77(6,0)], then the following inequalities 
for fractional integrals with a > 0 hold: 


r(a + l) 

2r\ a (6, a) - 
2 


J“ + /(a + 77(6, a)) + J ( “ + , (M) -/(a)l - f( 2a + ^ a ^ 


< 


Q) P (pTl) P (/ [h(t) + h(l - t)]dty + [6(t) + 6(1 - t)]dt) ' 


0 f/fy+i/ 

' 1 ^ 

\ \2/ V 

p + \) 

+ p - 1 

W 

\pa + p + 1 

j Wo 


< 


Mp 2 (b, a) 


1 ( J_) (i) + ‘ 'fti(i) 

2 \p+l/ a + lVpa+p+ 1 / 


(2.23) 


(2.24) 


Proof. Continuing from inequality (2.16) in the proof of Theorem 2.3 using 


properties of absolute value again, recurring to definition of A (t) and Holder’s 
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inequality for q > 1, we have 

r(a + 1) 


< 


2 r] a (b, a) 
r/ 2 (b,a 


Ja+f( a + v(b,a)) + J ( “ + ^ (biQ ))-/(a) - /( 


2a + 77(6, a) 


t p dt 


r 


| f" (a + tr](b , a)) | q dt 

3 




dt 


L 0 


| /" (a + £77(6, a)) | 9 df 


A - f a+1 - (1 - f)“ +1 

According to the /i-preinvexity of \f"\ q and |/"| < M , we can get 

1 11 

[ \f" (a + tii{b,a))\ q dt < \f"(ci)\ q [ h(l - t)dt + \f"(b)\ q f h(t)dt. 

Jo Jo Jo 

1 

< M q f [ h(t ) + h( 1 — t)]dt. 

Jo 

Similarly we also have 

J ^ | /"(a + trj(b, a)) | 9 df < M q [h(t) + h(l — t)]dt 


and 


r*l /*1 

|/"(a + trj(b, a)) | 9 dt < M q / [h(t) + h(l — t)]dt. 

) Jo 


By virtue of the above results and the fact (2.19) and the inequality (2.20), we 
complete the proof of (2.23). 

Using the supper-additive property of h in the assumptions, we further have 

h(t) + h(l — t)< h{ 1). 


Hence, the proof of (2.24) is completed. 


Finally we shall obtain estimate of Riemann-Liouville fractional Hermite- 
Hadamard inequality for for /i-preincave functions. 


Theorem 2.7 Let h : J C ffi. — >■ K ([0,1] C J) be a non-negative function, 
h(t) > t for 0 < t < 1 and f : [a, a + rj(b,a )] C [0, 00) — > ffi. be a twice 
differentiable mapping on (a, a+r/(b , a)) with rj(b , a) > 0 such that f" £ Li [a, a+ 
r/(b , a)] . If \f"\ q is h-preincave on [a, a + r/(b, a)] , p, q > 1, p _1 + = 1, then 

the following inequality for fractional integrals with a > 0 hold: 


r(a + l) 


2rj a {b 1 a) V 


Ja+f(a + v{b, a)) + J(*a+ri( b ,a))- f( a ) ~ /( 


'2a + 77(6, a) 


< 


V 2 {b,a) 

'/ 1 \ p 1 /pa+p- 1 \ I' 

r 1 

1 

g 

t „(2 a + r](b, a)\ 

2 

A2p + 2/ a + 1 \pa + p + 1 / . 

V2h{\)\ 


d V 2 / 
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Proof. Continuing from inequality (2.16) in the proof of Theorem 2.3 using 


properties of absolute value again, recurring to definition of A(f) and Holder’s 
inequality, we have 
T(a + l) 


< 


2 r] a (b,a) - 
ri 2 { b , a) 


Ja+f(a + V (b, a)) + J? a +n(b, a )) -/(«)] - /( 2a + ^ ?(6 ’ a) 


t p dt 


0 

+ ( [\i-tydtY' rl 


+ 


i 

a + 1 - 


< 


V 2 {b,a) 


\f" (a + +7(6, a)) | 9 di q 
1 

f" {a + tr](b, a)) \ q dt q 

J ^1 — t a+1 — (1 — dt ” J \f" (a + ti){b,a])\ q dt q | 
( ° 1 V ' 

\2P +1 (p +1)/ 


\f'(a + tr](b,a))\ q dt) " + ( / \f" (a + trj(b,a))\' l dt 


+ l_(pa+pl) P r /• |^ a + t ( 6ja ))|9 d J * j 
a + 1 \pa + p + 1 / LJ 0 1 1 J J 


To prove the second inequality above, we here use the fact ( |2.19[ ) and the in- 
equality (|2T20]) again. 


Also, \f"\ q is 6-preincave on [0,0 + 77(6,0)], by inequalities (1.9) we have 

' 20 + 77(6, o)\ « 


[ \f"(a+tr/(b : a))\ q dt < f \f" (0+677(6, a)) | g df < h 

Jo Jo 2 / 

Similarly, we also have 


/"(- 


'2a + 77(6, a) 


and 


J i | /" (a + *77(6,0)) | "dt < ^yy | /" ( 




Therefore, we can get 

T(a + 1) 


2?7“(6, a) . 
< 


Ja+f( a + v(b,a)) + J^ a+ri{ba)) -f(a) - /( 


'2a + 77(6, a) 


77 2 (6,a) 

/ 1 \p 1 tpa+p- 1n|‘ 

r 1 

1 

1 

f n( 2 a + 77(6, a) ^ 

2 

.\ 2 p + 2 / a + l\pa p + l) . 

l 2 h(I)\ 


* V 2 / 


Direct computation provides the following corollary. 


Corollary 2.14 In given conditions of Theorem \ 2 . 7] if we take h(t) = t, we 
obtain the following inequality for the preincave functions 


T(a + 1) 


277“ (6, a) L 

t? 2 (6, ( 


< 


J“ + /(0 + 77(6,0)) + J( a + V (b,a))- f ( a )\ f 

1 fpa+p— l\f] /2a + 77(6, a) 


2 LV2p 


1 r pa+p- l ui „/2a-P77(+ 1 aj\ 
V 2p + 2/ + a + lVpa+p+l) \ J V 2 J 
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SOME HERMITE-HADAMARD AND SIMPSON TYPE 
INEQUALITIES FOR CONVEX FUNCTIONS VIA FRACTIONAL 
INTEGRALS WITH APPLICATIONS 

MUHAMMAD IQBAL, MUSTAFA HABIB, NASIR SIDDIQUI, 

AND MUHAMMAD MUDDASSAR 


Abstract. In this paper, a new general identity for Riemann— Liouville frac- 
tional integrals is established. Then by making use of the established identity, 
we establish some new inequalities of the Simpson and the Hermite— Hadamard 
type for functions whose absolute values of derivatives are convex. Our results 
have some relationships with the results, proved in [3, 6, 10], and the analysis 
used in the proofs is simple. 


1. Introduction 

Definition 1. Let I C ffi. be an interval. The function f : I — > R. is said to be 
convex on I, if for all a,b £ I with a < b and A £ [0, 1] , satisfies the inequality 


f (A a + (1 — A )b)< A / (a) + (1 - A)/ (b) 


The inequalities discovered by Hermite and Hadamard for convex functions are 
very important in the literature (see, e.g., [[12] , p. 137], ). These inequalities state 
that if / : I — » R is a convex function on the interval / of real numbers and a,b £ I 
with a < b. Then 


/ 


fa + b 


< 



f(x) dx < 


f{a) + f(b) 
2 


( 1 ) 


Both inequalities hold in the reversed direction for / to be concave. 

Hadamard’s inequality for convex functions has received renewed attention in 
recent years and a remarkable variety of refinements and generalizations have been 
found; see, for example, ( [3] , [5] — [6] , [9] — [10], [12]) and the references cited therein. 

In [10], a variant of Hermite— Hadamard type inequalities was obtained, which 
follows as: 


Theorem 1. Let / : 1° C K -> R be a differentiable function on 1° and let 
a,b £ 1° with a < b. If\f'\ is convex function on [a, 6], then the following inequality 
holds: 


1 

b — a 


f{x)dx 



< 


b-a (\f'(a)\ + \f'(b)\ 


(2) 


In [6] authors proved the following version of Hermite— Hadamard type inequal- 
ities: 


Date : December 5, 2016. 

2000 Mathematics Subject Classification. 26D15, 26A51, 26A33. 

Key words and phrases. Hermite— Hadamard’s Inequality, Simpson’s Inequality, Convex Func- 
tions, Riemann— Liouville fractional integral. 
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Theorem 2. Let / : /° C I -> R be a differentiable function on 1° and let 
a,b £ 1° with a < b. If |/'| is convex function on [ a , 6], then the following inequality 
holds: 


f(a) + /(&) 
2 


b — a 


f(x)dx 


< 


b-a f\f'(a)\ + \f(b)\ 


(3) 


The Simpson’s inequality is very important and well known in the literature. For 
recent refinements, counterparts, generalizations and new Simpson’s type inequali- 
ties, see ([7], [13], [16], [17]). 

In [16], Sarikaya et al. obtained inequality for differentiable convex mappings 
which is connected with Simpson’s inequality, is as follow: 


Theorem 3. Let f : 1° C R — >■ R be a differentiable function such that f £ L[a , b } 
where a,b G 1° with a < b. If \f'\ is convex function on [a, 6], then the following 
inequality holds: 


1 

3 



a + b 


| /(«) + f(b) \ 


b — a 


f(x)dx 


< 


5 (b-a ) f\f(a)\ + \f{b)\ 
36 


(4) 


In [3], the authors generalize some inequalities related to Hermite— Hadamard 
and Simpsons inequality for functions whose derivatives in absolute value are convex 
functions as: 


Theorem 4. Let f : 1° C R — ► R be a differentiable function on 1° and let 
a,b G 1° with a < b. If 0 < A < 1 and \f'\* for q > 1 is a convex on [a, b ], then the 
following inequality holds: 


(1 - A)/ 


a + b 


+ A 


f(a)+f(b) 


b — 


f(x)dx 


< 

x 


6 — a / 1 
6 


(1-2A + 2A 2 ) 1 ”’ 

({2 - 3A + 2A 3 } |/'(a)|« + {4 - 9A + 12A 2 
+ ({4 - 9A + 12A 2 - 2A 3 } |/'(a)|« + {2 - 


- 2A 3 } I f(b)\ q Y 
3A + 2A 3 } \.f'{b)\ q ) 




(5) 


Remark 1 . On letting A =, 0, 1, | with q = 1 , inequality (5) reduces to inequalities 
(2), (3) and (4), respectively.. 


It is well known that the integral inequalities play an important role in nonlinear 
analysis. In the recent years, these inequalities have been improved and generalized 
in a number of ways and a large number of research papers have been written on 
these inequalities, (see, [1] — [2], [4], [10], [15]) and the references therein. 

In recent paper, [10] Sarikaya et. al. proved a variant of Hermite— Hadamard’s 
inequalities in fractional integral forms as follows: 


Theorem 5. Let f : [a, b] — > R be a positive function with 0 < a < b and f G L[a,b]. 
If f Is convex function on [a, 6], then the following inequalities for fractional integrals 
hold: 


< 


r(a+l) 

2(6- a)“ 


[J? + m + < 


/(«) + / 0 ) 


( 6 ) 


Remark 2. For a = 1, inequality (6) reduces to inequality (1). 


In the following, we will give some necessary definitions and mathematical pre- 
liminaries of fractional calculus theory which are used further in this paper. 
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3 


Definition 2. Let f € L[a,b], the Reimann— Liouville integrals J“ + and JfjL of 
order a > 0 with a > 0 are defined by 

J a+ = f7-T [ (x ~ x > a 

1 \&) J a 

and 

J b- = WLa [ _ x ) a ~ 1 f(t)dt, x<a 

respectively. Here, T(a) = f^° e~ t u a ~ 1 du is the Gamma function and J® + f(x) = 

Jb-f O) = f( x )- 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Properties concerning this operator can be found in ([8] , [11] , [14]). 

The aim of this paper is to establish some new Hermite— Hadamard and Simp- 
son type inequalities in the form of fractional integrals for functions whose ab- 
solute values of derivatives are convex, we derive a general integral identity via 
Riemann— Liouville fractional integrals. 

2. Main Results 


In order to prove our main results we need the following integral identity: 

Lemma 1. Let I C ffi. be an open interval, a,b £ I with a < b and f : [a, b] — > ffi. 
be a differentiable function such that f is integrable and 0 < a < 1 on (a,b) with 
a < b,then the following identity for Riemann— Liouville fractional integrals holds: 


1 - — A / 
2 “ ' 


a + b 
2 


+ A /(a) 2 t /W ^ [J? + m + Jff- f (a)] 


b — a 
2 a + 2 


El 


where I\ = f* [(1 — t) a — A] f ( ta + (1 — t) - dt, 

h = Jo 1 [a - (i - t) a ] r ( tb + (i - 1)^) dt, 
h = /o 1 [2“ A (2 — t) a ] f + (1 - t)a) dt, 

h = /o [A - 2 a + (2 - t) a ] f (t*±* + (1 - t)b) dt. 

Proof. Integrating by parts and substituting u = ta + (1 — t) 9 ^ 


I 1= ( ta + (l-t) C 

_ 2 [(1 - t) a - A] /' (ta+(l-i)2±*)dt rf 


dt 


-b 




dt 




b — a 


b — a 


2 a+1 


a 


( b-a ) 


CK +1 


(u — a) a 1 f{u)du 
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Analogously 


2A 2(1 — A) Ja + b\ 2“+ 1 a 


h = 7 — m + L f 

b — a b — a 


( b - a) a+1 l a+b 


J a ^(b-u) a 1 f(u)dh 


I 2A f(a) I 2(2“- 1- A) f (a + b\ 2 
h - b^a f{a) + b^a f ~ 

r 2A 2(2“ — 1 — A) /a + 6\ 2“+ 1 a 


h = t — m + 

b — a 


(b - a) a+1 J^±b 


( b — u) a 1 f(u)du 


r b 

/ (& — u) Q 1 f(u)du 


Multiplying above equalities by If.ff , then adding, to get required identity. ID 

Theorem 6. Let I CK be an open interval, a,b £ I with a < b and f : [a, b] — ► K. 
be a differentiable function such that /' is integrable and 0 < a < 1 on (a,b) with 
a < b and 0 < A < 1. If \f'\ is a convex on [a, b ], then the following inequality for 
Riemann— Liouville fractional integrals holds: 


1 - s (^) + + m 
s I^[sti { 1+2 ” _(1_ cr+I “ <2 - «" + ‘ ! 

+(1 - 2C)A + (2“ - A)(l - 20] (|/'(a)| + |/'(6)|) (7) 


where f = 1 — A° , and £ = 2 — (2“ — A) ® . 

Proof. Let C = 1 — A» , and £ = 2 — (2“ — A) « then 

A= f |(1 - t) a ~X\dt= l ~ 2(1 ~ C)Q+1 + (1 - 2C)A 
Jo a + 1 

B= C 1 2“ - (2 - t)“ - A| dt = 1 + 2 “ +1 ~ 2 ^ 2 ~ ^“ +1 + (2“ - A)(l - 20 
Jo « + 1 

c= r id - 0 ° - ai , * - 1 - 2( ;,- or - + ^ - 2 ^> 

y 0 (a + l)(a + 2) a + 1 2 

D= f \2 a - (2-t) a - \\t dt 
Jo 

1 + 2“ +2 — 2(2 — 0° +2 , l-202-0 a+1 « w 1 ^ 

" (a + l)(a + 2) + ^TT +(2 -A)(--n 

By using the properties of modulus on Lemma 1 and convexity of |/'|, we have 


1 — —A f 

2 a J 


« + t) + X M±M _ I£±!i [j" +/ (i,) + jj ■_/(„>] 


sIOEiai ( 8 ) 
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\h\< (ta+(i 

= L ^ {JJr a+ ~ dt 

< £ |(1 - t)“ - A| |/'(«)| + |/'(6)|j dt 




[ |(1 - t) a - A| dt + 

JO 


\f(a)\-\f(b)\ f 1 


/ ia -ty 

Jo 


= ^{|/'(a)| + |/ , (6)|} + §{|/'(a)|-|/'(6)|} 


Analogously 

\h\ < ^{\f\a)\ + \rm - ^{i/'(a)i - \rm 

\h\<B\f{a)\~^{\f{a)\-\f'{b)\} 
\h\<B\f{b)\ + ^{\f'{a)\~\f{b)\} 


A| t dt 


To get desired result, substituting the above inequalities into the inequality (8). H 

Corollary 1. Let f : 1° C M — » K. be a differentiable function on 1° and let 
a,b € 1° with a < b. If |/'| is convex function on [a, 6], then the following inequality 
holds: 


(1 — A )/ 


a + b 


+ A 


/(a) + f(b) 


1 


b — a , 
b — a 


f(x)da 


< — [2A 2 -2A + l](|/'(a)| + |/'(6)|) (9) 

Proof. Setting a = 1 in Theorem 5, we get the required result. ID 


Remark 3. For setting A = 0, inequality (9) reduces to inequality (2). 

For setting A = 1, inequality (9) reduces to inequality (3). 

Theorem 7. Let I CB be an open interval, a,b £ I with a < b and f : [a, b] — > ffi. 
be a differentiable function such that f is integrable and 0 < a < 1 on (a,b) with 
a < b and 0 < A < 1. If \f'\ is a convex on [a,b], then the following inequality for 
Riemann— Liouville fractional integrals holds: 


1- — A / 
2° ' 


+ A 


f(a) + m r(a + l) 

2(6- a)“ 
a + b 


< 


2 “ 

b — a 
2 a+1 


f 


[J2 + f(b) + J?-f(a)] 
\f(a)\ + \f(b)\ 


where 

_ 2“ +2 +2(1-C)° +2 -2(2-£) q+2 I 2-2(l-C)“ +2 -2{(2-{)“ 
t L ~ (a+l)(a+2) ' a+1 

+(2“-A)(l-^)-A(l_2C 2 ) + (l-2C)A 


<2 > / 2 ' 

_ 2(2-^) a+2 -2(l-C) Q!+2 -2 Q;+2 , 2 a+1 -2C(l-C) Q;+1 -2(l-^)(2-^) Q:+1 
V ~ (a+l)(a+2) + 

A 


CK + l 


— (2“ - A)(i - a + f (i - 2C 2 ) + (2“ - A)(l - 20- 


401 


MUHAMMAD IQBAL et al 397-406 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


6 M. IQBAL, M. HABIB, N. SIDDIQUI, AND M. MUDDASSAR 

Proof. By using the properties of modulus on I\ and convexity of |/'|, we have 


\h\< (ta + (l-i)^) 


dt 

a + b 


dt 


<(A-C) 


r 


a + b 
2 


C\f'(a)\ 


Analogously 


< (A-c) 


r 


a + b 
2 


13 1 ^ 


< D 


\h\ < D 


a 


2 

a + b 


~C\f'(b)\ 
+ (B — D)\f'(a)\ 
+ (B — D)\f'(b)\ 


Substituting the above inequalities into the following inequality 


1- — A / 

2 Cx I J 


a + b 


+ X f{a) l m - 5/ Q + 1 j. [J? + m + Jb-f(a)} 


2(6 — a) c 


b — CL v — > . 

< — E i 7 « 


2 a + 2 


n= 1 


which completes the proof. ID 

Corollary 2. Let f : 1° C R — >• K be a differentiable function on 1° and let 
a,b £ 1° with a < b. If\f'\ is convex function on [a, 6], then the following inequality 
holds: 


< 


(1-A )/ 

b — a 
~12~ 


a + b 


+ A 


/(a) + f(b) 


1 


(2-3A+2A 3 ) 


2 

( a + b 


f(x)da 


b - a Ja 
+ (1-3A+6A 2 -2A 3 ; 


\f(a)\+\f(b)\ 


(10) 


Proof. Setting a = 1 in Theorem 6, we get the required result. ID 

The corresponding version for powers of the absolute value of the derivative is 
incorporated in the following theorem. 

Theorem 8. Let I CB be an open interval, a,b £ I with a < b and f : [a, b] — » ffi. 
be a differentiable function such that /' is integrable and 0 < a < 1 on (a,b) with 
a < b and 0 < A < 1. If \ f |« for q > 1 is a convex on [a, 6], then the following 
inequality for Riemann— Liouville fractional integrals holds: 


1- —A / 

2 ot 1 J 


a + b 


+ A /(a) +, /(6) - £ ( . Q + |j, [J: + f(b) + JfLf(a)] 


2(6 — a) c 


b — a 

<^x 


A ■ 


+ B ■ 


A-C 


2 A 

2 B-D 
2 B 


l/»|< 


AA-I/'WI" 


D 


AA|/'(«)I S 


— I/'WI* 


2 A 


2 B 


\.aa)\ q + —\f\b)\‘>) + — |/'(a)|« + 


D 


2 B-D 


2 B' 


2 B 


1 rm 


(ii) 
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7 


where 


A 

B 

C 

D 


1 — 2(1 — C) Q+1 

ex A 1 

1 + 2 a+1 — 2(2 — £) a+1 


ex + 1 


+ (1-2C)A 
+ ( 2 ° 


A)(l-20 


1 - 2(1 - C) Q+2 _ 2C(l~C) a+1 , A _ 2 

(a + l)(a + 2) a + 1 2 [ 

1 + 2“ +2 — 2(2 — £) Q+2 1 — 2£(2 — £) a+1 
(a + l)(a + 2) a + 1 



? 2 ) 


Proof. Using the well-known power-mean integral inequality , we have 



b — a 
- 2°+2 



° + n _ I+tli [j« /(l) + _,-/(„)] 


|(1 — — A| rft 


1(1 -t)°-A| 


,/1 + t 1-t 


dt 


+ 1(1 — t) a ~ A| 


,,/1-t 1 + t 


dt 


(2 — t) a — A| dt 


|2“ — (2 — t)“ — A| 


,/2-t t, 

7 r“ + 2 6 


dt 


+ / |2“ — (2 — t) a — A| 


,/t 2 — t 


/l 2 a+_ 2 


dt 


1 

<2 


Which completes the proof. ID 

Remark 4. For a = 1, inequality (11) reduces to inequality (5). 

Theorem 9. Let 1 C 1 (ic on open interval, a,b £ I with a < b and / : [a, 6] — » R 
6e a differentiable function such that f is integrable and 0 < a < 1 on (a,b) with 
a < b and 0 < A < 1. If |/'|« for q > 1 is a convex on [a, b], then the following 
inequality for Riemann— Liouville fractional integrals holds: 


1 - —A / 

20! I J 


+ A M±M _ t+±+ + J« /(„)] 


.+ l()/'(«)l > +(i-(( 

D 


f 


2 a 

a + b 


2(6 — a) c 


C, 


b — a 

<^n x 


/j 


i-o /'wr+ 


B 


B 


r 


a + b 
2 


D 


r 


+ i- 


u 

R 


l/'WI 9 


B 


f 


a + b 
2 
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where 
A = 
B = 
C = 
D = 


1-2(1 -C)“ +1 

(X T 1 

1 + 2 a+1 — 2(2 — £) Q+1 


OL T 1 


+ (1-2C)A 
+ ( 2 ° 


A)(l-20 


1 - 2(1 - C) Q+2 _ 2C(l~C) a+1 , A _ 2 

(a + l)(a + 2) a + 1 2 [ 

1 + 2“ +2 — 2(2 — £) Q+2 1 — 2£(2 — £) a+1 

(a + l)(a + 2) + a + 1 



e) 


Corollary 3. Let f : 1° C M — > K be a differentiable function on 1° and let 
a,b £ 1° with a < b. If 0 < A < 1 and \ f | « for q > 1 is a convex on [a, b\, then the 
following inequality holds: 



f{x)da 


-3A + 2A 3 } 
3A + 2A 3 } 


/' 


r 


fa + b 


1 
‘ 1 



Proof. Setting a = 1 in Theorem 9, we get the required result. 


(12) 

I] 


3. Applications To Quadrature Formulae 

In this section, some particular inequalities which generalize some classical results 
such as: trapezoid inequality, Simpsons inequality, midpoint inequality and others, 
are pointed out. 

Proposition 1. (Midpoint Inequality) . Under the assumptions Corollary 2 with 
A = 0 in inequality (10), then the following inequality holds, 


b-< 


f(x)da 


< V ( i/'(-)i 


r 


\m\ 


Proposition 2. (Midpoint Inequality) . Under the assumptions Corollary 3 with 
A = 0 in inequality (12), then the following inequality holds, 


f 



1 

b — a 


f{x)da 


b — a 


< 

“ 8 




( a + b 



1 

<z 


3^)l 9+ 3 


r 
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Proposition 3. (Trapezoid Inequality) . Under the assumptions Corollary 2 with 
A = 1 in inequality (10), then the following inequality holds, 


f(a) + m 1 


b — a 


f(x)dx 


< 


b — a 
~12~ 


l/'(o)l + 


/' 


, ( a + b 


\m\ 


Proposition 4. (Trapezoid Inequality) . Under the assumptions Corollary 3 with 
A = 1 in inequality (12), then the following inequality holds, 


/(o) + m i 


b 


f(x)dx 


<— lf|l/»l 9 +^ 


+ (§!/W + ^ 


., ( a + b 


, ( a + b 


Proposition 5. Under the assumptions Corollary 2 with A = \ in inequality (10), 


then the following inequality holds, 

l/WI + 2 


b — a 
32 


/' 


.,( a + b 


\f'(b)\ 


Proposition 6. Under the assumptions Corollary 3 with A — f in inequality (12), 
then the following inequality holds, 


1 J , ( a + b\ f(a) + f(b) \ 1_ 


2 ' / 


2 I + 

2^l 9+ 2 


J b- a J a 


b — a 

< —x 


16 


a + b 


f(x)dx 

\\rm q + \ 


, ( a + b 


Proposition 7. (Simpson Inequality). Under the assumptions Corollary 2 with 
A = ^ in inequality (10), then the following inequality holds, 


Uv 


a + b\ _ L _ /(a) + /(6) ] 1_ 

J b — a 

b — a 


f{x)da 


< 


324 


8|/'(a)|+29 


, (a + b 


+ 8\f'(b)\ 


Proposition 8. (Simpson Inequality). Under the assumptions Corollary 3 with 
A = \ in inequality (12), then the following inequality holds, 


Uv 


+ b\ , f(a) + m \ 1 

2 J b-i 


f{x)da 


5 (b — a) 

< x 


72 


— |/ , (o)|« + — 
45 Wl 45 


/ a + b 


— \f(b)\ q + — 
45 u Wl 45 


(a + b 
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The differentiability for fuzzy n-cell mappings and the 
KKT optimality conditions for a class of fuzzy 
constrained minimization problem * 

She-Xiang Hai“j Zeng-Tai Gong 6 

° School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China 
b College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, P.R. China 


Abstract In this paper, the concept of generalized difference for fuzzy n-cell numbers is presented, and we 
use the generalized difference to introduce and study the differentiability for fuzzy n-cell mappings. Next, 
the convexity for fuzzy n-cell mappings is studied, which is based on the concept of the partial ordering of 
fuzzy n-cell numbers proposed in this study. Finally, using the differentiability and the convexity for fuzzy 
n-cell mappings, we obtain the KKT optimality conditions for a class of fuzzy constrained minimization 
problem. 

Keywords: Fuzzy n-cell numbers; fuzzy n-cell mappings; differentiability; fuzzy optimization. 

1. Introduction 

Since the concept and operations of fuzzy set were introduced by Zadeh [1], enormous researchers have 
been dedicated on development of various aspects of the theory and applications of fuzzy sets. The occurrence 
of randomness and imprecision in the real world is inevitable owing to some unexpected situations. Therefore, 
imposing the uncertainty upon the conventional optimization problems is an interesting research topic. 

The theory and methods of mathematical programming are important components of optimization. The 
importance of the derivative of a function in the study of mathematical programming is well-known. Given 
that our interest is in fuzzy objective mappings, it is necessary to introduce a concept of derivative for 
fuzzy mappings. Toward this end, in the fuzzy analysis, there are a variety of notions of derivative for 
fuzzy mappings. The concept of fuzzy derivative first introduced by Chang and Zadeh [2] in 1972. Since 
then, numerous definitions of the differentiability for fuzzy mappings have been presented. In 1983, Puri and 
Ralescu [3] defined the derivative and G-derivative for fuzzy mappings from an open subset of a normal space 
into n-dimension fuzzy number space E n by using embedding theorem (which shows how to isometrically 
embed E n into a Banach space as a closed convex cone of vertex zero) and Hukuhara difference. In 1987, 
Kaleva [4] discussed the G-derivative, obtained a sufficient condition of the U-differentiability for fuzzy 
mappings from [a, b\ into E n and a necessary condition for the H-differentiability of fuzzy mapping from 
[a, b] into E 1 . In 2003, Wang and Wu [5] put forward the concepts of directional derivative, differential 
and sub-differential for fuzzy mappings from R n into E 1 by using Hukuhara difference. However, the usual 
Hukuhara difference between two fuzzy numbers exists only under very restrictive conditions [4] and the 
H-difference of two fuzzy numbers does not always exist [6, 7]. The (/-difference between two fuzzy numbers 
proposed in [7] overcomes these shortcomings of the above discussed concepts and the (/-difference of two 
fuzzy numbers always exists. Based on the (/-difference for two fuzzy numbers, Bede [8] introduced and 
studied new generalized differentiability concepts for fuzzy valued functions in 2013, in particular, a new 
very general fuzzy differentiability concept was defined and studied, the so-called (^-derivative, and it was 

‘This work is supported by National Natural Science Fund of China (11461062, 61262022). 

' Corresponding author. Tel.: +86 931 2973590. E-mail address: haishexiang@lut.cn (SX Hai), zt-gong@163.com (Z. Gong). 
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shown that the ^-derivative is the most general among all similar definitions. 

Motivated both by [8] and the importance of the concept of differentiability for fuzzy optimization, 
the paper focuses on the concept of differentiability for fuzzy mappings, which is based on the generalized 
difference of fuzzy n-cell numbers presented in this paper. The Karush-Kuhn- Tucker optimality conditions 
play an important role in the area of optimization theory and have been studied for over a century. We 
extend the concept of convexity for real-valued functions to fuzzy n-cell mappings based on the partial 
ordering introduced in this paper, and then establish the KKT optimality conditions for an optimization 
problem with a fuzzy n-cell objective mapping. 

The remainder of the paper is organised as follows: First of all, we give the preliminary terminology used 
in the present paper. And then, the generalized difference of fuzzy ?r-cell numbers is introduced. We use 
the generalized difference of fuzzy n-cell numbers to study differentiability for fuzzy n-cell mappings, and 
convexity for fuzzy n-cell mappings based on the partial ordering is discussed in Section 4. At last, using 
the convexity and differentiability for fuzzy n-cell mappings, section 5 deals with the Karush-Kuhn- Tucker 
optimality conditions for a class of constrained fuzzy minimization problem. 


2. Preliminaries 


Throughout this paper, F(R n ) denotes the set of all fuzzy subsets on n-dimensional Euclidean space R n . 
A fuzzy set u on R n is a mapping u : R n — »• [0, 1]. For each fuzzy set u, we denote its r- level set as [n] r = {i£ 
R n : u( x) > r} for any r £ (0, 1]. The support of u we denote by suppn where suppn = {x £ R n : u(x) > 0}. 
The closure of suppn defines the 0-level of u, i.e. [n]° = d(suppu). Here cl(M) denotes the closure of set M. 
Fuzzy set u £ F(R n ) is called a fuzzy number if 

(1) u is a normal fuzzy set, i.e. there exists an xq £ R n such that u(xq) = 1, 

(2) u is a convex fuzzy set, i.e. u(Xx + (1 — A )y) > min{n(a:), u(y)} for any x,y £ R n and A € [0, 1], 

(3) u is upper semi-continuous, 

(4) [u]° = d(suppw) = d(U r6 ( 0 i][^D is compact. 

We will denote E n the set of fuzzy numbers [9, 10, 11, 12]. 

It is clear that any u £ R n can be regarded as a fuzzy number u defined by 


u(x) 


1, x = u, 

0, otherwise. 


In particular, the fuzzy number 0 is defined as 0(a:) = 1 if x = 0, and 0(:r) = 0 otherwise. 
Definition 2.1. [13] If u £ E n , and [u] r is a cell, i.e., for any r £ [0, 1], 


(r),u+(r)] = [«! (r),uf(r)] x [u 2 (r),uj(r)] x ••• x K(r),u+(r)], 

i=l 


where u~(r),uf(r) £ R with u~ (r) < uf(r) (i = 1, 2, - • • ,n), then we call u a fuzzy ?r-cell number. Denote 
the collection of all fuzzy n-cell numbers by L{E n ). 

For any r £ [0,1], li[u] r = uf(r) — u~ (r) (i = 1,2, ■■■ ,n) is called the r-level length of a fuzzy n-cell 
number u with respect to the ith component. 

Theorem 2.1. [13] (Representation theorem). If u £ L(E n ), then for i = 1,2, ••• , n, u~(r),u+(r) are 
real- valued functions on [0, 1], and satisfy 

(1) u~ (r) are non-decreasing, left continuous at r £ (0, 1] and right continuous at r = 0, 

(2) uf (r) are non-increasing, left continuous at r £ (0, 1] and right continuous at r = 0, 

(3) u~{r) < uf(r) (it is equivalent to u“(l) < u+(l)). 

Conversely if a,(r),6j(r) (i = 1,2, ■■■ ,n) are real- valued functions on [0,1] which satisfy conditions 
(l)-(3), then there exists a unique u £ L(E n ) such that [u\ r = n”=i[ a i( r )> ^i( r )] f° r an Y r e [0, 1]. 
Theorem 2.2. [13] Let u, v £ L(E n ) and k £ R. Then for any r £ [0, 1], 

(i) [u + v\ r = [u\ r + [v\ r = nr=i K ( r ) + v i ( r ). u t ( r ) + v t ( r )]> 
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(2) {ku} r 

(3) [uVY 


= k[uY = 


U- = i[ku-(r),kut(r)}, 

U: =1 [kut(r),ku-(r)}, 


k > 0, 
k < 0, 


= nr=it min {^ ( r ) v i (r),Ui (rW(r),uf(r)Vi {r),uf{r)vf(r)}, 


max{u i (r)v i (r),u z (r)vf{r), i4{r)v i (r),uf(r)vf(r)}]. 

Given u, v G L{E n ), the distance D : L(E n ) x L(E n ) — > [0, +oo) between u and v is defined by the 
equation 

D(u,v) = sup d([u] r , [u] r ) = sup max{| u~ (r) - v~ (r) |,| uf(r) -v+(r) |}. 

re [0,1] relo.l] 1 ^^" 

Then ( L(E n ), D) is a complete metric space, and satisfies D(u + w,v + w) = D(u,v), D(ku , kv) = \k\D(u, v) 
for any u,v,w € L(E n ), k G R. 

In recent years, several authors have discussed different ordering relation of fuzzy numbers [14]. To the 
best of our knowledge, very few investigations have been appeared to study ordering relation of fuzzy n-cell 
numbers. For this reason, an ordering of fuzzy n-cell numbers will be introduced. 

Definition 2.2. Let r : L(E n ) — >• R n be a vector-valued function defined by 


r(n) 


, rl S'" I\u] r Xldx 1 dx 2 ---dx n r l /••• X2dXldX2"‘dXn r l f fr~ ]r x n dxidx2-"dx n 

Jo r f—f [s]r ldxidx 2 — dx n ^ r ’ “ Jo r /— / [=]r . Idxidx 2 ---dx n ^ T ’ “ ‘ ^ J 0 T f— J [s]r ldxidx 2 — dx n 
do r dt (d + u i (r))dr, £ r(vY, (r) + u Y ( r))dr , • • • , f* r(u+(r ) + u~(r))dr), 


rl S'" /r~ir Xidxidx2-‘‘dx ri j J r~, r 

where Jo r /-/p r i,/, (* = ,n) are the Lebesgue integral of r j... j^ ]r ldcCldX2 ... dXn (* = 

1, 2, • • • , n) on [0, 1]. The vector- valued function r is called a ranking value function defined on L(E n ). 

In this case t(u) represents a centroid of the fuzzy n-cell number u. From the ranking value function 
t(u), we consider the following ordering relation -< c on L(E n ). 

Definition 2.3. Let u, v G L(E n ), C C R n be a closed convex cone with 0 G C and C ^ R n . We say that 

u^ c v(u precedes v) if t(v) G t(u) + C (t(v) — t(u ) G C). 

Obviously the order relation -< c is reflexive and transitive, and is a partially ordered relation on 
L(E n ). For u, v G L(E n ), if either u -< c v or v -< c u, then we say that u and v are comparable, otherwise 
non-comparable. If u, v G E 1 , C = [0, +oo) C R , then Definition 2.3 coincides with Definition 2.5 from [14]. 

We say that u -< c v if u v and t(u) Y t (v)- Sometimes we may write v y c u (resp. v >- c u) instead of 
u v (resp. u < c v). 

Remark 2.1. Let u,v G L(E n ), ki, k 2 G R. According to Theorem 2.2 and Definition 2.2, it is easy to verify 
that T{k\u + k 2 v) = k\T{u) + k 2 r(v). 

Theorem 2.3. Let Wi, u 2 , ui, v 2 , G L(E n ), k\,k 2 G [0, +oo], C C R n be a closed convex cone with 0 G C 

and C Y R n - If Wi V\ and u 2 v 2 , then k\U\ + k 2 U 2 k\Vi + k 2 v 2 . 

The proof is similar to the proof of Theorem 2.3 in [15] 


.J-Jpnr XidXldX2‘‘‘dXn 


3. Generalized difference for fuzzy n-cell numbers 


Definition 3.1. [16] Let u,v G L{E n ). The generalized difference ((/-difference for short) of u and v is given 
by its level sets as 


: 'Qgd r = Ifef min { u i d) - Vi (P),uf{P) - vf{p)}, sup max{u i (/3) - v t (/3),u+(/3) - ff+(/3)}], 


i— 1 


where fi G [r, 1] . 

Remark 3.1. If u, v G E 1 , we have 


[uQ g v\ r = [inf min{u (ft) — v (ft), u + {ft) — u + (/3)}, supmaxju (fi) — v (f3), u + {ft) — u + (/3)}], 

p>r 

which coincides with Definition 7 of reference [8] . 
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According to Proposition 13 in [7], we have the following conclusion. 

Theorem 3.1. Let u, v G L(E n ). If li[u\ r < li[v\ r or li[u\ r > li[v\ r for any r G [0, 1] and i = 1,2, • • • ,n, then 
the ^-difference uQ g v exists and uQ g v£ L{E n ). 

From now on, throughout this paper, we will assume that the ^-difference u Q g v for any fuzzy n-cell 
numbers u and v exists. 

Theorem 3.2. For any u,v,w,G L(E n ), we have 

(1) u Q g u = 0, u Q g 0 = u, 0 Q g u = —u, 

(2) uQ g v = -(vQg u), 

(3) k(u Q g v ) = ku Q g kv, for any k € R, 

(4) k\u Q g fc 2 u = ( k\ — fc 2 )u, for any k\, k 2 G R and k\ ■ k 2 > 0, 

(5) u Q g (- v ) =vQ g (- u ), (- u ) Q g v = (- v ) Q g u, 

(6) (u + v) Q g v = u, 

(7) 0 Qg (u Qg v) = v Qg u = (-u) Qg (~v), 

(8) u Qg v = v Qg u = w if and only if w = —w. 

Proof. The proof of (1), (3) are immediate. 

(2) According to Definition 3.1, for any r G [0, 1], we have 

-[vQ g u] r 

--- - n"=i [infer min{i>T (/?) - u~ (/3), vf (/?) - uj (/?)}, sup^ max{r“ ((3) - u~ (P),vf (f3) - uf (£)}] 

= nr=i [- su P/ 3 >r max{u" (/?) - u~ (/3), vf (/3) - uj (/?)}, 

- infg> r min{v~ (f3) - u~ (0),vf (/3) - uf (/?)}] 

= nr=ih su Pj3>r(~ nrin{'u”’ (/3) - v~ (, @),uf (/3) - vf (/?)}), 

- infg> r (— max{u“ (/3) - v~ (f3), u + (/3) - vf (/3)})] 

= Tir=i [ in fer nrinju" (/?) - v~ (f3), uf (/?) - vf (/3)}, sup^> r max{u“ ((3) - v~ ( f3),uf ((3) - vf (/?)}] 

= [uQ g v\ r . 

It follows from Theorem 2.2 that uQ g v = —(vQ g u). 

(4) For any r G [0, 1], it follows from Definition 3.1 that 

[kiu Q g k 2 u\ r 

= nr=i [mfer nnn{(fci - k 2 )u~ (/3), (fci - k 2 )uf(/3)}, sup^> r max{(fci - k 2 )u~(/3), (fci - fc 2 )u+ (/?)}]. 
If k\ — k 2 > 0, for any r G [0, 1], it is obvious that 

n 

[klU Qg k 2 u\ r = JJ[(fci - k 2 )u~ (r), (fci - fc 2 )u+ (r)] = [(fci - k 2 )u] r . 

i= 1 

On the other hand, if k\ — fc 2 < 0, for any r G [0, 1], we have from Theorem 2.2 that 
[kiuQ g k 2 u\ r 

= rife [ in fer nrin{(fci - k 2 )u~ ( f3 ), (fei - /c 2 )u, + (/?)}, sup /3 > r max{(fci - fc 2 )u“ (/3), (fci - k 2 )uf (/3)}] 

= ntiPi “ * 2 ) sup /3 > r ma x{«T (/?),«/■ (/?)}, (fci - fc 2 ) inf^> r min{uT (/3), u+ (/3)}] 

= nr=iPi - k 2 )uf (r), (fci - fc 2 )w.r 0)] 

= [(fci-fc 2 )u] r . 

Then fci u 0 g fc 2 u = (fci — k 2 )u. 
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(5) According to Definition 3.1 and Theorem 2.2, for any r € [0, 1], we have 

[u Qg (-^or 

= nr=i [infer min K” (P) + vj (/?), uj (p) + v~ (0)}, su PjS > r ma x{u~ (p) + vj (P),uj ( / 3 ) + v i (/?)}] 

= ItiKftr min{t»~ (p) + uj (/?), vj (p) + u~ (0)}, su P/3 > r max{t“ (p) + uj (P),vj (P) + u~ (/?)}] 

= [vOg(-u)} r - 

Then u Q g (—v) = vQ g (—u). It follows from (3) that (—u) Q g v = (—v) Q g u. 

(6) For any r £ [0, 1], we have from Theorem 2.2 that 

[(« + v) Qg v\ r = nr=i[inf/3>r min{ (u~ (P) + v~ (Pj) - v~ (p), (uj (p) + vj (p)) - vj (P)}, 

su P/ 3 >,, max{ (u~ (p) + v~ (P)) - v~ (p), (uj (P) +vj(p )) - vj (/?)}] 

= n"=i[ inf /3>r m i n { u i” {P)> u j(P)}, su P/3>r max{w“ (p), uj (/?)}] 

= nr=i [infer ui(P), su pp> r uj(P)\ 

= n?=i[«rw. 

= [uj- 

Then (u + v) Q g v = u. 

(7) It follows from (1), (2) and (3) that the proof of (7) is immediate. 

(8) We have from (2) that the proof of (8) is immediate. 

For any u,v £ L(E n ), using the method with that Bede proved Proposition 15 in [8], we can show that 
D(u,v) = D(uQ g v, 0). 

4. The differentiability and convexity for fuzzy n-cell mappings 

In this work, let M be a convex set of m-dimensional Euclidean space R m . We consider mapping F from 
M into L(E n ), such a mapping is called a fuzzy n-cell mapping. For the sake of brevity, F is called a fuzzy 
mapping. For any r £ [0, 1], we denote [F(t)] r by F r (t) = n"=i[-^7 ~ (t, t), Fl + (r, t)]. 

Let F : M — » L(E n ) be a fuzzy mapping and u £ L(E n ). For t 0 £ int M, we write lim t ^. to F(t) = u, if, 
for every e > 0, there exists a <5 > 0 such that, for 0 < \\t — toll < <5, we have D(F(t ), u) < e. 

We say that F is continuous at to £ int M if lim t ^. to F(t) = F(to). 

Theorem 4.1. Let F : M -A L(E n ) be a fuzzy mapping such that F(t) = f(t) ■ u, where f(t) : M -A R be 
a real-valued function on M, u £ L(E n ) and u ^ 0. If / is continuous at to, then F is continuous at to and 

lim F(t) =u - lim f(t). 

t — 

Proof. Assume that / is continuous at to- Then for every £ > 0, there exists a 5 > 0 such that, for 
0 < || t — to|| < 6, we have |/(t) — /(to) I < D j~ According to the sign-preserving theorem of limit, we have 

D(F(t),F(t 0 )) = D(f(t) ■ u, /(t 0 ) • u) 

= suPrejo,!] max 1 < i < n {|/(f) - /(t 0 )| • (u~ (r)\, |/(t) - /(t 0 )| • |«+(r)|} 

= I f(t) - /(*o)| sup r6[0il] maxi<i< n {|tiT (r)|, K + (r)|} 

= \f(t)-f(t o )\-D(u,0) 

< e, 

which implies that F is continuous at to- 
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Definition 4.1. [15] Let F : M — > L(E n ), t 0 = (t?,^,-" > 4n) e int M and t = (ti,i2,-" >t m ) €E intM. If 
^-difference F(t) Q g F(t 0 ) exists and there exist Uj € L(E n ) (j = 1, 2, • • • , to), such that 

D(F(t)e g F(t 0 ),ET=i^-tj)) n 

urn ^ = 0, 

t—>to cL(t , tg) 


then we say that F is differentiable at to and the fuzzy vector (ui, U 2 , ■ ■ ■ ,u m ) is the gradient of F at to, 
denoted by Vf’(fo), i.e. , VF(t 0 ) = (wi ,U 2 , ■ ■ • , u TO ). 

Remark 4.1. Let F : M — > L(E n ), to = (i ? » '■ ■ ■ , - - - , t^J € intM and h £ R with t = (t?,--- , t° + 

h, ■ ■ ■ , tJ)J € intM. Then the gradient VF(t 0 ) exists at t 0 if and on ly if and F(t) 0 9 F(t 0 ) exists and there 
are Uj £ L(E n ) (j = 1, 2, * ■ • , to), such that 


u-j = lim 
J h-¥ 0 


^(t?: " ‘ , t? + h, ■ ■ ■ , t° m ) Q g F(t°,- ■ 


t° 

> 0 > 


• • t° I 

5 f 'ra/ 


h 


Here the limit is taken in the metric space ( L(E n ),D ). 

Theorem 4.2. Let F : M — > L{E n ) be a fuzzy mapping such that F(t) = f(t) ■ u. where f(t) : M — > R 
be a continuous function on M, u £ L(E n ) and u ^ 0. If F(t) Q g F(t 0 ) exists, then the gradient VF(f 0 ) = 
(U!,U 2 , • • •, Um) of F exists at to if and only if the gradient V/ = ( • • • , g^-) of / exists at to and 

«^|t=to = % (l = 1) 2, • • • ,to). 

Proof. It follows from the sign-preserving theorem of limit and Theorem 3.2 that 


F(t) © 9 F(t 0 ) = (/(t) - /(to)) • «• 

Only if: Taking h £ R, such that f = (t°, • • • , t° + h, ■ ■ ■ , t^J € intM, then 


u lim/j_j 


t°,-, t° m ) 

>0 

h 

lim/,^.o 

(/(*?,•• 

■,t° j +h,-,t° m ^r:f(t 0 1 ,-, t°,-, 0)-u 


h 

lim^^.0 

F(*?,- 

,C)e g F(t°,--- , t“,-, t^) 


h 

Uj, 




which implies that the gradient V/ = (J °f / exists at to and u-^r-|t=t 0 = Uj ( j = 
1 , 2 ,- , to ). 

If: Taking h £ R, such that t = {t\,-- ■ , t° + h, ■ ■ ■ ,t^ n ) £ intM, then 

.. ,t^)© s F(t;,- , t°- , t° m ) 

^ 0 ^ 

— >o ^ 


9/ I ^ 

— l*=*o u > 

which implies that the gradient VF(t 0 ) = (ui,U 2 )‘ ■ -,w m ) of F exists at to and Uj = { 0 ( j = 

f, 2, • • • , to). 

Theorem 4.3. Let F : M — ► L(E n ) be a fuzzy mapping such that F(t) = /(t) • u. where f(t) : M —> R be 
a continuous function on M, u £ L(E n ) and w ^ 0. If F(t) Q g F(to) exists and / is differentiable at to, then 
F is differentiable at to- 

Proof. It follows from the sign-preserving theorem of limit and Theorem 3.2 that F(t) Q g F(to) = (/(t) — 
/(to)) • u. According to Theorem 4.2, we have 

F(F(t) e 9 F(to),Er=i^fe-^ 0 )) 

= £>(«(/(*) - /(to)),5E7=i ^lt=to (if - *?)) 

= F(u,0) • |/(t) - /(t 0 ) - E^li Klt=t 0 fe - *“)l. 


412 


She-Xiang Hai et al 407-417 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

Shexiang Hai and Zengtai Gong: The differentiability for fuzzy n-cell mappings and the KKT optimality ... 




,o 


. This completes the proof. 


where, Uj = lim^ 0 h 

Convexity plays a key role in mathematical economics, engineering, management science, and opti- 
mization theory. Therefore, research into convexity is one of the most important aspects of mathematical 
programming. Next, using the partial ordering relation -< c we will extend the concept of convexity for 
real- valued functions to fuzzy mappings. 

Definition 4.2. Let F : M -£ L{E n ) be a fuzzy mapping. F is said to be convex (c.) on M if 


F(Xt\ + (1 — A)t 2 ) he AF(ti) + (1 — X)F(t 2 ) 


for any t\,t 2 € M and A € [0, 1]. 

Remark 4.2. If F, G : M — > L(E n ) are convex fuzzy mappings and a, (3 > 0, then aF + j3G is a convex 
fuzzy mapping on M. 

Theorem 4.4. Let F : M — > L(E n ) be a fuzzy mapping such that F(t) = fit) ■ u. where f(t) : M —> R be 
a real-valued function on M, u £ L{E n ) and u he 0. F is convex on M if and only if / is convex on M. 
Proof. If: Let C = R n+ C R n , where R n+ = {( xi,x 2 , • • ■ ,x n ) € R n : X\ > 0, x 2 > 0, • • •, x n > 0}. Assume 
that the real- valued function / is convex on M, then for any ti,t 2 £ M and A 6 [0,1], we have 

/(At! + (1 - A )t 2 ) < A f(h) + (1 - A )/(t 2 ). 

According to u F c 0, we obtain 


r(w)(A/(ti) + (1 - A )/(t 2 )) G r(u)/(Afi + (1 - A )t 2 ) + C. 
For any t\,t 2 £ M and A £ [0, 1], it follows from Remark 2.1 that 

r(Au/(fi) + (1 - A )uf(t 2 )) £ T(uf(Xti + (1 - A )t 2 )) + C, 
i.e., r(AF(ti) + (1 — X)F{t 2 )) G r(F(Ati + (1 — A )t 2 )) + C, which implies that 

F{Xti + (1 — X)t 2 ) XF(ti) + (1 — X)F(t 2 ). 

Therefore, F is convex on M. 

Only if: Let F be convex on M. For any t\,t 2 £ M and A £ [0, 1], 

F(Xti + (1 — A)t 2 ) XF(ti) + (1 — X)F{t 2 ), 
i.e., T{XF(t\) + (1 — X)F{t 2 )) G r(F(Ati + (1 — X)t 2 )) + C, which implies that 

T(Xuf(ti) + (1 - A )uf(t 2 )) £ T(uf(Xti + (1 - A )t 2 )) + C. 

According to Remark 2.1, we have 


T(w)(A/(fi) + (1 - A )/(f 2 )) G r(u)/(Ati + (1 - A )t 2 ) + C. 
For any t±,t 2 £ M and A £ [0, 1], we have from u 0 that 

/(Atr + (1 - A )t 2 ) < A f(h) + (1 - A )/(t 2 ). 


Therefore, / is convex on M. 

Theorem 4.5. Let F : M — > L{E n ) be a fuzzy mapping such that F(t) = Uo+uifi(t)+u 2 f 2 (t)-\ b uifi(t), 

where fk : M — > R be real- valued functions on M, Uk £ L{E n ) and Uk he 0 (k = 0,1,2,--- ,0- If fk 
(k = 1, 2, • • • , l) are convex on M, then F is convex on M. 

Proof. Let fk (fc = 1,2,--- , l) be convex fuzzy-number-valued functions. Then we have 

fk(Xti + (1 — A )t 2 ) < Xfk{t\) + (1 — X)fk(t 2 ) 
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for any t\,t 2 € M and A £ [0, 1]. It follows from u k he 0 and Remark 2.1 that 

u k ■ fk( Afi + (1 - X)t 2 ) he A u k ■ fk(h ) + (1 - A )u k ■ fk(t 2 ) (k = 0,1,2, ••• ,Z), 
for any t\,t 2 € M and A £ [0, 1]. According to Theorem 2.3, we have 

i i i 

uo + ^uk- fk ( Ati + (1 - A )t 2 ) he A (u 0 + ^u k ■ fk(ti)) + (1 - A)(u 0 + • fk(t 2 )), 

fc = 1 fc=i fe=i 

which implies that 

F(Xti + (1 — A)t2) A-F(ti) + (1 — X)F(t 2 ), 
for any t\,t 2 £ M and A £ [0, 1]. This completes the proof. 

5. Convex fuzzy programming 

It is well known that convexity plays an important role in the aspect of optimality conditions for math- 
ematical programming. Based on the new concept of convexity for fuzzy mappings, the KKT optimality 
conditions for a class of fuzzy optimization problems are established. 

Let F(t),gi(t),g 2 (t),- • be fuzzy mappings on M. We consider the following fuzzy constrained 

minimization problem (FCMP1): 

Minimize F(t) 

Subject to g k (t) he u k (fe = 1, 2, - - Z), 

where u k £ L{E n ). In the following arguments the feasible set T = {t £ int M : g k (t) he u k ,k = 1, 2, • • • ,1} 
of fuzzy constrained minimization problem (FCMP1) is assumed to be a compact convex set. If to G int M 
and for no t £ int M such that F(t) -< c F(to), then to is called an optimal solution or a global optimal 
solution to the problem FCMP1, F(to) is called the optimal objective value of F. 

Let C — R n+ C R n . We have from Definition 2.2 and Definition 2.3 that the problem FCMP1 can be 
written as following constrained minimization problem (FCMP2): 

Minimize F(t) 

Subject to /q 1 r-[(flffe(t))i"(r) + (g k (t))i (r)\dr < f* r[(u k )f (r) + (u k )i (r)]dr, k = 1,2,- • Z, 

fo r[(g k {t))i( r ) + ( 9 k(t)) 2 (r)]dr < f* r[(u k )}(r) + (u k ) 2 ( r)\dr , k = 1,2, • • •, l, 

fo r K fffc(t))+(r) + (g k {t))~{r)]dr < r[(u k )+(r) + (u k )~{r)}dr, k= 1,2, • ■ •, l. 

Let G s (t) = fo r[(g k (t))f (r) + (g k (t))r (r)]dr - f* r[{u k )j (r) + (u k )r (r)]dr (i = 1, 2, • • -, n, k = 1,2, - - -, Z, 

s = * x k = 1, 2, • • -, n x l), denoted p = n x l. The problem FCMP2 can be written as follows (FCMP3): 
Minimize F(t) 

Subject to G s (t) < 0, s = 1,2,- • • ,p , 

where G s : M — > R are real- valued functions. It is obvious that the feasible sets of problems (FCMP1) and 
(FCMP3) are the same. 

In the rest of this article, G s (s = 1, 2, • • -,p) are assumed to be convex functions on M, and continuously 
differentiable at to £ T. 

Theorem 5.1. Suppose that the fuzzy objective function F(t) = f(t) ■ u, where f(t) : M — ► R, u £ L(E n ) 
and u he 0. let / be convex on M and continuously differentiable at to £ int M. If there exist Lagrange 
multipliers p, s > 0 (s = 1, 2, • • • ,p), such that 

(1) V/(to) + E!UiAG-VG s (<o)=0, 

(2) p s ■ G s (t 0 ) = 0 (s = 1, 2, • • • ,p), 
then to is an optimal solution of FCMP3. 

Proof. Since / is convex on M and continuously differentiable at to £ int M. We consider the following 
constrained optimization problem 
Minimize /(t) 
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Subject to G s (t) < 0 (s = 1 , 2 , • • • ,p). 

It is obvious that conditions (1) and (2) are the KKT optimality conditions for this optimization problem. 
Therefore, we conclude that to is an optimal solution of the real- valued objective function /, i.e. , 

f(t 0 ) < /(t), (5.1) 

for any t £ int M. 

Suppose that to is not a solution of problem FCMP3. Then, there exists a t £ int M such that 

F(t) T c F(t 0 ). 


Let C = R n+ C R n , we have 

T(f(t 0 ) • u) £ r(/(t) • u) T C. 

Thus 

/(to) • t(u) £ f(t) ■ t(u) T C , 

and 

/(to) • t(u) £ f(t ) • t(u). 

It follows from w T c 0 that f(t) < /(to)- This is a contradiction with (5.1), then t 0 is an optimal solution of 
FCMP3. 

Example 5.1. Let 

20x 2 - 18, 0.9 < x 2 < 0.95, 200x 2 - 90 < x x < 290 - 200x 2 , 

— O.lxi + 11, 100 < Xl < 110, 1.45 - 0.005a:i < x 2 < 0.45 + 0.005xi, 

-20x 2 + 20, 0.95 < x 2 < 1, 290 - 200x 2 < xi < 200x 2 - 90, 

O.lxi — 9, 90 < Xi < 100, 0.45 T 0.005xi < x 2 < 1.45 — 0.005xi, 

0, otherwise, 

C = R 2+ C R 2 . Then for any r £ [0, 1], 



[u\ r = [90 + 10?’, 100 - lOr] x [0.9 + 0.05r, 1 - 0.05?’]. 

According to Definition 2.3, r(u) = (95,0.95), thus u F c 0. Suppose that the fuzzy objective function 
F : [1, Too) — > L{E 2 ) and F(t) = f(t) ■ u, where /(t) = e* — t 2 . We consider the following fuzzy constrained 
minimization problem: 

Minimize F(t), 

Subject to Gi(t) = t 2 — 25 < 0, G 2 (t) = — t + 1 < 0. 

It is obvious that G s {t) (s = 1, 2) are convex functions on [1, Too), and continuously differentiable at to = 1. 

Since / is a convex function on [l,Too), and continuously differentiable at to = 1- On the other hand, 
the condition (1) and (2) from Theorem 5.1 are satisfied for pi = 0, and /.x 2 = e — 2. Therefore, to = 1 is an 
optimal solution of FCMP3. 

Theorem 5.2. Suppose that the fuzzy objective function F{t) = Uifi{t) T u 2 f 2 {t) T • • • T uifi(t ), where 
fk{t) : M — > R, u k £ L{E n ) and u k T c 0 {k = 1, 2, • • • ,1). Let real-valued functions f k are convex on M 
and continuously differentiable at to G int M. If there exist Lagrange multipliers > 0 (s = 1, 2, • • • ,p, k = 
1, 2, • • • , l), such that 

(1) V/ fc (t 0 ) T ELi » k s ' VG s (t 0 ) = 0 (k = 1, 2, • • • , 0, 

(2) Ms ’ G s (t 0 ) = 0 (s = 1, 2, ■ ■ ■ ,p, As = 1,2,--- ,i), 
then to is an optimal solution of FCMP3. 

Proof. Since the real- valued functions /fc(t) (k = 1, 2, • • • , l) are convex on M and continuously differentiable 
at to £ int M. We consider the following constrained optimization problem 
Minimize fk(t) (k = 1, 2, • • • , l), 
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Subject to G s (t) < 0 (s = 1, 2, • • • ,p). 

It is obvious that conditions (1) and (2) are the KKT optimality conditions for this optimization problem. 
Therefore, we conclude that to is an optimal solution of the real- valued objective functions fk, i.e. , 


/fcOo) < fk(t) (fc = 1, 2, - - - ,1). 


for any t G int M. Let C = R n+ C R n . We have from u k he 0 that 

r{uk)fk{t) G r(u k )fk(t 0 ) + C (k = 1, 2 , • • • , l). 


Thus, 

i i 

^2 T (Uk)fk{t) G ^2 T(u k )fk(to ) + C. 
k = 1 k = 1 

According to Remark 2.1, we obtain 

i i 

T (^2 u kfkit)) € TC22u k fk(to)) + C, 

k= 1 fc= 1 

i.e., F(t) G F(to) + C. Therefore, F(to) he F(t ), which implies that to is an optimal solution of FCMP3. 

6. Conclusion 

The objective of this paper is to introduce the differentiability concept for fuzzy mappings and an ordering 
relation on the fuzzy n-cell number space is considered. We have used the differentiability for fuzzy mappings 
to obtain the KKT optimality conditions for fuzzy constrained minimization problem based on the ordering 
relation he ■ 

Future research includes studying other types of optimality conditions for fuzzy constrained minimization 
problem. One alternative is to define the concept of invex function using differentiability and the ordering 
relation he for fuzzy mappings. 


References 

[1] L.A. Zadeli, Fuzzy sets, Inform Control. 8 (1965) 338-353. 

[2] S.L. Chang, L.A. Zadelr, On Fuzzy Mapping and Control, IEEE T Syst Man Cy-S. 2 (1972) 30-34. 

[3] M.L. Puri, D.A. Ralescu, Differentials of Fuzzy Functions, J. Math. Anal. Appl. 91 (1983) 552-558. 

[4] O. Kaleva, Fuzzy differential equations, Fuzzy Sets Syst. 24 (1987) 301-317. 

[5] G.X. Wang, C.X. Wu, Directional derivatives and subdifferential of convex fuzzy mappings and appli- 
cation in convex fuzzy programming, Fuzzy Sets Syst. 138 (2003) 559-591. 

[6] L. Stefanini, A generalization of Hukuhara difference, in: D. Dubois, M.A. Lubiano, H. Prade, M.A. 
Gil, P. Grzegorzewski, O. Hryniewicz (Eds.), Soft Methods for Handling Variability and Imprecision, 
in: Series on Advances in Soft Computing, Springer, 2008. 

[7] L. Stefanini, A generalization of Hukuhara difference and division for interval and fuzzy arithmetic, 
Fuzzy Sets Syst. 161 (2010) 1564-1584. 

[8] B. Bede, L. Stefanini, Generalized differentiability of fuzzy-valued functions, Fuzzy Sets Syst. 230 (2013) 
119-141. 

[9] P. Diamond, P. Kloeden, Characterization of compact subsets of fuzzy sets, Fuzzy Sets Syst. 29 (1989) 
341-348. 

[10] M. Ma, On embedding problems of fuzzy number spaces: Part 5, Fuzzy Sets Syst. 55 (1993) 313-318. 


416 


She-Xiang Hai et al 407-417 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

Shexiang Hai and Zengtai Gong: The differentiability for fuzzy n-cell mappings and the KKT optimality ... 


[11] C.V. Negoita, D.A. Ralescu, Application of Fuzzy Sets to Systems Analysis, Wiley, NewYork, 1975. 

[12] C.X. Wu, M. Ma, J.X. Fang, Structure Theory of fuzzy Analysis, Guizhou Scientific Publication, 1994 
(in Chinese). 

[13] G.X. Wang, C.X. Wu, Fuzzy n-cell numbers and the differential of fuzzy ?r-cell number value mappings, 
Fuzzy Sets Syst. 130 (2002) 367-381. 

[14] R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets Syst. 18 (1986) 31-43. 

[15] S.X. Hai, Z.T. Gong, The gradient and subgradient for fuzzy mappings based on generalized difference 
of n-cell fuzzy-numbers, J Comput Anal Appl. (submit) 

[16] S.X. Hai, Z.T. Gong, H.X. Li, Generalized differentiability for n-dimensional fuzzy-number-valued func- 
tions and fuzzy optimization, Inform Sci. 374 (2016) 151 - 163. 

[17] Z.T. Gong, S.X. Hai, Convexity of n-dimensional fuzzy number-valued functions and its applications, 
Fuzzy Sets Syst. 295 (2016) 19 - 36. 


417 


She-Xiang Hai et al 407-417 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Monotone iterative technique for fractional partial differential 

equations with impulses * 
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Abstract 

In this article, we use a monotone iterative technique based on the presence of lower and 
upper solutions to discuss the existence of mild solutions for the initial value problem of the 
impulsive time fractional order partial differential equation of Volterra type in an ordered 
Banach space E 

{ D 0 9 u(t) + Au{t ) = f(t , u{t),Tu(t)), t£ J, t^t k , 

Au\ t =t k = I k {u(t k )), k = l,2, ■■■ ,m, 
u{ 0) = x 0 , 

where Dq 9 is the Caputo fractional derivative of order q, 0 < q < 1, A : D{A) C E — » E 
is a closed linear operator and — A is a generator of equicontinuous Co-semigroup, / £ 
C(JxExE,E), J = [0, a], a > 0 is a constant, T is a Volterra integral operator, 0 < t± < t -2 < 

■ ■ ■ < t m < a, I k £ C(E, E), k = 1, 2, • • • ,m and Xq £ E. Under wide monotone conditions 
and the noncompactness measure condition of nonlinearity /, we obtain the existence of 
extremal mild solutions and unique mild solution between lower and upper solutions. The 
results obtained generalize the recent conclusions on this topic. An example is also given to 
illustrate that our results are valuable. 

Key Words: Impulsive fractional order integro-differential evolution equation; lower and 
upper solution; equicontinuous semigroup; measure of noncompactness; monotone iterative 
technique 
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1 Introduction 


Fractional order models are found to be more adequate than integer order models in some 
real world problems. Fractional order derivatives describe the property of memory and heredity 
of materials, and this is the major advantage of fractional order derivatives compared with 
integer order derivatives. In recent years, fractional order differential calculus has attracted 
many physicists, mathematicians and engineers, and notable contributions have been made to 
both theory and applications of fractional differential equations. It has been found that the 
differential equations involving fractional order derivatives in time are more realistic to describe 
many phenomena in practical cases than those of integer order in time. For instance, fractional 
calculus concepts have been used in the modelling of neurons [1], viscoelastic materials [2], Other 
examples from fractional order differential equations can be found in [3-7] and the references 
therein. 

One of the branches of fractional differential equations and dynamics is the theory of time 
fractional order evolution equations. Since time fractional order semilinear evolution equations 
are abstract formulations for many problems arising in engineering and physics, time fraction- 
al evolution equations have attracted increasing attention in recent years, see [8-16] and the 
references therein. 


In this article, we use a monotone iterative technique based on the presence of lower and 
upper solutions to discuss the existence of mild solutions for the initial value problem (IVP) 
of impulsive time fractional order partial differential equation of Volterra type in an ordered 
Banach space E 


D 0 q u(t) + Au(t ) = f(t, u(t),Tu(t)), teJ,tj^t k , 

< Au\ t =t k = Ik(u(t k )), k = 1,2, ••• ,m, (1.1) 

^(0) = .To, 


where Do q is the Caputo fractional derivative of order q, 0 < q < 1, A : D(A) C E — »• E 
is a closed linear operator, —A generates a Co-semigroup S(t)(t > 0) in E, J = [0, a], a > 0 
is a constant, / £ C(J x E x E,E), xo € E, 0 < t\ < t .2 < ■ ■ ■ < t m < a, I k £ C(E,E), 
k = 1, 2, ■ ■ * | m, and 

Tu(t):= f K(t,s)u(s)ds (1.2) 


Jo 

is a Volterra integral operator with integral kernel K £ C(A,R + ), A = {(t, s) £ M 2 | 0 < s < 
t < a}, Au\t=t k stands the jump of u(t) at t = t k , he., Au\t=t k = u(t^) — u(t ]T), where u(t^) 
and u(t] 7) represent the right and left limits of u(t) at t = t k , respectively. 


The monotone iterative technique based on lower and upper solutions is an effective and 
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flexible method, which yields monotone sequences of lower and upper approximate solutions 
that converge to the minimal and maximal solutions between the lower and upper solutions. In 
1982, Du and Lakshmikantham [17] established a monotone iterative method for an initial value 
problem of ordinary differential equation in an ordered banach space. Later, Li [18,19], Chen 
and Li [20,21] developed the monotone iterative method for the abstract evolution equations in 
abstract space. 

The theory of impulsive differential equations is a new and important branch of differential 
equation theory, which has an extensive physical background and realistic mathematical model, 
and hence has been emerging as an important area of investigation in recent years, see [22], 
Correspondingly, the existence of solutions to impulsive integro-differential equations in Banach 
spaces has also been studied by several authors, see for example [23,24] and the references therein. 
But all of the results mentioned above are for the differential equations of integer order. To the 
best of the author’s knowledge, no results yet exist for the initial value problem of the impulsive 
time fractional order integro-differential evolution equation (1.1) by using the monotone iterative 
technique. The purpose of this paper is to establish the monotone iterative method for IVP (1.1) 
in an ordered Banach space E. Under the positivity assumption for the Cq semigroup S(t ) and 
some monotone conditions combined with the noncompactness measure condition of nonlinearity 
/, we obtain the results on the existence and uniqueness of mild solutions for IVP (1.1). 

2 Preliminaries 

Let ( E , || • ||) be an ordered Banach space with the partial order “ < Then the positive 

cone P = {x £ E \ x > 6} is normal with normal constant N. Denote C(.J. E) the Banach 

space of all E-value continuous functions with the supremum norm || u||c = sup ||u(t)||. Clearly, 

teJ 

C(J, E) is also an ordered Banach space, which partial order “ < ” is reduced by the positive 
cone Pq = {«£ C(J , E) \ u(t ) > 6,t £ J}. Set 

PC{J , E) = { u : J E | u(t) is continuous at t / tk, 

left continuous at t = tk, and u(t£) exists, k = 1 , 2, ■ ■ ■ , m }. 

Evidently, PC(J, E) is also an ordered Banach space with the supremum norm | u 1 1 pc = 
sup teJ \\u{t)\\, its partial order “ < ” is reduced by the positive function cone Ppc = {u £ 
PC(J, E) | u[t) > 0, t £ J}. Ppc is also a normal with the same normal constant N. For 
v, w 6 PC(J, E) with v < w, we use \v, w\ to denote the order interval {« £ PC(J , E) \ v < 
u < w}, and for every t £ J, we use [ v(t ), w(t)] to represent the order interval {x £ E \ v(t) < 
x < w(t)} in E. Let j' := J\{t\,t 2 ,- ■ ■ ,t m }. We denote by PC' 1 (J, E) = {u £ PC(J,E) n 
C' 1 (J , E) | u (t£) and u (t)~) exist}. Set L(J. E) be the Banach space of all E-valued Bochner 
integrable functions defined on J with the norm ||u||i = \\u(t)\\dt.. 
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Let 0 < q < 1. The Caputo fractional order derivative of order q with the lower limit 0 for 
a function g E C 1 (J) is defined as 

D »™ = f(i 1 —)I‘i0b ds - t>0 ’ i2A) 

where r(-) is the Gamma function. See [7]. 

If g is an abstract function with values in E, the definition of its Caputo fractional order 
derivative is same. In that case then the integrals appeared in (2.1) is taken in Bochner’s sense. 


Let A : D(A) C E — > E be a closed linear operator and E± denote the Banach space D(A ) 
with the graphic norm ||x|ji = ||x|| + ||yLe||. We assume that —A generates a Co-semigroup 
S(t) (t > 0) of linear bounded operators in E. Denote by Jzf (E) the Banach space of all linear 
bounded operators in E. By the exponential boundedness of Co-semigroup, there exist M > 0 
and w6R such that 

\\S(t)\\j? {E ) <Me ut , t> 0. (2.2) 

If uj = 0, we call S(t) a uniformly bounded semigroup. Let h E L(J, E) and consider the initial 
value problem of the linear time fractional order evolution equation (LIVP) 


{ Do q u(t ) + Au(t ) = h(t), t E J, 
u(0) = x 0 . 

By [11], we have the following existence and uniqueness result 


(2.3) 


Lemma 2.1 Assume that the Co-semigroup S(t) ( t > 0) generated by —A is a uniformly 
bounded and analytic semigroup. If h E C(J, E) is uniformly Holder continuous on J, then the 
linear initial value problem (2.3) has a unique solution expressed by 


u(t) = U(t)x o + f (f — s) q l V (t — s)h(s)ds 

Jo 


(2.4) 


where U(t), V(t) : [0, oo) -*«£?(£') are strongly continuous functions of linear bounded operator 
value given by 

roc 

U(t)x = / S (t q t})xdf) i x E E, t > 0, 

Jo 

roc 

V(t)x = q / g (i9)5(t 9 i?)xd't?, x E E, t > 0, 

Jo 

where 

1 n 1 ( 1 / X\ / n 1 / n\ / 

(2.6) 


(2.5) 


C,(0) = - v- l - {1/q) p q (f>- 1/q ) 
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is a probability density function on (0, +oo), in which 

Pq($) = — (— 1 ) n ~ 1 d~ qn ~ 1 + -*-) s in(n-7rg), d G (0, +oo). 

7T - ' n\ 

n = 0 

By [11], the probability density function £ 9 (i?) given by (2.6) satisfies the following condition 

POO POO ] 

J q Q t (d)dd - 1, j 0( q (d)dd = (2-7) 

When S(t)(t > 0) is a uniformly bounded Co-semigroup, we can also define two operator 
value functions U(t) and V(t) by (2.5). From [11, 12], we have the following result 

Lemma 2.2 Assume that S(t)(t > 0) is a uniformly bounded Co-semigroup. Then operators 
U(t ) and V(t) defined by (2.5) have the following properties: 

(1) . For evrey t > 0, U(t) and V(t) are linear bounded operators, and 

M 

\\U(t)x\\ < M\\x\\, ||V(t)x|| < j— ^ ||.t||, ill?. (2.8) 

(2) . U(t) and V(t) are strongly continuous on [0, +oo). 

(3) . When S(t)(t > 0) is equicontinuous, U(t) and V(t) are continuous in [0, +oo) by the 

operator norm. 

In this case, by means of Lemma 2.2 (2), the function u gived by (2.5) belongs to C(J,E), we 
call it a mild solution of the linear fractional order evolution equation (2.3). That is: 

Definition 2.1 Let S(t)(t > 0) be a uniformly bounded Co-semigroup and h G L(J, E). By the 
mild solution of the LIVP (2.3), we mean that the function u G C(J,E) satisfying the integral 
equation 

u(t) = U(t)x o + f (t — s) q ~ 1 V(t — s)h(s)ds. 

Jo 

Let h G PC(J, E), yk G E, k = 1, 2, • • ■ ,m. We consider the initial value problem of the 
linear impulsive time fractional order evolution equation (LIVP) 

Do q u(t ) + Au(t ) = h(t), t G J, t / tk, 

< Au\ t =t k =y k , k = 1,2,- •• ,m, (2.9) 

u( 0) = xq G E. 

Let Ji = [0, C], Jk = (tk~ i, tk\, k = 2, 3, ■■■, m. + 1, where t m + 1 = a. Using Definition 2.1, 
from J\ to J m + 1 interval by interval, we can easily obtain the following result. 

5 


422 


Xuping Zhang et al 418-440 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Lemma 2.3 For every h £ PC(J, E) and yk £ E, k = 1, 2, • • • ,m, the LIVP (2.9) has a unique 
mild solution u £ PC(J, E) given by 

|"c/(t).'co + J (t — s) a ~ 1 V(t)(t, — s)h(s)ds, t £ Ji, 

U(t - ti)(u(ti) + yi ) + f (t - s) 9_1 V(t - s)h(s)ds, t £ J 2 , 

Ju 


u(t) = < 


( 2 . 10 ) 


f/(i - + y m ) + f (t-s) q 1 V(t - s)h(s)ds, t £ Jm+ 1 . 

^ ^ tm 


Remark 2.1 JVote that the operator value functions U (t) and V (t) do not possess the properties 
of semigroup. The mild solution of the LIVP (2.9) can be expressed only by using piecewise 
function. 


We consider the nonlinear impulsive time fractional order evolution equation (1.1). By 
Lemma 2.3, a function u £ PC(J,E) is called a mild solution of IVP (1.1) if u satisfies the 
piecewise integral equation 


u{t) = < 


U(t)x 0 + f (t — s)° — s)f(s,u(s),Tu(s))ds, t £ J\, 

Jo 

U(t - ti)(u(ti) + h(u(ti))) + [ (t - s) 9_1 y(t - s)/(s,u(s),Tu(s))ds, t £ J 2 , 

Ju 


U(t — t m )(u(t m ) + I m (u(t m ))) + 



s) 9 1 V(t - s)f(s,u(s),Tu(s))ds, t £ J m +i- 


We will use the monotone iterative method based on lower and upper solutions to discuss 
the existence of extremal mild solutions for IVP (1.1). Next, we introduce the concepts of lower 
and upper solutions for IVP (1.1). 


Definition 2.2 If a function vq £ PC 1 (J, E) n PC(J, E\) and satisfies inequalities 

D 0 q v 0 (t) + Av 0 (t) < f(t , v 0 (t), Tv 0 (t)), teJ,ty£ t k , 

< An 0 | t=t k < Ik(vo(t k )), k = 1,2, • • • ,m, (2.11) 

^o(O) < x 0 , 

we called it a lower solution of IVP (1.1). If all the inequalities of (2.11) are inverse, we call it 
an upper solution of IVP (1.1). 
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Our discussion needs that the S(t)(t > 0) is a positive Co-semigroup, that is, S(t)x > 6 for 
any x > 6 and t > 0. For more details of the properties of the positive Co-semigroup, see [19,25]. 
Clearly, by the (2.5) we obtain that: 

Lemma 2.4 If S(t)(t > 0) is a uniformly bounded positive Co-semigroup in E, then U(t) and 
V(t) are positive operators in E for every t G [0, +oo). 


Let C > 0 is a constant, I denote the identity operator in E. It is easy to see that —(A + Cl) 
generates a Co-semigroup S\ (t) = e~ Ct S(t) (t > 0) in E. and Si(t) is a positive Co semigroup 
if S(t) is a positive Co-semigroup. If C > uj, then by (2.2), Si(t) is a a uniformly bounded 
Co-semigroup, for more details please see [26]. Hence we can define the corresponding operator- 
value functions U\ (t) and V\(t) as follows 

/»oo 

U\(t)x = I ( q (f})Si(t q f})xdf}, x G E, t> 0, 

\oo (2-12) 

V\ (t)x = q f}( q (i!))Si(t cl i!})xd'&, x G E, t > 0. 

Jo 

U\{t) and V\ (t) have completely same properties with U(t) and V(t). If the semigroup S(t) is 
not uniformly bounded, we choose C > u> such that S\(t) uniformly bounded. In this case, the 
mild solution of IVP (1.1) can be expressed by U\(t) and V] (t). 

Next, we recall some properties about the measure of noncompactness that will be used in 
the proof of our main results. Let a(-) denote the Kuratowski measure of noncompactness of the 
bounded set. For the details of the definitions and properties of the measure of noncompactness, 
see [27]. For VBc PC(J, E) and t G .7, set B(t) = {u(t) : u G B} C E. If B is bounded in 
PC(J, E), then B(t) is bounded in E and a(B(t )) < a(B). 

Lemma 2.5 l 2 '] Let B C C(J,E) be bounded and equicontinuous. Then a(B(t )) is continuous 
on J , and 

a ({ J U ^ I U ^ ^}) ~ J 

Lemma 2.6 I 28 l Assume that B = {u n } C PC(J,E ) is a countable set and there exists a 
function m G L 1 (J, M + ) such that for every n G N 


u n [t ) || < m(t), a.e. t G J. 


Then a(B(t)) is Lebesgue integral on J, and 


a 



<2 J a(B(t))dt. 
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Our discussion also need the following generalized Gronwall inequality which can be fund in 
[29]. 

Lemma 2.7 Let Co > 0 be a constant and a £ L( J) be a nonnegative function. If <p £ L( J) is 
nonnegative and satisfies 

ip < a(f) + Co [ ( t — s) q ~ 1 g>(s)ds, t £ J, 

Y0 

then 

<p{t) < a(t) + T [f; (C ^ (g | )n (t - ds, t £ J. 

do T(ng) J 

3 Main Results 

In this section, we use the monotone iterative method based on lower and upper solutions to 
discuss the existence of mild solution for IVP (1.1). We assume that the operator A : D(A) c 
E — >• E satisfies 

(HO) A : D{A) C E — > E be a closed linear operator, —A generates a positive and equicontin- 
uous Co-semigroup S(t) (t > 0). 

Our main results as follows: 

Theorem 3.1 Let E he an ordered Banach space, and let the positive cone P be normal. 
Assume that A : D(A ) C E — > E satisfies the assumption (HO), f £ C(J x E x E, E), 
Ik £ C(E, E), fc = 1,2,--- ,m, and IVP (1.1 ) has a lower solution vo and an upper solution wo 
with vo < wq. If the following conditions are satisfied: 

(HI) There exists a constant C > 0 such that 

f(t, x 2 , 2 / 2 ) - f(t, xi, yi) > -C(x 2 - xi), 

for V t £ J, vo(t) < x\ < X 2 < wo(t), and Tvo(t) < y\ < 2/2 < Two(t). 

(H2) h (x) is increasing on the order interval [vo(t), rco(t)] for t £ J, k = 1, 2, • • • , to. 

(H3) There exists a constant L > 0 such that 

«({/(*, 1/n)}) < C(a({x n }) + a({y re })), 

for V t £ J, and increasing or decreasing monotonic sequences {x n } C [uo(t), iuo(t)] and 
{: Vn } C [Tu 0 (t),Ttc 0 (t)], 
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then IVP (1.1) has minimal and maximal mild solutions between vq and wq, and they can be 
obtained by a monotone iterative procedure starting from vq and wq, respectively. 


Proof. Without losing the generality, in the assumption (HI) we may assume that C > cu, 
where u is the growth exponent of S(t) given by (2.2). Then the Co-semigroup 

Si(t) = e~ Ct S(t), t> 0 (3.1) 

generated by — (A + CX) is uniformly bounded, positive and equicontinuous. Let U\(t)(t > 0) 
and V] (t)(t > 0) be the operator value function defined by (2.12), then they have the properties 
in Lemma 2.2, specially they satisfy 

M 

\\Ui(t)x\\ < M\\x\\, II Vi (t) a; II < Mag II , t > 0, x G E. (3-2) 

T(q) 

For every u G PC(J , E ), set 

G(u)(t) = f(t,u(t),Tu(t)) + Cu(t), t € J. (3-3) 


Then G : PC(J , E) — »• PC(J, E) is a continuous mapping. We rewrite the equation (1.1) to the 
form of 

D 0 q u(t ) + (A + Cl) u(t) = G(u) (t), t G J, t / t k , 

< Au\ t =t k = Ik{u(t k )), k = 1,2, ••• ,m, (3.4) 

k «(0) = Xq, 

then by Lemma 2.3, the mild solution of this equation, equivalently IVP (1.1), which means 
that u G PC(J, E ) satisfies the piecewise integral equation 


u(t) = 


U\(t)xo+ [ \t - s) a 1 Vi (t)(t — s) G(u)(s) ds, t G Ji, 

Jo 

Ui(t - ti)(u(ti) + h(u(ti))) + f \t-s) q ~ 1 Vi(t-s)G(u)(s)ds, t G J 2 , 

Jt 1 


Ui(t- t-m )(u{t m ) + I m (u(t m ))) + 


Jt ( t-s) q 1 V L (t 


s)G(u)(s)ds, t G Jm+ 1 - 


We dehne the mapping Q : [uq, wq] — > PC(J, E) by 
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Qu(t) 


rt 

U\(t)xo+ / (t - s) Q l V\ (t)(t — s)G(u)(s)ds, t G Ji, 

Jo 

Ui(t - ii)(u(ii) + Ii(u(t{))) + f (t — s) q ~ 1 Vi(t — s)G(u)(s)ds, t G J 2 , 

< Vti 


c/i(t - t m )(u(t m ) + Im(u(t m ))) + / (t - s) 9 - s)G(it)(s)ds, f G J m+ i, 

\ J tm 

(3.5) 

then the mild solution of IVP (1.1) is equivalent to the fixed point of Q. Clearly, Q : [no, 'too] — > 
PC(J, E ) is continuous. Since operators U\{t) and V\ (t) are positive, by the assumptions (HI) 
and (H2), Q is increasing in [i>o, vjq] . We use monotone iterative method of increasing operator 
to find the fixed point of Q. 

Firstly, we show that vq < Qvq and Qwo < wo. 

Let h(t) = Do g vo(t) + Avo(t) + Cvo(t). Then h € PC(J , E) and no is the unique mild solution 
of the the linear impulsive time fractional evolution equation (LIVP) 


Do q u(t ) + {A + Cl) u{t ) = h(t), t G J, t ^ tk, 

< Au\ t =t k = Av 0 \t=t k , k = 1 , 2 , • • • ,m, (3.6) 

^u( 0) = n 0 (0) G E. 

By the definition of lower solution 


^o(O) < x 0 , h(t) < G(n 0 )(t), t G J', 


Av 0 \t=t k < h(v 0 (t k )), k = 1, 2, ■ ■ • , m. 

Hence by Lemma 2.3 and the positivity of operators U\(t) and V\ (t), we have 

rt 

Ui(t)vo(0) + / (t - s) a 1 Pi(t)(t - s)h(s)ds, t G Ji, 

Jo 


vo (t) 


U\{t — ti)(u 0 (£i) + Avo\ t=tl ) + [ ( t-s) q l V\(t — s)h(s)ds, t G J 2 , 

Jti 


Ui(t - + Av 0 \t=tm) + J t {t - s) q l Vi(t - s)h(s)ds, t G J m+ i 
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< < 


Ui(t)v o (0) + [ ( t-s) a x Vi (t)(t- s)G(v 0 )(s)ds, 

Jo 

Ui(t - ti)(v 0 (ti) + h(v 0 (ti))) + f (t - s) g ^ 1 V 1 (t 

Ju 


G Jl, 

s)G(vq)(s) ds , t G J-2, 


U\(t — )(Mt m ) Im(v o(^ m ))) + 




s)G(n 0 )(s) (is, t G J m +i 


= Qi'oW- 

This means that no < Qvq. Using a similar method, we can prove that Qwo < wo- Combining 
these facts and the increasing property of Q in [no,wo], we see that Q maps [no, wo] into itself. 
Hence, Q : [no, wo] —> bo, w o\ is a continuously increasing operator. 

Secondly, we prove that the image set Q([uo,wo]) is equicontinuous in every interval J&, 
k = 1, 2,- • ■ , m + 1. 

For V u G [no, wo], by the assumptions (HI) and (H2), we have 

G(vq) < G(u)(t) < G(wq), teJ, 


and 

vo(tk) + 4(no(ifc)) < + 4(n(t fe )) < in 0 (tfc) + 4(^o(*fe)), k = 1,2,- •• ,m. 


Hence by the normality of the cone P, there exist positive constant M* and Lk, k = 1, 2, • • • , to, 
such that 


||G(u)(*)ll <M*, t€J, 

Lt(U-) + /fc(n(tfe))|| < L k , fc = 1,2,--- ,m. 


(3.7) 


Consider the case of Ji. Let U t" G Ji and (1 < t < t". We show that \\Qu(t") — Qu(t ') 
independently of u as t" — t -> 0. By the definition of Q, we have 


Qu (t) - Qu (t) 


Ui(t')x 0 - Ui(t)x 0 
// 

+ ^ {t — s) q ~ 1 Vi(t” — s)G(u)(s)ds 
/ 

+ [ [(t — s ) 9_1 — (t — s) q ~ l ]V\{t — s)G{u){s)ds 

Jo 

/ 

+ f (t - s) 9_1 [Vj i(t - s) - Vi (t - s)]G(u)(s)ds 

Jo 
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— Sii + S12 + S13 + 5 l 4 , 


where 


<511 = Ui(t")x 0 - Ui(t)x 0 , 

n 

S \2 = J t (t" - - s)G(u)(s)ds, 

/ 

<5i3 = [ [{t - s) 9_1 - (t - s) 9_1 ]bi(f" - s)G(u)(s)ds, 

Jo 

/ 

<5i4 = [ (t — s) 9_1 [V i(t — s) — V\_(t — s)]G(u)(s)ds. 

Jo 


Since 


I! Quit ) - Qu(t )|| < IISnll + ||5 i 2 || + ||5i 3 || + ||<5i 4 ||, 
we only need to check that ||«5ij|| —> 0 independently of u G [uo, u>o] as t" — = 1, 2, 3, 4. 

For S'i i , by Lemma 2.2 (2), Ui(t)xo is continuous on J, hence it is uniformly continuous on J 
and we have 

||<5n|| = \\Ui(t")x 0 - Ui(t)x o|| ->• 0 (t - t -> 0). 

For 5 i 2 and S 13 , by (3.2) and (3.7) we have 

// 

||Si 2 || < £ (t" - sy-'WV^t" - s)G(u)(s)\\ds 


< 


MM* 

qT(q) 


// / 


// f 


(t -t ) q -» 0 (t -t 0) 


MM 

MM* 

?r(g) 

MM* 

q?{q) 


ll^isll < T [(*' - s ) 9 ’ 1 - (*" - '] || Vi(t" - a )G?(u)( S )|| t fa 

Jo 

/ [(*' - s ) 9 " 1 - (t" - s) 9 " 1 ]^ 

Jo 

Kty-(t"y + (t" -ty\ 

. // / . _ . // / . 

(t -t ) 9 ->0 (t -t -> 0 ). 


For 5u, using (3.2), (3.7), Lemma 2.2(3) and the Lebesgue bounded convergence theorem of 
integration, we have 

/ 

115*1411 < f {t - s) 9 " 1 ||Fi(t" - s) - Vyt - a)|| • ||G(u)(s)|| ds. 

Jo 
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< M* f (t — s) q 1 1| Vi (t” — s) — V\(t — s) || ds 

Jo 

= M* f r q ~ 1 \\Vi(t' — t + r) — V\(r)\\ dr 

Jo 

< M* f r g ~ 1 \\Vi(t" — t + r) — V\(r)\\ dr 0 (t" — t — > 0). 

Jo 

As a result, \\Q(u)(t”) — Q(u)(t ) || tends to 0 independently of u G |t>o, vjq] as t —t'—t 0, which 
means that Q([vo,wq\) is equicontinuous in the interval J\. 

Consider the case of J 2 . For t . t G J 2 with t < t , we have 

Qu(t")-Qu(t) = ( Ui{t - ti) - Ui(t - ti ) ) (u(h) + h{u(ti )) ) 

// 

+ J ( t — s) 9_1 Vi(t — s)G(u)(s)ds 

+ f [(i — s) 9_1 — (t — s) 9_1 ]Vi(t — s)G(u)(s)ds 
Jt x 

+ f (t — s) q - l \Vi(t — s) — V\(t — s)\G(u)(s) ds 
Jt] 

= S 21 + S 22 + S 23 + <524, 

where 

<521 = - ti) - Ui(t - h ) ) (u(ti) + Ii(u(ti )) ), 

// 

S 22 = J f (t” - s) q ~ l V\{t' - s)G(u)(s) ds, 

/ 

<523 = [ [it' ~ s) q ~ l - (t - s) 9_1 ]F \{t - s)G(u){s) ds, 

Jt 1 

S 24 = [ (t — -s ) 9- 1 [Vi — s) — V\ (t — s)]G(tt)(s) ds. 

Jtx 

It is obvious that 

II Quit') - Qu{t) || < II <5 2 l II + 11-52211 + ||5 2 3|| + 11-52411. 

Therefore, we only need to check that ||«52j|| -» 0 independently of u G [no, u>o] as t" — t -» 0, 
i = 1,2, 3, 4. For S 21 , by Lemma 2.2 (3) and (3.7), we have that 

I|5 2 i|| = \\(Ui(t' - h) - ih{t - h) ) (u(h) + h(u(h)) )|| 
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< \\Ui(t" - ti) - Ui(t - ti) II • ||u(ii) + h(u(ti))\\ 

< Li\\Ui(t" — ti) — U\{t — ti)\\ — > 0 


For S 22 , similarly to S 12 , we have 


II ^ 22 1| < 


MM* 

q r(g) 

For S 23 , by (3.2) and (3.7) we have 

/ 

rt 


// / 


// / 


{t -t) q ^ 0 (t -t ->0). 


115*2311 < [ [(t -sy-'-it" -s)G(u)(s)\\ds 

Jti 

[ l(t - s) 9 ' 1 - (*" - sy-^ds 
Jtx 

[(t -hy-it" -hy + it" -ty] 


a 1 

MM* rt ' 
MM* 

?r(g) 


MM* n . n / . 

(t -t) 9 ^0 (t -t ^0). 


■ ?r(g) 

For 524, by (3.7) and lemma 2.2(3), we have 

/ 

l|5 24 || < / < (t'-sr 1 ||F 1 (t"- s )-y 1 (t'- s )H|G(n)( s )||ds. 

Jt\ 

/ 

< M* f (t — s) qr— 1 1| Vi (t” — s) — — s) || ds 

J t\ 

rti—t 

= M* / t* 9- 1 1| VKt" — ^ + r) — Fi(r)|| dr 

Jo 

< M* f r q ~ l \\V\{t —t + r) — Vi (r*) || dr — > 0 (i — t — > 0). 

Jo 

Consequently, || Qu (t") — Qu (f , )|| tends to 0 independently of u € [uo,u>o] as t" — t — > 0. This 
means that Q([vq. vjq]) is equicontinuous in the interval J 2 . 

Continuing such a process interval by interval up to J m+ 1 , we can prove that Q([v 0 , wo] is 
equicontinuous in every interval Jf., k = 1, 2, • • • , m + 1. 

Now, we define two sequences {v n } and {tc n } in [t>o,u>o] by the iterative schemes 

v n = Qv n - 1 , w n = Qw n - 1 , n = 1, 2, •••. (3.8) 
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Then from the monotonicity of Q, one can easy to prove that 

vo < v\ < ■ ■ ■ v n < ■ ■ ■ < w n < ■ ■ ■ < w\ < wo- (3-9) 

We prove that {u n } and {w n } are uniformly convergent in J. 

For convenience, let B = {v n \ n G N} and Bo = {v n -\ \ n G N}. Since B = <3 (.Bo) C 
Q([v o, wo]), so that B is equicontinuous in every interval </&, k = 2, 3, • ■ ■ , m. From Bo = 
B U {uq} it is follows that a(Bo(t)) = a(B(t)) for t G J. Denote 


<p(t) = a(B(t )) = a(B 0 (t)), t G J. 


(3.10) 


By Lemma 2.5, <p G PC(J, M + ). We from J\ to J m + 1 interval by interval show that <p(t) = 0 in 
J. 


For every t € J, by Lemma 2.6 we get that 


a(T(B 0 )(t)) = J K(t,s)v n -i(s)ds n G 

<2 f a({K (t, s)v n -i(s) | n G N})ds 

Jo 

= 2 f K(t, s) a({v n -i(s) | n G N })ds 

Jo 

< 2Ko f <p(s)ds, 

Jo 

where Kq = maxo s ) e ^ K(t, s). Therefore 

f (t- s) q ~ 1 a(T(B 0 )(s))ds < 2K 0 f (t - s) 9 ' 1 [ [ c p{r)dr 


ds 


2K 0 


Q Jo 
2aK 0 rt 
g Jo 

For V t G J\, by (3.5), using Lemma 2.6, the assumption (H3), (3.2) and (3.11), we have 


< 


(t — r) q (p(r)dr, 
f (t — s) q ~ 1 Lp(s)ds, t G J. 

Jo 


(3.11) 


<p(t) = a(B(t)) = a(Q(B 0 )(t)) 

t({Ui(t)x 0 + J (t - s) 9-1 Vi(f - s)G(v n -i)(s) ds j) 
“({ / — s) 9_1 Vi(t — s)G'(v ri ,-i)(s) ds }) 


= a[ 
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< 2 [ a({(t-s) q l Vx(t - s) G(v„_i)(s) }) ds 

Jo 

2 m r f , 

< =rrw / ( t.-s) q 1 a({G(v n - 1 )(s) ds})ds 

1 KQ) Jo 

2 M , 

= / ( t-s) q l a ({ /(s, v n -i, Tv n -i(s)) + Cv n -i(s) }) ds 

1 (Q) Jo 

2 m r l , 

~ W) Jo {t ~ S)l " t L ( a ( i? o(-s)) + «(W)(s))) + C«( J Bo(.s))] ds 

2M f 1 i 2 M f* , 

= —(L + C)J (t- s) q ~Ms) + f(^ y o ^ - S ) 9 - 1 a(T( J B 0 )( S )) ^ 

2 M / 2aK 0 L\ f t . , . , 

s T® ( + + ) Jo (t ~ s) v{e) 

Hence by Lemma 2.7, y?(i) = 0 in Ji. In particular, a(I?(fi)) = a(i?o(ti)) = <£>(ti) = 0, this 
means that B(t\) and Ho(ti) are precompact in E. Hence, from the continuity of I\ we obtain 
that /i(5 0 (ti)) i s precompact in E, and a(/i(Ho(H))) = 0. 

For V t £ J 2 , since 

a({t/i(t - ti)[n n _i(H) + /i(n n _i(ti))]}) < a(t/i(t - ti)(-B 0 (H) + /i(H 0 (H)) ) 

< M(a(Bo(ti)) + a(/i(i?o(ti))) ) = 0, 
using (3.5) and a similar argument above, we have 
¥>(*) = a(B(t)) = a(Q(B 0 )(t)) 

nf 

= a^Ui(t - ii)[u n -i(ii) + Ii(n n -i(^i))] + l (t - s) 9_1 Fi(t - s)G(n n _i)(s) 

< a({Ui(t - ti)[v n -i(ti) + /i(v n _i(ti))]}) 

+ a({ f t (t ~ - s)G(u n _i)(s) ds j) 

= «({/ (t-s) 9_1 Vi(t-s)G(r; n _i)(s)ds j) 

< 2 / a ({(i - s)' 7_1 F L (f - s) G(n n _i)(s) }) ds 
Jt 1 

9 m r t 

< w J(t-s)^ai{G M (s)})ds 
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< 


< 


< 


2 M 

m 

2 M 

m 

2 M 

W) 

2 M 


f (t-s) q 1 a ({ f(s, v n -i, Tv n -i(s)) + Cv n -i(s) }) ds 

Jti 

[\t - sy-^LiaiBois)) + a(T(B 0 )(s))) + Ca(B 0 (s)) } ds 

Jti 

ft O Ji,T T ft 

(L + C) jf (t-sy-'vWds + j^j* (t — s) q ~ 1 a(T(Bo)(s)) ds 

ft 2 M T B 

r(g) (L + c ) J (t - sy-^is) ds + Y ^J 0 (t- VT^oX*)) ds 
(j L + C+ f\t - s) g - V(s)ds. 


2 M 

W) 


Again by Lemma 2.7, <^(t) e 0 on J 2 , from which we obtain that a(Bo(t 2 )) = 0, and therefore 
a(l 2 (Bo(t 2 ))) = 0. Continuing such a process interval by interval up to J m + 1 , we can prove that 
tp = 0 in every J 

Therefore, for every J*., {v n } is equicontinuous on J ^ and is precompact in E for every 

t € Jk ■ By the Arzela-Ascoli theorem, {v n } has a subsequence which is uniformly convergent 
in Jk ■ Combining this with the monotonicity (3.9), we easily prove that {u n } itself is uniformly 
convergent inJfc, k = 1,2, ••• , m + 1. Consequently, {u n (f)} is uniformly convergent over the 
whole of J. 


Using a similar argument to that for {v n (t)}, we can prove that {u; n (f)} is also uniformly 
convergent on J. Hence, {v n } and {rc n } are convergent in the Banach space PC(J,E). Set 


u= lim v n and u= lim w n in PC(J, E). 

n— >00 n— >00 

Letting n — > 00 in (3.8) and (3.9), we see that vq < u <u < wq and 


(3.12) 


u = Qu and u = Qu. 


(3.13) 


By the monotonicity of Q, it is easy to prove that u and u are the minimal and maximal fixed 
points of Q in [no, wq], and therefore, they are the minimal and maximal mild solutions of IVP 
(1.1) in [no, wo], respectively. 

This completes the proof of Theorem 3.1. □ 

In Theorem 3.1, if E is weakly sequentially complete, the condition (H3) holds automatically. 
In fact, when E is an ordered and weakly sequentially complete Banach space, by Theorem 2.2 in 
paper [30], we know that any monotonic and order-bounded sequence is precompact. Let { x n } 
and {y n } be two increasing or decreasing sequences in condition (H3), then by condition (HI), 
{ f{t , x n , y n ) + Cx n } is monotonic and order-bounded sequence. By the property of measure of 
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noncompactness, we have 

«({ f(t , x n , y n )}) < a({ f(t, x n , y n ) + Cx n }) + C a({x n }) = 0. 

Hence, condition (H3) holds for any L > 0. From Theorem 3.1, we obtain that 

Corollary 3.1 Let E be an ordered and weakly sequentially complete Banach space, and let 
the positive cone P be normal. Assume that A : D(A ) C E — > E satisfies the assumption (HO), 
f G C(J x E x E, E), and Ik G C(E, E), k = 1, 2, • • • , m. If IVP (1.1) has a lower solution vo 
and an upper solution wq with vq < wq and the assumptions (HI) and (H2) are satisfied, then 
IVP (1.1) has minimal and maximal mild solutions between vq and ivq, which can be obtained 
by a monotone iterative procedure starting from vq and wq, respectively. 

Now we discuss the uniqueness of the mild solution for IVP (1.1) in [uo, wo]. In theorem 3.1, 
if replacing the assumption (H3) by the condition: 

(H4) There exist positive constants C\ and C 2 such that 

f(t, X 2 , 2 / 2 ) - f(t , XI, yi) < Ci(x 2 - x{) + C 2 (y 2 - yi), 

for V t G J, and vo(t) < x\ < x 2 < wo(t), Tv o(t) < y\ < y 2 < Two(t), 

we have the following uniqueness result. 

Theorem 3.2 Let E be an ordered Banach space, and let the positive cone P be normal. 
Assume that A : D(A ) C E — > E satisfies the assumption (HO), f£C(JxExE,E), and 
Ik G C(E , E), k = 1, 2, • • • ,m. If IVP (1.1) has a lower solution vo and an upper solution wo 
with vq < Wq such that conditions (HI), (H2) and (H4) hold, then IVP (1.1) has a unique mild 
solution between vq and ivo, which can be obtained by a monotone iterative procedure starting 
from vq or wq . 

Proof. We firstly prove that (HI) and (H4) can deduce (H3). For t £ J, let {x n } C 
[uo(t), itio(i)] and {y n } C [Tvo(t), Two(t )] be two increasing sequences. For m,n G N with 
m > n, by (HI) and (H4), 

(1 E (f(ti x m , ym) x n , y n ) ) T C(x m x n ) 

(C + C\)(x m X n ) + C2(ym yn)- 

By this and the normality of cone P, we have 

||/(^j x m , y m ) — f(t, x n , y n ) || 
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— N || (C “I - C l)(x m %n) “I - C 2 {l/m 2/n)|| T C ||*Tm 1 1 

< (C + NC + NC\)\\x m — X n \\ + NC-iWUm ~ Vn\\- 
From this and the definition of the measure of noncompactness, it follows that 
a({f(t,x n ,y n )}) < (C + NC + NCi)a({x n }) + NC 2 a({y n }) 

< L(a({x n }) + a({y n })), 

where L = C + NC + NC\ + NC 2 . If {x n } and {y n } are two decreasing sequences, the above 
inequality is also valid. Hence (H3) holds. 

Therefore, by Theorem 3.1, IVP (1.1) has a minimal mild solution u and a maximal mild 
solution u in [uo, iuo\- Let {v n \ and {w n } be the sequences defined by the iterative scheme (3.8). 
Then by the proof of Theorem 3.1, we know that (3.9), (3.12) and (3.13) are valid. We show 
that u(t) = u(t) on J . Set 


^(t) = \\u(t) — u(t)\\, t. G J, (3.14) 

then i/j € PC(J, M + ). We need to show that ip(t) = 0 on J. We from J\ to J m +i interval by 
interval show that = 0 on J. 

For every t G Ji, using (3.5), (3.8), (3.9) and assumption (HI) and (H4), we obtain that 
9 < u(t) — u(t) = Qu (■ t ) — Qu ( t ) 


= f (t — s) q 1 V\ (t — s) (G(u)(s) — G(u)(s)) ds 
Jo 

< [ (t-s) q - 1 V 1 (t-s)((C + C 1 )(u(s)-u(.s)) + C 2 (Tu(s)-Tu(s)))ds. 

Jo 


Hence, by the the normality of cone P and (3.2), we have 
ip(t) = ||u(t) — u( 

< N 
MN r 


< 


< 


< 


[ (t — s) q l V\ (t - s)((C + Ci)(u(s) - u(s )) + C 2 (Tu(s ) - Tu(s))) ds 
Jo 

Y {C + Ci) f (t - s) q l ip (s) ds + C 2 f (t - s) 9 ^ 1 ||Tu(s) - Tu(s)|| ds 
L(g) L Jo Jo 


MN 

MN 


{C + Ci) / [t — s) q 1 ip(s) ds + C- 2 Kq (t — s) q 1 ip(r)drds 


{C + C\) [ (t — s) q 1, ip(s) ds + [ (t — r) q ip (r) dr 

Jo Q Jo 
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< 


\{C + C\) [ ' (t — s) q 1 ip(s)ds -\ — ° [ (t — s) q 1 'i/}(s)ds 

Jo Q Jo 


r(?)L 

MN / 


C + Ci + 


aC^A o 


^ J (t — s) q 1 V’('S) ds. 


So we obtain that ip(t) = 0 on J\ by Lemma 2.7. 

For t G J 2 , noting that u{t\) = u(fi) and I\ = Ii(u(ti)), using (3.5) and the same 

argument as above for t G Ji, by (3.5) we can prove that 

aCaiiy 


, , X NM ( 

m - wJ 


C + C 1 + 


(t — s) q 1 'ip(s)ds 


< 


NM 


(c + Cl + J {t-s) q 1 'ip(s)ds, t G J 2 . 


Again by Lemma 2.7, we have i/>(f) = 0 on J 2 . 


Continuing such a process interval by interval up to J m +i, we obtain that ip(t) = 0 over the 
whole of J. Hence, u(f) = n(t) on J and u := u = u is a unique mild solution of IVP (1.1) in 
[no, wo], which can be obtained by the monotone iterative procedure (3.8) starting from no or 
wo- 


This completes the proof of Theorem 3.2. 


□ 


Remark 3.1 Since the condition (H4) can be more easily verified than (H3), the applications 
of Theorem 3.2 are convenient. 


4 Application 

In order to illustrate the applicability of our main results, we consider the initial-boundary 
value problem of time fractional order parabolic partial differential equation with impulses and 
integral term 

dt q u — V 2 u = g(t, x, u(t , x), Tu(t, x)), (t, x) G J x P, t 7 ! tk, 

Au|t=t = Cfc u(tk, x), x G H; k = 1, 2, • • • , m, 

(4-1) 

u\an = 0 , 

K u( 0,x) = ipo(x), 16 SI, 

where dt g is the Caputo fractional order partial derivative of order q, 0 < q < 1, V 2 is the 
Laplace operator, J = [0, a], a > 0, 0 < t\ < t 2 < ■ ■ ■ < t m < a, P C is a bounded domain 

with a sufficiently smooth boundary <9fl, g G C(Jx!lxlxR) and satisfies the growth condition 

| g(t, x, £, rj)\ < b 0 + 6 i|£| + & 2 |??|, (t, x, rj) G J x P x M x M, (4.2) 
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with positive constants bo, b\, 62, and 


Tu(t, x ) 



K(t, s)u(s , x)ds 


(4.3) 


is a Volterra integral operator with integral kernel K £ C'(A,M + ), A := {(t,s) £ M 2 | 0 < s < 
t < a}; ci, C2, • • • , c m are positive constants, and the initial value function po £ L 2 (14). 


Let E = L 2 (14), P = {u £ L 2 (14) \ u(x) >0, a. e. x £ 14}. Then E is a Banach space, P is a 
normal cone of E. We define an operator A in L 2 (14) by 


D(A) = E7 2 (14)n# 0 1 (14), Au = -V 2 u, (4.4) 

From [26, Chapter 7, Theorem 3.2], we know that — A generates a positive and analytic semigroup 
S(t) ( t > 0) in E. Let 


f(t, v, w ) := g(t, x, v(x), w(x)), t £ J, v, w £ E 1 . (4-5) 

Then by the condition (4.2), / : JxExEaE is continuous. Let = q, I, fc = 1, 2, • • • , to, 
where I is the identity operator in L 2 (fi). For the fuction u : J x 12 — x M, let it(t) = u(t, •). Then 
the equation (4.1) be transformed into the following abstract form of IVP (1.1) in L 2 (fl) 

D 0 q u(t) + Au(t) = f(t,u(t),Tu(t)), teJ, t^t k , 

< Au\ t =t k = h(u(tk)), k = 1, 2 , • • • , to, (4.6) 

;u(0) = ipo- 

Let Ai be the first eigenvalue of A. It is well known that Ai > 0 and it has a unique positive 
eigenfunction <fi \ £ C 2 (Q) H (70(14) satisfied max x , Si c/)i(x) = 1. Let 

= 1 + T,t>t k t £ J, (4.7) 

then /J, £ PC(J) and A/r| t =t k = Ck, k = 1, 2, • • ■ , to. In order to solve the problem (4.1), we 
make the following assumptions: 

(AI) tpo £ L 2 (14) and 0 < tpo(x) < (j>i{x) for a. e. x £ 14. 

(A2) </(4, x, 0, 0) >0 and g(t, x, i{x), 4>\{x) T p(t)) < X\ p(t) (j>i(x) for every (x, t) £ 

j x n. 


(A3) In J x 14 x K x K, g(t, x, rj) has continuous partial derivative g^(t, x, rf) and 
g v '(t, x, C, ??). 

Theorem 4.1 If the assumptions (Al)-(A3) are satisfied, then the equation (4.1) has a unique 
L 2 -mild solution between 0 and p(t)(f>i(x). 


21 


438 


Xuping Zhang et al 418-440 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Proof. Consider IVP (4.6). From Definition 2.2 and the assumptions (Al) and (A2) we see 
that vq ( t) = 0 is a lower solution of IVP (4.6) and wo(t) = n(t)4 > i is an upper solution of IVP 
(4.6). From (A3) it is easy to verify that / satisfies the assumption (HI) and (H4). Clearly, for 
Ik = c fc I, k = 1, 2, • • • , m, (H2) holds. Therefore, by Theorem 3.2, IVP (4.6) has a unique mild 
solution between vo and wq, that is, the equation (4.1) has a unique L 2 -mild solution between 
0 and i(x). □ 
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EVP, MINIMAX THEOREMS AND EXISTENCE OF NONCONVEX 
EQUILIBRIA IN COMPLETE G-METRIC SPACES 

E. HASHEMI AND R. SAADATI* 


Abstract. We prove generalized EVP (Ekeland’s variational principle) and generalized Taka- 
hashi’s nonconvex minimization theorem by P-distance on G-metric spaces. As a result of last 
theorems, we get generalized flower petal theorem. 


1. INTRODUCTION 


EVP, studied first one in 1972, has found a multitude of applications in different fields of 
analysis. It has also served to provide simple and elegant proofs of known results. The best 
references for those are by Ekeland himself: his survey article [2], his book with Aubin [1] and 

[4]- 


2. EVP 

Definition 2.1. [3] Let 1/0. The function [0,oo) is said to be G-metric 

when 

(i) G(u,v,w) = 0 if u = v = w (coincidence), 

(ii) G(u, u, v) > 0 for all u, v G X, where u ^ v. 

(iii) G(u, u, w) < G(u, v, w ) for all u,v,w € X, with w / v, 

(iv) G(u,v,w) = G(P{u,v,w}), where p is a permutation of u,v,w (symmetry), 

(v) G(u, v, w ) < G(u, a, a) + G(a, v, w) for all u,v,w, a € X (rectangle inequality). 

In this paper, ip : (— 00 , 00 ) —> (0,oo) is a nondecreasing function. We say the function 
h : X — > (— 00 , 00 ] is lower semicontinuous from above (shortly lsca) at wq G X when for 
every sequence {ic n } in X with w n —X wq and h(w\) > h{w 2 ) > • • • > h(w n ) > ■ • • , we have 

Key words and phrases. P-distance; Generalized EVP; Lower semicontinuous from above function; Gener- 
alized Caristi’s (common) fixed point theorem; Nonconvex minimax theorem; Nonconvex equilibrium theorem; 
Generalized flower petal theorem. 

*The corresponding author. 
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h(wo) < lim n ^ 0O h(w n ). We say h is lsca on X when h is lsca at every point of X. We say h 
is proper if h / oo. 

Definition 2.2. [3] Let (X,G) be a G-metric space. 

(1) A sequence {u n } in X is a G-Cauchy sequence when, for every e > 0, there exists a 
positive integer no such that if m,n,l > no, then G(u m , u n ,ui ) < e. 

(2) A sequence {n n } in X is G-convergent to a point u £ X when for every e > 0, there 
exists a positive integer no such that for all m, n > no we have G(u m , u n , u ) < s. 

Definition 2.3. [5] Let ( X , G) be a G-metric space. A function 12 : X x X x X — >• [0, oo) is 
said to be an 12-distance on X when 

(a) 12(n, v, w) < Q(u, a , a) + 12(a, v, w) for all u, v, w G X\ 

(b) For any «el, Q(u, .) : X — > [0, oo) is lower semicontinuous; 

(c) For each £ > 0, there exists a 5 > 0 such that Q(u,a,a) < 6 and £l(a,v,w) < 8 imply 
G(u, v , w) < e. 

Example 2.4. [5] Let ( X , d) be a metric space and G : A' 3 -> [0, oo) defined by G(u, v, w) = 
max{c?(n, v), d(u , w),d(v, u>)} for all u. v, w £ X. Then 12 = G is an 12-distance on X. 

Lemma 2.5. [5] Let (X,G) be a G-metric space and 12 an Q-distance on X. Let also 
{u n }, {v n } be sequences in X, {a n } and {/3 n } sequences in [0, oo) converging to zero and 
let u, v,w,a € X . Then we have 

(1) if Ll(v,u n ,u n ) < a n and 12 (u n ,v,w) < {3 n for n 6 N, then G(v,v,w) < e and hence 
w = v; 

(2) if 12(u n , u n , u n ) < a n and 12 (u n , u m , w ) < f3 n for any m > n £ N, Then G(v n , v m , w) 

0 and hence v n — > w, 

(3) if Q(u n ,u m ,ui) < a n for any l,m,n € N with n < m < l, then {u n } is a G-Cauchy 
sequence; 

(4) if !2(n n , a, a) < a n for any n € N, then {u n } is a G-Cauchy sequence. 

Lemma 2.6. Let 12 be an Ll-distance on X x X x X . If {u n } is a sequence in X with 
limsup n ^. 0O {12(n n , u m , u{) : n < m < 1} = 0, then {u n } is a G-Cauchy sequence in X. 

Proof. Suppose a n = sup{12(n n , u m , ui)}. We have lim n _ s . 0O a n = 0. By Lemma 2.5, we obtain 
that { u n } is a G-Cauchy sequence in X. □ 
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Lemma 2.7. Let f : X — > (— 00 , 00 ] be a function and fl a Q-distance on X x X x X . We 
define the set P{u ) by 

P{u) = {u G X : v u, n(u,v,v) < p(f(u))(f(u) - 
If v G P(u), then we have f(v) < f(u) and P(v) C P(u). 

Proof. Let v £ P(u). Then v u and fl(u, v, v) < p(f(u))(f(u)—f(v)). Since U(u, v, v) > 0 for 
any u, v G X and <p is nondecreasing in (0, 00 ), we have f(u) > f(v). If P(v) = 0, then P(v) C 
P(u). If P(v) 0, then let w € P(v). We have w v and Ll(v, w, w) < <p(f(v))(f(v) ~ 

Then, we have f(v) > f(w). Also we have 

fl(u, w, w ) < Q(u, v, v) + Q(v, w, w ) < p (f(u)) ( f{u ) — f{w )) . 

We claim that w / u. Let w = u\ then Q(u, w, w ) = 0. On the other hand 

fl(u, v, v ) < < p(f(u )) (f(u) - f(v)) < p(f(u)) ( f(u ) - f(w )) = 0. 

Then £l(u,v,v) = 0; for each e > 0, we have Ll(u,w,w) = 0 <5, Q(w,v,v) = 0 <5 => 
G(w,v,v ) < £. Then G(w,v,v) = 0 and w = v, which is a contradiction. Therefore w G P(u ) 
and hence P(v) C P{u). □ 

Proposition 2.8. Let f : X (— 00 , 00 ] 6e a proper Isca and bounded from below function. 
Let also be an Q-distance on X x X x X . For each u G X, let 

P{u) = {n G A : v u, Q(u,v,v) < <p{f{u))(f(u) - f(v))}. 

If {u n } is a sequence in X such that P(u n ) is a nonempty set and u n+ \ G P{u n ) for all n G N, 
then there exists uq G X such that u n -A uq and uq G H^Li P{' u n)- 

Also, if f(u n+ 1 ) < inf mg p( Un ) f(w) + l/n for all n G N, t/ten P{ u n ) has only one point. 

Proof. First we show that {u n } is a Cauchy sequence. Whereas u n+ \ G P(u n ), by Lemma 2.7, 
f(u n ) > /('Un+i ) for all n G N, so {/(«„)} is nonincreasing. On the other hand, / is bounded 
from below; then r = lim^-nx, f(u n ), so f(u n ) > r for all n G N. 

We show that limsup n _ ) . 0O {n(u n , u m , u m ) : m > n} = 0. We have 

Ll(Un,Um,Um) T H(ltn) Hn+1 ; I^n+1 ) T fl(llr) + l ; Umi Tt m ) 

T Ll(u n , Un-i-l) T H(LIr;.pl, Lt n +2) Hn+ 2 ) T H(Ttn+2; Ttm) 
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Therefore Q(u n ,u m ,u m ) < YJj=n ^( u j, u j+i, u j+i ) < (p(f(ui))(f(u n ) -r), for all m,n £ N 
with m > n. Put a n = <p{f( u i)){f{ u n) ~ r ) for all n £ N. We have sup {Ll(u n ,u m ,u m ) : m > 
n} < a n for all n £ N. So lim n _ 5 . 0O f{u n ) = r. We have lim n _ 5 . oc a n = 0 and 

lim sup {Ll(u n ,u m ,u m ) :m> n} = 0. 

n— >• oo 

By Lemma 2.6, {u n } is a G-Cauchy sequence, and X is a G-complete metric space, so there 
exists uq £ X such that u n — »• uq. We show that uq £ f > |^ =1 P(u n ). Since / is lsca, then 
/(no) < linin^oo f(u n ) = r < f(uk). Suppose that n £ N is fixed for all m £ N with 
m > n. We have Q(u n ,u m ,u m ) < J2™=n &{ u j, “j+ii u j+i) < ip(f(u n ))((f(u n ) - f(u 0 )). Since 
f2(n, ., .) : X -A (0, oo) is lower semi continuous, then 

n(u n , U 0 , Uq) < <p(f(u n )) (/(«„) - f{u 0 )) . (2.1) 

Also uq / u n for all n £ N. Suppose contrary, that there exists j £ N such that no = Uj. 
Since n(uj,u j+ i,u j+ i) < v{f(uj))(f(uj) - f{u j+1 )) < v{f(uj))(f(uj) - f(u 0 )) = 0, so we 
would have Q(uj,Uj + i,Uj + \) = 0. Similarly, we would have Q(uj+i, Uj + 2 , 1 ^+ 2 ) = 0. Now, 
for e > 0, we would have Q(uj,Uj + i,Uj + i) = 0 < <5 and Ll(uj + \, Uj+ 2 , Uj+ 2 ) = 0 < 5. Then 
G(uj,Uj+ 2 ,Uj+ 2 ) < £, and by Definition 2.2, we would have uj = Uj+ 2 , which is contradiction. 

Since Uj + 1 £ P(uj), then P{uj + \) C P(uj) and Uj + 2 £ P(uj + i), so Uj + 2 £ P(uj ) and 
therefore Uj + 2 / Uj. We conclude that uq / u n for all n £ N. By (2.1) we have uq £ 
lT=i p ( u n), thus n*i P{u n ) / 0 . Now we assume that f(u n+ 1) < inf^ e p( Uji ) /(w) + 1/n for 
all n £ N. We show that H^Li P( u n) = {no}- Let t £ H^Li P( u n)', then 

n(u n , t, t ) < <p(f(u n )) (. f(u n ) - /(f)) 

< <p(/(«i))(/(«n) - ,/H) 

< ¥>(/(«l)) (/(«n) - /(«n+l) + 1/n). 

Let /3 n = <p(f(ui))(f(u n ) - f(un+ 1 ) + 1/n), for all n £ N. Then lim n _).oo /3 n = 0, thus 
lim^-^oo f2(n„, t, t) = 0; also {u m } is G-Cauchy. Then lim^oo Q(u m , u m , u n ) = 0, and we 
obtain u n — > t. By uniqueness, we have t = no- Then H^=i P( u n ) = {no}. □ 

Theorem 2.9 (Generalized EVP). Let f : X (— 00 , 00 ] be a proper lsca and bounded from 

below function. Let also D be an Ll-distance on X x X x X . Then there exists t £ X such that 

f 2(t, u, u ) > </?(/(t)) (/(f) — /(n)) for all u £ V with u / t. 
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Proof. Suppose contrary, that for each u G X, there exists v G X with v / u such that 
f 1(u,v,v) < (/(«)) (/(u) — f{v)). That would mean that P(u ) / 0 for each u G X. Since 

/ is proper, there would exist u G X such that /(it) / oo. We define a sequence {u n } as 
follows: let u\ = x, and choose 112 G P(u i) such that /( 112 ) < inf ue p( Ul ) /(it) + 1. Suppose 
u n G X is so defined, and choose u n+ \ G P(u n ) such that /(it n+ i) < inf„ e p( Un ) /(it) + 1/n. 
By Proposition 2.8, there would exist ito G A such that H^Li P( u n) = {no}- By Lemma 2.7, 
P(u o) C n~i P(u n ) = {wo}j so P(uo) = {uo}, which is a contradiction. Therefore, there 
exists fGl such that 

Q(t, u, u ) > ‘p(fit)) ( f(t ) — /(it)) for all it G X with u j - t. □ 

Theorem 2.10 (Generalized Caristi’s common fixed point theorem for a family of multivalued 
maps). Let f : X -A (— 00 , 00 ] be a proper Isca and bounded from below function. Let also 
Ll be an Ll-distance on X x X x X . Let J be any index set and for each j G J, suppose 
Pj : X — >• 2 X is a multivalued map with nonempty values such that for each u G X , there exists 
v = v(u,j) G Pj(u) with 

n(u,v,v) < <p(f(u))(f(u) - f(v)). (2.2) 

Then there exists t G X such that t G Dj'eJ Pj{t), and Q(t,t,t) = 0. 

Proof. By Theorem 2.9, there exists f 6 X such that Ll(t,u,u) > tp(f(t))(f(t) — f(u)) for all 
u G X with u t. Now we show that t G f]j &J Pj(t) and f l(t,t,t) = 0. According to the 
assumption, there exists w(t,j) G Pj(t ) such that Q(t,w,w) < </?(/(£))(/(£) — f(w(t,j))). We 
claim that w(t,j) = t, for all j G J. If, on the contrary, w(t,jo) / t for some jo G J, then 

Ll(t, w, w) < <p(f{t)) ( f(t ) - f(w)) < n(t, 1 v, w). 

which is a contradiction. Therefore t = w(t,j) G Pj(t) for all j G P. 

Since Ll(t,t,t) < <p{f(t)) (f(t) — f(t)) = 0, we obtain f l(t,t,t) = 0. □ 

Corollary 2.11 (Generalized Caristi’s common fixed point theorem for a family of single- val- 
ued maps). Let f : X -» (— 00 , 00 ] be a proper Isca and bounded from below function. Let also 
Ll be an Pl-distance on X x X x X . Let J be any index set and for each j G J , let gj : X -> X 
be a single-valued map so that 

n(u,gj(u),gj(u)) < <p(f(u))(f(u) - f{gj{u))) (2.3) 

is established for each u G X . Then there exists t G X such that gj(t) = t for each j G J and 
Ll(t, t, t ) = 0. 
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Proof. Let Pj : X -» X and Pj(x) = {gj(u)}, for all u £ X and j E J. Then by Theorem 2.10, 
(jj{t) = t for each j € J and Q(t,t,t) = 0. □ 

Remark 2.12. (a) Corollary 2.11 implies Theorem 2.10. 

Suppose that for each u £ X, there exists v(u,j) £ Pj(u) such that 

n(u,v(u,j),v(uj))) < <p(f(u))(f(u) - f(v(u,j ))) 

for each j £ J, and let gj(u) = v(u,j). Then gj is single- valued map and 

n(u,gj(u),gj(u))) < <p(f(u))(f(u) - f(gj(u))) 

for all u £ X. By Corollary 2.11, there exists t £ X such that t = gj(t) £ Pj(t) for each j £ J 
and Q(t, t, t) = 0 

(b) Theorem 2.10 implies Theorem 2.9. 

Suppose contrary, that for each u £ X, there exists v £ X with v j - u such that 

fl(u,v,v) < <p(f(u))(f(u) - f(v)). 

Define P : X — > 2 X \ {0} by 

P(u) = {u £ X : v + u,Q(u,v,v) < <p(f(u))(f{u) - f(v))}. 

By Theorem 2.10, P has a fixed point t £ X\ this means t £ P(t). This is a contradiction, 
because t ^ P(t). 

Theorem 2.13 (Nonconvex maximal element theorem for a family of multivalued maps). 
Let f : X — > (—00,00] be a proper Isca and bounded from below function. Let also Ll be an D- 
distance on XxXxX and J be any index set. For each j £ J, let Pj : X -» 2 X be a multivalued 
map. Suppose that for each (u,j) £ X x J with Pj{u) / 0, there exists v = v(u,j ) £ X with 
v fz u such that (2.2) holds. Then there exists t £ X such that Pj(t) = 0 for each j £ J. 

Proof. By Theorem 2.9, there exists t £ X, such that Ll(t, u, u ) > <p(f(t)) ( f(t ) — /(it)) for all 
u £ X with u 7^ t. We prove that Pj(t) = 0 for each j £ J. Indeed, if Pj Q (t ) / 0 , for some 
jo £ J, according to the assumption, there would exist w = w(t,jo) £ X with it; / t such 
that Ll(t,w,w) < ¥>(/(£))(/(£) — f( w ))- Also Q(t, w,w) > <^(/(t)) (f(t) — /(it;)), which is a 
contradiction. □ 
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Remark 2.14. Theorem 2.13 implies Theorem 2.9. 

Suppose contrary, that for each u £ X, there exists v £ X with v / u such that 

n(u,v,v) < <p(f(u))(f(u) - f(v)). 

For each u £ X, we define 

P(u) = {v £ X : v ^ u, Q(u,v,v) < <p(f(u))(f(u) - f{v))}. 

Then P(u) 0 for all u £ X. But by Theorem 2.13, there would exist f £ X such that 
P(t) = 0, which is a contradiction. 

3. NONCONVEX OPTIMIZATION AND MINIMAX THEOREMS 

Theorem 3.1 (Generalized Takahashi’s nonconvex minimization theorem). Let f : X — > 
(— 00 , 00 ] be a proper Isca and bounded from below function. Also, let Q be an Ll-distance on 
X x X x X . Suppose that for any u £ X with f(u) > inf^gx f(w) there exists v £ X with 
v j - u such that (2.2) holds. Then there exists t £ X such that f(t) = inf w6 x f{w). 

Proof. By Theorem 2.9, there exists t £ X such that Ll(t,u,u ) > v?(/(i)) (f(t) — f(u )), for 
all u € X, u 7^ t. Now we prove that /(f) = inf u , e x f{w). On the contrary, let fit) > 
inf^gx f(w). According to the assumption, there would exist v = v(t) G X , with d / t such 
that Q(t,v,v) < <^(/(f)) (/(f) — f(v)). Then we would have 

Ll(t,v,v) < <p(f{t))(f(t) - f(v)) < n(t,v,v) 

which is a contradiction. □ 

Remark 3.2. Using Theorem 3.1, we can infer Theorem 2.9. 

If we could not, then for each u £ X, there would exist v £ X with v u such that 
Q(u,v,v) < </?(/(«)) (/(«) — /(u)). By Theorem 3.1, there would exist f G X such that 
/(f) = inf,„gx f(w). According to the assumption, there would exist z G X with z / u, such 
that 0(f, z, z) < ip(f(t)) (/(f) - f(z)) < 0. Then 0(f, z,z) = 0 and /(f) = f(z) = inf we x f(w). 
There would exist w € X with w / z such that Q(z, w, w) < tp(f{z)) ( f(z ) — f(w )) < 0. Then 
we would have Q(z,w,w) = 0 and /(f) = f(z) = f(w) = inf u6 x f(u). Since Ll(t,w,w) < 
Ll(t,z,z ) + Q(z,w,w), then Q(t,w,w ) = 0. For £ > 0 we would have Ll(t,z,z ) = 0 < 6, 
Ll(z,w,w) = 0 <6; then G(t,w,w) < e, that is, t = w. Also for e > 0 we would have 
Ll(z,t,t) = 0 <5, Q(t,w,w ) = 0 < 5; then G(z,w,w) < £ that is, z = w, which is a 
contradiction. 
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Theorem 3.3 (Nonconvex minimax theorem). Let (— 00 , 00 ] be a proper Isca 

and bounded from below function in the first argument. Suppose that for each u £ X with 
{i£l: G(u, x ) > inf ae x G(a, x)} 0, there exists v = v(u) £ X with v j - u such that 

Ll(u, v, v ) < (p(G{u , t )) (G(u, t ) — G(v, t )) (3-1) 

/or all t £ {x £ X : G(u,x ) > inf o6X G(a, x)}. 

T/ien irif'uex sup„ eX G(u, v ) = sup„ eX inf ueX G(«, r). 

Proof. By Theorem 3.1, for every v £ X, there exists u{y) £ X such that G(u(v),v) = 
inf u6 x G(u, v ). Then, sup,. eX G(u(v),v) = sup,, eX inf u6X G(u, v). 

Replacing u(v) by an arbitrary u £ X, we obtain 

inf sup G(u, v) = sup inf G(u,v). □ 

veX vex uex 

Theorem 3.4 (Nonconvex equilibrium theorem). Let G and ip be the same as in Theorem 3.3. 
Let for each u £ X with {x £ X : G(u, x) < 0} 0, there exist v = v(u) £ X with v fi u such 

that (3.1) holds for all t £ X. Then there exists y £ X such that G(y,v) 0 for all v £ X. 

Proof. By Theorem 2.9, for each w £ X, there exists y(w) £ X such that Q(y(w),u,u) > 
tp(G(y(w),w))(G(y(w),w) — G(u,w )) for all u £ X with u fi y{w). We show that there 
exists y £ X such that G(y, v) > 0 for all v £ X. Suppose contrary, that for each u £ X 
there exists v £ X such that G(u,v ) < 0. Then for each u £ X, {.x £ X : G(u,x) < 
0} 0. According to the assumption, there would exist v = v(y(w)), y y(w ) such that 

£l(y(w),v,v) < tp(G(y(w),w))(G(y(w),w) — G(v,w )), which is a contradiction. □ 

Example 3.5. Let X = [0, 1] and G(u,v,w) = max{|tt — u|, | u — w |, \v — ui|}. Then (X,G) 
is a complete G-metric space. Suppose that a, b are positive real numbers with a b. Let 
H : X x X -A R with H(u, v) = au — bv. Therefore, the function u 1 — > H(u, v ) is proper, lower 
semicontinuous and bounded from below, and H(l,v) > 0 for every v £ X. Also H(u,v ) > 0 
for every u £ [^, 1] and every v £ X. In fact, for every u £ [0, |], H(u, v) = au — bv < 0 when 
v £ [| u, 1]. Then set {x £ X : H(u, x) < 0} 0 for every u £ [0, ^]. Let u,v £ X, u > v; 

we have u — v = \{{au — bx) — ( av — bx)}, for every x £ X. Define : [0, 00 ) — > [0, 00 ) by 
ip(t) = Then G(u, v, v ) < <p(H(u, x)) ( H(u , x) — H(v, x)), for every ufiv, and u, v, x £ X. 
By Theorem 3.4, there exists y £ X such that H(y,v ) ^ 0 for every v £ X. 
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Theorem 3.6. Let be the same as in Theorem 2.9. For each j G J, let Pj : X — > X be 
multivalued maps with nonempty values, (jj , hj : X x X — > M be functions and {a.,} and {bj} 
families of real numbers. Suppose that: 

(i) For each ( u,j ) G X x J, there exists v = v(u,j ) G Pj(u ) suc/i that gj(u,v) > aj and 
Ll(u, v, v) < <p(f(u)) ( f(u ) - f(v)) ; 

(ii) For each (x,j) G X x J, there exists w = w(x,j ) G Pj(x ) such that hj(x,w ) < bj and 
Ll(x, w, iv) < <p(f(x)) (f(x) - f(w )) . 

TTien t/iere exists uo G Pj{u 0 ) such that gj(uo,uo) > aj and hj(uo,uo ) < bj for all j G J and 
tt(u 0 ,uo,u 0 ) = 0. 

Proof. By Theorem 2.9, there exists i G X such that Q(t,u,u) > v?(/(t)) (/(£) — /(«)), for 
all u G X with u / t. For each j G J, by (i) there exists ur = wi(t,j) G Pj (t) such that 
gj(t,wi) > aj and , w\, w\) < <p(f{t))(f(t) — f(w i)). Also according to (ii), there exists 
W 2 = W 2 [t,j) G Pj(t) such that hj(t,w 2) < bj and f2(t, , W 2 , W 2 ) < l p(f(t))(f(t) — f(w 2 ))- If 
'ur 7^ t, then Q(t, ,w\,w\) < tp(f(t))(f(t) — f(w\)) < Lt(t,wi,wi), which is a contradiction. 
Therefore ur = t. Similarly, we have m2 = t. Since Ll(t,,t,t) < <p{f(.t))(f{t) — f(t )) = 0, 
hence f2(f, t, t) = 0. □ 

Remark 3.7. (a) In Theorem 3.6, put = hj = Fj and aj = bj = Cj\ then there exists 
no £ Pj( u 0) such that Fj(uo,uo) = Cj for all j G J and u o 5 ^0) = 0. 

(b) In (a), put Pj{u) = X for all u G A; then there exists uq & X such that Fj(uo,uo) = cj 
for all j € J and Q(uq,uq,uq) = 0. 

Remark 3.8. From Theorem 3.5, we can infer Theorem 2.9. 

Suppose contrary, that for each «6l, there exists v G X with such that 

n(u,v,v) < <p(f(u))(f(u) - f(v)). 

Define P : X — >• X \ {0} by P{u) = {u G A : u 7 - u} and a function F : X x X — » M by 
F(u,v) = Xp(u)( v )i where xa is the characteristic function for an arbitrary set A. We would 
have v G P(u) <=> F(u,v ) = 1. Then for each u G X, there would exist v G X such that 
F(u,v) = 1 and Q(t,,u,u) < ip(f(t)) (f(t) — f(u)). According to Remark 3.7(a) with c = 1, 
there would exist uq G X such that F(uo,uq) = 1 and Ll(uo,uo,uo) = 0. Then uq G P{uq). 
This is a contradiction. 
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4. Applications 

Let ( X , G) be a G'-metric space and a,b E X. Suppose that k : X — > (0, oo) is a function 
and Ll a ^-distance on X. Define 

Q e (a, b, k) = {it E X : e£l(a, u , it) < n(a) a, a) — Q(b, it , it))} 

such that e £ (0, oo) and a,b £ X. 

Lemma 4.1. Let D, f,and p be the same as in Theorem 2.9. Let e > 0 and ft be an Ll-distance 
on X. Suppose that there exists x E X such that f(x) < oo and fl(x,x,x) = 0. Then there 
exists t E X such that 

(i) eVt{x, t, t ) < <p(f(x)) (f(x) - f(t )) ; 

(ii) fi(t, u, u ) > f(f(t)) (f(t) — f(u )) /or all u E A with u / t. 

Proof. Let x & X, f(x) < +oo and Q(x,x,x) = 0. Put 

P = {hGI: efi(x,it,ii) < p(f(x))(f(x) - /(it))}. 

The space (V, G) is a nonempty complete G-metric space. By Theorem 2.9, there exists t E P 
such that eQ(t, u, u ) > (f(t) — /(it)) for all u E P with u / t. For any u E X\V, since 

£[D(x, t, t ) + Ll(t, it, it)] > eTl{x, u, u ) > <p(f(x )) (f(x) — /(it)) 

> efi(x, t, t ) + </>(/(/)) (/(i) - /(it)) , 

we have sQ(t, it, it) > f(f{t )) (/(i) — /(it)) for all u € X\V. Then sLl(t, it, it) > ( f(t ) — 

/(£)) for all it € A with u^t. □ 

Theorem 4.2 (Generalized flower petal theorem). Suppose that N is a proper complete subset 
of a G-metric space X and a E N. Let Ll be an Q-distance on X with Ll(a,a,a) = 0. Let 
b E X \ N , U(b,N,N ) = inf. aS 7 v D(6, it, it) > r, Q(b,a,a ) = s > 0, and let there exist a 
function n : X -* (0, oo) satisfying k(u ) = ip[Ll(b,u,u)) for some nondecreasing function 
ip : (— oo,oo] —> (0, oo). Then for each e > 0, there exists t E N n Q £ (a,b,K) such that 
Ll e (t, b, k) n ( N \ {/}) = 0 and fi(a, t, t ) < e~ 1 K,(a)(s — r). 

Proof. The space ( N , G) is a complete G-metric space. Consider the function / : N — >• 
(— oo,oo] defined by /(it) = 12(6, it, it). Since /(a) = Q(b,a,a ) = s < oo and Q(b,N,N ) = 
inf ue jv ^(6, it, it) > r, f is a proper lower semicontinuous and bounded from below function. 
By Lemma 4.2, there exists t E N such that 
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(i) eQ(a,t,t) < rc(a)(/(a) - f{t)); 

(ii) eQ(t,u,u) > n(t)[f(t) — f(t )) for all u G N with u / t. 

Applying (i), we get t E N f] Q s (a, b , n). Applying (i) again, we get Q(a, t, t ) < e~ 1 k(o) (fi(b, a, a) — 
£7(6, t, t )) < e _1 K(a)(s — r). By (ii), we obtain eQ(t,u,u) > — Q(b, u, u)) for all 

u E N with u / t. Therefore u ^ £7 e (t, b , k) for all u £ AT\ {t} or £7 e (t, 6, ac) n (AT\ {t}) = 0. □ 
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1. Introduction 

Let A be the class of functions / normalized by 

OO 

/0) = z + a n z n , (1.1) 

71=2 

which are analytic in the open unit disk HJ = {z : z E C and \z\ < 1} and S the subclass of A 
consisting of functions which are also univalent in ILJ. A function / £ A is said to be starlike of 
order a (0 < a < 1), if and only if 

»(LYT) >q (260) . 

This function class is denoted by S*(a). We also write <S*(0) =: S* , where S* denotes the class of 
functions / E A that are starlike in HJ with respect to the origin. A function / £ A is said to be 
convex of order a (0 < a < 1) if and only if 

»(i + AA!)> q (!£ u). 

This class is denoted by JC(a). Further, 1C = JC( 0), the well-known standard class of convex func- 
tions. It is an established fact that 

feJC(a)^zf'eS*(a). 

There has been a continuous interest shown on the Geometric and other related properties of 
Bessel functions (like hypergeometric functions) after many papers have been published by Baricz 
[2] (see also the other works of Baricz) in recent times. One such problem of Baricz [3] was to find 
conditions on the triplet p. b and c such that the function u P) b, c is star like and convex of order a. In 
earlier investigations, finding conditions on the parameters for which the Gaussian hypergeometric 
function belong to the various classes of functions have been discussed in detail by Shanmugam [20] , 
Sivasubramanian et al. [21] and Sivasubramanian and Sokol [22] (See also [6, 7, 10, 11, 12, 13, 16, 17] 


Let us consider the following second-order linear homogenous differential equation (see, for de- 
tails, [3]): 

z 2 u"(z) + bzu'(z) + [cz 2 — p 2 + (1 — b)p]uj(z) = 0 (b,c,p€ C). (1.2) 


The function u J Pt b,c( z )> which is called the generalized Bessel function of the first kind of order 
p, is defined as a particular solution of (1.2). Further, the function oj Pt b, c ( z ) has the familiar 
representation 


Up,b,c( Z ) = X] 

71=0 


(~c) n 

n!T (p + n + ^) 


^ z ^2n+p 


(z € C), 


(1.3) 


where F stands for the Euler gamma function. The series (1.3) permits the study of Bessel, modified 
Bessel and spherical Bessel functions all together. Solutions of (1.2) are referred as the generalized 
Bessel function of order p. The particular solution given by (1.3) is called the generalized Bessel 
function of the first kind order of p. Although the series defined above is convergent everywhere, 
the function u Pt b,c is generally not univalent in U. By ratio test, the radius of convergence for the 
series in (1.3) is infinity and hence u Pt b !C ( z ) converges everywhere for all b, c,p € C and for all z£D. 


453 


V.RADHIKA etal 452-466 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


GEOMETRIC PROPERTIES OF BESSEL FUNCTIONS 


3 


It is worth mentioning that, in particular, for b = c = 1 in (1.3), we obtain the familiar Bessel 
function of the first kind of order p defined by 

(— l) n f Z\ 2n +P 


M z ) = Y 


— ' n\r(p + n + 

n = 0 


T>©' 


(. z G C). 


(1.4) 


Further, for the choices c = 1 and b = 2 in (1.3), we obtain the familiar spherical Bessel function 
of the first kind of order p defined by 


S P (z) = Y 


(-l) f 


— ' n\T(p + n + 3/2) \2 / 


n = 0 


Z \ 2n +p 




{z G C). 


(1.5) 


For the choices of b = 1 and c = —1 in (1.3), we obtain the modified Bessel function of the first 
kind of order p defined by 


w = Y 


i 


n = 0 


n\T(p + n + 


i) (I) 


z \ 2n +P 


(z G C). 


From (1.3), it is clear that cu(0) = 0. Therefore, it follows from (1.3) that 


^p,b,c( z ) 


2 p r p + 


b+ 1 


— 1 oo 


(-c/4)"r(p+(6 + l)/2) o n 


p ST ^ v w -/ - u- ' v- ' zn z m , £ c \ 

~ ^ n!r(p + n + (6 + l)/ 2 ) ^ ^ 


(1.6) 


(1.7) 


Let us set 


where 


u , 


i,b,c(z) = Y bnZl1 ’ 


n= 0 


Hence, (1.7) becomes 


br ) — 


k* p,b,c(z ) — 


(-c/4f r(p+ (6 + l)/2) 
n!r (p + n + (6 + l)/2) 

-l 


2*T p + 


5 + 1 




( 1 . 8 ) 


By using the well-known Pochhammer symbol (or the shifted factorial) (A© defined, for A,/i G C 
and in terms of the Euler F function, by 


(A© : = 


F(A + /r) jl 


(/i = 0; A G C \ {0}) 


F(A) 


A(A + 1) • • • (A + n — 1) (/i = n G N; A E C). 


In view of the fact that (0)o := 1, the series representation for the function u p ^, c is given by 


it, 


>’ b ’ c{z) ~ £ \k)Jti)\ ( K: -P + (. b + !)/ 2 2 Z o ) 


n.=0 


(1.9) 


and therefore, 


OO / / /! \ 77, — 1 Tl 

zu p,b,c( z ) = z + Y/ TTi (^ := P + (5 + l)/2 0 Z 0 ) (1-10) 


^ («)n-i(n- !)• 


where N := {1,2,...} and Z 0 := {0, — 1, — 2, ...}. The function u p ^ c is called the generalized and 
normalized Bessel function of the first kind of order p. We note that by the ratio test, the radius of 
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convergence of the series u p ^, c is infinity. Moreover, the function u P) b, c is analytic in C and satisfies 
the differential equation Az 2 u"(z) + 4 kzu' ( z) + czu(z) = 0 . Also, if b,p, c £ C and k 0 Zq , then the 
function u Pt b, c satisfies the recursive relation 


^ ku AA z ) = ~ cu P+i,bA z ) ( z G C )- (i- 11 ) 

Further, for 2 = 1, we denote u p b c (z) simply by u p ( 1). For / £ A, we define the operator I p bcf(z ) 
by 


U \ ( \ f( \ i ( — c /4)” 1 dn Z n 

,(z) = zu ”^ (z) * !{z) = 2 + L Wn-1 („_!)! 


( 1 . 12 ) 


where k = p + (b + l )/2 0 Z 0 . In fact, the function I Pt b, c f(z) given by (1.12) is an elementary 
transform of the generalized hypergeometric function. Thus, it is easy to see that 


Ip,b,cf( z ) = z 0 Fi(k- — c/ 4z) * f(z). 

For the special choices of b = c = 1 in (1.12), I p ,b, c f reduces to J p : A — > A related with Bessel 
function, defined by 


J P f(z) 


zu Pt iAz) * f(z) 


“ ( — 1/4^-V z n 

h. \ (p+d»- i («- 1 ) r 


(1.13) 


For the special choices of b = 1 and c = — 1 in (1.12), I p ,b,cf reduces to M p : A — » A related with 
modified Bessel function, defined by 


M p f(z) = zu Pt i ,_i(z) * f(z) = z + 


OO 


^ (4) n- 1 (p T l) n _i (n- 1)! 


(1.14) 


where * denotes the usual Hadamard product or convolution of power series. 

If / and g are analytic in U, then we say that the function / is subordinate to g, if there ex- 
ists a Schwarz function w(z), analytic in U with w( 0) = 0 and |ui(z)| < 1 (z G U), such that 
f(z) = g{w(z)) (z € U). We denote this subordination by / -< g or f(z) -< g(z) (z G U). 


For — 1 < F < E < 1, let 

S* [E, F] = 


f€A 


and 


JC[E,F] = \feA: 1 + 


zf'(z) 1 + Ez 
f(z) 1 + Fz 

z f n {z) 


(z € U) 


(z € U) 


1 + Ez 

f(z) * 1 + Fz 

It is fairly straightforward to see that S* [1,-1] is the familiar class of starlike functions S * , 
S* [1 — 2 y, —1] (0 < 7 < 1) is the class of starlike functions of order 7 and also the class S* [A, 0] is de- 
noted by Sy Further, K, [1, — 1] is the familiar class of convex functions /C, /C [1 — 27 , — 1] (0 < 7 < 1) 
is the class of convex functions of order 7 and also the class K, [A, 0] is denoted by K,\. These two 
classes have been investigated in several works, for example, see [18, 19]. 

The connection between the Janowski starlike, Janowski convex functions and the Bessel func- 
tions is not considered so far. In the present paper, we obtain mapping properties between various 
subclasses of S motivated by the works of Anbudurai and Parvatham [1] (see also [5, 10, 11, 12, 
16, 17, 18, 24]). 
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2. Sufficient conditions for Bessel functions to be in 
S*[E,F] and JC[E,F] involving Jack’s Lemma 

In the present section, we determine certain sufficient conditions involving Jack’s Lemma for 
u P: b,c and zu Pt b,c to be in the class of Janowski starlike and Janowski convex functions. To prove 
the main theorems we need the following lemma. 

Lemma 2.1. [9] Let oj be regular in the unit disk U with w(0) = 0. If |w(z)| attains a maximum 
value on the circle \z\ = r (0 < r < 1) at a point z, then z\oj'(z\) = rmo(z{) where m is real and 

m> 1. 


Lemma 2.2. [18] Let a function f of the form (1-1) satisfy 


zf\z) 

m 


~ i 


l—a 


zf"{z) 

/'(*) 


2\o; 


< 


(E - F)(2 + E + E 2 ) 
(l + \F\)(l + E) 


2 a 


( 2 . 1 ) 


for fixed constants E , F and a such that —l<F<E<l,a>0 and z£ U. Then f £ S* [E, F]. 

Theorem 2.1. Let f € A. If 


|(WW)'- 1| 


I 1 — /? 

Z(lp,b,cfi z ))" 


(WW)' 


0 


<l~p (/5>o), 


( 2 . 2 ) 


then Ip Ac f is univalent in U. 
Proof. We know that 


ip,b,cf(z ) — z + y ^ 


(-c/4) 


n— 1 


n = 2 


(«)n-i (n - 1)! 


a n z 11 


in A. Define uj by oj(z) = ( Ip,b,cf(z ))' — 1 for z £ U. Then it follows that uj is analytic in U with 
ca(0) = 0. In view of (2.2), we have 


Mz)| 


1-/3 


zu/(z) 


1 + td(z) 


0 


= | u(z) 


zuj'(z) 


1 


uj(z) 1 + uj(z) 


0 


1 

< 20 - 


(2.3) 


Suppose that there exists a point z\ G U such that max |cv(z)| = |w(zi)| = 1. Then, by Lemma 

bl<H 

3.1, we can put 

ziu'{zi) 


Therefore, we obtain 


Mzi)| 


u(zi) 

Ziu'(zi) 1 


= m > 1. 

0 


/m\0 1 

£ ( t ) 


Oj(zi) l+u>(z)\ 

which contradicts the condition (2.3). This shows that |w(z)| = | (Ip,b,cf(z)Y — 1 1 < 1 which implies 
that $l{I pAc f(z)y > 0 for z G U. Therefore, by the Noshir o-Warschawski theorem [8], I p .b,cf is 
univalent in 4J. □ 


Theorem 2.2. Let f € A, c € C and k > 0. If u pAc defined by (1.9) satisfies the inequality 


zu. 


'U>p,b,c{.z') 


p,b,c 


< 


E-F 

i + m 1 


(2.4) 


where —1<F<E<1,—1<F<0 and zGO, then zu Py b tC € S*[E, F]. 
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Proof. Let us define a function F by 

F{z) = zu Ptb , c (z) (z G U). 


In view of (2.4), we have 

zF'(z) i E-F 

< r+M' 

An application of Lemma 2.2 with a = 0 proves Theorem 2.2. 


(2.5) 

□ 


Theorem 2.3. Let f G A, c G C and k > 0. If u p ^ )C defined by (1.9) satisfies the inequality 


z K,bA z ) „ (F-F)(2 + F + F 2 ) 
+ 6 ,+) < (1 + |F|)(1 + F) 2 


where — 1 < F < F < 1 and — 1 < F < 0, then u Pt b, c is starlike of order ( E + F)/2F and type |F| 
with respect to 1. 


Proof. Let h : U — > C be defined by 

, , x u p ,b,c(z)-b 0 

Mz) = 

Then h G A and h satishes 


zh"{z) 


zv! ’p,b,X z ) 


h'(z) 


U p,b,c( Z ) 



< 

(F- F)(2 + F + F 2 ) 


(1 + |F|)(1 + F)2 


An application of Lemma 2.2 with a = 1 implies that u p ^, c is starlike of order (F + F)/2F and 
type |F| with respect to 1 as the value of bo = 1. □ 


Theorem 2.4. Let f G A, c E C and k > 0. If u p } hC defined by (1.9) satisfies the inequality 


zu . 


p+1, b, c 


(*) 


^p+l,b,c(z) 


< 


E-F 

1 + +I’ 


(2.7) 


where — 1 < F < E < 1, — 1 < F < 0 and c / 0, then u p ^ c (z) E /C[F, F], 


Proof. By virtue of Theorem 2.2, zu p+ \^,c £ S*[E,F}. In view of (1.11), zu' bc {z ) = biu p+ i t b, c (z), 
where b\ = —c/Ak / 0. Therefore, we have zu' pbc E 5*+, F], which implies u p ^, c G /C[F, F], □ 

Remark 2.1. Note that, the conclusions of Theorem 2.2, Theorem 2.3 and Theorem 2.f hold in the 
disk \z\ < 4/| c| where 0 < |c| < 4 which is larger than the unit disk. By applying as in Theorems 2,3, 
and 5 of Owa and Srivastava [15] to the function F(z) = qFi(k,z) and using the transformation 
F{z) = u Pt b tC (— Az/c) and replacing z by —cz/A, we obtain that Theorem 2.2, Theorem 2.3 and 
Theorem 2-4 hold in the disk \z\ < 4/|c|. 


Theorem 2.5. Let cGC, — 1 < F < F < 1, — 1 < F < 0 and k > 0. If the Bessel's inequality 

(1 - F)^ +1 , & , |c| (l) + “ F) u p,b,\c\(l) < 2 (F “ F) ( 2 - 8 ) 

is satisfied, then zu Pt b, c £ 5* [F, F] . 
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Proof. A special case of Theorem 3 in [1] gives a sufficient condition for a function / G S* [ E , F] 
and is given by 


where 


X] [n(l - F) — (1 - E)] \A n \ < E - F, 
(-c/4)"- 1 


n=2 


An, — 


(K) n -i(n - 1)!' 


To prove the theorem, we need to show that 

OO 

T: = ]T[n(l-E)-(l-E)]|A r 


n=2 

oo 


J>(l-E)-(1-E)] 


n= 2 


(-c/4)"- 1 

(n)n-i(n - 1)! 




n 


n=2 

oo 


(-c/4) 


n — 1 


(n) n -i(n - 1)! 


u-«)E 


n= 2 


(-c/4) 


n— 1 


s HE-mt (W/4) 


(«)n-i (ri - 1)! 
n— 1 


n= 2 


(n)n-i(ri - 2)! 


n=2 


(rc)n-i (n - 1)! 


(! - F )^ u P +\,b,\c\(X) + (E - F) (u pA | c |(l) - 1) , 


which is bounded above by E — F if (2.8) is satisfied. □ 

For the choices of E = A and F = 0, we get the following corollary. 

Corollary 2.1. Let c G C, — 1 < E < E < 1, — 1 < E < 0 and n > 0. If the Bessel’s inequality 

u p+i,f>,|e|(l) + ^pAc(l) < 2A (2-9) 


is satisfied, then zu p ^ i c i G 5^. 

Theorem 2.6. Let c € C and k > 0. If the Bessel’s inequality 
dcl/41 2 Id 

(1 - F) j- w p+2,b,|c|(l) + (2 + E — 3E) — u p+1A | c |(l) + (E - F) | c |(l) < 2 (E - F ) (2.10) 
is satisfied, then the operator zu p ^ )C G /C [E, E] . 

Proof. By an analogous similar result [1] mentioned as in the earlier theorem, a sufficient condition 
for / G /C [E, E] is that 

OO 

X>[n(l-E)-(l-E)]|A n | <E-E, 

71=2 


where 


^4 71 


(-c/4)"- 1 
(ft) n _i(n - 1)!' 
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Then we have to show that 

OO 

T x := n [n( 1 - F) - (1 - E)} |AL n | < E — F. (2.11) 


n= 2 


Writing n = n — 1 + 1, and proceeding with the calculation as in the previous theorem, we get 

\n— 1 

Ti = ^>(n(l-F) -(!-£)) 


71=2 

OO 


(-c/4 ) r 


(/c)„_i(n - 1)! 


< ^(n(l-F) -(!-£)) 


(|c|/4) 


n— 1 


n=2 


(K) n _i(n - 2)! 


+ f>(l-F) -(!-£)) 


(|c|/4) 


n— 1 


n= 2 


(«)n-i(n - 1)! 


Breaking the above inequality into two parts and simplifying, we observe that the summation is 
bounded above by E — F if (2.10) is satisfied. □ 

For the choices of E = A and F = 0, we get the following corollary. 

Corollary 2.2. Let c6C and k > 0. If the Bessel’s inequality 

llcl/4) 2 Icl 

-^^—^ u P +2,b,\c\iX) + (2 + A)— u p+1 ,6,|c|(l) + A« P)ft) | c |(l) < 2A (2.12) 

is satisfied, then the operator zu p> b tC £ /Ca . 

Remark 2.2. For the choices of E = 1 — 2a (0 < a < 1) and F = —1, each of the above theorems 
reduces to the results obtained by Baricz [3]. 


3. Inclusion properties involving the class of 
Janowski star like and convex functions 


Let a function / £ A is said to be in the class R T (A, B) if 


f'(*) ~ 1 

T (A-B)-B(f’(z)- 1) 


< 1 


( — 1 < B < A < 1;t £ C \ {0}; ^ £ U). 


(3.1) 


Clearly, a function / belongs to R T (A, B) if and only if there exists a function w regular in HJ 
satisfying w( 0) = 0 and |tc( 2 ;)| < 1 z £ U such that 


l + ;(/'W-l) 


1 + Aw(z) 
1 + Bw(z ) 


{z £ U). 


The class R T (A, B) was introduced by Dixit and Pal [6]. For r = 1, A = B = —/3, (0 < f3 < 1), 
R T (A, B ) reduces to the class of functions / £ A satisfying the inequality 


f(z) ~ 1 

f(z) + 1 


<p 


(z £ U; 


0</3< 1), 


which was studied by Caplinger and Cauchy [4] and Padmanaban [14]. 

Now we aim at investigating various mapping and inclusion properties involving the class of 
Janowski starlike and Janowski convex functions. To prove the main results we need the following 
lemmas. 
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Lemma 3.1. [6] Let a function f of the form (1.1) be in R T (A,B). Then 

(A — B)\t\ 


(i n < 


n 


1 + Bz™- 1 1 - ; 


The result is sharp for the function 

m = [ 

J 0 

Lemma 3.2. [6] Let a function f of the form (1.1) satisfy the inequality 

OO 

+ |-B|)n|a n | < {A — B)\t\ (—1 < B < A < 1; r£ C). 


n= 2 


Then f £ R T {A, B). The result is sharp for the function 

/(2) =-' + (rn Wn z " (n£2;zeu) ' 

Theorem 3.1. Let c £ C, k > 0. Suppose that f £ R T (A,B). If the Bessel’s inequality 
2«p,6,|c|(l) - 4^^ («P-1,6,|. C |(1) - !) < tt-Utt + 1 


(1 + B) 


is satisfied, then zu p ^ )C {z 2 ) * f(z) £ R T (A , B) 
Proof. Suppose that / £ R T (A,B). We note that 


n=2 


ZUp )b)C (z 2 ) = Z + ^2 

By Lemma 3.2, it is enough to show that 

OO 

X> + |5|)(2n-l) 




„2n— 1 


(/«)„_! (n - 1)! 


n=2 


—c\n — 1 


(?) 


< (A - B)|r|. 


Then by a similar proof as in the earlier theorem, we get 

(«- !) 


(T-B) |t| (1 + | 5 | 


2w p,fe,|c|(l) - 4 


(«)„_! (n - 1)! 

! get 

,6,|c| (1) — l) — 1 


(3.2) 


<(A-B) |r|, 


which completes the proof of Theorem 3.1. □ 

Theorem 3.2. Let c £ C and k > 0. Suppose that f £ R T (A,B) and satisfy the condition 


^p,b, |c|(l) — 


1 


1 + ISI 


+ 1 . 


(3-3) 


Then L p ,u c f £ R T (A,B). 


Proof. Let / be of the form (1.1) belong to the class R T (A, B). By Lemma 3.2, it suffices to show 
that 


Y^n(l + \B\)\A n \<(A-B)\ T \, 


(3-4) 


n = 2 
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where 

_ (— c/4)"- 1 

(*)„_!(» -1)!°"- 

By virtue of Lemma 3.1 and making use of the fact that |— c/4| n < (|c|/4) n , we obtain 


J^n(l + \B\ 


n= 2 


(-c/4) 


n— 1 


(K)n-l(n - 1)! 


< (1 + |B|) |t| (A~B) £ 


(|c|/4) 


n— 1 


^2 («)n-i (n- 1)! 

= (i + |£|) M ( A - B ) KaicK 1 ) ~ !]> 

which is bounded above by (A — F)|r| in view of (3.3). This completes the proof of Theorem 


3.2. 


□ 


Theorem 3.3. Let c € C and k > 0. Suppose that f € R T {A, B). If the Bessel’s inequality 

, . 4(re — 1) . E — F (1 — F)4(k — 1) , . 

(1 - F)up A | c |(l) - (1 - E) — u p _ 1A | c |(l) < _ ^ S - F |-j (3.5) 

is satisfied, then the operator I p .b, c f £ <S* [F, F]. 

Proof. Let / be of the form (1.1) belong to the class R T {A,B). A special case of Theorem 3 [1] 
gives a sufficient condition that 


f>(l-F)-(l-F)]|A n | <F-F, 


n= 2 


where 


Then we have to show that 


n— 1 


A,, — 


(~c/ 4) 

(ft)n-i(n - 1)! 


T := ^ [n(l - F) - (1 - F)] |A n | < F - F. 


(3.6) 


n=2 


Since, / € R T {A, B), in virtue of Lemma 3.1, 

00 / r /A\n— 1 

T < ^[ ra( l-F)-(l-F)] j 

n=2 


= (A — B)\t\ 
< (A — B)\t\ 
= ( A-B)\t\ 




n=2 

oo 


(«)„_! (n - 1)! 
(-c/4)"- 1 


(A - F)|r| 


n 


(i-oE 


(/c)„_i (n - 1)! 

(H/4)"- 1 
^ («) n _i(n- 1)! 


<i-e>E 


n=2 
oo 


(-c4) 


n— 1 


(l-C)E 


(rc) n _i(ra!) 

(lcl/4)"- 1 

^ («) n _i(n!) 


(1 - F)(u pA | C |(1) - 1) - (1 - F) 


4(k — 1) 


c|/4 


^p-l,6,|c|(l) 1 (k - 1) 


which is bounded above by F — F if (3.5) is satisfied. 

For the choices of F = A and F = 0, we get the following corollary. 


□ 
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Corollary 3.1. Let c G C, k > 0 and A G [0,1]. Suppose that f G R T (A, B) and satisfy the 
condition 


u p,b,\c\(l) + (^ — 1) ^ c — - [^p-i,6,Jffi|(l) — 1] < i^(A — B) \t\ + 

Then the operator I Pi b,cf £ S* x . 

Theorem 3.4. Let c G C and k > 0. Suppose that f G R T (A , B ). If the Bessel’s inequality 

(1 ~ ^)^ P+ iA|c|(l) + (E ~ F)u pm{ l) < (E — F) y|7| (3-7) 

is satisfied, then the operator Ip.b.cf G /C [E, E] . 

Proof. Let / be of the form (1.1) belong to the class R T (A,B). We need to show (see [1]) that 

OO 

£ n [(n( 1 - E) - (1 - E))] |AL n | < E - E, 

n=2 


where 


(-c/4)"- 1 

" («)„_i(n-l)! 


Since, / G R T (A, B), in virtue of Lemma 3.1, 

OO 

T: = £ra[ra(l-E)-(l-E)]|A n | <E-E 

(- C / 4)- 1 


71=2 

OO 


T < £ (n(l - E) - (1 - E)) 


n=2 


= (A -5)1x1 
< (T-E)|t| 
= (A-5)|t| 




n 


(n) n -i(n - 1)! 
(- C / 4)- 1 


71=2 

OO 


(«)n-i (n - 1)! 


(A-E)|r| 

OO 

-o-«)E 


71=2 


(-c/4) 


71—1 


n (lcl/4)"" 1 f, (|c|/4) 


(K)n-l(n - 1)! 

71—1 


71=2 


(«) n _i(n - 2)! 


71=2 


(«)„_! (n - 1)! 


(! - ^^T'S+iAIcK 1 ) + {E - F) (u pA | c | (1) - 1) 


which is bounded above by E — E if (3.7) is satisfied. This completes the proof of Theorem 3.4. □ 

For the choices of E = A and E = 0, we get the following corollary. 

Corollary 3.2. Let c G C and k > 0. Suppose that f G R T (A, B ). If the Bessel’s inequality 

^7 w p+i,fe,|c|(l) + ^Up,fc,|c|(l) < ^ (^4 _ b)\ t \ 0 (^) 

is satisfied, then the operator Ip.b.cf £ • 
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4. Sufficient conditions for Bessel’s integral operator to be 
in the class of S*[E, F] and IC[E,F] 


As in the work of Baricz [3], one can look at other linear operators acting on u Ptb ,c to obtain 
similar results. In this section, we make use of this idea in the case of a particular integral operator. 
We continue our earlier work that was done in the earlier section. That is, we determine sufficient 
conditions for the integral operator g defined by (4.1) to be in the class of Janowski starlike and 
Janowski convex functions as follows: 

9(z) = 


Theorem 4.1. Let c £ C and k > 0. Further, let — 1 < F < E < 1 and —1<F<0. If the 
Bessel’s inequality 

(1 - F)up >bt | C |(1) - (1 - |c|(1) < 2 (E - F) — (1 - E (4.2) 

is satisfied, then the function g G S* [E,F] where g is defined by (f.l). 


u p (t)dt 


+ £ 

n = 2 
oo 

+ £ 

n = 2 


bn— 1 


n 


(-c/4) 


n — 1 


(/«)„_! (n!) 


(4.1) 


Proof. To prove the theorem, we have to show that 

OO 

T := Y, H 1 ~ F) - (1 - E)\ \B n \ < E — F, 

n = 2 


where 

Then 

T = 

< 


_ (-c/4r\ 

(re)n- l(n)!' 


Y j [n(l-F)-(l-E)} 


n = 2 


(-c/4) 


n— 1 


(1-D£ 


(|e|/4)’— 1 
Tf («)„_! (n- 1)! 


n=2 


(1 - F) (u pM (l) - 1) - (1 - E) 


(«;)„_! (n)! 

a-^)E 

n = 2 

4 (k- 


(l c l/4)"'~ 1 

(«)„_i(n)! 

1) / 

I 1,6, |c| (4) 1 


M/4 V 

(k-ivJ ’ 


(4.3) 


which is bounded above by E — F if (4.2) is satisfied. □ 

For the choices of E = A and F = 0, we get the following corollary. 

Corollary 4.1. Let c £ C and k > 0. Further, let A > 0. If the Bessel’s inequality 

up, b ,\ c \(l) - (1 - A)fc^a p _ 1A | c |(l) < 2A + (1 - A)fc^ (4.4) 
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13 


is satisfied, then the function g e where g is defined by (4-1). 

Theorem 4.2. Let c 6 C and k > 0. Further, let — 1 < F < E < 1 and — 1 < F < 0 and g be 
defined as in (4-1)- If the Bessel’s inequality 

(! - F )j^ u p+ i,6,|c| (!) + (E- F)u pA | C |(1) < 2 (E - F) (4.5) 

is satisfied, then the integral operator g £ K. [E, F], 

Proof. We have to show that 


where 


Then 


T 4 := Kl - F) - (1 - E)) \B n \ < E — F, 


n = 2 


B n = 


(-c/4) 


n— 1 


(«;) n _i(n)!' 


T 4 = J2n[n(l~F)-(l-E)} 


n= 2 
oo 


(-c/4) 


n—1 


< EW l-F) -(!-£)] 


n=2 


(/«)„_! (n)! 

( l - c / 41)"- 1 

(^)n-i(ra - 1)! 


(i-oE 


(|c|/4) 


n—1 


^ («)n-l(R - 2)! 


+ (£?-F)f; 


(M/4) 


n—1 


n = 2 

|c 


— ( ( K )n-i(n - 1)! 


n = 2 


— (1 _ ^ 1 )^^p+l,6,|c|(l) + (-E - F) (li p?6 | c |(l) - l) , 


(4.6) 


which is bounded above by E — F if (4.5) is satisfied. □ 

For the choices of E = A and F = 0, we get the following corollary. 

Corollary 4.2. Let c € C and n > 0. Further, let — 1 < F < E < 1 and — 1 < F < 0 and 5 6 e 
defined as in (4-1). If the Bessel’s inequality 

+ ^ w p,b,|c|(l) < 2A (4.7) 

is satisfied, then g £ . 


5. Consequences and observations 

Since the study generalized Bessel function permits the study of Bessel, modifed Bessel and spher- 
ical Bessel functions all together, each of these Theorems can also be stated for the Bessel, modified 
Bessel and spherical Bessel functions for special choices of the parameters b and c. However, we 
leave all these results for the interested readers. 
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Abstract. We consider the pseudo-integral with respect to a a — ©-measure of set-valued 
functions which was defined by Grbic et al. Roman-Flores et al. (2007) proved the Jensen 
type inequality for fuzzy integral with respect to a fuzzy measure. In this paper, we prove 
the Jensen type inequality for the ©integral with respect to a a — © s -measure under some 
sufficient conditions. 


1. Introduction 

Benvenuti-Mesiar [2], Deschrijver [3], J. Fang [4], Mesiar-Pap [9], Ralescu- Adams [10], and 
Wu-Wang-Ma [12] provided the properties and applications of the generalized fuzzy integral 
which is a generalization of fuzzy integrals. 

The integrals of set-valued functions was introduced by Aumanm [1], and Jang [6,7] and 
Zliang-Guo [13] investigated some properties of the generalized fuzzy integral of set-valued 
functions. Not long ago, authors in [8,11] proved the Jensen type inequality for the fuzzy 
integral and for the generalized Sugeno integral. We consider the pseudo-integral with respect 
to a cr — ©-measure of set-valued functions which was defined by Grbic et al [5] . Roman-Flores 
et al. [ 11 ] proved the Jensen type inequality for fuzzy integral with respect to a fuzzy measure. 
In this paper, we prove the Jensen type inequality for (©integral with respect to a a — © ff - 
measure under some sufficient conditions. 


2. Jensen type inequality for the ^-integral 


Let [a, b] be a closed (in some cases can be considered semiclosed) subinterval of K = 
[— 00 , 00 ] and let ^ be a total order on [ 0 , 6 ]. We introduce a semiring which is a structure 
([a, b], ©, 0 ) as follows. 


Key words and phrases. Sugeno integral, a — ®-measure, ^--integral, Jensen inequality. 
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Definition 2.1. ([2,7,9]) (1) A function ® : [a, b] x [a, b] — [a, b\ is called a pseudo-addition 
if it is commutative, non-decreasing with respect to =<!, associative, and with a zero (natural) 
element denoted by 0 , that is, for each x £ [a,b], 0 ® x = x holds (usually 0 is either a or b). 

(2) A function © : [a, b\ x [a, b] — > [a, b] is called a pseudo-multiplication if it is commu- 
tative, positively non-decreasing, that is, x =4 y implies x © z =4 y © z for all z £ [a, b\ + = 
{x\x £ [a, b],0 =4 cc} , associative and there exists a unit element 1 £ [a, b], that is, for each 
x £ [a, 6], 1 © x = x. 

(3) The structure ([a, &],©,©) is called a semiring if 0 © x = 0 and © is a distributive 
pseudo-multiplication with respect to ©, that is, x © (y © z) = (x © y) © (x © z). 

(4) A set function y : £ — J [a, b\ is a er — ©-measure if it satisfies the following two 
conditions: 

(i) ^z(0) = 0 (if © is not idempotent); 

(ii) ^(U^A;) = ®^ 1 /.z(A.j) holds for any sequence (Ai) ie N of disjoint sets from £. 


We note that for a real interval [a, b] = [0, oo], a pseudo-addition © and a pseudo- 
multiplication © are generated by a strictly monotone bijective function g : [0, oo] — > [0, oo], 
that is, pseudo-operations are given by 


x® g y = g 1 (g{x) + g{y)) and xQ g y = g 1 (g(x)g(y)). 

Now, the pseudo-integral, known as the ^-integral, of some measurable function / : X 
[0, oo] is 


(. 9 ) 




/ & g dg = g 


(g° f) d(g og) 


' x 


( 1 ) 


where g o g is the Lebesgue measure and the integral on the right-hand side of (A) is the 
Lebesgue integral (see [7,9]). Let (X, E,/z) be a a — ©-measure space. Grbi'c et al. [5] defined 
the pseudo-integral of an interval-valued function F on A £ ^ as follows; 



F © d/i = { f 
Ja 


f © dy\f £ S(F)} 


( 2 ) 


where \i is a a — ©-measure and S(F) is the set of all selections of F. Let L 1 ^) be the set 
of all Lebesgue integrable functions on the Lebesgue space ([0, oo), g) and f £ L^{n) if 
and only if g o / £ L x {g o g). We introduce the definition of ^-integrable boundedness of a 
set- valued function F as follows: 


Definition 2.2. ([5]) Let g be a strictly monotone bijective function. A set-valued function 
F is g -integrable bounded if there is a function h £ (/z) such that 

(i) ©aeF (x) a =4 h(x), for the idempotent pseudo-addition, 

(ii) sup aei r( x ) a =4 h(x), for the pseudo-addition given by an increasing generator g, 

(iii) inf ag p’( x ) a =4 h(x), for the pseudo-addition given by a decreasing generator g. 


From Proposition 11 in [5], we note that if F is a pseudo-integrable bounded set- valued 
function, then F is pseudo-integrable, that is, /® F © dg ^ 0. 
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Theorem 2.1. (Theorem 2.4 [5]) Let F be a pseudo-integrable bounded interval-valued func- 
tion with border functions fi and f r . Then we have 



F Qdg 



fi © dg, 



fr © dg , 


(3) 


Now, we obtain the following Jensen type inequality for the ^-integral with respect to a 
a — © g -measure. 


Theorem 2.2. Let g be a decreasing function and ( X , ^2,gog) be the Lebesgue measure space 
and f £ with ( g ) f x fdg = m. If <1> : [o, oo) — > [0, oo) is strictly increasing function 

such that $(a;) < x, for every x £ [0, m] and <&(/) £ L^(g), then we have 

* (te) J fdl?) < (9) J *(f)dn. (4) 

Proof. Since <&(/) < / and g is decrasing, 

g°®(f)>g°f- ( 5 ) 

By (5) and monotonicity of the Lebesgue integral with respect to g o g, we have 

/ g°^(f) dgo g> / gofdgog. (6) 

Jx Jx 

Since g~ x is decreasing, by (6), we have 


By (7), 


g 1 g° $(/) dgo g<g 1 go f dgo g 
Jx Jx 


<f> 




< 

< 


$ 



go f dgo g 


'X 


g 1 / g° f dgo g 



g ° $(/) dgo g 
Hf)dg. 


(7) 


□ 


Theorem 2.3. Let g be an increasing function and (X,Yf,,9 o g) be the Lebesgue measure 
space and f £ L^(g) with (g) J x fdg = m. If $ : [0, oo) — ► [0, oo) is strictly increasing 
function such that $(x) > x, for every x £ [0 ,m], and d >(/) £ L^(g), then 

$ ix ^ ^ j “ ^ Jx ( 8 ) 

Proof. Since <£(/) < / and g is increasing, 

9°®{f)<9°f- (9) 

By (9) and monotonicity of the Lebesgue integral with respect to g o g, we have 
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/ 9 ° $(/) dg o fj, < / gofdgog. 
J x J x 


Since g 1 is increasing, by (10), we have 


By (11), 


9 1 9° $(/) dg o g < g 1 / g o f dg o g. 

J X J X 


*((g) jjdg 


> 

> 


$ 



9 ° f dg o g 


IX 



(g ° f) dg o g 
9 ° $(/) dg o g 

Hf)dg. 


( 10 ) 


( 11 ) 


□ 


3. Jensen type inequality for the ^-integral 
Let /([0,oo]) be the set of all bounded closed intervals in [0, oo] as follows : 

/([0, oo]) = {a = [a;, a r ] |a/, a r € [0, oo] and o; < a r } 

For these intervals, we define the order, the strictly order, and strong strictly order of intervals 
as follows: 


Definition 3.1. ([5]) If d = [ai,a r \,b = [ bi,b r ] G /([ 0, oo]), then we define order (<), strictly 
order (<), and strong strictly order (^; s ) as follows : 

(a) a < b if and only if cii < bi and a r < b r , 

(b) a < b if and only if a < b and a ^ b, 

(c) a -< s b if and only if a; < 6; and a r < b r . 


Definition 3.2. A mapping <f> = [$;,$ r ] : [0, oo) x [0, oo) — » [0, oo) x [0, oo) by <F(a :,y) = 
[<f>i(a:), < F r (2/)] is called a strictly increasing function if for all x = [xi,x r \,y = [yi,y r ] £ 
[0, oo) x [0, oo), 


x y => $( x ) -< s ®(y)- 


From Definition 2.2, we directly obtain the following theorem. 
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Theorem 3.1. Let <f> = [<J>;,4> r ] : [0, oo) x [0, oo) — 1 - [0, oo) x [0, oo) by$(x,y) = [4> ; (;r), $,,(fl)] 
be a mapping. Then $ = [$;, $,.] is an strictly increasing function if and only if and 4> r 
are strictly increasing functions. 

We remark that if / £ L^{u) = L 1 { gop ), then / is a (fl)-integrable function and fl _1 J x (go 
g) dg o p is finite. By Theorem 2.1, and (1), we obtain the following theorem. 


Theorem 3.2. Let F be a pseudo-inequality bounded interval-valued function with border 
functions fi and f r . If g = [gi , g r \ is a monotone function and gi o fi £ L 1 ( gi o p) and 
g r o f r £ L 1 (g r o p). Then we have 


(fl) / fdp= ( gi ) / fidp,{g r ) / f r dp 
Jx L Jx Jx 


Proof. By (1), we have 


and 


Jx 

L 

Jx 

(fli) 

[ fidp = 

lx 

9T l 

/*©: 



Jx 

(9.)j 

1 frdp 

A' 

9f 1 
/*®, 



Jx 


( 12 ) 


/ &g, dp. 


(13) 


/ ©ffr dp. 


(14) 


By (13) and (14), and Theorem 2.1, we have 


(fl) 




F Qg dp 



r^g r 

fi Qg, dp, / fr ©Sr dp 

Jx 



fidp , (g r ) 



□ 


Finally, we obtain the following Jensen inequality for the ^-integral with respect to a . 


Theorem 3.3. Let g be a decreasing function and (X,^2,g s ° h) be the Lebesgue measure 
space for s = l, r and gi o fi £ L 1 (gi o p) and g r o f r £ L 1 (g r o p) with ( gi ) f x fidp = mi 
and (g r ) f x f r dp = m r . If = [$;,$ r ] : [0,oo) x [0, oo) — » [0, oo) x [0,oo) by <F(a :,y) = 
[$z(x), < f> r (y)] is strictly increasing function such that $(x, y) < (x,y) for every (x,y) £ 
[0,m;] x [0, m r ] and &i(fi) £ L 1 (gi o p) and $ r (/ r ) G L 1 ( g r o p), then we have 

$ ({g) Fd, j < (g) jx *{F)dp. (15) 


Proof. By Theorem 3.1 we have the following two inequalities : 


(g) f Fdp 
Jx 



fidp , (fly) 



(16) 
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and 

(ff) [ $(F)dp = ( gi ) f $i(fi)dp,(g r ) [ §r{fr)dll 
Jx L Jx Jx 

By Theorem 2.2, we have 

{(9s) J fsdp'j < (g s ) J $s(fx)dn, 

for s = l,r. By (16), (17) and (18), we obtain the following result : 


$ i} 9 / Fd> L< ) = ((^) J ((S'r) J frd[l 

< (9l) [ ®l(fl)d(i,(g r ) f $r(fr)dn 

Jx Jx 

= (a) [ [Mfi),Mfr)]dn 

Jx 

= (g) f $(F)dp. 

Jx 


(17) 

(18) 


Theorem 3.4. Let g be an increasing function and (X,^2,g s o p) be the Legesgue measure 
space and giofi £ L 1 (giop) and g r °f r £ L l (g r op) with ( gi ) f x fidp = mi and (g r ) f x f r dp = 
m r . 

If $ = : [0, oo ) x [0, oo ) — ■> [0, oo ) x [0, oo ) by ®(x,y) = [4>z(:r), $ r (y)] for all 

( x,y ) £ [0, oo) x [0, oo) is strictly increasing such that &(x,y) > (x,y) for every (x,y) £ 
[0, to;] x [0,m r ] and $;(/;) £ L 1 (g t o p) and 4> r (/ r ) £ L 1 (g r o p), 

Jx Fd>i ') - ^ lx ^ F ^ dfI " ( 19 ) 

Proof. By using Theorem 2. 3, we have 

®s {{gs) J fsdlJj > ( g s ) J $ s (fs)dp (20) 

for s = l,r. By (16), (17) and (20), we obtain the following result: 

F {(g) Fdp)j = {(g t ) f t dpj , {(g r ) J{ f r dp^j 

> ( gi ) [ $ i(fi)dg,(g r ) [ $ r (fr)dp 

Jx Jx 

= (g) [ [Mfi),Mfr)]dp 

Jx 

= (g) [ $(F)dp. 

Jx 

□ 


472 


JEONG GON LEE et al 467-473 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


7 


References 

[1] R. J. Aumann, Integrals of set-valued functions , J. Math. Anal. Appl. 12 (1965) 1-12. 

[2] P. Benvenuti, R. Mesiar, Pseudo -arithmetical operations as a basis for the general measure and integration 
theory , Inf. Sci. 160 (2004) 1-11. 

[3] G. Deschrijver, Generalized arithmetic operators and their relationship to t-norms in interval- valued 
fuzzy set theory , Fuzzy Sets Syst. 160 (2009) 3080-3102. 

[4] J. Fang, On the convergence theorems of generalized fuzzy integral sequence , Fuzzy Sets Syst. 124 (2001) 
117-123. 

[5] T. Grbfc. I Stajner-Papuga, M. Strboja, An approach to pseudo-integration of set-valued functions , 
Inform. Sci. 181 (2011) 2278-2292. 

[6] L. C. Jang, A note on the interval-valued generalized fuzzy integral by means of an interval-representable 
pseudo-multiplication and their convergence properties , Fuzzy Sets Syst. 222 (2013) 45-57. 

[7] L. C. Jang, A note on the pseudo Stolarsky type inequality for the g -integral, Appl. Math. Comp. 269 
(2015) 809-815. 

[8] M. Kaluszka, A. Okolewski, M. Boczek, On the Jensen type inequality for generalized Sugeno integral , 
Inf. Sci. 266 (2014) 140-147. 

[9] R. Mesiar, E. Pap, Idemponet integral as limit of g -integrals, Fuzzy Sets Syst. 102 (1999) 385-392. 

[10] D. R. Ralescu, G. Adams, The fuzzy integral, J. Math. Anal. Appl. 75 (1980) 562-570. 

[11] H. Roman-Flores, A. Flores-Franulic, Y. Chaleo Cano, A Jensen type inequality for fuzzy integrals, Inf. 
Sci. 177 (2007) 3192-3201. 

[12] C. Wu, S. Wang, M. Ma, Generalized fuzzy integrals : Part 1. Fundamental concept, Fuzzy Sets Syst. 
70 (1995) 75-87. 

[13] D. Zhang, C. Guo, Generalized fuzzy integrals of set-valued functions, Fuzzy Sets Syst. 76 (1995) 365-373. 


473 


JEONG GON LEE et al 467-473 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR 
OPERATOR m-CONVEX AND (a.m)-CONVEX FUNCTIONS ON THE 

CO-ORDINATES 

SHU-HONG WANG AND SHAN-HE WU 


Abstract. In this paper, operator m-convex and (a, m)-convex function on the co-ordinates 
are defined, and some new integral inequalities of Hermite-Hadamard type for operator m- 
convex and (a, m)-convex on the co-ordinates are established. 


1. Introduction 

Throughout this paper, we adopt the notations: R = (— oo, oo) and Ro = [0, oo). 

The following inequality holds for any convex function / defined on R and a, b £ R with a < b 


f 


< 


1 f b 

/ f(x) dx < 

b- a J a 


f(a) + /(&) 


( 1 . 1 ) 


Both inequalities hold in the reversed direction if / is concave on [a, 6]. The inequality (1.1) 
is well known in the literature as Hermite-Hadamard’s inequality. We note that the Hermite- 
Hadamard’s inequality may be regarded as a refinement of the concept of convexity and it follows 
easily from Jensen’s inequality. 

The concept of m-convexity was first introduced by G. Toader in [T^ (see also ®) and it is 
defined as follows: 


Definition 1.1 ([H]). The function / : [0, b] — > R, b > 0 is said to be m-convex, where m £ [0, 1], 
if for every x, y £ [0, b] and t £ [0, 1], we have 

f{tx + m( 1 - t)y) < tf(x ) + m(l - t)f(y). (1.2) 

The class of (a, m)-convex functions was also first introduced in m and it is defined as follows: 

Definition 1.2 (|l6j). The function / : [0, b] — > R, b > 0 is said to be (cr, m)-convex, where 
(a, to) £ [0, l] 2 , if we have 

f(tx + to( 1 - t)y) < t a f(x) + to( 1 - t a )f{y) (1.3) 

for all x, y £ [0, b] and t £ [0, 1]. 

Also, the m-convex and (a, m)-convex functions on the co-ordinates defined in a rectangle 
from the plane were introduced as follows. 

Definition 1.3 (|l7jl. Let A := [0,6] x [0, d] be the bidimensional interval in Rq with 6 > 0 
and d > 0. For some to £ [0, 1], the function / : A — ■> R is said to be m-convex if the following 
inequality 

/(Ax + (1 - A)z, A y + to(1 - X)w) < A f(x, y) + m( 1 - A )f(z, w) (1.4) 
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This paper was typeset using ^^<S-IATeX. 

1 


474 


SHU-HONG WANG et al 474-487 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


2 S. H. WANG AND S. H. WU 

holds for all (x, y), ( z , w) £ A and A G (0, 1). 

Definition 1.4 ( OZZj ) . For some m G [0, 1], a function / : A := [0, 6] x [0, d\ C Mq — > M which is 
m-convex on A will be called m-convex on the co-ordinates with b > 0 and d > 0 if the partial 
mappings 

fv ■ [«: b \ fy(u) ■= f(u, y) 

and 

fx ■ [c, d] -> M, / x (u) := f(x, v) 
are m-convex for all y G [c, d] and x G [a, b] . 

Definition 1.5 ([17]). Let A := [0,6] x [0, d] be the bidimensional interval in Mq with b > 0 
and d > 0. For some (a, m) G [0, l] 2 , the function / : A — > M is said to be (a, m)-convex if the 
following inequality 

/(Ax + (1 — A) 2 , A y + m( 1 — X)w) < A Q /(x, y) + m{ 1 — A a )f(z, w) (1.5) 

holds for all (x, y), ( z , w) G A and A G (0, 1). 

Definition 1.6 ([17]). For some ( a,m .) G [0, l 2 ] , a function / : A := [0,6] x [0,d] C Kg — > K. 
which is (a, m)-convex on A will be called (a, m)-convex on the co-ordinates with 6 > 0 and 
d > 0 if the partial mappings 

f v : [a, 6] R, f y (u) := f{u, y) 

and 

fx ■ [c, d] -> M, f x (v) := f(x, v ) 
are (a, m)-convex for all y G [c, d] and x G [a, 6]. 

In recent years several extensions and generalizations have been considered for classical con- 
vexity. A significant generalization of convex functions is that of operator functions introduced 
by S. S. Dragomir in [B]. 

We review the operator order in B(H) and the continuous functional calculus for a bounded 
self-adjoint operator. For self-adjoint operators A,Bg B(H), we write A < B if (Ax, x) < 
( Bx , x) for every vector x G H 1 we call it the operator order. 

Let A be a bounded self-adjoint linear operator on a complex Hilbert space ( H\ (., .)). The 
Gelfand map establishes a *-isometrically isomorphism <f> between the set C(Sp(A)) of all contin- 
uous complex- valued functions defined on the spectrum of A, denoted Sp(A), and the A*-algebra 
C*(A) generated by A and the identity operator 1 h on H as follows (see for instance 0, p.3). 
For any /, g G C(Sp(A)) and any a,/3 G C, we have 

(*) $(af + Pg) = aA>(/) + P$(g)-, 

(ii) Hfg) = HfMg) and *(/*) = *(/)*; 

(in) ||$(/) || = || /]] := sup | / |; 

teSp(A) 

( iv ) 4>(/ 0 ) = Iff and $(/i) = A, where f 0 (t) = 1 and f 1 (t)=t for teSp{A). 

With this notation, we define 

/(A) :=$(/) for all / G C(Sp(A)) (1.6) 

and we call it the continuous functional calculus for a bounded self-adjoint operator A. 

A real valued continuous function / on an interval /CM is said to be operator convex 
(operator concave) if the operator inequality 

/((l - A)A + A B) < (>)(1 - A )/(A) + A f(B) (1.7) 
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holds in the operator order in B(H ), for all A G [0, 1] and for every bounded self-adjoint operators 
A and B in B(H) whose spectra are contained in I. 

In |2flj . Wang defined operator m-convex and (a, m)-convex functions in the following way:. 

Definition 1.7. Let [0,6] C Kg with 6 > 0 and K be a convex set of B(H) + . A continuous 
function / : [0, 6] — ♦ R is said to be operator m-convex on [0, 6] for operators in K , if 

fit A + m(l - t)B) < tf(A) + m(l - t)f(B) (1.8) 

in the operator order in B(H), for all t G [0, 1] and every positive operators A and B in K whose 
spectra are contained in [0, 6] and for some fixed m G [0, 1]. 

Definition 1.8. Let [0,6] C R 0 with 6 > 0 and K be a convex set of B(H) + . A continuous 
function / : [0,6] — > R is said to be operator (a,m)-convex on [0,6] for operators in I\ : if 

f(tA + m( 1 - t)B) < t a f(A) + m( 1 - t a )f(B) (1.9) 


in the operator order in B{H) : for all t G [0, 1] and every positive operators A and B in K whose 
spectra are contained in [0, 6] and for some fixed (a, m) G [0, l] 2 . 


Also, author proved the following inequalities in [201 : 


Theorem 1.1 ([20]). Let the continuous function f : Mo — : ► R 6e operator (a, m)- convex for 
operators in I\ C B(H) + with ( a,m ) G (0, 1] 2 . Then for all positive operator A,B G K with 
spectra in Kg. the following inequality holds: 


[' nu + a - mat < m ,J /{A) + °" /( f ) , fw+°™f<£) } . 

Jo \ a + 1 a + 1 


( 1 . 10 ) 


Theorem 1.2 ( [201 ). Let the continuous function / : R 0 ^ K 6e operator (a, m)- convex for 
operators in K C B(H) + with ( a,m ) G (0, 1] 2 . Then for all positive operator A,Bg K with 
spectra in Kg. the following inequalities hold: 


f A + B_^ < 1 


< 


^ \f(tA + (1 - t)B) + m(2“ - 1 )/ (1 ^ A + tB 


d t 


1 


' 2 Q+1 (a + 1) 

+ am 2 ( 2“ — 1) 


f(A) + f(B) + m(a+ 2“ - 1) 


f [ -)+/(- 

m \m 




m z 




(i.ii) 


Theorem 1.3 ([20]). Let the continuous function f : Kg — > K be operator (a, m)- convex for 
operators in K C B(H) + with ( a,m ) G (0, 1] 2 . Then for all positive operator A,Bg K with 
spectra in Kg, the following inequality holds: 


j f(tA + (1 — t)B) d t < 
Jo 


f(A) + m + am[f(±) + f(%)] 
2(o+l) 


( 1 . 12 ) 


Theorem 1.4 ([201). Let the continuous function f : Kg — > K 6e operator (a, to )- convex for 
operators in I\ C B(H) + with ( a,m ) G (0, 1] 2 . Then for all positive operator A, B G K with 
spectra in Kg, the following inequality holds: 


I [f(tA + to( 1 — t)B) + f(tB + to( 1 — t)A)] d t < 
Jo 


(1 + ma)lf(A) + f(B)} 
a + 1 


(1.13) 
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Theorem 1.5 ( [ZD] ) . Let the continuous function f : Ro “ 1 h R be operator (a, to )- convex for 
operators in K C B(H) + with ( a,m ) € (0, 1] 2 - Then for all positive operator A,Bg K with 
spectra in Kq. the following inequalities hold: 


2 — m „ m , 

2 B + — (mA) 


~ 2 “ 


< 


f(t( 2 — m)B + (1 — t)m 2 A) + m(2 a — 1 )/ 

/(( 2 — m)B) + m(a + 2“ — 1 )f(mA) 

(2 -m)B' 


(1 — t)( 2 — m)B + tm 2 A 


d t 


2«(a+ 1) 

+ m 2 a{2 a — 1)/ 


(1.14) 


For recent results related to Hermite-Hadamard type inequalities are given in 0, S. 0, 123, 
0 , i, m, p, jl4] , and plenty of references therein. 

The main purpose of this paper is to establish some new Hadamard type inequalities for 
operator m)-convex and (a, m)-convex functions on the co-ordinates. 


2. OPERATOR CO-ORDINATED m-CONVEX AND (a, m)-CONVEX FUNCTIONS 

Let I\ , I 2 be real intervals and let / : I\ x J 2 — > K be a Borel measurable and essentially 
bounded function. Let X = (X\,X 2 ) be a 2-tuple of bounded self-adjoint operators on Hilbert 
spaces Hi, H 2 such that the spectrum of X, is contained in 1^ for i = 1, 2. We say that such a 
2-tuple is in the domain of /. If 

x i = f XiEi(dXi),i = 1,2 

is the spectral decomposition of X,; where Ei is a bounded positive measure on E, we define 

f(X)— f /(Ai, \ 2 )Ei(d\i) Cg) .£ 2 (^ 2 ) 

Jhxi2 

as a bounded self-adjoint operator on the tensor product Hi ® H 2 . If the Hilbert spaces are of 
finite dimension, then the above integrals become finite sums, and we may consider the functional 
calculus for arbitrary real functions. This construction have the property that 

f(X 1 ,X 2 ) = f 1 (X 1 )®f 2 (X 2 ), 

whenever / can be separated as a product f{ti,t 2 ) = fi(ti)f 2 (t 2 ) of 2 functions each depending 
on only one variable. 

With above functional calculus, we say that a function / : /1 x I 2 — > R is operator convex if 
/ is continuous and the operator inequality 

f(tX + (1 - t)Y) < tf(X ) + (1 - t)f(Y) (2.1) 

holds for all 2-tuples of self-adjoint operators X = (W , X 2 ) and Y = (Lj , Y 2 ) in the domain of 
/ acting on any Hilbert spaces H\,H 2 and for all t £ [0,1]. 

In [ZT] , Hermite-Hadamard type inequality for the co-ordinated operator convex functions is 
given. 

Theorem 2.1. Suppose that a continuous function f : I\ x I 2 C R 2 — > R is operator convex on 
the co-ordinates for all 2-tuples of self-adjoint operators in the domain of f acting on any Hilbert 
spaces Hi,H 2 . Then we have the inequalities 
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< 


1 

<- 

"4 


B + D 


A + C 


J f(tA+(l-t)C,^^)dt + J I f\^^ > XB+(l-X)D)dX 

f [ f{tA + (l-t)C,XB + (l-X)D)dtdX 
Jo Jo 

[ f(tA+(l-t)C,B)dt+ f f(tA+(l-t)C,D)dt 
Jo Jo 

+ f f(A, XB + (1 — X)D) dA + f f(C, XB + (1 — X)D) dA 
Jo Jo 


< 


0 JO 

/(A B) + /(A, D) + f(C , B) + f(C, D) 


( 2 . 2 ) 


where ( A , B), (C, D) £ B{Hi) (g> B{H 2 ) with spectra in I\ x I 2 . 


For some fundamental results on operator convex and operator monotone functions of several 
variables, see m, m, he and the references therein 

Now we give the concepts of operator m-convex and (a, m)-convex functions on the co- 
ordinates. 


Definition 2.1. A continuous function / : [0, b\ x [0, d\ C Kq — > K. is said to be operator m-convex 
with b > 0 and d > 0 for some fixed m £ [0, 1] if the operator inequality 

f(t Xl + (1 - t)Y ly tX 2 + m( 1 - t)Y 2 ) < tf(X 1 ,X 2 ) + m(l - <)/(Fi,r 2 ) (2.3) 

holds for all 2-tuples of self-adjoint operators X = (Xi,X 2 ) and Y = (Yj , Y 2 ) in the domain of 
/ acting on any Hilbert spaces H 1 ,H 2 and for all t £ (0, 1). 

Definition 2.2. A continuous function / : [0,6] x [0,d] C -> R which is operator m-convex 
on [0,6] x [0,d] with 6 > 0 and d > 0 is said to be operator m-convex on the co-ordinates for 
some fixed m £ [0, 1] if the partial mapping 

fx 2 ■ h — ► M.,fx 2 (u) := f(u,X 2 ) 

and 

fx 1 : h — > R, fxA v ) '■= f(Xi,v) 

are operator m-convex for all operators X 2 £ B(H 2 ) and X\ £ B(H 1 ) whose spectra are con- 
tained in [0,d] and [0,6], respectively. 

Definition 2.3. A continuous function / : [0,6] x [0, d] C R^ -> R is said to be operator 
(a, m)-convex with 6 > 0 and d > 0 for some fixed (a, m) £ [0, l] 2 if the operator inequality 

f(tX 1 + (1 - t)Y u tX 2 + m(l - t)Y 2 ) < t a f(X u X 2 ) + m(l - t a )f( Y U Y 2 ) (2.4) 

holds for all 2-tuples of self-adjoint operators X = (A-| , X 2 ) and Y = (Yj , Y 2 ) in the domain of 
/ acting on any Hilbert spaces Hi, H 2 and for all t £ (0, 1). 

Definition 2.4. A continuous function / : [0,6] x [0,d] C Kg — > R. which is operator (a, m)- 
convex on [0,6] x [0, of] with 6 > 0 and d > 0 is said to be operator (a,m)-convex on the 
co-ordinates for some fixed (a, m) £ [0, l] 2 if the partial mapping 

fx 2 ■ h —> Rj/x 2 (u) '■= f(u,X 2 ) 

and 

are operator (a, m)-convex for all operators X 2 £ B(H 2 ) and X\ £ B(Hi) whose spectra are 
contained in [0,d] and [0,6], respectively. 
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Remark 2.1. It can be easily seen that for ( a,m ) G {(1, 1), (1, to)} one obtains the classes of 
operator convex and operator m-convex functions of two variables, respectively. 

The following lemmas hold: 

Lemma 2.1. For 6 > 0, d > 0, and some fixed m G [0, 1], every operator m-convex mapping 
f : [0, b] x [0, d] C Rq — > R is operator m-convex on the co-ordinates, but the converse is not 
generally true. 

Proof. Suppose that / is operator m-convex mapping on [0,6] x [0,d]. Consider fx 1 ■ [0 , d] — > 
R,fx 1 {v) := f(X i,t>). Then for all t G (0,1) and operators A, C G B(H 2 ) with spectra in [0,d], 
one has 


fx 1 (tA + m(l — t)C) = f(tX i + (1 — t)Xi,tA + m(l — t)C) 

< tf(Xi,A) +m( 1 - t)f(X 1 ,C) = tf Xl (A ) +m(l-t)f Xl (C), 

where X\ G B(H{) with spectra in [0, 6]. It shows the operator m-convexity of fx 1 - 

The fact that fx 2 '■ [0,6] — > R. fx 2 (u) := f(u,X 2 ) is also operator m-convex on [0,6] for all 
operators X 2 G B(H 2 ) with spectra in [0,d] goes likewise and we shall omit the details. 

In [ST], authors gave a mapping / : [0, l] 2 — > Ro defined by f{ri,r 2 ) = n x r 2 which is 
operator convex on the co-ordinates but is not operator convex. We consider the same function 
with m = 1 to prove that the operator ?n-convexity on the co-ordinates does not imply the 
operator m-convexity. 

□ 


The Lemma 2.1 is thus proved. 


Similarly, we state the following elementary results without proof. 

Lemma 2.2. For 6 > 0, d > 0, and some fixed ( a,m ) G [0, l] 2 , every operator ( a,m)-convex 
mapping f : [0,6] x [0, d\ C -4 f is operator ( a,m)-convex on the co-ordinates, but the 
converse is not generally true. 


3. HERMITE-HADAMARD TYPE INEQUALITIES FOR OPERATOR rn-CONVEX AND 
( a , rn)-CONVEX FUNCTIONS ON THE CO-ORDINATES 

We will now point out some new inequalities of the Hermite-Hadamard type. 

Theorem 3.1. Let some fixed (a, m) G (0, l] 2 and a continuous function / : Mg — 4 R 6e operator 
( a,m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain 
of f acting on any Flilbert spaces H\,F[ 2 . Then one has 

rl rl min{v\,v 2 } + min{v3,Vi} 


f [ f(tA+(l-t)C,\B + (l-\)D)d\dt< 
Jo Jo 


2(a+l) 


where ( A,B ), ( C,D ) G B{H\) x B{H 2 ) with spectra in Mg, and 

vi = J f(tA+ (1 — t)C, B) dt + am J f^tA + (1 — t)C, — ^ di, 
v 2 = J f(tA + (l — t)C, D) dt + atm J f^tA + (1 — t)C, — dt, 
y 3 = J f(A,\B + (l — \)D)d\ + azm J f^ — ,XB + (l — X)D^jd\, 
V4 = J f(C,XB+(l — X)D)dX + am J — , AH + (1 — X)D^j dA. 


(3.1) 


(3.2) 
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Proof. Since the spectrum of tA + (1 — t)C and A B + (1 — A )D are contained in Rqj and / is 
continuous, the operator valued integrals f 0 f(tA + (1 — t)C)dt, f n f(XB + (1 — A)D)dA and 

fo Jo /(+4 + (1 — t)C , A B + (1 — A )D) dtdX exist. 

From the operator co-ordinated (a, m)-convexity of / and the inequality (1.10) it is easy to 
see that 

[ f[tA + (1 — t)C, XB + (1 — X)D) dt 
Jo 

[ f(A, XB + (1 — A )£>)) + amf(^,XB + (1 - A )D)) 


<min 




a + 1 


f(C, XB + (1 — A )D)) + amf(±,XB + (1 - X)D)) ] 
a + 1 j ' 

Integrating this inequality on [0, 1] over A, we deduce 

[ f f(tA+(l-t)C,XB + (l-\)D)dtdX 

J o Jo 

< mini [ f(A 1 XB + (l^X)D)dX + am [ f( — , XB + (1 — X)D 

a + 1 [Jo Jo \m 

jf f(C, XB + (1 — X)D) d A + am f(J^, XB + (1 - X)dJ dA j>. 


dA, 


(3.3) 


By a similar argument we get 

fl /*! 


f f f(tA+(l-t)C,XB + (l-X)D)dXdt 

Jo Jo 

< — J — J f(tA+(l — t)C,B)dt + am J f^tA + (1 — t)C, 
J f(tA+ {l — t)C,D)dt + am J f(tA + (1 — t)C, — ^ dt|. 


+ 1 c*. 


Summing the inequalities (3.3 1 and (3.4 1 and dividing by 2, we get the inequality (3.1). 
The proof thus is complete. 


(3.4) 


□ 


Corollary 3.1.1. Under the assumptions of Theorem \3.1\ choosing a = 1, we get the inequality 
for operator m-convex: 

r 1 


f(tA + (1 - t)C, XB + (1 — A )D) dAdt < 


min{u i, U 2 } + min{u 3 , 114 } 


(3.5) 


0 Jo 


where 


u\ = J f(tA + (l ~ t)C, B) dt + m J f (yA + (1 — t)C, — ^ dt, 

U 2 = J f(tA + (l — t)C,D)dt + m J f (yA + (1 — t)C, — ^ dt, 

= ^ f(A, XB + (1 — X)D) dX + m f XB + (1 - X)D^ dA, 
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U4 = J^ f(C, XB + (1 — X)D) dA + to ^ f^,XB+(l-X)D^JdX. 


(3.6) 


Furthermore, for a, m = 1 we have 


f f f{tA + (l-t)C,XB + (l- X)D)dXdt 
Jo Jo 

| [ [ f(tA + (1 - t)C, B)dt+ [ f(tA + (1 - t)C, D) dt 
4 U o Jo 

+ [ /(A,AB + (1- A)L>)dA + [ f(C, \B + (1 — X)D) dA 
Jo Jo 


(3.7) 


Theorem 3.2. Let some fixed (a, to) G (0, l] 2 and a continuous function f : Kg — > R be operator 
( a,m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain 
of f acting on any Hilbert spaces H\,H 2 - Then one has 

'A + C B + D' 


f 


< 


1 


' 2 Q+1 


A + C 


XB+{1-X)D + to(2“ — 1)/ 


A + C (1 — X)B + XD 


f[tA + (l-t)C, 


< 


1 


A + C 


: 2 Q+2 (a + 1) 

+ m(a + 2 a - 1) 


B + D 


B)+f 


+ m(2“ — 1)/ 

A + C 


,D)+f[A, 


2 TO 

(1 -t)A + tC B + D 
’ 2 

+ f(c, 


dA 


TO 

B + D 


dt 
B + D 


+ am 2 ( 2“ — 1) 




4^,- ) +/ 

+ / 




A + C D 


2 TO 
A + C D 


TO 2 


A 5 + 0 


+ /( 


2 ’ TO 2 


(3.8) 


where ( A,B ), (C, D) € B(H\) x B(H 2 ) with spectra in Kg. 


Proof. By operator co-ordinated (a, m)-convexity of / and and the inequality (1.11 1, we can give 
'A + C B + D' 


f 


~ 2“ 


< 


f[tA + (l-t)C, 


B + D 


f A, 


2 Q + 1 (o! + 1) 

+ m(a + 2“ — 1) 


B + D 


+ f C, 


+ m(2 a — 1)/ 

B + D 


(1 — t)A + tC B + D 


dt 




+ am 2 ( 2“ — 1) 


y to 2 

A B + D 
to 2 ’ 2 


+/|C^ 


+ / 


C B + D 
to 2 ’ 2 


(3.9) 


and 


A + C B + D 


481 


SHU-HONG WANG et al 474-487 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


HERMITE-HADAMARD TYPE INEQUALITIES 


< 


< 


/ 


A + C 


, XB + (1 — X)D ) + to(2 q - 1)/ 


A + C (1 — X)B + XD 
2 


to 


dA 


1 


A + C 


'2 a+1 (a + 1) 

+ m(a + 2“ — 1) 


B)+f 


A + C 


D 


+ am z { 2“ — 1) 


A + C B 
2 ’ to 

A + C B_ 
2 ’ TO 2 


+ /I 

(A + C 

D 

l 2 

’ m 

+/ ( 

'A + C 

D 

2 ’ 

TO 2 


(3.10) 


Summing the inequalities (3.9) and (3.101 and dividing by 2, we get the inequality (3.8 1 . 

The proof is completed. □ 

Corollary 3.2.1. Under the assumptions of Theorem \3.2\ choosing a = 1, we get the inequality 
for operator m-convex: 

'A + C B + D ' 


< 


f 

.1 

; 4 

+ 


'0 L 
r i r 


A + C 


XB + (1 - A )D + mf 


A + C (1 — \)B + XD 
2 ’ 


TO 


dA 


f(tA + (l-t)C, 


i r J a + c 


“16 ^ 


+ 2 TO 


,B)+f 


B + D 
2 

A + C 


mf 


(1 -t)A + tC B + D 


D)+f[A 


m 

B + D 


d t 


+ f(c, 


B + D 


+/ 

A+c 4 i + / 


A + C D 


2 TO 
A + C D 


~ +f ~ 


A B + D 


to 2 


(C 

B + D V 


2 JJ 


2 ’ TO 2 

Furthermore, for a, m = 1 we have 
'A + C B + D 


2 TO 2 


> 


A B + D 


m* 


+ / 


/ C B + D 
2 




(3.11) 


/ 


1 

<- 

“2 

1 

<- 

“4 


2 ’ 2 

f + (! - A )^) dX + £ f ( tA +(1 ~ *) C '> 


A + C 


,-B +/ 


A + C 


£ +/U 


5 + L> 


+ / c-, 


S + D 
2 

5 + 0 


df 


(3.12) 


Theorem 3.3. Let some fixed (a, to) £ (0, l] 2 and a continuous function f : Mg — > R be operator 
( a,m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain 
of f acting on any Hilbert spaces H\,H 2 . Then one has 

[ [ f(tA + (1 — t)C, XB + (1 — A)0) dA dt 
Jo Jo 

+ f{tA + (l — t)C,B)dt+ f f(tA + (1 — t)C, D) dt 

4(o; + l) {J o J o 

l f { tA+{1 - t)c ’+) dt+ i f^+a-t)c,Djdt 


<- 


am 


+ [ /(A, XB + (1 — X)D) dA + [ f(C, XB + (1 — X)D) dA 
Jo Jo 
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£ f(J^,XB + (l-X)D)dX + £ f(^,XB+(l-X)D)dX J, (3.13) 


where {A,B), ( C,D ) £ B(Hi) x B(H 2 ) with spectra in 


"O' 


Proof. Using operator co-ordinated (a, m)-convexity of / and the inequality ( 1.12 1, we can write 


[ f(tA + (1 — t)C, XB + (1 — X)D) dt 
Jo 


< 


’2(a+l) 


f(A, XB + (1 — A )D) + f(C, XB + (1 — X)D) 


am 


A 


/ AB+(1-A)I> +/ AB + (1-A)£> 


G 


Integrating this inequality on [0, 1] over A, we deduce 

[ [ f(tA+(l-t)C,XB+(l-X)D)dtdX 

Jo Jo 

( f 1 f(A, XB + (1 — X)D) dA + f 1 f(C, XB + (1 — A)U) dA 

[ f(-,XB + (l-X)D]dX+ [ f( — ,XB+(l-X)D]dX 

.Jo V m / Jo J . 


: 2(a 


+ am 

By a similar argument we get 

r»l r l 


(3.14) 


< 


f f f(tA + (l-t)C,XB + (l-X)D)dXdt 
Jo Jo 

2{a \ l) {l f{tA + {l-t)C,B)dt + J f(tA + (l-t)C,D)dt 

l f { tA + {1 ~ t)C ^) dt + 1 + }■ 


am 


(3.15) 


Summing the inequalities (3.14) and (3.151 and dividing by 2, we get the inequality (3.131. 

The proof thus is complete. □ 

Corollary 3.3.1. Under the assumptions of Theorem \3.S\ choosing a = 1, we get the inequality 
for operator m-convex: 

f f f(tA+(l-t)C,XB + (l-X)D)dXdt 
Jo Jo 

jjf f(tA + (l-t)C,B)dt + J f(tA + (1 - t)C, D) dt + to J f(tA + (l-t)C,^dt 
+ J f(tA+(l-t)C,^jdt + f(A, XB + (1 - X)D) dX + f(C, XB + (1 — X)D) dA 
+ m J /^,AB + (l-A)D^dA + jT f(J^, XB + (1 - X)D^j dA J. 


1 

<- 


(3.16) 


Furthermore, for a,m = 1 we have 


f [ f(tA + (l-t)C,XB + (l- X)D)dXdt 
Jo Jo 
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[ f(tA+(l-t)C,B)dt+ [ f(tA + (1 — t)C, D) dt 
Jo Jo 

+ f f(A,XB + (l- X)D)d\+ [ f(C, XB + (1 — X)D) dA 
Jo Jo 


(3.17) 


Theorem 3.4. Let some fixed (a, to) G (0, l] 2 and a continuous function f : Kg — > R be operator 
( a,m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain 
of f acting on any Hilbert spaces H\,H 2 - Then one has 

[ f [f(tA + m(l — t)C,\B + m(l — A)D) + f(tC + m(l — t)A,AB + m(l — A)D)]dtdA 
Jo Jo 


<- 


)0 Jo 
1 + ma 
' 2(a + 1) 


f f(tA + m(l — t)C,B)dt+ f f(tA + m(l — t)C,D)dt 
Jo Jo 


(3.18) 


+ [ f(A,XB + m(l- X)D)d\+ [ f(C, XB + m(l - X)D) dA , 

Jo Jo J 

where ( A,B ), (C,D) G B{H\) x B(H 2 ) with spectra in Kg. 

Proof. Using operator co-ordinated (a, TO)-convexity of / and the inequality ( 1 . 13 | ), we can write 

[ [f(tA + to( 1 — t)C, XB + m(l — A )D) + f(tC + m( 1 — t)A, XB + m( 1 — A)U)] dt 
Jo 

. (1 + ma)[f(A, XB + m( 1 — A )D) + f(C, XB + m{ 1 — A )D] 


<- 


a + 1 


Integrating this inequality on [0, 1] over A, we deduce 


f f [f(tA + to(1 — t)C, XB + to(1 — X)D) + f(tC + to(1 — t)A, XB + to( 1 — A)U)] dt dA 
Jo Jo 


<- 


lo Jo 
. 1 + ma 


[ f(A, XB + to(1 — X)D) dA + [ f(C, XB + to(1 — X)D) dA 
Jo Jo 


a + 1 

By a similar argument we get 


(3.19) 


f f [f(tA + m(l — t)C,XB + m(l — X)D) + f(tC + m(l — t)A,XB + m(l — X)D)]dtdX 
Jo Jo 


< 


1 0 Jo 
. 1 + ma 
a + 1 


f f(tA + m(l — t)C,B)dt+ f f(tA + m(l — t)C,D)dt 
Jo Jo 


(3.20) 


Summing the inequalities (3.19) and (3.201 and dividing by 2, we get the inequality (3.181. 
The proof thus is complete. 


□ 


Corollary 3.4.1. Under the assumptions of Theorem \3.3\ choosing a = 1, we get the inequality 
for operator m-convex: 

f 1 /•! 


[ I [f(tA + m(l — t)C,XB + m(l~X)D) + f(tC + m(l — t)A,XB + m(l — X)D)]dtdX 

Jo Jo 

1 _i_ m \ r 1 r 1 

— , — / f(tA + m(l — t)C,B)dt+ / / (tA + to(1 — t)C, D) dt 

4 [Jo Jo 

+ [ f(A, XB + to( 1 — A)D) dA + [ f(C, XB + m(l — X)D) dA . (3.21) 

Jo Jo 
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Furthermore, for a, m = 1 we have 

f [ f(tA + (l-t)C,\B + (l- X)D)d\dt 

Jo Jo 

f f(tA+(l-t)C,B)dt+ [ f(tA + (l-t)C,D)dt 

Jo Jo 

+ I f(A,XB + (l- X)D)dX + [ f(C,XB+(l-X)D)dX 

Jo Jo 


1 

<- 

~4 


(3.22) 
Jo 

Theorem 3.5. Let some fixed ( a , to) £ (0, l] 2 and a continuous function f : Kg — > K be operator 
( a,m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain 
of f acting on any Hilbert spaces H\,H 2 . Then one has 


f 


2 TO- TO . . 2 — TO TO , 

-^—C+—(mA), ~^—D+—(mB) 


< 


1 


2“ +1 


— — — C + —(mA), A(2 — m)D + (1 — A )m 2 B \ dA 

Z Z j 

(1 — A)(2 — m)D + Xm 2 B 


+ to(2“ — 1) f(^Y^C +^(toA), 

+ J f (2 — m)C + (1 — t)m 2 A , — ^ m D + ^ (mB)^j d t 

+ to(2“ — 1) f 1 f 

Jo 


dA 


1 x (1 — i) (2 — m)C + tm 2 A 2 — to ^ to. 


2 £>+y(m.B))di 


<- 


1 


' 2“+ 2 (a + 1) 

+ m 2 a( 2“ — 1)/ 


/( V ^ c+ + m («+ 2 “ - i )/^ 2 2 TO c> + 

(2 — m)D 


2 — TO TO . ,, 

__C+-(to.AI), 


+ /( (2 — to)(7, — --D + ™(mB) 


+ m(a + 2“ — l)/^mA, + ^-(mB) J 

(2 — m)C 2 — to 


+ m 2 a(2 a — 1)/ 


2 23 +?(”*> 


(3.23) 


where (A,B), (C,D) £ B(HJ x B{H 2 ) with spectra in Kg. 


Proof. From operator co-ordinated (a, TO)-convexity of / and the inequality ( 1.14 ) , we can deduce 
^ 2 — to . 


/ 


» „ to . . 2 — to ?n . 

2 + — (toA), - D + —(mB) 


~ 2 “ 


fi r 


/ ( f (2 — m)C + (1 — t)m 2 A , 


o,2 — m „ to , 

—D+—{mB) 


< 


+ to ( 2 “ — 1 )/ 

1 

2“ +1 (a + 1) 

+ m 2 a(2 a — 1)/ 


(1 — t)(2 — m)C + tm 2 A 2 — 


2 


df 


/ ^(2 - to) ( 7, 2 2 m £> + + m ( a + 2 “ - i)/^A 2 2 m i) + 

(2 — m)C 2 — m 




2 


(3.24) 
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13 


and 

/ 


2 — to _. to . , . 2 — to to . 

C+ — (mA), — ^— £> + yO-- 8 ) 


“ 2 “ 


/ 


2 m C + ^(mA), A(2 — to)Z? + (1 — A )m 2 B 


< 


+ to ( 2 “ — 1 )/ 

1 


2 — to to. .. (1 — A) (2 — m)D + Xm 2 B 

-—C + - mA , ^ ^ z 

2 2 to 


dA 


' 2“ +1 (a + 1) 

+ TO 2 a(2“ — 1)/ 


{/( 2 2 °^ + +to(o + 2“ -1)/^C+ ™(mA),mB 

(3.25) 


2 — rri to. (2 — m)D 
C+-(toA), v 


Summing the inequalities (3.24) and (3.251 and dividing by 2, we get the inequality (3.231. 
The proof is completed. 


□ 


Corollary 3.5.1. Under the assumptions of Theorem \3.5\ choosing a = 1, we get the inequality 
for operator m-convex: 


f 


1 

<- 

"4 


2 — TO_, TO. , , 2 — TO_ TO. 

C+ — (toA), ~^—D+—(mB) 


2 ?n C + ^(toA), A(2 — m)D + (1 — A )m 2 B ) dA 


+ m f 


2 — TO 777 , . , 

C+-(toA), 


(1 — A) (2 — to).D + \m 2 B 


TO 


dA 


+ J f^t( 2 — m)C + (1 — t)m 2 A, ^ ^ D + y (to.B)^ dt 


1 

< — 
“16 


+ to / / 

/ 


1 x (1 — £)(2 — m)C + tm 2 A 2 — to to 


777 


2 £>+y(TO.B))df 


2 m C + y (mA), (2 - m)D ) + 2to/ 


2 — TO 1 _ TO . . , „ 

2 <? + — (toA),toB 


+ TO 2 / 


2 — to to, (2 — m)D 
C+ - toA 


2 2 

/ ,2 — TO. TO, 

+ 2?n/ fmA, — - — D+ — (toB)J 

(2 — iti)C 2 — to 


+ /( (2 — m)C, + ™(mB) 


+ 777 / 


2 *+?("*) 


(3.26) 


Furthermore , for a, to = 1 we have 

/( 


1 

< 

“2 

1 

< 

“4 


A + C B + D 
2 ’ 2 


J f(UA t XB + (l-\)Djd\ + j j(tA- II -l)C. 


A + C 


,B)+f 


A + C 


D)+f(A 


B + D 


+ f(C, 


B + D 
2 

5 + 0 


df 


(3.27) 
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY 
BANACH SPACES: A FIXED POINT APPROACH 

CHOONKIL PARK 1 , JUNG RYE LEE 2 *, AND DONG YUN SHIN 3 


Abstract. Let 

= fi(x + y) - )/(-£-},) + [/(*-?/) + )/(i/-x) -f(x)- f(y), 

M,n*,y): = V (i±l) +/ (^) +/ (t£) -/(*)-/(„). 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional inequalities 

N(M 1 f(x,y)-pM 2 f(x,y),t) > , (0.1) 

t + <p(x, y) 

and 

N ( M 2 f(x , y) - pM 1 f(x, y), t ) > — ± , (0.2) 

t + <p(x,y) 

in fuzzy Banach spaces, where p is a fixed real number with p 1. 


1. Introduction and preliminaries 

Katsaras [19] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [15, 21, 48]. In particular, Bag and Sanranta [3], following Cheng and 
Mordeson [11], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy 
metric is of Kranrosil and Michalek type [20]. They established a decomposition theorem of 
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy norrned 
spaces [4], 

We use the definition of fuzzy norrned spaces given in [3, 25, 26] to investigate the Hyers-Ulam 
stability of additive p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [3, 25, 26, 27] Let A be a real vector space. A function N : X x R — >• [0, 1] is 
called a fuzzy norm on X if for all x, y £ X and all s, t £ M, 

(N\) N(x, t) = 0 for t < 0; 

(iV 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N 3 ) N(cx, t) = N(x, || ) if c / 0; 

(A 4 ) N(x + y, s + t) > mm{N(x,s),N(y,t)}; 

(IV 5 ) N(x, •) is a non-decreasing function of M and lirn^oo N(x, t ) = 1. 

(Nq) for x/0, N(x, •) is continuous on M. 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; fixed point method; additive-quadratic p-functional inequality; 
Hyers-Ulam stability. 
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The pair (X, N) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[25, 28]. 

Definition 1.2. [3, 28, 26, 27] Let (X,N) be a fuzzy normed vector space. A sequence { x n } in 
X is said to be convergent or converge if there exists an x G X such that linx )WOO N(x n —x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence { x n } and we denote it by N- 
lim, woo x n = x. 

Definition 1.3. [3, 28, 26, 27] Let (X,N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no G N such that for all 
n > no and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq € X if for each sequence { x n } converging to xo in X, then the 
sequence {f(x n )} converges to f(x o). If / : X — >• Y is continuous at each x G X, then 
/ : X — > Y is said to be continuous on X (see [4]). 

The stability problem of functional equations originated from a question of Ulam [47] 
concerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f{y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [39] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [16] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. 

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [46] for 
mappings / : E\ — >• E 2 , where E\ is a normed space and E 2 is a Banach space. Cholewa [12] 
noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian 
group. The stability problems of various functional equations have been extensively investigated 
by a number of authors (see [1, 5, 9, 10, 14, 22, 24, 29, 34, 35, 36, 40, 41, 42, 43, 44, 45, 49, 50]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.4. [6, 13] Let (X. d) be a complete generalized metric space and let J : X X 
be a strictly contractive mapping with Lipschitz constant a < 1. Then for each given element 
x G X , either 

d(J n x , J n+l x) = 00 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+l x ) < 00 , Vn > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 
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(3) y* is the unique fixed point of J in the set Y = {y € X \ d(J n °x,y) < oo}; 

(4) d(y, y*) < jz^d(y, Jy ) for all yeY. 

In 1996, G. Isac and Th.M. Rassias [18] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [7, 8, 30, 31, 38]). 

Park [32, 33] defined additive p- functional inequalities and proved the Hyers-Ulam stability 
of the additive p- functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

In Section 2, we prove the Hyers-Ulam stability of the additive-quadratic p-functional in- 
equality (0.1) in fuzzy Banach spaces by using the fixed point method. 

In Section 3, we prove the Hyers-Ulam stability of the additive-quadratic p- functional in- 
equality (0.2) in fuzzy Banach spaces by using the fixed point method. 

Throughout this paper, assume that A is a real vector space and (Y, N ) is a fuzzy Banach 
space. Let p be a real number with p 1. 


2. Additive-quadratic p-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p-functional 
inequality (0.1) in fuzzy Banach spaces. 

Theorem 2.1. Let <p : X 2 —>■ [0, oo) be a function such that there exists an L < 1 with 

<f(x, y) < jT (2x, 2 y) < p (2x, 2 y) (2.1) 

for all x,y € X . 

(i) Let f : X Y be an odd mapping satisfying 

N (M 1 f(x,y) - pM 2 f(x,y),t ) > — — j r (2.2) 


t, + p(x,y) 

for all x, y £ X and all t > 0. Then A(x) := A r -lim n _ 5 . 00 2 n f (iff) exists for each x € X and 
defines an additive mapping A : X Y such that 

(2 - 2 L)t 


N (f(x) — A(x),t) > 


(2.3) 


(2 — 2 L)t + L(p(x, x) 

for all x € X and all t > 0. 

(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (2.2). Then Q(x) := N- 
lim n _ ) . 00 4 n f (ffi) exists for each x € X and defines a quadratic mapping Q : X Y such 
that 

(2 - 2 L)t 


N(f(x) - Q(x),t) > 


(2 — 2 L)t + L<p(x, x) 


(2.4) 


for all x € X and all t > 0. 

Proof, (i) Letting y = x in (2.2), we get 

N(f(2x)-2f(x),t)> 


t + <p(x, x) 


(2.5) 
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and so 

)^)> T ^ fT} < 2 ' 6 > 

for all x € X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d(g , h ) = inf j g e M + : N(g(x) — h(x), gt) > -r, Vx € X, Vt > o| , 

l t + tp(x, x) J 

where, as usual, inf 4> = +oo. It is easy to show that (S,d) is complete (see [23, Lemma 2.1]). 
Now we consider the linear mapping J : S —> S such that 

Jg(x) := 2 g 

for all x € X. 

Let g, h £ S be given such that d(g, h ) = e. Then 

N(g(x) - h(x),et) > —— r 

t + tp(x, X) 

for all x € X and all t > 0. Hence 

N(Jg(x) - Jh{x ), Let ) = N (2 g - 2 h , Letj = N (g ^ - h (^j , ^e?j 

Lt Lt 1 

> 2 > 2 = 1 
¥ + ^(§,1) “ f + ^(*,x) t + <p(x,x) 

for all x € X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g, h € S. 

It follows from (2.6) that N (/(x) — 2/ (|) , > t+ J) x for all x € X and all t > 0. So 

d{f,Jf)<k- 

By Theorem 1.4, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

• 4 (|) = ^w < 2 - 7 > 

for all x € X. Since / : X — > Y is odd, A : X Y is an odd mapping. The mapping A is a 
unique fixed point of J in the set 

M = {g <E S : d(f,g) < 00 }. 

This implies that A is a unique mapping satisfying (2.7) such that there exists a/i£ (0, 00 ) 
satisfying 

N(f(x) - A(x), gt) > — — r 

t + <p(x, x) 

for all x € X; 
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(2) d(J n f , A) — >• 0 as n — >• oo. This implies the equality 


N- lim 2 n f ( — ^ = A(x) 
n-> oo \2 n J v ’ 


for all iGl; 

(3) d(f,A ) < J f ), which implies the inequality 

d(f,A)< L 


2-2 L 


This implies that the inequality (2.3) holds. 
By (2.2), 


N 2 n f 


and so 


N 4 n / 


x + y 
2 n 


x + y 


+ f 


~f ^ -/ 


, 2 n t > 


t + <p (Jr, Jr) 


x - y 

2 n 


- 2 / ( ^ ) - 2 / 


for all x, y £ X, all t > 0 and all n € N. Since lim n _ ) . 00 — t — yw 




t > 

/ ^+ 2 „<p(x,y) 

= 1 for all x, y G X and all 


t > 0, 

iV (H(x + y) - A(x) - y%), t) = 1 

for all x, y € X and all t > 0. So the mapping A : X — > Y is additive, 
(ii) Letting y = x in (2.2), we get 

t 


N Q/(2®) “ 2 'f(x)>t) > 


t + (p(x, X ) 


and so 


iv(/(x)-4/(0,*) > 


f + ¥>(§> i) t + Mf>i) 


(2.8) 

(2.9) 


for all x G X. 

Now we consider the linear mapping J : S S such that 


Jg( x ) ■= 4 g (^j 


for all x € X. 

Let y, h €E <S be given such that ci(y, /i) = e. Then 

N(g(x) — h(x),et) > 


t + tp(x, x) 


for all x & X and all t > 0. Hence 


N(Jg(x) - Jh(x), Let) = N ^4 g (^j - Ah , Let^j = N (g (^j - li , ^et^j 


> 


Lt 

4 


> 


Lt 

4 


t 


X + ^( f.f) x + * + ¥>(®>®) 

for all x € X and all t > 0. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 
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for all g,h G S. 

It follows from (2.9) that N (^f(x) — 4/ (|) , Jt) > t+ J^ x x ^ for all x € X and all t > 0. So 

By Theorem 1.4, there exists a mapping Q : X — >• Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 

Q (f) = \ Qix) (2 - 10) 

for all x € X. Since / : X — > Y is even, Q : X — >• Y is a even mapping. The mapping Q is a 
unique fixed point of J in the set 


M = {g <E S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.10) such that there exists a p € (0, oo) 
satisfying 

N{f{x) - Q(x), fit) > — — ^ r 

t + X, x) 

for all iGl; 

(2) d(J n f , Q) — >• 0 as n — >• oo. This implies the equality 

N- lim 4 n f ( — = Q(x) 

ih oo J \2 n J y 

for all ,t £ J; 

(3) d(f, Q ) < Jf), which implies the inequality 


d(f,Q)< 

This implies that the inequality (2.4) holds. 

By (2.2), 


L 

2-2 L' 




-/ h=: -/ £ M”t > 


and so 


A' ( 4" ( -/ 


i x /^ + z/\ i f ( x ~y 


~f TT -f UiT >0 ^ 


t 

4^ 


for all x, u € X, all t > 0 and all n € N. Since lim, woo , — , , 

W + ^r<f(x,y) 

t > 0, 

iV Qq(x + y) + ^Q(x - y) - Q(x) - Q{y),tj = 1 
for all x, y € X and all t > 0. So the mapping Q : X Y is quadratic. 


t + <p (^T; Jr) 


^ + wv{ x ,y) 

= 1 for all x, y € X and all 


□ 


Corollary 2.2. Let # > 0 and Zet p be a real number with p > 2. Let X 5e a normed vector 
space with norm || • ||. 

(i) Let f : X —$■ Y be an odd mapping satisfying 


N (Mif(x,y) - pM 2 f(x,y),t) > 


t 

t + 0(\\x\\P + \\y\\P) 


( 2 . 11 ) 
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for all x,y € X and all t > 0. Then A(x) := lV-lim r) _ 5 . 0O 2 n /(J^) exists for each x G X and 
defines an additive mapping A : X — >• Y such that 


N (f(x) — A(x),t) > 


(2 p - 2 )t 

(2P-2)i + 20||s||P 


for all x € X and all t > 0. 

(ii) Let f : X Y be an even mapping satisfying /( 0) = 0 and (2.11). Then Q(x) := N- 
lim n _ >00 4 n /(^-) exists for each x € X and defines a quadratic mapping Q : X — > Y such 
that 


N(f(x) - Q(x),t) > 


(2 p - 4)1 

(2P - 4)t + 46 \\x\\p 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 2.1 by taking <p(x, y ) := 0(||a;|| p + ||y|| p ) for all x, y £ X. 
Choosing L = 2 1 ~ p for an odd mapping case and L = 2 2-p for an even mapping case, then we 
obtain the desired results. □ 


Theorem 2.3. Let (p : X 2 — >• [0, oo) be a function such that there exists an L < 1 with 


V (x,y)<2L v (f,f) <4i<f(|,|) 


( 2 . 12 ) 


for all x, y € X .. 

(i) Let f : X — >• Y be an odd mapping satisfying (2.2). Then A(x) := lV-hm n _ 5 . 0O ^f (2 n x) 
exists for each x € X and defines an additive mapping A : X — >• Y such that 


N (f(x) - A(x),t) > 


(2 - 2 L)t 

(2 — 2 L)t + p(x, x) 


for all x € X and all t > 0. 

(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (2.2). Then Q(x) := N- 
lim r) _ 5 . 0O ^f ( 2 n x ) exists for each x € X and defines a quadratic mapping Q : X — » Y such 
that 


N {f(x) - Q(x),t ) > 


(2 - 2 L)t 

(2 — 2 L)t + (p(x, x) 


for all x & X and all t > 0. 


Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 

(i) It follows from (2.5) that 

Af(/(x)- 1/(2*), V) > 

for all x € X and all t > 0. 

(ii) It follows from (2.8) that 

for all x € X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 


t 

t + <£>(*, x) 


t 

t + p(x, x) 
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Corollary 2.4. Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • j|. 

(i) Let f : X -» Y be an odd mapping satisfying (2.11). Then A(x) := Al-lini )WOO ^ f(2 n x ) 
exists for each x € X and defines an additive mapping A : X -A Y such that 


N (f(x) — A(x),t) > 


(2 - 2 P)t 

(2 - 2P)t + 29 \\x\\p 


for all x € X and all t > 0. 

(ii) Let f : X -> Y be an even mapping satisfying /( 0) = 0 and (2.11). Then Q{x) := N- 
lim^^oo ^-/( 2 n x) exists for each x € X and defines a quadratic mapping Q : X — >• Y such 
that 

N(f(x)-Q(x),t)> 

/or all x E X and all t > 0. 


Proof. The proof follows from Theorem 2.3 by taking <p(x, y) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Choosing L = 2 P ~ 1 for an odd mapping case and L = 2 P ~ 2 for an even mapping case, then we 
obtain the desired results. □ 


3. Additive-quadratic ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p-functional 
inequality (0.2) in fuzzy Banach spaces. 


Theorem 3.1. Let p : X 2 — * [0, oo) be a function satisfying (2.1). 
(i) Let f : X Y be an odd mapping satisfying 


N(M 2 f(x,y) - pMif(x,y),t) > 


t 

t + ip(x, y) 


(3.1) 


for all x, y € X and all t > 0. Then A(x) := A-lim, woo 2 n f (^) exists for each x € X and 
defines an additive mapping A : X -A Y such that 


N (f(x) ~ A(x),t) > 


(1 - L)t 

(1 — L)t + p(x, x) 


for all x € X and all t > 0. 

(ii) Let f : X — »• Y be an even mapping satisfying /( 0) = 0 and (3.1). Then Q(x) := N- 
lim^oo 4”/ (Jf) exists for each x E X and defines a quadratic mapping Q : X Y such 
that 


N (f(x) - Q(x),t) > 


(1 ~L)t 

(1 — L)t + <p(x, x) 


for all x € X and all t > 0. 


Proof, (i) Letting y = 0 in (3.1), we get 

N ( I(X) ~ 2/ (I) ' 1 *) = N ( 2/ (I) “ /(I) ' *) - t + y(x,0) <3 ' 2) 

for all x € X. 
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Consider the set 

S:={g:X^ Y} 

and introduce the generalized metric on S: 

d(g, h) = inf (/r G M+ : N(g(x) - h(x),yt) > — — - — — , Vx € X,Vt > o) , 
l t + <p(x,0) J 

where, as usual, inf <fi = +oo. It is easy to show that (S,d) is complete (see [23, Lemma 2.1]). 
The rest of the proof is similar to the proof of Theorem 2.1 (i). 

(ii) Letting y = 0 in (3.1), we get 

N ( /(x) - 4/ (! ) ' ' *) = w ( 4/ (I) - /w - ' f ) - (TtTTo) (3 ' 3) 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.1 (ii). □ 


Corollary 3.2. Let 9 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. 

(i) Let f : X — > Y be an odd mapping satisfying 

N (M 2 f(x,y) — pM\f(x, y), t) > — tt tt — r— (3-4) 

for all x,y € X and all t > 0. Then A(x) := A r -lim n _ ) . 00 2 n /(^) exists for each x G X and 
defines an additive mapping A : X — >• Y such that 


N (f(x) — A(x),t) > 


(2 p - 2 )t 

(2 p - 2)t + 2P6\\x\\P 


for all x € X and all t > 0. 

(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (3.4). Then Q(x) := N- 
lim^—^oo 4 n / ( fff ) exists for each x € X and defines a quadratic mapping Q : X Y such 
that 


N {f (x) - Q(x),t) > 


(2 p - 4 )t 

(2P -A)t + 2P6\\x\\P 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 3.1 by taking <p(x, y) := #(||x|| p + ||y|| p ) for all x, y € X. 
Choosing L = 2 1 ~ p for an odd mapping case and L = 2 2 ~ p for an even mapping case, then we 
obtain the desired results. □ 


Theorem 3.3. Let p : X 2 -A [0, oo) be a function satisfying (2.12). 

(i) Let f : X -a Y be an odd mapping satisfying (3.1). Then A(x) := lV-lim n _*. 00 ^f (2 n x) 
exists for each x € X and defines an additive mapping A : X Y such that 


N (f(x) — A(x),t) > 


a~L)t 

(1 — L)t + L(p(x, x) 


for all x € X and all t > 0. 
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(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (3.1). Then Q(x ) := N- 
lim n _ s . 0O ( 2 n x ) exists for each x € X and defines a quadratic mapping Q : X — >• Y such 
that 


N(f(x) - Q(x),t ) > 


(1 — L)t 


(1 — L)t + Lip(x, x) 


for all x € X and all t > 0. 


Proof. Let (S. d) be the generalized metric space defined in the proof of Theorem 3.1. 
(i) It follows from (3.2) that 


N (/(*) - J/( 2 ^)> ^ > 


t + <p(2x, 0) 


and so 


N fix ) ~ ^f(2x),Ltj > 


2 Lt _ t 

2Lt + (p(2x,0) t + ip(x, 0) 


for all x G X and all t > 0. 

(ii) It follows from (3.3) that 


N (/(*) “ \^ 2x )’ |) ^ 


t 


and so 




t + <y?(2.T, 0) 

4Lt 


4Lt + ip(2x,0) t + <p(x, 0) 


for all x & X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.1. 


□ 


Corollary 3.4. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • j|. 

(i) Let f : X — >• Y be an odd mapping satisfying (3.4). Then A(x) := -/V-lim^oo ^f(2 n x) 
exists for each x € X and defines an additive mapping A : X Y such that 


N (f(x) — A(x),t) > 


(2 - 2 P)t 

(2 - 2P)t + 2P8\\x\\P 


for all x € X. 

(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (3.4). Then Q(x) := N- 
lim n _ > . 00 ^f(2 n x) exists for each x € X and defines a quadratic mapping Q : X — * Y such 
that 


N (f(x) ~ Q(x),t) > 


(4 - 2 P)t 

(4 - 2P)t + 2P8\\x\\P 


for all x € X. 


Proof. The proof follows from Theorem 3.3 by taking <p(x, y ) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Choosing L = 2 P ~ 1 for an odd mapping case and L = 2 P ~ 2 for an even mapping case, then we 
obtain the desired results. □ 
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Abstract 

This paper is devoted to the optimal harvesting problem for a diffusive population dynam- 
ics with functional response in a polluted environment . Co-semigroup theory is used to obtain 
the existence and uniqueness of the positive strong solution for the controlled system. The 
first order necessary optimality condition is derived by means the technique of tangent-normal 
cones and adjoint system of the state. The second-order necessary and sufficient optimal- 
ity conditions are established by making use of the second order Frechet derivative of the 
associated Lagrange function. 

Keywords: Optimal harvesting; optimal conditions; functional response; toxicant 


1 Introduction 

The optimal control problems of population dynamics have been widely studied, such as N.C. 
Apreutesei [1] studied for a Lotka-Volterra system of three differential equations, some necessary 
conditions of optimality were founded in order to maximize the total number of individuals. W.Ko 
[2-3] considered a diffusive two-competing-prey and one-predator system with functional response 
(Beddington-DeAngelis and ratio-dependent), showed the properties for the positive steady-state 
solutions of the corresponding elliptic system with Robin boundary. Then N.C. Apreutesei [4] 
studied for a reaction-diffusion system as follows 

^ = aiAyi + y 1 g 1 (j/i) + myx - ymfiyi), 

= a 2 ^V 2 - ay 2 + by 1 y 2 f(y 1 ) + cy 2 y 3 h(y 3 ), 

^- = a 3 Ay 3 + y 3 g 3 (y 3 ) + ii 3 y 3 - y 3 y 2 h(y 3 ), 

= 0, on £ = [0, T] xdCl, i = 1,2,3, 
av 

. Vi(0,x) = yi(x), x £ Cl, i = 1,2,3. 

the author considered the general functional response yif{yi), which contains the classical various 
Holling type, the existence of an optimal solution and first and second order optimality conditions 

* Corresponding author. E-mail: lhwl220@126.com 
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were proved. E. Casas [5] investigated an abstract formulation for optimization problems in some 
L p spaces, devoted to reduce the classical gap between the necessary and sufficient conditions for 
optimization problems in Banach spaces. Other models from population dynamics and optimal 
control problems can be found in [6-9] . However, those papers were not take into account toxicant 
factor. Among the practical problems, it determines the real rate of the biological individual and 
the behavior of individual. To this end, Luo [10-12] first formulated a new age-dependent toxicant 
population model in an environment with small toxicant capacity, effectively bridge the research 
between age-structure and polluted environment. Inspired his works, this paper propose a more 
realistic models with toxicant-population in a small content of the environment. 

The aim of this paper is to seek the maximum of the following functional, which gives the profit 
from harvesting less the cost of harvesting: 

J{u,v) = f f [KiUi(t,x)yi(t,x) - ^CiUi {t,x)\dxdt - ]- f C4v(t)] 2 dt. (OH) 

where Ki are selling price factors, positive constants C\ and C4 represents the cost factors of har- 
vesting and the cost factor of administering pollution of environment, respectively; u = (u 3 ,u 2 , u 3 ) 
are the proportions of the populations to be harvested, v(t) is the exogenous toxicant input rate 
the moment t, and the state y = (2/1, 2/2, 2/3) is the solution of the following system corresponding 
to (ui,u 2 ,u 3 ): 

= otiAyi + 2/1 [31(2/1) - ncio] - 2/iJ/2/(2/i) - «ij/i, 

Qy 

= a 2 Ay 2 - (a - r 2 c 20 )y 2 + by 1 y 2 f{y 1 ) + cy 2 y 3 h{y 3 ) - u 2 y 2 , 
at 

< = T3A2/3 + 2/3 [273(2/3) - T3C30] - 2/32/2/1(2/3) - u 3 y 3 , ( 1-2 ) 

= kc e (t) - gci Q (t) -mc i 0 (t),i = 1,2,3, 
dc 3 

-/A = -kic e (t)[y!(t) +y 2 {t) +y 3 (t)\ + gi ^2,c i0 {i)yi(t) - hc e (t) + v(t) 

i= 1 

for (t,x) G Q, subject to some Neumann boundary conditions 

^(f, x) = 0, on E = [0, T] xdn, i= 1,2,3 
ou 

and to the initial conditions 

Ui(0,x) = yUx), xG Cl, i= 1,2,3. 

which descried a diffusive one-predator and two-competing-prey system in a spatially inhomoge- 
neous environment, where Q = (0, T) x Cl, H is a bounded domain in $L d (d > 1) with the boundary 
dCl of class C 2+<T (cr > 0), we denote by yt(t,x ) the density of individuals of *th population at the 
moment t and in the location x G Cl. cg(t ) is the concentration of the toxicant in an organism 
at the moment t, c e (t) is the concentration of the toxicant in the environment at the moment t. 
The function it,; is the harvesting rate of population y,; , and the coefficients a\,a 2 ,a 3l a, b, c are all 
positive constants. For the simplicity, we have assumed that / and h depend only on 2/1 and on 
2/3 respectively, but the reasoning and the main results remain true also in the case when / and h 
depend on y 2 too, parameter a is the per capita death rate of the predator. 
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The admissible control set is defined as 

U a d = {(u,v) G [L 2 {Q)} 3 x L°°(0,T)| 0 < Ui(t, x) < 1, a.e in Q, 0 < v{t) < h a.e in (0,T)}. 

Throughout this paper, we always assume that: 

(Hi) 5 i ,53 are continuous and bounded on (0, oo); 

(H 2 ) /, h are continuous and positive on ( 0 , 00 ) and bounded on bounded sets; 

(H 3 ) if- € H 2 (Vl),y 3 >0onfl and dy 3 /dv = 0 a.e. on dtt, i = 1,2,3; 

(H 4 ) i/(-) € L 2 [0, T],0 < v(t) <v\< + 00 ; 

(H 5 ) 0 < cio(O) < 1,0 < Ce( 0) < 1; 

(He) 5 < k < g + m, v < h. 

The paper is organized as follows: In section 2, we use results from the semigroup theory and 
some well-known existence theorems from [13-14] to derive the global existence and uniqueness of a 
positive strong solution of the controlled system (1.2), Section 3 is devoted to first order necessary 
optimality conditions for (OH). Necessary and sufficient second order optimality conditions are 
given in Section 4. 


2 Basic properties of the solution 

This section concerns the most important properties of the dynamics system with diffusion. Ex- 
istence, uniqueness and positivity of the solution will be proved. Thus formally, system (1.1) can 
be written as an infinite dimensional Cauchy problem of the form 

^(t)=Ay{t) + F(t,y(t)), ie[0,T], 

2/(0) = 2/o, 

where A : D(A ) C X — »• X is the infinitesimal generator of a Co-semigroup of contractions {S(t)}t> 0 
on the Banach space X, if X is a Hilbert space, A is called dissipative if (Ax,x) < 0,\/x € D(A), 
and F : [0, T] x X — ► X is measurable in t and Lipschtiz in a: £ X uniformly with respect to t. 

We shall employ a general existence result which we use in the sequel (Proposition 1.2, p. 175, [14]). 
Theorem 2.1 For each j/o €E X, the initial value problem (2.1) has a unique mild solution 
y € C([0, T];X), and 

y(t) = S(t)y 0 + [ S(t- s)F(s,y(s))ds, t e [0,T]. 

Jo 

In addition, if X is a Hilbert space, A is self-adjoint and dissipative on X, and yo £ D(A), then the 
mild solution is in fact a strong solution and y € W 1 , 2 ([5,T];X),V(5 € [0, T\. 

Thus, we work in the Hilbert space F[ = (L 2 (H)) 3 , where the operator A : D{A) C H — > H, 


A = 


/ aiA 

0 

° \ 

( Fi(t, y(t)) \ 

° 

a 2 /S. 

° 

F(t,y{t))=\ F 2 (t,y(t )) 

V 0 

0 

a 3 A J 

V F 3 (t,y(t )) J 


for y = (2/1, 2/2, 2/3) G D{A),D{A) = jy = (2/1 , 2/2 , 2/3) G (i 7 2 (H)) 3 , = 0 on dfl,i = 1 , 2, 3 j-, 

V° = (2/1 , 2/2, 2/3) i s the initial value of y, and F = (Fi, F 2 , F3) is the nonlinear term in ( 2 . 1 ), that is 

Fi { t , y ( t )) = 2/151(2/1) - 2212/2/(2/1) - um , 

F2 (t, y(t )) = —ay 2 + byiy 2 f{yi) + cy 2 y 3 h{y 3 ) - u 2 y 2 , ( 2 . 2 ) 

F 3 (t,y(t)) = 2/353(2/3) - 5352/1(53) - u 3 y 3 , 
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Theorem 2.2 Suppose that y° = ( 2 / 1 , 2 / 212 / 3 ) G D{A) 1 and y ( - > 0 ,i = 1,2,3. Then for each 
u € U a d, the system (2.1) has a unique nonnegative solution (y(t,x),Co(t),c e (t)), such that 

(i) (2 h(t, x),c i0 (t),c e (t)) G L°°(Q) n F 2 (0, T; tf 2 (U) n L°°( 0, T; H 1 ^))) x L°°( 0, T) x L°°( 0, T), 

(ii) 0 < Cio{t) < 1,0 < c e (t ) < 1,V t G (0, T). 

Proof Since F is not satisfy Lipschtiz conditions, we cannot apply the theorem 2.1 directly for 
our problem, usually we use a truncation procedure for F, consider the truncated initial value 
problem 

fhi N 

V -(t,x)=Ay N (t)+F N (t,y(t)), t € [0,T], 


dt 

V N (0) = 2/o, 

where F N = (F^ , F^ , F^) is obtained from F = (Fi, F 2 , -F 3 ), a fixed large number N > 0. If 
[yi\ < -/V, then r/i in F(t, t/i, 2 / 2 , 2 / 3 ) remains unchanged, if 2/i > IV, then 2/i from (2.2) is replaced 
by N, if 2 /i < —IV, then yi from (2.2) is replaced by —N. Thus function F N becomes Lipschitz 
continuous with respect to t, according theorem 2.1, the problem (2.3) admits a unique strong 
solution y N = (y?,y?,y?) G W^ 2 {[5, T]; H) n L 2 (0, T; D(A)), VS G [0,T], 

To begin with, we shall that y G F 2 (0, T; U 2 (fl)nF oo (0, T; H 1 ( fl)). On one hand, from theorem 
2.1 we know y G F 2 (0, T; H 2 (tt), on the other hand, from (2.3) we derive that 

f \di /f ' 2 /■ 


/Q 


dt 


dsdx — 2a\ f yidsdx + a 2 f |A yi\ 2 dsdx = f \Fi(t,y(t))\ 2 dsdx, 

Jq °t ' Jq Jq 


Using the regularity of yi and the Green’s formula, we have 

/' \dyi' 2 


IQ 


dt 


dsdx + 2ai f \Vyi\ 2 dx + a 2 f |A yi\ 2 dsdx = f \Fi(t,y(t))\ 2 dsdx + 2ai f \X7yi\ 2 dx. 
J £ 2 J Q J Q J Q 

Since yi G IU 1,2 (0, T; H) and 2/1 G H 2 (tt), by the Lipschitz property of F| ,Y we deduce that 

2aq j | \7yi \ 2 dx < j \y N \dxds + 2ai j \S7y®\ 2 dx < + 00 . 

Jq Jq Jq 

Thus, we have 2/1 G F°°(0, T; IL 1 (fl)), analogously 2 / 2 , 2/3 are proved. 

Further more, it remains to prove that y N G L°°(Q), (cio,c e ) G F°°(0,T). Indeed, consider the 
following auxiliary initial value problems 


N 


dt 

JV/ 


(t,x) = A pf (i) + Fi(t,y{t)) - M n , t G [0, T], 


(2.4) 


and 


Pi (0) = 2/i — I|2 /iIIl“ ( o) 

d, ,/v 

1 (t,x) = Aui(t) +Fi(t,y{t)) + M n , t G [0,T], 


dt v ' , ~ / 1 1 (2.5) 

<(0) = 2/? + ll2/?IUoc(n), 

where M N = max j \\F?(-, y(t))\\ L oo {Q) , ||2/°||i,~(q), i = 1, 2, 3j. 

By theorem 2.1 the function pi and u>i in C([0,F];X) is a mild solution to problem (2.4) and 
(2.5), the solution of these can be written as 

pi (t) = S(t)(y% - 1 1 2 /? 1 1 1 , 00 ( 0 )) + [ S(t- s)(Fi(s,y 1 ,y 2 ,y 3 ) ~ M N )ds, 

Jo 
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w(t) = S(t)(g? + ||2/i ||z,oo (n) ) + [ S(t-s)(Ff(s,y 1 ,y 2 ,y 3 ) + M N )ds. 

Jo 

Remark that their solutions are 

Pi{t,x) = Vi(t,x) - M N t- ||y?|U~ ( n), wi (t,x) = j/f (t,x) + M N t + ||i/?||z,~ (a) , 

since \F^(t, y N )\ < M N , from the comparison principle of linear parabolic equation, we deduce 
that pf(0) < 0, <(0) > 0, that is 

\Vi (t,x ) | < Mrft + ||2/?||l“(Q), 

and in the same manner to prove that , y 3 hold for (t. x) G Q. Therefor, y F G L°°(Q). To prove 
(cio, c e ) G L°°( 0 ,T), we define G : X — > X, from ( 1 . 2 ) we can deduce that 


Gj(t) = c i0 (t) 


Cj 0 (0) exp{— (5 + m)t} 



c e (s) exp { (s — t)(g + m)}ds, i = 1, 2, 3 , 


( 2 . 6 ) 


G A {t) = c e (t ) = c e (0) exp | ^ fei 2 /j(r) + ft] drj 

"'° i = 1 


/'[ 

/o L 


gi ( Cj 0 (a)yi(a)) + **(s) exp { / [y~]fcigj(r) + ftjdrjds 

?:=1 ^ t i = 1 


(2.7) 


if the hypothesis (H 6 ) hold, it is clear that 0 < do(t) < 1, 0 < c e (t) < 1 and (c i0 , c e ) G L°°(0, T ), * = 
1,2,3. the specific process can refer to [15]. 

Moreover, we shall that are positive on Q, to this end, let yf = (g( v ) + — (i/f^) - , where 


(y?) + (t,x) = sup {y”(t,x), 0 }, 


(gf) (i,aj) = -inf{i/f (t,x),0}> * = 1,2,3. 


( 2 . 8 ) 


Multiplying the first equation from ( 2 . 1 ) by y± we have 

)“| 2 = a i(gi V ) _A (gi V ) _ + \(yi)~\ 2 [9i(yi) ~ V2 fiVi) ~ mi] • ( 2 -9) 

Integrating ( 2 . 9 ) on Q and using Greens formula we get 

\ [ w,\{yi)~\ 2 dx = -a 1 f \V(y?)~\ 2 dx+ j |(yf) _ | 2 [gi(gf ) - f(Vi) - u i\dx. 

By integrating over [ 0 , f], for t G [ 0 ,T], and take into consideration of the uniformly boundedness 
of , it is not difhcult to see that there exists a constant C N > 0 depending on N such that 

\ [ \(yi)~\ 2 dx + ai f f \S7 (yi )~ \ 2 dxds < C N f [ \y* (s)\ 2 dxds. 

" J Q J 0 J Q J 0 J Q 

Gronwalls inequality lead to 

[ \{yi)~\ 2 dx< 0 , Vt G [ 0 , T], 

Jn 

that is {y^)~ = 0, by the definition of (2.8) we conclude that yi(t,x) > 0, analogously we get 
y 2 (t,x) > 0 and (t,x) > 0. 
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In addition, we prove the uniqueness of the solution. For any (y , c q,c]) and (y 2 ,Cg,c 2 ) are 
two solutions of problem (1.2), where y 1 = (y\,y\,y\), cj = (c} 0 ,4 0 ,4 0 ), y 2 = (y 2 , yf, yf), c 2 0 = 
(cf 0 , c 2 0 , c| 0 ), we denote by p = y 1 — y 2 , then ip is the solution of 


^ = aiA^i +F 1 (t,y{,yl,yl) ~ *i(*>J/i,2/2>2/3)> 
= a 2 Aip 2 +F 2 {t, y\,y\, y\) - F 2 (t, y\, y\, y\), 

^ = a 3 A(p 3 + F 3 (t,y{,yl,yl) ~ F 3(t,yl,y%,y£), 

dipi dip 2 d(p 3 

o = 0, on E, 

OV OV OV 

l (fi(0,x) = (p 2 {0,x) = ifi 3 (0,x) = 0. 


(2.10) 


Suppose ( 71 ,( 73 ,/, h € C 1 [0,oo), gi,g 3 are bounded and f,h are positive and have at most polyno- 
mial growth, then from (2.2) we obtain 

\Fi{t,y\,y\,y\) - Fi{t,y\,yl,yl)\ < c(M + \vi\ + |y 3 |), 


where c is a positive constant. Multiplying (2.10) by g>i,tp 2 ,p> 3 respectively, and integrating on 
Q t = 11 x (0, t) we get 


3 . 3 r 3 r 

X / I Pi(t)\ 2 dx + Y^ / ai\Vy>i\ 2 dsdx = ^2 / Fi{Fi{t,y\,vl,yl) - Fi(t,yl,yl,yl))dsdx 

<c f f (|^ 1 ( s )| 2 + | V2 ( s )| 2 + |^ 3 ( s )| 2 )^. 

do dn 


From (2.11) and Gronwall’s lemma we have 


( 2 . 11 ) 


[ (|Vl(s)| 2 + k 2 ( s)| 2 + k 3 (s)| 2 ) < 0, 

dn 

which yields that = <p 2 = y 3 = 0, thus we have proved the uniqueness of the y,. However, we 
can follow by (2.6) and (2.7) 


3 />t 

|cj(f)-cg(t)| =^|4(t)-c 2 0 (t)| <3fc / |c*(s) - c 2 (s)|ds, * = 1,2,3. 

i= i J o 

\cl(t) - c 2 e {t ) | < Mi X [ l4>0) ~ c 2 0 (s)|ds, 

<= i Jo 

where Mi is constant. We define an equivalent norm in X as follows: 

3 

Il(ci 0 ,c e )||* = Ess sup e~ xt i X |c,; 0 (t)| + |c e (f)|j, 

*6(0, T) 1 £7 J 


(2.12) 


(2.13) 
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by ( 2 . 11 ) and ( 2 . 12 ) we obtain 

IIG^ 1 ) - G(a;) 2 ||* = | \Gi(x l ) - Gi{x 2 ), G 4 (ai 1 ) - G 4 (a; 2 )||* 

< M 2 Ess sup e~ xt f {^I4 0 (s)-c 2 0 (s)| + |c^(s)-c 2 (s)|}ds 
te(o, r) Jo J 


<M 2 Ess sup e xt f e As je As [^ l4)( s ) ~ 4)( s )l + l c e( s ) 
*6(0, T) Jo 1 i=1 

< M2WX 1 — x 2 \\*Ess sup {e _A * f e Xs ds} 

*6(0, T) Jo 


Ad 2 I, l 9 1 , 

< -fWx'-x 2 ] 


ds 


where M 2 is constant, choose A > M 2 yields that G is a strict contraction on (X, || • ||*) and 
consequently has a unique fixed point. 

Thus, the system (1.2) has a unique solution (y,, do, c e ). the proof is completed. 


3 Necessary optimality conditions 


In this section, we find some necessary optimality conditions in order to maximize the profit from 
harvesting less the cost of harvesting. 

Theorem 3.1 If (it* , v*) is an optimal control and ( y*,c* 0 , c*) is the corresponding optimal state, 
then 

u* ( t , x ) = Li ( , * = 1,2,3, a.e. in Q, 

Gi (3.1) 

v*(t) = a.e. in (0,T), 

where 

( 0 x < 0 

Lj(x) = < x 0 < x < Hj, j = 1,2, 3, 4. 

I Hj x > Hj 

and q = (< 71 , q 2 , . . . , q 7 ) is the solution of following adjoint system corresponding to (it*, v*). 


= -aiAqi + \gi{yl) - ric* 0 + yWi(y*) ~ u i ~ 2/2 f(Vi) ~ 2/i2/2/'(2/i)]?i 

- [bylfivl) + t>y$y 2 f{y$)\q 2 + [k\c% - gic* 10 ]q 7 + Kiu\, 

^ = -a 2 Aq 2 + y\f{yl)q\ - [-a - r 2 c 20 + by* 1 f{y* 1 ) + cy 3 h{y 3 )]q 2 

+ ytHvDdO + [kl c *e ~ 5l c 2o]<77 + K 2 U 2 , 

< ^ = -a 3 Aq 3 - [53(2/3) - r 3 c * 30 + 2/3P3 (2/*) - u 3 ~ vlKdl) ~ vl V*2 h ' (2/3)]® ( 3 . 2 ) 

- cyllKvt) + y* 3 k'{yl)\q 2 + [feic* - gic* 30 \q 7 + K 3 u* 3 , 
do ■ 

= (9 + m)qj - giy*q 7 , j = i + 3, * = 1,2, 3, 

dq 7 6 3 

-Qjr = ~k ^2 q o + fc i X ! Viq7 + hq 7 ’ 

j =4 i— 1 

, qi(T,x) = 0, x G O, 
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dq.i 

- 7 — = 0 a.e. on E, i = 1, 2, 3. 
ov 

Proof Existence and uniqueness of the solution q to system (3.2) follows by theorem 2.2. Denote 
by J\fuad( u *> v *) the normal cone at U a d in (u* , v*), 

Nu ad {u* ,v*) = {rq € L 2 (Q), V 2 G L 2 (0,T) satisfying the following formula}, 


v\(t, x ) < 0, 
vi(t,x) = 0, 
vi(t, x) > 0, 


when u(t, x) = 0 , 
when 0 < u(t, x) < 1, 
when u(t, x) = 1, 


V 2 {t) < 0 , when v{t) = 0 , 

V 2 {t) = 0 , when 0 < v(t) < h , 
V 2 (t) > 0 , when v{t) = h, 


for any given (i9i, i9 2 ) G %t ad {u* , v*) i?i = ($n, i? 2 i, i? 3 i), as £ > 0 small enough, (it* + £$i, v* + 
£$ 2 ) G U ad , we get 


J(U* + £T?i, V * + £$ 2 ) < J(u*, V *). 


(3.3) 


Substituting (2.1) into (3.3) gives that 


V f f Ki{u* +£t?ii )yfdxdt- ^ Y f [ C z (u* + e'd il ) 2 dxdt - ^ [ C A (v* + £d 2 ) 2 dt 

i=1 Jo Jn z i=1 Jo Jn 1 Jo 

3 ^ 3 j 1 ^ 

< Y f f K i u *y*i dxdt - [ [ Ci[u*} 2 dxdt- \ [ C A [v*] 2 dt . , 

, 1 Jo Jn z Jo Jn z Jo 


that is 


where 


3 n'Y r , vj /» 

/ / Kjul z* dxdt + yy / / {KiU* — C i u*)'di\dxdt — / < 0 , ( 3 . 4 ) 

a=i Jo Jn i=1 Jo Jn Jo 


3 ,T 


*<«,*>- lim lim „(,)= lim 1 . 2 , 3 


e— >0+ 


e->0+ £ 


£->0+ £ 


(y e ,Cg,c®) is the state corresponding to (u* +£$1,1/* + £$ 2 ), it follows from the state system ( 1 . 2 ) 
that 0 = (zi, Z2, ■ ■ ■ , zt) is the solution of 

= aiA^i + 2i[5i(y}) +y}g'i(y}) - < -ylvlfivl)] 

- yt&fiyt) - tiny*, 

f)Zo 

— = a 2 Az 2 + +bz 1 [y* 2 f(y* 1 ) + ylylf'{yl)] + z 2 [~a - u * 2 + by*f{y*) + cy 3 h(y 3 )\ 

+ czs[y^h{yl) + y$y 2 h'(yl)\ - i? 2 i y 2 , 

r) 7 

-g^ = a 3 Az 3 + z 3 [g 3 {yl ) + y 3 g 3 {yl) -u* 3 - y 2 h(y 3 ) - y* 3 y* 2 h' {;yl)} 

- Z2y* 3 h{yl) - $ 312 / 3 , 

Oz ■ 

-At = kz 7 (t) - gzj(t) - mzj (t) , j = i + 3, i = 1, 2, 3, 

« 33 3 3 

= —k\c* e {t) Zi + gi^2 c io(t)zi{t) + gi yy y*Zj{t) - [k 3 V* (*) + ^]^(t) + ^(t), 

2—1 2=1 2=1 2=1 

(3.5) 
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for all (t,x) € Q, subject to the boundary and initial conditions 

= 0 a.e. on E, i = 1, 2, 3. 
ov 

Zi(0, x) = Zj(0) = 0, x € fi, j = i + 3, i= 1,2,3. 

Multiplying the (3.5) by q 4 , q 2 , . . . , q 7 respectively, integrating on Q and (0, T) and using (3.2) yield 
/ / KiU*(t,x)zi(t,x)dxdt = — ^ / / y*(t,x)qi(t,x)'&udxdt + / ‘d 2 (t)q-r(t)dt. (3.6) 


Substituting (3.6) into (3.4) we obtain that 
3 ,.T 

/ 0 vn 


3 .. /.T 1 

V / / [(-K* - 9*)?/* - + / {-CiV* + 97)^2^ < 0 . ( 3 . 7 ) 

i=1 Jo Yn Jo 


By using the concept of normal cone 7/ a d at (w* , 1 /* ) [16], we get 

(( K i - q,)y* - Ciu*,-C 4 u* + g 7 ) e A f Uad {u*,v*), 
the proof is completed by the characteristics properties of the normal vector [14] . 


4 Second order optimality conditions 


In this section, we discuss the second order sufficient conditions for the controlled system, since 
the second order optimality conditions can be solved by using the second order Frechet derivative 
of the associated Lagrange function, so we introduce the Lagrange function firstly, 

£{y,u,v,q) = J{u,v) - J q(y t - Ay - F) T dtdx- J dtdx, (4.1) 

here the upper index T is the transposed of any matrix and — ^ ■ 77 ^') , we employ 

ov \ ov ov ov J 

the method from [17-18], let X = (y,co,c e ), U = ( u,v ), Q = ( 91 , 92 ,- " , 9 7 ), then (4-1) can be 
written in detail as 


C(X, U,Q) = f f [Kxmyi + I\ 2 u 2 y 2 + K 3 u 3 y 3 - ]z{C\u\ + C 2 u\ + C 3 u 2 )\dxdt - ]- f C 4 v 2 dt 
•j 0 J Q J 0 

+ / i~§F m + ~§F V2 + ~§f y3 ) dtdx + J ( a iyi A< li + a 2 y 2 Aq 2 + a 3 y 3 Aq 3 )dtdx 
+ / [yi 9 i(yi)Qi + 2/393(2/3)93 - uiyiqi - U 2 y 2 q 2 - u 3 y 3 q 3 + 2/12/2/(2/1X692 - 9 i) 

JQ 

,-T 6 

- ay 2 q 2 +y 2 y 3 h(y 3 )(cq 2 - q 3 )]dtdx + / ^ qj[kc e - (g + m)c i0 \dt 

J ° 3 = 4 

- / 9 7 [ 6 'ic e ( 2 /i + 2/2 + 2/3) + 9 i(cio 2 /i + C202/2 + C302/3) - hc e + v]dt , 

Jo 

(4.2) 
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we introduce the Hamiltonian function secondly 

H{X, U, Q) =K 1 u 1 y 1 + K 2 u 2 y 2 + K 3 u 3 y 3 + 9191(91)91 + y 3 g 3 {y 3 )q 3 - «i 9 i 9 i - u 2 y 2 q 2 - u 3 y 3 q 3 

6 

+ yiV2f(yi)(bq 2 - qi) - ay 2 q 2 + y 2 y3h(y 3 )(cq 2 -q 3 ) + Y^ 9#<A ~ (9 + m)c i0 ] 

j = 4 

- q7[kiC e {yi +y 2 + V3) + 9i( c io9i + C20V2 + C 30 y 3 ) - hc e + v], 

Assume that 91,93,/ and h are functions of class C 2 . If u, v is an admissible control and y,q are 
the corresponding state and adjoint state, then the associated Hessian matrix at ( y , u, q) is 



/ #11 

#12 

0 

#14 

0 

0 

0 \ 


#21 

0 

#23 

0 

#25 

0 

0 


0 

#32 

#33 

0 

0 

#36 

0 

D 2 H(y,u,v,q) = 

#41 

0 

0 

-Ci 

0 

0 

0 


0 

#52 

0 

0 

-C 2 

0 

0 


0 

0 

00 

0 

0 

-C3 

0 


V 0 

0 

0 

0 

0 

0 

-C4 / 

( #n = 9i [29 i(9i) + 9i9i (9i)] - 

92(91 

- 692) [2/' (91) + 9i/"(9i)], 


#i2 = ~(qi- bq 2 )[f(yi) + yif'(yi)}, 

< #23 = -(93 - cq 2 ){h(y 3 ) + 93/'(93)], 

#33 = 93[2ff3(i/3) + 1/393(1/3)] - 2/2(93 - cq 2 )[ 2 h'(y 3 ) + y 3 h" (93)] 

, #14 = #41 = K\ — 9i, #25 = #52 = #2 — 92, #36 = #63 = #3 _ 93- 
Then, we have 


£"(9,«, z ',9)[(9,«, z '), (y,u,v)\ = / (y, u,v)D 2 H{y,u,q)(y,u,v) T dtdx, 

JQ 


that is 


£"(y,u,v,q)[(y,u, v ), (9,11,1/)] 

= [ (9i ) 2 [9i(29i(j/i) + 9i9i (9i)) - 92(91 - bq 2 )( 2 f(y 1 ) + 9i/"(2/i))]dtdx 

Jq 

(93) 2 [93(293(93) + 2/393(93)) - 92(93 - cq 2 )( 2 h'{y 3 ) + y 3 h" (y 3 ))]dtdx 


’Q 

4‘ 


+ / 2[— 9192(91 - bq 2 ){f{y 1) + 9 i/'( 9 i)) - 9293(93 - cq 2 )(h(y 3 ) + y 3 f {y 3 ))\dtdx 
JQ 

+ / [2 ui 9 i(A'i - 9i) + 2 1x292 (#2 - 92) + 2u 3 y 3 (K 3 - q 3 )]dtdx 
Jq 

— f (Ciuf + C 2 u 2 + C 3 u\)dtdx — f CiU 2 dt. 

Jq Jo 

Now we can formulate the second order optimality conditions for our problem. 

Theorem 4.1 (i) (Second order necessary optimality conditions.) Under the hypotheses of 

Theorem 3.1, if (u*,v*) is an optimal pair and q is the corresponding adjoint variable, then 


C"(y*,u*,v*,q)[(y,u,v), (y,u,v)} < 0, V (u, v) G M Uad {u*,v*). 
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(ii) (Second order sufficient optimality conditions.) V (u*,u*) G U a d, together with its correspond- 
ing state y* and adjoint state q , if (y * , u * , v* , q) satisfies the first order necessary condition (3.1) 
and the condition 

£"{y*,u*,v*,q)[{y,u,v),{y,u,v)\ < kGKIII^q) + IM|| 2 (0iT) ), V [v 1 ,v 2 ) G U Uad , 
for some k > 0, then ( y*,u*,v *) is an optimal local solution of the controlled system (1.2). 
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Abstract 

In this paper, we establish and study some new existence theorems for a new extended vector 
variational-like inequality in a Banach space. The results are proved by using the new definition 
of g — / — rj — <f> — g — quasimonotone of Stampacchia and of Minty type mappings. The obtained 
results in this article can be viewed as some new and generalized forms which can be applied to 
several problems. 

Keywords: New extended vector variational-like inequality; Existence result; C-convex; 
KKM-mapping; g — f — rj — <f> — g— quasimonotonicity; g — / — 77 — <j) — g— pseudomonotoncity. 


1. Introduction 

In 1980, Giannessi introduced a generalization of variational inequality is the vector variational 
inequality (for short, VVI) in a finite-dimensional Euclidean space, see [B]. For the past years, vector 
variational inequalities and their generalizations have been studied and applied in various directions. 
The vector variational-like inequalities is a generalized form of a vector variational inequalities re- 
lated to the class of ty-connected sets which is much more general than the class of convex sets. 
It well Known that nronotonicity plays an important role to proving existence of solutions of vec- 
tor variational inequalities and vector variational-like inequalities. Some important generalizations 
of nronotonicity, such as quasimonotonicity, proper quasimonotonicity, pseu-domonotonicity, dense 
pseudomonotonicity, semimonotonicity, have been introduced and considered to study various varia- 
tional inequalities and other related problems. In [0] Ahmad and Irfan obtained existence results for 
extended vector variational-like inequality and equilibrium problems by using g-Zi-Ty-quasimonotone 
of Stampacchia and Minty types. 

In this paper, we introduce a new definition for a new extended vector variational-like inequality 
and we define a new and general form of definitions for quasimonotone of Stampacchia and Minty 
type mappings. We have some ideas to establish some sufficient conditions to guarantee the exis- 
tence of solutions. The new problems can be viewed as some unified forms of the previous problem, 
that is, extended vector variational-like inequalities considered and studied by Ahmad and Irfan 
[ 0 ], 

Let X and Y be two real Banach spaces, K C X be a nonempty, closed and convex subset, 
C C Y be a pointed, closed and convex cone in Y such that intC ^ 0 where intC denote the 


* Corresponding author. Tel.:+66 55963250; fax:+66 55963201. 

Email addresses: kasamsuku3nu.ac.th (Kasamsuk Ungchittrakool), boonyaritngShotmail.com (Boonyarit 
Ngeonkam) 
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interior of C. Then for x, y £ Y , a partial order >c in Y is defined as 
x>cy^x-y£C. 

Let L(X, Y ) be the space of all continuous linear mappings from X to Y. Let Ti, T 2 , • • • , T N : 
K — > L(X , Y), g, f : K — »• K,rj : K x K X and <j>, g : K x I\ — »• Y are mappings. 

We consider the following new extended vector variational-like inequalities : 

{ Find x £ Ksuch that , 

^ E T i( x )> v(g(y), g( x ))^ + & (/(y), /O)) - h ( f{x),f{y )) >c0, 

Vy e A'. 

and 

{ Find x £ Ksuch that, 

^ E T ii.y),ii(g( x ),g(y))^ + </> (/(*)» /(y)) - m if{y)J( x )) <c0, 

Vy £ K. 

Special cases: 

(i) If T 3 ,T 4 ,-- - ,Tjv = 0, Tt = S,T 2 = T, <j) = h, n = 0 and f = g then (NEVVLI-I) and 
(NEVVLI-II) reduces to the following extended vector variational-like inequalities considered 
and studied by Ahmad and Irfan [ 0 ] 


{ Find x £ Ksuch that, 

(S(x) + T(x),t](g(y), g{x))) + h(g{y), g(x)) > c 0, 
Vy £ K, 

and 

{ Find x £ Ksuch that, 
{S(y)+T(y),r](g(x),g(y))) + h(g{x),g(y)) < c 0, 
Vy £ K, 


(ii) If T 2 , T 3 , • • • , T n = 0, Ti = T, <!> = h, y = 0 and / = g = I then (NEVVLI-I) and (NEVVLI-II) 
reduces to the following vector variational-like inequalities considered and studied by Ahmad 

m 


C VVLI 


Find x £ Ksuch that, 

{T(x),r](y,x)} + h(y,x) > c 0, Vy G K, 


and 


(VVLI 


Find x £ Ksuch that, 

( T (y),v(x,y)) + h(x,y) < c 0, Vy e K, 


(iii) If r 2 , T 3 , • • • , T n = 0, Ti = T, <£ = 0, n = 0 and g = I then (NEVVLI-I) and (NEVVLI-II) 
reduces to the following vector variational-like inequalities considered and studied by Zhao 
and Xia m 


( VVLI - I ) 


Find x £ Ksuch that, 

( T(x),r)(y , x)) > c 0, Vy £ K, 


2 


513 


Ungchittrakool et al 512-524 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


and 


(VVLI - I ) 


Find x G Ksuch that , 

( T (y),i l(x, y )) <c 0, \/y G K, 


The following concepts and results are needed for the results. 

Definition 1.1. A mapping / : K — > Y is said to be hemicontinuous if, for any fixed x,y G K, the 
mapping 1 H > f(x + t(y — x)) is continuous at 0 + . 

Definition 1.2. Let C : K —> 2 1 be a set-valued mapping, h : K x K — »• Y and g : K x K — > X 
are the single-valued mappings. Then 

(i) h(-,v) is said to be C-convex in the first argument if 

h(tu\ + (1 — t)u 2 ,v) G th(ui,v) + (1 — t)h(v, 2 ,v) — C, Vui,u 2 Gif, t G [0, 1], 


(ii) If K is an affine set, the 17 ( x, y) is said to be affine with respect to u if for any given v G K 
g(tu\ + (1 — t)u 2 ,v) = trj(ui,v) + (1 — t)rj(u 2 ,v),Vui,U 2 G K, t G K, 


with u = {tu\ + (1 — t)u 2) G K. 

Definition 1.3. Let T 1 ,T 2 ,--- , T N : K — > L(X,Y), g, f : K — > K. r) : K x K — > X and (f>, g : 
K x K — » Y are mappings. Then Ti,T 2 , • • • , T/v are said to be <7-/-?7-<)>-/a-pseudomonotone if for 
any x, y G K, 


N 


^2 T i(x),ifg{y),g(x)) 

i= 1 / 

AT \ 

T i(y),ri(9{ x ),9(y )) 


u=l 


+ 4> (f (x) , f {y)) 


h{f{x),f{y))> c 0, 
h(f{y),f{x))<c0- 


Example 1.4. Let A! = M, K = M + , Y = R 2 , C = R+ and 

Ti(s) = > ^2 (x) = ,T 3 (*) = ( 3 3 I) ,••• ,T n (x) = 

g(x) = 3x, /(a:) = 2a:, 77(77, x) = 4 y - 5x, 0(y, a;) = ^ gy2 % X yl X llx 2^ > 

Thus 


w(s(y),s(x)) = h(3y,3x) 
= 4(3t/) - 5 (3a;) 

= 1277 — 15a;, 


3 
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and 


= 4>{2y, 2x) 

8(23/) - 12(2x) 

= I 6(2y) 2 — 5(2a;)(2y) — ll(2a;) 2 


16 y — 24a; 

24y 2 — 20a :y — 44a; 2 ^ 


y(f(x),f(y)) = /x(2y, 2a;) 

3(2a:) - 4(2y) 

= I 4(2a;) 2 — 2{2x){2y) — 2(2y) 2 


6a; — 8 y 

16a; 2 — 8 xy — 24 y 2 


Then Vx, y G A" 
/ JV 


T i(x),y{g(y),g(x )) ) + <j>(f(y),f(x))~ y.(f(x),f(y)) 




16y — 24a; 


_ x ] (12y — 15a;) + | 24a; 2 — 20 xy — 44 y 2 J — ^16j/ 2 — 8 xy — 24a; 5 

16 y — 24a; — 6x + 8y 

_ x ) (12y — 15a;) + I 24y 2 — 20 xy — 44a; 2 — 16a: 2 + 8 xy + 24 y 2 


1 + 2 X + 3 X + ■■■ + N x 
1 + 2 ~ x + 3~ x + ---+N 

1 + 2 X + 3 X + ■ ■ ■ + N : 

1 + 2 ~ x + 3~ x + --- + N 

1 + 2 X + 3 X + ■■■ + N : 

1 + 2 ~ X + 3~ X + --- + N 

l + 2 x +3 x + -..+N x \ ( 2(12 y 15a;) 

1 + 2 ~ x + 3~ x + ■■■ + N~ X J [ J ’ \2(12y - 15x){y + x) 


6x — 8 y 


24 y — 30a; 

_ x ) (12y — 15a;) + I 48y 2 — 12 xy — 60a; 2 


= (12y - 15a;) 


1 + 2 X + 3“ + • • • + N x 
1 + 2~ x + 3~* + • • • + N~ x 


2 

4 (y + x) 


_ n9 _1 r,( 1 + 2 X + 3 X + • • • + N x + 2 \ 

^ V (.1 + 2~ x + 3~ x + • • • + N~ x + 4y + 4x ) ~ C °’ 


implies that 12y > 15a:. Thus, 12a; < 15a; < 12 y < 15 y. Therefore, 12a; — 15 y < 0. 


4 
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So it follows that 

(' 52 T i{y),v(g{x),g(y))\ + <f>(f(x),f(y)) - n{f{y),f{x)) 


1 + 2^ + 3 v + --- + NV 
1 + 2~v + 3~ y + ■ ■ ■ + N~y 


16a: — 24 y 


6y — 8x 


I (12a; — 15 y) + 24y 2 — 20a 'y — 44a: 2 — 16a; 2 — 8 xy — 24 y‘ 


1 + 2^ + 3 v + --- + Ny 
i + 2~y + 3~ v + ■ ■ ■ + N~y 

1 + 2 y + 3 V + ■ ■ ■ + N y 
i + 2~y + 3~ v + ■ ■ ■ + N~y 


16a; — 24 y — 6 y + 8a: 

(12a; — 15 y) + | 24a; 2 — 20 xy — 44 y 2 — 16y 2 + 8xy + 24a; 2 
24a; — 30y 

(12a; — 15 y) + I 48a: 2 — 12 xy — 60 y 2 


(12a: - 15y) + 
(12a; - 15y) + 


' 2(12x - 15y) N 

,2(12® -15; y)(x + y) y 

2 ' (12a; - 15y) 


= (12a: - 15y) 
= (12a: - 15y) 


,4(a; + y) 

( 2 

\ 4 (a: + y) 


<c 0. 


1 + T> + + • • • + Ny 

j + 2~y + 3~ y + --- + N~y, 

l + 2y + 3 y + ■ ■ ■ + Ny 
j + 2~y + 3~y + --- + N~y y 

1 + 2v + 3 y + • • • + Ny \ 

„ i + 2~y + 2,-y + ■ ■ • + n~ v ) + 

1 + 2 V + 3 V + ■ ■ ■ + N v + 2 
V 1 + 2~y + 2,-y + ■ ■ ■ + N~ v + 4a; + 4 yj 

=> Ti, T 2 , • • • , TV are ^-/-^-^-/x-pseudomonotone. 

Definition 1.5. A multi-valued operator S : X — > 2 X is called quasimonotone if for all x,y € X 
the following implications hold: 

3a;* e S( x) : (x*,y-x) > 0 => 3 y* £ S(y) : ( y*,y-x ) > 0. 

Definition 1.6. A multi-valued operator S : X — > 2 X is called properly quasimonotone if for all 
Xi,X 2 , ■■■,x n £ X and every y £ Conv{ Xi,X 2 , ...,a; n } there exist i such that 


Va;* S S( Xi) : (x * , y — x t ) > 0. 

Definition 1.7. A mapping T : K — » L(X,Y) is said to be properly quasimonotone of Stampacchia 
type if for all n € N for all vectors Vi,V 2 ,---,v n € K and scalars \ > 0,i = 1,2, ...,n with 
E"=i Aj = 1 and u := YYd=\^i v ii (Tu, Vi — u) >c0 holds for some i. T is said to be properly 
quasimonotone of Minty type if for all vectors Vi, V 2 , ..., v n € K and scalars Aj > 0,* = 1,2, ...,n 
with E™=i = 1 an d u i \ v ii (Tvi, Vi — u) <c0 holds for some i. 

Definition 1.8. A mapping T : K —> L(X,Y) is said to be properly g-rj- quasimonotone of Stam- 
pacchia type if for all n £ N for all vectors Vi, i> 2 , ..., v n £ K and scalars A, > 0, i = 1, 2, ..., n with 
E"= l = 1 and u := X)"= i AjUj, (Tu,r](g(vi),g(u))) > c 0 holds for some i. T is said to be properly 
g-g- quasimonotone of Minty type if for all vectors Vi, V 2 , v n £ K and scalars A,; > 0, i = 1, 2, ..., n 
with YJi=i \ = !> and u : = YJi = a (■ Tvi,r)(g(vi),g(u ))) < c 0 holds for some i. 

Definition 1.9. A mapping T : K — > L(X,Y) is said to be properly g-h-g- quasimonotone of 
Stampacchia type if for all n £ N for all vectors i>i,i> 2 , ...,u n £ K and scalars A , > 0, i = 1,2, ...,n 
with Er=i = 1 and u := Ya= i ^i v ii ( Tu i V(g(vi), g(u))) +h(g(vi), g{u))> c 0 holds for some i. T is 
said to be properly g-h-rj- quasimonotone of Minty type if for all vectors iq, V 2 , ■■■, v n £ K and scalars 
A» > 0,i = 1, 2, ..., n with E"=i A, = 1, and u := E"=i { T Vi,v(g{u), g(vi))) + h(g(u), g(vi))< c 0 
holds for some i. 
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Definition 1.10. A mapping T : K — »• L(X,Y) is said to be properly g-f -g-cf-p-quasimonotone of 
Stampacchia type if for all n £ N for all vectors v±,V 2 , ■■■,v n € K and scalars A; > 0, * = 1,2, ...,n 
with £r=i A, = 1 and u := l Ai^i, (T(u),r]{g(vi),g(u))) + <l>{f{vi),f(u)) - n(f(u),f(vi))> c 0 
holds for some i. T is said to be properly g-f -ipcf-p-quasimonotone of Minty type if for all vec- 
tors v\, V 2 , ..., v n € I\ and scalars A » > 0, i = 1,2, ...,n with A» = 1, and u := 
(T(vi),v{g{u),g(vi))) + <j>(f( u )J( v i)) - holds for some i. 

Example 1.11. Let X = M, K = K+, Y = K 2 , C = R+ and 

r,(x) = 0),r ! (x) = (j ! 2 ),r aW =( i 3 3 ),. 

g{x) = 2x, /( x) = 3x, r] (y, x)=7y- 5®, </>(y, x) 

, . / 2x + 3y A w 

^ X 'y) = {2x* + 3yi) yX ' y€R - 

Thus 


,Tn{x) — ( N 


5 y 
5 y 2 - 


3x 

3x 2 


y(g(y),g(x )) = y{2y,2x) 
= 7(2 y) - 5(2®) 

= 14 y — 10a;, 


4’{f{y)J(x)) = 4>{3y,3x) 
( 5(3 y) + 3(3®) 

= 5(3 yf + 3(3a:) 2 

_( 15a/ + 9a; A 
V45a/ 2 + 27a; 2 / ’ 


and 


g(f(x),f{y)) = p{3x,3 y) 

( 2(3®) + 3(3 y) A 
= 2(3 xf + 3(3 yf 

( 6a; + 9 y A 
“ ^18a; 2 + 27 y 2 ) ' 

We claim that Ti,T 2 , • • • , Tjv are properly <?-/-? 7 -<(>-/a-quasimonotone of Stampacchia type. Suppose 
to the contrary that there exists £ K,ti > 0, i = 1, 2, ..., n with Yfi - i U = 1 suc h that 


N 


y2 T i(x), r)(g(xi), g{x)) ) + (f(f{xi)J{x)) - p (f(x), /(®i)) ^ c 0, i = 1,2 ,...,n 


\i=l 
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where X{ = ]C” =1 XiXi, it follows that 


N 


Y Ti{ x), r)(g { Xi ), g(x)) ) + </> (/(a:,), f(x)) - g (f(x), f{xi)) 


1 + 2 + 3 + -- - + N » , . x 

* + *>+*» + . .. + a jd( 1 **- 1 °*) + 


1 5 a;,; + 9x 
45a h 2 + 27x 2 


f 6x + 9xj, \ 
\l-8a; 2 + 27xi 2 ) 


( (l + 2 + 3 + --- + JV)(14® i -10a:) \ 
\^(a: + x 2 + x 3 + ■ ■ ■ + x N )(14xi — 10x) J 


/ 6 Xi + 3a; \ 

I 18xj + 9x J 0 


f (1 + 2 + 3 + • • • + iV)(14xj — lOx) + 6xj T- 3x \ ., 
\^(x + x 2 + x 3 + • • • + x N )(l4xi — 10a;) + 18xj + 9 xj * c 


i = 1,2, n, 


which is a contradiction, since 

(1 — I— 2 — |— 3 — I— ■ * * — I— AT)(14xi — 10x) -H 6xi -I- 3x Pq 0, 


and 


(x + x 2 + x 3 + • • • + x N )[l4xi — 10a;) + 18xi + 9x >c 0, 

for atleast one i. Thus Ti,T%, ■ ■ ■ ,Tjy are properly g-/-? 7 -</e/x-quasimonotone of Stampacchia type. 

Lemma 1.12. Let Ti,T 2 ,--- , TV ■ K — > L(X,Y),g : K x K — > X, </>, g : K x K — >• Y and 
g : K — > K be mappings. IfT\,T 2 , ■ ■ ■ ,Tn are g-f-r]-(f>-g-pseudomonotone and properly g-f-g-ip-g- 
quasimonotone of Stampacchia type, then Tf, T 2 , ■ ■ ■ , T)v are properly g-f-rj-cf-g-quasimonotone of 
Minty type. 

Proof. The fact directly follows from Definitions II .,'11 and OJ. □ 

Definition 1.13. Let D be a nonempty subset of a topological Hausdorff space E. A mapping 
G : D — > 2 e (the family of nonempty subset of E ) is said to be a KKM mapping if for any finite 
subset {xi,X 2 , ..., x n } C D , 

we have Co{x 1 , C (J"=i G( x i)- where Co denotes the convex hull operator. 

Lemma 1.14 ([D]). Let D be a nonempty subset of a topological Hausdorff vector space E and 
G : D — > 2 e be a KKM mapping. If G(x) is closed for any x £ D, and compact for some x £ D, 
then f) G(x) ^ 0. 

xGD 

Lemma 1.15. Let Y be a topological vector space with a pointed, closed and convex cone C such 
that intC ^ 0. If u,v £ Y and u £ C and v £ —C, then tv + (1 — t)u £ C, Vf £ (0, 1). 

Proof. Assume that u,v £ Y and u ^ C and v £ — C . We must to show that tv + (1 — t)u C 
Vt £ (0, 1). Suppose to the contrary that there exists some t £ (0, 1) such that tv + (1 — t)u £ C. 
Since G is cone and v £ —C, we have —tv £ G. Thus tv + (1 — t)u + (—tv) £ C + C C C and hence 
(1 — t)u £ C. By (1 — t) > 0 and C is cone, it follows that (1 — t)u £ C. So u £ C. Which is 
a contradiction. Hence tv + (1 — t)u £ C, Vt £ (0, 1). This completes the proof. □ 
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2. Existence results 


In this section, we establish some existence results for (NEVVLI-I) and (NEVVLI-II) by using 
Lemma 1 1 . 1 41 . 

Lemma 2.1. Let Ti, T 2 , • • • , T 'n '■ K — > L(X, Y), r]:KxK—^X,(j),g:KxK—^Y be mappings 
and g, f : K K is affine mapping satisfying the following conditions: 

(a) Ti,T 2 ,--- , Tjv are g-f-r]-(f>-g-pseudomonotone; 

(b) for any fixed x £ X, the mapping y H > ( E Ti(y),rj(g(x), g(y)) ) is hemicontinuous and 

<f)(f (x) , f (y)) and g(f(y),f(x)) are continuous with {zt} — > xo £ K,Zt £ K; 

(c) </)(-, f(y)) is C-convex in the first variable and <j>(f(x), f( x)) = 0, Vx £ K\ 

(d) g(f(y),-) is C-concave in the second variable and g(f(x),f(x)) = 0,\/x £ K ; 

(e) g(-,g(y)) is affine in the first variable and g(g(x), g(x)) = 0,Vx £ K. 

Then for any Xo £ K , the following statements are equivalent 

N 


i= 1 


(I) ( E Ti(x 0 ),v(g{x),g{x 0 )) ) + (/>(f(x), f(xo)) - g(f(x 0 ), f(x)) > c 0, 


N 


i= 1 


(II) ( E Ti(x),g(g(x 0 ),g(x)) ) + (j) (f (x 0 ) , f (x)) - g(f(x), f(x 0 )) < c 0- 


Proof. T] , T 2 , • • • ,Tjv are g-/-77-</>-/4-pseudomonotone, it follows that (I) => (II). 
(II) => (J). Suppose that (II) holds for any Xq £ K 


N 


'^2T i (y),r](g(x),g(y)) \ + <j) (f (x) , f (y)) - p (f (y) , f (x)) < c 0. 


u= 1 


For arbitrary z £ K, letting z* = (1 — t)x o + t G (0, 1), we have 2 * G K by convexity of K. 
Hence we have 


N 


y] Ti(z t ),g(g(x 0 ), g(z t )) \ + (j) (f(x 0 ), f(z t )) - g (f(z t ), f(x 0 )) < c 0. 


\ i=l 

Now we show that 
/ JV 


T i( z t),v(g(z), g(zt )) ) + <t> ( f( z )J( z t )) - m (/(z t ), /(z)) > c o. 


U=1 


Suppose to the contrary that there exists some t G (0, 1) such that 


N 


5Z Ti(z t ),r)(g(z), g(z t )) \ + (f> (f(z)J(z t )) - g (f(z t ), f(z)) ^ c 0. 


U=i 
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As C is a convex cone and in veiw of (□), (ED) and (□) we get 


N 


0 = (^2Ti(zt),ri(g(zt),g(zt)) ) + </> (/ (z t ) ,/ (z t )) - g(f(z t ), f(z t )) 


\i= 1 
N 


= l'^2T i (z t ),r](g((l~t)xo + tz),g(zt)) ) + (j) (/((l - t)x 0 + tz), f(z t )) 


[ 2—1 


- M(/(^t),/((l - t)x 0 +tz)) 


N 


= {^2 r ?(( 1 “ + tg(z), g{zt))j + </> ((1 - t)f{x 0 ) + tf(z), f{z t )) 

- M (/(^t), (1 - i)/(^o) + */(-)) 

= ^X] Ti(z t ), (1 - t)r}{g{x 0 )g{z t )) + tg{g{z), g(z t ))^ + </> ((1 - t)/(aio) + tf(z ), /(z t )) 

- M (/(**), (1 - *)/(zo) + tf(z)) 

—C (^Ti(zt), (1 - t)r)(g(x 0 )g(z t )) + trj(g(z), g(z t ))\j + (1 - t)<j>(f(x 0 ),f{zt)) 

+ f(z t )) - [(1 - t)g ( f(zt ), /(x 0 )) + tg(f{z t ), f(z))\ 


N 


N 


= \ Yl T i(z t ),(l-t)r](g(xo)g(zt))j + ^Y^Ti(z t ),tr]{g(z),g{z t ))j 

+ (1 - t)<j> {f{x o), /( 2 t )) + t<t>{f{z),f{z t )) - (1 - t)g (f(z t ),f(x 0 )) - tg(f(z t ),f(z)) 


N 


N 


= (!-*) \Y2 T i(zt),v(9(xo)g(z t ))j +t{^2T i (z t ),T](g(z),g(zt))j 

+ (1 - t)(/> (f(xo), f{z t )) + t(/>(f(z),f(zt)) - (1 - t)g {f{zt),f(x o)) - t/j,(f(zt),f(z)) 


N 


= 1 1 {^2 T i( z t)’V(g(z), g{z t )) + <Kf(z),f{zt)) - tg(f(z t )J(z))j j 

+ (!-*){ (^2 y(g( x o)g{zt)) + <t> (f(x 0 ), f(z t )) - g (f{z t ), f(x 0 ))j | 
e 1 1 (^2 Ti(z t ), v(g(z),g(zt)) + <t>if(z), f(z t )) - tg(f(z t ), f(z))j | 

+ C 1 ~t) ( /'^2T i (z t ),r](g(xo)g(z t )) + <j>(f(x 0 ),f(z t )) - g(f(z t ), f(x 0 )) - C, 


which implies that 
( / N 


( X/ T i( z t), w(g{z),g(z t )) + 4>(f(z),f(z t )) - tg(f(z t ),f(z)) 


U= 1 


N 


+ (! - t) | ^X] T i(zt),r]{g(xo)g(z t )) + (j) ( f(x 0 ),f(z t )) - g ( f{zt ), /(aJ 0 )) 
€ C. 
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Which is a contradiction. Hence 

/ N \ 


^2 T i( z t),v(g{ z ), g{z t )) \+(j) ( f(z),f(z t )) - n ( f{z t ), f(z)) > c 0. 


\i= 1 


Condition (6) implies that 


AT 


J2Ti(xo),v(g{z),g(xo)) ) + <j>(f(z),f(x 0 )) - n(f{x 0 ),f{z))> c 0 ,Va; G K. 


\i= 1 


This completes the proof. 


□ 


Theorem 2.2. Let A' and Y be two real Banach spaces and K C X a nonempty, compact and 
convex set. Let T \ , T 2 , • • • , T/v : I\ — > L(X, Y) , 77 : K x A' — »• A', (f>, g : K x K — > Y and g, f : K — > A' 
are the mappings satisfying the following conditions: 

(i) for any fixed y £ X, the mapping x T i( x )iV(g(y), g( x ))^ > <l>(f (y) , f ( x )) and n(f(x), f(y)) 

are continuous; 

(ii) T 1 ,T 2 ,--- ,Tn are properly g-f -r]-(f>-y,-quasimonotone of Stampacchia type; 

(hi) for all x £ K,r](g{x), g(x)) = 0 and (j>{f{x),f(x)) = 0 = p(f{x),f(x)). 

Then there exists x £ K such that 

(^Z T i(x),v(g(y),g(x))^ +<l>(f(y),f(x)) - g(f(x),f(y))> c o, Vy g k. 

Proof. Define a multivalued mapping Mi : K — > 2 K by 

Mi (z) = | (^2Ti(x),ri(g(z),g(x))j + </> (f{z), f(x)) - p (f(x), f(z)) > c oj , Vz G K , 

then A'p (z) is nonempty for each z £ K. We claim that Mi is a KKM mapping. In fact if it is 
not the case then there exists {xi, x 2 , ..., x n } C I\, x = ^”=1 ^‘ Xi with U > 0,* = 1,2 ,...,n and 
Yn = 1 ti = 1 suc h that x £ (J™ 1 M i (»*)• 

This implies that 

/ Af \ 


Ti(x), r](g(xi),g(x)) ) + (j) (f(xi), f(x)) - p (f{x), f(xi)) > c 0. 


This contradicts condition (0). Therefore is a KKM mapping; Now we prove that for any 
z £ K, Mi (z) is closed. 

In veiw of ( 0 ), let there exists a net {x n } C Mi(z) such that x n — > x £ I\. Because 


N 


J2 T i( X n):V{g(z),g(x n )) ) +<l>{f(z),f(x n ))- ll{f(x n )J(z))> C 0, Vn, 


\i= 1 


we have 


N 


T i( x )pi(g( z )i g ( x )) ) + </> (/(-)> f( x )) - 9 (. fi x ), /(-)) >c0. 
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Hence x € M\(z) and so M\{z) is closed. It follows from the compactness of K and closedness of 
Mi(z) C K, that Mi (z) is compact. Thus by Lemma II . 141 . we have f] zeK Mflz) ^ 0. Hence there 
exist x £ K such that 


N 


^2Ti(x),7i{g(y),g(x)) ) + cj> (/(y), f(x)) - g (/(x), f{y)) > c 0 Vy £ K. 


This completes the proof. 


□ 


Theorem 2.3. Let K be a nonempty, bounded, closed and convex subset a real reflexive Banach 
space X and Y a real Banach space. Let Ti,T 2 ,--- , Tjy : K — > L(X,Y),g : K X K — >• X,<j>,fi : 

K x K — > Y and g,f:K^K are the mappings satisfying the following conditions: 

(i) for any fixed y £ X , the mapping g{y))^ , </>(/(•), fid)) and n(f (y) , f {■)) are 

lower semicontinuous; 

(ii) Ti, T 2 , • • • , T/v are properly g- f -t) -(f)- y- quasimonotone of Minty type; 

(hi) forall x £ K,rj(g(x), g(x)) = 0 and <j)(f(x),f(x)) = 0 = /i(f(x),f(x)). 

Then there exists x £ K such that 

(^2 T i{y),v{9{ x ),g{y))^l + <l>(f(x),f(y))- l^(f(y),f(x))< c 0, Vy £ K. 

Proof. Define a multivalued mapping M 2 : K — > 2 K by 

M 2 (z) = jx G K : (^T i {y),'q{g{x),g{y))^ + <j> (f(x),f(y)) — g (f(y),f(x)) <co| , Vz G K. 

then M'i (z) is nonempty for each z G K. We claim that M 2 is not KKM mapping, then there 
exists {x\, x 2 , x n } C K, x = with ti > 0,?' = 1,2 ,...,n and = 1 such that 

This implies that 

(^^Ti(xi),ii(g( x ),g( x i))\j +<f){f(x),f(xi)) - n(f(xi), f(x))£ c 0, i = 1,2 ,...,n. 

This contradicts condition (El)- Therefore M 2 is a KKM mapping. Since K is bounded, M 2 (z) is 
bounded. From (0), we have M 2 (z) is convex. Next, we will show that M 2 (z) closed. 

In veiw of (0), let there exists a net {x n } C M 2 (z) such that x n — > x G K. Because 

(^2 T i(,y),v(g( x n),g(y))) + <t>{f{ x n),f(y))-n(f(y),f(x n ))<c0, Vn, 


we have 


N 


T i(y)pi(9( x ),g(y))j + <t> (f( x )J(y)) - y ( f(y),f(x )) <c 0- 
Hence x G M 2 (z ) and so M 2 (z) is closed. 

Since X is reflexive, M 2 (z) is weakly compact for all z G K. It follows from Lemma 1 1 . 1 41 . that 
n z< z K M 2 (z) ^ 0. Hence there exist x G K such that 

i s ^2 T i{y),'n{g{x),g{y))) +4>{f{x),f{y)) - y{f(y),f{x))< c o, Vy g k. 


This completes the proof. 


□ 
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It is useful to mention that the result of Theorem 12.21 can be viewed as an improvement of the 
following corollary. 

Corollary 2.4 ([0, Theorem 2.1]). Let X and Y be two real Banach spaces and K C X a nonempty, 
compact and convex set. Let S,T : K — > L(X, Y),r) : K x K — >■ X,h : K x K — »■ Y and g : K — >■ K 
are the mappings satisfying the following conditions: 

(a) for any fixed y G X, the mapping x (S(y) + T(y),r}(g(x),g(y))) and h(g(x),g(y)) are 
continuous; 

(b) S and T are properly g-h-y-quasimonotone of Stampacchia type; 

(c) for all x G K,y(g(x), g(x)) = 0 = h(g(x),g{x)). 

Then there exists x G K such that 

(S(x) + T(x),y(g(y),g(x))) + h(g(y),g(x)) > c 0, Vy G K. 

Proof. By taking T 3 , T4, • • • , T)v = 0, T) = S, T 2 = T, <j> = h, fi = 0 and f — g in Theorem 12.21 . we 
obtain the desired results. □ 
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Abstract 

By using monotone iterative technique and operator semigroup theorem, we 
consider the existence of mild solutions for a class of nonlocal semi-linear evolution 
equation with not instantaneous impulses in ordered Banach spaces. Finally, an 
example is given to show the existence results. 
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1 Introduction 

The impulsive differential equations are used to describe mathematical models of 
many real processes and phenomena studied by physical, chemical, biological, popula- 
tion dynamics, industrial robotics, economics, engineering and so on, see [1]. Applied 
impulsive mathematical models have become an active research subject in nonlinear 
science and have attracted more attention in many fields , see [2-4] and references there- 
in. 

For more details on differential equations with “abrupt and instantaneous” impulses, 
one can see for instance the monographs [5-7] and the references therein. By means of 
monotone iterative method coupled with lower and upper solutions, some sufficient 
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conditions for the existence of solutions of impulsive integro-differential equations were 
established in [8]. Recently, the existence results to impulsive differential equations 
with nonlocal conditions was studied in [9-15]. Moreover, Chen, Li and Yang[16] used 
the perturbation method and monotone iterative technique in the presence of lower 
and upper solutions to discuss the existence of mild solutions for the nonlocal impulsive 
evolution equation in ordered Banach spaces. 

However, it seems that the models with instantaneous impulses could not explain 
the certain dynamics of evolution processes in pharmacotherapy. For example, one 
considers the hemodynamic equilibrium of a person, the introduction of the drugs in 
the bloodstream and the consequent absorption for the body are gradual and continuous 
process. Hernandez and 0’Regan[17] and Pierri et al. [18] initially studied on Cauchy 
problems for a new type first order evolution equations with not instantaneous impulses 
of the form: 

u'(t) = Au(t ) + f(t, u(t )), t G (. Si , t i+1 \,i = 0, 1, 2, • • • , m, 

< u(t) = hi(t,u(t)), te(ti,Si\, i = 1,2, • • • ,m. 
u( 0) = Mo- 

Wang and Li [19], Yu et al. [20] considered periodic boundary value problems for non- 
linear evolution equations with non instantaneous impulses. Wang et al. [21] discussed 
a class of new fractional differential equations with not instantaneous impulses. 

However, to the best of our knowledge, the existence mild solutions for nonlocal 
evolution equations with not instantaneous impulses by means of monotone iterative 
technique has not been investigated yet. Motivated by this consideration, in this paper, 
we discuss the existence of mild solutions for the nonlocal evolution equation with not 
instantaneous impulses in an ordered Banach space X 

u'(t ) + Au(t) = f(t, u(t)), t G (sj, t i+1 \,i = 0, 1, 2, • • • , m, 

< u(t) = hi(t,u(t)), te(ti,Si \ , i = (u) 

w(0) = g{u), 

where A : D(A) C X — > X is a closed linear operator and —A generates a Co-semigroup 
T(t)(t > 0) in X; 0 = s 0 < h < S! < t 2 < s 2 < t 3 < s 3 < ■ ■ ■ < t m - 1 < s m - 1 < t m < 
s m < t m+ i = a are pre-hxed numbers, J — [0, a], a > 0 is a constant; / G C([0, a],X). 
hi G C([ti, Sj] x X, X) for all i = 1, 2, • • • , m. 
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2 Preliminaries 

Throughout this paper, Let X be a Banach space, A : D(A ) C X — >■ X be a closed 
linear operator and — A generate a Co-semigroup T(t)(t > 0) in X. Denote 

M = sup ||T(t)||, 
teJ 

which is a finite number. For more details of the properties of the operator semigroups 
and positive Co- semigroup, we refer to the monographs [22, 23] and [24], 

Let X be an ordered Banach space with the norm || • || and partial order ” < ” , whose 
positive cone K = {x G X\x > 6 } is normal with normal constant N. Let C(J,X) with 
the norm ||u||c = max ||u(t)||, then C(J, X) is an ordered Banach space induced by the 

convex cone Kq = {m6 C(J,X) \ u(t) > 0 ,t E J}, and Kq is also a normal cone. 

Let J' = J \ {ti, t 2 , ■ ■ ■ , t m }, J" = J \ {0, t m }- Evidently, PC(J, X) = 

{u : J — > X | u(t) is continuous in J', and left continuous at tk, and u(t£) exists, 

k = 1,2 PC(J, X) is a Banach space with the norm || • \\pc = sup||u(t)||. 

teJ 

Evidently, PC(J, X) is also an order Banach space with the partial order ” < ” induced 
by the positive cone A'pc = {u G PC(J,X)\u(t) > 9,t G J}. Kpc is normal with the 
same normal constant N. For v,w G PC(J, X) with v < w, we use to denote 

the order interval {u G PC(J,X) \ v < u < w} in PC(J, X), and [v(t),w(t)} to denote 
the order interval {u G X \ v(t) < u(t) < w(t),t G J} in X. We use X\ to denote the 
Banach space D(A) with the graph norm || ■ || ! = || • || + ||A - ||. For more details and 
definitions of the partial and cone, we refer to the monographs [25, 26]. 

Definition 2.1. If functions u 0 G PC(J, X) flC 1 (J ,, ,A^) nC(J',Xi) satisfy 

( + Av o(t) < f(t,v 0 (t)), t G (Si,t i+1 ],i = 0,1,2, 

< v 0 (t) < hi(t,v 0 (t)), te(ti,Si\ , i — 1, 2, • • • , m. (2.1) 

{ u o (0) < giy 0 ), 

we call vq a lower solution of problem (1.1); if all the inequalities of (2.1) are inverse, 
we call it an upper solution of problem (1.1). 

Next, we recall some properties of measure of noncompactness that will be used in 
the proof of our main results. Let a(-) denotes the Kuratowski measure of noncompact- 
ness of the bounded set. For the details of the definition and properties of the measure 
of noncompactness, see [25]. The following lemmas are needed in our arguments. 

Lemma 2.3. ([27]) Let B C C(J, X) be bounded and equicontinuous. Then a(B(t )) is 
continuous on J , and 

a(B ) = ma xa(B(t)) = a(B(J)). 
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Lemma 2.4. ([28]) Let B = {ii n } C C(J,X){n = 1,2,---) be a bounded and countable 
set. Then a(B(t )) is Lebesgue integral on J , and 

a({ J u n (t)dt | n G Kfjj —^J a (B(t))dt. (2.2) 


3 Linear nonlocal problem 


Let / = [to,t], to > 0. It is well-known ([22])that for any x 0 € D(A) and h G 
C l {I,X), the initial value problem of linear evolution equation 


u'(t) + Au(t) = h(t), t G I, 
u{t 0 ) = x 0 , 


has a unique classical solution u G C l [L, X) D C(I,X i) expressed by 


u(t) — T(t — to)x o+ / T(t — s)h(s)ds,t G / 


^0 


(3.1) 


(3.2) 


If rco ^ A” and h G C(I,X), the function u given by (3.2) belongs to C(I, X), which is 
known as a mild solution of IVP(3.1). 

To prove our main results, for any h G PC(J, X) and y l G PC(J, X),i = 1, 2, • • • , m, 
we consider the linear nonlocal evolution equation with not instantaneous impulses in 
X 

u'(t) + Au(t) = h(t), t G (si,t i+ i\,i = 0, 1,2, • • • ,m, 

< u(*)= ?/*(*)» i — 1, 2, • • • , m. ( 3 . 3 ) 

«( 0 ) = $(«)■ 


Theorem 3.1. Let A - fre a Banach space, A : D(A) C A" — » A - 6e a closed linear 
operator and —A generate a Co-semigroup T(t)(t > 0) m A". For any h G PC(J,X), 
i/i G PC(J, X),i = 1,2, ■ ■ ■ , m, g : PC(J, X) -> A", problem(S.S) has a unique mild 
solution u G PC(J, X) given by 

u(t ) = T(t)g(u) + f* T(t - T)h{r)dr, t G [0, F]; 

< n(t) = yi(t), tG(L,Sj], i = 1, 2, • • • , m; 

n(t) = T(t - Si)yi(si) + f* T(t - T)h(r)dr, t G (s^L+i], i = 1,2, • • • ,m. 

(3.4) 
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Proof Let t G [0, 1 1 ] , problem(3.3) is equivalent to the linear nonlocal evolution 
equation without impulse 

( u'{t) — An(i) — h(i), I e [0. / 1] , 

\ «( 0 ) = g(u). ^ ^ 

Then (3.5) has a unique mild solution u G C([0, ti], A") given by 

u(t) = T(t)g(u) + f T(t — T)h(r)dT. 

J o 

Let t G (ti, Sj], then u(t) = Ui(t), i = 1, 2, • • • , m. 

Let t G (sj,tj + i], problem(3.3) is equivalent to the initial value problem of linear 
evolution equation 


u'(t) + Au(t) = h{t), t G (s^ t i+ 1], , i = 1, 2, • • • , m, 

u(si) = yi(si). 


(3.6) 


Then (3.6) has a unique mild solution u G C([si,ti + i],X) given by 

u(t) = T{t - Si)yi{si) + f T(t - T)h{T)dr. 

J Si 

Inversely, we can verify directly that the function u G PC(J,X) defined by (3. 4) 
is a mild solution of problem(3.3). Hence problcm(3.3) has a unique mild solution 
u G PC(J,X) given by (3.4). This completes the proof. 

Remark 3.2. In Theorem 3.1, let X be an ordered Banach space,— A generate a positive 
Co-semigroup T(t)(t > 0) in X . For any h > 9,g > 9 and yi > 9, i — 1, 2, • • • , m, then 
the mild solution of problem (3. 3) is a positive solution. 


4 The main results 

Now, we are in a position to state and prove our main results of this section. 
Theorem 4.1. Let X be an ordered Banach space, whose positive cone K is normal, 
and No be the normal constant. Let A : D[A) C X — > X be a closed linear operator 
and —A generate a compact and positive Co-semigroup T(t)(t > 0) in X. f G C{J x 
X, X) . Assume that problem (1.1 ) has lower and upper solutions Vo and wo with vq ( t) < 
w 0 (t)(t G J). Suppose that the following conditions are satisfied: 

(HI) There exists a constant C > 0 such that 

f(t,x 2 ) - f(t,xi) > -C{x^ x x ), t G J, 
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for any t G J , and vq (t) < x\ < x 2 < wq (t). 

(H2) The impulsive functions hjfi = 1,2 ,■■■ ,m) are satisfy the conditions 

hi(t,x 2 ) > hi(t,x 1 ), i = 1,2, • • • ,m, 
for \/t G J, Vq ( t) < X\ < x 2 < w 0 (t). 

(H3) The nonlocal function g(u) is increasing in u for u G [uo, wo]- 
(Hf) hi G C(J x A", AT)(i = l,2,---,m) are compact operators. 

(H5) g : PC(J,X) — > A" is compact operator. 

Then the problem (1.1) has minimal and maximal mild solutions u and u between v 0 
and wo, which can be obtained by monotone iterative sequences starting from vq and w 0 . 

Proof It is easy to see that — (A + Cl) generates a positive compact semigroup 
S(t) = e~ ct T{t). Define D = [r 0 ,tro]- Let M = sup ||S'(t)||,- we define an operator 

t.£j 

Q:D -> PC(J,X) by 

S(t)g(u) + f* S(t - t)(/(t,u(t)) + Cu(r))dr, te [0,ti]; 
hi(t,u(t)), te(ti,Si], i = 1, 2, ■ ■ ■ , m; 

(Qu)(t) = (4.1) 

S(t - si)hi(si,u(si )) + f s , S(t - t ) (_/ (t , u(t )) + Cu(t )) dr, 

t G (si,t i+ 1 ], i = 1,2, • • • ,m. 

Since /, h, and g are continuous, so Q : D ^ PC(J,X) is continuous. Clearly, from 
Theorem 3.1, the mild solutions of problem (1.1) are equivalent to the fixed point of 
operator Q. 

(i) We show Q : D — * PC(J, X) is an increasing operator. 

For \/xi,x 2 G D and X\ < x 2 , from the assumptions (HI) and (H2), we have 

fit, xi (t)) + Cxx{t) < f{t , x 2 (t)) + Cx 2 (t),t G J. (4.2) 

and 

/q(t, xi(i)) < hi(t, x 2 (t)),i = 1, 2, • • • , m. (4.3) 

Combining the positive of Co-semigroup S(t) with (4.2), (4.2) and (H3), we have 

Sit)gix 1 )+ [ S(t-T)ifiT,XiiT)) + Cx!iT))dT 
Jo 

< S(t)gix 2 )+ [ S(t- t)(/(t,x 2 (t)) + Cx 2 ir))dT, t G [0, t x ] ; 

Jo 

hiit^iit)) < hi(t,x 2 (t)),t G (ti,Si], i = 1,2, • • • ,m; 
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S(t^ + / S(t:^ t)(/(t,xi(t)) + Cxi(r))dT 

J Si 

< S(t - Si)hi(si,x 2 {si)) + j S(t - t)(/(t,z 2 (t)) + Cx 2 (r))dr, 

J Si 

t G (Si,t i+ i\, i = 1,2, • • • ,m. 

Namely, Q : D — >• PC(J, X) is an increasing operator. 

(ii) We show v 0 < Q(v 0 ), Q(w 0 ) < w 0 . 

Let 

v' 0 (t) + Av 0 (t) + C'no(t) = f(t) t G (si, L+i], i = 0, 1, 2, • • • , m, 

< Uo (t) = hi(t), t G (t*, s.i], i = 1, 2, • • • ,m. 
w(0) = g(v 0 ), 

by the definition of no, we have 

f(t) < f(t, v 0 (t)) + Cv 0 (t), t G (sj, L+i], i = 0, 1, 2, • • • , m, 

< hi(t) < hi(t,v 0 (t)), te(ti,Si \ , i = 1,2, • • • ,m. 
g(v o) < 

By Theorem 3.1, (4. 5) and (4.6), we have 

S(t)g{v 0 ) + / 0 ‘5(i - r)/(r)dr, t G [0,ti]; 

hi(t), tG(L,Si], i— 1, 2, • • • , m; 

^o(t) = _ 

- sjhtfa) + f s , S(t — r)/(r)dr, 

t G (si,ti+i], i = 1,2, • • • ,m. 

and 

5 '(t)g(v 0 )+ f S(t — r)f(r)dr 


< S(t)g(v 0 ) + J S(t — r)(/(r,n 0 (r)) + Cv 0 {r))dT, tG[0,ti]; 
hi(t) < hi(t,v 0 (t)), te(ti,Si], i = l,2, 


S(t-s i )h i (s i )+ S(t-r)f(r)dT 


< S(t-s i )h i (s i ,v 0 (s i ))+ S(t - T)(f(r,Vo(r)) + Cn 0 (r))dr, 

J Si 

i = 1,2, • • • ,m. 
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Namely, vq ( t) < Q(vo)(t). Similarly, it can be shown that Q(wo)(t) < wq ( t). Therefore, 
Q : [u 0 , iu 0 ] [w^o] is a continuously increasing operator. 

(iii) We prove that the operator Q has fixed points on [n 0 ,w 0 ]. 

Now, we define two sequences {v n } and {w n } by the iterative scheme 

v n = Q(v n ~ i), w n = Q(w n - 1 ), n = 1, 2, • • • (4.7) 

Then from the monotonicity of operator Q it follows that 

vo < Vi <v 2 <■■■ <v n <■■■ <w n <■■■ <w 2 <wi < wq. (4.8) 

Next, we prove that {u n } and {w n } are convergent in J. Let B = {v n \ n G N}, 
Bo = {v n -i | n G N}, then B 0 = {u 0 } U B and B = Q(B 0 ). 

For any u n _i G B 0 , let 

(Qiv n -i)(t) = S(t)g(u)+f S(t-T)(f(T,v n -i(T))+Cv n -i(T))dT, t G [0, ti]; 

Jo 

{.Q 2 v n -i){t) = hi(t,v n _i(t)), te(ti,Si\, i — 1,2, ■ ■ ■ ,m; 

{Qov n -i){t) = S(t - Si)hi(si,v n -i(si)) + S(t — r)(/(r,u n _i(r)) + Cv n -i{r))dT, 

J Si 

te(si,t i+ 1 ], i — 1 , 2, • • > , m. 

For 0 < t < a, by the assumption (HI), we know that 

f{t,v 0 (t)) + Cv 0 (t) < f(t,v n _i(t)) + Cv n _i(t) < f(t,w 0 (t )) + Cw 0 (t). 

Since f(t,v 0 (t)) and f(t,w 0 (t )) are continuous in compact set [0, a], so their image sets 
are compact sets in X, namely image sets are bounded. Combining this fact with the 
normality of cone K in X, we have 3 AT) > 0, Vu n _i G B 0 , 

\\f(t,v n -i(t)) + Cv n -i(t)\\ 

< || f{t,v 0 {t)) + Cuo(t)|| + N 0 \\f(t,w 0 {t)) + Cw 0 {t) - f(t,v 0 {t)) - CT 0 (£)|| (4.9) 

< Mi. 

Case 1. For interval [0,n] and any 0 < e < H, let 

(Wiv n -i)(t) := [ S(t- T)(f(T,v n -i(T)) + Cv n -i(r))dT 
Jo 

and t 

(Wlv n _i)(t) := j S{t - r)(/(r,n n _i(r)) + Cv n _i(r))dr, 

Jo 
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then 


- (wtv^mw 

s(t - r)(/(r,n n -i(r)) + Cv n -i{r))dT 
S(t - s)r)(/(r,n n _i(r)) + Cn n _i(r))dr|| 

< [ \\S(t -T)\\\\f(T,V n -i(T)) + Cv n -i(r)\\dT 

J t—e 

< MMie. 

Therefore, Y\ (t) = {(WiV n -i)(t) \ v n -\ G B 0 } is precompact in X by using the total 
boundedness. 

On the other hand, by the assumption (H5), {S(t)g(v n -i) \ v n -i G B 0 } is precom- 
pact in X due to the compactness of S(t). Therefore, {(QiU n _i)(f) | u n -i G B 0 } is 
precompact in X for t G [0, ti]. 

Case 2. For t G (U, Sj], i — 1, 2, • • • , m, the set {( Q 2 V n -i)it ) | u n -i G £>o} is precom- 
pact in X by the assumption (H4). 

Case 3. For t G (s i: t i+ 1 ], i — 1,2,** * , m, similar to the case 1, {(<33Un-i) W I v n - i *= 
i?o} is precompact in X by (4.9)and the assumption (H4). 

Hence, {v n (t)} = {<3(u n _i)(f) | u n - i £ -£> 0 } is precompact in X for i G /, combining 
this fact with the monotonicity of {u n }, we easily prove that {v n (t)} is convergent. Let 
> u(t ) in t G J. Similarly, we prove that {w n (t)} — * u{t ) in t G J. 

Evidently {v n (t)} , {w n (t)} G PC(J,X), so u{t) and u{t) is bounded integrablc in 
J). Since for any i G J, v n (t) = Q(n n _i)(t), w n (t) = Q(w n _i)(t), letting n — * oo, by 
the Lebesgue dominated convergence theorem, we have u{t) = Q(u)(t), u(t ) = Q(u){t) 
and u(t),u(t) G PC(J,X). Combining this with monotonicity (4.8), we have v 0 (t ) < 
u{t) < u(t) < w 0 (t). 

Next, we prove that u{t) and u{t) are the minimal and maximal fixed points of Q 
in [u 0 , Wo]; respectively. In fact, for any u* G [n 0 , w 0 ], Q{u*) = u*, we have v 0 < u* < w 0 
and V\ = Q(^o) < Q( u *) = u* < Q[wq) = W\ . Continuing such progress, we get 
v n < u* < w n . Letting n — > oo, we get u{t) < u* < u(t). Therefor, u{t ) and u{t) are 
the minimal and maximal mild solutions of the problem (1.1) between u 0 and w$, which 
can be obtained by monotone iterative sequences starting from Vo and Wq, respectively. □ 

From the Theorem4.1, we obtain the following result. 

Theorem4.2. Let X be an ordered Banach space, whose positive cone K is normal, 
and N 0 be the normal constant. Let A : D(A ) C A" — > X be a closed linear operator 
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and — A generate a compact and positive Co-semigroup T(t)(t > 0) in X. f G C(J x 
X, X ) . Assume that problem (1.1 ) has lower and upper solutions v 0 and w 0 with v 0 (t) < 
w 0 (t)(t G J). Suppose that conditions (HI), (H2), (H3) and the following conditions 
are satisfied: 

(H6) { hi ( •, x n )}(i = 1, 2 ,■■■ , m) are precompact in X , for any increasing or decreasing 
monotonic sequence {x n } C [i>o,iuo]- 

(HI) {g(x n )} is a precompact set in X, for any increasing or decreasing monotonic 
sequence {x n } C [u 0 ,Wo]- 

Then problem (1.1) has minimal and maximal mild solutions u and u between v 0 and 
wq, which can be obtained by monotone iterative sequences starting from vq and wq. 

Next, we discuss the existence of the mild solutions for problem (1.1) under the 
function g is continuous in PC(J,X) and noncompactness measure conditions. 

Theorem 4.3. Let X be an ordered Banach space, whose positive cone K is normal, 
and N 0 be the normal constant. Let A : D(A) C X — > X be a closed linear operator 
and —A generate an equicontinuous and positive Co-semigroup T(t){t > 0) in X. f G 
C(J x A", A"), hj G C(J x X,X )(i = 1,2, • • • , m). g : PC(J,X ) — > X be a continuous 
function. Assume that problem (1.1) has lower and upper solutions vq and wq with 
v 0 (t) < w 0 (t)(t G J). Suppose that conditions (HI), (H2) and (H3) hold, and satisfy: 
(H8) There exist a constant L > 0 such that 

a{{f{t,x n )}) < La({x n }), 

for all t G J, and increasing or decreasing sequence {x n } C [u 0 (t), Wo(t)] ■ 

(H9) There exist constants 0 < L* < l(i = 1, 2, • • • , m) such that 

a({hi(t,x n )}) < LiOi({x n }), (i = 1,2, • • • ,m), 

for all t G J, and increasing or decreasing sequence {x n } C [u 0 (t), w 0 (t)] . 

(H10) There exist a constant L' > 0 such that 

a({g(x n )}) < L'a({x n }), 

for all t G J, and increasing or decreasing sequence {x n } C [u 0 (f), w 0 (t)] . 

(Hll) M[Li + L' + 2 (L + C)a] < 1 (i — 1, 2, • • - , m). 

Then the problem (1.1) has minimal and maximal mild solutions u and u between v 0 
and wq, which can be obtained by monotone iterative sequences starting from vq and wo- 

Proof From Theorem 4.1, we know that Q : [i?o, lUo] ~ ^ [^ 0 ,^ 0 ] is continuous. Further- 
more, if conditions (HI), (H2) and (H3) are satisfied, the iterative sequences {v n } and 
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{■u; n } defined by (4.7) satisfying (4.8). Therefore, for any t G J, {n n (f)} and {w n (t)} 
are monotone and order-bounded sequences in X. 

Next, we prove that {v n } and {tc n } are convergent in J. Since T{t){t > 0) is an 
equicontinuous Co-semigroup, so S(t)(t > 0) also is an equicontinuous Co-semigroup. 

Let B = {v n n 6 N} and B 0 = {v n _\ \ n G N}, by (4.8) and the normality of the 
positive cone K, then B and Bq are bounded. 

(i) We prove that Q(B 0 ) is equicontinuous in PC(J, X). 

Combining (H2) and (143) with the normality of cone K in X, we have 3M2 > 
o, M 3 > 0, Vu n _i G B 0 , 

IbK-OII < \\g(v 0 )\\ + NolkHO - #MII < m 2 - (4.io) 

||hj(t,n„_i(t))|| < \\hi(t,v(t))\\ + N 0 \\hi(t,w 0 (t)) - g(hi(t,v 0 (t)) || < M 3 . (4.11) 

Case 1. For Vt',t" G [0, C] and t! < t", by (4.9) and (4.10) we have that 

I \(QVn-l)(t") ~ (Qn n _i)(0|| 

V" 

= \\S(t")g(v n _i) + / S(f - r)(/(r,u n _i(r)) + Cu n -i(r))dr 

Jo 

-S(t')g(v n - 1 ) - [ S(t' - r)(/(r,u n _i(r)) + Cv n _i(r))dr|| 

Jo 

< ||5(O--5(0lllb(«»-i)ll 

+ [ ll^t" - r ) - S(t’ - r)||||/(r, u„_i(t)) + Cv n _i(r)||dr 

Jo 

+ [ II ^(t" - r )llll/(cW-i(r)) + Cv n _i(r)||dr 

Jt' 

< M 2 \\S(U)\\\\S(f-lf)-I\\+M 1 f \\S(t"-T)-S(t'-T)\\dr + MM 1 (t"-t') 

Jo 

< M 2 M\\S{t" - t') - J|| + Mi / ||S(f" - t' + r) - S(r)\\dr + MM^t" - t') 

Jo 

— >• 0(f"-V -GO). 

Case 2. For VC, f" G (C, s*](i = 1, 2, • • • , m) and t' < t", we have that 
| \(Qv n -l)(t") ~ (Qv n ^)(t')\\ = ||h 4 (C / ,U n _ 1 (C)) - hi(t', u n _ 1 (C))|| -G 0 (t" - C -G 0). 
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Case 3. For G (sj,tj+i](i = 1,2, ■ ■ ■ , m) and t' < t", by (4.9) and (4.11) we 

have that 


I \(QVn-l)(0 - (Qv n - i)(OII 


= \\S(t")hi(si,v n -i(si)) + 


S (t ) /ij (sj , n n _i (sj) ) 



' r)(/(r,u n -i(T)) + Cv n -i(r))dT 
r )(/( T C ; n-i(r)) + Cv n -i(r))dr\\ 


< ||5 , (i") - S , (t')||||/i i (s i ,u n _i(s i 


+ / ll^t" - T ) ~ S(lf - r)||||/(r,n n _i(r)) + Cn n _i(r)||dr 


+ / l|5(t" -r)||||/(r,n n _i(r)) + C'n n _i(r)||dr 

Jf 

< M 3 \\S(t')\\\\S(t" - t')-I\\+M 1 [ \\S(t" -T)-S(t’ -T^dr + MM^t" -t’) 


'Si 


rt -Si 


< M 3 M\\S{f -t') -/|| + M x 

— >■ 0(t" -t' -» 0). 


||S(t" - t' + r) - 5'(r)||dr + MM, (t" - t') 


Therefore, Q(B 0 ) is equicontinuous in PC(J,X). 

(ii) We prove that a(fl(t)) = 0 for t G J. 

It follows from B 0 = {n 0 } U B that a(B(t )) = a(B 0 (t)) f° r t G J. 

Case 1. For t G [0, t\], by Lemma 2.3 and Lemma 2.4, we have that 


a(B(t)) = a((QB 0 )(t)) 


= a 


/»£ 

^|s'(t)cc(n n _i) + / S(t - r)(/(r,n n _i(r)) + CT n _i(r))dr | n G n|) 


< o;({S'(t) 5 r(n n _i) | n G N}) 


+«({ f S(t - r)(/(r,n n _i(r)) + Cn n _i(r))dr | n G hi}) 


< Ma({g(n n _i) j n G N}) + 2 / a({5(f - r)(/(r, n n -i(r)) + Cn n _i(r))dr | n G N}) 

do 

< ML'a(B 0 ) + 2 M [ (L + C)a(B 0 (r))dT 
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< ML max a (B (t)) + 2 M(L + C)a max a (B (t)) 

J tG</ 

< M[L + 2(L + C) a] max a(B(t)). 


Case 2. For t G (£*, s*], i — 1, 2, • • • , m, by (H9) we have 

= a((QB 0 )(t )) = v n -i(t)) \ n G N 


< Lia(B 0 (t )) < Lj maxa(-B(t)) < maxa(.B(£)). 

Case 3. For t G (s;, £ i+ i](i = 1, 2, • • • , m), we have 

<*{B{t)) = a((QB 0 )(t)) 

n f 

= a({ S'(t-s i )/i i (s i ,v„_i(s i )) + / - T)(/(T,u n _i(T)) + Cv n ^{r))dT \ n G n}) 

J Si 

< a({S(t - Si)hi(si, v n -i(si)) | n G N}) 

+Q! ({ J ~ + Cv n -i(T))dr | n G n|) 

< Ma({hi(si,v n -i(si)) | n G N}) 

+2 f a({S(t — r)(f(T,v n -i{r)) + Cv n -\(r))dT \ n G N}) 

J Si 

< MLia(Bo) + 2 M f (L + C')a( J B 0 (r))rfr 

J Si 

< MLi max a(B(t)) + 2 M(L + C)amaxa(B(t)) 


J 


teJ 


< M[Li + 2(L + C)a] maxa(B(t)). 


By (Hll), we have a(B(t )) < rna xa(B(t)) r then a(B(t )) = 0 in t G J. Therefore, 

is precompact in X for t G J, combining this fact with the monotonicity of {v n }, 
we easily prove that is convergent. Let — > u{t ) in £ G J . The same idea 

can be used to prove that (w n (£)} — >■ w(£) in t G J. Similar to the proof of Theorem 
4.1, we know that u(t) and u(t) are the problem(l.l) between v 0 and w 0 , which can be 
obtained by monotone iterative sequences starting from v 0 and w 0 , respectively. This 
completes the proof of Theorem 4.3. □ 

Remark 4.4. Analytic semigroup and differentiable semigroup are equicontinuous 
semigroup ([22]). In the application of partial differential equations, such as parabolic 
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and strongly damped wave equations, the corresponding solution semigroup are analytic 
semigroup. Therefore, Theorem 4.3. has extensive applicability. 

we discuss the existence of the mild solutions for problem (1.1) under the positive 
cone is regular. 

Theorem 4.5. Let X be an ordered Banach space, whose positive cone K is regular. 
Let A : D(A ) C X — » X be a closed linear operator and — A generate a positive Co- 
semigroup T(t)(t > 0) in X. f G C(J x X,X). hi G C(J x X,X)(i = 1,2, ■■■ ,m). 
g : PC(J, X) — > X be a continuous function. Assume that problem(l.l) has lower and 
upper solutions v 0 and w 0 with v 0 (t) < w 0 (t)(t G J). Suppose that conditions (HI), 
(H2) and (H3) are satisfied. 

Then the problem (1.1) has minimal and maximal mild solutions u and u between v 0 
and wq, which can be obtained by monotone iterative sequences starting from v 0 and w 0 . 

Proof From Theorem 4.1 we know that Q : [u 0 , w o\ > [v 0 ,w 0 ] is a continuously 
increasing operator. Similarly, the two sequences {v n (t)} and {w n (t)} are defined in 
[u 0 ,tCo] by the iterative scheme (4.7). By conditions (HI), (H2) and (H3), then {v n (t)} 
and {w n (t)} are ordered-monotonic and ordered-bounded sequences in X. 

Using the regularity of the cone K , any ordered-monotonic and ordered-bounded 
sequence in X is convergent. Similar to the proof of Theorem 4.1, we know that u(t) 
and u(t) are the problem(l.l) between no and wo, which can be obtained by monotone 
iterative sequences starting from v 0 and w 0 , respectively. This completes the proof of 
Theorem 4.5. □ 

Corollary 4.6. Let X be an ordered and weakly sequentially complete Banach space, 
whose positive cone K is normal, and N 0 be the normal constant. Let A : D(A) cIg 
X be a closed linear operator and — A generate a positive Co-semigroup T{t){t > 0) in 
X. f G C(J x X,X). In G C(J x X,X)(i = 1, 2, • • • , m). g : PC(J,X) -G X be a 
continuous function. Assume that problem (1.1 ) has lower and upper solutions v 0 and w 0 
with Vo (t) < wo(t)(t G J). Suppose that conditions (HI), (H2) and (H3) are satisfied. 
Then the problem (1.1) has minimal and maximal mild solutions u and u between v 0 
and w 0 , which can be obtained by monotone iterative sequences starting from v 0 and w 0 . 

Proof In an ordered and weakly sequentially complete Banach space, the normal cone 
K is regular. Then the proof is complete. □ 

Next, we discuss the existence of mild solutions of problem (1.1), when we don’t 
assume the lower and upper solutions of problem (1.1) be exist. 

Theorem 4.7. Let X be an ordered Banach space, whose positive cone K is normal, 
and No be the normal constant. Let A : D(A) C X — > X be a closed linear operator and 
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— A generate a positive and compact Co-semigroup T(t)(t> 0) in X. f G C(J x X, X). 
hi G C(J x X,X)(i = 1,2, ■■■pm), g : PC(J, X) — * A" fre a continuous function. 
Suppose that conditions (H1)-(H5) hold and the following condition is satisfied: 

(H12) 3 b > 0, h G PC(J,X),h > 9, yi(si) G D{A) 1 y i > 9,i = 1,2,---,. m and 
g(u ) G 13(A), g(-u) > 0 for any u G PC(J,X), such that 

f(t,u)<bu + h(t), hi(t,u) < yi(t), u > 0; 

hu — h(t) < f(t, u), -yi(t) < hi(t,u), u< 0. 

Then the problem (1.1) has minimal and maximal mild solutions , which can be obtained 
by monotone iterative procedure. 

Proof For h(t) > O^y.ff) > 6 , we consider the linear nonlocal evolution equation with 
not instantaneous impulses in X 

u'{t) + Au(t) — bu{t ) = hit), t G (sj, t i+ i\,i = 0, 1, 2, • • • , m, 

< M(<) = y*(i), i = l,2,---,m. ( 4 . 12 ) 

m(0) = g(u), 

Since —(A — bl) generate a positive Co-semigroup Sit) = e bt T(t)(t > 0) in X. By 
Theorem 3A and assumption (H12), we know that the problem (4A2) has a unique 
positive solution u* > 6. Let v 0 = —u*,w 0 = u*, by the conditions (H1)-(H3) and 
(H12), we get 

v' 0 (t) + Av 0 (t) = bv 0 (t) - h(t) < f(t,v 0 (t)), t G (si,t i+ i],i = 0, 1,2, • • • ,m, 

< v 0 (t) = -yi{t) < hi(t,v 0 (t)), te(ti,Si], i — 1, 2, • • • , m. 

«o(0) = -g(-v 0 ) < fi'(uo), 

(4-13) 

and 

w'o(t) + Aw 0 (l) = 6w 0 (l) + h(t) > fit, w 0 (t)), t G (sj, L+i], i = 0, 1, 2, • • • , m, 

< W 0 (l) = 7/j(l) > hi(t,w 0 (t)), te(ti,Si\, i — 1, 2, - • • , m. 
w 0 (0) > g(w Q ), 

(4-14) 

So, we inferred that Vo and Wq are a lower solution and an upper solution of the problem 
(1.1), respectively. Therefore by Theorem 4.1., the conclusion holds. Then the proof is 
complete. □ 
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Meanwhile, we can obtain the following results from Theorem 4.2, 4.3, 4.5 and 
Corollary 4.6, respectively. 

Corollary 4.8. Let X be an ordered Banach space, whose positive cone K is normal, 
and N 0 be the normal constant. Let A : D(A) C X — > X be a closed linear operator and 
— A generate a positive and compact Co-semigroup T(t)(t > 0) in X . f G C(J x X, X). 
g,hi(i = 1,2, are continuous and map a monotonic set into a precompact set 

and conditions (H1)-(H3) and (H12) hold, then the problem (1-1) has minimal and 
maximal mild solutions , which can be obtained by monotone iterative procedure. 

Corollary 4.9. Let X be an ordered Banach space, whose positive cone K is normal, 
and N 0 be the normal constant. Let A : D(A) CI-> A" be a closed linear operator and 
—A generate a positive Co-semigroup T[t){t > 0) in X. f G C(J x X,X). g,h\fi = 
1,2, ■■■pm) are continuous and for any monotonic sequence {x n } satisfy conditions 
(H8)-(H11) and conditions (H1)-(H3) as well as (H12) hold, then the problem (1.1) 
has minimal and maximal mild solutions , which can be obtained by monotone iterative 
procedure. 

Corollary 4.10. Let X be an ordered Banach space, whose positive cone K is regular. 
Let A : D(A) C A" — > X be a closed linear operator and — A generate a positive Co- 
semigroup T{t){t > 0) in X. f G C(J x X,X). g,hi(i = l,2,---,m) are continuous 
and conditions (H1)-(H3) as well as (H12) hold, then the problem (1.1) has minimal 
and maximal mild solutions , which can be obtained by monotone iterative procedure. 

Corollary 4.11. Let X be an ordered and weakly sequentially complete Banach space, 
whose positive cone K is normal, and N 0 be the normal constant. Let A : D(A) CAM 
X be a closed linear operator and — A generate a positive Co-semigroup T{t){t > 0) in 
X. f G C(J x A, A). g,hi(i = 1,2, ■ ■ ■ ,m) are continuous and conditions (H1)-(H3) 
as well as (H12) hold, then the problem (1.1) has minimal and maximal mild solutions, 
which can be obtained by monotone iterative procedure. 

5 Application 

In this section, we present one example, which indicates how our abstract results 
can be applied to concrete problems. 

Example 5.1. Consider the following nonlocal parabolic partial differential equa- 
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tion with not instantaneous impulses: 

T^u(x,t) + A(x, D)u(x,t) — f(x,t,u(x,t)), i 6 fl, 
t G J, t e ( Si , t i+ i\,i = 0, 1, 2, • • • , m, 

< u(x,t) = hi(x,t,u(x,t)), i 6 fi, te(ti,Si], i — 1, 2, • • • , m, ( 5 . 1 ) 

Bu = 0, (x, t ) G dfl x J, 

, w(x, 0 ) = g(-u), 

where J = [0, a], a > 0 is a constant, 0 = So < t\ < Si < t 2 < s 2 < £3 < S 3 < • • • < 
t m -i < <s m _i < t m < s m < t m+ 1 = a are pre-hxed numbers, integer n > 1, C M n is a 
bounded domain with a sufficiently smooth boundary dfl, 

n n Q2 n Q 

A (x,D) = o( x ) 

j=l j=l * i = \ 

is a strongly elliptic operator of second order, coefficient functions aij(x),ai(x) and 
a 0 (x) are Holder continuous in Q, Bu = b 0 (x)u + is a regular boundary operator 
on <9fi, / :OxJxK->Ris continuous, hi : x J x M — > M are also continuous, 
i — 1 , 2 , • • • , m, g is a continuous function. 

Let X = L p (ii) with 71 > n + 2, K = {u G L p (h2) | u(x) > 0 a.e. x G H}, and 
dehne the operator A as follows: 

D(A) = {ue W %P (?L) I Bu = 0}, Au = A(x, D)u. 

We know that X is a Banach space, K is a regular cone of X, and —A generates 
a positive and analytic Co-semigroup T(t)(t > 0) in X (see [22]). Dehne u(t) = 
u(-,t), f(t,u(t)) = f(-,t,u(-,t)),hi(t,u(t)) = hi(-,t,u(-,t)), then system (5.1) can be 
reformulated as problem (1.1) in X. We assume that the following conditions hold: 

(i) Let f(x, t, 0) > 0, hi(x, t, 0) > 0, <?(0) > 0, x G fl 

(ii) There exist w = w(x, t ) G PC(flx J)nC 2,1 (Dx J”), and w(x, t) > 0, x G fl, t G J 
such that 

^.w(x,t) + A(x, D)w(x,t) > f(x,t,w(x,t)), igO, 
t G J, t G (sj, t i+ i],i = 0, 1, 2, • • • , m, 

> w(x, t) > hi(x, t, w(x, £)), igU, tE(ti,Si], i = 1 , 2 , • • • , m, 

Bw = 0, (x, t) G dfl x J, 

, w(x, 0) > g(w), iGfl, 

(iii) The partial derivative f' u (x,t,u) is continuous on any bounded domain. 

(iv) For any u±, U 2 G [0, w(x, £)] with u 1 < ?i 2 , for any x G D, i = 1, 2, • • • , m,we have 

/ii(x,f,ui(x,f)) < h i (x,t,u 2 (x,t)),g(u 1 ) < g(u 1 ) 
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Theorem 5.2. If assumptions (i), (ii), (iii) and (iv) are satisfied, then the impul- 
sive parabolic partial differential equation (5.1) has minimal and maximal mild solu- 
tions between 0 and w(x,t), which can be obtained by a monotone iterative procedure 
starting from 0 and w(x,t), respectively. 

Proof From assumptions (i) and(ii) we know that 0 and w(x,t) are lower and 
upper solutions of problem (5.1), respectively, (iii) implies that condition (HI) is satis- 
fied. (iv) implies that conditions (H2) and (H2) are satisfied. So, by Theorem 4.5., we 
have the result. Then the proof is complete. □ 

6 Conclusions 

In this paper, we consider the existence of mild solutions for the new nonlocal 
evolution equation with impulses. We initially use the monotone iterative technique to 
the problem under new impulsive conditions. Hence the results are new. 
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differential equations * 

Xiaofeng Zhang, Hanying Fengt 

Department of Mathematics, Shijiazhuang Mechanical Engineering College 
Shijiazhuang 050003, Hebei, P. R. China 


Abstract: In this article, we study the existence of positive solutions for a system of non- 
linear differential equations of mixed Caputo fractional orders 

c DS + u(t) + =0, 

c Dg + v(t) + u(t),v(t)) = 0, 

u(0) = u'(0) = u"{ 1) = u'"( 0) = 0, 
v(0) = t/(0) = i:"(l) = c'"(0) = 0, 

where 3 < a, (3 < 4 are real numbers, c Dq + , c Dq + are the Caputo fractional derivatives, 
and f, g : [0, 1] x [0, + 00 ) x [0, + 00 ) — > [0, + 00 ) are given continuous functions. By using 
Krasnoselskii’s fixed point theorem, some sufficient conditions for the existence of positive 
solutions and the eigenvalue intervals on which there exists a positive solution are obtained. 

Keywords: Fractional order differential equation, Positive solution, Existence, Krasnosel- 
skii’s fixed point theorem, Eigenvalue. 
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1 Introduction 

Fractional differential equations describe many phenomena in various fields of engineering and sci- 
entific disciplines such as physics, biophysics, chemistry, economics, control theory, see [4, 8]. Recently, 
fractional differential equations have been of great interest, there are a large number of papers dealing 
with the existence of positive solutions of nonlinear fractional differential equations by the use of tech- 
niques of nonlinear analysis (such as upper and lower solution method, Leray-Schauder theory, etc.), see 
[1, 2, 5, 7, 9, 10]. In this paper, we consider the system of Caputo fractional differential equations 

( c D% + u (t) + A / (t, u ( t ) , v (f)) = 0, 0 < t < 1, 

I c D% + v{t) + ng(t,u(t),v(t)) = 0, 0<f<l, 

j u (0) = u' (0) = u" (1) = u'" (0) = 0, 1 j 

{ v (0) = v' (0) = v" (1) = v'" (0) = 0, 

where 3 < a, /3 < 4 are real numbers, c Dq,, c D^ + are the Caputo fractional derivatives, and f,g : 
[0, 1] x [0,+oo) x [0, + 00 ) — > [0,+oo) are given continuous functions. By using Krasnoselskii’s fixed point 
theorem, some sufficient conditions for the existence of positive solutions and the eigenvalue intervals on 
which there exists a positive solution are obtained. 

This paper is organized as follows. In Section 2, we present some basic definitions and properties from 
the fractional calculus theory. In Section 3, based on the Krasnoselskii’s fixed point theorem, we prove 
two existence theorems of the positive solutions for BVP (1.1). In section 4, an example is presented to 
illustrate the main results. 


0 < t < 1, 
0 < t < 1, 


2 Preliminaries 

Let us start with the necessary definitions which are used throughout this paper. 
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Definition 2.1 ([2]). The Riemann-Liouville fractional integral of order a > 0 of a function / : 
(0, -|-oo) — > M is given by 


\f(t) = Vy-T [ it - s) a 1 f(s)ds, t > 0, 
1 l Q 'J Jo 


provided the right-hand side is pointwise defined on (0, +00). 

Definition 2.2 ([3, 8]) .For a function / : (0, +00) — > R, the Caputo derivative of fractional order is 
defined as 


c Dg+m = 


1 




rds, t > 0, 


T(n - a) J o ( t - 

where n = [a] + 1, [a] denotes the integer part of the number a. 

Lemma 2.1 ([3, 9]). Let a > 0, then fractional differential equation c Do + u(t ) = 0 has solutions 

u(t) = C\ + C 2 t + ■ ■ ■ + C n t n ~ 1 ,C i el,i = l,2,-",n,n = [a] + 1. 

Lemma 2.2 ([3, 9]). Let a > 0, then 

/(^ C -Dg_|_u(t) = u(tJ) + Ci + C 2 t + • • • + C n t n Ci G R, i = 1,2,- - n, n = [n] + 1. 


In the following, we present Green’s function of BVP (1.1). 

Lemma 2.3 . Let h\ G C[0, 1] and 3 < a < 4, the unique solution of problem 

c Dg + u(t) + h\(t) = 0,0 < t < 1, 

u(0) = u'(0) = u"{ 1) = u"'(0) = 0, 

u(t) — f Gi(t, s)hi(s)ds, 

Jo 

(a - l)(a - 2)t 2 (l - s)“- 3 - 2 (f - s) 0 " 1 


is 

where 


f2(1 _ s)Q _3 


2F(a) 


0 < s < t < 1, 
0 < t < s < 1. 


2r(a — 2) ’ 

Here G\(t, s) is called the Green’s function of BVP (2.1) and (2.2). 

Proof. We may apply Lemma 2.2 to reduce (2.1) to an equivalent integral equation 

u(t) = — /(jh/q (t) + Ci + C 2 t + C 3 f" + CV 3 , 

for some Ci, C 2 , C 3 , C 4 G R. Consequently, the general solution of (2.1) is 

If* 

u (t) = -—— / (t - s) a ~ 1 h 1 (s)ds + Ci + C 2 t + C 3 t 2 + C 4 f 3 . 

r (a) Jo 

1 f 1 

By (2.2), there are Ci = C 2 = C4 = 0, and C 3 = — — — / (1 — s)“^ 3 /ii(s)ds. 

2T(a — 2) J 0 

Therefore, the unique solution of problem (2.1) and (2.2) is 


r(f) = -— *— f ( t-s) a 1 h 1 (s)ds + 

r(a) Jo 


1 


2 T(a - 2) J Q 


t 2 { 1 — s) a 3 (t — s) c 


hx(s)ds 


f t 2 ( 1 — s) a 3 hi(s)ds 

Jo 

1 < 2 (1 - s) Q “ 3 


0 L 2T(a — 2) T(a) 
f* (a - l)(a - 2)t 2 (l - s) a ~ 3 - 2 (t - s) 0 " 1 


2T(a - 2) 


hi(s)ds 


= f Gi(t,s)hi(s)ds. 

Jo 


2T(a) 


hi(s)ds 


r-l J.2 


a— 3 


t 2 a-s) 

It 2T(a - 2) 


-/ii(s)ds 


(2.1) 

( 2 . 2 ) 


(2.3) 
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The proof is finished. 

Lemma 2.4 . The function G\ (t, s ) defined by (2.3) possesses the following properties: 

(1) Gi ( t , s) > 0, for t,sg (0, 1) ; 

(2) min G\{t,s) > max G\{t,s) = -^Gi(l,s), for s G (0,1) . 


16 o<t<i 


16 


„ ^ T . . (a — l)(a — 2)< 2 (1 — s) Q_3 — 2(t — s) Q_1 . , t 2 (l - s) a ~ 3 

Proof. Let gi(t,s) = ^ ; G, \ , 02 (*,«) = ^ 


2T(a) 


2T(a - 2) 


(1) Since 3<a<4, 0<s<f<l, so 

(a - l)(a - 2)t 2 (l - s) a " 3 > 2t 2 (l - s) Q " 3 > 2 t 2 (t - s) a ~ 3 > 2 (t - s) a “\ 

therefore, g\{t , s) > 0, obviously, g 2 (t, s ) > 0, thus Gi(f, s) > 0, for t, s G (0, 1). 

(2) Since 


dgi(t, s ) (a — 1) (a — 2) £ (1 — s)“ 3 — (a — 1) (t — s ) 


dt 


I» 


> 0 , 


dg 2 {t,s) t(l-s) 


a— 3 


dt T(a - 2) 


> 0 , 


so Gi(t, s) is monotone increasing function for t. 
Thus, 


0 < G\(t, s) < max Gi(f, s) = Gi(l, s), t, s G [0, 1]. 


Noticing that 


■x-l 


mm 

!<t<2 
4 — — 4 


Gi(t, s) — Gi(-,s) — 


(a-l)(g-2)(l- S ) a - 3 ~32(±- S )- ' 1 

32T (a) ,S 1 ’4 J 

r l 


0-s) 


i-3 


max Gi(t,s) = Gi(l,s) = 
0<t<l 


32 T (a - 2) ’ 

(a - 1) (a - 2) (1 - s)“" 3 -2(1- s) a_1 
2 T (a) 


SG (0,1). 


Next we proof 


When 0 < s < since 3 < a < 4, we have 


min Gi(t,s) > — max Gi(f, s) = — Gi(l,s). 
I<t <2 v ; - 16 o<t<i v ' 16 v ' 


i\ - s)*- 1 = ( - 4s) 0 - 1 < ( J) 2 (l - 4s)“ _1 < ^ (1 - s) Q ^, 


SO 


mm 


in Gi (t, s)> max Gi(f, s) = -^Gi(l, s). 

t< | to 0 <i<l lb 


4 — — 4 

When j < s < 1, we obtain 

• ^ ^ (1- S )“- 3 (a-l)(a-2)(l- S )“- 3 

|<t<§ U 32T (a — 2) 32T (a) 

1 „ n u ^ G, ^ (a-l)(a-2)(l- S )“- 3 {l-s) 

-maxGrM^-GrCMH ^ WfcO 


O'— 1 


Obvious that, 


min Gi(t, s) > -t max Gi(t,s) = ^Gi(l,s), s G (0,1). 
i<t<| 16 o<t<i 16 


4 — — 4 — — 

The proof is finished. 

Lemma 2.5 . If the function f G G([0, 1] x [0, +oo) x [0, +oo), [0, +oo)), then the unique solution of 
BVP (1.1) satisfied 

1 „ „ 


min u(t) > — Hull . 


i <t< 2 

4 — C — 4 


3 
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Proof. From lemma 2.3, we known 
u 


and 


(t) = [ Gi(t,s) f (s,u(s),v(s))ds < f max G\ (t, s) / (s, u(s), v(s)) ds, 

Jo Jo °— t - 1 

u|| = max \u(t)\ = max J Gi (t, s) f (s, u(s), v(s)) ds < J max Gi (t, s) f (s, u(s), v(s)) ds. 


From lemma 2.4, we have 


I < t <3 
4 — 4 


i(t) = min / Gi(t,s) f (s,u(s),v(s))ds 

i<t<l Jo 

If 1 If 1 1 

> ^ J G i (*» s ) / ( s > u (s),v(s)) ds > — max J ^ G i (t, s) / (s, u(s), u(s)) ds = — 


The proof is finished. 

Similarly, we can obtain G2 (t, s) if a is replaced by j3, 

(p - 1) (/? - 2)t 2 (l - s)' 3 " 3 - 2 (t - s)^ -1 


G2( M S t 2 (1 _ s) /3-3 


2r (/?) 


2T(P-2) ’ 


,0 < s < t < 1, 
0 < t < s < 1. 


(2.4) 


The function G 2 (t, s ) defined by (2.4) have the same properties with Gi (t. s), so 

min G 2 {t,s ) > max G 2 (f,s) = t^G 2 (1,s),s G (0,1) . 
i<t<| 16 o<t<i 16 


Lemma 2.6 ([6]). Let if be a Banach space, and let P C E be a cone in E. Assume fir, f l 2 be two 
open subsets of E with 6 € fii C fli C fl 2 , and let T : P — > P be a completely continuous operator such 
that either 

(i) ||Tw;|| < ||tc||,iu ePfl ||Ttu|| > ||w||,w G Pfl dfl 2 , or 

(ii) ||T , u)|| > ||w||, w G P n ||Tw|| < ||w||, w G P fl dfl 2 
holds. Then T has a fixed point in P fl fi 2 \fii. 

3 Main results and proof 

In this section, we establish the existence of positive solutions for BVP (1.1). For convenience, we 
introduce the following notations 


t • t ■ f{t,u,v) 

jo = hmmt mm . 

u+d^o+ te\± , 2 ] u + v 


go = liminf min 


9 (t, u, v) 


u+v^o+ u + v 


f — limsup max 




u+ „^0+ t€[0,ll U + V 
f V ■ t f(t,u,v ) 

/oo = limmi mm . 

U+li^OO ? 3 j U + V 

roo r f(t,u,v) 

j = limsup max , 

u+v->oot€[O t l] U + V 


g — limsup max 


g {t, u, v) 


u +„_ >0 + te[o,i] u + v 

v ■ f ■ 9(t,u,v ) 

= limint mm . 

u+v — >00 t £ Ji } 3j U + V 

00 i- g(t,u,v) 

g = lim sup max . 

u+u— >oo te [ 0 , 1 ] u + v 


By using the Green’s functions Gi ( t,s ) (i = 1,2) , from Section 2, the problem (1.1) can be written 
equivalently as the following nonlinear system of integral equations 


u(t ) = A f Gi(t,s)f(s,u(s),v(s))ds,0 < t < 1, 

Jo 1 

v(t) = jl / G 2 (f, s)g(s, u(s), v(s))ds, 0 <t< 1. 

Jo 


4 
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We consider the Banach space X = C [0, 1] with the norm ||tt|| = max |u(t)|, and the Banach space 

Y = X x X with the norm ||(u, v)|| y = \\u\\ + ||u||. 

We define the cone Pchby 

P = i (u,v) G Y\u(t) > 0 ,v(t) > 0, min (u(t) + v(t)) > L ||(u,v)|| y ,t G [0,1] 1 . 

t }<*<! 16 J 

For A, n > 0, we define the operators Ti,T 2 : Y — > X and T : Y — > Y respectively by 

Ti(u, v)(t) = A f Gi(t,s)f(s,u(s),v(s))ds,0<t<l, 

Jo i 

T 2 (u,v)(t) = n / G 2 (t, s)g(s,u(s),v(s))ds,0 < t < 1, 

Jo 

and T (u,v) = (Xi (u,v) ,T 2 (u,v )) , (u,v) G Y. Thus, the solutions of BVP (1.1) are the fixed points of 
the operator T. 

Lemma 3.1. T : P — > P is a completely continuous operator. 

Proof. Let (u,v) G P be an arbitrary element. From the definition Ti(u,v) and Lemma 2.4, we get 
||Ti(u,u)|| = max \T\(u, u)(t)| < J max Gi(t,s)f(s,u(s),v(s))ds, 

min Ti(u,v)(t) = min [ Gi(t,s)f(s,u(s),v(s))ds> — [ max G\ (t, s) f (s, u(s), v(s)) ds 
\<t<l }<t<|Jo ' 16 Jo o<t<i 

~Y6o<f<iJ 0 Gl (^ s )f( s > u ( s )> v {s))ds = ^ !l T i( u > t; )ll • 

In the similar manner, we deduce min T 2 (u,v)(t) > — HT^u, u)| . 


r<i<i 


16 


4 — — 4 

Thus we have 

i min 3 (Ti(u,t;)(f) + T 2 (u,v)(t)) > -^(||Ti(u,u)|| + ||T 2 (u,u)||) > -^T||(u,u)||y. 

Hence T(u,v) G P, that is T(P) C P. 

According to the Arzela-Ascoli theorem, we can easily get that T : P —> P is a completely continuous 
operator. The proof is completed. 

Next, for ai,a 2 ,ai,a 2 > 0 such that Oi + a 2 = 1, 5i + a 2 = 1, we define the numbers L\, L 2 , L 3 , P4 
by 


P = 


J?G 1 (l,s)ds 


Lo = Jo 


J^G 1 (l,s)ds _f?G 2 (l,s)ds 

(X\ ’ 3 25602 


T ^0 

La — 


fo G 2 (l, s)ds 


256oi «i '/hba 2 a 2 

Theorem 3.1. If f° , g° , /<*,, g x G (0,oo) )2 ^- < and < jXg hold, then for any A G 

and /i G ( L ^ g , j^o), BVP (1.1) has at least one positive solution (u(t),v(t)),t G [0, 1], 
Proof. When A G ^ and /z G i^ L ^ g , choosing £ > 0, such that 


1 A 1 1 1 

LiUoo-e)- ~ L 2 (f° + e) ’ L 3 (5oo - e) ~ >l ~ L 4 (g° + e) 


(3.1) 


By the definition of there exists Pi > 0, such that for all t G [0,l],«,tiG R + , with 0 < u + v < Pi, 

we have 

f(t,u,v) <(f° + e)(u + v), g(t,u,v) <(g° + e)(u + v). (3.2) 

Now define the set Hi = {(u,v) G Y, ||(u, u)||y < Pi}- Let (u,v) G Pfl 9Hi, that is (u,v) G P with 
||(u,v)||y = Pi, so u(t) + v(t) < Pi for all t G [0,1], thus 

Ti(u,v)(t) =A f Gi(t,s)f(s,u(s),v(s))ds < A f G 1 (l,s)(f° + s)(u(s) + v(s))ds 
Jo Jo 

<A(/° + £) [ G'i(l,s)ds||(u,u)||y < L [ Gi(l,s)ds||(u,u)||y 
Jo Jo 

<«1 ||(u,u)|| y . 
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Therefore, ||Ti(u,t;)|| < a 3 ||(w,u)|| Y . 

In the similar manner, we deduce 

T 2 (u,v)(t) < /j,(g°+s) [ G 2 (l,s)ds ||(u,u)|| Y < a 2 ||(u,u)||y ■ 

Jo 

So, ||T 2 (u,u)|| < «2 ||(u,u)|| y . 

Then for (u,v) G P ft dfii, we deduce 

||T(u,u)|| y = ||Ti (u,u)|| + \\T 2 (u,v)\\ < (ai + a 2 )||(u,u)|| y = ||(u,v)|| Y . 

By the definition of foo,9oo, there exists R 2 > 0, such that for all t € [0,l],«,ti£ R + , with u + v > R 2 , 
we have 

f(t,u,v)>(foo-e)(u + v), g(t,u,v) > (goo- e)(u + v). (3.3) 

Now define the set fl 2 = {(u,v) G Y, ||(u,u)||y < Ri}- Let (u,v) £ Ffl <9fl 2 , that is (u,v) G P with 
||(w,i>)||y = i? 2 , so u(t) + v(t) > ^||(u, i;)||y for all t G [j, |], thus, it follows from Lemma 2.4 that 

Ti(u,v)(t) =X J Gi(t,s)f(s,u(s),v(s))ds> X j Gi(t,s)f(s,u(s),v(s))ds 

>A J -^Gi(l, s)(foo - e)(i/(s) + u(s))ds = ^ j ’ Gi(l, s)(u(s) + u(s))ds 

4 4 

> A(/oo g) f G 1 ( 1 ,s)ds||(u,u)|| y > — / Gi(l,s)ds ||(u,v)|| Y > ®i ||(u,u)|| Y . 


256 

“ 4 

Therefore, ||Ti(u, u)|| > a\ ||(u, u)|| Y . 
Similarly, we have 


256 L 


1 J\ 


T 2 (u,v)(t ) > — f G 2 (l,s)ds||(u,u)|| y > a 2 ||(u,u)|| Y . 


So, ||T 2 (u,u)|| > a 2 ||(u,t>)|| Y . 

Then for (it, v) G P n dil 2 . we deduce 


||T(u,v)|| y = ||T 1 (u,u)|| + ||T 2 (it, u)|| > (ay + a 2 ) ||(u,v)|| Y = ||(w,u 


iy • 


By using Lemma 2.6, we conclude that T has a fixed point ( u,v ) G P fl (f l 2 \ il 1 ) such that R\ < 

HI + IMI < R 2 . 

Theorem 3.2. If /o, 30, /°°, 5°° € (0,00),^ < and hold, then for any A G 

(iT/fo and ^ e BVP ( L1 ) has at least one Positive solution (u(t), v(t)), t G [0,1]. 

Proof. When A G (j^, l^) and I 1 G (l^> choosing £ > 0, such that 


J < A < J 


1 1 

< H< 


(3.4) 


Li(fo-s) Z/2(/°°+£) Ls(go — e) L^(g°° + e) 

By the definition of f 0 , go, there exists R 3 > 0, such that for all t G [0, 1], it, v G K + , with 0 < u + v < R 3 , 
we have 

f(t, u, v) > (/o — e)(u + v), g(t,u,v) > (g 0 - e)(u + v). (3.5) 

Now define the set fi 3 = {(u,v) G Y, ||(u,u)|| Y < R 3 }. Let (u,v) G P H dtl 3 , that is (u,v) G P with 
||(u, u)|| Y = f?3, so u(t) + v(t) > jq ||(u,u)|| y for all t G [|, |], thus, it follows from Lemma 2.4 that 


Ti(u,v)(t) =A j Gi(t,s)f(s,u(s),v(s))ds > A j ^ Gi(t, s)f(s, u(s), v(s))ds 

>A J ^G 1 (l,s)(f 0 -e)(u(s)+v(s))ds= ^ J Gi(l, s)(u(s) + v(s))ds 

4 4 

> f Gi(l, s)ds||(l1, u)||y > l [ Gi(l,s)ds||(u,t>)||y > ai||(u, tl) ||y. 


256 


256 L 


1 J 4 
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Therefore, ||Ti(w, u)|| > oq ||(w, u)||y . 
In the similar manner, we deduce 


T 2 (u,v)(t) > 


Mffo - e) 

256 



G 2 (l,s)ds ||(u,u)||y 


> a 2 ||(u,u)|| y 


So, ||T 2 (m,u)|| > a 2 ||(u,v)||y . 

Then for (it, v) € P fl dfls, we deduce 

||T(u,u)||y = ||Ti(u,u)|| + ||T 2 (u,u)|| > {on +a 2 ) ||(u,w)|| y = ||(w,u)||y. 

Next, we define the functions f*,g* : [0,1] x R+ — > M + , f*{t,x) = max f{t,u,v),g*(t,x) = 

0<.u-\-v<x 

max g(t,u,v),t € [0,1], a; G R + . Then f(t,u,v) < f*(t,x),g(t,u,v) < g*(t,x) for all t € [0,1], u > 

0 <.u-\-v<x 

0,u > 0 and u + v < x. The functions f*(t,-),g*(t,-) are nondecreasing for every t G [0,1], and satisfy 
the conditions 

limsup max ^ - - — - < /°°, limsup max — — — - < g°°. 

x — »oo ^G[0,1] X x — >-oo i£[0,l] X 

Therefore, for e > 0, there exists R 4 > 0, such that for all x > R 4 and t G [0, 1], we can get 

OLf) < l ims „p max +e<r+c, 

x x->oo te [ 0 , 1 ] x 


g*(t,x) 


< limsup max 

x — >-oo te[o,i] 


g*{t,x) 


+ £ < Q°° + £, 


so f*(t, x) < (f°° + s)x, g*(t, x) < ( g°° + e)x. 

We consider R 4 > l ?4 + i? 3 and define the set fi 4 = {(u,u) G Y, ||(rt,u)|| y < R4} . Let (u,v) G PflcftY, 
that is (u,v) G P with ||(u, u)|| y = R4 or equivalently ||tt|| + ||u|| = R4. By the definition of f*,g *, we 
can get for all t G [0,1], 


f{t,u{t),v{t)) < f*{t , ||(u,u)||y), 


g{t,u{t),v{t)) < g*(t, ||(«,u)||y). 


(3.6) 


Thus 


Gi(t,s)f(s,u(s),v(s))ds<\ / Gi(l, ||(tt, u)||y)ds 

Jo 

G 1 (l,s){f 00 + e)R 4 ds = \{f 00 +£) [ G 1 (l,s)ds||( u ,u)||y 

Jo 

< 7 - [ Gi(l,s)ds||(u,u)||y < ai ||(u,u)||y . 

Jo 

Therefore, ||Ti(w, u)|| < aq ||(it, u)|| y . 

Similarly, we have 


Ti(u,v)(t) =A [ 
Jo 



T 2 {u, v)(t) < ii{g°° + e) [ G 2 (l,s)ds||(u,u)|| y <a 2 ||(u,v)||y . 

Jo 

So, ||T 2 (w,u)|| < a 2 ||(w,u)|| y . 

Then for (it, v) G P fl dCl 4 , we deduce 

||T(M,u)||y = ||T 1 (u,u)|| + ||T 2 (u,u)|| < («1 + a 2 )H(u,v)||y = ||(w,u)||y. 

By using Lemma 2.6, we conclude that T has a fixed point (u,v) G P fl (fi 4 \ f 1 3 ) such that R 3 < 

IMI + IMI < R ±- 
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4 Example 


Example 4.1. Consider the following system of fractional differential equations 

[ c D^ + u{t) + Xf(t, u(t),v(t)) =0, 0 < t < 1, 

10 

J c D 0 \v(t) + ng(t,u(t),v(t)) = 0, 0 < t < 1, ( 4 . 1 ) 

u(0) = u'{ 0) = u"( 1) = u"'(0) = 0, 

[ «(0) = i/(0) = v"(l) = v'"(0) = 0, 


In the system (4.1), a = |,/3 = ^ and 

( t + l)[pi(i( + v) + + v ) 


) = 

g(t,u,v) = 


U + V + 1 

( t + l) 2 [p 2 (u + v) + q 2 e~( u+v ' ) ]{u + t;) 


u + v + 1 


0.3120 


. We have /° = 2q 1 ,g° = Aq 2 , foo = 


for t £ [0, 1], it, v > 0, where pi,p 2 , q\, q 2 > 0. 

We deduce L x w ^M,L 2 « 0^002 ^ « 1P^,L 4 

- 1 ai ’ z chi ’ 0 a.2 a 2 

Pi,goo = P 2 - For ai, a 2 > 0 with a\+ a 2 = 1, we consider ad = a i,a 2 = a 2 . 

Then, the conditions < jppja and L ^ g < -^^7 become 

L\pi > 2L 2 qi , T 3 K > 4 i 4 g 2 . 

For example, if — > 830 and — > 1783, then the above conditions are satisfied. Therefore, by Theorem 
<7i <72 

3.1, there exists one positive solution (u(t),v(t)),t € [0, 1]. 
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A COMMON FIXED POINT THEOREM FOR A PAIR OF GENERALIZED 
CONTRACTION MAPPINGS WITH APPLICATIONS 

MUHAMMAD NAZAM, MUHAMMAD ARSHAD, AND CHOONKIL PARK* 


Abstract. In this article, we introduce abscissa dominating function F : [0,oo) 2 — > R and define 
a generalized (a, F, if, <p)-contraction mapping which retrieves Banach’s contraction, Geraghty type 
contraction and weak contraction as particular cases. We establish a common fixed points theorem 
for a pair of generalized [a, F, if, (^-contraction mappings in complete partial metric spaces and apply 
this theorem to show the existence of solution of system of integral equations. This result and its 
consequences generalize many existing results both in partial metric spaces and metric spaces. We 
give examples to illustrate our results and to express the usefulness of these results in the literature. 


1. Introduction 

A partial metric on a nonempty set A is a function p : A x A — > [0, oo) such that 

(pi) x = y<$ p(x, x) = p(x, y ) = p(y, y), 

(p 2 ) p(x,x) < p(x,y), 

(p 3 ) p(x, y) = p(y, x), 

(pa) p(x , y) < p(x, z) + p(z, y) - p(z, z). 

Partial metrics were introduced in [12] as a generalization of the notion of metric to allow non-zero 
self distance for the purpose of modeling partial objects in reasoning about data flow networks. The 
self distance p(x, x) is to be understood as a quantification of the extent to which x is unknown. A 
partial metric space is a pair (X,p) such that A is a nonempty set and p is a partial metric on A. 
Matthews [12] proved an analogue of Banach’s fixed point theorem in partial metric spaces. After 
this remarkable fixed point theorem, many authors took interest in partial metric spaces and its 
topological properties and established many well known fixed point results successfully (see [1, 2, 3, 
4, 5, 6, 7, 8, 11]). 

In this paper, continuing the study of fixed point theorems in partial metric spaces, we shall 
establish a common fixed points theorem for a pair of generalized (a, F, i/>, (^-contraction mappings 
and shall discuss its consequences. The result proved in this paper generalizes many existing results 
in the literature (see [5, 7, 8, 14]). We explain hypotheses of our result through an example. In 
the last section of this paper, we apply this theorem to show the existence of solution of system of 
integral equations. 
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2. Preliminaries 

Throughout this paper, we denote (0,oo) by M + , [0, oo) by Mq", (— oo,+oo) by M and the set of 
natural numbers by N. Following concepts and results will be required for the proofs of main results. 
Matthews [12] proved that every partial metric p on X induces a metric d p : X x X -A Mq" by 

d P ( x , y) = 2 p (, x , y)-p {x, x) - p (y, y) , (2.1) 

for all x, y £ X. 

Notice that a metric on a set X is a partial metric p such that p(x, x) = 0 for all x £ X. Following 
[12], each partial metric p on X generates a To topology r(p) on X. The base of the topology r(p) is 
the family of open p-balls {B p (x,e) : x £ X, e > 0}, where B p (x, e) = {y £ X : p (x, y) < p (x, x) + e} 
for all x £ X and e > 0. 

A sequence {x n } ne N in (X.p) converges to a point x £ X if and only if p(x,x) = lim n _ ) . 0O p(ai,ai n ). 

Definition 1. [12] Let (. X,p ) be a partial metric space. 

(1) A sequence {x n } ne N in (X,p) is called a Cauchy sequence if \im nprL ^ 00 p{x n ,x rn ) exists and 
is finite. 

(2) A partial metric space ( X,p ) is said to be complete if every Cauchy sequence {.T n } ng pj in X 
converges, with respect to r(p), to a point x £ X such that p(x,x) = lim n ,m-Hx>p(xn,x m ). 

Definition 2. [15] Let S : X -A X and a : X x X — > Mq" be two functions. Then S is said to be 
a-admissible if 

a(x,y) > 1 implies a(S(x), S(y)) > 1 V x, y £ X. 

Definition 3. [10] Let S : X -A X and a : X x X — > Mq" be two functions. Then S is said to be a 
triangular a- admissible mapping if 

(1) ce(x,y) > 1 implies a(S(x), S(y)) > 1, 

(2) a(x,z) > 1 and a(z,y) > 1 imply a(x,y ) > 1 

for all x, y, z £ X. 

Definition 4. [1] Let S, T : X — >• X and a : X x X —>■ Mq" be two functions. The pair ( S , T) is said 
to be triangular a-admissible if 

(1) a(x,y) > 1 implies a(S(x),T(y)) > 1 and a(T(x),S(y)) > 1, 

(2) a(x,z ) > 1 and a(z,y) > 1 imply a(x,y) > 1 

for all x, y, z £ X. 

The following lemma will be helpful in the sequel. 

Lemma 1. [12] 

(1) A partial metric space ( X,p ) is complete if and only if the metric space (X, d p ) is complete. 

(2) A sequence {x n } ne ^ in X converges to a point x £ X, with respect to r(d p ) if and only if 
lim^oo p(x,x n ) =p(x,x) = limn^^oo p(x n ,x m ). 

(3) If limn^oo x n = v such that p(v, v) = 0 then linin^oo p(x n , y) = p(v, y) for every y £ X. 


553 


MUHAMMAD NAZAM et al 552-564 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


GENERALIZED CONTRACTION MAPPINGS 


Lemma 2. [5] Let S : X -A X be a triangular a-admissible mapping. Assume that there exists 
xo G X such that a(xo, S(xq)) > 1. Define a sequence {x n } by x n+ \ = S(x n ). Then we have 
a(x n , x rn ) > 1 for all m, n G N U {0} with n < m. 

Lemma 3. [1] Let S, T : X -A X be triangular a-admissible mappings. Assume that there exists 
xo G X such that a(xo, S(xq)) > 1. Define sequence X 2 i+i = S(x 2 i), and X 2 i +2 = T{x 2 i+i), where 
i = 0, 1 , 2, Then we have a(x n , x m ) > 1 for all m,n£ffU {0} with n < m. 

Definition 5. A continuous function F : [0, oo) 2 — > M is called an abscissa dominating function if for 
any u,v G M)j~, the following conditions hold: 

(1) F (u, v ) < u, 

(2) If F(it, v) = u, then either u = 0 or v = 0. 

An extra condition F(0, 0) = 0 could be imposed in some cases if required. Let A c denote the class 
of all abscissa dominating functions. 


Example 1. 

(2) F (u,v) 

(3) F(u,u) 

(4) F (u,v) 


(5) F (u,v) 

(6) F (u,v) 

(7) ¥(u,v) 


(1) F (u, v) = u — v. 

= ru, for some r G (0, 1). 
u 

= — for some r G (0, oo). 

(l + n) r v ’ ; 

log {t + a u ) 

= — 7 r — , for some a > 1. 

(1 + v) 


(u + /)(■*■“*" ^ — l, l > 1, for r G (0, oo). 
u(3(u), where [3 : — > [0, 1). and continuous. 


= U7T 


Vj + v 


Let denote the class of the functions (p : Mg -A Mg which satisfy the following conditions: 

(a) p is continuous; 

(b) p{t) > 0 , t > 0 and p{0) > 0, 

and 'h denote the class of all the functions ip : Mg’ -A M^ which satisfy the following conditions: 

(1) ip is increasing; 

(2) ip{t) > 0, t > 0 and ip(t) = 0 imply t = 0. 


3. Main results 

This section contains definitions, a common fixed point result for a pair of generalized (a, F, ip, p)- 
contraction mappings in the setting of partial metric spaces and examples to support this result. We 
begin with following definitions. 

Definition 6. Let (X,p) be a partial metric space and a : X x X — > [0, oo) be a function. Mappings 
S, T : X -a X are called a pair of generalized (a, F, ip, ^-contraction mapping if for all x, y G X, the 
contractive condition 

a{x,y)ip(p{S{x),T(y))) <F (ip{M{x,y)),p(M{x,y))) (3.1) 
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holds, where F £ A c , if £ 'I', p £ 3* and 

M(x, y) = max Lx, y), *«■?<*»*»■ T(y)) IM \ 

{ 1 + p[x,y) l+p{S(x),T(y)) ) 

If we set S = T in (3.1), then we obtain the following contractive condition 

a(x, y)if ( p{T(x),T(y ))) < F(^(IV(x, y)), <p(JV(x, y))), 

where 

N(x v \- m3i ~L( x y ) P( x ’T(x))p(y,T(y)) p(x,T(x))p(y,T(y))\ 
N(x, y) — max yp(x, y), > l + p{T (x), T(y)) / 

The following theorem is one of the main results. 


Theorem 1. Let (. X,p ) &e a complete partial metric space, a : X x X Mq" be a function. Suppose 
that S,T : X — »• A are continuous mappings satisfying the following conditions: 

(1) ( S,T ) is a pair of (a, F, if, tp)- contraction mappings, 

(2) (5, T) is triangular a-admissible, 

(3) f/iere exists x'o £ X suc/i that a(xo, S(xo)) > 1, 

(4) a(x,y) > 1 for all x,y £ Fix(T,S). 

Then (S, T ) Ziare a unique common fixed point. 


Proof. We begin with the following observation. M (x, y) = 0 if and only if x = y is a common fixed 
point of ( S,T ). Indeed, if x = y is a common fixed point of ( S,T ), then T(y) = T(x) = x = y = 
S(y) = S(x) and 


M(x,y ) 


max 



p(x,x)p(x,x) p(x,x)p(x,x) 
1 +p(x,x) ' 1 +p(x,x) 


From the contractive condition (3.1), we get 


p(x, x). 


^(p(*,®)) = 1>(jp(S(x),T(y))) < a(x,y)if(p(S(x),T(y))) < F (if (M(x,y)) ,ip (M(x,y ))) , 

which is only possible if p(x,x) = 0. So M(x,y) = 0. 

Conversely, if M (x, y) = 0, then by ( P \ ) and (P 2 ) it is easy to check that x = y is a fixed point of 
S and T. 

On the other hand, if M(x, y) > 0, we construct an iterative sequence x n of points in X such a way 
that X 2 i+i = S(x2i) and X2i+2 = T(x2i+i) where i = 0, 1, 2, ... . We observe that if x n = x n +i, then 
x n is a common fixed point of S and T. Suppose that x n / x n+ \ for all n > 0. Since a(xo,Xi) > 1 
and the pair (S, T ) is a-admissible, by Lemma 3, we have 


a(x n ,x n+ i) > 1 for all n £ N U {0}. (3-2) 

Thus, for F £ A c , we have 

if (p(x 2 i+l,X2i+2)) = ^ (p(S(x2i),T(x2i+l))) < Ct(x 2 i, X 2 i+l)'lp (p(S(x 2 i), T(x 2 j+l))) 

< F (lf(M(x2i,X2i+l)) ,<p(M(x2i,X2i+l))) 

for all i £ N U {0}. 
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Now 


M(x 2 i,X 2 i+ i) = max < 


p(x 2 i,X 2 i+l), 


p(x 2 i , S (X2i))p(x 2 i+ 1 , T (x 2 i+ 1 ) ) 


l+p(x2i,X2i+l) 

P(x 2 i, S(x 2 i))p(x 2 i+l,T(x 2 i+l)) 

1 + p(S(x 2 i),T(x 2 i+l)) 

p(x2i,X2i+l)p{x2i+l,X2i+2) P(x 2 i , X 2 i+l )p(x 2 i+l , X 2 i+ 2 ) \ 


= max < p(x 2 i,X 2 i+i)i , , , , 

L 1 +p[X2i,X2i+l) 

< max{p(x2i,X2i + l),p(x2i + l,X2i+2)} ■ 


1 + P{x 2 i+l,X2i+2) J 


From the definition of F, the case M(x 2 i, X 2 i+i) = p{x 2 i+i, X 21 + 2 ) is impossible. Indeed, if X 2 i+i / 
X 2 i+ 2 , then 


^ (p(x 2 i + l,X2i+2)) < ¥(lp(M(x2i,X2i+l)),tp(M(x2i,X2i+l))) 

< V’ (M(x 2 i, X 2 i+ 1 )) = l/j (p(x2i+l,X2i+2)) , 
which is a contradiction. Therefore, M(x 2 i,X 2 %+i) = p(x 2 i, X 2 i+i)- Thus 
'lp(p(x2i+l,X2i+2)) < F('lp{M(x 2 i,X2i+l)) ,<p(M(x2i,X 2 i+l))) 

< IF (V* {p(x 2 i,X 2 i+l)) , (fi (p({x 2 i, ^ 2 i+l)) < V’ (P(® 2 i, X 2 i+l))) 


and so 

l/> (p(x 2 j+l, X2i+2)) < 'Ip (p{x 2 i, X2i+l)) ■ 

The definition of ip implies that 


p(x 2 i+l, X2i+2) < p(x 2 i,X2i+l). 


Thus 


p(x n+ i,x n+2 ) < p(x n ,x n+ 1 ), for all n G NU {0}. (3.3) 

Hence we deduce that the sequence {p(x n ,x n+ i)} ngN is nonnegative and nonincreasing. Conse- 
quently, there exists r > 0 such that lim n _ >0Q p(a; n , x n+ \) = r. We assert that r = 0. Suppose, on 
contrary, that r > 0. If r > 0, then letting n — > +00 in the following inequality 


ip (p(x n+ i,x n+2 )) < F (ip ( p(x n , x n+1 )) , p (p({x n , x n+1 ))) < ip (p(x n , x n+ i)) , (3.4) 


we get 


ip(r) < F (ip(r),(p(r)) < ip(r ), 


which is a contradiction. Thus r = 0. Hence 


lim p(x n -i,x n ) = 0. (3.5) 

n — >-+oo 

Now, we claim that the sequence {.x n } is a Cauchy sequence in (X.p). Suppose, on contrary, that 
{x n } is not a Cauchy sequence. Then lim nim _ > . 0O p(x n , x m ) / 0 and there exists e > 0 for which we can 
find two subsequences {x mk } and { x Uk } of { x n } such that mk is the smallest index for > k 

satisfying 

p(x mk ,x nk )>e. (3.6) 

This means that 

p(*m fc ,*n fc _ 1 ) < e- ( 3 . 7 ) 
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By the triangle inequality, we have 


< 

P{ x m k i x n k ) 


< 

P{ x m k i x n k - 1 

) + P( x n k _! , Xn k ) - p(®n fc _! , 

< 

p( x m k i x n k _ i 

) +p(®n fc _!,a;nj 

< 

e + p(*n fc _ 1 , 

x n k )- 


That is, 


e <e + pK_„a; n J 

for all k G N. In the view of (3.8), (3.5), we have 


lim p(x mk ,x nk ) = e. 

k—> oo 

Again using the triangle inequality, we have 


(3.8) 

(3.9) 


P( x m k , x n k ) < 

P{ x m k > ) 

1 + P{ x m k+1 t x n k ) 

P{ x m k + i ) x m fc+ i ) 

< 

P{ x m k i x m k+1 } 

1 + P( x m k+1 i x n k ) 


< 

P{ x m k , x m k+ 1 ) 

'+P( x m k+1 , x n k+1 ) 

+ P{ x n k+1 i x n k ) ~ P( x n k+1 , x n k+1 

< 

p( x m k > ®m fc+1 ) 

1 + P(-Tm fc+1 ) ^nfc+i ) 

+ P( x n k+1 , x n k ) 


and 


P( x m k+1 , x n k+1 ) < 

P( x m k+1 1 x m k ) 

1 + P( x m k , x n k+1 ) P( x m k i x m k ) 

< 

P( x m k+ 1 j IT mfe ) 

1 +p(x mfe ,.T nfc+1 ) 

< 

P(lT mfc+ i , £m fe ) 

1 + p(x mfe , Z nfc ) + p(x nfc , X nk+1 ) - p(.T nfc , X nk 

< 

P( a: mt+i > ■Drift) 

\ + p{x mk , X nk ) + p(x nk , X Uk+l ) . 


Taking the limit as k +oo and using (3.5) and (3.9), we obtain 

^linioK^ 1 ,^ 1 ) = e. (3.10) 

By Lemma 3 and a(x nk ,x mk+1 ) > 1, we have 

<p{p( x n k+ i,*mfc+ 2 )) = V’ (p(S(x nk ),T(x mk+1 ))) <a(x nk ,x mk+1 )i/>(p(S(x nk ),T(x mk+1 ))) 

< F(l/j ( M ( Xn k , X mk+1 )),<p(M ( x nk , X mk+1 )) ) . 

This implies that lim k^ooP( x n k , x m k+1 ) = 0 < e, which is a contradiction. So lim n ,m->ocP{x n ,x m ) = 
0, which implies that { x n } is a Cauchy sequence in ( X,p ). From (2.1), we obtain that d p (x n ,x m ) < 
2 p(x n , x m ). Therefore, lim ni , 7WOO d p (x n , x rn ) = 0 and thus by Lemma 1, {x n } is a Cauchy sequence in 
both (X. p) and (X. d p ). Since (X.p) is a complete partial metric space, by Lemma 1, (X,d p ) is also 
a complete metric space. Thus there exists v £ X such that x n — > v , that is, lim n _ 5 . 0O d p (x n ,v) = 0. 
Then again from Lemma 1, we get 

lim p(v, x n ) = p(v, v) = lim p(x n ,x m ). (3.11) 

n— > oo n,m— >oo 

Due to lim n ,m^ooP{ x ni x m) = 0, it follows from (3.11) that p(v,v) = 0 and {x n } converges to v with 
respect to r(p). Moreover, X 2 n +i v and X 2 n +2 — > v. Now the continuity of T implies 

v = lim x n = lim x 2n +i = hm x 2n +2 = lim T(x 2n +i) = T( lim x 2n +i) = T(v). 

n — »oo n—> oo n — »oo n — >oc n—¥ oo 
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Analogously, v = S(v). Thus we have S(v) = T(v) = v. Hence ( S,T ) have a common fixed point. 
Now we show that v is the unique common fixed point of S and T. Assume the contrary, that is, 
there exists uj G X such that r/w and uj = T(uf). From the contractive condition (3.1), we have 

ip(p(v,uj)) < F < ip(M(v,u )) , 


but 

M(v,uj) = max ^ p(v, uj), 
This implies that 


p(v,S(v))p(uj, T{ u)) p(v, S(v))p(u, T(w)) 


1 +p(v,ui) 
M(v,uj) = p(v, uj). 


1 +p{S(v),T(u)) 


This means that p(v,u) < p(v,u), which is a contradiction and so p(v,u) = 0. Consequently, v is a 
unique common fixed point of the pair ( S,T ). □ 


It is also possible to remove the continuity of the mappings S and T by replacing a weaker condition: 
(C) If {x n } is a sequence in X such that a(x n , x n+ i) > 1 for all n G N U {0} and x n — > v G X as 
n -A Too, then there exists a subsequence { x Uk } of {x n } such that a(x nk ,v ) > 1 for all k. 

Theorem 2. Let (X,p) be a complete partial metric space and a : X x X -» Mq" be a function. 
Suppose that S,T : X -a X are mappings such that 

(1) (. S,T ) is a pair of (a, F, if, ip)- contraction mappings, 

(2) (S, T ) is triangular a-admissible, 

(3) there exists xq e X such that a(xo, S(xq)) > 1, 

(4) a(x, y)> 1 for all i,j/6 Fix(T, S), 

(5) (C) holds. 

Then (S', T) have a unique common fixed point. 


Proof. Following the proof of Theorem 1, we know that X 2 n +i v and X 2 n +2 — > v as n -A Too. We 
only have to show that v is a common fixed point of the pair (S, T). Due to the hypothesis (4), there 
exists a subsequence { x nk } of {x n } such that a(x 2 n k ,v) > 1 for all k. Now by using (3.1) for all k, 
we have 


lf(p(x 2 n k +l,T(v))) = Ip (p(S(x 2nk ),T(v))) < a(x 2 n k ,v)'lp{p(S(x 2 n k ),T(v))) 
< F (if (M (x 2 n k ,v)),<p (. M (x 2 n k ,v))) 


and so 


which implies that 


(P(x 2 n k + 1 ,T(V))) < F (l/’ (M(x 2nk ,v)) , <p (M(x 2 n k ,v))) , 


On the other hand, we obtain 

M(x 2nk ,v) = max|p(ai 2 n fc ,Ti), 
Letting k — > oo, we have 


p(x 2 n k +l,T(v)) < M(x 2nk ,v). 

P(x 2 n k ,S(x 2 n k ))p(v, T(v)) p{x 2 n k , S(x 2 n k ))p{v, T(v)) 


l+p(x 2nk ,v) 


1 + p(S{x 2nk ),T(v)) 


lim M(x 2 n k ,v) < max{p(u, S(v)),p(v,T(v))} . 

k — ^oo 


(3.12) 


(3.13) 
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Case I. Assume that lim^o,-, M(x 2 n k ,v) = p(v,T(v)). Suppose that p(v,T(v)) > 0. Otherwise, 
the result is obvious. Letting k — > oo in (3.12), we obtain that p(v,T(v)) < p(v,T(v)), which is a 
contradiction. Thus we obtain that p(v,T(v)) = 0. Due to (PM 1) and (PM 2), we have v = T(v). 
Case II. Assume that lim^oo M(x 2 n k , v) = p(v,S(v)). Then arguing as above, we get v = S(v). 
Thus v = T(v) = S(v). □ 


If we set T - 5 and M(x, y) = max {p(x, y), ^ Then- 

rerns 1 and 2, then we obtain the following results. 


Corollary 1. Let (X.p) be a complete partial metric space and a : X x X — > be a function. 

Suppose that S : X -A X is a continuous mapping such that 

(1) S is a (a, W, if, (p) -contraction mapping, 

(2) S is triangular a-admissible, 

(3) there exists xq £ X such that a(xo, S(xq) > 1, 

(4) a(x,y ) > 1 for all i,j/6 Fix(S). 

Then S has a unique fixed point v e X and {S'” (a?)} converges to v for every x G X. 


Corollary 2. Let (X.p) be a complete partial metric space and a : X x X -A be a function. 
Suppose that S satisfies the following conditions: 

(1) S is a (a, F, ip, p)- contraction mapping, 

(2) S is triangular a-admissible, 

(3) there exists xo £ X such that a(xo, S(xo)) > 1, 

(4) a(x,y) > 1 for all x,y £ Fix(S), 

(5) (C) holds. 

Then S has a unique fixed point v £ X and {5 n (.x)} converges to v for every x £ X. 


Remark 1. For a partial metric space (X, p), we have the following observations: 

(1) If we set p(x,x) = 0 and ¥ (x,y) = f3(x)x for all x, y £ X in Corollaries 1 and 2, then we 
obtain the results presented by Chandok [4]. 


(2) If we set M(x,y) = max {p(x, y),p(x, S(x)),p(y, S(y))}, p(x, x) = 0 and¥(x,y) = (5(x)x for 
all x,y £ X in Theorems 1 and 2, then the results presented by Cho et al. [5] can be viewed 
as particular cases of Theorems 1 and 2. 


4. Consequences 

The following corollaries shall support our claim that Theorem 1 is a generalized version of many 
corresponding results and shorten the proofs of many results presented in the literature. 

The results established in [14] can be viewed as particular cases of Corollary 3. 

Corollary 3. ([14]) Let (X, p) be a complete partial metric space and Mj - be a function. 

Let S,T : X -A X be a pair of self-mappings such that 

(1) ( S,T ) is a pair of Geraghty type contraction mappings, 

(2) (S, T ) is triangular a-admissible, 
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(3) there exists xq G X such that a(.To, S(xq)) > 1? 

(4) a(x, y) > 1 for all i,j/6 Fix(T, S), 

(5) either S,T are continuous or the condition (C) holds. 

Then (S, T) have a unique common fixed point v in X with p(v,v) = 0. 

Proof. Setting ¥(x,y) = x/3(x), if(t) = t , <p(t) = t in Theorem 1, we obtain the required result. □ 

Corollary 4. ([14]) Let (X. p) be a complete partial metric space and Mq" be a function. 

Let S,T : X — x X be a pair of self-mappings such that 

(1) the pair ( S,T ) satisfies 

a(x , y)p(S(x),T(y)) < nM(x, y) where k G (0, 1), 

(2) (S, T ) is triangular a-admissible, 

(3) there exists xq G X such that a(rco, S(xq)) > 1, 

(4) a(x, y) > 1 for all i,j/6 Fix(T, S), 

(5) either S,T are continuous or the condition (C) holds. 

Then ( S,T ) have a unique common fixed point v in X with p(v,v) = 0. 

Proof. Setting ¥(x,y) = nx, ipi t ) = t, ( p(t ) = t in Theorem 1, we obtain the required result. □ 

Corollary 5 generalizes the results proved in [13]. 

Corollary 5. ([13]) Let (X,p) be a complete partial metric space and a:IxlA Mq~ be a function. 
Let S,T : X —x X be a pair of self-mappings such that 

(1) the pair (S, T) satisfies 

a(x,y)'if{p(S(x),T(y ))) < if(M(x, y)) - <p{M(x, y)), 

(2) (S', T ) is triangular a-admissible, 

(3) there exists xo € X such that a(.xo, S(xq)) > 1, 

(4) a(x, y) > 1 for all x, y G Fix(T, S), 

(5) either S,T are continuous or thecondition (C) holds. 

Then ( S,T ) have a unique common fixed point v in X with p(v,v) = 0. 

Proof. Setting ¥(x,y) = x — y in Theorem 1, we obtain the required result. □ 

To illustrate the results proved in this paper and to show the superiority of a pair of (a, F, i/j, ip)- 
contraction mappings than the contractions used in [4, 5], we present the following example. 

Example 2. Let X = {1, 2, 3}. Define M]]’ by 

KM) = p(3, 1) = ^,p(l,l) = -^,p(2,2) = ^,p(3,3) = 

p( 1> 2) = p(2,l) = ^p(2,3)=p(3,2) = ^. 

It is easy to check that p is a partial metric and define a : X x X — > Mq" by 

a ( x y) = f 1 

^ ’ y* (0 if otherwise. 
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Define the mappings S. T : X — >• X as follows: 


S(x) = 1 for each 

T( 1) = T( 3) = 1, T( 2) = 3. 


In addition, define F(x, y) = f3(x)x for all i£l, where (3 : — >• [0, 1) defined by (3 ( M(x,y )) = 

9 

— for all x,y € X. Note that S(x) and T(x) belong to X and are continuous. The pair ( S,T ) is 
a-admissible. Indeed, a(x,y) = 1 implies a(S(x),T(y)) = 1. We shall show that the condition (3.1) 
in Theorem 2 is satisfied. If x = 2, y = 3, then cc(2, 3) = 1 and 


Af( 2,3) 


max 


max 


f p(2,S(2))p(3,r(3)) p(2,5(2))p(3,r(3))\ 
r 1 ’ l+p(2,3) ’ l+p(5(2),T(3)) J 

r 4 9 9 1 _ 9 

\ 7’ 20’ 14 J “ 14 ’ 


p(5(2),T(3))=p(l,l) = ^. Now 

1 81 

- =a(2,3)p(5(2),T(3)) </3(M(2,3))M(2,3) = — 

holds. 

Similarly, for other cases (x = 1, y = 3 and x = 2, y = 1), it is easy to check that the contractive 
condition (3.1) in Theorem 1 is satisfied. Consequently, all the conditions (1-4) of Theorem 1 are 
satisfied. Hence ( S,T ) have a unique common fixed point {x = 1). Nevertheless, the contractive 
condition (3) in [5] does not hold for this particular case. Indeed, for x = 2, y = 3, 


M( 2, 3) 


max {d( 2, 3), d(2, T(2)), ci(3, T(3))} 


max < _ 


4 4 5 
7’ 7’ 7 


5 

7’ 


a(2,3)d(T(2),T(3)) = ^ ^ = /3(M (2, 3))M(2, 3). 

Similarly, the contractive condition (2.1) in [4] does not hold for this particular case. Indeed, for 
x = 2, y = 3 and -0(f) = t, 


M( 2,3) 


max 


max 


|d(2,3),d(2,T(2)),d(3,T(3)), 


d(2,T(2))d(3,r(3)) d(2,T(2))d(3,r(3)) ’j 
1 + d(2, 3) ’ 1 + d(T2, T3) J 


( 445201)5 

\7’ 7’ 7’77’21J 7’ 


a (2, 3)iA (d (T(2), T(3))) = ^ ^ = W (^(2, 3))) ^ (M(2, 3)) . 
Here we have assumed that p(x, y) = d(x, y) for all x,y £ X such that x j - y. 
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5. Application to system of integral equations 

In this section, we shall apply Theorem 1 to show the existence of solution of a pair of simultaneous 
Volterra-Hannnerstein integral equations 


x(t) = f(t) + X f K(t,s)F n (s,x(s))ds, 
Jo 

y(t) = f(t) + x[ K(t,s)G n (s,y(s))ds 
Jo 


(5.1) 


(5.2) 


for all t £ [0,1], where f(t) is known, K(t,s), F n (s,x(s)) and G n (s,y(s )) are real-valued functions 
that are measurable both in t and s on [0, 1], and A is a real number. 

Let X = L 1 ([0, 1], M) and p(x, y) = d(x, y ) + c n for all x, y E X, where 


d(x,y) = \\x(s) - y(s)\\ x = / \x(s) - y(s)\ ds 

Jo 


and {c n } is a sequence of positive real numbers satisfying c n — > 0 as n — > oo. It is easy to verify that 
(. X,p ) is a complete partial metric space. We define F : [0, oo) 2 — > M by F(x, y) = f3(x)x for all x € X 
and i jj(t) = t. 

Let 0 represent the class of functions <j) : M[j~ — > Mq" with the following properties 

(1) cj) is increasing, 

(2) For each t > 0, (j>(t) < t, 

(3) £ <f>(t) dt < (j) (jo tdtj, 

(4) p(t) = ^eS. 

For examples, 4>(t) = 1 1 , < j>{t) = are elements of 0. 

Now we present the main result regarding application of Theorem 1. 

Theorem 3. Assume that the following hypotheses are satisfied: 

(Ci) 

/ sup | K(t, s)| dt = R\ < +oo. 

Jo 0<s<l 

(C 2 ) F,G € L l [t), 1] are such that, for all s £ [0, 1] and x, y £ L^O, 1], 

\F n (s,x(s)) - G n (s,y(s))\ < <f>(x(s) - y(s)), as n -» 00 . 

Then the system of integral equations (5.1) and (5.2) has a solution for each A with XRi < 1. 

Proof. We define the operators, for all x, y £ X, 

Sx(t) = f(t) + A f K(t,s)F n (s,x(s))ds, 

Jo 


Ty(t) = f(t) + \ f K(t, s)G n (s, y(s)) ds. 
Jo 
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Then S and T are operators from X into itself. Indeed, we have 

\Sx\ < \f(t)\ + \X\ [ \K(t,s)F n (s,x(s))\ds 

Jo 

< |/0)| + |A| sup \K(t,s)\ f \F n (s,x(s))\ds. 

0<s<l Jo 

By the assumptions (Ci) and (C 2 ), we obtain 

f |Sx| dt < |A| f sup \K(t,s)\dt f \F n (s, x(s))| ds + f \f(t)\ dt < + 00 . 

Jo Jo 0<s<l Jo Jo 

This implies that Sx G X. 

Similarly Ty G X. 

Now consider 


p(Sx,Ty ) = 


d(Sx, Ty) + c n 
||Sx - Ty\\ + c n 

[ | Sx(t) - Ty(t) | dt + c n 


= f A f K(t, s)F n (s, x(s)) ds — A f K(t,s)G n (s,y(s))ds 
Jo Jo Jo 

= / a f K(t, s) [F n (s,x(s)) - G n (s,y(s))j ds dt + c n 

Jo Jo 

< |A| [ sup \K(t,s)\dt [ \F n (s,x(s)) - G n (s,y(s))\ ds + Cn 
Jo 0<s<l Jo 


dt + C n 


for all x, y G X. 

Letting n -A 00 , we get 


Thus 


p(Sx, Ty) < |A|i?i f (j> (\x(s) - y(s)\) ds 
Jo 

< \X\Ri4> (d(x, y)) < J) (d(x, y)) < </> (p(x, y)) 


p(Sx,Ty) < <j)(p(x,y )) <(j)(M{x,y )) = ^ ^ M[x,y), 

M[x,y) 

p(Sx,Ty) < /3(M(x,y))M(x,y) 

for all x, y G X. 

Finally, we define a : X x X — > by 

a(x ) = f 1 if x,y€X; 

^ y | 0 otherwise. 

Hence, for all x, y G X, we have 

a(x, y)^ ( p(S(x ), T(y))) < F (tfi (M (x, y )) , ip (M (x, y))) . 

Apparently, a(x,y) = 1 and a(y,z) = 1 imply a(x,z ) = 1 for all x,y,z G X. Moreover, a{x,y) = 1 
implies a(S(x),T(y)) = 1 and a(T(x), S(y)) = 1 and so ( S,T ) is a triangular a-admissible pair of 
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mappings. Hence all the hypotheses of Theorem 1 are satisfied. Consequently, the mappings S and T 
have a common fixed point which is the solution of system of integral equations (5.1) and (5.2). □ 

6. Conclusion 

This paper presents a common fixed point theorem for a pair of generalized (a, F, ip, ^-contraction 
mappings. The presented theorem not only generalizes and improvea many new and classical results 
in fixed point theory but also proves a short method to show the existence of fixed points. The 
authors believe that the use of abscissa dominating function to find fixed points of various contraction 
mappings makes significant and useful contribution in the existing literature. 
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Inner-outer factorization on the 
Nevanlinna space in a strip 

Cuiqiao Wang, Guantie Deng*, Huaping Huang 

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex 
Systems, Ministry of Education, Beijing, 100875, China 


Abstract In this paper, we prove a famous harmonic majorant lemma, and by applying this 
lemma to log + |/|, we claim that log + |/| has indeed a harmonic majorant for every function / 
in the Nevanlinna space in a strip instead of the usual assumption on log + |/| having a harmonic 
majorant in the same setting. By using the conformal mapping from a strip onto the unit disk 
and the inner-outer factorization theorem on the Nevanlinna space in the unit disk, we obtain 
an inner-outer factorization theorem on the Nevanlinna space in such a strip. 

Key words Nevanlinna space; strip; inner-outer factorization; harmonic majorant 


1 Introduction 


Let C be the complex plane. We denote the unit disk {z G C : \z\ < 1} by U and its 
boundary by <9dJ. Let iL(U) be the space of all holomorphic functions in U. For 0 < p < oo, 
the Hardy space H p ( U) (see [1-3]) is the set of / e H( HJ) for which 

\\f\\ P H p = SU P 7T [ \f(re ld )\ p d6 < oo. 

0<r<l 37T 

The Nevanlinna space i/ 0 (U) (see [1-3]) is the set of / e H( U) for which 

\\f\\ H o = sup exp [ log + \f(re te )\d6 \ < oo. 

0<r<l ( 37 r J_ w J 


Let e l6 ° be a point of <9U. We write lim z ^. e ie 0 f(z ) = A nontangentially if for every open 
triangular sector D in U with vertex at e l6 °, f(z) — > A as z — > e l6 ° within D. 

For a sequence { z n } in U satisfying J)) n (l — \z n \) < oo, the following function 


B{z) 



| %n | (^n 
%n( 1 Z%n) 


in) 


is called a Blaschke product, where k is a nonnegative integer. Note that {z n } may be finite, 
or even empty. If { z n } is empty, then denote B(z) = z k . 

* Corresponding author. 

Email addresses: bnuwcq@hotmail.com, denggt@bnu.edu.cn, mathhhp@163.com 
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A function g £ H( U) is said to be an inner function if it is bounded and has nontangential 
limit whose modulus is 1 almost everywhere on <9U. The following function 


SW=exp{-^/_ 


77 e* + z 


dn(t ) 


( 1 . 2 ) 


is called a singular inner function, where /i(t) is a bounded nondecreasing singular function. 
One can show that every inner function has a factorization e* 7 B(z)S(z), where B(z) is from 
(1.1), S(z) is from (1.2). For more details on inner function, we refer to [4-8]. 

A function h £ Lf(U) is called an outer function if there exists a positive function ip 
with log ip £ L l (d U) and a complex number c with |c| = 1 such that 

h(z)=ce W ! [ l jj-^log^dt 


Let S a = {x + iy : x £ M, 0 < y < a} (a > 0) be a strip in C. We denote its boundary by 
dS a = Z/q [J L a , where L b = {t + ib : t £ M} (6 £ 1). Let H(S a ) be the space of all analytic 
functions in S a ■ The Nevanlinna space H°(S a ) is the set of f £ H(S a ) with 


II/IIho 


sup exp < — f log + \f(x + iy)\dx 1 < oo. 
0<y<a ^ 27T J_ 00 J 


If a > 0 and zo = xq + iyo £ dS a , then the angular domain in S a with vertex zo and 
aperture a > 0 is the region 


r a (^ 0 ) = {x + iy £ S a \ \x — x 0 | < a\y - y 0 1}. 

Let .-M (M) be the set of finite complex valued Borel measures, then (M) is a Banach 
space with the norm \\+\\j/ = J R d|/r|(x), where | // is the total variation of p £ ^#(M). 
Moreover, by Riesz representation theorem, ^(M) is the dual space of C*o(M) in the sense 
of isomorphism (see [9]). 

It is well known that every / G H p ( U) ( p > 0) has a unique canonical factorization 
f(z) = B(z)S(z)F(z), where B(z) is a Blaschke product, S(z) is a singular inner function, 
and F[z) is an outer function. Motivated by this result, inner-outer factorization of analytic 
functions in some other spaces were studied (see Q p spaces [10], Besov-type spaces [11,12]). 
However, there is a sharp structural difference between functions in the Hardy space and that 
in the Nevanlinna space. In factoring functions in the Nevanlinna space Lf°(U), the singular 
factor is replaced by a quotient of two singular inner functions. That is the following theorem, 
which can be found in [1,3]. 


Theorem A If f £ H°( U), / ^ 0, then f*(e te ) = lim f(z) exists nontang entially at almost 

z ^ e iS 

every 9 £ [— tt, tt) and log \ f*(e l9 )\ £ L 1 ([— tt, 7r)). Moreover, f(z) can be written by 

f(z) = cB(z)G(z)S(z ), 
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where c is a constant with |c| = 1. B(z) is the Blaschke product of the form (1.1), where 
{z n } are the zeros of f(z); and 

G(z) = exp {^f_" lQ g \f*( eit )\ dt ] 

is an outer function in U; and 

is a quotient of two singular inner functions in U 7 where /i s is a singular signed measure on 
[— 7r, tt) with finite total variation. 


Inner-outer factorization on the Nevanlinna space in other domains were studied (see 
[3, 13]). However, most of the results on the unit disk or other domains were obtained on 
the premise that log + |/| had a harmonic majorant (see [1, 13, 14]). In this paper, we prove 
that log + | /| has a harmonic majorant indeed for every function / in the Nevanlinna space 
in a strip. Based on this fact, we obtain the existence of nontangential limits of / € H°(S a ) 
as follows: 

Theorem 1.1 If f e H°(S a ) and f(z) ^ 0, then 


/* (0 = lim f(z), f*(t + ia) = lim f(z) 

z — yt z-¥t-\-ia 

z£ro;(i) z£.T ot (t+ia) 


(1.3) 


exist nontang entially at almost every IgR, and 

I log | /* (t)|| + I log | f*(t + ia 


cosh -t 


d.t < oo. 


(1.4) 


Further, f*(t), f*(t + ia) ^ 0 at almost every tel. 

Next, we give a similar factorization on H°(S a ) as Theorem A, which is also called 
inner-outer factorization. 

Theorem 1.2 Let f € H°(S a ), f ^ 0, then the zeros {z n } of f satisfy 


^ e° a " sin ^y n 

V l + e^ x ” 


< oo, z n x n T iy n , 


(1.5) 


and there exist two singular signed measures H\, s on L 0 and fi 2 , s on L a such that 


log I f* (Q| 

cosh -t 

a 


dt -j - 


log|r(t + m)| 

cosh -t 

a 


dt -j - 


d\fj, 1>a \(t) f d\n2, s \(t) 


cosh -t 

a 


+ 


cosh -t 

a 


< oo. (1.6) 
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Moreover, f can be written by 


f(z) = cG(z)S(z)B(z ), 
where c is a complex constant with |c| = 1, 


G(z ) = exp < — 


ea 


e a 


—— t 


ai 


7T i 7T , 

e« — ea* 


1 + e 


s-t 


logirmt 


i 

ai 


e -t. 

e “ 


e o- 


—t 


7T i 7 

' — oo \ + e; 


1 + e" 


log | f*(t + ia)\dt } ; 


and 


1 f 00 

S(z) = exp<( iT\e~“ z — ir^e** — / 

ai .In 


„-t 

e a 


e—t 

e a 


i 

ai 


e a 


e—t 

e a 


— + — y 

Ca L + e« 


1 + e" 


e-t C -Z 
€ a — 6 “ 


dH2,s{t) > , 


1 + e = 




where ti,T 2 are real numbers; and 


B(z) = 


e“ z + i 


n 


— e 


i6(z n ) 


ea z — e« z " 


where k is a nonnegative integer and 


Wzn) _ +*)( e “ 2 " “*) 

G | 7 r . . . 7 T . , 

g a _J_ ^ ^ 


2 Proofs of main results 


In this section, we will give the proofs of our main results in Section 1. To this end, we need 
the following lemmas. 

Lemma 2.1 Ifv(z) is subharmonic in S a and it satisfies 

/ OO 

\v(x + iy)\dx < oo, (2.1) 

-oo 


then 


v(x + iy) < 


2 C 

n min{y, a 


vY 
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Proof Let z = x + iy G S a , p = minjy, a — y}, D(z , p) = {w \ \w — z\ < p}. By the mean 
property, it establishes that 


v(z) < 


' D(z,p) 


.(0^ < 


Tip- 


2 — 


1 D(z,p ) 


KOI 


<*A(Q 

Tip 2 


]_ rv+p r 

< — / / + 
Jy-p Jr 

^ 2 C _ 2C 
~ Tip ti min{?/, a — y} 


□ 


Lemma 2.2 Let 



sin -y 

af_ 

2a(cosh - x =F cos -y) 


and P y (x ) = Py(x ) + P y (x). Then 

(1) P(x,y ) = P y (x) is harmonic in S a ; 

(2) P^x) > 0,x + iy E S a ; 

( 3 ) | ± (| ~ l), f R P y (x)dx = 1; 

(4) i| a ,| >5 P y (x)dx — > 0 (y — > 0) and J^ >s P y (x)dx — > 0 (y — > a), where 5 > 0 is a constant. 
Proof The proofs of these facts follow from the following relations (see [15]): 

A. P±(x) = llm(±l — e^ z )~ 1 ; 


B. — cosh -x < cos -y < cosh -x: 

a a 1 

C- £(y arctan(tan ^ y • tanh %x)) = P~{x), P+(x) = P~- y {x)] 

D. cos ^y G (—1,1), e _ al a: l(cosh ^x — 1) is even and increasing for 5 < x < +oo, which 
implies that 


\PyHx)\ < 


_I| r |4 -KX ■ 7 r 

e ai x iv o 0 sm-y 

a * 

2a(cosh -6 — 1) 


(M > S). 


□ 


Lemma 2.3 Let PiJix) = 


sm — ^ — y 

a-2y 0 * 


V V“V 2(a-2y 0 )(cosh^^xzfco S ^ i/o y) 

0 depending on y 0 and y, such that 


IC, + M - Lt, 0 (x)| < 


, 0 < y 0 < then there exist Ai, A 2 > 


1 — cos -y 


2 a 2 (a — 2 y 0 ) 


A\ 


Tl 


Tl 


a — 2y 0 a 


ly- ^(y-yo)\ 


2 (a - 2y 0 )(l - cos ^y) 

\ly-^(y-yo)\ 

2(a - 2y 0 )(l - cos ^y){ 1 - cos ^^( y - y 0 )) 


( 2 . 2 ) 
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and 


\ P V ( X )-Py-y 0 (x) \ < 


1 + cos ly 


2 a 2 (a — 2 y 0 ) 


+ A2 


71 


71 


a — 2yo a 


- a y- ^- 0 (y~yo)\ 


2(a — 2y 0 )(l + cos ^y) 

\lv - -^(y - vq)\ 

2(a - 2y 0 )(l + cos *j/)( 1 + cos ^~ 0 (y ~ y 0 )) 


(2.3) 


hold for every y$ < y < a — y®. 


Proof Firstly, we have 


p;(x) 


P ,-,o( x ) 


sin -y 

af_ 

2a(cosh ^ x — cos ^y) 

—h + 1-2 + h + I±, 


s[n ^- 0 (y-yo) 

2 (a - 2 yo) (cosh ^ -x - COS ^(y - y 0 )) 


where 


h 

I 2 

h 

h 


'l 1 1 sin 

2 a 2 (a — 2 y 0 ) cosh | x — cos f^y ’ 
sin^-sin^(y-yo) 

2 (a — 2y 0 )(cosh ^ x — cos ^y) ’ 

sin^(y-yp) cos^-cos^^-t/q) 

2 (a - 2y 0 ) (cosh - cos *y)( cosh - cos y - y 0 ))’ 

sin — ^—(y — yn) cosh T, x — cosh -x 

a—2yo w a—2yo a 

2 (a - 2y 0 ) (cosh * x - cos *y)( cosh - cos ^^(j/ — S/o)) " 


Obviously, 


\T,\ ^ 

1 

1 

1 1 - 1 — cos —y 

a * 

2a 

2 (a - 2y 0 ) 


By mean value theorem of differentials, it is easy to see that 


j , < \lv - -^(y - vq)\ 

2 ~ 2(a - 2j/ 0 )(l - cos ly) ’ 

j , < l^~ ^(^-^0)1 

3 “ 2 (a - 2j/ 0 )(l - cos *y)(l - cos^^iy ~ Vo)) ’ 

r = f)*- sinh £ 

2(a-2j/ 0 ) (cosh - cos f j/) (cosh - cos ^^(j/ - j/ 0 ) )’ 
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where £ is between -x and — x. Note that there exists M > 0 such that \x\e < 

s n a-2y 0 I I — 


7 , cosh -x > 2 and cosh — 7 L~ x > 2 for all lad > M. Therefore, we have 

4 ’ a — o,—2yo — I 1 ’ 


X 


< 


X 


A\x\ 

cosh -x — cos -y ~ k cosh -x ~ eahl 

n n . 0 ) n 


< 


< 1 


and 


Hence 


sinh £ | 


cosh — x — cos — ^—(y — Uo) 7 cosh — x cosh — x 

a—2un a—2vn w ^ u / 9. n.—9/iin a— 2i/n 


sinh £ | 


< 


2e^l 


< 4. 


a-2y 0 


\h\ < 


a - 2 y 0 


71 


7T 


a — 2 y 0 a 


If |x| < M, then 


1 7T 1 1 7 T 

sinh 4 < sinh — \x + smh 
a 


7 r 


7 r 


which follows that 

|/ 4 | < 


a - 2 7/0 
M (sinh + sinh ^^M) 


a; | < sinh — M + sinh M, 

a a — 2y 0 


2 (a - 2 7/0) (1 - cos fy)(l - cos ^^(t/ - t/o)) 


7T 


7T 


a — 2 t / 0 a 


Let 


then 


/I, = max 


M (sinh ^ M + sinh a fff 2 M) 


a — 2 t / 0 ’ 2 (a - 2 t / 0 )(1 - cos y 7 /)(l - cos ^ 3 ^( 7 / - y 0 )) 


1 1 4 1 < 4 i 


7T 


7T 


a — 2 t / 0 a 

(2.2) is thus proved. Similarly, we can prove (2.3). 


x G 


□ 


Lemma 2.4 (Harmonic Majorant) Let v(z) be a nonnegative subharmonic function in 
S a satisfying (2.1), then 

M v (y) = / v(x + iy)dx 

Jr 

is convex in (0, a) and there exist two positive measures pi, p 2 € ^(R) with ||/ 7 i||, ||/y 2 || < C 
such that 

poo poo 

u(x + iy) = / Pj"(a; - t)dpiit) + / P~ (x - t)dp 2 (t). 


Moreover, v(z) < u(z) for all z € 


Proof There exists a sequence {t/^} such that lim^oo 7 / fc = 0. By (2.1), {u yfc }, {ib-^} 
are bounded linear functionals on C'o(M) and they are uniformly bounded, where v y {x) = 
v(x + iy). Based on Banach-Alaoglu theorem, there exist pi, p- 2 G ^#(M) and a subsequence 
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{]Jkj } such that {v yk } converges weakly to )i\ as j — * oo and {v a - Vk } converges weakly to 
y 2 as j — * oo. That is, for each <p G C'o(M), 

/ OO /»oo 

v(t + iy k )(p(t)dt = / ip(t)dni(t), 

-on 


lim / v(f + i(a — y k ))(p(t)dt = / tp(t)dyi 2 (t). 

j^OO ./ — nn 


Accordingly, we obtain that 


IMI = sup / </?(f)d//i(f) : 92 G C'o(M), Halloo = 1 


< lim inf / v(f + iy k Adt < C, 

./k 


IM =sup / (p(t)dfi 2 (t) 


: 9 ? G C'o(K), || V? || oo — 1 


< lim inf / v(t + i(a — y k )dt < C. 

i^°° Jr j 

Because of 92 (f) = P+(x — f)(or P~(x — f)) G Co(M), in particular, we have 

/ OO /»oo 

u (f + i y k . ) P+ (x - f ) dt + lim / v (t + i (a - y k . ))P~(x-t)dt 

■ oo J-00 

/'OO /»oo 

= / P+(x - t)d/jLi(t) + / P“(x — t)d/j, 2 (t) = u(x + iy). 


For any fixed 0 < ?/o < f/i < a, let r = yi — , then the function 


u(z) — / u(f + iy 0 )Py(x - t)dt + / v(t + iyi)P (x — t)dt 


is harmonic in S a (see [15, Theorem 11). Assume that e > 0 and A > expj —A T | + 1. 

Since u(rz + *y 0 ) is subharmonic in the set {z = x + iy : x G M, — — < y < then there 

exist two sequences of continuous functions (un^t)} and { Un\t )} decreasing to v(rt + iyo) 
and v(rt + iyi) on [—A, A], respectively. Let 

U n (z) — f P+{x-t)u£\t)dt+ f P~(x -t)u£\t)dt, 

J-A J-A 

then by Lemma 2.2, U n (z) is harmonic in S„ and 

\U n (z)\ < max{max (f ) , max (f ) } = A n . 

\t\<A \t\< A 
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Therefore, the function 

V n {z) = v(rz + iy Q ) - 2c log \z + i\ - U n (z ) 
is snbharmonic in S a , and by Lemma 2.1, we speculate that 
2C 


V n (z) < 


7T miri{y 0 , a - y x } 

It follows that 

limsup V n (z) < 


c log \x 2 + (y + 1) 2 | + A n —> — oo (z — * oo, 0 < y < a). 
2 C 


z^t,0<y<a 


and 


for t G 


and 


7T min{yo, a - y x } 
2 C 


limsup V n (z) < 

z^t.+ia,0<y<a " rilin \IJ{) , ( I Vl\ 

> A. If t G M, |f| < A, then 


- 2e log A < 0 

— 2c log A < 0 


limsup V n (z) < v(rt + iyo) — u^\t) < 0, 

z— >t,0<y<a 


limsup V n {z) < v(rt + iy\) — u^\t) < 0. 

2:— >t +ia ,0 < y < a 


By [3, Theorem 4.3.11], we derive that V n (z) < 0 on S a . Take n oo, then A — > oo, and 
then let c — * 0, we obtain 

POO POO 

v(rz + iy 0 ) < / Py(x — t)v(rt + iyo)dt + / P~ ( x — t)v(rt + iy\)dt. 


Hence, for every 0 < y 0 < y < y± < a, we have 


v(z) < f P y 1 M0 - tj v (rt + iy 0 )dt + f P y _ vo - ij v(rt + iy^dt 


' — OO 
poo 


1 


x t 




~Py-y o M* + WO )& + 


~P- 


— ) v(t + iyi)dt. (2.4) 




Moreover, by Lemma 2.2, 

/ OO 

v(x + iy)dx < 


POO POO 


-P 


y-y o 


' — oo J — oo ' 

POO POO 


+ 


= 1 


' — oo J — oo 


y-y o 


~Py 
r ~ 


X t 

) v(t + iyo)dtdx 


X t 

) v(t + iyi)dtdx 


ar 


v(t + iyo)dt + 


y-y o 


2/1 — 2 / 


y i - y o J - c 


n(f + iyo)dt + 


2/ — 2/o 


ar 

POO 


v(t + iy\)dt 


y i - l/o J-c 


n(f + iyi)dt. 
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Thus, we conclude that M v (y) is convex in (0,a). Let y\ = a — y 0l then \Py- VQ {- — — 

r 

Py-yo( x — t) and (2.4) becomes 


v{z)< P+_ w (x - t)v(t + iy 0 )dt + / P y _ yo (x - t)v(t + i(a - y 0 ))dt, 

J — oo J — oo 

where 0 < yo < y < a — yo < a. By Lemma 2.3, one has 


Jim / \Py. - {x-t) -P+{x-t)\v(t + iy k )dt = 0, 

J^OO J _ OQ J 


lim 

j-*x> 


P y - Vk . ( x - t) - Py (x - t)\v(t + i(a - y kj ))dt = 0. 


Therefore, it is not hard to verify that 


v(z) < lim / [v(t + iykj)Py (x-t)+ v(t + i(a - ykj))P y (x - t)\dt 
° J - oo 

/ OO POO 

P+(x-t)dni(t)+ P~(x - t)dni{t) 


=u(z ) 


for all z = x + iy, 0 < y < a. It completes the proof. □ 

Next, we will apply this lemma to the function log + |/| to prove Theorem 1.1 and 
Theorem 1.2, where / G H°(S a ). 

Lemma 2.5 ([2,14]) Ifv is subharmonic in U, then the following statements are equivalent: 
(i) v has a harmonic majorant in U; 

(**) SU P ih f-w v ( reiip )d(p} < oo. 

0<r<l 


Proof of Theorem 1.1 Since log + |/| is subharmonic and it satisfies (2.1), it follows from 
Lemma 2.4 that there exist two positive measures yi, £ .y^(M) such that 

/ OO POO 

Py{x — t)d/j,i(t) + / P~(x -t)dfj, 2 (t), 

J- oo 


and log + \f\(z) < u(z ) for all z G S a . The conformal mapping 

m = e 4 ^-. (2.5) 

e« z + 1 

from S a onto U maps dS a onto <9U\{1, —1} conformally (to be precise, there exists a contin- 
uous and strictly increasing function Q\(t) from M onto (— 7T,0) such that e l0 'P = /3(f); and 
there exists a continuous and strictly decreasing function 9 2 (t) from M onto (0, 7r) such that 
e id 2 {t) _ _)_ j a ))_ j^ s inverse mapping is 


a(w) 


a 

TT 


log 


i( 1 + w) 
1 — w 
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(take the analytic branch logl = 0). Then the function log + \f\(a(w)) has a harmonic 
majorant u(a(w )) in U. According to Lemma 2.5, one has F(w) = f(a(w)) G if°(U). 
Therefore, by Theorem A, F(w) = has a nontangential limit F*(e 10 ) at almost 

every 6 G [ — 7r, i r) and log \ F*(e l9 )\ G L 1 ([— 7r, 7r)). Since a and ft are conformal, the limits in 
(1.3) exist nontangentially for almost every t G 1. By virtue of 


e ie l(t) = P{t) 


e * 02 h) — + ia) 

g a 1 -)- l 


g a b+* a ) — l 
g-(t+i a ) _|_ ^ ’ 


which follows that dd\ = a ^ dt and dO 2 = — !L ^-dt. Thus, (1.4) follows immediately from 

1 +esr t l+e^r* 

the following identities: 



- fea f log |/*(t)| 


log \ F*(e i0 )\ dd = 


dt 


+ 


1 + e ° 

V e “1 lo gl f*(t + ia 


r»QO 2n ^—t 
a 


dt 


D 1 + 6 a 

_vr r°° | log |/*(*)|| + |iog|/*(t + m)|| 

a l_^ cosh -t 


dt. 


□ 

Proof of Theorem 1.2 According to Theorem 1.1, f(z ) has nontangential limits f*(t ) and 
f*(t + ia ) and they satisfy (1.4). Since log + |/| is subharmonic and it satisfies (2.1), then by 
Lemma 2.4, log + |/| has a harmonic majorant in S a . It follows that F(w) = f(a(w)) G H( U) 
and log + |F| has a harmonic majorant in U. By Lemma 2.5, we have F G Lf°(U). Then, 
by Theorem A, F{w) has a nontangential limit F*(e ie ) at almost every 6 G [— n, n) and 
log \F*(e' ld )\ G L 1 ([— 7r, 7r)). Furthermore, F can be written by 


F(w) = ciGi(w)Bi(w)Si(w), 


where c i is a constant with |ci| = 1, and 

= exp J n lo S \F*(e i0 )\d9 1 

is an outer function in U; and 

5iM=exp 

is a quotient of two singular inner functions in U, where u s is a singular signed measure on 
[— 7r, 7r ) with hnite total variation; 




j3(z n ) - w \ / /3(z n ) 


1 - (3{z n )w ' '\/3(zn)\ 
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is a Blaschke product in U, where A; is a nonnegative integer and 


£(1 ~W(.Zn)f)< 2^(1 - |/?(^„)|) < OO. 


(2.6) 


Therefore, 


log \Gi(P( z )) \ =7^ 


1 

2tc 


00 R m + p(z) 

-«*> * m-m 

oo 


^ Re 


P{t + ia) + /3(z) 
/3(t + ia) — /3(z) 


j \/3'(t + ia) | log |/*(f + ia)|df, 


log |*0W)| + ^^.(W) 


1 

27T 

1 

27T 


ro ° ' v j(t)+m 
-oo' m-m 

r °° " Rc P(t + ia) + p(z) 
f3(t + ia) — /3(z) 


Making use 

of (2.5), we have 



, , Nl0 4eo*"sin -y n ea Xn sm-y n 

1 \R z ) 2 - 

1 + e^ Xn + 2e« x “ sin f y n 1 + ’ 

(2.7) 

and 

( p(z n ) - w \ f P{z n ) \ e« z "- e^ z ie(Zn) 

yi~P{z n )w)y\P{z n )\) e S*»-ei* 


where 

_ (e^"+i)(e^" -i) 

^ |7T~ . . . 7T . , * 

g a _J_ R g a 2, 


Moreover, 




— Re 
2tt -1 


1 +P( Z ) ,r n /• -S; 

= — Re(?e « 


— Re 
2vr 1 


~P(z) 

1 + f3(z) 


/3(z) 

P(t)+P(z) 
2?r “~£(t) -P{z) 


2vr 

".({0}) = ^4r^R«(-»ei 


—Re 


\P\t)\=Re - 



0-t 

e a 


e« — 


/3(t + ia) + /3(z) 
27 t /3(t + ia) — /3(z) 


—Re 


| P'(t + ia) | = Re < : 




a? \ ed-fe; 
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Let Ti = , r 2 = 1/8 2^ . Define two singular signed measures fi\ yS on L 0 and /x 2 , s on L a 

by 


dni, s (t) = W(t)\ 1 dv s (6i(t)) = — cosh —t du s (9 1 (t)), 

n a 

dp 2 ,s(t) = I p'(t + ia)\~ 1 dv s {Q 2 [t)) = - cosh -t du s (6 2 (t)), 

7T a 

then log \G\(f3(z))\ = log |(jr(z)| and log |<S'i(/3(^))| = log|S'(^)|. Therefore, there exist two 
constants c 2 ,C3 with |c 2 | = | C3 1 = 1 such that G\(fd(z)) = c 2 G(^), Si([3(z)) = c^S^z). 
Let c = cic 2 c 3 ,i?(^) = Bi(/3(z)), then f(z) = cG(z)S(z)B(z). Accordingly, (1.5) follows 
instantly from (2.6) and (2.7). Since v s is finite, then (1.6) follows from (1.4). It completes 
the proof. □ 
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Controllability of Stochastic Evolution Differential Equations Driven by 
Fractional Brownian Motion and Poisson Jumping Processes * 

Liang Zhao t 

1 School of Information and Statistics, Guaiigxi University of Finance and Economics, 

Nanning, Guangxi, 530003, P.R. China 


Abstract 

In this article, we investigate stochastic evolution differential equations driven by fractional Brownian mo- 
tions and Poisson random measure processes. At first, we discuss the existence and unique of the mild solution 
by using Banach fixed point principle. Secondly, sufficient conditions for the complete controllability of the s- 
tochastic evolution systems are formulated and proved by using the Co-semigroup theory and stochastic analysis 
techniques. In the end, an example is presented to illustrate our main results. 

Key words: Stochastic evolution equation; Fractional Brownian motion; Poisson noise process; Mild solution; 

Complete controllability. 


1 Introduction 


In this paper, we will study the problem having the following form: 


! dx(t) = [Ax(t) + Bu(t) + f(t, a c(t))]dt + a(t)dBq (t) + J h(t,x(t),y)N(dt , dy), 

led- [0,T] 

z(0) = x 0 . 


( 1 . 1 ) 


where A is the infinitesimal generator of a Co-semigroup S(t) on a separable Hilbert space X , Bq ( t ) is a fractional 
Brownian motion (fBm for short) with Hurst index H £ (|,1) on a real and separable Hilbert space K. f : 

L^K, X),h : J x X x Z — >• X are Borel measurable functions. Here A) denotes the 

space of all Q-Hilbert-Schmidt operators from K into X. The control function u(t) takes value in V = L, 2 (J, U), 
and U is a Hilbert space, B is a linear operator from V into L 2 (J,X). N(dt,dy) is the compensated Poisson 
measure which will be given in the below. 

Recently, stochastic differential systems have attracted a great attention since it arises naturally in mathemat- 
ical modeling of various phenomena in the social and natural sciences, such as pricing an option, forecasting the 
growth of population and determining optimal portfolio of investments, for example one can see [16, 29, 32] and 
the references therein. Prato and Giuseppe [33] researched stochastic equations in infinite dimensions. Luo and 
Taniguchi [26] considered the existence and uniqueness of non-Lipsclritz stochastic neutral delay evolution equa- 
tions driven by Poisson jumps. For the literatures on controllability of stochastic system with impulsive effect, 
one can see the papers [18, 24, 27, 36] and references therein. 

It’s well known that the noise or perturbations of a stochastic differential system are typically modeled by a 
Brownian motion as such a process is Gauss-Markov and has independent increments. However, many researchers 
have found that empirical data from many physical phenomena with the standard Brownian motion is often shown 
not to be an effective process to use in a model. A family of processes that seems to have wide physical applicability 
is fractional Brownian motion (fBm). Since it was first introduced by Kolmogorov in 1940, Mandelbrot and Ness 
discussed the applications of the fBm process in later. Since then, based on different settings, various forms of 
equations have been studied. For example, the case of finite-dimensional equations has been studied by Besalu and 
Rovira [5], Jeremie Unterberger [39], Dung [9], Leon and Tindel [23], for the case of infinite-dimensional systems in 
a Hilbert space have been considered by Boufoussi and Hajji [7], Caraballo, Garrido-Atienza and Taniguchi [8], and 
Ahmed [11]. Furthermore, the stochastic differential equations driven by a Poisson process can be widely found in 
applications from various fields such as storage systems, queueing systems, economic systems and neurophysiology 
systems, for example, one can see [1, 20, 35]. SPDEs with Poisson jump process is an important step for the study 
of SPDEs with Levy process. In recent years, there is quite a substantial amount of work that has been done in 
this field. Hausenblas[12] dealt with SPDEs driven by Poisson random measures with non-Lipschitz coefficients in 
Banach spaces. Laukajtys and Slominski [22] considered the penalization method for a reflected SDE driven by 

‘Project supported by School-based research project on the key discipline development and research in Guangxi university of 
Finance and Economics in 20162016KY20. 

t Corresponding author. E-mail address: zhaoliang200809@yeah.net; Tel.: +86-771-3833280. 
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roisson jumps. Later, Ren and Wu [34J established existence and uniqueness tor solutions ot multivalued, hmte 

dimensional SDEs driven by Poisson point processes, where the maximal monotone operator has the whole space 
as domain. 

On the other hand, one of the well-known qualitative behaviors of a dynamical system is controllability, which 
was first introduced by Kalman [17] in 1963. It means that it is possible to steer a dynamical control system 
from an arbitrary initial state to an arbitrary final state using the set of admissible controls. Recently, many 
researchers take attention to the study of the controllability for a variety of differential dynamical systems. For 
example, Leiva [13] considered the exact controllability of the suspension bridge model proposed by Lazer and 
McKenna. Liu and Li [25] studied the controllability of impulsive fractional evolution inclusions in Banach spaces. 
The approximate controllability for a class of semilinear abstract equations was discussed by Zhou [40]. For 
more detailed, one can see [4, 14, 37]. For the controllability problem there are different methods for various 
types of nonlinear stochastic systems. Subalakshmi and Balachandran [37] studied the approximate controllability 
of nonlinear stochastic impulsive systems in Hilbert spaces by using Nussbaum’s fixed point theorem. In [19], 
using a stochastic Lyapunov-like approach, sufficient conditions for stochastic e-controllability are formulated. 
Balachandran etal. [3] researched the controllability of semilinear stochastic integrodifferential systems by using the 
Picard type iteration. By using the contraction mapping principle, Mahmudov and Zorlu studied the controllability 
[28] for non-linear stochastic systems. 

By contrast, there has not been very much research of stochastic differential equations driven both by fractional 
Brownian motion and by Poisson noise processes. By using the extended form of Krylov-type estimate for the 
combined noise of fBM and compound Poisson, Bai and Ma [2] studied the existence of the strong solutions for 
the stochastic differential equation driven by fractional Brownian motion and Poisson point processes. Hajji and 
Lakhel [10] discussed the existence of the neutral stochastic functional differential equation driven by fractional 
Brownian motion and Poisson point processes. To the best of our knowledge, there is no paper researched the 
complete controllability of stochastic differential equations driven by fractional Brownian motions and poisson 
noise processes. Thus, we shall make the first attempt to discuss such problem in this paper. 

The rest of this paper is organized as follows. In the next section, we will introduce some useful preliminaries 
on the data. In Section 3, some sufficient conditions are established to guarantee the existence and uniqueness 
of mild solutions of the system (1.1). In Section 4, we will study the completely controllability for stochastic 
evolution systems. Finally, we present an example to illustrate our main results. 


2 Preliminaries 


Now, we introduce some basic definitions and preliminaries which are used throughout this paper. Throughout 
this article, we use the following notations: 

Let (fl, P, {p, t € [0,T]},P) be a complete probability space satisfying the standard conditions, which means 
that the filtration p, t £ [0, T] is right continuous increasing family and Pq contains all P-null sets. Let L 2 (fl, X) = 
L 2 (fl, X) be the Hilbert space of all P t - measurable square integrable random variables with values in X. 
Moreover, let L 2 (J,X) be the Hilbert space of all square integrable and P t -adapted measurable processes with 
values in X. Further, let C(J,L 2 (Q,X)) := C(J, L 2 (tt, F t , X)) be the Banach space of continuous maps from J 
into L 2 (VL,X) satisfying sup t6J F||a;(f)|| 2 < oo with the norm ||a:|| = (sup tgJ P||x(t)||| : ) 3 . 

Now, we present some basic definitions on fractional Brownian motion (fBm). 

Definition 2.1. The fractional Brownian motion (fBm) with Hurst index H £ (0,1) is a Gaussian process 
Pf = {Pf ,P,t £ [0, T]}, having the properties P^ = 0,PP^ = 0, and FPfPf = \(s 2H + t 2H - \t - s| 2ff ). 

Let T > 0, for a linear space A, there exists a R — valued step function cj> £ A on [0,T], such that 

n—1 

<P(t) = 

where t £ [0, T], z. t £ R, and 0 = ti < t 2 < ■ ■ ■ < t n = T. For any (\> £ A, the Wiener integral with respect to B H 
can be defined as 

f (f>(s)dB H (s) = ^2 Zi{B H (t i+ 1 ) - B H (ti)). 

Jo i= i 

Let R be a Hilbert space, which is defined as the closure of A with respect to the scalar product (x[o,t] , X(o,s])w = 
f?ff(f , s). Then the mapping 


n—1 


~ / j z iX(ti,t i+ 1] 




(f){s)dB tL ( s ) 


i—l 


is an isometry between A and the linear space span {B H (t) : t £ [0,T]}, which can be extended to an isometry 
between R and the first Wiener chaos of the fBm span 1,2 ^ {B H (t) : t £ [0,T]} (see [38] ). The image of an 
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element 0 £ fi by this isometry is called the Wiener integral oi 0 with respect to B . Our next aim is to give an 

explicit expression of this integral. 

Now, let us consider the Kernel 

K H (t,s)=c H s^ H f (z - s) H ~%z H ~^dz, 

J S 

where ch = ( „ t',- ,, ) 1 , j (B(-, ■) denote the Beta function), and f > s. It is easily shown that 

Let K-h ■ A —1 L 2 ([0,T]) be the linear operator, which is defined as 

IChHs) = J Ht) ( t , s)dt. 

Then (/ChX[o,t])( s ) = Ku{t, s)X[o,T]( s )> and K>h is an isometry between A and L 2 ([0, T]) which can be extended 
to W. 

We denote L^([0,T]) = {0 £ T~L : K,h<P £ ([0, X 1 ])}, then for H > we get 

^([o,T])ci"([o,r]), 


Moreover, the following lemma hold: 

Lemma 2.2 ([30]). For 0 £ L~n ([0, T]), 

H ^ 2H ^lo lo M r )\M Z )\\ r - U \ 2H ~* drdZ - CH ^ 2 L Tt([0T]y 

Let (X, | • \ x , (■, -)x) an d ( AT , | • , (•, -)x) be separable Hilbert spaces. L(K , X) denotes the space of all bounded 

linear operator from K to X and Q £ L(I\,X) is a non- negative self adjoint operator. Denote by Ai^AT, X) the 
space of all £ £ L(K,X) such that £ Q 2 is a Hilbert-Schmidt operator, the norm is given by 

l£l L°(K,X) = I £Q 2 1 2 HS = ir {^QO- 
Then £ is a Q-Hilbert-Schmidt operator from K to X. 

Let {B% {t)} ne N be a sequence of two-side one-dimensional fBm mutually independent on the complete prob- 
ability space (D, T, P ), {e n } nS jv be a complete orthonormal basis in K. We define the AT-valued stochastic process 
b q (t) as 


n—1 

If Q is a non-negative self-adjoint trace class operator, then the series B^ (t)Q^ Bn ,t > 0 converges in the 

space A', i.e. , it holds that Bq ( t ) £ L 2 (1L K). Then, we can say that Bq (t) is a AT-valued Q-cylindrical fBm with 
covariance operator Q. 

Definition 2.3. Let xp : [0,T] —1 Ai^AT, X) such that 

OO 

T \\^H{lpQ^)e n \\L 2 ([0,T],X) < OO. ( 2 . 1 ) 

n—1 


Then for t > 0, its stochastic integral with respect to the fBm Bq is defined as 

pt 00 pt 00 pt / \ 

/ xp(s)dB%(s) = V / xp(s)Q* e n dB% (s) = V / ( K. H {xpQ^e n ) ) (s)dw(s), 

Jo n= 1 J 0 n=l Jo V J 


where w is a Wiener process. 
Notice that if 

OO 

N ll'0Q 5 e n || 1 

"UJf ([0,T],X) 

n—1 


( 2 . 2 ) 


then in particular (2.2) holds, which follows immediately from (2.1). 

The following lemma is obtained as a simple application of Lemma 2.2. 
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Lemma? 


MPU,1 


Pif '"%P N aVy% 5 TO P ^W;%TslWWai 

t £ [0, T ], and for any p,q £ [0, T\ with p > g, 


2 KTO 


IGHT2018 EUDOXUS PRESS, LLC 

2 Bn || u is uniformly convergent for 


E 



ip(s)dBQ (s) 


2 

X 


< cH(2H- l)(p~q) 2H ~ 



HQ* en\\xds. 


Then 


E 



%f{s)dB%{s) 


<cH(2H-l)(p-q) 2H 1 f \\if(s)\\ 2 L ods, 
x Jg 


(2.3) 


where c = c(H). 

In the follow, we give the definition of the Poission random measure. 

Let {p(t) : t £ J} be a Poisson point process, and take its value in a measure in a measurable space (Z,B(Z)) 
with a er-finite intensity measure p(dy). We denote the Poisson counting measure as N(dt 1 dy), which is induced 
by p(-), and the compensating martingale measure by 


N(dt, dy) = N(dt, dy) — p(dy)dt. 


For investigated our main results, we shall give the following lemma. 

Lemma 2.5. Let the space M®( J x x (I\ — {0}), H), {6 > 2) be the set of all random process L(t,y) with values 

in H, predictable with respect to {-F* }*>o such that 


E 


\\ L (t,y)\\ e x p(dy)dt < oo. 


/ o Jz 


Assume L £ M 2 (J x f lx ( K — {0}), H) D M^(J x f lx ( K — {0}), H), then for any t £ J, we have 


E 


sup 

0<r<t 


s(r - s)L(s, y)N(dy, ds) 


o Jz 


Hi 


< llE 


\\L(s,y)\\ 2 H p(dy)ds 


+E 


to Jz 
rt 


\\L(s,y)\\ 4 H p(dy)ds 


o Jz 


for some number l > 0 dependent on T > 0. 

Now, we define the mild solution of the system(l.l) as follows. 

Definition 2.6. A A- valued process x(t) is called a mild solution of (1.1), if x(0) = x 0 ,x(t) £ C( J, L 2 (^7 A)), for 
each 0 < t < T, the following integral equation satisfies: 

x(t) = S(t)x o+ f S(t — s)Bu(s)ds + f S(t — s)f(s,x(s))dt + f S(t — s) a (s)dBg (s) 

Jo Jo Jo 

+ [ f S(t- s)h(t,x(t),y)N(ds,dy). (2.4) 

Jo Jz 


3 Existence result 

The purpose of this section is to study the existence of mild solutions for problem (1.1). Our main method is 
the Banach contraction fixed point theorem. 

At first, we assume that the following hypotheses be held: 

(Hi) The Co-semigroup {5(t)}*>o is linear and bounded in X [31], i.e. , there exists a constant M > 0, such 
that 


l|S(t)||<M. 

( H 2 ) There exist constants Li,L 2 > 0 such that 

II f(t,xi) - f(t,x 2 )|| 2 < Li\\x! - x 2 \\ 2 
\\f(t,x)\\ 2 <L 2 (l + \\x\\ 2 ) 

for all x\,x 2 ,x £ X and a.e. t £ J. 

( H 3 ) There are some constants L^,Li > 0 such that 

f \\h(t,xi(t),y) - h(t,x 2 (t), y)\\ 2 p(dy) < L 3 \\x 1 (t) - x 2 (t ) || 2 , 
Jz 
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|| h(t,x(t),y) - h(t,x(t),y)\\ 4 p,{dy) < Li\\xi{t) - x 2 (t ) || 4 , 

for all xi,x 2 ,x € X and a.e. t £ J. 

(H 4 ) There are some constants L 5 ,L 6 > 0 such that 

[ \\h(t,x(t),y)\\ 2 n(dy)<L 5 (l + \\x(t)\\ 2 ), 

Jz 

[ \\h(t,x(t), y )\\ 4 y(dy)<L 6 (l + \\x(t)\\ 4 ) 

Jz 

for all xi, x 2 , x € X and a.e. t £ J. 

(H 5 ) The function a : [0, 00 ) — > L^K.X) satisfies / Q T ||cr(s)|| 2 0 <is < 00 . 

Now, we consider the existence result for system (1.1). 

Theorem 3.1. Assume that hypotheses ( Hi ) — (H 5 ) hold. Then for any u £ L 2 (J,U) the stochastic system (1.1) 
has a unique mild solution on J , if 

2 T 2 [M 2 L 1 + l(L 3 + y/Lj] < 1. 

Proof. We define an operator F : C( J, L 2 (fl, X)) — > C( J, L 2 (fl, X)) by 

(. Fx)(t ) = S(t)x 0 + f S(t — s)Bu(s)ds + f S(t — s)f(s,x(s))ds 

Jo Jo 

+ f S(t — s) a (s)dBQ (s) + f ( S(t — s)h(s,x(s),y)N(ds,dy). 

Jo Jo Jz 

Using the contraction mapping principle, we will show that the operator F has a fixed point. To prove this, we 
subdivide the proof into four steps. 

Step 1. For any x £ C(J, L 2 (Q, X)), we show that F maps C(J, L 2 (Q, X)) into itself. 

For all x £ C(J, L 2 (Q, X)), we have 

£||(^)(i)H 2 


< 5E\\S(t)x 0 \\ 2 +5E 


S(t — s)Bu(s)ds 


5 E 


S(t — s)f(s,x(s))ds 


+5 E 
5 M 2 


S(t — s)a(s)dBQ ( s ) 


+ 5 E 


[ [ S(t- s)h(t, x(t), y)N(ds, dy) 
Jo Jz 


E\\x 0 \\ 2 + E\\Bu\\ 2 T 2 + TL 2 (1 + E\\x\\ 2 c ) + cH(2H - 1 )T 2H ~ 4 J \W(s)\\ 2 L o Q{vu) ds 


+HE[ I J \\h(t,x(t),y)\\ 2 H n(dy)dsj + E^j j \\h{t,x(t),y)\\ 4 H y(dy)dsj 

rT 


< 5M 


Jo \ Jo 

E\\x 0 \\ 2 + E\\Bu\\ 2 T 2 + TL 2 { 1 + E\\xf c ) 

■T 


+ l(L 5 T + y/WT)E{ 1 + ||x(s)|| 2 ) 


Ull^oll 2 + E\\Bu\\ 2 T 2 + TL 2 ( 1 + E\\x\\ 2 c ) + cH(2H - 1 )T 2H ~ 4 f ||a( S )|| 2 o (v<u) ds 

Jo Q 

+1 L 5 [ E{l + \\x{s)\\ 2 )ds+ s/Le( / U(l + ||a;(s)|| 4 )ds 
< 5 M 2 

+cH(2H~ OT ™- 1 j 1 \W(s)\\ 2 L0Q{vu) ds 

for all t £ J. 

From the inequality (3.1) and the assumptions, one can see that there exists Mi > 0 such that 
£||(Fz)(i)|| 2 < Mi(l + T su P -E||a;(s)|| 2 ) 

sG J 

for all t £ J. Thus, F maps C(J,L 2 (Sl,X)) into itself. 

Step 2. We prove that F is a contraction mapping. 

Let x\,x 2 £ C(J,L 2 (Sl,X)), for t £ J we have 

E\\(Fx 1 )(t)-(Fx 2 m \\ 2 

nt 


(3.1) 


< E 


s)[f(s,xi{s)) - f(s,x 2 {s))\ds 
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+ / / S(t- s)[h(t,xi(t),y) - h(t,x 2 (t),y)]N(ds,dy) 

Jo J z 


3>8, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


< 2M 2 T 2 L 1 sup E\\xi(t) - x 2 {t)\\ X 3 + 2iIe( f I \\h(t, x\(t), y) - h(t, x 2 {t), y)\\ 2 c y(dy)ds 

te[o,T] L \Jo Jz 


+E 


\\h(t,x 1 (t),y) - h(t,x 2 (t),y)\\ i c y(dy)ds 


0 JZ 


< 2M 2 T 2 Li sup£||xi(s) - X 2 {s)\\c + 2l(L 3 + \JlJ) f £J||xi(s) - x 2 (s)|| 2 <is 
sG J J 0 


< 2T 2 [M 2 L 1 + l(L 3 + J~U)] supE\\xi(s) - x 2 (s) 


sG J 


I C- 


Since 2T 2 [M 2 L\ + l(L 3 + \fLi)\ < 1, then F is a contraction mapping and hence there exists a unique fixed point 
x(-) in C( J, L 2 (fl, X)) which is the mild solution of problem (1.1). □ 


4 Controllability results 

In this section, we discuss the controllability results for System (1.1). Before starting, we consider the following 
assumption: 

(H 5 ) The linear operator Lq € L 2 (U,X) is defined by 

LqU= f S(T — s)Bu(s)ds. 

Jo 

has an inverse operator (L ^) -1 which takes values in L 2 (J, U) \ ker Lq , where ker Lq = {x £ L 2 (J , U), L^x = 0}, 
and there are positive constants M b ,M L such that ||S || 2 < M b , ||(Lq ) _1 || 2 < M L . 

To the readers’ convenience, we give the definitions of controllability as follows. 

Definition 4.1. System (1.1) is said to be completely controllable on the interval J if 

n t (x 0 ) = C(J,L 2 (Q,X)), 

that is, all the points in C(J, L 2 (Cl, X)) can be exactly reached from arbitrary initial condition x(0) = Xq and xt 
at time T. 


Theorem 4.2. Assume that hypotheses (Hi) — (H b ) hold. Then the stochastic system (1.1) is completely control- 
lable on J , if 

3 j TM 2 (LiT + 2M 2 M 2 M l [M 2 L\T + (L 3 + s/U)]T 2 ^j + l(L 3 + s/U) J < 1 . 

Proof. Fix T > 0 and let Z t = C(J, L 2 (ff, X)) be the Banach space of all functions from J into L 2 (£l, X), endowed 
with the supremum norm 

I Mzt = ( SU P E \\T(t)\\ 2 

\te[o,T] 

Let’s consider the set 



Gt = {x G Zt '■ x( 0 ) = xo}. 

We easily know that Gt is a closed subset of Z T equipped with norm || • \\z T - 
By assumption (H b ), one can choose the feedback control function u x (t) as 

u x (t) = B*S*(T-t)E^Ll)-\xT-S(X)x 0 - j S(T — s)f(s,x(s))ds 

( S(T — s)a(s)dBq (s) + f f S(T — s)h(s,x(s),y)N(ds,dy) 
Jo Jo Jz 

We will prove that if we use this control u x (t), the operator <I> define on || • || z T by 
$(s)(i) = S(t)x 0 + S(t- s)BB*S*(T - s)E (Lq ) _1 (^x b — S(T)x 0 


I 


S(T — rf)f(s, x(rj))drj — 


S(T-r,)<j( v )dB»( v ) 


S(T — rj)h(rj, x(rj), y)N(dip dy) 


Jo J z 


I Tt 


ds + f S(t — s)f(s, x(s))ds 
Jo 
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+ / S(t — s)<j(s)cIBq(s) + / / S(t — s)h(s,x(s),y)N(ds,dy) 

Jo Jo Jz 


/o 

has a fixed point on J. 

To prove that the operator $ has a fixed point on J, we divide the subsequent proof into the following two 
steps. 

Step 1. For any x € Gt, let’s prove that t —> <J>(x)(i) is continuous on J in the L 2 (Q,X)- sense. 

Let 0<t<t + 6<T, here t,t + 6 are belong to J, and 8 > 0 is sufficiently small. Then we have 

E\Mx)(t + S)-Hxm \\ 2 


< 9S||5(t + (5)xo - 5(t)a;o ]|| 2 + 9E 

rt+S 


+9 E 


/ l +0 

S(t + 8 — s)f(s, x(s))ds 


f [5(t + 6 — s) — S(t — s)]/(s, x(s))ds 

Jo 

[ [S(t + 8 - a) - S(t - a)]B 

Jo 


9 E 

rT 


xB*S*(T - a)^)- 1 (z T - S(T)x 0 -j S(T - V )f( V , x(y))dy 

-[ S(T -ri)v{ri)dB%{rj)- f [ S(T - y)h(y,x(y),y)N(dy,dy)]ds 
Jo Jo Jz J 

pt-\-S / pT 

j S(t + S-s)BB*S*(T-s)(L^)- 1 {x T -S(T)x 0 - j S(T - V )f(y, x(y))dy 


+9 E 


S{T — rj)cr(rj)dBQ (r?) — 


S(T -y)h(y,x(y),y)N(dy,dy) Ids 


lo Jz 


+9 E 
+9 E 
+9 E 

9 


+ 9 E 


f [S(£ + S — s) — S(t — s)]cr(s)dBQ (s) 

Jo 

f f [S(t + 5 — s) — S(t — s)]h(t,x(t),y)N(ds,dy) 
Jo Jz 


1 2 

S(t — s)a(s)dBq ( s ) 


to Jz 

rt+S 


S(t + 8 — s)h(t, x(t), y)N(ds, dy) 


< 9 

We can easily know that 

h < ||5'(£ + 8) - S'(£)|| 2 F;||xo || 2 — > 0 as 8 -> 0 . 

By using the well-known Holder’s inequality, we get 

1 2 < t / \\S(t + 6 — s) — S(t — s ) || 2 sup £ 1(1 + ||x(s)|| 2 )(is — > 0 as 8 — > 0. 

J 0 

pt-\-8 

1 3 < M 2 t / sup £7(1 + ||a;(s)|| 2 )ds — > 0 as S — > 0. 

Jt sGJ 

By Holder’s inequality again, Lemma 2.4 and the condition (H 3 ), we get 

h < ||S(i + S-s)-S(t- s)\\ 2 \\B\\ 4 \\lZ\\ 2 (e\\x t \\ 2 + M 2 E\\x 0 \\ 2 


+E 

+E 


S{T ~rj)f(y,x(ri))dri 


■E 


S(T — y)cr(r))dBQ ( 17 ) 


S(T — y)h(rj, x(y), y)N(dy, dy) 


to JZ 

rt 


ds 


< 5 M 2 M L J ||5(£ + 8-a)-S(t- s )|| 2 (e\\x t \\ 2 + M 2 E\\x 0 \\ 2 

+M 2 T [ sup E (1 + \\x(y)\\ 2 )dy + M 2 cH {2H - 1)T 2H - 1 [ ||tr(r;)|| 2 0 dr 7 
Jo r/ej Jo 2 

+l{ E { J J z E \\h{y,x(y),y)\\ 2 n(dy)dy) + E( E\\h(y, x(rj), y)\\ A n(dy)dy) 2 ds 

< 5 Mg M l J ||S(t + 8 - a) - S(t - s )|| 2 (e|M | 2 + M 2 E\\x 0 \\ 2 
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+M 2 T supE(l + \\x(r])\\ 2 )dr] + M 2 cH(2H-l)T 2H - 1 \ \a{r])\\ 2 L odr] 

J 0 r/GJ Jo 2 

+l(L 5 T+^L^T)E(l + \\x{s)\\ 2 )Jds. 

Hence, by Lebesgue’s dominated convergence, one can know that h — > 0 as S — > 0. 

For a similar way, we obtain 

pt -\-8 / pT 

h < 5 M 2 M 2 M l [E\\xt \\ 2 + M 2 E\\x 0 \\ 2 + M 2 T sup £1(1 + \\x(rj)\\ 2 )dij 

Jt \ Jo »?eJ 

+M 2 cH(2H-l)T 2H ~ 1 [ \\a{r])\\ 2 L odT] 

Jo 2 

+L 4 M 2 f sup £1(1 + ||a:(77) || 2 )dr7 Jds — >• 0 as S — > 0. 

Jo v£J J 

Io < cH(2H-l)t 2H ~ 1 [ \\S(t + 6-s)-S(t-s)\\ 2 \\a{s)\\ 2 L odsa,s6^0. 

Jo 2 

pt -\-8 

I 7 < cH{2H — 1 )M 2 6 2H ~ 1 J ||cr(s)|| 2 o<is as 5 — > 0. 

/ 8 < (L5T + -y/ZgT) f \\S(t + S — s) — S(t — s)|| 2 sup£'(l + ||a;(s)|| 2 )ds as <5 — > 0. 

J 0 J 

pt-\-5 

I 9 < l{L b T + \/ L 6 T ) / sup.E(l + ||:r(s)|| 2 )<is as <5 — >■ 0. 

Jt sGJ 

Then, by the strong continuous of S(t) and the Lebesgue’s dominated convergence theorem, we know that the 
right hand of /»(* = 1, ■ • • ,9) tends to 0 as 5 — > 0. Hence, <!>(;r)(f) is continuous on J in the X)-sense. 

Next, we prove that $ is a contraction mapping. Let x, z £ C( J, L 2 (£l, X)) are two mild solution of (1.1), then 


EMx)(t)-Hzm\\ 2 H 


< 3 E 


+3 E 


S(t- s)[f(s, x(s)) - f(s, z(s))]ds 


S(t - s)B(s)[u x (s) - u z (s)]ds 


+3 E 


[ [ S(t — s)[h(s, x(s), y) — h(s, z(s), y)]N(ds, dy) 
Jo Jz 


10 Jz 
< 3Ji + 3J2 + 3T3. 

We can easily show that 

Ji < TM 2 L\T supL||a;(i) — z(t)\\%, 

t£j 

J 3 < K L 3 + \/La) snp E\\x(t) - z(t)\\ 2 . 

t&J 


(4.1) 

(4.2) 


Since 


E\\u x (t) - u z (t ) || 2 


< E 


B*S*(T - t){Llr l ( £ S(T - s)(f(s , x{s)) - f(s, z(s)))ds 


/ 0 Jz 


S(T - s)[h(s,x(s),y) - h(s,z(s),y)]N(ds,dy) 


< 2M 2 M b M L ^M 2 T J E\\f(s,x(s))- f(s,z(s))\\ 2 ds 

+ 1 { E ( f j E \\Hv,x(v),y)\\ 2 lj(dy)dri) + E( f j E\\h(rj,x(r]),y)\\ 4 iJ,(dy)dri)^^ 
0 J Z 0 J z 

T 

< 2 M 2 M b M L [M 2 L 1 T + (L 3 + sju)} [ sup E\\x(s) - 2(s)|| 2 ds, 

Jo selo.tl 


we have 


sup-EHiia^t) - u z (t ) || 2 < 2M 2 M b M L [M 2 L 1 T + (L 3 + \/T^)]T supL||x(t) - z{t)\\ 2 . 

tej tej 
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J 2 < 2M 4 M 2 M L [M 2 L 1 T+(L 3 + ^T A )]T 2 supE\\x{t)-z(t)\\ 2 , (4.3) 

teJ 

By inequalities (4.1)-(4.3), we get 

< 3^TM 2 (^L 1 T + 2M 2 M^M l [M 2 L 1 T+(L 3 + VU)]T 2 ^j + l(L 3 + y/U)^\\x - z\\ 2 c . 

Since 3 |tM 2 ^L\T + 2 M 2 AY 2 M L [ M 2 L T + (L 3 + y/L^jT 2 ^ + l(L 3 + v / Ei) | < 1. Therefore, $ is a contraction 

mapping and hence there exists a unique fixed point x(-) in C{ J, X)) which is the mild solution of system 

(1.1). Thus, system (1.1) is complete controllable on J. 

□ 


5 An example 


Let’s consider the following stochastic partial differential equations driven by fractional Brownian motion and 
Poisson noise process: 


dx(6, t) 


d 2 x(9 , t ) 
<9(9 2 


+ F(9,t,x(0,t)) + g(0,t) 


dt + a(t)dB H (t) 


< 


x(0, t) = 0, 
x{9, 0) = x o (0), 



cos tx(6,t)i/,N(dt,dfj,), in fi x [0, r], 
on dtt x [0 ,t], 


9 £ O, 


(5.1) 


where B H is a fractional Brownian motion, fi is a bounded open set in R, F : H x J x R — > R is nonlinear 
function, measurable with respect to 9 and almost everywhere continuous with respect to t. Let {q(t),t £ [0, r]} 
be the Poisson jump process taking values in the space F{ = [0, oo) with a er-fmite intensity measure A (dfj.) on the 
completely probability space (EjJ 7 , P). We denote the Poisson counting measure as N(dt,dfi), which is induced 
by q(-), and compensating martingale measure given by 

N(dt, d/i) = N(dt, dfi) — \(dn)dt. 


Take X = Y = U = L 2 ([0, r]) and the operator A : D{A) C X — > X is defined by 
Ax = x " , 

D(A) = {x £ X : x, x' are absolutely continuous, x" £ X, x(0) = x(7r) = 0}. 

Then, A can be written as 

OO 

Ax = — n 2 (x, x n )x n , x £ D(A), 

n = 1 

where x n [x) = -y/2/7T sin ny(n = 1, 2, • • • ) is an orthonormal basis of X. It is well known that A is the infinitesimal 
generator of a differentiable semigroup T(t)(t > 0) in X given by 

OO 

T(t)x = ^ exp" n t (x, x n )x n , x £ X, and ||T(£)|| < e _1 < 1 = M. 

n = 1 

In order to define the operator Q : Y ^ R, we choose a sequence {l n }neN C R + , let Qe n = l n e n , and assume 
that 


OO 

tr(Q) = ^2 \fV n < oo. 

n — 1 


Thus, we define the fractional Brownian motion in Y as 


VTn^(t)e n , 

n = 1 

where FI £ (^,1) and {”fn}nen is a sequence of one-dimensional fractional Brownian motion mutually independent. 

Let x(t)(-) = x(-, x)(-) = F(-,t, x(-)). Define the bounded operator B :[/—>■ X by Bu(t){9) = g(9, t),9 £ 

D, u £ U. Hence, by the above choice, it’s easily known that the system (5.1) can be written into (1.1) and all 
the conditions of Theorem 4.2 are satisfied. Then by the Theorem 4.2, the stochastic partial differential equations 
driven by fractional Brownian motion and Poisson noise process is completely controllable on [0, r]. 
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A note on non-instantaneous impulsive fractional neutral 
integro-differential systems with state-dependent delay in 

Banach spaces 


Selvaraj Suganya,* Dumitru Baleanu} Palaniyappan Kalamani* and Mani Mallika Arjunam 


Abstract 

In this research, we establish the existence results for non-instantaneous impulsive fractional 
neutral integro-differential systems with state-dependent delay in Banach space. By utilizing the 
Banach contraction principle and condensing fixed point theorem coupled with semigroup theory, 
we build up the desired results. To acquire the main results, our working concepts are that the 
functions deciding the equation fulfill certain Lipschitz conditions of local type which is similar to 
the hypotheses [5|. In the end, an example is given to show the abstract theory. 

Keywords: Fractional order differential systems, Caputo fractional integral operator, non- 

instantaneous impulses , state-dependent delay, fixed point theorem, semigroup theory. 

MSC 2010: Primary 34K30, 26A33; Secondary 35R10, 47D06. 

1 Introduction 

Fractional calculus may be considered an old and yet novel topic. In fact, the concepts are almost as 
old as their more familiar integer-order counterparts. In 1965 Leibniz and L’Hopital had correspondence 
where they discussed the meaning of the derivative of order one half. Since then, many famous 
mathematicians have worked on this and related questions, creating the field which is known today 
as fractional calculus. 

The fractional calculus is also considered a novel topic, since it is only during the last three decades 
that it has been the subject of specialised conferences and treatises. This was stimulated by the fact that 
many important applications of fractional calculus have been found in numerous diverse and widespread 
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fields in science, engineering and finance. Many authors have pointed out that fractional derivatives 
and integrals are very suitable for modelling the memory and hereditary properties of various materials 
and processes that are governed by anomalous diffusion. This represents the main advantage of using 
the fractional derivatives in comparison with classical integer-order models, in which such effects are 
not taken into account. For more details, we suggest the reader to refer the monographs j6,E4, 
the papers 0,0, 10, 23,08, 34, 44], and the references cited therein. 


471 ] . and 


Due to the diverse applications in science and technology, functional differential equations turn out 
to be the most essential branch of research in mathematical sciences. The work on non-integer order 
functional differential equations with state-dependent delay (abbreviate, SDD), is going on last few 
years. Furthermore, the study for such kind of the differential equations with SDD, we refer the papers 

0, 0, .9, SB, 3. Q, H, 0, 0, 0. S] . 

An important feature of real-world dynamic processes that has attracted considerable interest by 
scientists is the effect of abrupt changes. Hereby, “abrupt” is meant in the sense of a multi-scale problem, 

1. e. the state of a system changes only slowly for a long time interval, and then undergoes a drastic 
change within a very short time interval. For example, a football may be flying through the air for 
several seconds before it changes its flight direction within milliseconds during a collision with a goal 
post. For the mathematical description of this system, the specification of two sets of equations is 
appropriate: one for the flight phase, and one for the collision phase. 

Several mathematical models can be developed for the football example. In a simplified setting, the 
motion of the football could be described by the position and velocity of its center of mass, and the 
encounter with the goal post could be treated as an inelastic collision (i.e. by an immediate change of 
the football’s velocity). 

For the description of the collision of the ball with the goal post leads to differential equations in which 
the velocity experiences, at the time of the collision, a so-called impulse. For additional information 
on this concept and pertinent advancements of impulsive differential equations (abbreviated, IDEs), for 


instance 


0,0, HEl 


However, in 


n 


32] , the authors sug gested a new class of abstract IDEs for which the impulses are 


not instantaneous. In particular, in 22], the authors investigate the new type of IDEs with Nil of the 
form 


u'(t) = Au(t ) + f(t, u(t )), t <E (si,t i+ i], i = 0,1,2,..., iV, 
u(t) = gi(t,u(t)), t € (ti,Si\, * = 1,2,--- , N, 
u( 0) = x 0 , 


( 1 . 1 ) 

(1.2) 

(1.3) 


and set up the existence and uniqueness solutions of mild and classical solutions by applying well-known 
fixed point theorems. From the above system (1.1)-(1.3), we observe that the impulses start instantly 


at the points t{ and their action continue on a finite time interval [i* , s»] . As indicated in [22], there 
are actually several distinct aspirations for the research of this kind of model. For more details on this 
theory and on its applications, we suggest the reader to refer [14, 22, [30, 32]. 


Moreover, Pierri et al. |32|] have generalized the results of [221 ] . by employing the theory of analytic 


604 


Selvaraj Suganya et al 603-633 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


semigroup and fractional power of closed operators and proven the existence results of solutions for a 
class of semilinear IDEs with Nil in Banach space. Furthermore, in fl7l.ll9. 20 , 25] , the authors analyzed 
the different types of IFDEs with Nil in Banach spaces under appropriate fixed point theorem. Recently, 
Suganya et al. 40] researched the existence results for fractional neutral integro-differential system with 
SDD and Nil in Banach space through the utilization of the Hausdorff’s measures of non-compactness 
and Darbo-Sadovskii fixed point theorem. 

On the other hand, the existence results for impulsive fractional neutral integro-differential 
systems (abbreviated, IFNIDS) with SDD and Nil in 38 h phase space axioms have not yet been 
completely examined. This persuade us to explore the existence results of these types of structures 
with Nil in Banach spaces. 

Motivated by the effort of the aforementioned papers jfl [fll [21 . 22], the principle motivation behind 


this manuscript is to research the existence of mild solutions for an IFNIDS with SDD of the model 


C D?[z(t) - (t,z atjZt) ,Cz atjZi) ) ] = s/z(t) + £ 2 (t,z c(Mt) ,Cz c(Mt) ) 
=®3 (^> 1 ^ 1 t ^ (®i> ^i+l] > * 0)1)2,..., IV, 

z{t) = 9i{t,z^ zt) ), t € (ti,Si], i = l,2,...,N, 
z 0 = ip(t) € 38 h , t <E (- 00 , 0], 


(1.4) 

(1.5) 

(1.6) 


where si denotes the infinitesimal generator of an analytic semigroup {T(i)}t>o in a Banach space X; 
° D t is the Caputo fractional derivative operator of order a with 0 < a < 1; J? = [0, T] is an operational 
interval; J2i, '■ ^ x x -A X, ( : / X 38h — >• M are appropriate functions, and 38h is a phase 


space outlined in next section. The term Cz^u Zt \ is given by Cz^( t Zf - ) = / K(t, s)(z ( ^^ StZs ' ) )ds, where K € 

’Jo 

C(St, M + ) is the set of all positive functions which are continuous on @ = {(t, s) S /x/ : 0 < s < t < T} 

and C* = sup / K(t , s)ds. Here 0 = to = < si < t 2 < S 2 < ■ ■ ■ < < sn < tjv+i = T, are 

te[o,T] Jo 

prefixed numbers, and (ji € C((ti, Sj] x 38 X) for all z = 1,2,..., iV, is stand for impulsive conditions. 

For almost any continuous function z characterized on (— 00 , T] and for almost any t > 0, we 
designate by zt the part of 38 ^ characterized by zt{9) = z(t + 0) for 9 < 0. Now zt(-) speaks to the 
historical backdrop of the state from every 9 G (— 00 , 0] likely the current time t. 

Contrary to the recent results, this paper has some useful features including the integral term in 
the involved functions ^ 1 ,^ 2 , ^3 and define a suitable mild solution of the model (1.4)-(1.6) with 
the help of probability density function. Then, based on local Lipschitz conditions of the involved 
functions, we establish the existence results for IFNIDS with SDD and Nil of the problem (1.4)-(1.6) 
under appropriate fixed point theorem, and the outcomes in [ 17 ], 0] might be viewed as the particular 
situations. 

We organize the paper as follows. We provide some basis definitions, lemmas and theorems in Section 
2 as these are useful for establish our results. Section 3 focuses on the existence of mild solutions for the 
model (1.4)-(1.6) with the help of the fixed point theorem. Section 4 provides an example to illustrate 
the acquired abstract concept. 
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2 Preliminaries 

From now on, X represents Banach space with norm || • ||, C(J^,X) denotes the space of all X- valued 
continuous functions on J? and J§?(X) is the Banach space of all linear and bounded operators on X. 
Furthermore, the notation B r (z , X) stands for the closed ball with center at z and the radius r > 0 in 


Let si : D{si) C X — >• X is the infinitesimal generator of an analytic semigroup of uniformly bounded 
linear operator on X. Let 0 £ g(si), then it is possible to describe the fractional power si^, 0 < fi < 1, 
as a closed linear operator on its domain D^si^). Moreover, the subspace D(s/ 11 ) is dense in X and the 
expression ||z||^ = \\s/^z\\, z € D^si 11 ), defines a norm on D{si tl ). For 0 < v < g < 1, X^ — » X„ and 
the imbedding is compact whenever the resolvent operator of si is compact. Also for every 0 < g < 1, 
there exists a positive constant such that 


IK"T(t)ll < 4L 


0 < t < T. 


35]. 


For additional information about the above preliminaries, we refer to [31 

To portray properly our system, we claim that a function z : [a, r] — >• X is a normalized piecewise 

continuous function on [a, r] if z is piecewise continuous and left continuous on ( a , r] . By the symbol 

VC ( [<t, t] ; X) , we mean the space of normalized piecewise continuous functions from [a, r] into X. 

Specifically, we signify the space VC established by all functions z : [0, T] — >• X in ways that z is 

continuous at t / tj, z(t~) = z(ti ) and z(tf ) exists, for all i = 1, 2, • • • ,N. It is not difficult to find out 

that VC is a Banach space having the norm ||z||-pc = sup ||z(s)||. 

sG[0,T] 

Once the delay is infinite, then we should talk about the theoretical phase space SBh in a beneficial 
Thus, in this manuscript, we deliberate phase spaces S$h which are same as it was described in 
As a result, we bypass the details. 

We assume that the phase space {S&h-, II ■ \\ss h ) is a semi-normed linear space of functions mapping 
(—oo,0| into X, and 
Ram Gautam et al. 

If z : (— oo, T] — > 
conditions hold: 


ulfilling the subsequent elementary adages as a result of Fu et al 


• H 


and Ganga 

21 ]. 

[,T > 0, is continuous on J' and zq € 38 h, then for every t € the accompanying 


(Pi) zt is in 38 h ] 

(P 2 ) ||2(t)||x < H\\z t \y h ; 

(P 3 ) || 2 t||^ < £\(t) sup{||z(s)||x : 0 < s < t} + S 2 (t)\\zo\\£g h , where H > 0 is a constant and 
£\{-) : [0, +00) — >• [0, +00) is continuous, '■ [0, +00) — >• [0, +00) is locally bounded, and 

S'l , $2 are independent of z(-). 

For our convenience, denote S* = sup^i(s), = sup # 2 ( 5 )- 
Define the space 

3 $t = {z : (— 00, T] — >• X such that zq £ 38 ^ and the constraint z|^ £ VC} , 
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where z\j is the constraint of z to the real compact interval on J? . The function || • || gg T 

to be a seminorm in it is described by 

T sup{ || z(s) ||x : s G [0,T]}, z € @ T - 


z = 


To stay away from the reiterations of a few definitions utilized as a part of this paper we 
refer the readers: such as for the definition of the fractional integral, Riemann-Liouville fractional 
integral operator, the generalized Mittag-Leffier special function, Wright-type function and the Caputo’s 
derivative one can see the papers [l7|, 125!) [4Qj and the monographs [24. 1331. 147]. 

Currently, we are have the ability to define the mild solution for the problem (1.4)-(1.6). For this, 
initially we treat the following model 


c Dfzft) = &/z{t) + (t), 

z(0) = z 0 , 


(2.1) 

(2.2) 


where c Df and srf are just like described in (1.4)-(1.6). 

By thinking the proofs as in (t! Lemma 6 and Lemma 9], we directly define the mild solution for 
the model (2.1)-(2.2). 

Definition 2.1. A function z : J? — >• X is considered to be a mild solution of problem (2.1)-(2.2) if 
z G C(J?, X) fulfills the accompanying integral equation: 

ft 


z(t ) = T a (t)zo + f § a (t — s)JS 2 {s)ds, 

Jo 


For additional reference about this concept, we suggest the reader to refer 1351. l38i. |4C|. 

Before we characterize the mild solution for the structure (1.4)-(1.6), finally, we treat the following 
system 

c Df[zft) - (t,z(t))\ = £?z(t) + £! 2 (t,z(t)) + ^ 3 (t,z(t)), t € (si,t i+ 1 ], i = 0,l,...,N, (2.7) 

z{t) = gift, z(t)), t G (U, s^, * = 1,2,--- ,1V, (2.8) 


z(0) = Zq, 


(2.9) 


where c Df , gift, z(t)) and s4 are same as defined in (1.4)-(1.6) and zo € X, J &3 are 

appropriate functions. 

We remark that, the impulses in problem (2.7)-(2.9) start abruptly at the points L and their action 
continues on the interval [tj,Sj]. In addition, the function z takes an abrupt impulse at ti and follows 
different rules in the two subintervals (tj,Sj] and (sj,L + i] of the interval (tj,tj + i]. At the point s*, the 
function z is continuous. 

On the results received in the papers |35h 37I. 43|, l48(], first we define the mild solution for the system 
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(2.7)-(2.9) is given by 


T a (*)[-so - =Si(0, zq)\ + 32i(t, z{t)) + f g/S a (t - s)£?±(s, z(s))ds 

t - 

+ [ — s) 

Jo 


ds, t G [0, ti], 


£? 2 (s,z(s)) + 3! 3 (s,z(s)) 
gi(t,z(t)), te(h,si], 

T a (t — s\)di + z(t)) + / £/S a (t — s)^i(s, z(s))ds 

J 0 


x(t) = < 


+ 


[ S a (t-s) 
Jo 


(s,z(s)) + £} 3 (s,z(s)) 


ds, te(si,t 2 ], 


9 i(t, z(t)), te ( ti,Si] , * = 1,2,--- ,N, 

T a (t — Si)di + 32\(t, z(t)) + / £/S a (t — s)£!i(s, z(s))ds 


+ 


[ S a (t-s ) 
Jo 


£! 2 (s,z(s)) + £! 3 (s,z(s)) 


ds, t G 


where 


rsi 


di = gi(s,z(si)) - J2i(si,z(si)) - / £/§ a (sj - s)J2i(s,z(s))ds 


rsi 


S Q (sj s) 


£! 2 (s,z(s)) + £! 3 (s,z(s)) 


ds, i = 1, 2, • • • , IV. 


Remark 2.1. From the discussion in f 40 1 ■ we clearly see that our definition of mild solution fulfills the 
given model (2.7)- (2.9). 

In accordance with the above discussion, we determine the mild solution of the model (1.4)-(1.6). 

Definition 2.2. EJ Definition 2.8] A function z : (— oo,T] — >• X is called a mild solution of the 
model (l.l)-(l.S) if z® = p £ 38 h, *(•)!> G VC and for each s G [0 ,t) the function g/$ a (t — 
s)£>i(s, z^s^pCz^s^) is integrable and 

z(t) = T a (f)[</?(0) - ^i(0,</?(0),0)] + £i (t,z at}Zt ),Cz c(J , jZt )) 

+ / 42/S a (t s)J2\ (s, z^ s ^ Zs 'j , Cz^( s t z s ))ds 


+ 


I ^aif s')^2(s,Zg(s,Zs))Cz£( SZg '()ds 

Jo 

“b / §a(l s)J2 3 (s, z^ S Zs ) , Cz^r SZg \] ds, t G [0, ii], 
Jo 

9i(t,za t ,zt)), t€(ti,Si\, i = 1,2,- •• ,N, 

^aif Si)di + J2i(t, Z£(t lZt ),Cz£(t !Zt -)) 

+ j ^/Saft s)J2i (s, Z^( sz \ , Cz^( s z \ )ds 

Jo 


(2.16) 
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where 


+ [ § a (t - S)^ 2 (s,Z c(s>Zs) 
■JO 

T / &a(t '^'ClSjZs) 

■Jo 


Cz C (»,*.)) ds 
^-’ z C,{s,z a )) ds, t E 


rsi 

di = gi{si, z c{suZsi) ) - ^1 (si,z C ( ShZsi) ,Cz c{suZsi) ) - / gf§ a (si - s)^i(s,z <M ,Cz c ^ Zs ))di 

J 0 

pSi rsi 

~~ / S Q (Sj s)<BJ 2 (s, ^(s, 2 : s ) j C^(s,z s )) ds — I §Q,(Sj s)i ?3 (s, ^(s,z s ) j ^^^(s,z s )) ds , 

io JO 

i= 1,2, ■■ ■ ,iV. 


(2.17) 


Now, we turn to the statement of Condensing fixed point theorem 


21 


Theorem 2.9]. 


Theorem 2.1. iet B be a convex, bounded and closed subset of Banach space X and let P : B — » B be 
a condensing map. Then P has a fixed point. 


3 Existence results 

In this section, we show and demonstrate the existence of solutions for the model (1.4)-(1.6) under 
different fixed point theorems and we consider tp € S$h a fixed function, = [0, T\. To simplify writing 
of the text, in what follows, we assume that 0 < <f{t,if) < t for all if € SBh- 
Presently, we itemizing the subsequent suppositions: 

(HI) The function J2,\ : J? x x — >• X is continuous and we can find constants /3 E (0, 1 ),Lg 1 > 0, 
> 0 and L ^ > 0 in ways that £J\ is X^ -valued and fulfills the subsequent assumptions: 

ii (.bo^i(*,¥?i,^i) - iix< ^iii^i -ww&h+L^ ii ip! -v>2 \y h , 

II ||x< L Bl || if \\<% h +L* g , 

where 

L% = max \\J2i(t, 0,0) ||x, for all t € J’ and 'if,(pi,ip 2 ,'tpi,'ip 2 € BBh- 

t&j? 

(H2) The function J2 , 2 : x x BB^ — » X is continuous and we can find positive constants L^ 2 ,L^ 2 > 0 
and L*q 2 > 0 in ways that 

\\^2{t,Pi,ifi) - £2{t,tp2,ip2)\\x < Lj2 2 \\vi - T2\\gg h + As 2 ||Vh - -0211 @ h , 

and 

L*g 2 = max ||=S 2 (i, 0,0) ||x, for all t € J and p\, ifi, tp 2 € BB h . 
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(H3) The function J ?3 : J ? x x 38 h — > X is continuous and we can find positive constants L^ 3 ,L^ 3 > 0 
and L*g 3 > 0 in ways that 

- ^{t^2,^2)\h < L S 3 \Wl - V2\\<% h + Lj2 3 11-01 - ^ 2 |b a , 

and 

, = max ||^ 3 (t,0, 0)||x, for all t S / and <^i, 922 , ipi, 1 P 2 G 

(H4) The function gi : ( ti , Sj] x 38 h — >• X, i = 1, 2, • • • , iV are continuous and there exist positive constants 
L 9i > 0 , L*. > 0 such that 

\\9i{t,<Pi) ~ 2 )||x < L g .\\<pi - <p 2 \\a h , 

||0i(i,¥>)||x < L gi \\(p\y h + L*. , 

where 

L* = max \\gi(t, 0)||x, for all te(U,Si\ and <p,ipi,ip 2 e & h . 

t€(ti,Si] 

(H5) For every r > 0, there exist constants L^ 3 {r) > 0 ,Lg 2 (r) > 0, L^ 3 (r) > 0 and L gi (r) > 0 such 
that 


(£/)P£!i{t,(pt 2 ,Cil)t 2 ) - {&/)P£i(t,(p tl ,Cil> tl ) || < T^ 1 (r)(l + C*)|i 2 - ii|, 

II ^ 2 (t,ip t2 ,Cip t2 ) - £ 2 (t,ip tl ,Cip tl ) || < L S2 (r){l +C*)\t 2 - ii|, 

II £z{t,(p t2 ,Cip t2 ) - £} 3 (t,<p tl ,Cip tl ) || < Lg 3 (r)(l + C*)|i 2 - ii|, 

and \\gi(t,<p t2 ) - gi(t,ip tl )\\ < L gi (r)\t 2 - ii|, i,ii,i 2 G J , 


for all function z : (— 00 , T] — >• X such that zq = ip £ 38h,z : J? — >• X is continuous and 
max ||z(s)|| < r. 

0 <s<T 

(H6) The function ( : / x 38 h [0, 00 ) satisfies: 

(i) For every ip € 38 h, the function i i->- ( (t,ip) is continuous. 

(ii) There exists a constant Lq > 0 such that 

IC(i> ^ 2 ) - C(i> ¥h)| < L C,\W 2 - <Pi\\a h , ¥> 1.^2 G 38 h for all f G J. 

(H7) The following inequalities holds: 


(i) Let 


max < MMnL a 

Ki<N I 1 


+ ML*. + (M + 1) [Mq + 


Mx.pT^ + l) T a P 


T(a/3 + 1) 


P 


L 


Si 


Ml (Ml + 1 )T a , * T * 1 to* \ 

H TT 7 — 7 T {Lg 2 + Lg 3 } + (S x r + c n ) 


r(o: + 1) 


ML 


9i 


+ (M + 1) + 

M(M + l)T 


M 1-0 r (/3+ l ) T°/>\ J 

r ( o /3 + i ) t) 3 ' 3 ' ] 


+ 


r(a + 1 ) 


{(-^^2 + ^ S 3 ) + + Lg 3 )} 


< r, for somer > 0 . 
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(ii) Let 


A = Sf max 
l<i<N 


■M(L 9i + 2 L gi (r)L^) + ( M + 1) ( Mo H + 1) — ~~ ) + 


+ L^^L*) H + ^ — {(^2 + A® 3 ) +C*(L^ 2 + L«* s ) + (Lg 2 (r) + Ls 3 (r))L*} 

be such that 0 < A < 1, where 2L^(1 +C*) = L*. 


< 1 


(H8) The functions ^3 and ^ , z = 1,2, ■■■ ,2V are continuous and there exist 

Vj 2 2 (t),Jig 2 (t), Vj 2 3 (t),jijg 3 (t), ii gi € C(J?, [0, 00 )) in away that 

,¥>i,¥> 2 )||x < iia&)\\tpi\\gt h +/42 1 (*)||P2|| 

||^2(L^1,^2)||x < + 72^3 (*) II ¥> 2 ll^fc , 

||^3(L^1,^2)||x < +M^ 3 (i)||^2||^ fe , 

||Si(*,¥OI|x < 2%(*)IMI^, * = 1,2,--- ,2V, 


for all t € ^ and cp, (pj E 2^, j = 1, 2. 

Theorem 3.1. Assume that the conditions (HI )-(H7) hold. Then the structure (1.4)-(l-6) has a unique 
mild solution on (— 00 , T], 


Proof. We will transform the model (1.4)-(1.6) into a fixed-point problem. Recognize the operator 
T : — > £$t specified by 


T«(t)k(0) - ^i(0,^(0),0)] +^1 (t,2c ( Mt), C *C(Mt)) 

+ / - s)JZi(s,Zrr s rA,HZr( s r„\)cls 

to, 


f 32/§Q,(t (®, Z£(s,z 3 )i (-'Z^ S ' Za '()ds 

Jo t 

T / Sq?(2 s') <£2 (sj Z£(s,zs)i ^-’^H s,z a )) ds 

Jo t 

T / §a(2 s)JJ?3 (s, Z^i sz \, Cz^r SZs \) ds, t E [0 , / 1 ] , 

■Jo 

(Tx)(t) = 9i(t,z^ tjZt )), te(ti,Si],i = 1,2,--- ,2V, 

1' Q! (2 — Si)di + =Si (t, Z £(t,zt) j Cz^ zi ^) 

T / 32/§ Q ,(t (®, ^(s,Z s )’ Cz^^g’Zs'j'jds 

Jo t 

+ / S a (i - s)<&2 {s,z C u Zs) ,Cz CM ) ds 

Jo t 

T / §a(2 s)J&3 (s, -2Ws, 2 s )) ^ S (Sj,2j_|_i], 

■Jo 

with di, i = 1, 2, 3, ■ ■ ■ , 2V, defined by (2.17). 

In perspective of [40, Theorem 2.1] and for any z € X and (5 E (0, 1), we obtain 


(3.1) 


1 1 .2/80, (f s)c£?i (s, ££( Si z s ), C~^(s,z 3 )) ||x 

= ||^ 1_ ^S Q (t- s)i2/ /3 ^i(s,^ c(s ^ ) ,Cz c(SiZs) )||x 
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a / rcj) a (r)(t — s) a V 1 /3 T((i - s) a r)dr *f fi £i(s,z C ( s z j,Cz C ( s g j) 

Jo 

[ /*°° 1 

< otMx-pit- s) a P~ l / r p </> a (r)dr \\^^i(s,z^ atZs ),Cz^ aiZs )) ||x- 
J o 


(3.2) 


_ r(i + 3-) 

On the other hand, from / r q ip a (r)dr = — - for all q E [0, 1] (see 43, Lemma 3.2]), we have 

Jo " 


r(i + q) 

rcc roc 2 

J r^(j) a {r )dr = ^^ a (r)d- 

From (3.2) and (3.3), we conclude that 

||.c/l§ Q ,(t s) £2 1 (s, ££(s i2 : s ) , Cz^( S)2ij )) ||x 


r = 


r(i + ff) 

T(1 + a/3) ' 


(3.3) 


< 


«-A4i-^r(l + /3) 


i s i z C(s,z 3 )i^ z C(s,z 


(3.4) 


T(1 + a/3 )(t — s) 1 a P 

It is obvious that the function s — > s^T a (t — s)J2i(s, z^^ S)Z \,Cz^ S!Z \) is integrable on [0 ,t) for every 
t > 0. 

It is clear that the fixed points of the operator T are mild solutions of the model (1.4)-(1.6). We 
express the function y(-) : (— oo,T] -A X as 


y(t) = 


x(t) = 


<p(t), t < 0; 

T a (t)y?(0), t€/, 

then yo = ip. For every function x € C(J ? ,M) with x(0) = 0, we allocate as x is characterized by 

0, t < 0; 

x(t), t E /. 

If z(-) obeys (2.16), we are able to split it as z(t) = y(t ) + x(t), t € J? , which suggests zt = y t + xt, for 
each t € J? and also the function x(-) obeys 

— T Q ,(t)^i (0, (/?(0), 0) + cSi (t, %£(t,xt+vi) 3“ y{(t,xt+yt)’’('X(;(t,xt+yt) "L yc(t,xt+yt)) 

r ^(j) ( Qiiji x £(t,xt-\-yt) y C,i£ x t-\-yt )) > ^ ^ (L , Sj] , i 1, 2, ■ ■ , IV, 

— Si)di + =Si(i, X £(t,xt+yt) 3” VC(t,xt+yt)'>^' x C(t,xt+yt) 3“ y^{t,x t +yt)) 

+ / £/§> a (t — s)23\ (s, %(;(s,x 3 +y a ) + 2 /£(s,x s +ys)’^^C( s ,£s-|- 2 /s) 3“ y((s,x 3 +y 3 ))ds 

+ / §a(^ — s)^2 ( s , ~b y^(s,x a +y s ) i ^' X ()s,x s +y s ) ~b ^C( s i^s+y s )) 

+ / 8 ot(t — s)J 23 (s, 3Jf(s x s 4-j/ s ) + y^ St x a +y a )i C x C(s,Xs+y s ) ~b y((s,x 3 +y 3 )) ^ ^ ( s i,L+l]i 

J 0 


+ 

f g/§>a(t 

- 5)cSi(5,X C ( S: 


V 

+ 

r 

/ s a (t - 

^) c ^2 


V 

r 

+ 

/ S a (i - 
/ 0 

s)<&3 (^? 
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where 


di 9i{ s ii x ^(si,Xs i +ys i ) + y((si,x Si +y ai )) 

— £l{Si, x C(si,x Si +y Si ) + y((si,x Si +y Si )iC x ((si,x Si +y Si ) + yC(si,x Si +y Si )) 

rsi 

/ i 2 /S Q ,(sj s)22\ (s, X £(s,x s +y s ) ”b yc(s,x s +ys)> ^ x C(s,x s +ys) ~b yc(s,x s +ys))ds 
JO 

f Si __ _ 

— / — s)J2 2 (s, X ^{s,x s +y s ) + y<^(s,x s +ys)'>^' x C(s,xs+ys) “b yc(s,x s +ys)) 

Jo 

r s i 

— / Sa(-Si — s)J3 3 (s, X (;(s,x s +ys) y((s,xs+ys)iC x £(s,x 3 +ys) "b y((s,x 3 +y 3 )) ds, i = 1,2, ••• ,N. (3.5) 
Jo 


Let 23 j. = {i€ £$t'- x o = 0 G Let || • ||^o be the seminorm in 23^ described by 

\\ x \\a° = sup Mt)\\ x + \\ x o\y h = sup ||x(t)|| x , x G 
te^ te^ 

as a result (23j,, || • ||^o) is a Banach space. Set B r = {x G : ||x||x < r} for some r > 0; then for 
each r,B r C 2$^ is clearly a bounded closed convex set. For x € B r ( 0,23^), from phase space axioms 
(Pi) — (P 3 ) and along with the above discussion, we receive 


lk(s,* s+y 3 ) ~b yc(s,x a +y s ) W&h. 

— ll^Cl^j^s+ys) \\&h ~b l|yC(s,a; s +i7 s ) \\@h 

<@\ sup ||x(r)||x + ^ 2 *lko||^ + <n* sup I|y(r)|| + &Z\\yo\\sg h 

0 <T<C(s,x 3 +y 3 ) 0 <T<((s,x s +y s ) 

<<?i* sup ||x(r)||x + ^ri|T a (t)|| jS f(x)||^(0)|| + <%*IMI,% 

0<r<s 

<&i su p \\ x i T )\W + {S^MH + ^)\\ip\\ 39h . 

0 <T<S 

In the event that ||x||x < x, r > 0, then 

ll®C(s,x s -t-j7 s ) ""b y((s,x 3 +y s ) W&h. — X ~b Cm s G ^1 (3-6 

where c n = (3>*JvlH + <# 2 * ) H^H.% • We delimit the operator T : 23^ — > 23^ by 

— T Q (t) c Si (0, y?(0), 0) + 22\ (t, X ^{t,xt+yt) + y<^(t,xt+yt)^ x C(t,xt+yt) yc(t,xt+yt)) 

+ / £/§> a (t — s)£?i (s, ^^(s,a; s +y s ) “b y£(s,Xs+ys)iCx£( SjXs +y s ) + y((s,x 3 +y 3 ))ds 

Jo t 

+ / §> a (t — s)J2 2 (s, X £(s,x s +y s ) “b y<^(s,Xs+y s ) > ^'■ r C(s>^s+5s) “b 2/C(s,a; s +?7s)) 

Jo f 

+ / §Q.(t — s )^3 (s, 3;^( S)a ; s _|_y s ) + y((s,a; s +!7 s )) ^^Cls^s+iis) “b 2p(s,a; s -|-?/s)) ^ ^ [0>^l]> 

Jo 

(Tz){t.) = 9 i(t,x C (t !Xt+ y t ) +y<;(t,xt+yt))* 1 G (U,Si\, ^ = 1,2,--- ,N, 

^(t — Si)di + =2i (t, X £(t,xt+yt) + y((t,xt+yt)'(' x ((t,xt+yt) ~b Vc(t,xt+yt)) 

+ / i2/§Q,(f — s)=Si (s, ^(s,x s +j/ s ) ~b y^(s,x s +ys)^ x C(s,x s +y s ) “b yc,(s,x 3 +y 3 ))ds 

Jo t 

+ / S a (t — s)^2 {s, X^( StXs +y s ') + L/^(s,a: s +j7 s )) (s,a; s +j7 s ) + 2/^ (s,a; s +5s)) 

+ / §Q.(t — s)^3 (s, X^( s a , s _|_y s ) + y£( s ,x s +y s )i ^' a 'C(s>^s+li's) “b 2p(s,a; s +27 s )) ^ ^ ( s i,ti+l], 

Vo 
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with di,i = 1, 2, • • • ,N, defined by (3.5). 

It is vindicated that the operator T has a fixed point if and only if T admits a fixed point. 
Remark 3.1. As a result, we have the following estimations: 


h = ||T Q (t)J2 1 (0,^(0),0)||x 


< 


4> a (r)T(t a r)drJ2i(0, <£>, 0) 


= M||K)-^||||K)^ 1 (0,^0)||x 
< MM 0 \\ip\\^ h +L* 3i , where M 0 = ||(^/) _1 '||. 

I2 — ||=^l (ti X £(t,xt+yt) + yC(t,xt+yt)i^ x C(t,xt+yt) + U^{t,xt+yt)) 


< IK^I 


||K)^i (t 1 X ((t,xt+yt) yc,(t,xt+yt)^ x C,{t,xt+yt) VC,{t,xt+yt)) - 0,0)||j 


+ ll(^) /3 ^l(^0,0)||x 


<M 0 


h = 


+ L^ 1 C*)(S’fr + c n ) + Lg 1 


ft s)J2i(s, ®£( Sj x 4 + 2 / s ) + y(( s ,Xs+y s ) > C x C(s,x s +ys) "h yc,(s,x s +y a ))d s 


Mi-pV((3 + 1) 


a/3 


/ 4 = 


< 


r(a/3 + 1) 0 [ 

rt 


, t E [0,*i]. 


(^^1 + C*)(£*r + c n ) + L ^ 

/ s )="^2 ( s j ^(s,a:s+y s ) *h 2/C(s,a;s+i7s)’ ^-' a 'C(s>^s+5s) d - £/(($, a: s +y s )) 

JO 

rt r 00 

/ a / r(j> a (r)(t — s)“ -1 T((f — s) a r)dr 
Jo Jo 

X + yC(,s,x s +y a )i ^ x C(s,Xs+y s ) + 


< a 


L./0 


r<fi Q (r)dr 


{t-s) a ||T((t - s) Q r)||^ (X ) 


< 




=^2 _y g ) + J/f ( S) x s +j/ s ) , ^ X ^(s,x s +ys) + 

) t G [0, ti]. 


r(a + i) L 

t 




< 


{Lg 2 + L^ 2 C*)(S’fr + c n ) + L^ 2 

/ §a(f ““ s )=-^3 (s, ^^(sjXs+ys) + yC,{s,x s +y s ) > ^-' a 'C(s,a;s+i7s) "h 2 /£(s,a: s -l- 2 /s)) 

Jo 

(^3 + ^3^*)( < ^i* r + C n) + ^3 , i€[0,fl]. 

^6 — || 9i(ti X £(t,xt+yt) J~ V(,{t,xt+yt)) llx 

< lift st+w) +yc(t,*t+w)) “ftM) llx + ||ft(t, 0)||x 

— Lgi(<§ ?*r + c n ) + L*. , t G (ij, Sj]. 

h = ||ft(ft 5 + yc(si,a;s i +i7s i ))llx 
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— Lg i (£‘l r + C n ) + L*., t G ( Si , tj+l]. 

h = 11-^1 + yc,{si,x si +y 3i )i ^ x ^{s i ,Xs i +ys i ) ^ y^{si,x Si +y Si ) 

< A^o (A^i + L^ 1 C*)(S’ir + c n ) + , t G (si,£j+i]. 


y 42/§Q,(sj s)=^l (s, ^((s^s+j/i,) A ?/f(' 5 >3;s+2/s)’^' a: 'C(s,a;s+ys) + y((s,x s +y s ) )ds 

+ 1) (Si) al3 I - ~ p*\ / jp* , \ , r * 1 t r ( " t 1 

— Y( a p _|_ 1) — ’ — — y^Si + )(<3 1 ? + c n j + , t G (s»,ii+ij. 


AO / s )<&2 ( s i X £(s,x s +y s ) yC(s,Xs+ys)iC x £(s,Xs+y s ) 2/C( s >#s+?/s)) 


r(o; + 1 ) 


(-^^2 + L^ 2 C*)(S’ir + Cn) + L% a , t G (Sj,i i+ i] 


Al / ^a( s i s )=^?3 (s, 3J^( S) x s +j/ s ) + y((s,x s +y s )i ^' x Q{s,x a +ys) yC{s,x s +y s )) 


h 2 = 


~ Yj (^-®3 L ^n(^l r + c n) + -^^3 ) * e ( s iAi+l]- 


y 42/§ a (t s )“^i( s > a: 'C(S)^s+ys) A yc(S)^s+2/s)’^' a: 'C(s!^s+ys) !/((s,i s +y s ))^ s 

Atl_ /3 r(^ + 1) (t i+ i)“ /3 [^ r p ^ , \ , r * 1 i ^ I 4. l 

— Y( a fi + i) — ~p + L^C ){&]_ r + c n ) + L 3l , t €. (si,ti + i\. 


^13 ^(t 5 )^2 ( 5 5 ^(;(s,a; s +y s ) + I/C(s,^ s +y s )? ^^C( s ^s+2/s) ^C( s i^s+ 2/£ 

< Y((7+iy ^^2 A^ 2 ^*)(‘^l* r + c n) + ^2 ) ^ € (Sj, tj-l-l]. 


A 4 y S )^3 ^((s/s+Js) "t - J/Cfs.ls+Jsjl^^fs.ls+Ss) + ^((sA+j! 

~ r(l' + i) + L ^0(^V Cn ) ^3 ’ ^ e ( s *Ai+i]- 

■^15 — =^l (^> x C(t,xt+yt) A yC(t,^t+yt)i^ x C(t,xt+yt) + V^(t,xt+yt)) 


{^i x i(t,xt+yt) A y^{t,xt+yt)i^' x C,{t,xt+yt) A V^{t,xt+yt)) 

X 

— {pi x C (t,xt+yt) A y((t,xt+yt)i ^ x C(t,xt+yt) + y^(t,xt+yt)) 

— £2\ {ti X ((t,xt+yt) A y^(t,xt+yt)i^-' x C,{t,xt+yt) A y((t,xt+yt)) 

+ {ti x £(t,xt+y t ) y£(t,xt+yt) > C x ((t,xt+yt) y((t,xt+yt)) 

— =2i (i, x C(t,xt+yt) A yc,(t,xt+yt)i^ x C,{t,xt+yt) A V(;(t,xt+yt)) 

X 

< AMT(L4i + + L^ 1 (r)L*)||x — .x||^o , 

-^16 / £^S a {t ~ S) •^l{, S lX^ SXs J t y s ^-\-y^ SXs J t y a ^CX^ SXs J t _y s ^-\-y^ SXs J t y s ^) 

J o L 

— cAi (s, 3;^( Si ^ s _|_gr s ) + y((s,i s +j 7 s ))Cx^( S! ^ s _|_jj s ) + y^(s,x 3 +y s )) ds 
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~ — T(af3 + 1) ^ + L ^C* + L,gi( r )L*)\\ x - x\\ggo, t G [0,ii]. 

-^17 = / — s) <^2 ( s j ^(sjSs+ys) y((s,x a +y s )’ Cx£(s,x s +y s ) y((s,x s +y 3 )) 

J 0 L 


=^2 {s, X £(s,x s +y s ) yC(s,x s +ys)^ x C(s,x s +ys) + y£(s,x s +y s )) d s 

~ r(a+\)^ L *> + Lg 2 (r)L*)\\x — x\\@o, t G [0,t\]. 


Us = 


/ 8 a(t S ) <^3 (s, X £(s,x s +y s ) yc(s,x s +y 3 )i ^' x C(s,x 3 +y s ) y((s,x 3 +y s )) 

Jo L 

— J ?3 (s, ,x s +y s ) + y((s,x a +y a )i ^ x C(s,x 3 +y 3 ) + 2/C(s,^s+j7s)) ^' s 


~ r(a ( +l)^ (L * + + -k-®3( r )-k*)ll x - e Ml]. 

^19 — Il5i(^> x C,(t,xt+yt) 3~ yc,{t,xt+yt )) — 9iUi X ((j,,xt+yt) VC(t,xt+yt)) llx 

< + 2 L Sj (r)L^]||x — x||^o , t G (i», s*]. 

^20 = l|0i( s i> ^(SijXsj+J/si) + yc(si,x si +y 3i )) ~ 9 i{ s ii x C(si,x 3 i +y 3i ) + ^C(«i +2/sj ) 

— [^s< + 2 L Si (r)L^] ||x — x||^o , t G (si,ii+i]- 

Ul — ll~^l ( s ii x ((si,x Si +y Si ) + yC{si,x Si +y Si )>C x C(si,x Si +y Si ) + y((si,x Si +y Si )) 

~ &l(Si, x C(si,x Si +y Si ) + yC(si,Xs i +y Si )’(' x C(si,Xs i +y Si ) + yC(si,x Si +y Si )) llx 

< MoSttL* + L^C* + Lg 1 (r)L*)\\x — x\\^o , t G (sj,tj+i]. 

U2 II [ 42 /§ Q ,(sj s) =Si (s, Xf( s x +57 „) “I - yc(s,x a +v a ) ^ x C(s,x a +v a ) Vcts.x, 


U2 || J 42/§Q,(Sj S ) =Sl(s, ^^(SjXa+ys) + 2/C(Si^s+!/s)’^' a: 'C(S)^s+!/s) yC(s,x s +y s )) 

— £2\ (s, X^ s ^ s _i_y s 'j + y^(s,x a +y a )j^' x ((s : x a +y a ) + y((s,x a +y a )) ds 

J X 

^Mi-pT(/3+l) (si) a/3 ~ nif , r f _ M j. + ! 

— p(a /3 + 1 ) ’ ]g ^1 (-^-Si + A01C + L^iUfL )|f — x||^o , t G (s,, tj+i]. 

r s i 

U 3 — / §a(^i — =^2 (fii ,x 3 +y s ) + yC(s,x s +y s ) ’ ^ x C(s,x 3 +y s ) + y((s,x 3 +y 3 )) 

Jo 


<^2 (s, X ( ^^ StXs+ y s 'j + y^{s,x s +ys)^ X i(s,Xa+ys) y((s,x 3 +y 3 )) ds 

J X 

M(s) a ~ 

~ r(a + 1)^1* (■^'■ S2 ~l~ + ^2( r )^*)ll x — x lli^o ) ^ e (®i> ^i+l] • 

r< r ~ ~ 

Ua — / Sa(^i — s) ^3 ( S J ^^(sjXs+j/s) + 2/C(s,a;s+5s)’ ^-'■ C C(3,3: s +5s) y<(s,a: s +!7 s )) 

J 0 L 


=^3 ( s ) a; f(s,a; s +i/ s ) + yC(«>a;s+l/s)! ^-'• z 'C(s,a;s+ys) + 2/C(s>^s+ys)) 


r(a + 1) 


£\(Lg3 + Lg 3 C* + L^ 3 (r)L*)||x — .x||^o , t G (s®, t*+i] - 


/ 25 = 


£/S> a (t S ) =2'l(s, + y^( Sl a; s +2/ s ))^' a: C(s,a;s+l/s) ^CCsi^s+l/s)) 
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=^l( s > x C(s,x s +y s ) y((s, Xa+ys)’’ Cx£(s,x a +ys) "b y((s,x s +y s )) 

Mi-pT(P+l) (t i+ i) al3 ~ 


T{af3 + 1) 


-S’li L + L^C* + L^ 1 (r)L*)\\x — x\\^o , t £ (sj,tj+i]. 


he — 


/ §Q.(t s) £?2 (s, ' Xs +y s ) T y(( S ,x s +y 3 )i ^' x C(s,x s +y s ) + y^ s ,x s +y s )) 

Jo 

— £?2 ( S i x £(s,x s +y s ) + yC(s,Xs+y a )^ x C(s,Xa+ya) + y((s,x s +ys)) ^ s 

J X 


~ r(a + l) + + Lg 2 ( r )L*)\\x — x\\go, t £ (si,ij+i]. 


h7 / -s) <^3 ( s ) ^^(s^s+ys) + 2/C(s,a;s+?;s) ’ ^-' a 'C(s>^s+?/s) yC(«,Xs+y s )) 

JO L 

— ^3 (s, X£( s ,x s +y s ) + 2/C(s,S s +y s )iCx^( Si ^ s _)_y s ) + y^(s,x s +y s )) ^ S 

J X 

“ T^TT)^^ 3 ^3( r )-^*)ll X — x ll^° ) t £ (Si,*i+l]- 

Now, we start proving the main proof of this Theorem. We demonstrate that T maps B r ( 
into B r ( 0,&!p). For any x(-) £ by employing Remark 3.1, we sustain 


n(Tx)(t)Hx=x;/i 


< MMoL^WvWzgb + + 1) H r(a/3 + l) ^ L * Sl 

M(h) a fr * , r * 1 \ ( £?* , xT , -Ml-W + l) , ^*7 ^ 

+ T(a + 1 ) {L & + L ^ } + r + c -) [ y M ° + r(a /3 + 1) 'Tj ( ^ L ^ ] 

+ p(J'^i){(F^2 + F^ 3 ) + C*(Lg 2 + Lg 3 )} 

< r, t £ [0,ti]. 

||(Tx)(t)||x = / 6 < L gi (ftr + c n ) + L* i ,t£(t i ,s i ], i = 1, 2, • • • , N. 


n(Tx)(t)Hx=x;* 


< max < ML* + ( Mq(M + 1) + 


Mi-p T(P + 1) 


i<£n \ 9i V v ' /3T(a/3 + l) 


[M( Sl r fi + (t i+1 n) Li, 


+ + F^ 3 }[Ad(si)" + (ti+i)''] + (^*r + c n ) -ML 9i 

+ + 1) H /3Y( a p^+ i) ^ ’ {-^( s *) a/3 + (^i+i) 0 ^}^ ( l £i +C*L sSl ) 

+ -^) {(A ®2 + T«@ 3 ) + C*{L $ 2 + L^ 3 )}{^W(sj) a + (£j+i)“} 1 < r, t £ (si,U+ 1 ] , 
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Then, for all i G /, we conclude that 

||(Tx)(t)||x 

< max / MMoLg x ||yi||^ h + ML* + (M + 1) ( Mq + 


l<i<N 

M(M + 1 )T 


Mi- P T{p + l) TM 
T(aP + l) ' P 


L 




+ 


T(a + 1) 


{L*@ 2 + ] + (S'l r + c n ) 


ML 9i 


+ (M + 1) (m 0 + ^(5 + 1) ^ ' V) {L + C * L3l) 

+ M{ ; M + 1 l Ta {(Ls 2 + Lg 3 ) + C*(L^ 2 + L^)} 


T(o; + 1) 


< r. 


Thus, T maps the ball B r ( 0,3$^) into itself. Now, we prove that T is a contraction on B r ( 0,33^)- Let 
us consider B r ( 0, 38j3)i then from estimations I 3 , j = 15, • • • , 27, we sustain 


||(Tx)(t) — (Tx)(t)||x < 


Mo + + L ^ C * + L ^i ( r ) L *) + 


T(ct/3 + 1) P 


T(o; + 1) 


{(L ^2 + Lg 3 ) +C*{L^ 2 + L.g 3 ) + L*(Lg 2 (r) + L^ 3 (r))} 
||(Tx)(t) - (T®)(t)|| x < S^[Lg.+2Lg.{r)L < \\\x-x\\ 3 go, t € (t», s*]. 


\x~x\\^o, t € [0,ti]. 


||(Tx)(t) - (T®)(t)|| x < 


ML g , + (m„(m + 1) + + ((.+i)" ,s }) 


(L^! + C*L^ 3 + L^{r)L*) + 


M 


r(a + Aa 3 ) +C*(L_g 2 + Lg 3 ) 


+ L*(Lg 2 (r) + Lg 3 (r))}{M(si) a + (tj+i) Q } 


\ X X \\$P T i t ^ ( s i>Afl]- 


As a result, for all t € J^, we conclude that 


||(Tx)(t)-(Tx)(t)||x 


< Aj* max 


+ 


l<i<N 

M(M + 1)T‘ 


-ML 3i + (VW + 1) [Mo + 


M\-pT(P + l)T a/3 


+C*L^ t +L^ 1 (r)L*) 


T(o; + 1) 

< A||x -x||^go. 


/3T(a/3 + l) 

{(Ag 2 + L<* 3 ) + C*(L^ 2 + L Sz ) + L*(Lg 2 (r) + Lg 3 (r))} 


x — x 


From the assumption (H7) and in the perspective of the contraction mapping principle, we 
understand that T includes a unique fixed point x € which is a mild solution of the model (1.4)-(1.6) 
on (— oo,T]. The proof is now completed. □ 
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Theorem 3.2. Let the assumption (H8) hold and 


Ai = S’i max r { MWfjlgiWoo + («A4 + 1) ( A4q + 


Mi-pTtf + l)T a P 
/3T(a/3 + 1) 


(ll/^llloo + C ||/^il|oo) f < 1* 


Then the system (l.f)-(1.6) has a mild solution on J? . 

Proof. Let T : 33 j. —> 33 j, be the operator same as defined in Theorem 3.1. Now, we demonstrate that 
T has a fixed point. 

Remark 3.2. From the hypothesis (H8) along with the above discussion, we sustain 

hs = ||T Q (t)i?i(0, <^(0),0)||x 

< MMoWn^ Hooll^ll^- 

I29 — \\&1 ifi x C,{t,xt+yt) + y^{t,xt+yt)i ^ X i{t,xt+yt) "b UC{t,xt+yt)) Hx 

< r + c n ) \ WhSi 1 1 00 + H/hSi II 00 C* 1 • 


^30 / 32/S a(t X ((s,x a +y s ) "b yi{s,x s +y s )’ ^' x C,{s,x s +y s ) y^ts,x s +y s )^ s 

JO X 

< 1} ' ^WV + ^jllM.llo. + IIm.IIo.c-}, t £ [o,*.]. 

^31 = / — s)32 2 (s, x C(s,x s +y s ) 3~ y(( k s,x a +y s )^ x C(s,x s +ys) "b VC,(s,x s +ys )) ^ s 

Jo X 

“ r(a +\) ^* r ^ H°° ll^^llooC*!, t G [0M 

I32 — / — s)<^3 (-S, ^^(s,a; s +y s ) + y((s,a; s +j 7 s ))C.T^( s tXs +y s ) “b y((s,x s +y s )'} ^ s 

Jo X 

< r(a +\) ^* r + Cn )|ll^3lloo + ll^sllooC*}, t € [0,ti]. 

-^33 = x C(t,xt+yt) yc(t,xt+yt))\\^ 

< \\ia gi \\oo(^*r + c n ), t G (t*. Si]- 

-^34 = “b y<(«i,^s i +5’s i ))llx 

< 11/% 1 1 00 (<n* T + Cn), t G (Si,ij+i]. 

^35 — 11-^1 ( s *> "b yC(s»,®s j 4d/.s i )’^ X C(si,®# i Td7s j ) + 2/C(si>^ i +S r Si ))llx 

< J\4o(S’fr + c n )|||/i^ 1 1 1 00 ~b ||ooC*|, t G (sj, ti+i]. 

/* 

^36 = I &/S a (si — s)=2i(s, ‘ c C(s,^s+ys) “b y^(s,x s +y s ),^' a: 'C(5,a5s+5s) ~b yc(s,x s +y s ))^ s 

Jo 

^ Ml-pT([3 +1) ( S i) a ^(jp* ml II /7*1 4- r~ ( „ 4- 1 

— r(o'/3 + 1) ’ ft (®i r + c n ) ||/z^i ||oo + ||/LSi ||ooC j, t G (sj, tj+i]. 

fSi 

I37 — / ^a( s i — s )="^2 (■§, ^^(sjXs+ys) “b y^(s,x s +y s )i^' x C{s,x s +y s ) "b 2/f (s,a; s +j7 s )) 

Jo J 
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< 


M(sj 

r(o; + 1) 

rsi 


(^1 r c n) *1 ||/^2 I loo + ||/^c^2 llooC ? , ^ G ( Si , ti+i] 


hs — 


< 


f Si 

/ ^o( s i — s )=-^3 ( s i x C(s,x s +y s ) yC(.s,Xs+y s )^ x ((,s,Xs+ys) yC(s,x s +y s )) ds 

Jo 

M(s 


r(a + 1 ) 


(fofr + c n )< H/x^glloo + ||/LS 3 llooC* t G (si,ti+ 1 ] 


-^39 — 


32/§Q,(t s)£ti(s, ®^( S)Xs _)_y s ) + y^(s,o: s +j/ iJ ) ) C,T^( S!a . 3 _|_j, s ) + y^( s ,x s +y s ))d s 


/ ■A^i-/3r(/3 + 1) (tj + i)" /3 / \ j ii .. ~ M /,* i 4 . ^ t„ * i 

— • ' - (<^i T + C n ) s | |oo "I - Hhi?! ||ooC f j t ^ (®i> ^i+l] • 


r(a/3 + 1) p 


ho — 


< 


hi — 


/ §> a (t s)£? 2 ( s ) ^^(sjXs+i/s) T y^(s,x s +y s )’ ^ x C(s,x s +y 3 ) + I/C(s,a;s+2/s)) 

Jo 

■M.(ti + 1 


r(o; + 1) 


(^1 ^ “1“ c n.) 1 ||/hg 2 I loo “I" IIooC f ) t G (sj, ti+l] • 


/ S Q (t s )=^3 ( s ) a: f(s,a; s +i/ s ) "1“ yc,(s,x a +y s ) ’ ^-' a 'C(s,a;s+J/s) “1“ 2/C(s,a;s+?/s)) 

Jo 


~ r(cv + 1) ^ 1 * r C " ) j 1^3 lloo + ll^llooC*}, t G (s*,ii+l]. 

Now, we will give the main proof of this theorem. We remark that (T x)(t) C Let B r be the set 
same as dehned in Theorem 3.1, where 


r > max l MMoWy^WoolM^ + (<$Tr + c n 

Ki<N I 


M\\n_ 


gi Moo 


+ (M + 1) (m„ + (lift* IU + c* IIP* IU) 

■+ r(a + 1) 1^11^2 lloo + 11/1*11 so) +C*(||/l*||oo + ll,*U» 

It is obvious that B r is closed bounded and convex subset of 3$^,. Let x € B r ( 0,3 &t) then for t G [0, ti] , 
we receive 


II (Tx) H^o <MM 0 \M 


+ (S’i r + c n ) 




A A (f 'jCK 

+ C*||/T^1 ||oo) + p^j^yidl^alloo + ||/LS 3 ||oo) +C* (||/kg 2 lloo + Halloo)} 
In the similar manner for t G (L, Sj], we sustain 

ll(T.x)||^o < ll^illooll^ll^K^ + Cn), i = 1,2,--- ,N. 
Similarly, for t G (sj,tj+i], we find that 
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ll( T *)l \a° < max :(<#)* r Y c n K M\\n gi \\oo 

1 l<i<N 

+ ^-Mo(.M + 1) H yy ' {-A4(si) Q/3 + (t i+ i) Q/3 }^ (|| 1 1 oo + C* ll/x^j 1 1 oo ) 


+ 


IW 


r(a + 1) 


{(11^2 lloo + IIM^sIIoo) + C*(||^^ 2 ||oo + 11/4^3 ||oo)}{-A4(Sj)“ + (tj+ 1)“} 


From this, we notice that ||Yx||^o < r for every t € JY Therefore, T (B r ) C B r . In order to utilizing 
the Theorem 2.2, we have to prove that the operator T is a condensing operator. For this, we split T 
by T = Ti + Y 2 , where 

— T a (t) c Si(0, </?(0), 0) + (ti%£(t,xt+yt) Y yc,{t,xt+yt)i^ x Q{t,xt+yt) Y yc(t,xt+yt)) 

Y / &/§ a (t (s, X £(s,x s +y s ) Y y((s,x s +ys)i(~' x C( s >Xs+ys) Y yC( s > x s+y a )^ds, ^ ^ [0>^l]> 

Jo 

9i (^j X £(t,xt+yt) Y y^if ^xt+yt ) ) i ^ ^ (^i> ®i] 1 * 1) 2, ■ ■ ■ , IV, 


(Tix)(f) = < 


and 


T a(t ~ Si) 


9i( s ii x C(si,x Si +y Si ) + yC(si,x Si +y Si )) 


( s ii x C(si,x Si +y Si ) Y y((si,x Si +y Si )iC x ((si,x Si +y Si ) + y((si,x Si +y Si )) 


r$i 


£/§> a (Si s)j2\(s, X^ S Xs +y s ) Y y^(s,x s +y s )^ x ({s,x s +y a ) Y yC(s,x 3 +y a ) 

./U 

Yi?i(i, x C(t,xt+yt) Y yc(t,xt+yt)i^ x C(t,xt+yt) Y y^(t,xt+yt)) 

Y / , s)=^l ('S, •^'<^(s,cc s H-j/ s ) Y y^(s,a; s +5s) ; (s,a; s +j7s) Y y<^(s,x s +ys)^ds, ^ ^ 

Jo 


(T 2®)(i) = < 


/ §(*(£ s)&2 ( S ,X C 1(s,x B +y B ) Y 2/f(s,a; s +y s ))^' a '(;(s,x s +i/s) Y ?/^(s,a; s +y s )) 

-1° t 

Y / S a (t — 5)^3 (s, ^^(s,a; s +y s ) Y ?/f(s,a; s +i7s))^' a:; C('5i^s+ys) Y y((s,x s +y a )) ^S, ^ ^ lPYl]i 

Jo 

0, ti E * = 1,2,--- , IV, 


-T a (i - si) 


l Jo 


S«(si s)£J 2 (s, ®£(s,a: 3 -|- 2 / s ) + yC(«>^s+ 2 /s) ) ^ X C(s,x a +y a ) Y y((s,x a +y a )} d s 


r s i 

— / §a( s i — s)J2 3 (s, 3 , s _|_.y s ) + J/^( Sl a; s +y s )5 C*T^( 3 ia ;s-l-ys) Y y((s,a; 3 +y s )) 

/° 

Y / Sa(t — s)J&2 (-S, X ((s,x s +y a ) + y^^ s ,x s +y s )^ x C(s,x s +ys) Y J/£(s,ir s +y s )) ds 

Jo t 

Y / §a(t — s )<&3 (s, X^ S Xs _^y s 'j + y^( Sj a; s -|-ys)’^'* ):; C(s,a:s+ys) Y 2/f(s,ir s +j7 s )) I ^ ( s i,^i+l]- 

Jo 

Firstly, we show that Ti is continuous, so we consider a sequence x n — >• x € B r . In perspective of (3.1), 
we notice that 


\ X C (t,x?+y t ) + yC(t,x?+yt) \\&h ^ ^l* r + c ™- 
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Remark 3.3. By utilizing the hypothesis (H8) and Definition 2.2, we receive: 
(i) For every t G [0,ii], we obtain 


[ t, x £( tjX n +yt ) + yc(t,x2+yt)i^ x c(t,x^+y t ) + yc,d^t+yt) 


cSi ( t,X, '(t, Xt +y t ) + y((t,xt+y t )^ x C(t,x t +yt) y((t,xt+yt) 


and since 


i?i \t, a:”( tiX n +J/t ) + y<;{t,x?+yt)iC x t(t,x?+yt) + ^(W+yt) J 
-£2i X((t, xt +y t ) + yC(t,xt+yt)'^ x C{t,xt+yt) + Dc,(t,xt+yt)^j — 2-^29 • 


(m,) For every t G [0,ii], we obtain 


£/S a (t s)^i^S,X^ sx „ + ~ a ^ + y((s,x™+y s )iC x <;(s,x™+y s ) + ^C(s, *?+»«)! 
G — s)i?i X^( s3 - s _|_gr s ) + J/(j;( s> a; s +y s ))Cx^( S)3 ; s _)_jj s ) + y((s,x a +y 3 )\ 


and since 


I q ^^a{t S ) J2i I S,X^ s , x n +ys ) + V(i(s,x^+y 3 )iCx^ sx n +ys ^ + y^{ s ,x^+y s ) 
-~2\ X £(s,x s +y s ) yC,{s,x s +y a )i^-' x C,{s,Xa+ys) ^(Si^s+ys)^ ^ s — 2-^30' 


(Hi) For each t G we sustain 


9i\t, x ™(t,x?+y t ) + yat,x?+yt)’ Cx ((t,x?+y t ) + y<;{t,x”+y t ) J 
9i (^i x C(t,xt+yt) + yC(t,xt+yt)’C x (;(t,xt+yt) 


and since 


9i ( X ((t,x"+yt) + y((t,x?+yt)iC x (( ttX ™ +yt ) + 9(;{t,x?+yt) J 

~9i(^i x C(t,xt+yt) y((t,xt+yt)iCX((t,xt+yt) ~h yc,(t,xt+yt)^j — 2 ^ 33 - 


(iv) For every t G (sj,tj+i], we receive 


9i( s ii x £(si,x%.+y Si ) + 9C(si,x% +y s t )) 9i( s i, x ((si,x Si +y Si ) + yC(si,x Si +y Si )) 


and since 


9i{ s ii x £( 8i ,x*.+y ai ) + 9C(si,x™ +y Si )) 9i{ s ii x C(si,x Si +y Si ) + y((si,x Si +y Si )) — 2-^34 • 

lie ^vr 
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(v) For all t G we get 


and since 


^1 ( S i> a: c(s i ,xj.+J, s .) + yC(si,*? i +2/ Si )>^ x C(si,x?.+j/ Si ) + +!/«<)) 

^ x C(si>®Si +?/«*) + yc(si,*« i +» r « i )>^' a:; c(si,®8 j +» r s i ) + yC(si,x Si +y Si )) 

^( s i’ X C{8i,x^.+y Si ) + yC(si,^ i +1/ s <)’ Ca:; C(si,^+5's i ) + y((si,x".+y Si )) 
~^l{ s ii x ^(si,Xs i +ys i ) + y£(s i ,x Si +ys i )’C x C(si,Xs i +ys i ) + dClst, x 8i +y Si )) — 2-^35- 


(vi) For every t G (s,, ij+i], we obtain 


£/S a (Si s)£? 1 ^( S>a; n + . ys ) + yC(s,z?+ 2 /d’^ X C(s,z?-H/s) yC(s,a:?+ 2 /s) J 

->■ 32/§Q,(sj — s) J2i x g(s,x s -\-ys) yC(s,x s +ys)^ x C(s,x s +ys) y((s,x a +y a )^J 


and since 


J o • 2 /§ Q (Sj s) =®1 ^Cfs^+J/s) + ^C(s,^s+!/s)’^ I ((s,I?+ys) 2 /C(s^3+!/s) 

—£ 2 \ X^( s a . s _|_^ s ) + y£(s,x s +y s )i ^ x C(s,x s +ys) + 2/C(si^s+?7s)^ — 2^36- 


(vii) For every t. G (sj,t,+i], we find that 


and since 


£/§>a(t s)J2 1 ^S, x Q( s ,x™+y s ) + 2/C(s,a;^+^ s ) > £ x C(s,x»+ 2 / s ) + yC(s>®?+2/«)l 
“ ^ 42/§ Q (t — s)i?i ^S, ®^(s,a;s+y s ) + 2/C(s,^s+?7s) ’ ^' a 'C(s>^s+l7s) yC(s,x s +ya)^\ 

j Q ^^ait ~ S ) i?i ;X n + y s ) + 2/C(s,a;?+1/ s )’^ a; C(s,a;?+5' s ) + yC(s>*?+s7«) 

— a; f(s,a; s +5s) + y((s,x a +y a )i ^ x C(s,x 8 +y 3 ) + 2/C(s,£s+?7s)^ — 2^39' 


From the Remark 3.3, for all [0, ti], we have 


||(T 1 ®")-(T 1 s)||*o < 2 (/ 29 + / 30 ), 


and for every t G (sj,ij+i], we receive 


||(Ti* n ) — (Tix)||^o < 2 A^(/34 + F 55 + h&) + I 29 + I 39 


Since the functions J3\ and gi,i = 1, 2, • • • ,N are continuous, so we conclude that 

||(Tix n ) — (Yix)H^o — >• 0 as n — >• 00 . 
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Hence Ti is continuous. 

Next, we prove that the operator Ti is contraction on B r ( 0 , 3 $^). Indeed, let x,x G B r ( 0 , for 

[0,fi], we sustain 

II (Tii") - (TnJllao < g;( ||m, Ik + (m„ + ^1^ + l) 1,1 “ 

and for t € ( U , s,;] , we get 

ll( T i* n ) - (Tix)ll^o < ^\Moo\\x-x\\^o, 
and for every t G (sj,fj+i], we sustain 
||(T 1 x")-(T 1 x)|| iP o 

<&* max {MW^Woo 
l<i<N 1 y 

+ (m 0 (m + 1) + + ((,+!)“"}) (IIm, lloo + e*fe, lloolj III - *lla« . 

Then for all l€/, we find that 
||(X 1 x-)-(X 1 x)|Uo 

< i max^ |-M||/x gi ||oo + (-Ad + 1) H j3T{a/3 + T) ) ^l^illoo + C* ll/kgi lloo) | Ik ~ * T II^° 

< Ai||x-x||^o. 

Since Ai < 1 , which implies that Ti is a contraction. 

Next, we prove that the operator T2 is completely continuous on B r ( 0 , 3 $^). First, we prove T2 is 
continuous, so consider a sequence x n — >• x G B. r . By applying the condition (H8), /31, 132, 137, hs, I40, hi 
and in perspective of Remark 3 . 3 , for all t G [ 0 , ti], we get 

||(T 2 x") — (T 2 x)||^o < 2(/ 3 i + / 32 ),. 

and for all t G (s*,tj+i], we receive 

||(T 2 x n ) - (T 2 x)||^o < 2 Ad(/ 3 7 + I 38 ) + /40 + hi ■ 

Since the functions =S 2 mid J 2 3 are continuous, so we conclude that 

||(T 2 .T n ) — (Y 2 x)||^o — >• 0 as n — >• 00. 

Hence T 2 is continuous. 

Next, we show that the operator Y 2 maps bounded sets into bounded set in B r . It is enough to 
show that there exists a positive constant A 2 such that for each x G B r one has ||Y 2 x||^o < A 2 . For all 
IG/| we obtain 

— M(M + l)T a ( '} 

1^2X11^0 < — jy (&\ l r + c n) | (||/T ^ 2 ||oo + Halloo) +C (H/1^2 ||oo + ||/k 0 3 ||oo) J < A 2 . 

22 
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Finally, we show that T 2 is a family of equi-continuous functions. Let ti,T 2 € [0, ti] be such that 
0 < T\ < T 2 < t\. Then 


II (T 2 x)(r 2 ) - (T 2 x)(t 1 )|| x 

rr\ 

— / ||S«(t 2 s) S a (n s)|| _S?(X) 11^2 (s, ^((sjXs+ys) "b yC(s,x s +ys)’^'‘*'C( s i x s+ys) "b yC(s,x s +y s )) llx^S 

JO 

/*T2 

"b / PpFS "^) 1 1 jSf 7 (X) 11=^2 (Sj %C'(s,x s +y s ) "b y((s,x s +y s ) > ^-’•^C,(s,x s +ys) "b y((s,x s +ys)) llx^S 

J n 
f T1 

+ / ||Sa(r 2 s ) — §o(ti — s) ||_jf(x) 11=^3 (s> (s,x s +ys) “b yc(s,x s +y s ) > ( S ,x s +y s ) T y((s,x s +y s )) llx^S 

Jo 

[•T'2 

+ / ||Sq.(t 2 — s) ||_$f(x) 11=^3 ( s ) x C,{s,x s +ys) “b yc(s,x s +y s )i ^' x C,{s,x 3 +y s ) ~b y((s,x s +y s )) llx^S 

J n 

< {fir + C„) | (Halloo + ll/x^lloo) +C*(p^ 2 ||oo + felloe)} Q ||§«(t 2 - a) -S a (n - pfeps 


+ 


.A4(Y2 - Tl) C 


r(a + l) J 1 

and for all t\, t 2 € (spj+i], we have 


||(T 2 x)(t 2 ) - (T 2 x)(t 1 )||x 


< (S’lT + C n )< (Halloo + felloe) + C*(||/LS 2 ||oo + Ifelloo) 


«(t 2 - a) - s a (n - pprxps 


M(t 2 -T i) q | M(Si) a ||nr \ nr ( ~ 

~b r/ 1 o b , .J W2 s i ) T a (ri s, 

1 (a + 1 ) T(a + 1 ) 


Since T a and Sq. are strongly continuous, so lim ||§ a (r 2 — s) — S a (ri — ppm = 0, lim ||T q ,(t 2 — 

«i) ~ T a (n — Sj)|p(x) = 0. From this, we conclude that ||(T 2 a;)(r 2 ) — (T 2 x)(ri)||x — >• 0 as r 2 — > t\. 
This proves that T 2 is a family of equi-continuous functions. Hence, the operator T 2 is completely 
continuous. Therefore the operator T = Yi + Y 2 isa condensing operator from into where Yi 
is contraction and Y 2 is completely continuous. Finally, from Theorem 2.2, we infer that there exists a 
mild solution of the structure (1.4)-(1.6). This completes the proof. □ 


4 Example 


To prove our theoretical results, we treat the IFNIDS with SDD of the model 

rt 


ry 


u(t,z)+[ e 2 ( a -,)^-CiMC 2 (IN»)ll).^) d8 

J-00 49 

+ /'shift -s) f - Urm\u(r)\\U) dTds 

J 0 J — 00 

+ f 1 c 2(s-t) u ( s ~ Cl ( - s ) C 2 ( II 7 7 ( - s ) 1 1 ) • •-) J, 

J — 00 ^ 


d 2 

= w u{t ’ z) 


23 
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+ f‘sm(t-s) f e 2( T -,) «(r-Ci(T)&(IMT)||),.) 

J o 7-00 25 


+ / e 


2(s—t) - <jXfXg(JKg)||) 1 £) , 

64 


+ J sin(t-s) J e 2(r s) — — (t,z) G jj(sj,*i + i] x [0, 7r] , (4.1) 

u(t, 0) = 0 = u(t,Tr), fG[0,T], (4.2) 

u(t, z) = ip(t, z), t < 0, z £ [0, 7r], (4-3) 

u(t, z) = ( t , 2 ) 6 ( ti , »,] x[0,ir],i=l,2,...,iV, (4.4) 

where c Df is Caputo’s fractional derivative of order 0 < q < 1, 0 = to = so < < ^2 < ■ ■ ■ < 

t^-i < Sn < i/v < t]\f + \ = T are pre-fixed real numbers and <p G 3§h- We consider X = L 2 [0,ir\ having 

the norm || • \\ L 2 and determine the operator srf : D(&/) C X -> X by g/w = w" having the domain 

D(g/) = {iu G X : w,w' are absolutely continuous, w" G X, w{ 0) = w(tt) = 0}. 


Then 


s4w = n 2 (w, w n )w n , w G D(g/), 


where io n (s) = y f sin (ns), n = 1,2,...,. denotes the orthogonal set of eigenvectors of srf . It is long 
familiar that is the infinitesimal generator of an analytic semigroup {T(t)}*>o in X and is provided 
by 

oo 

T(t)w = ^2 e~ n t (w, w n )w n , for all in € X, and every t > 0. 

n = 1 

We can find a constant M. > 0 in a way that || T (t) ||< A4. If we £x f3 = then the operator (,c/) 2 
is given by 

OO 

-n 2 (w,w n )w n , wG(D(j 2 /) 2 ), 


in which 2) = < u;(*) G X : (tj,w n )w n G X > . Then 


/•oo 

§ a (t)w = a r<j) a (r)t a ~ l Y(t a r)dr, 

Jo 


22 E a ,a(—n 2 t a )(w, w n )w n , w G X. 


For the phase space, we choose h = e 2s , s < 0, then l = / h(s)ds = - < oo, for t < 0 and 

4-oo 2 

determine 


IMI«fc = / SU P 

4—oo 0S[s,O] 
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Hence, for (t,<p) € [0, T] x & h , where <p(6)(z) = (p(9,z), ( 0,z ) € (— oo,0] x [0, 7r] . Set 


we have 


u(t)(z) = u(t,z), C (*,¥>) = Ci(*)C2(||¥’(0)ll), 


=Si (t,(p,J^(p)(z) = J e 2(s) ^ds + (J^<p)(z), 

/ o 

e 2(s) ^ci-s + (JfVOO), 

-oo ^ 

£!s{t,(p,Jl?ip){z) = [ e 2 ^^-ds + (J^(p)(z), 

J - oo 64 

/ o 

e 2(s) ^-ds, i = i, 2 ,-- ,iV, 


where 


{M’ip){z)= / sinft — s) / e 2 ^ — drds, 

Jo J - oo 36 

(z) = f sin(i — s) f e 2 ^ -^-drds, 

Jo J - oo 25 

(j£V)(z) = / sin (t — s) [ e 2 ^ —drds, 

Jo J - oo 16 

then using these configurations, the system (4.1)-(4.4) is usually written in the theoretical form of design 
(1.4)-(1.6). 

To treat this system we assume that Q : [0, oo) — >• [0, oo), i = 1,2 are continuous. Now, we can see 
that for t € [0, \\,ip,Tp € .5^, we have 

||(^)^i(t,(^, jr<^)|| x < fjf ^ e 2(s) ^ ll-n(t-.)ll / e2(T) ^ 


e 2(s ) sup ||</?||cis + 


J e 2(a) sup ||<p||ds^ dz 


' h + 36 


< + L^WipW^, 


where L Sl + L Bl = , and 


IIO^) 2 £!i(t,<p,Jt?ip) - (^/)2^ 1 (t,<p,J^Tp)\\x 


0 \J —oo 


2 \ 2 


s 2 ^ - 7 - ~ - 7 - d-s+ || sin(t — s) || / e 2 ^ — — — drds) dz 

49 49 /n " V /__ 36 36 ) 


1 /*0 \ ^ 

e 2(s ^ sup ||(/j — ^||ds H / e 2 *-^ sup ||</? — ^||ds ) dz 

36 7-oo ) 
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< 


49 


h + ~36~^ ~~ 


< L3 1 \\'p-'p\\m h +L3 1 \\<p-ip\\m h . 


Similarly, we conclude 


7T / /*0 


=2 (a) 


ds + || sin(t — s) 


=2(r) 


25 


drdsj dz 


'o 


< 


< As 2 IMI.% + ^2 Ill’ll S>hi 

where Lg 2 + Lg 2 = , and 

|| ^ 2 {t,(p,J^(p) - ^ 2 {t,Tp,J^Tp) || L 2 


e 2 ^ sup ||<^||ds + / e 2 ^ sup ||</?||d,s ) dz 

I / ("VI 


r0 


7T / /*0 


< 


< 


< 


D 2(a) 


^ P 
9 9 


ds+ || sin(t — s) 


n 2(r) 


25 25 


\ 2 v 

drds 1 dz 


/ />7r / | /• I ) I />0 \ 2 N 

/ ( o / e 2(s ^ sup ||<£> - ^||ds + — / e 2(s ^ sup ||y? — ^||ds ) da; 

do V 9 d-oo 25 d-oo / , 


7T , 


+ 


7T , 


g ii r r ii^Ai ' 25 11 r r l|t>e/ ^ 

< ASall^ - Vll« h + ASallV*- ^ll« h - 


Correspondingly, we have 

||^3(d,^, ^^)|| l 2 < 


7T / /»0 


a 2(«) 


64 


ds+ || si n(d — s) 


d 2(t) 


V_ 

16 


drdsj dz 


< 


64 


e 2 ^-* sup ||<^||ds H / e 2 ^ 9 sup ||y>||ds ) da 

16 d-oo 


^ As 3 IMI^h + Lg 3 IMI 3S h , 

where L^ 3 + Z^ 3 = , and 

11^3^,^,^^) - £z{t,Tp, ^Tp)\\ L i 


TX / f0 


< 


< 


'0 


D 2(a) 


^ _ <P_ 
64 64 


1 


f0 


ds+ || sin(d — s ) 


d 2(t) 


^ _ V_ 

16 16 


\ 2 v 

drds 1 dz 


1 f 0 
io \ 64 


i r0 \ 2 ^ 

e 2( -^ sup ||(/j — ^||ds H / e 2 ^^ sup ||(/5 — ^||ds ) da 

16 d-oo ) 
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< ^\\<P-v\\m h + ~ <p\\a h 

< L4 3 \\ip-7p\\<g h +L^ 3 \\ip-Tp\y h . 


Finally, 


IM^tOIIx = 


< 



81 


ds ) dz 


1 

2 




e 2 ^ sup Halids 



1 

2 


— L gi 


i = 1,2, 


,1V, 


where L gi = 


81 ’ 


and 


II 9i(t,<p) ~ 9i(t,tp ) ||x 



81 


V_ 

81 


ds ) dz 


1 

2 


< 




e 2 ^ sup || <p — ip\\ds 



1 

2 


< L gi\W ~ V\\3g h - 


Therefore the conditions (H1)-(H6) are all fulfilled. Furthermore, we assume that S\ * = l,Ai = 
1, A4q = 1, M i = 1, a = T = 1, C* = 1 and L ^ = 1. Moreover, the appropriate values of the constants 
L gi {f),L 3l {r), Lg 2 (r) and Lg 3 (r), obtain 


A = <£* max 
K i<N 


•M(L gi + 2 L gi (r)L^) + (M + 1) ( Mo H j3T{af3 + T) ) i +C*Lg 1 


+ (r)L*) H — — - — {{Lg 2 + +C*(L^ 2 + Lg 3 ) + (Lg 2 (r) + Lg 3 (r))L*} 

1 (a + 1) 


< 1 


be such that 0 < A < 1, where 2L^(1 + C*) = L* . Thus the condition (H7) holds. Hence by Theorem 
3.1, we realize that the system (4.1)-(4.4) has a unique mild solution on [0,1]. 
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by superior mappings 
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Abstract. The notion of positive implicative superior ideals of BCK-algebras is introduced, and their 
properties are investigated. Relations between a superior ideal and a positive implicative superior ideal in 
BCK-algebras are studied, and conditions for a superior ideal to be a positive implicative superior ideal 
are provided. Characterizations of positive implicative superior ideals induced by superior mappings are 
discussed. 


1. Introduction 

Algebras have played an important role in pure and applied mathematics and have its comprehensive 
applications in many aspects including dynamical systems and genetic code of biology (see ID. Ef 0, 
and pj] )■ Starting from the four DNA bases order in the Boolean lattice, Saancliez et al. ED proposed 
a novel Lie Algebra of the genetic code which shows strong connections among algebraic relationship, 
codon assignments and physicochemical properties of amino acids. A BCK/BCI-algebra (see [51 HI llOjl 
is an important class of logical algebras introduced by Iseki and was extensively investigated by several 
researchers. Jun and Song [5. introduced the notion of BCK-valued functions and investigated several 
properties. They established block-codes by using the notion of BCK-valued functions, and shown that 
every finite BCK-algebra determines a block-code. In [6], Jun and Song introduced the notion of superior 
mapping by using partially ordered sets. Using the superior mapping, they introduced the concept of 
superior subalgebras and (commutative) superior ideals in BCK/BCI-algebras, and investigated related 
properties. They also discussed relations among a superior subalgebra, a superior ideal and a commutative 
superior ideal. 

In this paper, we introduce the notion of positive implicative superior ideals of BCK-algebras, and in- 
vestigate properties. We investigate relations between a superior ideal and a positive implicative superior 
ideal in BCK-algebras. We provide conditions for a superior ideal to be a positive implicative superior 
ideal, and discuss characterizations of positive implicative superior ideals. 

0 2010 Mathematics Subject Classification: 06F35, 03G25, 06A11. 

0 Keywords: superior mapping, superior subalgebra, superior ideal, positive implicative superior 
ideal. 

* Correspondence: +82 2 2220 0897 (Phone) 

°E-mail: szsong@jejunu.ac.kr; heekim@hanyang.ac.kr; skywine@gmail.com 


634 


Seok Zun Song et al 634-643 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Seok Zun Song 1 ’'!', Young Bae Jun 2 and Hee Sik Kim 3 ’* 

2. Preliminaries 


We display basic definitions and properties of BCK/BCI-algebras that will be used in this paper. For 
more details of BCK/BCI-algebras, we refer the reader to [3], [8], |2] and uni- 

An algebra C := (L; *, 0) is called a BCI-algebra if it satisfies the following conditions: 

(I) (Vx, y,z £ L) (((x * y) * (x * z)) * (z * y) = 0), 

(II) (Vx, y £ L) ((x *{x*y))*y = 0), 

(III) (Vx £ L) (x * x = 0), 

(IV) ( Vx , y £ L) (x * y = 0,y * x = 0 => x = y). 

If a BCI-algebra C satisfies the following identity: 

(V) (Vx£L) (0*a; = 0), 
then C is called a BCK-algebra. 

A BCK-algebra C is said to be positive implicative if it satisfies: 

(Vx, y, z £ L) ((x * y) * z = (x * z) * (y * z)) . (2.1) 


Any BCK/BCI-algebra C satisfies the following conditions: 

(Vx £ L) (x * 0 = x ) , (2.2) 

(Vx, y,z £ L) (x < y x * z < y * z, z * y < z * x) , (2-3) 

(Va;, y,z £ L) ((x * y) * 2 = (x * z) * y) , (2.4) 

(Vx, y,z £ L) ((x * z) * (y * z) < x * y) (2.5) 

where x < y if and only if x * y = 0. 

A subset A of a BCK/BCI-algebra C is called an ideal of C if it satisfies: 

0 £ A, (2.6) 

(Vx, y £ L) (x * y £ A, y £ A => x £ A) . (2-7) 


A subset A of a BCK-algebra C is called a positive implicative ideal of C if it satisfies (2.6 1 and 


(Vx, y,z £ L) ((x * y) * z £ A, y * z £ A => x * z £ A) . 


( 2 . 8 ) 


Let L be a set of parameters and let U be a partially ordered set with the partial ordering < and the 
first element e. For a mapping / : L — > V(U), we consider the mapping 


ll/ll :L^U, x 


sup/(x) if 3 sup /(x), 
e otherwise, 


(2.9) 


which is called the superior mapping of L with respect to (f,Ly In this case, we say that yf>LJ is a 
pair on (17, A) (see 0). 
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Definition 2.1 (0). Let £ := (L, *, 0) be a BCK/BCI-algebra. By a superior ideal on (£, /), we mean 
the superior mapping ||/|| of £ with respect to ^/, which satisfies the following conditions: 

(VzeL) (11/11(0)^11/11(0:)), (2.10) 

(Vx,y€ L) (||/||(a;) r< sup{||/||(®*y),||/||(?/)}) . (2.11) 

Proposition 2.2 (0). If ||/|| is a superior ideal on (£,/), then ||/||(®) -< ||/||(y) for all x,y £ L with 
x <y. 


3. Positive implicative superior ideals 


In what follows, let £ := (£,*,0) be a BCK-algebra unless otherwise specified, where L is a set of 
parameters. 


Definition 3.1. By a positive implicative superior ideal on (£,/), we mean the superior mapping 
of £ with respect to ^/, L^j which satisfies the condition (2.10) and 


(V®, y,z£L)(\\f\\{x*z) -< sup{||/||((® *y) * z), ||/||(j/ * ^)}^ • (3.1) 

Example 3.2. Let L = {0, 1, 2, 3} be a set with a binary operation V shown in Table [l] 

Table 1. Cayley table for the binary operation V 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

2 

2 

2 

0 

2 

3 

3 

3 

3 

0 


Then £ := (L, *, 0) is a BCK-algebra (see [ID]). Let U = {a, b, c, d, e, /} be ordered as pictured in Figure 
A3. 



a 

Figure A3 
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(1) Let (/,l) 


be a pair on (U,<) where / is given as follows: 


f '■ L V(U), x 


{a, b} if x = 0, 
{ a,d,f } if x = l, 
{b,c,d,f} if x = 2, 
{a, b , c} if x = 3. 


Then the superior mapping ||/|| of C with respect to ^/,Lj is described as follows: ||/||(0) = b, ||/||(1) = 
||/||(2) = / and ||/||(3) = c. By routine calculations, we know that ||/|| is a positive implicative superior 
ideal on (£, /). 

(2) Let (g,L) be a pair on (U, where g is given as follows: 

( {a, &} if x = 0, 

g : L — ► V(U), m < {b, c, d, ej if x = 3, 

[ {b,c,d,f} if x G {1,2}. 


Then the superior mapping ||g|| of C with respect to (g, L) is described as follows: ||<?||(0) = b, ||/||(1) = 
||/||(2) = / and ||/||(3) = e. It is not a positive implicative superior ideal on (£, /) since there does not 
exist sup{||/||((3 * 2) * 1), ||/||(2 * 1)} because ||/||((3 * 2) * 1) = e and ||/||(2 * 1) = / are noncomparable. 


Example 3.3. Let U = {a, 6, c, d, e, /} be ordered as pictured in Figure B3. 



Figure B3 

Let L = {0, 1, 2, 3, 4} be a set with a binary operation V shown in Table [2j 


Table 2. Cayley table for the binary operation V 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

2 

0 

3 

3 

1 

3 

0 

3 

4 

4 

4 

4 

4 

0 
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superior ideals 

pair on (U,^) where / is defined by 

if x = 0, 
if x = 1, 
if x = 2, 
if x = 3, 
if x = 4. 

Then the superior mapping of £ with respect to ^/, Lj is described as follows: ||/||(0) = b , ||/||(1) = c, 
||/||(2) = e, ||/||(3) = c and ||/||(4) = d, and it is neither a superior ideal nor a positive implicative 
superior ideal on (C, f). 

Theorem 3.4. Let ^/, L^j be a pair on (U, ;X). If ||/|| is a positive implicative superior ideal on (£, /), 
then the nonempty set 

11/Ha :={x€L\\\f\\(x)la} 
is a positive implicative ideal of C for all a £ U . 


Characterizations of positive implicative 
Then C := (L, *,0) is a BCK-algebra (see [TOj'l. Let ^/, Lj be a 


f : L V{U), x < 


{6,c} 

{a, 6, e} 
{*, e, /} 
{a,c,e,/} 
{d,e} 


Proof. Let a G 17 be such that \ \f\\ a 7^ 0 - Clearly 0 € ||/|| Q . Let i,i/,z£lbe such that ( x*y)*z £ 
and y*z£ ||/|| a . Then ||/||((a; * y) * z) < a and ||/||(y * z) ■< a. It follows from (3.1 ) that 


\\f\\(x * z) < sup{||/||((a; * y) * z), ||/||(y * z)} ^ a. 


Thus x* z £ \ \.f\\a, and therefore ||/|| Q is a positive implicative ideal of C. □ 

Corollary 3.5. Let ^/, L^j be a pair on (U, ^). If ||/|| is a positive implicative superior ideal on (£, f), 
then the set 

A := {x£L I ||/||(x) = 11/11(0)} 

is a positive implicative ideal of C. 


Theorem 3.6. Every positive implicative superior ideal is a superior ideal. 


Proof. Let ||/|| be a positive implicative superior ideal on (C, /). If we take z = 0 
then 


in (3.1) and use (2.2), 


II /HO) = ||/H(**0) -< sup{||/||((x*y) *0), H/IKy *0)} = sup{||/||(x * y), \\f\\(y)} 


for all x,y £ L. Hence ||/|| is a superior ideal on (£,/). 


□ 


The converse of Theorem 3.6 is not true in general as seen in the following example. 


Example 3.7. Let L = {0, a, b, c} be a set with a binary operation V shown in Table [3j 
Then £ := (L, *, 0) is a BCK-algebra (see OB])- L e t U = {1, 2, 3, • • ■ , 8} be ordered as pictured in Figure 
1 . 
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Table 3. Cayley table for the binary operation V 


* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

0 

a 

6 

b 

a 

0 

b 

c 

c 

c 

C 

0 



Figure 1 

Consider a pair (f. L'j in which / is given as follows: 

f {6,8} if a; € {0}, 

/ : L — k V(U), x i — y \ {4, 6, 7} if a: £ {a, 6}, 

{ {2, 3, 5, 6, 7} if a- = c. 

Then the superior mapping ||/|| on (£,/) is described as follows: ||/||(0) = 6, ||/||(a) = ||/||(6) = 3 and 
1 1/| |(c) = 2. Routine calculations show that ||/|| is a superior ideal on (£,/). But it is not a positive 
implicative superior ideal on (£, /) since 

H/IK&* a) = 3 ^ 6 = sup{||/||((6 * a) * a), ||/||(a * a)}. 


We provide conditions for a superior ideal to be a positive implicative superior ideal. 


Theorem 3.8. For a superior ideal ||/|| on (£,/), the following are equivalent. 

(i) ||/|| is a positive implicative superior ideal on (C,f). 

(ii) (Va;, y £ L) ( \\f\\(x * y) < \\f\\((x*y)*y) 

Proof. Assume that 


for all x, y £ L. 
Conversely, let 


is a positive implicative superior ideal on (£, /). If we put z = y in (3.1 ), then 
[x*y) ^ sup{||/||((a; *y) * y), ||/||(y * y)} 

= sup{\\f\\{{x*y) *y), 11/11(0)} 

= \\f\\((x*y)*y) 


be a superior ideal on (£,/) which satisfies the condition (ii). Note that 
((a; * z) * z) * (y * z) < (x * z) * y = [x * y) * z 
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for all x,y,z £ L. It follows from (ii), (2.11) and Proposition 2.2 that 
\\f\\(x*z) r< \\f\\((x*z)*z) 

r< sup{||/||(((a! *z)*z)*(y*z)),\\f\\(y*z)} 

^ s up{||/||((a; * y) * z), ||/||(y * z)} 

for all x,y,z £ L. Therefore ||/|| is a positive implicative superior ideal on (£,/). 


□ 


Theorem 3.9. For a superior ideal ||/|| on (£,/), the following are equivalent. 

(i) ||/|| is a positive implicative superior ideal on (£,/)■ 

(ii) (Vo :,y,z£ L) (\\f\\((x * z) * (y * z)) ^ ||/||((a:*y) * 2 )) . 


Proof. Suppose that ||/|| is a positive implicative superior ideal on (£,/). Then ||/|| is a superior ideal 
on (£, /) by Theorem 


3.6 


Note that 


((x * (y * z)) * z) * z = ((x * z) * (y * z)) * z < (x * y) * z 


for all x,y,z £ L. It follows from (2.4), Theorem 3.8 and Proposition 2.2 that 

\\f\\({x*z) * ( y*z )) = \\f\\((x*(y*z))*z) 

d ||/||(((z* (y*z)) * z) * z) 

=2 \\f\\((x*y)*z) 

for all x,y,z £ L. 

Conversely, let ||/|| be a superior ideal on (£, /) which satisfies the second condition. Using (2.11 ) and 
the second condition, we have 

II f\\(x*z) = sup{||/||((a; * z) * ( y*z )), \\f\\(y * z)} 
su p{| l/l |((a; * y) * z),\\f\\(y * z)} 

for all x,y,z £ L. Therefore ||/|| is a positive implicative superior ideal on (£,/). □ 


Theorem 3.10. Let ||/|| be the superior mapping of £ with respect to ^/, L'j . Then ||/|| is a positive 
implicative superior ideal on (£, /) if and only if it satisfies the condition (2. lOj and 


(Vx,y,z e L) (\\f\\(x*y) ^ sup{||/||(((a; * y) * y) * z), ||/||(z)}) • 


(3.2) 


Proof. Assume that ||/|| is a positive implicative superior ideal on (£,/). Then ||/|| is a superior ideal 
on (£, /) by Theorem 3.6 and so ||/|| satisfies the condition ( 2.10| ). Using pH] ), (III), {2^}, and 
Theorem 1 3. 9 [ we have 

\\f\\(x*y) d sup{||/||((a:*i/)*z),||/||(«)} 

= sup{||/||(((a! *z)*y)*(y* y)), ||/||(ar)} 
su p{||/||(((a; * z) *y) * y), |i|/||(^)} 

= sup{||/||(((a;* 2 /) *y) * z),\\f\\(z)} 

for all x,y,z £ L. 
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Conversely, suppose that ||/|| satisfies two conditions (2.10) and (3.2). Then 

||/||(x) = ||/||(x*o) 

^ sup{||/H(((a: * 0) * 0) * z), ||/||(z)} 

= sup{\\f\\{x* z),\\f\\(z)} 


for all x,z £ L, and so ||/|| is a superior ideal on (£,/). If we take z = 0 in (3.2) and use (2.2) and 


(2.10), then 

\\f\\(x*y) ^ sup{||/||(((x*y)*y)*0),||/||(0)} 

= sup{\\f\\{{x * y) * y), ||/||(0)} 

= \\.f\\{{x*y)*y) 

for all x,y £ L. Therefore ||/|| is a positive implicative superior ideal on (£, f) by Theorem 


3.8 


□ 


Lemma 3.11. Let ||/|| be the superior mapping of £ with respect to a pair ^/, L'j on (U, A). Then 
is a superior ideal on (£, /) if and only if it satisfies the following assertion: 

(Vx, y, z £ L) ((x * y) * 2 = 0 => ||/||(x) A sup{||/||(y), ||/||(a)}) . 


(3.3) 


Proof. Assume that ||/|| is a superior ideal on (£,/). Let x,y, z £ L be such that x * y < z. Then 
(x * y) * z = 0, and so 

x*y)^ sup{||/||((x *y) * z), ||/||(z)} = sup{||/||(0), ||/||(z)} = ||/||(t) 


by (2.11) and (2.10). It follows that 

(x) A sup{||/||(x * y), II/IKj/)} r< sup{| |/| 1 ( 2 ), ||/||(y)}. 


Conversely, suppose that the assertion (3.3) is valid. Since 

(0 * x) * x = 0 and (x * (x * y)) * y = 0 


for all x,y £ L, it follows from (3.3) that 


11/11(0) r< sup{||/||(x), | I/I |(x)} = ||/||(x) 


and 


1 1 /ll(®) ^ su p{| |/| | (x * y), ll/ll ( 2 /)} 
for all x,y £ L. Therefore ||/|| is a superior ideal on (£,/). 


□ 


Corollary 3.12. Let | (/I | be the superior mapping of C with respect to a pair (^f,L^j on (U, A). Then 
is a superior ideal on (£, /) if and only if it satisfies the following assertion: 

(3.4) 


(x) A sup{ ll/ll (<Zi) , ll/ll (<x 2 ), • • • ,11/11(0*)} 
for all x, ai, 02 , • ■ ■ ,a n £ L with (• • • ((x * a 1 ) * 02 ) *••■)* a n = 0. 
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Theorem 3.13. Let ||/|| be the superior mapping of C with respect to a pair ^f,Lj on (£/ A). Then 
||/|| is a positive implicative superior ideal on (£, /) if and only if it satisfies the following assertion: 

11/110*2/) 1 sup{||/||(a), ||/||(6)} (3.5) 

for all x,y,a,b £ L with (((x * y) * y) * a) * b = 0. 


is a superior ideal 

ii) 


Proof. Assume that ||/|| is a positive implicative superior ideal on (£,/). Then 
on (£, /) by Theorem 3.6 Let x,y,a,b £ L be such that (((x * y) * y) * a) * b = 0. Using Theorem 
and ( |3.3| ) , we have 

0*2/) — ||/||(0*2/) *2/) =< sup{||/]](a), ||/||(6)}. 


3.8 


Conversely, suppose that ||/|| satisfies the condition (3.5) for all x , y,a,b £ L with ((( x*y)*y)*a)*b = 0. 
Assume that (x*u) *v = 0 for all x, u, v £ L. Then (((x* 0) *0) * it) = 0, and so ||/||0) = ||/||0*0) A 
sup{||/||(u), ll/HO)} by (3.5). It follows from Lemma 3.11 that ||/|| is a superior ideal on (£,/). Note 
that 


((O * y) * y) * (O * y) * 2 /)) *0 = 0 


for all x,y £ L. Using (3.5 ) and (2.10), we have 


O *y)< su P {||/||(0 * ?/) * 2 /), 11/11(0)} = ll/IKO *y)*y) 

for all x,y £ L. Therefore ||/|| is a positive implicative superior ideal on (£,/) by Theorem 


3.8 


□ 


Corollary 3.14. Let ||/|| be the superior mapping of C with respect to a pair (^f,L^j on (U, A). Then 
||/|| is a positive implicative superior ideal on (£, /) if and only if it satisfies the following assertion: 

||/||0*2/) ^ sup{||/||(oi), ||/||(o 2 ), - • • ,11/11001 (3-6) 

for all x,y, ai, a 2 , ■ ■ ■ ,a n £ L with (• • • ((((a; * y) * y) * ai) * 02 ) *•••)* a n = 0. 

Theorem 3.15. Let ||/|| be the superior mapping of C with respect to a pair (^f, Lj on (U, A). Then 


is a positive implicative superior ideal on (£, /) if and only if it satisfies the following assertion: 

11/11(0*0 * (2/* 0) d sup{| I/I |(a), 11/11(6)} (3.7) 

for all x, y,z,a,b £ L with ((O * 2/) * z ) * a ) * b = 0. 

Proof. Assume that 
on (£, /) by Theorem 


3.6 


is a positive implicative superior ideal on (£,/). Then ||/|| is a superior ideal 
Suppose that (((x * y) * z) * a) * b = 0 for all x, y, z,a,b £ L. Then 


11/11(0*0 * ( 2 /* 0) 11/11(0*2/) *0 sup{||/| 10), ||/||(6)} 

by Theorem |3.9| and Lemma [3.11| 

Conversely, suppose that ||/|| satisfies the condition (3.7) for all x,y, z,a,b £ L with ((( x*y)*z)*a)*b = 
0. Let x,y,a,b £ L be such that (((x * y) * y) * a) * b = 0. Then 

ll/IIO*?/) = ll/IKO * 2 /) * ( 2 / * y)) < sup{||/||0), 11/11(6)} 

that ll/ll is a positive implicative superior ideal on (£,/). □ 


by (3.7). It follows from Theorem 


3.13 
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Seok Zun Song 1 ’'!', Young Bae Jun 2 and Hee Sik Kim 3 ’* 

Corollary 3.16. Let ||/|| be the superior mapping of C with respect to a pair (^f,L^j on (t/, A). Then 
||/|| is a positive implicative superior ideal on (£, /) if and only if it satisfies the following assertion: 

\\f\\({x*z) * (y*z)) A sup{||/||(ai),||/||(a 2 ),-" ,11/110™)} (3.8) 


for all x , y, z, ai, 02, • ■ ■ ,a n £ L with (• • • ((((x * y) * z) * ai) * a 2 ) *•••)* a n = 0. 

Theorem 3.17. Let ||/|| and ||g|| be superior ideals on (£, /) and (C,g), respectively, such that ||/||(0) = 
|0||(0) and |0||(x) A ||/||(x) for all x(yf 0) € L. If ||/|| is a positive implicative superior ideal on (£, /), 
then 1011 is a positive implicative superior ideal on ( C,g ). 


Proof. For any x,y,z £ L , let u := (x * y) * z. Then 

I0ll((0 * z)*(y* z)) * ((x *y)* z)) = I0ll((0 *z)*(y* z)) * u ) 
= I0ll((0* u ) * z ) * (y*z)) ^ I I/I l((0 * u ) *z) * {y* z)) 

d ||/||((0*«) * y) * z) = \\f\\(((x*y) *z)*u) 


= 11 / 11 ( 0 ) = 1011 ( 0 ), 

and so |0ll((( x * z) * (y * z)) * ((x * y) * z)) = |0||(0). It follows from ( |2. 11 ) that 

1011(0*0 * (y*z)) P sup{|0ll((O * z) * (y*z)) * {(x * y) * z)),\\g\\((x * y) * z)} 

= sup{|OII(o), 1011(0 * y) * z )} = |0ll(O*2/) *0- 


Therefore |0ll is a positive implicative superior ideal on ( C,g ) by Theorem 3.9 


□ 
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Abstract 

By using the Tsuji’s characteristic, we deal with the uniqueness problem of 
meromorphic functions sharing sets in an angular domain and obtain some theo- 
rems which improve and extend the results given by Zheng, Xuan. 

Key words: Meromorphic function; Angular domain; Uniqueness; Tsuji’s charac- 
teristic. 

Mathematical Subject Classification (2010): 30D30 30D35. 


1 Introduction and main results 

The purpose of this paper is to investigate the uniqueness of meromorphic functions 
sharing sets in an angular domain by using the Tsuji’s characteristic functions of angular 
domain. It is assumed that the readers are familiar with the notations of the Nevanlinna 
theory such as T(r, f),m(r, /), N(r, f) and so on, that can be found, for instance, in 
[ 5 , 17 ]. 

We use C to denote the open complex plane, C(= C|J{oo}) to denote the extended 
complex plane, and fl(c C) to denote an angular domain. Let S be a set of distinct 
elements in C and Q C C. Define 

E(S,Q,f) = u {z € Q\f a (z) = 0, counting multiplicities}, 

aeS 

‘This project was supported by the NSF of China(11561033), the Natural Science foundation of 
Jiangxi Province in China (20151BAB201008). The last author is supported by the project of Beijing 
Municipal Science and Technology(D161100003516003). 
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E(S,Cl,f) = u {z £ fi| f a (z) = 0, ignoring multiplicities}, 

aeS 

where f a {z) = f(z) - a if a £ C and foo(z) = l/f(z). 

Let / and g be two non-constant meromorpliic functions in C. If E(S,Cl,f) = 
E(S,Cl,g), we say that / and g share the set S CM (counting multiplicities) in Cl. 
If E(S,Cl,f) = E(S,Cl,g), we say / and g share the set S IM (ignoring multiplicities) 
in Q. In particular, when S = {o}, where a £ C, we say / and g share the value a 
CM in Cl if E(S,Cl, /)) = E(S,Cl,g), and we say f and g share the value a IM in 
fl if E(S, Cl, /) = E(S,Cl,g). When SI = C, we give the simple notation as before, 
E(S, /), E(S, f) and so on(see [13]). 

Let l be a nonnegative integer or infinity. For a € C U {oo}, we denote by Ei(a, f 2, /) 
the set of all a-points of / in Cl, where an a-point of multiplicity k is counted one times 
if k < l and zero times if k > l. 

R.Nevanlinna(see [9]) proved the following well-known theorem. 

Theorem 1.1 (see [9].) If f and g are two non-constant meromorphic functions that 
share five distinct values ai, a?, a 3, a±, 05 IM in Cl = C, then f(z) = g(z). 

After his theorems, the uniqueness problems of meromorphic functions sharing values 
in the whole complex plane attracted many investigations (see [15]). In 2004, Zheng 
[19] studied the uniqueness problem under the condition that five values are shared in 
some angular domain in C. It is an interesting topic to investigate the uniqueness with 
shared values in the remaining part of the complex plane removing an unbounded closed 
set, see [3, 4, 7, 8, 10, 13, 18, 19, 20], Zheng [20], Cao and Yi [2], Xu and Yi [13] 
continued to investigate the uniqueness of meromorphic functions sharing five values and 
four values, Lin, Mori and Tohge [7] and Lin, Mori and Yi [8] investigated the uniqueness 
of meromorphic and entire functions sharing sets in an angular domain. To state theirs 
results, we need the following basic notations and definitions of meromorphic functions 
in an angular domain(see [5, 19, 20]). 

In 2009, the present author [14] investigated the uniqueness of meromorphic functions 
with finite order sharing some values in an angular domain and obtained the following 
theorem 

Theorem 1.2 (see [14])- Let f(z) and g(z) be both transcendental meromorphic func- 
tions, and let f(z) be of finite order X (lower order p) and such that for some a £ C and 
an integer p > 0, S = 6 (a, f^) > 0. For m pair of real numbers {ctj,f3j} satisfying 

-tt < oq < < a 2 < /3 2 < • • • < a m < (d m < 2tt 

and 

m . 

E 4 

(cnj + 1 — Pj) < — arcsin 

i=l 

where a = max{w, n}, u = max] , • . . , a Z a }, assume that aj(j = 1,2, ... , q) be q 
distinct complex numbers, and let kj(j = 1,2,..., q) be positive integers or 00 satisfying 

ki > k 2 > ■ ■ ■ > k p , ( 1 ) 
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^kj 7 ^7 /) (p*j 7 ^7 


kj J ) — V^7 

<7 

. K'.z 

> 2 , 


E k ° 

. 7—3 


H kj + 1 


where LI = Ujlil* : OLj < arg z < Pj}. Ifu) < A (/), then f(z) = g(z). 


( 2 ) 


In 2009, Cao and Yi [2] investigated the uniqueness problem of two transcendental 
meromorphic functions f,g sharing five values IM in an angular domain and obtained 
the following result which extended Theorem 1.1 to an angular domain. 


Theorem 1.3 (see [2, Theorem 1.3].) Let f and g be two transcendental meromorphic 
functions. Given one angular domain LI = {z : a < arg z < P} with 0 < /? — a < 2 tt, 
we assume that f and g share five distinct values aj(j = 1,2, 3,4, 5) IM in O. Then 
f{z) = g(z), provided that 


lim 

r—>o o 


SaAGf) 

log (rT(r, /)) 


= 00 , 


{r#E), 


where S a> p(r, f) is called the Nevanlinna’s angular characteristic. 


Moreover, Cao and Yi [2] also investigated the two uniqueness problems of two tran- 
scendental meromorphic functions f,g sharing four distinct values CM in an angular 
domain X and f,g sharng two distinct values CM in an angular domain X and the 
other two distinct values IM in an angular domain X, and they obtained two interesting 
results which extended the analogous results as in the whole complex plane to an angular 
domain. In 2011, Xu and Cao [11, 12] improve the results given by Cao and Yi[l, 2] to 
some extent. 

Most recently, Zheng [21] prove the following theorem by using the Tsuji’s character- 
istic to extend the five IM theorem of Nevanlinna’s to an angular domain. The Tsuji’s 
characteristic will be introduced in Section 2. 


Theorem 1.4 (see [21]). Letf(z) and g(z) be both meromorphic functions in an angular 
domain Ll = {z : a < arg z < p} with 0 < a < P < 2 tt and f(z) be transcendental in 
the Tsuji’s sense. Assume that aj(j = 1,2,..., 5) be 5 distinct complex numbers. If 
f) = E(aj,Cl,g), then f{z) = g(z). 

In this paper, we will deal with the uniqueness of meromorphic functions sharing sets 
in an angular domain by using the Tsuji’s characteristic and obtain the following results 
which are improvement of Theorem 1.4. 

Theorem 1.5 Let f(z) and g(z) be both meromorphic functions in an angular domain 
Ll = {z : a < arg z < p} with 0 < a < p < 2n and f(z) be transcendental in the Tsuji’s 
sense. Suppose that 

htj { b, . . . , CLj Y (l 1 )^} , j 1 ) 2 , . . . , 9 , 

with b jtz 0, SitlSj = 0, (* j). Let kj (j = 1,2, ... , q) be positive integers or oo satisfying 

(1) and 

E k]) (S j ,nj)=E k AS J ,Ag), (i = 1.2,..., 9 ). (3) 
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Furthermore, let 


_ q l - 1 

©r (/) = E 0 ho, / - a ) - E E e ^ 0 ’ f - («*■ + s6 ))’ 

a j = 1 s— 0 


. J2™= i S s =o M 0, / - (aj + s6)) ® kj + 6 t (0 , / - (a? + s6)) 

Al = ; — — + Z. Z. — 


i 


( lm — 31 + 1 )k m (2 1 — 1 )k n 


1 


+ 1 


j=m s = 0 


+ ©o(/)-2 


kj -|- 1 


and 


A? — 


E/= i S s =o ^t( 0 , g (aj + sb )) ^ yU kj + i5t(0, <7 — (a,,- + sb)) 


1 


j=n s = 0 


kj + 1 


(In - 3/ + l)fc n (21 - l)fe m 

+ ^tLTI + 0o(9) " 2 ' 


where m and n are positive integers in {1,2, ... ,q] and a is an arbitrary complex number 
or oo. If 

minjAi, A 2 } > 0, and max{Ai, A 2 } > 0. (4) 

Then fx(z) = f 2 (z). 

From Theorem 1.5, we can get the following corollaries. 


Corollary 1.1 Let f(z) and g(z) be both meromorphic functions in an angular domain 
Q = {z : a < arg z < /?} with 0 < a < /3 < 2 tt and f(z) be transcendental in the Tsuji’s 
sense. Suppose that 


Sj {dj , cij T b, . . . , dj + (l l)b{ , j 1,2, . . . , q, 


with b 7 ^ 0, Sj.nSj = tf), (i yh j). Let kj (j = 1,2, ... , q) be positive integers or 00 satisfying 
(1) and 

E kj) (Sj,n, /) = E kj) (Sj,n, g), (j = 1, 2,..., q). 


If 


, (2 — 2Z)fc3 

■% n kj + 1 + fc 3 + l 

j—3 s—0 J 


Then f(z) = g(z). 

Proof: Let m = n = 3. Since &r(f) > 0, ©t(<?) > 0, St(0, f — (dj + sb)) > 0 and 
<5 t(0 . g — (dj + sb)) > 0 for j = 1,2 ,...,q, one can deduce from Theorem 1.5 that 
Corollary 1.1 follows. □ 

The following corollary is an analog of a result due to Yi (Theorem 10.7 in [15], see 
also [16]) on C. 
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Corollary 1.2 Let f(z) and g(z) be both meromorphic functions in an angular domain 
Q = {z : a < arg z < /?} with 0 < a < /3 < 2ir and f(z) be transcendental in the Tsuji’s 
sense. Suppose that 

Sj = {aj,aj +b,...,a j + (l- 1 ) 6 }, j = 1 , 2 , . . . , q, 

with b ± 0, q > 4, Si D Sj = 0, (i ± j). If E(Sj,Q,f) = E(Sj,Ct,g),(j = 1,2 ,...,q). 
Then f(z) = g(z). 

Proof: Let k\ = k 2 = . . . = k q = oo. One can deduce from Corollary 1.1 that Corollary 
1.2 follows immediately. □ 

Let 1 = 1. Then it is easily derived the following corollary from Corollary 1.1, which 
is an analog of the Corollary of Theorem 3.15 in [15]. 

Corollary 1.3 Let f(z) and g(z) be both meromorphic functions in an angular do- 
main fl = {z : a < arg z < /?} with 0 < a < /3 < 2 tt and f(z) be transcenden- 
tal in the Tsuji’s sense. Let aj ( j = 1,2 ,...,q) be q distinct complex numbers in C, 
and kj(J = 1,2 ,...,q) be positive integers or oo satisfying (1) and Ej~ )(%, LI, f) = 
^kj){ a ji^i9)i {j = 1)2, ...,q). Then 

(i) if q = 7, then f(z) = g(z). 

(ii) if q = 6 and k 3 > 2 , then f(z) = g{z). 

(in) if q = 5, &3 > 3 and k 5 > 2, then f(z) = g(z). 

(iv) if q = 5 and > 4, then f(z) = g(z). 

(v) if q = 5, ks > 5 and k± > 3, then f(z) = g(z). 

(vi) if q = 5, /C 3 > 6 and ki > 2, then f(z) = g{z). 

Another main theorem of this paper is listed as follows. 

Theorem 1.6 Let f(z) and g(z) be both meromorphic functions in an angular domain 
Q = {z : a < arg z < /?} with 0 < a < j3 < 2 tt and f(z) be transcendental in the Tsuji’s 
sense. Suppose that 

Sj = {c + aj,c + a,jW, . . . , c + ajW l ~ 1 }, j = 1, 2, . . . , q, 

with aj ^ 0, (j = 1,2 ,...,q),w = exp(^), S t n Sj = 0, (i j). Let kj ( j = 1,2 ,...,q) 
be positive integers or 00 satisfying (1) and 

E k . ) (Sj,n,f) = E k . ) (S j ,n,g), (j = l,2,...,q). (5) 

Furthermore, let 

q l — l 

©T(/)=5>T(0,/-a)- EE @t( O 5 / — (c + CLjW S )), 

a j—1 s—0 


A 1 


SjLi 1 sl=0 d V(0, / - (c + ajW s )) ^ ^ fcj + S T { 0 , / - (c + ajW s )) 


k m + 1 

l(m — 2)k m lk n 


j=m s = 0 


ks + 1 


1 


kn 1 


+ 0r(/)-2 
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and 

A 


where m and n are positive integers in {1,2, ... ,q} and a is an arbitrary complex number 
or oo. If 

min{A 1; A- 2 } > 0, and max{A l7 A 2 } > 0. (6) 

Then ( f(z ) - c) 1 = ( g(z ) - c) 1 . 

From Theorem 1.6, we can get the following corollary immediately. 

Corollary 1.4 Let f(z) and g(z) be both meromorphic functions in an angular domain 
Q = {z : a < argz < /?} with 0 < a < /3 < 2 tt and f(z) be transcendental in the Tsuji’s 
sense. Suppose that 

Sj = {c + aj,c + ajw , . . . , c + ajW 1 ^ 1 }, j = 1, 2, . . . , q, 

with aj ^ 0, (j = 1,2, q > 2 + f, w = exp(^f), S t n Sj = 0, (i ^ j). If 

E{Sj,Cl,f) = E(Sj, ft, g) for j = 1,2,.. . ,q, then ( f(z ) - c) 1 = (g(z) - c) 1 . 

Proof: Set m = n = 1 and fci = k 2 = ■ ■ ■ = oo. Since 0 t(/) > 0, Or (g) > 0, St( 0, / — 
(aj + sb)) > 0 and <5 t(0, g — (aj + sb)) > 0 for j = 1, 2, . . . , q. Then Corollary 1.4 follows 
immediately from Theorem 1.6. □ 


s;:iE:;oMo,g-(<=+«y)) 

k n + 1 

l(n — 2)k n lk„ 


q l—l 


EE~ J 

j=n s = 0 


kj + 5 t{ 0, g — (c + ajW s )) 


kj + 1 


k n + 1 k m + 1 


+ ®T{g) ~ 2, 


2 Preliminaries 


In this section, we will introduce some notations of Tsuji’s characteristic in an angular 
domain (see [6, 21]). For meromorphic function / in an angular domain Ll and u> = , 

we define 


®W(t,/) = 


1 


pTr — arcsinl r 




27 r 

ytaA r ’f) = 


arcsinl r 


log^ 


/(re i(a+w l0 )sin w 1 9) 


1 


E 


r u sin 2 9 

f sin w(/3 n — a) 1 


dO, 


_! V IM" r 

l<|f>n|<i"(sin(a;(/3„ — a)))“ 

where b n are the poles of f{z) in H(a, /3;r) = {z = re ie 6 :a<9<j3,\<t< 
r(sin(w(/3 n — a))) w appearing often according to their multiplicities and then Tsuji 
characteristic of / is 

^a,/3(c /) = /) + 0 l a ,/3(r, /). 

We denote by n a>/ 3 (r, /) the number of poles of f(z ) in H(a, /?; r), and then 


9W(r,/) = ^ 


n a ,0(tj) 

t u+1 


dt. 
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when pole b n occurs in the sum X ^ i <|6 |< r ( sin ( w (/3 - a )))“ -1 on ^ once, we denote it by 
yi a ,p{ r , /)• For meromorphic function / in fl and for all complex numbers a, if 

‘SaArJ) 

inn sup — , = oo, 

r-> oo log r 

then f is called transcendental with respect to the Tsuji characteristic[21], and we have 
the Tsuji deficiency of f{z) as follows 


5t(cl, /; a, (3) = liminf 

r—>o o 


{r, 

ArJ ) 


1 — lim sup 

r—¥ oo 


(r, y^) 

Sa ArJ) 


and 

9V/3 (r, jh^) 

e T (a,f;a,/3) = 1- lim sup V — — A 

r-s-oo Ia,/3(T, /) 

for a ^ oo and St{oo , /; a, f3) is defined by the above formula with 9 Ul ay p(r, f) and 
9t Q ,/3 (r, /) in place of DJl a ,p( r > /A) and 9 3 a ,p(r, j^), 0 T (oo, /; a, /3) is defined by the 
above formula with 9 r t Qi/ 3(r, /) in place of 9t Q y (r, yzy)- If no confusion occur in the 
context, then we simply write St (a, /) for 5t(cl, f',oi,P) and ©t(«>/) for ©^(a, /; a, /3). 
St(cl, /) is called the Tsuji deficiency of / at a and if 5t(o,, f) > 0, then a is said to be a 
Tsuji deficient value of /. In addition, from ref. [21], we have the following properties of 
this Tsuji’s characteristic 


^a,/3 



S„,0(r,/) + O( 1), 


(7) 


and the fundamental inequalities 


{q - 2)% a> p{r, f)<^2 9I Qj/3 
j = i 


1 

/ - «i 


T QattPir, /), 


( 8 ) 


hold for g distinct points £ C, 


Qa,p(r,f) = 0(log + T a>j g(r, /) + logr), 


r E 


where denotes a set of r with finite linear measure. It is not necessarily the same for ev- 
ery occurrence in the context. For sake of simplicity, we omit the subscript in all notations 
and use DJl(r, /), 9t(r, /), Q(r, /) and T(r, /) instead of 9J l a ,p{r, /), 91 a ,p{r, /), Q a ,p(r , /) 
and T a ,p{r,f), respectively. 

By using Lo Yang’s method in dealing with the multiple values problem, we can get 
the following lemma 


Lemma 2.1 For meromorphic function / in an angular domain O and to = Let a 
be an arbitrary complex number, and k be a positive integer. Then 


(■ 0 

(m) 


/A S + LTT ,W(r ' /A 

j^) < 7) + ° (1)> 
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k) 

where < Xl a ^(r, jzr^) to denote the zeros of f{z) — a in Cl, whose multiplicities are no 

greater than k and are counted only once. Likewise, we use 9T a ^(r, j — ) to denote the 
zeros of f(z) — a in ft, whose multiplicities are greater than k and are counted only once. 

By using Lemma 2.1 and (8), we can obtain the following lemma 

Lemma 2.2 For meromorphic function f in an angular domain S2 and oj = Let 

Oi, 02 , . . . , a q be q distinct complex numbers in the extended complex plane C, let k\, k- 2 , 
. . . , k q be q positive integers. Then 


(*) (« - 2 ) T ( r ’ /) < 12 + 12 XT T^ (r ’ TZX) + g(r ’ 


1 = 1 


f ~ a 3 k J + 1 ’ / - «1 


1=1 0 1=1 


kj —ki 


1 




where 

91 (1) (r, /) = 9l(r, 1) + 29T(r, /) - 9t(r, /), 
and Q{r,f) is stated as in (8). 

From (8) and the definition of transcendental in Tsuji sense, we can get the following 
lemma. 


Lemma 2.3 (Picard theorem for angular domain) Let f be an transcendental meromor- 
phic function in Ll in the Tsuji sense. Then f has at most two Picard exceptional values 
in Cl. 


3 Proof of Theorem 1.5 


Suppose that f{z) ^ g(z). Without loss of generality, we assume that there exist infinitely 
many d such that 0t(O, f — d ) > 0 and d fL {aj + sb : j = 1,2,... , < 7 and s = 0 , 1, . . . , l — 1}. 
We denote them by dk (k = 1,2, ... , 00). Obviously, Bt(/) = J^'kL 1 ©t(0, / — dk). Thus 
there exits a p such that J2k=i ©t( 0 , / — dk) > 0 t(/) — £ holds for any given e(> 0 ). 
From ( 8 ) we have 


{ql+p 


q n— 1 

2 )T(r, /)<££*(■ 

1=1 s=0 


r, f + 1 

/ - ( aj + sb ) ^ 


/- dfc 


+ Q(r,/). 


From the definition of deficiency in Tsuji sense, we have 

9T(r,-^— ) < (1 — 0 t(O, / — dk)) T(r, /) + Q(r, /). 
./ - d k 
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From Lemma 2.1 and the definition of deficiency in Tsuii sense, it follows that for s € 
{0,1,...,;- 1> 

^ /E +4 

kj — kA . 1 . 1 1 

< ( r <7 — 7 — tttt) + 7 — VT^( r ’ 1 — 7 — TT/) 

fcj + 1 j — {a,j + so) fcj + 1 j — {a,j + so) 

< — Sf'V, (4 + ,;,) > + <> - J r<0. /-(«; + »<■»)*(■■, /) 


fcj + 1 


+Q(rJ). 

Thus, from Lemma 2.2, we have 
(ql + P — 2)T(r, /) 

< (1 - 0t(O, / - 4))} X(r, /) + E E 77 ^ 7 ^ V, 7374 


q l-l 


wfe=l 


— — kj H - 1 

j=l s=0 J 


/ - (dj + sb) ' 


(■ 


<? (-1 


1 


+ 1 E E _ M°> / _ (4 + 4») f 24 . /) + Q(r, /)• 


Since 


„ fc’i ko k a 1 

1 > — > — > • • • > 1 > , 

k\ T 1 4 + 1 kq + 1 2 


we can deduce that 

{ql +P~ 2)7(r,/) 

< (p- © T (/) +£)7(r,/) + 

! m— 1 Z— 1 

EE 

.7=1 *=0 

! q l-l 

EE 

1=1 «=0 


9 J-l 


EE«"V, 


km “1“ 1 
k 

n, m. 


1 


/ - (dj + s6) 


kj H- 1 -|- 1 


j=i s=o 

(1 — 4(0, / — (aj + sb))) }• T(r, /) 


1 -4(0,/- (oj + sfe)) 


kj + 1 


1(r,/) + Q(r,/), 


that is, 

7(m — l)fc n 


fcm + 1 


q l-l 


+ B 1 -e\‘I(r,f) < E E TT^TT^E 73- 1 


j=i s=o 


fcm + 1 ’ / - (4 + sb) 


) + Q(r,/), 


where 


Sr = 


E = 1 Ss=o4(0, / (4 + s 6 )) + y-v y-v fcj + 4(0, / - (flj + S^)) | ^ ^ o 


fcm + 1 


j=m s — 0 


kj + 1 
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Similar to the above discussion, we also have 


l(n — 1 )k n 
k n + 1 


q l-l 


+ B 2 -£j‘I(r,g) < 


k n irrk 


j — 1 s=0 


k n + 1 


No\r. 


g - ( a,j + sb) 


) + Q(r,g), 


where 


_ ^j= l ^t(0,9 (o-j + sb)) + ^ ^ fcj + b T ( 0 , g - (aj + sb)) + q t ^ _ 9 

j—n s = 0 


kn + 1 


kj + 1 


Thus, 


/(to — l)k n 
km d~ 1 

<2 l—l 


< 

, n h , m 1 
.7=1 s=0 

+Q(t, f) + Q(r,g). 


+ B 1 -e)‘S(r,f) + 
1 


+ S 2 - £ T(r, 3 ) 


l(n - l)k n 

k n + 1 

+EE^ , (, 


/ - (Oj + sfe) ^ k n + 1 ‘ g - {dj + sb) ' 


We will prove that f(z)—g(z) ^ sb, s = 1, 2 , ... ,1 — 1. Suppose that f(z)—g(z) = sb, 
s = 1,2,...,/ — 1., we get that dj ( j = 1,2,..., q) are the Picard exceptional values 
of /, and that a : j + (/ — 1 )b ( j = 1,2,..., q ) are the Picard exceptional values of g in 
12. By Lemma 2.3, we can get a contradiction. Similarly, we have g(z) — f(z) ^ sb, 
s = 1 , 2 ,...,/- 1 . 

By using (7) and condition (4), we have 


q 1 - 1 


1 




1 

J^g' 


1-1 


< *(r,TW> +E>(’'. 


V (rt(r, 7 r) 

^ v g ~ f — sb 


3 = 1 


S=1 


< (2/ — l)(T(r, /) + ‘X(r, 3 )) + 0(1). 


and 


q l-l 


1 


gS 5r(r '^w 


l-l 


< 9d(r, — ^ : ) + y 


1 


/-I 


/ - £ f -g-sb 

< (2/ — l)(T(r, /) + T(r, 3 )) + 0(1). 

Therefore, from the above discussion we obtain 


) + E'JKr, 


g- f -sb 


l(m — l)k n 

km + 1 


+ Si - £ T(r, /) + 


l{n — l)k n 


+ B 2 -£) T(r, 3 ) 


< (2/ - 1) 


/c m T 1 k n T 1 


fcn + 1 

(£(r, /) + T(r, 3 )) + Q(r, /) + Q(r, 3 ), 
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that is, 

{A ± - e) X(r, /) + (A 2 - e) X(r, g) < Q(r, /) + Q(r, g ). 

Since / and g are transcendental in Tsuji sense and e is arbitrary, the above inequality 
contradicts the conditions (4). 

Therefore, the proof of Theorem 1.5 is completed 


4 The proof of Theorem 1.6 


Suppose that (/(z) — c) 1 ^ ( g(z ) — c) 1 . Without loss of generality, we assume that 
there exist infinitely many d such that 0-r(O, / — d) > 0 and d ^ {c + ajW s : j = 
1, 2, . . . , q and s = 0, 1, . . . , l — 1}. We denote them by dk {k = 1, 2, . . . , oo). Obviously, 
©t(/) = ©t( 0,/ — dk)- Thus there exits a p such that J2k=i @t(0, / — dk) > 

O t(/) — £ holds for any given £(> 0). 

Using a similar discussion as in the proof of Theorem 1.5, we obtain 


q l-l 


< EEA s ‘ ,1 I', 


k n + 1 

q l—l 


1 


1 i+yy fcw ) 

/ - (c + djiUT p^fcn + 1 5-(c + OjW s ) J 


+Q(r,f) + Q(r,g), 


where 


_ E=i J2s=q3t{0, f (c + a,jW s )) ^ „ kj + (5t(0, / - (c + a,jW s )) ^ q 0 

k m + 1 1“ " kj + 1 


Es=O^(0,g ( c + q J wS )) kj + <5r(0,ff - (c + CljW 8 )) | q^_ o 

j— n s=0 


kj + 1 


k n + 1 

Furthermore, from the condition (5), (7) and Lemma 2.1, we have 


E E w) < ^(r, 77 0^7 v ) < /) + <%, <?)) + 0 ( 1 ), 

j^iT^o / - ( c + «j w> ) (/ - c ) - (5 - c)' 


and 
q l — l 


EXXV- 7 ^ 


1 


9 - (c + Oj-w 8 ) ^ < - c)* - (5 - c) z 


)<i(£(r,/) + x(r, 5 )) + o(i). 


1=1 S=0 

Therefore, from the above discussion we obtain 
l(m — !)&„ 


< l 


k m + 1 

L/n 


+ S 1 -£)X(r,/) + 

kn 


l(n — l)k r 


+ B-2 - £ ‘X(r, 5 ) 


k m + 1 k n + 1 


+ 1 

(X(r, /) + X(r, g)) + Q(r, /) + Q(r, g), 
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that is, 


{M - e) T(r, /) + (A 2 - e) T (r, g ) < Q(r, /) + Q(r, g). 

Since / and g are transcendental and e is arbitrary, the above inequality contradicts (6). 
Therefore, the proof of Theorem 1.6 is completed. 


5 Remarks 


Zheng [21] had proved the results related to Tsuji’s characteristic and Nevanlinna’s char- 
acteristic as follows 


Lemma 5.1 (see [21, lemma 2.3.3]) Let f(z) be a meromorphic function in ft(a,/3), for 
any real number e > 0, fl £ = ft(a + e, ft — e) . Then for £ > 0, we have 


W(r, /) < w 


N(r, O, /) 

ry>OJ 



N(t,nj) 

t u+1 


dt , 


and 


m(r,f)>uc“ 


N(cr, n E ,f) 


+ w 2 c a 



N(t,n e j) 

t U+l 


where 0 < c < 1 is a constant depending on e, ui = and N(t, ft, /) 
n(t,fl,f) is the number of poles of f(z) in 12 fl {z : 1 < |z| < t}. 


nMhlldt, 


From Lemma 5.1, we can get that / is transcendental in Tsuji sense if f satisfies 
condition (9). Thus, we can get the following results 


Theorem 5.2 Let the assumptions of Theorems 1.5-1. 6 and Corollaries 1.1-1. 4 be given 
with the exception of that f(z) is transcendental in Tsuji sense. Assume that for some 
a £ C and e > 0, 


lim sup 

r—>o o 


N(r, fl £ ,f = a) 


log r 


= 00 , 


( 9 ) 


where w, N(t, ft, f) are stated as in Lemma 5.1. Then f(z) = g{z). 
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Abstract 

In this paper, we define a new generalization of the Fibonacci and Lucas p— numbers. Further, we build up 
the tree diagrams for generalized Fibonacci and Lucas p— sequence and derive the recurrence relations of these 
sequences by using these diagrams. Also, we show that the generalized Fibonacci and Lucas p— sequences 
can be reduced into the various number sequences. Finally, we develop Binet formulas for the generalized 
Fibonacci and Lucas p — numbers and present the numerical and graphical results, which obtained by means 
of the Binet formulas, for specific values of a , b and p. 

Keywords: The generalized Fibonacci p— numbers, The generalized Lucas p— numbers, Binet formula. 
2010 MSC: 11B39 


1. Introduction 

Fibonacci and Lucas sequences are one of the most popular and fascinating sequences that arise in 
various situations, especially in mathematics, physics and related fields. The classical Fibonacci and Lucas 
sequences are defined by F n+ 2 = F n+ 1 + F n and L n+ 2 = L n+ i + L n , for n € N, with initial conditions 
F 0 = 0, F 1 = 1 and L 0 = 2, L 1 = 1, respectively. One of the most important sources of this area is [1], 
which was written by Thomas Koshy, and contains numerous applications, generalizations and recurrence 
relations of Fibonacci and Lucas numbers. In recent years, many authors have studied generalizations of the 
Fibonacci and Lucas sequences [2-12]. For instance, in [8, 10] the authors defined the generalized Fibonacci 
{qn}neN 0 sequence as 

! aq n+ 1 + q n , if n = 0 (mod 2) 

( 1 ) 

bq n + 1 + q n , if n = 1 (mod 2), 


* Corresponding Author 

Email addresses: yyazlik@nevsehir.edu.tr (Yasin YAZLIK), cahitkome@gmail.com (Cahit KOME), 
vinay.m2000@gmail.com (Vinay MADHUSUDANAN) 
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and the generalized Lucas {^n}neiVo sequence as in the form 

! bl n+ 1 + l n , if n = 0 (mod 2) 

( 2 ) 

cil n+ i + l n , if n = 1 (mod 2). 

Stakhov and Rozin introduced Fibonacci and Lucas p— numbers, one of the most significant mathematical 
discoveries of the modern Fibonacci numbers theory, and they presented some properties of this sequence, 

F p (n) = F p (n - 1) + F p (n - p - 1) (3) 

and 

L p (n) = L p (n- 1) + L p (n-p- 1), (4) 

in [13], with the initial conditions F p (0) = 0, F p ( 1) = 1, F p { 2) = 1, . . . , F p (p) = 1 and L p ( 0) = p+ 1, L p ( 1) = 
1, L p { 2) = 1, . . . , L p {p) = 1, respectively. After that, Kocer et al. defined the m — extension of the Fibonacci 
and Lucas p— numbers, 

F p ,m{n + p+ 1) = inF pm (n + p) + F pm {n) (5) 

and 

L P} m(n +p + 1) = m.L P}m (n + p) + L p>m (n), (6) 

with initial conditions F p rn (0) = 0, F p m (l) = l 1 F. p m (2) = m.,F p m ( 3) = ?n 2 , . . . , F p m (p + 1) = m p and 
L p ,m{ 0) = p + 1, L p ,m( 1) = m., Lp, m (2) = m 2 , L p>m ( 3) = m 3 , . . . , L p , m (p + 1) = m p+1 , where p and n are 
nonnegative integers and m is a positive real number [14]. The main purpose of the present article is to give 
a wider generalization of the generalized Fibonacci and Lucas sequence given by (1) and (2), the Fibonacci 
and Lucas p-sequences given by (3) and (4) and the m — extension of the Fibonacci and Lucas p-sequences 
given by (5) and (6) to introduce a new class of the recurrence numerical sequences called the generalization 
of Fibonacci and Lucas p— numbers. 

2. Generalized Fibonacci and Lucas p— numbers 

Definition 2.1. For any positive real numbers a, b and positive integer p, the generalized Fibonacci 
p— sequence {f n }^Lo an d Lucas p— sequence {Ln }^ o are defined recursively by 

{ af n - 1 + fn-p- 1 , if n = 0 (mod 2) I bl n _ i + £ n - P -i, if n = 0 (mod 2) 

and L/i \ 

bfn- 1 + fn-p- 1 , if n = 1 (mod 2), + £ n _ p _i, if n = 1 (mod 2), 

where n > p + 1 and the initial conditions of /„ and t n are 

/o = 0,/ 1 = l,/ 2 = o,...,/ p = aL5J (7) 

2 
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and 

£o = P + 1, £i = a, (-2 = ab , . . . , £ p = 6^1 J ; (8) 

respectively. 

Note that, these sequences can be reduced to different sequences for specific values of p, a and b. It is 
not difficult to see from the following table that Fibonacci, Lucas, Pell, Pell— Lucas, k— Fibonacci, k— Lucas, 
Fibonacci p, Lucas p , Pell p, Pell— Lucas p. m — extension of Fibonacci p and in — extension of Lucas p- 
sequences are special cases of generalized Fibonacci and Lucas p— sequence. 


p 

a 

b 

fn 

P 

1 

1 

1 

Classical Fibonacci sequence F n 

Classical Lucas secjuence L n 

1 

2 

2 

Classical Pell sequence P n 

Classical Pell-Lucas sequence Q n 

1 

k 

k 

k — Fibonacci numbers {Ffc, n }5£Lo 

A:— Lucas numbers {Lk <n }%L 0 

p 

1 

1 

Fibonacci p— sequence F p n 

Lucas p — sequence L p n 

p 

2 

2 

Pell p — sequence F p n 

Pell-Lucas p — sequence L p , n 

p 

m 

TO 

to— extension of Fibonacci p — numbers F p rn n 

to— extension of Lucas p — numbers L p ,m, n 


Let a and b be positive real numbers, p be a positive integer and £(n) = n — 2 1_^ J - We can construct the 
tree diagrams for the generalized Fibonacci and Lucas p — numbers as: 



Figure 1: Tree diagram for generalized Fibonacci p— numbers Figure 2: Tree diagram for generalized Lucas p— numbers. 

By considering Figures 1 and 2, we will derive the recurrence relations for f n and £ n . First we suppose 
that p is even. Then, {/„} satisfies the recurrence relation 

fn = a 1 -**") 

= + /„_ p _ 2 ) + o «" W -«"+ P >/ n _ p _ 2 + /„_ 2p _ 2 

= abf n -2 + a 1 ^") &«(")/„_„_ 2 + a «” V -«”)/ n _ p _ 2 + /„_ 2p _ 2 
= abf n -2 + (a 1 -*™#™ + f n - P -2 + /„- 2p - 2 

= abf n -2 + (a + b) / n _ p _ 2 + f n —2p-2- 

3 
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Next, we suppose that p is odd. Then, f n also satisfies the recurrence relation 

fn = ct-tWtfWU - 1 

= ( a «("V -«")/„_ 2 + /„_ p _ 2 ) + a «"+P) 6 1 -«"+P )/ n _ p _ 2 + /„_ 2p _ 2 

= abf n -2 + a'-tWtfWU-p-t + /„_ p _ 2 + /„_ 2p _ 2 

= abf n _2 + 2a 1 £("■)&£(") J n _ p _ 2 + f n -2p-2 

= dbf n —2 + 2 (/n— p— 1 /n— 2p— 2 ) + fn—2p—2 

= abf n — 2 + 2f n -p-l f n— 2 p— 2 - 


In a similar way, we can easily obtain the same recurrence relation for £ n . Let 

! f n , if a 0 = 0, «i = 1 , a 2 = a, . . . , a p = a L § J frl-Vd 
£ n , if ap = p + 1, «i = a, a 2 = ab, . . . , a p = a, J &L 2 J 
be a sequence that satisfies both /„ and £ n . Thereby, a n satisfies the recurrence relation 

! abo . n -2 + (a + b) a„_ p _ 2 + a n _ 2p _ 2 , if p is even, 

(9) 

aba n -2 + 2a n - p -i - a n _ 2p _ 2 , if p is odd. 

By considering eq. (9), the characteristic polynomial of a n is 

[ x 2p+2 — abx 2p — (a + b) x p — 1, if p is even, 
a P (x) = \ (10) 

^ a , 2 P + 2 _ a 5 x 2 p _ 2x p+1 +1, if p is odd. 

By taking r = x 2 , we can express the characteristic equation (10) as 


) r p+1 — abr p — (a + b) r 2 — 1, if p is even, 

( 11 ) 

r p+1 — abr p — 2 ? ,P 2 + 1, if p is odd. 


Lemma 2.1. Assume that p is odd. Then the characteristic equation of the generalized Fibonacci and 
Lucas p — numbers a p (x) does not have multiple roots. 

For the other case, it can easily seen that there are no multiple real roots. However, whether there exists 
complex multiple roots or not is an open problem, and we suggest that interested readers study it with us. 


Proof of Lemma. The characteristic equation of the generalized Fibonacci and Lucas p — numbers for odd p 
can be written in the form 

a p (x) = ( x p+1 — l) 2 — abx 2p 

and its derivative is 

a’ p {x) = 2 (p+ \)x p (x p+1 — 1) — 2pabx 2p ~ 1 . 

4 
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Then, a p {x) = 0 if and only if 


ab = 


(; x p+1 — l ) 2 

X 2p 


and a' p {x) = 0 if and only if 


(p+ l)a; p (a; p+1 — 1) (p + l)x x p+1 — 1 
px 2p ~ x p x p 

Upon simplifying, we obtain ab = ^ ^ x\fah. Therefore, a p (x) and a' p (x) vanish for the same x if and 

only if for some root x of a p (x), 


ab = 



cVab 


or equivalently, x 



p+ 1 


So, for every p and ab, if such an a; is a root, it is a multiple root. 
2 


ab = 


p + 1 


t 2 . Since a p (t) = 0, we have 


Let 1 be a multiple root. Then, 


t 2p+ 2 - ( K ^— S ) t2p+2 ~ 2tP+1 + 1 = o 
— (2^ 1) t 2p+2 — 2f p+ i + t = 0 

pZ 

(2 p + l)t 2(p+1) + 2 p 2 t p+1 -p 2 = 0. 


When treated as a quadratic equation in t p+l , the discriminant is 


4 p 4 + 4p 2 (2p + 1) = 4p 2 (p + l) 2 , 


and therefore, the solutions are 


t P+i 


= 


P 

2p+l 


But substituting the same ab in a' p (t) = 0, we get 


2 (p + 1 )t p (t p+1 - 1) - 2 p ) t2p+1 = 0 

p{t p+1 - 1) - (p + 1 )t p+1 = 0 
t p+1 = -p 


Then, by ab = 


p+ 1 
P 


t , we have 


ab = 


(P + l) 2 

2 p 

(—p ) p+1 


The equation has multiple roots exactly when ab and p are related as above. Note that for odd values of p, 
ab will be a real number, and then, ab < 0. This is a contradiction. Therefore the characteristic equation 


a p (x) has distinct roots. The proof is complete. 


□ 
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We will describe the terms of the sequence {a n } clearly by using the Binet formula. So, we can give the 
generalized Binet formula for the generalized Fibonacci and Lucas p — numbers with the following theorem. 

Theorem 2.1. Suppose that the characteristic equation (11) has (p+ 1) distinct roots, r\,r%, ■ ■ ■ , r P +\- Then 
a n satisfies the relation 

( H r kl r k:i ...r kp+1 _ j \ 

p l<ki<k2<...<k p +i-j<p+l 

E , .U fcl,fc 2 ,...,fcp+l-3#* 1 

(“lj ~ a 2j-2+£(n) H — a 2 p+£(n 

3 = 1 ” 


a 


p+i 

= E 

i = 1 


n - rfe ) 


] { ( ri - r k ) 


v 


l<k<p+l 

k^i 


l<k<p+l 

k^i 


Lil 


J 


Proof. Let ri,r 2 , . . . ,r p+ 1 be ( p + 1) distinct roots of the characteristic equation (11). There are (2 p + 2) 
coefficients k\, Aq, . . . , A^p+i, fep +2 such that 

oi n = ki(y/ri) n + Aq(— + k^y/rf)* 1 + k±(—^/r2) n + • • • + A^p+i^rp+i)" + fc2 P +2( — \/ r p+i)"- 
First, we suppose that n is even. Then we obtain 

<+n = (A+ + k2)(\/ri) n + (ks + Aq^yV^)" + • • • + (A^p+i + k 2 p+ 2 ){y/r p+1 ) n 

P+1 

= 'y ' (A^-l + k2i)(y/rj) n . (12) 


In order to determine the coefficients Aq, Aq, • • • , A^p+i, Aq p + 2 , we must solve the linear equation system 
V 7 = a, where Vjj = r * _1 is a Vandermonde matrix, 7 = ( 71 , 72 , • • • , 7 p+i) T and a = (ao, 02 , . . . , 02 p) T 
are the column vectors. Considering the cases n = 0, 2, 4, . . . , 2p in (12), we have the linear equation system 


(1 

1 

1 .. 

. 1 \ 


EE 


Eo ^ 

r\ 

T2 

n ■ • 

• r p+ 1 


72 


ex 2 

r\ 

r 2 
r 2 

r 2 

'3 ■ ' 

• r p+i 


73 

= 

(X.4 

\r\ 

r P 

'2 

r P 

'3 • ' 

• 


VP+i/ 


\ a 2p) 


(13) 


where j p = k 2 P -i + k 2 P . The (p+ 1) x (p + 1) Vandermonde matrix can be factorized as V = LU, (see [15]), 
where L is a lower triangular matrix with units on its main diagonal, (i, j)-th element of L is 


L i.3 ~ ' 


E 

l<ki<.k2<...<ki— j<j 


, if i = j, 

r kl r k2 ...r kj , if i > j > 1 , 

, if i < j , 


6 
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and U is an upper triangular matrix, (i, j)-th element of U is 

1 , if i = 1 , 

i—1 

k= 1 

0 , if i> j ■ 

Now we suppose that AiVi + A 2 v 2 H 1- \ p v p + A p+ iv p+ i = (0, 0, , 0), where v fc = (1, r\, r \, . . . , r p k ) is 

the /c-th column vector and Ai, A 2 , . . . , Ap+i are real numbers. Then the k- th coordinate 

Ai + A 2i"k + A 3 ffc + . . . + A p +ir^ = 0, 



which means that r k is a zero of the polynomial £(r) = Ai + A 2 r + A 3 r 2 + . . . + A p+ ir p . If the polynomial 
£(r) of degree at most p has (p+ 1) distinct zeros ri, r 2 , . . . , r p+ 1 then it must be zero polynomial and we get 
Ai = A 2 = . . . = A p+ i = 0. So it is easily seen that the vectors v 3 , v 2 , . . . , v p+ i are linearly independent. This 
proves that V is invertible. So, we can factorize the inverse of the Vandermonde matrix as V^ 1 = U -1 L _1 , 
(see [16]), where IV 1 is a lower triangular matrix with units on its main diagonal, (?’,j)-th element of L _1 is 

1 , if i = j , 

LT_\ j_ ± — LT_\ Tj-i , * = 2, 3, . . . ,p + 1; j = 2, 3, . . . , i — 1, 

0 , if i< j , 




if 1 < j <P+ 1, 


if j = P + 1 • 


7 
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Since 7 = V 1 a, the *-th element of 7 is 7 * = V i Ja 2 j- 2 - So, we have 

/ 

v l<k 

k\ ,k 2 , • ■ • >^P +1 — j 


P +1 

- E 


'y 1 r k 1 f’k 2 ■ ■ ■ r k p+1 -j 

p l<fcl<fc2<...<fcp + l-j<P+l 

(-1) J — a2 i- 2 + 

i=i 


<T 2 p 


n + _ rfe ) 

i<fc<p+i 
k^i 

Next, we suppose that n is odd. Then we obtain 


V 


n + ~ rfc ) 

i<fc<p+i / 

k^i ) 


(14) 


a n = (hi - k 2 )( y /r 1 ) n + (k 3 - fc 4 )(v+) n H 1 - ( k 2p +i - k 2p +i){,^/r p+ i) r 

p + 1 


= y>2,-i - k 2 i )(Vn) n . 




Considering the cases n = 

1,3,5,... 

, 2p + 1 in (15), 

we have 


1 -+T 

v 7 ^ 

V 7 ^ 

\/V+i 


v ^ 3 

v 7 ^ 3 

V 7 ^ 3 

v 7 ^ 3 


v^T 5 

v 7 ^ 5 

V 7 ^ 5 .. 

V 7 ^ 5 


\Vn 2p+1 V ^ 2P+1 


v^' 


■2p+l 


v/vti 2p+ V V^ 1 / 



- 71 1 


ai 


72 


«3 


73 

in/ 1 1 i 


«5 

l rv.-, , i i 


(15) 


(16) 


where 7 p = k 2 P ~\ — k 2 P ■ It can be easily seen that L i j and L ; j are the same as in the previous case. In a 
similar way, we can find the (i,j )— th element of the matrices U ij and UTj 1 , respectively, as 


U(iJ) = < 


V r] 

, if * = 1 

i—1 


n ( r o~ r k) ■ 

, if * < j 

k = 1 


0 

, if i > j 


n 


1 


and TJ-; = < 


-1 _ J fe=i - r k) 

k^i 


0 


if i < j, 

if i > j . 


Using these identities, we find the (i, j )— th element of V 1 as 


v - 1 = { 


(-1 y 


'y v r k 1 ^k 2 • • • r kp+i-j 

l<ki<k2<...<k p+ i-j<p+l 
kl ^2vi^p+l-j^® 


i | + - r k ) 


l<k<p+l 

k^i 


1 ] (/i - '•/. ) 


l<k<p+l 

k^i 


if 1 < j <P+ 1, 


if j = P + 1 • 
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Thus, a n satisfies the recurrence relation 


1 r kl r k2 ...r kp+1 _ :i 

p+l p l<k 1 <k 2 <...<k p+1 -j<p+l 

_ ^y fci,fc2,--,fcp+i_.,=4i 

*=1 3 = 1 |J ( n - r k ) 


Ol2j-l + 


n ^ _ rfc ) 


l<k<p+l 

k^i 


l<k<p+l 

k^i 


Finally, by combining (14) and (17), we have the generalized Binet formula 


1 r kl r k2 ...r kp+l _ :j 

p_l_i p i<fci<fc 2 <...<fe P +i-j<p+i 

_ j . y fcl,fc 2 ,...,fcp+l 

1=1 i=i |J (Tj - r fc ) 


Q; 2p+J(n) LfJ / 1fl \ 

<T2i-2+{(n) d r i " > (18) 


l<fe<p+l 

k^i 


II ( r i“ r fe) 


l<fc<P+l 

k^i 


which proves the theorem. 

Corollary 2.1. If we take the initial conditions |ao = 0, a\ = 1, a 2 = a, . . . , a p = o^-sJ frb m (18), 
obtain the Binet formula of the generalized Fibonacci p— numbers as 

1 r kl r k2 ■ ■ ■ r kp+1 _j ^ 

p+l p l<ki<k 2 <...<k p+1 -j<p+l 

f ST' V " I i \ ? fci,fe 2 ,...,fcp + i_^i /2p+?(n) JfJ /- 

./«= 2^ 2J _1 1 — kj-2+i{n) + — — • (- 

1=1 j=i II (n-r k ) II (rj — r k ) 


l<k<p+l 

k^i 


/2p+{(ra) 

n ^ - rfe ) 

i<ic<p+i 

k^i 


r} tJ . (19) 


// we tafce the initial conditions |ao = P + 1, an = a, 02 = ab , . . . , a p = 1 6^ 2 J | in (18), we obtain the 

Binet formula of the generalized Lucas p— numbers as 


2^ r kl r k2 ...r kp+1 _ 

p+l p l<k 1 <k 2 <...<k p+ i- j <p+l 

fci,fc 2 ,...,fcp + i_j^j 

1=1 3 = 1 |J (n - r k ) 

l<k<p+l 

\ kjti 


"^2i-2+{(n) + 


^2p+g(n) 

n ( r i _ rfe ) 

l</c<p+l 

k^i 


r} tJ . (20) 


3. Examples 

In this section, we present the numerical results of generalized Fibonacci and Lucas p — sequence by 
specifying p , a and b. 


3.1. Case p = 1 

By considering (18), we obtain the Binet formulas of the generalized Fibonacci and Lucas 1— numbers as 
J _ f k+Zjnf ~ fz(n) r 2 \ J _ / /2+g(n) ~ /{(ra) r l \ ^Lf J 

V Ti - r 2 / 1 V Ti - r 2 / 2 
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and 


^2 +f(n) ^(n) r 2^L5J 

I ' 1 

r i - r 2 


^2+{(n) ^(n) r l\ Iff 


ri - r 2 


( 22 ) 


where n = ^b+2-VaVP+ 4ab^ and r2 = ^ afc+ 2 +Vagg+ SlY We give the firgt few termg of the generalized 
Fibonacci and Lucas 1— numbers with the following table as 


Table 1: Generalized Fibonacci and Lucas 1— numbers for different a and b 


(a, 6) 

(1,1) 

(1,2) 

(2,1) 

(2,2) 

fn 

(0,1, 1,2, 3, 5,8...} 

{0,1,1,3,4,11,15,...} 

{0,1,2,3,8,11,30,...} 

{0,1,2,5,12,29,70,...} 

in 

{2,1,3,4,7,11,18,...} 

{2,1,4,5,14,19,52,...} 

{2,2,4,10,14,38,52,...} 

{2,2,6,14,34,82,198,...} 


Moreover, we give the graphical illustration of the first 30 terms of the generalized Fibonacci and Lucas 
1— numbers for different values of a and b, ( see Figure 3 and Figure 4 ). 



10 15 20 

(a,b)=(l,l) -m- (a,b)=(l ,2) 


10 15 20 

(a,b)=(l,l) ~m~ (a,b)=(l , 2 ) 


Figure 3: generalized Fibonacci 1— numbers 


Figure 4: generalized Lucas 1— numbers 


3.2. Case p = 2 

Recall the equation (18). The Binet formulas for the generalized Fibonacci and Lucas 2— numbers are 


fn = 


and 


/4+{(ra) — {l"2 + T 3 )/ 2 +£( n ) + r 2C3./c(n) \ LfJ . / fi+((n) ~ (?T + T 3 )/ 2+ £(„) + Tir 3 /j( n ) \ ["J 


+ 


(Ti - r 3 )(ri - r 2 ) 

h+£(n) - ( n + r 2 )f 2+i(n) + rir 2 / s g 
( r 3 - r 2 )(r 3 - ri) 




(r 2 - r 3 )(r 2 - r i) 


iff 


(23) 


ii +£(n) — ( r 2 + 1'3)^2 +£(n) + r 2 T 3 £j( n ) \ [fj / ^4+£(ra) — (n + T 3 )^ 2 +{(n) + r l r 3^(n) \ |_§J 


(?T - r 3 )(ri - r 2 ) 

^4+£(n) — ( r l + r 2)^2+{(n) + r l r 2^{(n) ^ 


(t 2 ^ r 3 )(r 2 - ri) 


(t 3 - r 2 )(r 3 - n) 


3 > 


(24) 


10 
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where 


1*1 = 


]j 2 a 3 6 3 + 9a 2 b + \J (2 a 3 6 3 + 9 a 2 b + 9 ab 2 + 27) 2 - 4 ( a 2 6 2 + 3a + + 9 ab 2 + 27 


3^2 

\p2. (a 2 6 2 + 3a + 3 b) 


3 2 a 3 6 3 + 9 a 2 6 + y / ^ 3 6 3 + 9 a 2 b + 9ab 2 + 27) 2 - 4 (a 2 6 2 + 3a + 36) 3 + 9a6 2 + 27 


ab 

T’ 


1*2 = 


(-1 + *v^) ^ 2a 3 6 3 + 9a 2 6 + ^ (2a 3 6 3 + 9a 2 6 + 9a6 2 + 27) 2 - 4 (a 2 6 2 + 3a + 36f + 9 ab 2 + 27 


+ 


6S/2 

(l + ia/3) (— a 2 b 2 — 3a — 36) 


3 2 2 /3 y 2a 3 6 3 + 9a 2 6 + y^(2a 3 6 3 + 9a 2 6 + 9a6 2 + 27) 2 - 4 (a 2 6 2 + 3a + 36) 3 + 9a6 2 + 27 


ab 

+ y 


and 


1*3 = 


(l + *>/3) y 2a 3 6 3 + 9a 2 6 + ^ (2a 3 6 3 + 9a 2 6 + 9a6 2 + 27) 2 - 4 (a 2 6 2 + 3a + 3Vf + 9ab 2 + 27 


6^2 

(l — i\J 3) (— a 2 b 2 — 3a — 36) 


ab 


3 2 2 / 3 y 2a 3 6 3 + 9a 2 6 + ^ (2a 3 6 3 + 9a 2 6 + 9a6 2 + 27) 2 - 4 (a 2 6 2 + 3a + 3bf + 9a6 2 + 27 3 

We give the the first few terms of the generalized Fibonacci and Lucas 2— numbers with the following table 


as 


Table 2: Generalized Fibonacci and Lucas 2— numbers for different a and b 


(a, 6) 

(1,1) 

(1,2) 

(2,1) 

(2,2) 

fn 

{0,1, 1,1, 2, 3, 4...} 

{0,1, 1,2, 3, 7, 9,...} 

{0,1,2,2,5,7,16,...} 

{0,1,2,4,9,20,44,...} 

in 

{3,1,1,4,5,6,10,...} 

{3,1,2,5,11,13,31,...} 

{3,2,2,7,9,20,27,...} 

{3,2,4,11,24, 52,115,...} 


Moreover, we give the graphical illustration of the first 30 terms of the generalized Fibonacci and Lucas 
2— numbers for different values of a and 6, ( see Figure 5 and Figure 6 ). 
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(a,b)=(l ,1) 
(a,b)=(2 ,1) 


(a,b)=(l ,2) 
(a,b)=(2 ,1) 


5 10 15 20 

(a,b)=(l,l) ■ (a,b)=(l ,2) 


Figure 5: generalized Fibonacci 2— numbers 


Figure 6: generalized Lucas 2— numbers 


4. Conclusion 

In this study, for the first time in literature we define a new generalization of Fibonacci and Lucas 
p— numbers. Also, we produce a Binet formula for these sequences by taking different initial conditions. 
The generalized Binet formula of the Fibonacci and Lucas p— numbers can be reduced to different Binet 
formulas in the literature. For example, if we take p = 1, we reduce the Binet formula of {/„} to the 
bi-periodic Fibonacci numbers q n = (^yrjr) , in [8]. If we take p = 2, we reduce the Binet formulas 

of {/„} and {£„} to the 7 „, in [12], Theorem 2.1. As a result, this study contributes to the literature by 
providing essential information for the generalization of Fibonacci and Lucas p— numbers. 
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SOME FAMILIES OF GENERATING FUNCTIONS FOR THE 
GENERALIZED CESARO POLYNOMIALS 

NEJLA OZMEN AND ESRA ERKU§-DUMAN 


Abstract. The present study deals with some new properties for the gener- 
alized Cesaro polynomials. The results obtained here include various families 
of multilinear and multilateral generating functions, miscellaneous properties 
and also some special cases for these polynomials. In addition, we derive a 
theorem giving certain families of bilateral generating functions for the gen- 
eralized Cesaro polynomials and the generalized Lauricella functions. Finally, 
we get several interesting results of this theorem. 


1. Introduction 


The Cesaro polynomials gn\%) are defined by the generating relation (see, for 
example, [2], p. 449, Problem 20) 

oo 

= (i.i) 

n— 0 

It is from (1.1) that 

S'nHd = (* + ”) 2 F 1 [-n,l;-s-n-,x], (1.2) 

where 2^1 denotes Gauss’s lrypergeometric series whose natural generalization of 
an arbitrary number of p numerator and q denominator parameters (p, q G No := 
NU {0}) is called and denoted by the generalized hypergeometric series p F q defined 
by 


/? 

P r Q 


1, •••5 

Pi ,-,Pq', 


= E 


(^l)ro ... (^p)n Z 

(Pl)n - (P„)n n\ 


n = 0 V'X'" ■" vr y / 

p^q *..? Pii *..? P*h z) * 

Here (A)„ denotes the Pochhannner symbol defined (in terms of gamma function) 

by 


(A), = (AeC \ Z - } 

f 1, if jz = 0; AgC\{0} 

\ A(A + 1)...(A + n — 1), ifjz = n€N; AgC 


and Z 0 denotes the set of nonpositive integers and T(A) is the familiar Gannna 
function. 


Key words and phrases. Generalized Cesaro polynomials, generating function, multilinear and 
multilateral generating functions, recurrence relation, hypergeometric function. 

2000 Mathematics Subject Classification. 33C45. 
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NEJLA OZMEN AND ESRA ERKU§-DUMAN 


In addition, we have the following relationship between the Cesaro polynomials 
gn\x) and the classical Jacobi polynomials [2] : 

9i s \x) = P^ 1 - s ~ n - 1 \ 2x-l). 

In 2011, Lin et. al. [3] introduced the generalized Cesaro polynomials as follows: 

9n } (A, x) = (^ S + 2 F\ [~n, A; -s - n; x ] . (1.3) 


It is noted that the special case A = 1 of (1.3) reduces immediately to the Cesaro 
polynomials defined by (1.2). 

The four Appell functions of two variables, denoted by Fi,F 2 ,F 3 and iq, were 
generalized by Lauricella functions of n variables which are denoted by F ^ , F ^ , F^' 
and F^ [2] and 


p(2) p p(2) p P pO P 

X a ~ X2, X B — 1*3, 1< C —^ 4 , x D — 


A further generalization of the familiar Kampe de Feriet hypergeometric function 
in two variables is due to Srivastava and Daoust [4] who defined the generalized 
Lauricella (or the Srivastava-Daoust ) function as follows: 


f [(a):0 (1) ,- 

,.,d (n) l : 


..; [(&<">): 0< n) ] ; 

\ 




Zi,. 

;Z n 

y (c):^ (1) ,. 


(, d (1) ) : <5 (1) ] ; . 

..; [(d(")):J (n) l; 

/ 


= £ fl(mi, ...,m n ) — . 

mi,...,m n =0 1TI\. 


Z n 

m r 


1 ’ 


where, for convenience, 


?(U 


?(») 


IT^r 


mi 6^ -\-...-\-m n 0 


(n) 




(«)'! 
j ' m n 


*(-) 


fl(mi, ..., m n ) := 


i = 1 


i = 1 


j=i 


D( D 


i=! j = 1 


DC") 


IL4W niA’), 




1 


the coefficients 

8j k) (j = l,...,A; fc = l,...,n), and ^ fc) (j = 1, ..., B (fc) ; fc = l,...,n), 

^• fc) (j = l,...,C; fc = 1, ..., n), and <^ fc) (j = 1, ..., L» (fc) ; fc = l,...,?r) 
are real constants and abbreviates the array of B ^ parameters 

bf (j = l,...,B< fc >; fc = 1, ..., n) 


with similar interpretations for other sets of parameters [1]. 

For a suitably bounded non- vanishing multiple sequence {f2(mi; m 2 , ..., m s )} mi , mo m 6Nq 
of real or complex parameters, let <j> n {ui\ u 2 , u s ) of s (real or complex) variables 
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iti; ii 2 , ..., u s defined by 
(j) n (ur,U2,...,U s ) 


where, for convenience, 


= £ 


£ 

mi — 0 m2,...,m s -0 


((d)) mi 5 


mi m „ 

^ \ U 1 U s 

xi l (j(mi,m 2 , ..., m s ); m 2 , ...,m s ) r 

m i! m s \ 


(1.4) 


B D 

= arL( l = J_ J_ (dj )mi6j ■ 

3 = 1 3=1 

The main object of this paper to study different properties of the generalized 
Cesaro polynomials. We give various families of multilinear and multilateral gen- 
erating functions, miscellaneous properties and also some special cases for these 
polynomials. In addition, we derive a theorem giving certain families of bilateral 
generating functions for the generalized Cesaro polynomials and the generalized 
Lauricella functions. 


2. Generating Functions 

Theorem 2.1. The generalized Cesaro polynomials gn\\,x) have the following 
generating function: 


£si s) (A,a;)r = (!-t) s \l-xt) 


-X 


n—0 


Proof. If we denote the right-hand side of (2.1) by G, then we obtain 
„ t n ( xt) m 

G ~ £ (s + 1 )^£( A ) m ^r 

n—0 m—0 


oo oo 


= ££ 


n—0 m—0 
oo n 


(s + l)n(A) 
n!m\ 


_ ( 5 ~b l)ra— m(A) m ^.m^n 


n—0 m—0 


(n — m)\m\ 


By using the formula 
we get 


( a T 1 )n—m — 

n 

= ££ 


oo n 


(s + n — m)l 


(s + l)n-m(A) m 


n—0 m—0 
oo n 


££ 

=c 

s + n 


n—0 m—0 
oo 


(n — m)\m\ 
(-n) 


s + n 
n 


1 


£ 

n—0 
oo 

£fl , i s) (A,:r)f\ 


(-s - n) m rn! 
F 1 [— n, A; — s — n; x]t n 


(A)m 


(2.1) 


n—0 
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□ 


Lemma 2.2. The following generating function holds true: 


Y ( n + m )g ( n i m ( A, x)t n = (1 - - xt)- x g£ (a, . (2.2) 

71= 0 ' ' ^ ' 

Proof. If we write t + u instead of t in (2.1) , we get 

oo 

g ^ ( A, x) (t + u) n — (1 — t — u) _ * _1 (l — xt — xu)~ x 

n—0 


-A 


n—0 m— 0 

Replacing n by n + m in last relation, we may write that 


1 1 (” + m )<£L(X*)<“«” = (1-0— ‘(l-rf)-* £ (a, ht=T>) 

n—0 m— 0 ' ' m=0 ' ' 


From the coefficients of u m on the both sides of the equality, one can get the desired 
result. □ 

Lemma 2.3. The following addition formula holds for the generalized Cesaro poly- 
nomials gn\\,x): 

n 

5ni +S2+ i)(Ar + A 2 ,x) = S ^ j g { p k (\i,x)g^ 2 \\ 2 ,x). (2.3) 

k = 0 

Proof. Replacing s by Si + S 2 + 1 and A by Ai + A 2 in (2.1), we obtain 

00 

1+S2 + 1) (A l+\ 2 , X )t n = (l-t)~ Sl ~ S2 ~ 2 {l~xt)~ iXl+X2) 

= (1 - f)" 81 - 1 ^ - xt)~ Xl ( 1 - f) S2_1 (l - xt)~ X2 

OO OO 

= Y g { n Sl) ( Xl,x)t n Y 9k 2 \ X 2 , x)t k 


n—0 


n—0 
00 00 


k=0 


EE 3 » l) ( Ai ’ x M 82 ( A 2 , ;c ) f 

n=0 k—0 
00 n 

Y Y 9n- k ( x i,x)g { h S2) (X 2 ,x)t n . 


n—0 A:— 0 


From the coefficients of t n on the both sides of the last equality, one can get the 
desired result. □ 


3. Bilinear and Bilateral Generating Functions 

In this section, we derive several families of bilinear and bilateral generating 
fuctions for the generalized Cesaro polynomials g[f\ X,x) given by (1.3) . 

We begin by stating the following theorem. 
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Theorem 3.1. Corresponding to an identically non-vanishing function fl^yi , ..., y r ) 
of r complex variables y%, ...,y r (r € N) and of complex order let 

OO 

(yi , Ur\ C) - = ^ ^ Q'k^/i+'ipk (jjl 7 •••? Ur) C iflk 7 ^ 0) (3.1) 

k = 0 

and 

[n/p\ 

(A ,x;y 1 ,...,y r -,^) := ^ a k g { ^l pk (A, a;) ^+v>fc(j/i, 2 /r)£ fe - 

Then , for p G N, w/e have 

00 

X! ( A ’ 2:5 •••> 2^5 fp) t n = {1- t) _s_1 ( 1 - xt)~ x A, l ^(y 1 , y r - y) (3.2) 

n— 0 

provided that each member of (3.2) exists. 


Proof. For convenience, let S' denote the first member of the assertion (3.2) of 
Theorem 3.1. Then, 

oo [n/p] 

S = E ak 9n- P k ( X > x ) -,y r )y k t n ~ pk . 

n — 0 /c— 0 

Replacing n. by n + pk, we may write that 

OO OO 

^ = EE ^k 9n ^ (^5 *^) ^/x+^fc (2/l 5 •••> Vr^V t 

n—0 k—0 

00 00 

= 51 9 { n s) (\,x)t n J2ak^k(Vi,...,y r )v k 

n—0 k—0 

= (! - 1 - xt)~ x A^(y 1 , ..., y r ; 77) 

which completes the proof. □ 


By using a similar idea, we also get the next result immediately. 


Theorem 3.2. Corresponding to an identically non-vanishing function Q^(yi, ...,y r ) 
of r complex variables 7/1, ...,y r (r € N) and of complex order p,ip, let 


[n/p\ 


A ^( Ai + X ^ x >yi 


1 •••? yri 


0 ■= E a k9nlpk 2+1) ( x 1 + x 2 ,x)Vl^ k { yi , 


-•>J/r)z* 


fc =0 


where a k 7 ^ 0 ,n,p £ N and the notation [n/p] means the greatest integer less than 
or equal n/p. 

Then, for p £ N , we have 


n [, k/p\ 

E E a i9n- k ^^x)g[/fl l (X 2 ,x)np +1 pi(y 1 ,...,y r )z l 

k—0 1=0 

provided that each member of (3.3) exists. 


A ^(Ai + X 2 ,x-,y 1 ,...,y r ;z) 
(3.3) 


674 


NEJLA OZMEN et al 670-683 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


6 NEJLA OZMEN AND ESRA ERKUg-DUMAN 

Proof. For convenince, let T denote the first member of the assertion (3.3). Then, 
upon substituting for the polynomials gn 1+S2+1 ' > (Ai + X 2 ,x) from the (2.3) into the 
left-hand side of (3.3), we obtain 


[ n/p ] n—pl 

T = E E a i9n-k-pi(X 1 ,x)g { k S2 \x 2 ,x)n^i{y 1 ,...,y r )z l 

1=0 k = 0 



[n/p\ 

= E a i9n-ti 2+1 \Xi + X 2 ,x)n f _ l+ipl (y 1 ,...,y r )z l 
1=0 

= + X 2 ,x;y 1 ,...,y r ;z). 


□ 


Theorem 3.3. Corresponding to an identically non-vanishing function ...,y r ) 

of r complex variables yi, ...,y r (r € N) and of complex order ji, let 


OO 

^p,p,q [^5 2/l ? •••? Vr\ t\ := ^ ^ a n9rri+qn(^i p-\-pn{]Jl') •••? Vr)t 

n—0 


where a n ^ 0 and 


0 


n ,p,q 



Q'k^'p,-\-pk(yi i •••> Ur) z • 


Then, for p G N; we have 


^ ] 9m+ni^i x )0n,p,q{yii •••? Vr] z )t 

n — 0 

= (1 — t)~ s ~ m ~ 1 (l — xt)~ x A^ pq (a, — j/i, •••, y r \ ^ 

provided that each member of (3.f) exists. 

Proof. For convenience, let T denote the first member of the assertion (3.4) of 
Theorem 3.3. Then, 


OO 

^ = E 


n = 0 



O'kQp.+pkijJl 5 •••5 Vr) z t • 
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Replacing n by n + qk and then using (2.2), we may write that 


oo oo 


T = ^^( m + n n + q j9 ( ^ + n+ q k(^ x ) a k^^+pk{yi,---,yr)z k t n+qk 


n— 0 k = 0 
oo / oo 


= EE 

k—0 \n— 0 
oo 


m + n + qk \ g ^ +n+ ^x, x )t n ] a k Sl p+pk (y\ i, y r ){zt q ) k 


E(1 - t)- s - m - qk -\l - xt)- x g^ +qk (a, ' ^ ‘ '■) a k n, +pk (y u ...,y r )(zt q ) k 

(1 _ 1(1 _ xt) -x g (1 _ t)-* k g% +qk (a, ) a k n , +pk ( yi , ..., y r )(zt q ) k 

k = 0 ' X ' 

(1 - ()—”-■(! - xt)~ x A„ iS (a, 1(1 " t] ■ 


1-xt 


which completes the proof. 


□ 


4. Special Cases 

When the multivariable function ^l p +^, k {y\, ...,y r ), k € No, r € N, is expressed 
in terms of simpler functions of one and more variables, then we can give further 
applications of the above theorems. We first set 

in Theorem 3.1 , where the multivariable polynomials ...,x r ) [5], gener- 

ated by 

OO 

(1 - Xl t )-°‘e^ + - +x ^ * = V <4“ } (x u ...,x r ) t n 

t'o (4-1) 

(a e C ; \t\ < {l^if 1 }) • 

Thus, we have the following result which provides a class of bilateral generating 
functions for the multivariable polynomials E'-tE^i, x 0 an< 4 the generalized 
Cesaro polynomials. 

Corollary 4.1. If 

OO 

= E ak$ ?E(s ' 1 »>■)”'* 

k—0 

( a k ± 0 , y, if <E C) , 


l% k (kx)^ k (yu...,y r )^ (4.2) 

n = 0 k—0 

= (4 -t) _s_1 (l - xt)~ x A p , yi ,(y 1 , ...,y r ;w) 

provided that each member of (4-2) exists. 


A M ,v-(yi, w) 


then, we have 


oo [n/p] 

E E akq \ 
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Remark 4.1. Using the generating relation (4-1) for the multivariable polynomials 
(xi, ... ,x r ) and getting a k = 1, p = 0, if) = 1 in Corollary 4.1, we find that 

oo [n/p] 

E E 9n\k (A ,x)*£\y u ...,y r )wH n -* 

n= 0 k— 0 

= (1 - - xf)- A (l - yi w)- a e^ + - +Vr) w , 

(lH < { |2/i| _1 }) • 

If we set r = 1 and 

^n+^kiu l) = d^i+lpki^i y) 

in Theorem 3.2, we have the following bilinear generating functions for the gener- 
alized Cesaro polynomials. 


Corollary 4.2. If 


i/p\ 


A ^.(Ai + A 2 ,x;A 3 ,y,z) : = E a ^n-pk ’(Ai + A 2 , x)4+ifc( A 3, y)z k 

k = 0 

(ofc ± 

then, we have 

n [k/p] 

E E a i9n-l^^ x )9k-li^^x)g^l\ l {\ d ,,y)z l = A£*(Ai + A 2 , x\ A 3 , y; z) (4.3) 

fc= o ;=o 

provided that each member of (4-3) exists. 


Remark 4.2. Using (4-3) and taking ai = 1, y = 0, ip = 1, x = y , p = 1 in 
Corollary 4-%, we have 

oo n 

E E 5 , i-( t " S 2 + 1 ) (Ai+A 2 , x)g[ S3 \\z,x)z n = (l-zy^+^^ll-xz)-^^^ . 

n — 0 l — 0 

Finally, choosing 

s = r and Q^kiVi, - ,Vr ) = u{ °+ 4 ,' k (yi, •••> Vr ) 

in Theorem 3.3, where the Erkus-Srivastava polynomials uff 1 ' " ,ar \yi, y r ) is 
generated by [7] 


nui = E^ ai, - ,ap) 

j=l n— 0 

e C (j = 1, ..., r) ; |t| < min||xi| _1/mi ,...,|x r | _1/TOr | 

we get a family of the bilateral generating functions for the Erkus-Srivastava poly- 
nomials and the generalized Cesaro polynomials as follows: 

Corollary 4.3. If 

OO 

A m, q [X,x-,y 1 ,...,y r ;z\ : = ^a k g^ qk (X,x)u { ^y k ’ ar \y l7 ...,y r )z k 

k—0 

{a k ^ 0, meff 0 ,lc/0) 
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and 


[«/«] / \ 

P*m,q{VU~;Vr\z) ■= E ( n- ak ) ^ VU 

k = 0 ' y ' 


where n,p G N, then we have 


E 9 { m+n(\ a;)C’,m,g(yi. Vr\ z)C 

n — 0 


(4.4) 


provided that each member of (4-4) exists. 


x(l -t) 

A, x _ ;yi,...,y r ;z 


1 - 1 


Furthermore, for every suitable choice of the coefficients ak ( k G No), if the multi- 
variable functions y r ), r G N, are expressed as an appropriate product 

of several simpler functions, the assertions of Theorem 3.1, Theorem 3.2, Theorem 
3.3 can be applied in order to derive various families of multilinear and multilat- 
eral generating functions for the family of the generalized Cesaro polynomials given 
explicitly by (1.3). 


5. Miscellaneous Properties 

In this section we give some properties for the generalized Cesaro polynomials 
gi s \ X,x) given by (1.3). 

Theorem 5.1. The generalized Cesaro polynomials g„\x,x) have the following 
integral representation: 


9n\\x) = 


1 


T(s + l)T(A) 


z - iui+ u 2 ) (u i + ^\ s u x- lduidu2 . (51) 


0 0 


Proof. If we use the identity 

oo 

a~ v = J- / e~ at t v ~ 1 dt, (Re(v) > 0) 

r { v )J 

0 

on the right-hand side of the generating function (2.1), we have 

oo oo oo 

n — 0 n q 

oo oo 

/ / e ~ iUl+U2)e(Ul+U2X)tu >2~ ldUldU 2 


r(s + l)F(A) 

1 

r(s + l)T(A) 


0 0 
oo oo 


-(«!+«2) V" (m + u 2X) n A-l 


0 0 


E 

n — 0 


n\ 


t n u{U2 du\du2- 


From the coefficents of t n on the both sides of the last equality, one can get the 
desired result. □ 
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We now discuss some miscellaneous recurrence relations of the generalized Cesaro 
polynomials. By differentiating each member of the generating function relation 
(2.1) with respect to x and using 

oo oo oo n 

££" 4 ( /c ’ n ) = ££ A ( fc ’ n_ fc )’ (5.2) 

71=0 fc = 0 77—0 k=0 

we arrive at the following (differential) recurrence relation for the generalized Cesaro 
polynomials: 

fff 9 n\\x) - X ’ x ) = Ag^ s 2i(A, x), n > 1. (5.3) 

On the other hand, by differentiating each member of the generating function rela- 
tion (2.1) with respect to x, we have 


n — 1 


° ( 
cr 


dx 


9n 


] {X,x) = \J2 xn k 1 9k(\x). 


(5.4) 


k = 0 


If we consider (5.3) and (5.4), we can easily get the following recurrence relation 
for the generalized Cesaro polynomials : 


n— 1 

£• 

k—0 




n — 2 


\\ x ) — £ X n k 1 9 k ) {\ x )= 9 n - i { X , x ). 


k — 0 


Besides, by differentiating each member of the generating function relation (2.1) 
with respect to t, we have the following another recurrence relation for these poly- 
nomials: 

n 

(n + l)g£(A, x) = [(s + !) 9n-m( A > x ) + ^x m+1 g ( n s l m {X, x) . 

m = 0 


6. The Generalized Lauricella Functions 

In the present section, we derive various families of bilateral generating func- 
tions for the generalized Cesaro polynomials and the generalized Lauricella (or the 
Srivastava-Daoust) functions. 


Theorem 6.1. The following bilateral generating function holds true: 

OO 

£ 9n\ A, x)(j) n (u 1 ;u 2 , ..., U k )t n 

((&))( mi +p)<j>{ S T l)77li (A)y 


77=0 


= (1 - ty S_1 (1 - xty x 


£ 

m 1 0 


xO(/((toi +p) ,m 2 , ...,m k );m 2 , ...,m k ) 
where (f> n (ui; u 2 , ..., «,&) is given (1-4)- 


((d))(m 1 +p)5 




mj! 


p! m2! m/j! 
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Proof. By using the relationship (2.2), it is easily observed that 


OO 

9nX\ x)(j) n {u 1 -,U 2 , U k )t n 

n = 0 

(s) (x \ V 

n " ' ^ n ((d))mi6 

n—0 mi=0 m 2 ,...,mfc =0 


X 


u m i 

O (/(mi, m 2 , ...,m fc );m 2 , ...,m k ) 

m i! mfc! 


X] ((ri)V >119 ° (/( TO i> m 2, m fc ); m 2 , m k ) 

m± ,m. 2 . . ,mfc— 0 v ' v ' '' 1 

X (-urtr 1 (l _ t)-*- "***1(1 - (a, 

m 2 ' m^! \ 1 — xt J 

{l-t)- s ~ 1 {l-xt)- x ^2 0 (/( TO 1> m 2, TOfc); TO 2 , TOfc) 

+ (~m 1 ) P (A) p Ml-t) y 

1 m 2 ! rrifc! V TO i / (~s - mi) p p! \ I-®* 7 

(l-t)- s - 1 (l-xt)- A 

x X! 0 (/(( TO i + P) > to 2 , m k ); to 2 , m fc ) (s + l) TOl (A) p 

mi ) p ) m 2) ... ) mjfe=0 " ))(rai+p)<5 

(Br) mi (M) P z t r uT k 


□ 


By appropriately choosing the multiple sequence fi(mi, m 2 , m s ) in Theorem 
6.1, we obtain several interesting results as follows which give bilateral generating 
functions for the generalized Cesaro polynomials and the generalized Lauricella (or 
the Srivastava-Daoust) functions. 

I. By letting 


(/(mi,m 2 , ..., TO*,); m 2 , ...,m k ) 
A B <2) 

X\.^ a Xm 1 ef ) + ...+m k ef ) II^ ( ^ 

1=1 1= 1 

E 


3 ’ m 2 


,( 2 ) 


B (k) 

n«-f) 

i=i 


mk<t> 


(k) 


D( 2 ~> £>W 

II(4 2) )m 2 5( 2 ) II ( d S fc) )r nfc «W 


1=1 


1=1 


1=1 


in Theorem 6.1, we get the following result. 
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Corollary 6.2. The following bilateral generating function holds true: 


CXJ 

V 0 ( s) (A x)F A:B+1 ’ B(2) ’" ;B(k) 

/ > Un E-.D-DW D< fc ) 

n— 0 

( [(a):0 (1) ,...,0 (fc) ] : [-ml], [(6) : 0]; 

v [(c) : V' (1) ,---,^ (fc) ] : [(d): <5]; 


= (i - fr s_1 (i - f a+B:1;1;B<2) 


B (k) 

E+D:0;0;T>1 2 );...;ZK fe ) 


/ [(e) : V 2 (1) ,...,^ (fe+1) ] : [s + l:l], [A : 1]; 

V [(/):€ (1) € (fc+1) ] : - 


[(& (2) ) : </> (2) ]; 
[(d (2) ) : 5< 2 >]; 

[(6 (2) ) : 0 (2) ]; 
[(d (2) ) : S< 2 >]; 


[(& (fe) ) : 0 (fc) ]; 
[(d< fc >) : 5 (fc) ]; 



[(6 (fe )) : *<*>]; 
[(d< fc >) : S { % 


. U\t . . U\Xt 


), 1t 2 , Uk 


where the coefficients ej,fj,tp^ and are given by 

e r % (i<j<ai) 

J l^j-A (^4 < j < A + B), 


r f c 3 (! < 3 < E ) 

72 K_ E (£< j <£ + £>), 


and 



6 { p (1 < j < A; 1 < r < 2) 

6»( r_1) (1 <j < A- 2<r<k + l) 

<pj-A (A < j < A + B; 1 < r < 2) 

0 (A < j < A + B-, 2 < r < k + 1) 



iff* (1 <j<E: 1 < r < 2) 

^ r_1) (1 < j < E- 2<r<k+l) 

Sj-E (E < j < E + D] 1 < r < 2) 

0 (E < j < E + D; 2 < r < k + 1) 


respectively. 

II. Upon setting 


O (/(mi, m 2 , m/s); m 2 , m k ) 


( a )i»l + ...+mfc (^2)7712 ■■■ m k 

(Cl) mi ••• (Cfc) m k 


and 


4> = <5 = 0 ( that is, <p 1 = ... = f B 


in Theorem 6.1, we obtain the following result. 


So = 0) 
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Corollary 6.3. The following bilateral generating function holds true: 

OO 

^2 9< h S) (■ A ’ x ) f a ] [a,-n,b 2 ,.:,bk;c 1 ,...,Ck-,u 1 ,u 2 ,...,u k \t n 

n = 0 

= *1 >': « 'll-,-/; A /-v : i; : ii : V:::vi' 

[(a) : 1, 1] : [s + 1 : 1] ; [A : 1] ; [b 2 : 1] ; [b k : 1] ; 


13 




[^2 ■ 1] , \c k . 1] , 


. U\t . U\Xt . 

7 tM^. -),U 2 ,.:,U k 

t — 1 xt — 1 


where the coefficients are given by 

,(,) r i, (i<??< 2 ) 

1 0 , (2 < 77 < k + 1) ■ 

III. If we put 

(aP) m2 ...(af _1) ) TOfc (4 1) ) m2 ...(4 fe_1) ) r 


(c) 


mil hmfc 


Q. (f(m ll m 2 , ...,m k )-,m 2 , ...,m k ) = 
and 

B = 1, bi = b, (j> 1 = 1 and <5 = 0 
m Theorem 6.1, we obtain Corollary 6.f below. 

Corollary 6.4. The following bilateral generating function holds true: 

OO 

'529n ) {\x) F B ) ,b,a^\ ■■■,a i 2 k ~ 1) ;c;u 1 ,U 2 , ...,u k 

n—0 

= <i n * 'n-.rt) 

Ub):0W,...,0( k+1 A : [s + 1 : 1] ; [A : 1] ; [a« : l] ; ...; [a^ : l] ; 


[(c) : 1, ..., 1] : 


. U\t . U\Xt 


where the coefficients O^’ are given by 

Mr,) = J 1, (1 < V < 2) 

\ o, (2 < 77 < fc + 1 ) 

IV. By letting 

O ! JV™ ™ \ \ \ a )m 1 +...+mk (^2)17x2 •■•(P s )r 

S2(/(TOi,m 2 ,...,m fc );m 2 ,...,m fc ) = pr 

[ c )m 1 + ...+m k 

and 

(j> = (5 = 0, 

m Theorem 6.1, we obtain the following result. 
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Corollary 6.5. The following bilateral generating function holds true: 

OO 

^2 x ) f d ] K & 2 , •••, b k ; C ; m, u 2 , ■■■, u k ] t n 


n — 0 


= (l~t)- s ~ L (l-xt)- A F 1 


— X T7r(fc + 1) 


D 


. . , , , U\t U\Xt 

a,s + l,X,b 2 , ..., 0 fc;c; (- — ( — — -),u 2 , 

t— 1 xt — 1 
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On uniqueness of meromorphic functions sharing one small 
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Abstract: In this paper, we prove the uniqueness theorems of meromorphic functions concerning 
shared small functions. Let / and g be meromorphic functions with finite order. We prove / = tg under 
some conditions, when /"/ ^ and g n g^ k ' > share a small function a{z). We improve the results of Wang 
and Gao in [7]. 

Keywords : meromorphic function; shared value; uniqueness. 

1. Introduction and results 


In this article, a meromorphic function means meromorphic in the whole complex plane. We shall 
use the standard notations in the Nevanlinna value distribution theorem of meromorphic functions such 
as T(r, /), N(r,f), N(r,f), etc. (see [1] , [2] ) For any nonconstant meromorphic function /, we 

denote by S(r, f) any quantity satisfying 


lim 

r— >oo 


S(r,f) 

T(rJ) 


= 0 , 


possibly outside of a finite linear measure in R + . 

Let / and g be two nonconstant meromorphic functions. A meromorphic function a(z) is called a 
small function with respect to f provided that T(r, a) = S(r , /). Note that the set of all small functions of 
f is a field. Let a(z) be a small function with respect to / and g. We say that / and g share a{z) CM(IM) 
provided that / — a(z) and g — a(z) have same zeros counting multiplicities (ignoring multiplicities). 

Throughout this paper, we need the following definitions. 


©(&>/) = 1 - lim sup : b, J^ 
r—too T(r,J) 

where 6 is a value in the extended complex plane. 


The order of growth p of /: 


p(f ) = lim sup 


log+ T(r, f) 
log r 


*Xuan Zuxing is the corresponding author and he is supported in part by NNSFC (No. 91420202) , the Project of 
Construction of Innovative Teams and Teacher Career Development for Universities and Colleges Under Beijing Municipality 
(CIT and TCD201504041) and the project of Beijing Municipal Science and tec.hnology(D161100003516003). 
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The exponent of convergence of a— value of /: 

K<*J) = 


where {a n } is the sequence of a- value of f(z). If a = 0, we denote A(0, /) by A (/). If a = oo, we denote 
A(oo ,/) by A( j). 

In 1920’s, Nevanlinna [3] proved the famous four-valued theorem, which is an important result about 
uniqueness of meromorphic functions. Then many results about meromorphic functions that share more 
than or equal to two values have been obtained (see [4]). In 1997, Yang and Hua [5] studied meromorphic 
functions sharing one value. 

Theorem A. (see [5]). Let f(z) and g(z) be two nonconstant meromorphic functions and let n > 11 be 
a positive integer. If /”/' and g n g' share 1 CM, then either f(z) = C\e cz , g(z) = C2e~ cz , where ci, C2, 
and c are three constants satisfying (ciC2) n+1 c 2 = —1, or f(z) = tg(z) for a constant such that t n+1 = 1. 

In 2002, Fang and Qiu [6] investigated meromorphic functions sharing fixed point. 

Theorem B. (see [6]). Let f(z) and g(z) be two nonconstant meromorphic(entire) functions and let n > 

11 (n > 6) be a positive integer. If /"/' and g n g' share z CM, then either f(z) = C\e cz2 , g(z) = C2e ~ cz2 , 
where Ci, C2, and c are three constants satisfying 4(ciC2) n+1 c 2 = — 1, or f(z) = tg{z) for a constant such 
that t n+1 = 1. 

In 2007, Wang and Gao [7] extended Theorem B, in which they studied meromorphic functions sharing 
a small function. 

Theorem C. (see [7]). Let f(z) and g(z) be two transcendental meromorphic functions, and let a(z)(^ 0) 
be a common small function with respect to them, and let n > 11 be a positive integer. If /"/' and g n g' 
share a(z) CM, then either /" f g n g' = a(z) 2 , or f(z) = tg(z) for a constant such that t n+1 = 1. 

In this paper we replace f by in Theorem C and obtain the following results which improve 
Theorem C. 

Theorem 1. Let f and g be two transcendental meromorphic functions with finite order and max{A(/), A( j)} < 
1. Let k, n be two positive integers and a(z)(^ 0) be a small function of / and g. If /"/^ and g n g( k ^ 
share a(z) CM, / and g share 0 CM, and n > k + 4+ \Jk 2 +4 k + 25, then / = tg for a constant such 
that t n+1 = 1 or f n f {k) g n g (k) = a{z) 2 . 

Remark: When k = 1, n > 11 > 5 + -\/30. Let a(z) = z, f(z),g(z) in the Theorem B satisfy the conditions 
of Theorem 1 and f n f'g n g' = z 2 . 

Theorem 2. Let f and g be two transcendental meromorphic functions with finite order and max |a(/), A( j) j < 
1. Let k , n be two positive integers and a(z)( ^ 0) be a small function of / and g. If /"/^ and g n g ^ 
share a(z) IM, / and g share 0 CM and A = min{Ai, A2} > 6A: + 20 — n, where 

Ai = (3fe + 4)0(oo, /) + (2k + 3)0(oo, 5) + 40(0, /) + 30(0, g) 

+ $k +2 (0) /) + ^fc+2(0> g) + 2(5fc + i(0, /) + 5fc + i(0, g), 

2 


inf It > 


lim sup 


lim sup 

r —¥ 00 


00 

0: E A 

l a -l 

log+n(r, jtb) 
logr 

log + IV(r, j~) 
logr 


< 00 
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A 2 = (3/c + 4)0(oo, g) + (2k + 3)0(oo, /) + 40(0, g) + 30(0, /) 
+ <5fc+2(0, g) + ^-+ 2 ( 0 , /) + 2(5fc_|_i (0, g) + 5/c+i(0, /), 

then / = tg for a constant such that t n+1 = 1 or /" g n g^ = a(z) 2 . 


2. Lemmas 


In this section, we present some lemmas which will be needed in the sequel. We now explain some 
definitions and notions which are used in this paper. 

Definition 1. Let k be a positive integer. We denote by N k ) (r, jz^j the counting function for the zeros 
of / — a with multiplicity < k and by N k ) (r, yzr^J the corresponding one for which the multiplicity is 
not counted. Let N( k jzr^j be the counting function for the zeros of / — a with multiplicity > k , and 
N ( fc (r, jzr^j be the corresponding one for which the multiplicity is not counted. Set 

N k (r, j = N (r, y^y) + N {2 (r, y^y) +--- + N {k (r, y^y) . 


Definition 2. For b £ C U { 00 } we put 

S k (b,f) 


1 — lim sup 

r— >00 


N k{r, b-J ) 

T(rJ) 


Definition 3. Let / and g be two non-constant meromorphic functions such that / and g share the value 
1IM. Let zq be a zero of / — 1 with multiplicity p, and a zero of g — 1 with multiplicity q. We denote 
by N l(t, 1; /) the reduced counting function of those common zeros of / — 1 and g — 1 satisfying p > q. 
Similarly we define N l(t, 1 ;g). In addition, we denote by N ^ (r, the counting function of those 

common simple 1-points of f(z) and g(z). 

Lemma 2. 1 ( [9] , Lemma 3) Let / be a nonconstant meromorphic function and k be a positive integer. 
Then 

N p (r, yjry ) < N p+k (V, jj + kN(r, f) + S(r, /) (2.1). 


Lemma 2. 2( [10] , Lemma 2) Let / be a nonconstant meromorphic function. If / and g share 1 IM, then 

1 


N l r 


fik) _ 1 


<N (r, yjry) +N(rJ) + S(r,f). 


( 2 . 2 ) 


Lemma 2.3([7,11], Lemma 3) Let / and g be two transcendental meromorphic functions defined in the 
complex plane C. If / and g share 1 CM, then one of the following cases will occur: 

(i) T(r, /) < N 2 (r, j ) + N 2 (r, \) + IV 2 (r, /) + N 2 (r,g) + S(r, /), (2.3) 

(ii ) / = g or fg = 1. 

Lemma 2.4 Let / and g be two meromorphic functions with finite order defined in the complex plane C 
and let k. n be two positive integers. If / and g share 0 CM, max |a(/), A(y) j < 1 and f n = g n g^ k \ 
then / = tg for a constant such that t n+1 = 1. 

Proof: Let zo be a pole of / with multiplicity p, then by /"/^ = g n g < ' k \ Zo is also a pole of g with 
multiplicity p , thus / and g share 00 CM. Since / and g share 0 CM, / and g have same zeros and poles. 
Suppose / and g have the forms / = g = where hi(z), h 2 {z) are entire functions, 

and a(z), j3(z) are polynomials. 
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Let h(z) = Thus / and g have the forms / = h(z)e a ^ z \ g = h{z)e^ z \ Since max |a(/), A( y) j < 

1, p{h) < 1. 

First we assume k = 1, then /"/' = g n g ' , by integration we have f n+1 = g n+1 + c, where c is a 
constant. From the condition that / and g share 0 CM we have c = 0, thus / = tg where t n+1 = 1. 

Next we assume k = 2, then 

f n f" = e {n+1)a h n [h(a'f + 2b! ol + ha" + h"], 

gU g " = e ^ +1 ^h n [h{p') 2 + 2 h'p' + h/3" + h"}, 

thus f n f" = g n g" gives 

e (n+i)ajy l ( Q ,/)2 + 2h , a , + ha „ + h ,^ = e (n+l)/3[ /l ( /3 /)2 + 2h! y + + ^ (2. 4 ) 

If a ^ (3, we set a — (3 = C where C is constant or a — [3 = P(z) where P(z) is a polynomial. 

Let a — /3 = C. We have / = Cig and replace (2.4) by the following equality 

C" +1 g n g" = g n g", 

then / = tg where t n+1 = 1. 

Let a — /3 = P(z). We replace (2.4) by the following equality 

e (n+l)P(z)^( a /)2 + 2/l / a / + + ^//j = + 2h'p' + h/3" + h"]. 

P{z) is a nonconstant polynomial, then p(e^ n+1 ^ p ^) > 1. Since p(h) < 1 and a,/3 are polynomials, 

/ h{a') 2 + 2 h'a' + ha" + h" A 
P V K/3') 2 + 2h f (3' + h/3" + h" ) < ' 


It is a contradiction. 

At last we consider /”/ ^ = g n g( k h By calculation we get 

/"/( fc ) = e {n+l)a h n [h{a') k + £>(«', a", • • • , a (fe) , F, h\ h", • • • , /i (fe) )], 

where D is a differential polynomial concerning a and h. 

Similarly, 

5 >yfc) = e (n+l)0 h n [h{/ 3') k + £>(£', /9", • • • , /#\ /i, h', h", • • • , F (fe) )]. 

Thus /”/ W = g n gM yields 

e(" + i) M [%') k + D(a>", - ,a^ k) ,h,h',h",--- ,/i (fc) )] 

= [/i(/3') fc + P(/3', /3", • • • , P {k \h, h’, h", • • • , h^)} (2.5) 

If a — /? = C, as the same proof of the case where k = 2, we obtain / = tg where t n+l = 1. 

If a — (3 = P(z) where P(z) is a polynomial, from (2.5) we get a contraction. The proof of Lemma 2.4 is 
completed. 

3. The Proof of Theorem 1 

4 
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Let 

_ f n f (k) _ g n g (k) 

a(z) ’ a(z) ‘ 

Then F and G share 1 CM. This and Lemma 2.1 imply that 


No I r — ^ = No ( r a{z) 

2 1 ’ F ) V ’ f n f (k) 

^ ( 1 


< No r 


1 


/ n /( fc ) 


+ N 2 {r,a(z)) 


f 


< 2N r, - + N r, + S(r, /) 


1 


f(k) 


nN ( r, - ) + N ( r. 


1 


+ 1 - - JV r 


fW) 


fW 

+ S(r,f) 


~ n N{r 'j4^ ) + S(rJ) 


+ u- 2 )^ 


nN k ( r, \ I + N ( r. 


fW 


< —N\r. 


1 


n \ ’ /"/ (fe) 


+ 1 -- 


N ( r. 


njn+l \ /"/ ( fc ) 


+ nkN(r , /) 

1 


+ 1 -- 


2 \ nk — 


n J n+1 


N(r,f) + S(r,f) 


< 


3 -»h 1 


n + 1 


Thus we have 


^2 [r,~ ) +N 2 (r,F) < 


fnfik) 


-N 


f) + S(r, /). 

n + 1 


(3.2) 


1 


n+1 V ’ f n f {k) J n+1 
+ 2 N(rJ) + S(r,f) 


< ' n - 2)k Mr.f) 


3 N(r, 1 


n+1 

3 


fnfik) 


(n — 2 )/c + 2n + 2— - 


n+1 


N(r,f) + S(r,f) 


< — iV ( r, 4") + {U y,+ 2 r + 2 iV(r, /"/+ + S(r, /) 


< 


< 


n+1 \ ' F J (n + 1) 2 

3 ^ 1 + (n-2)fc + 2n + 2 + 

n+1 L (n + 1)“ 

(n — 2)k + 5?i + 5 


(n + l) 2 


T(r,F) + S(r,f). (3.3) 


Since 


= T (rJ-^-p^+S(rJ) 


< T(r, F)+T 


( r 

V ’ f (k) 


+ S(r,f ) 


< T(r,F) + T(r,/++S(r,/) 

f(fc) 

< T(r,F) + T(r,^) + T(r, /) + %,/) 


< T(r, F) + N 


( f (k) 

v+r 


+ m r, 


/+) 

/ 


+ T(r,f) + S(r,f) 


< T{r, F) + N(r, f) + fclV(r, /) + T(r, /) + S(r, /) 

< T(r,F) + (fc + 2)T(r s /) + S(r,/), (3.4) 


(3.1) 
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we have S(r, f) = S(r, F). Combining with (3.3), we obtain 


Similarly, we get 


N 2 (r, — + N 2 (r,F)< 


N '2 ( r, — ) + N 2 (r,G) < 


(„-2 )t + 5n + 5 

(n + l) z 

(3.5) 

%f+ + l)" + 5 FG) + S(r,G) 

(3.6) 


By Lemma 2.3, if (i) holds, then we have 

T(r,F)+T(r,G) < 2 (» ~ + + 10 [T(r, F ) + T(r, G)] + S(r, F) + S(r, G), 

this contradicts with the assumption n > k+4+Vk 2 + 4k + 25, therefore, /"/ ^ = g n g ^ or f n f^g n g^ 
a(z) 2 . If f n f^ = g n g( k \ by Lemma 2.4, we obtain / = tg. This completes the proof of Theorem 1. 

4. The Proof of Theorem 2 

Let 


F = 


jn j(k) 

a{z) 


G = 


gUg{k) 


l(z) 


H = 


/ F" 

to 

/ G" 

2G' \ 

V F^~ 

F-l 

l G 7 “ 

G- 1 ) 


(4.1) 


(4.2) 


Suppose that H ^ 0, from the condition that /"/ ^ and g n g ^ share a(z)IM, we have F and G share 
1IM, so the common simple 1-point of F and G is the zero of H , and 


iw 1 ) 


'El') 


F- 1 




1 


< N{r,-j<T(r,H) + 0{l) 

< N(r,H) + S(r,f) + S(r,g), 


(4.3) 


From (4.2) we have 


^ / 1\ ^ 


n 


N(r,H) < N{2 [r,-)+N {2 [r,-)+N(r,F) + N(r,G) + N L [r, 


G 


F - 1 


+ n l ( r, + N o (r, + N 0 (r, + S(r,f) +S(r,g). (4.4) 


where Nq (r, py) is the counting function of the zeros of F' . which are not the zeros of F and F — 1 and 
No (r, ^ 7 ) is the counting function of the zeros of G', which are not the zeros of G and G — 1. Noting 


6 
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that F and G share 1 IM, we get 
1 


N 


’ F- 1 


N 


’ G- 1 


= 2 N 


E ' > 


F — 1 


+ 2 N { * I r, 


F — 1 


+ 2 N l r 


F- 1 


+ 2 N L [r,g-^)+S(r,f) + S(r,g) 

< ( r, + iV ( 2 f r, + N(r, F) + N(r, G ) 


+ 3 N l r 


1 


2 ^ ( r, 


F - 1 
1 

F- 1 


+ 3 N l r, 


1 


_ / 1 \ _ 


F' 


+ N^ [r, 


1 


G- 1 
1 

F — 1 


+ r, — )+N 0 r, — +5(r,/) + 5(r,s). (4.5) 


It is easy to see that 


N l r 


F — 1 


+ 2 N l ( r, 

< N ( r. 


1 


G- 1 
1 


G' 


-,Ar ( 2 


+ 2 N)s r, 


1 


’ G- 1 


F — 1 
<T(r,G)+0(l). 


+ (r, 


1 


F — 1 
(4.6) 


This and (4.5) give 


iV r, 


F- 1 


+ ./V ( r 


G- 1 


^ / 1\ ^ 


< JV (2 ( r, -p ) + iV (2 ( r, ^ 


G 


+ iV(r, F) + iV(r, G) + 27V L ( r , __ ) 
+ iV i (r,^ I ) + T(r,G)+]Vo(r,^ 7 ) 
+ ^ o(t, ^ 7 ) + S(r, /) + S(r,g). 


(4.7) 


By the second fundamental theorem and (4.7), we have 

T{r,F) + T(r,G) < N (^r, +N (r, +N(r, F) + N(r,G) +N (r, 


F- 1 


N (r, - N 0 (V, - N 0 (r, ^ + S(r, f) + S(r, g ) 


< T(r, G) + 2 N(r, F ) + 2 N(r, G) + N 2 ( r, - ) + N 2 ( r, 


+ 2N l [r, 


1 


F- 1 


+ N l r 


1 


G- 1 


Thus 


T(r, F ) < 2iV(r , F) + 2 N(r, G) + N 2 [ r, - ) + N 2 [ r, - 


+ S{r,f) + S(r,g). 


1 


+ 2 N L r, 


1 


F- 1 


+ N l r 


1 


G- 1 


+ S(r, /) + %,<?). (4.8) 
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From Lemma 2.2, we obtain 


Nl ( r ’ < N (r,F) + N (r, , 


Nr, r. 


1 


<N(r,G) + N(r,^ ) . 


’ G- 1, 

Taking (4.9) and (4.10) into (4.8) and combining with Lemma 2.1 , we get 
T(r, F ) < 41V(r, F) + 3 N(r, G ) + N 2 (r, ^ 

+ N 2 (r,^] +27vfr,4l +n(v ,i] + S(r, f) + S(r, g) 


G 


F 


G 


< 41V (r, /) + 31V (r, g) + 1V 2 |^r, — 

+ JV 2 ( r '/ro) 

1 


IV 


1 

l(k) 


+N 2 (r ,-jjgy 




21V(r,-)+21V(r,^)+lV(r,- 


/w; 

/) + 5(r,5i) 


< 41V (r,/) + 3N(r,g) + 41V(r, y) 


1 


9 

1 ^ 


1 


+ 31V ( r, - ) + 1V 2 ( r, ^ ) + 1V 2 ( r, -^y 


/<*>■ 


/(*) 

1 


1 


9 


+ 2Ar ( r ’T7Pr) + Ar ( r >T(fey ) +' s '( r >/) + ' s '( ? ’>s) 


< (3fc + 4)lV(r, /) + (2k + 3 )lV(r, <?) + 41V ( r, j 


1 


9 


+ 31V I r, - + lV 2+ fc I r, — + N 2+k r 


1 


/ 


1 


1 


+ 21Vi +fc ^r, -j + lVi +fc ^r, - J + S(r, /) + S(r, g). 

On the other hand, from (3.4) we have 

T(r,F) > (n — k — l)T(r, /) + S(r, /). 

Thus from (4.11) and (4.12), it follows that 

(n-fc-l)r(r,/) < (3k + 4)N(r,f) + (2k + 3)N(r,g) 

+ 4:N (r,^] +3N (r,-^\ + N 2+k (r,2- 


f 


9 


1 


9 


+ -^2+fc ( _ I + ( r, — + Ni+k ( r 5 ~ 


1 


/ 


(4.11) 


1 


+ -S'(r,/) + S'(r,s)- 


3 

(4.13) 


(4.9) 

(4.10) 


(4.12) 
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In a similar way, we can get 

(n — k — l)T(r,g) < (3k + 4)N(r, g) + (2k + 3)N(r, f) 

+ 4»(r,i) + 3 F( r ,i) + »„(r,i) 

+ W 2 +fc y'j + 2N\ + k ^ + Nl + k y'j 

+ S(r, f) + S(r,g). (4.14) 

We suppose that there exists a set I of infinite measure such that T(r,g) < T(r, /) for r £ I. Hence by 
(4.13) we have 

nT(r,f ) < [(6k + 20) — (3k + 3)0(oo, /) — (2k + 3)©(oo, g) — 40(0, /) 

- 30(0, g) -4 + 2 (0,/) - 4+2 ( 0 , 5 ) -24 + 1 (0,/) -6 k+1 (0,g) +e]T(r,f) +S(r,f) 

for r € I and 0 < e < Ai — (6k + 20 — n). And we obtain T(r,f) < S(r,f) for r £ /, which is a 
contradiction. 

Similarly, if T(r , /) < T(r,g) for r £ J, by (4.14) we have 

nT(r,g) < [(6fc + 20) — (3k + 3)0(oo, g) — (2k + 3)0(oo, /) — 40(0, g) 

- 30(0, /) - 4 + 2 ( 0 , g) - 4 + 2 ( 0 , /) - 24+i(0, g) - 4+i(0, /) + e\T(r , g) + S(r, g) 

for r £ I and 0 < e < A 2 — (6k + 20 — n) , which also is a contradiction. 

Hence H(z) = 0. That is 

F" 2 F' _ G" 2 G' 

F 7 “ F- 1 = G 7 ~~ G- 1' 


Without loss of generality, next we suppose that there exists a set / of infinite measure such that T(r, g) < 
T(r, /) for r £ I. By integrating two sides of the above equality we get 


1 

G- 1 


A 

F- 1 


+ 5 , 


(4.15) 


where A(^ 0 ) and B are constants. 

We consider the following three cases: 

Case 1. Let B ^ 0 and A = B. If B = — 1, from (4.15) we obtain FG = 1, that is f n f^g n g^ = a(z) 2 . 
If B 7 ^ — 1, from (4.15) we get ^ = ( 1 + gpF_ 1 ) thus N(r, F 1 1 ) = N(r, ^). By the second funda- 
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mental theorem, (4.12) and Lemma 2.1, we have 

(n-fc-l)T(r,/) < T(r,F) + S(r,F) 


< N(r,F) + Nyr,—j + N 

n ^ 


That is, 


F — 

r B + 1 , 


+ S(r,F) 


F 

1 


= N(r,F) + N [r , - + JV r, - + S(r,F) 


1 


G 

< N(rJ)+N[r,- f j+N^r,^ 

+ S(r,f) 


+ n(t,^J+N \r, - 


(fe) 


1 \ 1 


< (fc + l)lV(r, /) + fclV(r, 5) + N r, - + N r, 


/ 


1 


1 


+ N 1+k |^r, - J + N 1+k yr, -J + S(r, f) 
< (3k + 4)N(r,f) + (2k + 3)N(r,g) 

+ 4iV (r, 4) + 3N (r, +N 2+k (r, \ 


f 


9 


f 


1 


1 


+ N2 +& ( r, — j + ^r, -j 

+ N 1+k [r,^j +S(r,f) + S(r,g). 


(n - k - l)T(r, f) < (3k + 4)N(r, /) + (2k + 3)N(r, g) 

+ 4N (r, + 3N ( r, 1 )+ N 2+k (r, \ 


f 


9 


f 


1 


1 


+ -^2 +k ( ^ — J + 2Ni +& ^r, — 

+ N 1+k [r,j^j + S(r,f) + S(r,g). 


Thus we obtain 

[An — (5k + 18 — ri)]T(r,f) < S(r, /), 

which is a contradiction. 

Case 2. Let B yt 0 and A = B. If B — — 1, we have from (4.15) that G = _ F ^ 4+1 , therefore 
N(r, -f +A+i ) = ^(t, G). By the second fundamental theorem and the same argument as in case 1, we 
get a contradiction. 

If B ^ —1, we have from (4.15) that G — (1 + i) = a2 ~ A A _ B , therefore N (r, \_ B ) = N(r, G). 

*3 b ) V r -\ ^ / 

Next by the second fundamental theorem and the same argument as in case 1, we get a contradiction. 

Case 3. Let B = 0, then we obtain from (4.15) that G = -^ + 1 — -jj. If A 7^ 1, then N (r. c _ 1 4 _ 1 ^ = 
N (r, -p) . By the second fundamental theorem and the same argument as in case 1, we get a contradiction. 

Thus A = 1, so we have F = G, that is /"/ ^ = g n g <k> ■ By Lemma 2.4 we have / = tg for a constant 
such that t n+1 = 1. From the above proof we obtain / = tg or f n f( k )g n g( k ) = a(z) 2 . 

The proof of Theorem 2 is completed. 
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Stochastic elastic equation in <i-dimensional 
space driven by multiplicative multi-parameter 
fractional white noise 

Yinghan Zhang* 

School of Mathematics and Physics, University of Science and Technology Beijing, 

Beijing 100083, P.R. China. 


Abstract 

Stochastic elastic equation in (/-dimensional space driven by multiplicative multi- 
parameter fractional white noise are considered. By using the Wiener chaos expan- 
sion and undetermined coefficient methods, we obtain the existence and uniqueness 
of the solution in a distribution space. The Lyapunov exponents and the Holder 
continuity in the distribution space of the solution are also estimated. 

Key Words: Fractional Brownian motion; Multi-parameter fractional white 
noise; Winner Chaos expansion; Asymptotic behavior. 


1 Introduction 

The subject of stochastic calculus with respect to fractional Brownian motion has 
gained considerable popularity and importance due to its frequent appearance in a 
wide variety of physical phenomena, such as hydrology, economic, telecommunications 
and medicine. Many contributions for stochastic calculus with respect to fractional 
Brownian motion have emerged in the last decades, see [3, 7, 23, 24], Since some 
physical phenomena are naturally modeled by stochastic partial differential equations 
and the randomness can be described by multi-parameter fractional white noise, it is 
important to study the problems of solutions of stochastic partial differential equations 
with multi-parameter fractional white noise. Many studies of the solutions of stochastic 
equations with fractional white noise have emerged recently, see [8, 15, 19, 25, 28] and 
reference therein. 

In [14], Y. Hu studied the existence and uniqueness of the solution for a stochastic 
heat equation by chaos expansion, and estimated the Lyapunov exponent in a distribu- 
tion space of the solution. In [11], the authors considered a class of hyperbolic stochastic 
‘Corresponding author. E-mail: zhangyinghan007@126.com. 
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partial differential equation driven by a space time fractional noise. In [1, 27], some au- 
thors considered stochastic wave equation with fractional Gaussian noise. A stochastic 
generalized Burgers equations driven by fractional noises has been studied in [20]. In 
[3] , the authors investigated stochastic Poisson equation and quasi- linear heat equation 
driven by multi-parameter fractional white noise. In a recent paper [30], the authors 
considered a 1-dimensional stochastic Burgers’ equation driven by a genuine cylindrical 
fBm with Hurst parameter H > They proved the regularities of the solution to 
the linear stochastic problem corresponding to the stochastic Burgers’ equation and 
then obtained the global existence and uniqueness results of the stochastic Burgers’ 
equation. For more contributions on stochastic calculus with fractional noise, we refer 
the reader to [4, 16-18, 20, 22, 26, 29, 30] and reference therein. 

It should be noted that most of the papers and books on stochastic partial d- 
ifferential equations with fractional noise are devoted to the case of additive noise. 
However, there are few papers that consider the case of multiplicative fractional noise 
[2, 9, 14, 18]. Enlightened by the above contributions, in this paper we will consider a 
stochastic elastic equation driven by multiplicative multi-parameter white noise. 

Let H = (ho,hi, . . . ,hd) with ^ < hi < 1 , i = 0, 1, . . . , d. Consider the following 
stochastic elastic equation 

^df’ ^ x ) = u ^’ x ) ° W H (t , x), (1.1) 

where t > 0, x € D = (0, l) rf with initial and boundary conditions 

du 

u(0,x) = u 0 (x), — (0,x) = v 0 (x), x € D, 
u(t, x) = Au(t,x) = 0, on dD. 

We assume that uq and vq are deterministic functions defined on [0, l] c/ , uq and Auo 
both vanish at dD , W H is a (d + l)-dimensional fractional white noise and uo W H is 
Wick product which will be defined in section 2. 

Stochastic elastic equation driven by Brownian motion has been studied by many 
authors, (see [5, 6, 12, 21, 31]). However, there are few papers consider stochastic elastic 
equation driven by fractional Brownian motion. Such equation is a fourth order partial 
differential equation and has very wide applications in structural engineering. As an 
engineering problem, it has its applications in beams, bridges and other structures, see 
[5, 26], 
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Our aim in this paper is to obtain the existence, uniqueness, the asymptotic be- 
havior and the Holder continuity of the mild solution of problem (1.1) in a distribution 
space. The keys to the proof are the Wiener chaos expansion of the solution and the 
undetermined coefficient method. 

Throughout the paper, we use the letter C denotes a constant that may not be the 
same form one occurrence to anther, even in the same line. We express the dependence 
on some parameters by writing the parameters as arguments, e.g. C = C(H). 

The remaining of this paper is organized as follows. In section 2, we give prelimi- 
naries of the stochastic integral with respect to multi-parameter fractional white noise. 
In section 3, we prove the the existence, uniqueness, asymptotic behavior and Holder 
continuity in a distribution space of the solutions of problem (1.1). 

2 Stochastic integral with respect to multi-parameter frac- 
tional white noise 

In this section, we introduce the definition of stochastic integral with respect to 
the d — parameter fractional Brownian fields for Hurst index H = (hi,-- - ,h d ),(\ < 
hi < 1, i = 1, • • • ,d) by using the fractional white noise analysis method. For more 
contributions about white noise analysis, we refer the reader to [3, 13]. 

Let h € (0,1). A fractional Brownian motion B^,t > 0, of Hurst index h is a 
continuous Gaussian stochastic process, such that for all s,t € M+, 

B% = 0, K(Bt) = 0, E(b£b%) = ^(\t\ 2h + \s\ 2h -\t- s\ 2h ). (2.1) 

Since we are concerned with the fractional Brownian motions of multi-parameter, 
some notations must be introduced. Let u = (ui, ■ ■ ■ , u d ) € denote du = &u\ - - - d u d - 
Fix h with ^ < h < 1. We put 

4>h(s, t) = h(2h — l)|s — t\ 2h ~ 2 , s,f £l, (2.2) 

and 

d 

(/> H (u,v) = Y\_<j>hi(ui,Vi), U = (« 1 , • • • ,u d ),v = (vi,- ■ ■ ,v d ) € R d (2.3) 

i = 1 

for H = (hi, ■ ■ ■ ,h d ), (\ < hi <l,i = !,-■■ ,d). 

Let 5(M d ) be the Schwartz space of rapidly decreasing smooth functions on and 
5'(M d ) be the dual of S(M. d ), i.e., 5'(M d ) is the space of tempered distributions on M d . 
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The action of ui £ S'(R d ) on f £ 5(M d ) is given by (a /) = f Rd ca(x)f(x)dx. Denote 

( f,g)H=[ f(u)g(v)</> H (u,v)dudv, f,g£S(R d ). (2.4) 

jR 2d 

If we equip S(E d ) with the inner product (-,-}h and the norm \\f\\H = (fif)H, then 
the completion of denote by L^(M d ), becomes a separable Hilbert space. Now 

let 12 = 5'(M d ). The map / — > e~ 2 H h is positive definite on 5(M rf ), by the Bochner- 
Minlos theorem [13], there exists a probability measure P^ on the Borel subset B(Q) 


of D such that 

[ e i{uj ’ f) dF H (uo) = V/ G 5(M d ). (2.5) 

Jn 

Let E denotes the expectation under the probability measure P H , then 

E[(,/>]=0, E[(-, /) 2 ] = ||/||tf. (2.6) 

Now define a square integrable stochastic field B H (x),x £ as 

B H (x ) = B h (x,uj) = (w,/[ 0 ,*](-))s; ( 2 -7) 

where x = (x u ■ ■ • , x d ) £ M d , I [0)X] = I[ 0)X1 ] • • • I[o, Xd ] and for ever y *e{l,2 r -, d}, 

f 1 0 < Ui < Xi, 

I[o , Xi \(yi) = < -1 Xi < y t < 0, excetp x t = y { = 0, (2.8) 


[ 0 otherwise. 

From (2.7), we see that B h (x ) is a Gaussian held and for every x,y £ 

1 d 

E[B h (x)} = 0, E[B H (x)B H (y )] = ~ d \\{\xi\ 2hi + \ Vi \ 2hi - \ Xi - yt\ 2hi ), (2.9) 

i = 1 

where we have used the well known identity 

rXi rifi -1 

/ / <j> h (s,t)dsdt = ~(\xi\ 2hi + \yi\ 2hi - \xi - yi\ 2hi ). (2.10) 

Jo Jo z 

By Kolmogorov’s continuity theorem, B H (x) has a continuous version. The fractional 
Brownian held is defined as the continuous version of B H (x), which we sill denote it 
by B h (x). 

Similarly to the case of stochastic integral with respect to fractional Brownian 
motion for deterministic function [3, 7, 10], we have the following lemma. 

Lemma 2.1 If f £ L 2 H (E d ), then f Rd f(x)dB H (x) is well-defined Gaussian random 
variable and 

E ( f{x)dB H (x) = 0, E ( f(x)dB H (x) = l f(u)f(v)f> H {u,v)dudv. 

J R d J U I d J J«. 2d 

( 2 . 11 ) 
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The Hermite polynomials h n (x) are defined by 


1 9 d” 19 

h n {x) = {-l) n e 2 x — (e" 2 * ), n = 0 , 1 , 2 , , 


( 2 . 12 ) 


For example, the first Hermite polynomials are 


ho(x) = 1, hi(x) = x, h, 2 {x) = x 2 — 1, hs(x) = x 3 — 3x , ■ 


(2.13) 


Let £ n (x) be the Hermite functions dehned by 

£n(x) = 7T _ 4(( n - l)!) - 2/ ln _ 1 (v / 2x)e - ^", n = 1, 2, (2-14) 


It is proved in [13] that € <S(M) and the collection {^ n }^L 1 constitutes an orthonormal 
basis of L 2 (M). The most important property of used in this paper is 


\£n(x)\ < 


Cn is, \x\<2y/n, 
Ce~ lx2 , |x| > 2y/n, 


where constants C and 7 are independent of n. 


(2.15) 


Lemma 2.2 [3] Let \ < h < 1. The fractional integral I_ 2 is defined by 

h 1 r°° 

I- 2 f{u) = c h (t-u) h -*f(t)dt, (2.16) 

J U 

where Ch = \Jh(2h — l)T(3/2 — h)/(T(h — 1 / 2 )T (2 — 2h)) and T denotes the gamma 
h— — 

function. Then I_ 2 is an isometry from L^ h (M) to L 2 (M) . 


1. 

Now we define r/^(u) = (I_ 2 )~ 1 (fn)(u)- Then by Lemma 2.2 and the properties of 
£ n , { 311 } n=i i s an orthonormal basis of L 2 h (M). 

Let 6 = (S\, , 5d ) denote d-dimensional multi-indices with Si € N, i = 1 , . . . , d, 
where N is the set of natural numbers. Then the family of tensor products 


rjs(xi,x 2 ,...,x d ) ■=r^l(xi)r^l(x 2 )---r]^(x d ), 6 = (Si,...,S d ) € N d (2.17) 

forms an orthonormal basis of L^(M rf ). Let {<5* = (d|, . . . , 5^)}“ 1 be a fixed ordering 
of N f b From a detailed proof in [13], we can assume that the ordering has the properties 
that 

i < j =7 S\ + 82 + • • • + $d < S} + 62 + • • • + S (2.18) 

and 

J‘ l < 8 \- Sly S J d < j. (2.19) 
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Let J = (Ng) denote the set of all multi-indices a = ( 011 , 0 : 2 ,...) with elements 
Q-i € No = N U {0} and with compact support, i.e., with only finitely many o* / 0. 
Denote |o| = Ya^i a i • Define 

Zj(x) = Vsi( x ) = ■ ■ ■ Vgf{xd), x = (xi ,...,x d ),j = 1,2,.... (2.20) 

Then {ej} forms an orthonormal basis of L^ w (M rf ). If a = (oi, 02 , . . . , o m ) € J , define 

m 

Ha(oj) = Y[h ai {{uj,e i )). ( 2 . 21 ) 

i= 1 

Then we have the following fractional Wiener Ito chaos expansion theorem. 

Theorem 2.1 [3] The family {Tl a } a& j constitutes an orthogonal basis for L 2 (P H ) and 
for a = (or, o 2 , • • ■) G J , 

= nK] = a! = «i!a 2 ! • • • • (2.22) 

Moreover, if F € L 2 (P H ), then there exist constants c a € M, a € J , such that 


F (tv) = Y c a H a { v), 

a£j 


(2.23) 


where the convergence holds in L 2 (P M ) and 


IFI 


L 2 (P H ) 


Y a!c «- 


(2.24) 


a£j 


Now we compute the Wiener Ito chaos expansion of the fractional Brownian field 
B H {x). By (2.7), 




i= 1 


i= 1 


E 


— LJ0 


ei(v)4>H{u, v)dvdu 


TL e (i) (w), 


(2.25) 


where eW = (0, . . . , 0, 1, 0, . . .) denote the ith unit vector. 

The fractional Hida test function and distribution spaces are defined as follows. 


Definition 2.1 The fractional Hida test function space (S)h = C(jfL 0 (S)H,k, where 
{S)n,k is the set of all iffw) = Ya&j a a'F a (uj) G L 2 (P H ) such that 

\m 2 H,k = E «!«a(2N) to < OO, k € N, (2.26) 

a£j 
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where (2N) 7 = tf 7 = (7i>72 ,---) € J- The fractional Hida distribution 

space (S)* H = U“ 0 ( 5 )h,- _ q , where (S)* H _ q is the set of all formal expansions G(u) = 
YlaeJ^ahLaiu) such that 

\\G\\^_ q = ]T a\a 2 a (2N)"*“ < oo, q E N. (2.27) 

a£j 

The family of seminorms || • || H,k, k E N gives rise to a topology on ( S)h and (■ S)* H 
can be identified with the dual of ( S)h by the action 


S>= ^ a\a a b a 

a£j 


(2.28) 


Definition 2.2 G : W 1 — >• (. S )* H is dx-integrable in (S)* H if 

<G(i),()»e L^f 1 ), for all if E (S) h ■ (2.29) 

If G : — >• (<S)j^ is dx-integrable in {S)* H , We define f Rd G( x)dx to be the unique 

element of (S)* H such that 

<C [ G(x) dx,ip^>= j <C G(x), 3> d.x, for all E (S) h ■ (2.30) 

jR d J R d 

The fractional noise W H (x) is defined by the formal derivative of B H (x) in 

W H (x) = S2 / ei(v)fi H { X,v)dv U e (i){u). (2.31) 

Then, W H ( x) E (S)* H and 7 l -B H (x) = W H (x) in {S)* H . 

Definition 2.3 The Wick product FoG of F(uj) = YlaeJ a aH a {w) E (■ S)* H and 
Gfio) = Y.aej baTLaiu) E (S)* H is defined by 

f°g(w)= y : aabpHa+piu) = E E a a bg j Uy{u). (2.32) 

a,/3ej 7 \a+/3=7 J 

Based on the preparations above, now we define the fractional Wick Ito Skorohod 
integral as follows. 

Definition 2.4 Suppose G : — > ( S)* H is a given function and G(x) o W H {x) is dx- 
integrable in (■ S)* H . Then the fractional Wick Ito Skorohod integral f Rd G(x)dB H (x) is 
defined by 

[ G{x)dB H {x)= f G{x)oW H {x)dx. (2.33) 

jR d J R d 

For a interval in M d , the integral can be defined as 

f G{y)dB H {y)= [ G(y)I [0 , x] (y)dB H (y). (2.34) 
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3 Main results 


Let H = (ho, h\, , hd) with ^ < hi < 1, i = 0, 1, . . . , d. In this section, we consider 
the following stochastic elastic equation 


^df’ ^ x ) = u ^-> x ) ° W H (t, x ), 


(3.1) 


where t > 0, re € D = (0, l) rf , with initial and boundary conditions 

du 

u(0,x) = u 0 (x),—(0,x) = v 0 (x), xeD, 


u(t, x) = A u(t, x) = 0, on dD. 


We assume that uq and uq are deterministic functions defined on [0, l] c; , uq and Auo 
both vanish at x = 0 and x = 1, and that W H is a (ci + l)-dimensional fractional white 
noise has been defined in section 2. 

Let r = (r\,. . . ,rd) € N d ,x = (x\, . . . , Xd) G M d . Define <p r (x) = V / 2^nf=i sin(rj7rxj). 
Then {(/? r } rgN d satisfy the boundary conditions of (3.1) and compose of a complete or- 
thonormal system on L 2 (D) which diagonalize A with 

K = 7r 2 |r| 2 = 7r 2 r i, (3.2) 

i= 1 


the corresponding eigenvalues. 

For a given function g : D — >• M and p G M, define 

Il5llp,2 := j X](l + l r | 2 ) P K5,^r)| 2 
\reN d 

where (•,•) stands for the usual scalar product in L 2 (D), and denote by H P ' 2 (D) the 
set of functions g : D — >• M such that ||g||p ,2 < oo. Notice that H P,2 (D) is a subspace 
of the fractional Sobolev space of fractional differential order a and integrability order 
p = 2 (see [27]). For a special case p = 0, it is clear that H P,2 (D) = L 2 (D) and we will 
denote || • ||o ,2 by || • ||. By Parseval’s identity, we have 



\\g\\ 2 ='£\(g,‘Pr)\ 2 , V <7 G L 2 (D). (3.3) 

reN d 

Since the fundamental solution of 


v tt + A 2 u = 0, 

v = Aw = 0 on dD, u|i=o = <t>(x), vt\t=o = ^(x) on D 
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is given by 

sinf/\ t') f f 

v(t,x) = V - — —^-ip r {x) / ^{y)ip r (y)dy + Y cos(A r t)ip r (x) / fi(y)(p r (y)dy, 

A r JD JD 

(3.4) 


re N d reN d 

we can define the solution of (3.1) as follows 


Definition 3.1 A random field u = u(t,x ) : M + x D x 11 — >• M is said to be a solution 
of (3.1), if 

(i) u = u(t,x ) : M + x D x f2 — >• M is jointly measurable. 

(ii) There exists constant q G N, suc/i that for almost all x € D and t > 0, 

r< r sin(A r (t — s)) 


E 

rGN d 



-V7 r (x)^ r (y)ii(s, y)d-B^(s, y) 


o to 


Xr 


is well defined as an element of (S)* H , and that 

rt r sin(A r (t — s)) 


ID 


E 

reN d 


'-ip r (x)ip r (y)u(s, y)dB H {s , y) 


0 JD 


X r 


dx < oo, Vi > 0. 


H-q 


(in) It holds in {S)* H _ q that 


/ \ \ ^ sin(A r f) , f . . , 

U(t,x) = > 7 <Pr{x) / Vo{y)Tr(y)dy 

re N d r < ' I) 

+ ^ cos(X r t)Mx) / u 0 (y)<p r (y)dy 

re N d 

rt r sin(A r (i — s)) 


+ E 


reN d 



^rW^r(i/)«(s,J/)(iB^(s,i/). (3.5) 


0 JD 


Af 


Let 


^o(i,aj) = X] Tr(jf) [ vfiy)ip r (y)dy 

rmd X r JD 


+ ^2 COs(A r t)(p r (x) / M 0 (y)<^r(y)dy. 


reN d y D 

Then by the definition of the stochastic integral, the solution of (3.1), if it exists, can 
be written as 

rt r sin(A r (f — s)) 


i>(t,x) = U Q (t,x ) + 22 


re N d 



'-‘Pr(x)<Pr(y)u(s, y) o W H (s, y)dsdy. (3.6) 


o Jd 


Xr 
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If we assume that the solution of (3.1) exists in (S)* H and it has a formal expansions 


u 


(t,x) = ^2 c a (t,x)H a , 

a£j 


(3.7) 


where c a (t,x),a € J are coefficients of Wiener chaos expansion of u, which are unde- 
termined. Let 

c a _ £ a ) =0 if oti = 0. (3.8) 

Then by the formal expansion of W H , we obtain that 


(t,x)oW H (t,x) = V V c a _ e( ») (t, x) ( / ei(v)<t>ff(t,x;v)di 

' ^ d+1 


n a { w). (3.9) 


Brought (3.9) into (3.6), we derive that 

rt r sin(A r (t — s)) 


u(t,x) - U 0 (t,x) = ^2 

reN d 

- E 

I«I>1 



99 r (.x)99 r (y)u(s, y) o (s, y)dsdy 


o Jd 




E 

reN d 


/0 JD 



sin(A r (f — s)) / \ 

V9 r (x)^ r (y) 2_^c Q _ £ (i){s,y) 


i= 1 


x| / ei(v)(j)H{s,y,v)dv ) dsdy 
/R4+ 1 




(3.10) 


Therefore, by (3.10) and (3.7), we get c a (t,x ) = Uo(t,x ) if a = 0 and for |a| > 1, 

^ r sin(A r (t — s)) 


c a (t,x) = ^ 



OO 


reN dt/0 JD i=l 

x| [ ei(v)(j>H(s,y;v)dv\ dsdy. 




-Lp r (x)Vr{y) ^2 C a-£« 


(3.11) 

We will need the following preliminaries and lemmas to estimate c a . 

The boundedness and Holder continuity of Uq are given by the following lemma. 


Lemma 3.1 Assume that vq € H Q,2 (D) for some g > —2 and uq G H p ' 2 (D ) for some 
p > 0, then Uo(t , •) G L 2 (D), and 

sup ||t/ 0 (i,-)l| < +oo. (3.12) 

teR+ 

Moreover, if vq G H b, 2 (D) for some g > 0 and uq G H p,2 (D ) /or some p>2, then, for 
any t,s G M + with \t — s| < 1, 

||77o(t, •) — Lo(s, -)|| 2 < C|t — s| 2 . (3.13) 

10 
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Proof. It is clear that \\Uo(t, -)|| < ||I(f, -)|| + ||J(f, -)||, with 

I(t,x) = Y Sm \ Af ^ <Pr(x) [ v 0 (y)<p r (y)dy, 

r eN < Ar JD 

J(t,x ) = Y cos(A r t)<p r (x) / u Q (y)tp r (y)dy. 

rG N d D 

By (3.2), (3.3) and the assumptions of uo, we have 

ii-f(v)ii 2 = Y i < > i 2 

rGN d 


E sin 2 (A r f) 
V ' 

ren d r 


< ip r ,v 0 > I 2 < C Y 

re N d 


< (£> r , Vq > 


< +oo. 


Similarly, we have 


IIAMII 2 < c£ I < tfr , Mo > | 2 < +00. 

reN d 

Thus, the first part of the lemma if proved. For the second part, we have 


where 


\\Uo(t, •) — Uq(s, -)|| 2 < 2(||I 1 (t, S ;.)|| 2 + ||/ 2 (t, S ;-)H 2 ), 


T , . sin(A r t) — sin(A r s) . , f , . . , , 

h(t,s;x) = Y T L Pr{x) / v Q (y)ip r (y)dy, 

r G N d X r J D 

h(t,s;x ) = Y (cos(A r f) - cos(A r s))</? r (x) / u 0 (y)cp r (y)dy. 

rgN d D 

By the assumptions on uq. vq, we get 

||/i(t,s;-)|| 2 = Y I < h{t,s\-)^ r > | 2 

reN d 

E l sin(A r f) — sin(A r s)| 2 2 

^ 1 < Vr,v 0 > I 

rgN d r 

< C(t — s) 2 Y^ I < Pr, Vo > | 2 < C(t — s) 2 , 

rgN d 


\\h(t,S] -)|| 2 = | < h{t,S--),<p r > | 2 

ren d 

= I COs(A r t) — COs(A r s)| 2 | < (fir,V 0 > 

rgN d 

< C(t-s) 2 ^|A r | 2 |<^,u 0 >| 2 


< C{t - s ) 2 (1 + |r| 2 ) 2 | < ip r ,vo > | 2 < C(t - s) 2 

rgN d 
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Bringing together the above estimates, we obtain 

\\Uo(t, •) — Uo(s, -)|| 2 < C{t — s) 2 , 

with a constant C independent of t. Thus the lemma is proved. *| 

Let <&*(£, x) = J'^d+i ei(s,y)(()H(t, x] s,y)dsdy, then we have the following lemma. 


Lemma 3.2 There exists constant C = C(h), such that 

sup|$>;(t,x)| ieN, 

X€lD 

where h = nrax{/io, hi , . . . , hd}, 1 V t h ~ 2 = nrax{l, t h ~i} and 

I (h-f), if h < | , 


a(h) = i 4' 


(3.14) 


(3.15) 


Proof. By the definitions of e* and 4>h , we have 

r 

ei{s,y)4> H {t,x-, s,y)dsdy 


I R d +! 


??£°0)<^o(M)ds n/ ^(y)^ fc (a;,y)dy. 


fc=i • 


Let \ < h < 1 and n € N. It is proved in [? ] that 

rt/\s 

4> h (t,s) = c 2 h {s-u) h ~2(t-u) h ~2du. 


(3.16) 


(3.17) 


where c/,. = \Jh(flh — l)T(3/2 — h)/(T(h — 1/2)T(2 — 2h)). Therefore, by (2.15) and 
Lemma 3.2, we have 


= cl 


= c 2 h 


S)ds 
rt 


= cl 


r tAs •! 

Vni 8 ) / (s — u) h ~ 2 (t — u) h ~ 2 duds 
J — 00 


r+oo 


(t-u) n 2 d U / (s - u) n 2T7^(5)d5 


' —00 


{t-u) h ~i— I n _ f ^(n)d « 


.3 1 y,-! 
Ch 

3 1 


= Cft 


' (t — u) h 2 n i2drz + 

|«|<2yYl ^|«|>2yYi 


< C h 

If 0 < t < 2-^/n, it follows from (3.18) that 

[ Vn(s)(j) h (t,s)ds 


f ( t-u) h 2^ n (u)du 

J — OO 

{t-u) h -l e -^ u2 du 


(3.18) 


VI 

p—2y/n 

(t-u) h ~l- 

/»£ 

zze _7 “ 2 drt+ / (f — zz) h_ 2j7, _ T2dn 


J —00 

u 

J —2y/n 


< 


=-47™ x 
-n~ 


— — 2 (t + 2y/n) h 2 + 1 1 n 12 (f + 2- v /n) /l 2 

47 h — ^ 


< C(h)n 12 (f + 2y/n) h 2 <C(h)n^ h l\l V t h 2 ). 

12 


(3.19) 
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For the case of t > 2 y/n, we have 


Vn( s )<l>h(t, s)ds < c h 


r2^n 


2^/H 


(t — u) h 2 n 12 d u 


+ 

r—2y/n 

(t-ti) h -i- 

pt 

ue~ lu2 du + / (t-uj^-ae-^dii 


J — 00 

u 

«/ 2-\/ri 


< c h 


e Ain (t + 2^/n) h 2 n 12 (t + 2y/n) h 2 — (n 12 — e Ain )(t — 2^fn) h 2 
i I 


47?7.2 


h-\ 


< C(h)n 12 (t + 2\fn) h 2 < C(h)n^ h s)(l \j t h 2 ). 

With the estimates of (3.19), (3.20), we obtain from (3.16) that 

d 


(3.20) 


ei(s,y)</> H (t,x-,s,y ) 


< 


C(ho, hi,---, h d ) n(^)^ fc ' 5) (l V t h '-i) 


k = 0 


< 


C(ho, hi,--- ,h d )(fl 4)3 (fc -f ) ( 1 V t h -5) < C(/7)^)(l V i h -3), (3.21) 


k=0 


where h = max{/tQ, hi,- - • , and o~(h) is given by (3.15). This proves the lemma, 
Using the above lemmas, now we can estimate c a (t,x). 

Lemma 3.3 Assume that all the assumptions of Lemma 3.1 are satisfied, then for 
every a € J and t > 0, c a (t,-) € L 2 (D). Moreover, there exists constant C = C(h), 
such that 

(3.22) 


Mv) || 2 < c{hf a ^ — . (t 2 vt 2/l+1 )i“L 


a! 


Proof. Let a = ( 07 , 0 : 2 , . . . , a m ) and C a (t ) = || Cq, ( t , -)|| 2 . By Cauchy-Schwartz 
inequality, we obtain 


C a (t ) — ^ ) | ^ C Q (t , •), <y9 r > | 

reN d 

j' f f sin(A r (t — s)) 
/o Jd 


E 

r-GN d 


Ar 


^r-(y) X] c a-eM ( S > 2/)dsdy 


£=1 


r£N d i=l 


'0 


sin(A r (t — s)) 
A y. 

sin(A r (t — s)) 


/ ¥v(y)c Q _ e( i)(s,y)$i(s,y)dyds 

Jd 


/ 0 


< I r~ v ' r r "” 1 ds 
r£N d i=l 

m . t 

< Ctm E / E | < Pr, C a _ £ (i) (s, •)$*(«, 0 > I 2ds 

i=l 7o reN d 
m rt 


/ ^r(y)c a _ £ (i)(s,7/)4>i(s,y)dy 

Jd 


d-s 


< 


CfTTlV / ||c Q _ £ (i)(s, •)^i(s,-)H 2 ds. 

i=l - 7 ° 


(3.23) 
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Owing to Lemma 3.2, sup xe /j |4>j(f, x)\ < C{h)i a ^ h \l V t h 2 ). Hence, by (3.23), 

in ,, t 

C a (t) < CtjnV / ||c a _ e( ») (s, -)|| 2 ds 

i=i Jo 

in t 

< C{h) 2 tm^2i 2a{h) C a _ £(i )(s){l V (s h_ 2 )) 2 ds 

i=i Jo 

m rt 

< C(h) 2 (t\/ t 2h )m 


(3.24) 


i — 1 


Now let n = |a| = ai + • • • + a m . By iterating the above equation, we get 

m ,, t 

c a (t) < C(h) 2 {tw t 2h )m^i 2a{h) / C a _ E (i) (s)ds 


1=1 


< C(h) 2n {t\/t 2h ) n [l ai 2 a - 2 


0 

m 

■ m a ">] ]T (iii2---in) Mh) 


ft fS fS 1 

/o Jo Jo 


rSn-2 


C a _ £ (<l)_ £ (< 2 ) £ (in) (s n -i)ds„_i • • • dsid.s. (3.25) 


Since for some (3 € J with / 3j = 0 we have Cp_ e u) = 0, and by Lemma 3.1, C'o(t) = 
||Lq(£, -)|| is bounded on M + , thus we derive from (3.25) that 


C a (t) < C{hY n {t\Jt z ft ) n [l Ql 2' 


2 n( + x/ ai 9 a -2 # # # m a n 


U\ 


&1 • * * 


[l«12«2... m Om]Mft) x 


t rs rs 1 



r*Sn-2 


Co(sn-i)ds„-i • • -dsids 


'0 JO JO JO 

\ 2 n/j. v / i 2 h\n 


n\ 


< c(hy n (tvt 2tl ) 

an • ■■(%! 
(N) ( 2 <t (0+i) 


fit 

j-^ai 2«2 . . . m a m j 2 cr(/i)+l_ 


n! 


= C-(M 


2|a|) 


a! 


(£ 2 V f 2h+1 ) |a| . 


(3.26) 


This proves the lemma, 

The following lemma will be used in the proof of our main results. 


Lemma 3.4 Let constants a > 0, b € M, q € M. Then the sufficient and necessary 
condition for 

Y (ciN) ba (2N)- qa < 00 (3.27) 

a£j 

is q > max{6 + 1,5 log 2 a} . 

Proof. For a = (ai, 02 , ...,)€ J , let ao = max{j; aj f 0}. Then 

OO OO 

Y (aN) b "(2N)- 9 “ = J] (aN) ba (2N)~ qa := a n . 

a£j n=0 a&J ,ao=n n = 0 

14 
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We assume q > b log 2 a and q > b + 1 , then ao = 1 and for n > 1 , 


a n = ( aN) ba (2N)~ qa = ^ ( aN) ba (2N)~ qa 

aeJ,ao=n ai,...,a n -i>0,a n >l 

/ oo 


( an) ban (2n 


i -qan 


Va»=l 


E 


(an) 1 


-L(2n)^J ) 

(an) b ” 1 


71—1 / OO 

n 

j=l \« J= o 
71—1 / OO 

n e 


qaj 


n 


j=l \a j= 0 


(aj) b 


-n U 2 j) 9 J 
(an) b 


(2 n) q - (an) 6 ^ ( 2 j) 2 - (aj) fe (2n)« ^ ( 2 j)2 _ ( a j) 


n 


(2j) 5 


A\b ' 


(3.28) 


By (3.28), we have 

O^n 


(an) b (2n + 2) q (2 n + 2) 9 — (an + a) 6 

X 


a n+ i (an + a) b (2n) q 


(2n + 2) q 


n 


n + 1 


b r 


n + 1\ 9 (an + a) 6 


n 


This gives 


Hence 


— 1 > 

^n+1 


(2 n) q 
q — b (an) 


— ( 1 H — 
n 


q-b 


(an) b 
(2 n) q ' 


lim inf n ( 0,1 
oo \a n+ i 


n (2 n) q 

— 1^ > q — b > 1. 


(3.29) 

(3.30) 

(3.31) 


Therefore, by Abel’s criterion for convergence, Y^=o a n < oo. Conversely, if q < 
b log 2 a, then, by (3.28), a n = oo. If q = 6+1, then, by (3.29), liminf^oo n ('_a 2L - l ) = 


^ fln+1 

1 — ^(§) b < 1, by Abel’s criterion, a n = oo. Hence, condition q > max{6 + 

1, &log 2 a} is sufficient and necessary for the convergence of (3.27). 

We now present our main results. 

Theorem 3.1 Assume that all the conditions in Lemma 3.1 are satisfied, then there 
exists a unique solution of (3.1) in the sense of Definition 3.1. 

Proof. From the above analyses and lemmas, we know that the stochastic field 
u(t, x ) with a formal expansions 


n 


i(t,x) = ^ c a (t,x)U a , 

a&J 

where c a (t,x) = Uo(t,x) if a = 0 and for |a| > 1, 

f* r sin(A r (f — s)) 

I o Jd 


(3.32) 


c Q (t,x) = yy 

re N d 


\r 


<p r (x)<p r (y) yy c a _ £ «) (s, y) 


i = 1 


ei(v)(f)H(s,y,v)dv dsdy 


(3.33) 


15 


709 


Yinghan Zhang 695-713 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


is a solution of (3.1) in the sense of Definition 3.1, if for almost every x € D and t > 0, 
it belongs to (S)* H _ q for some q £ N and f D \\u(t,x)\\ 2 H _ q dx < +oo, (Vf > 0). Now we 
compute f D _ q dx. By Lemma 3.3, we have 


'D 

£ E 

aej 


[ \Ht,x)\\%_ q 6x = a!||c Q (L-)H 2 (2N) qa 

JD a£j 


C{h) 2 l“l (N )(Mh)+i)a(j? v t 2h+ 1)I Q I (2N)" 9 " 


a\ 


(3.34) 


It is prove in [13] that for a € J , 


a\\ < a!(2N) 2Q . 


(3.35) 


Therefore, 


Id 


\u{t,x) \\ 2 H - q dx < 

a£j 

™ (t 2 \jt 2h + i r ^ 

n\ ^ 

n=0 \a\=n 


C(h) 2 l Q l (M)( 2<T ( /l ) + i) a (t 2 V t 2h+1 ) H (2N) _<? "(2N) 2 " 


a ' 


2a(h)+l^ 


(2cr(h)+l)a 


(2N) 


-(q-2)a 


(3.36) 


If we choose a natural number q > max{4 + 2cr(h), 2 + 21og 2 C(h)}, then by Lemma 

l \ (2cr(h)+l)a 


3-4, Z)|a|=n 


W+lfJ 


(2N)-(9- 2 )“ < oo. Thus 


r °° (+2 w j.2h-\-l\n 

/ \Ht,x)\\ 2 H _ q dx < c ( h )Yl rr =C(h)e tw * + 

° n = 0 


n\ 


(3.37) 


Now we prove the uniqueness. Assume that stochastic fields u(t,x),v(t,x) with formal 
expansions 

u(t,x ) = a a(t,x)7i a , v(t,x) = ^ b a (t,x)7i a (3.38) 

a£j ct£j 

are two solutions of (3.1) in the sense of Definition 3.1. Then u(t,x ) — v(t,x ) is a 
solution of of (3.1) in the sense of Definition 3.1 with zero initial conditions, that is, 
ao(t, x) — bo(t,x) = 0. Therefore, similarly to the proof of Lemma 3.3, we can derive 
that 


||a Q (t, •) - b a (t, -)|| 2 
< C(h) 2n {t V t 2h ) n [l a i 2 a “ 2 • • • m Qm ] 


n\ 


D 1 • ‘ ‘ ‘ II tn ■ 


[1“12 “2 ...ru""*] 2 ^) x 




rs n -2 

•• / ||a 0 (s n _i,-) -6 0 (s n -i,-)|| 2 ds n -i---dsids = 0. (3.39) 

Jo 


Thus the theorem follows. *f 

The following corollary deals with the asymptotic properties of u(t,x ) in (S)* H . 
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Corollary 3.1 Letu(t,x ) be the solution of (3.1) and q > max{4+2<r(/t), 2+2 log 2 C(h)}, 
where C(h ) is given by (3.37), then u(t,x ) € {S)* H _ q for almost all (t,x) € M + x [0, 1], 
and 

HId \Ht,x)\\ 2 H _ q dx) 


lim sup 

t — ^ -poo 


£2/i+1 


< oo. 


Proof. By (3.37), we know that for sufficiently large t, 

f \\u(t,x)\\ 2 H _ q dx < C(h)e t2h+1 . 
Jd 


(3.40) 


(3.41) 


Therefore 


ln(f D \\u{t,x)\\ 2 H dx) In (C(h)) + t 2h+1 1 ^ 

hnr t sup^ ^ lim ph+i = 1 ' ( 3 ' 42 ) 

This shows the corollary. 

We now study the Holder property of the trajectories of the solution of equation 
(3.1) in the distribution space {S)* H _ . 

Theorem 3.2 Fix T > 0 and let u(t,x ) be the solution of (3.1) in time interval [0,T] 
with initial conditions vq € H 131,2 (D) for some > 0 and uq € H 132,2 for some 02 > 2, 
then there exists q € N, such that for any t,r G [0, T] with |f — r| < 1, 


Id 


| u(t, x) — u(t, x)\\ 2 h _ q dx < C\t — t | 


(3.43) 


Proof. Let 0 < t < t < T. First we estimate the term ||c a (f, •) — c a {r , -)||. Since 


c a (t,x) - c a (r, x) 

f* f sin(A r (t — s)) 

lo Jd -V 


E 

reN d 


Vr{x)<p r {y) 22 c a _ £ (i) (s, y)dsdy 


i= 1 


E 

reN d 


0 JD 


sin(A r ^r — 21^^^ ^ c a _ £ o) (s, y)$i(s, y)dsdy 


i= 1 


E 

reN d 

+ E 

reN d 


r* 

It JD 


— —<Pr(x)<p r (y) 22 c a- £ « ( s > 2/) dsd y 

r i = 1 



0 JD 


sin(A r (i — s)) — sin(A r (r — s)) 
\ r 


tpr(x)tp r (y) 


x ^c Q - £(i )(s,i/)$j(s,y)dsdi/ 


i = 1 


= I(t, t;x) + J(t,r-,x). 

By using the methods used in the proof of Lemma 3.3, we can derive that 

||/(t, r; -)|| 2 < {t - r) 2 C(h) 2 l Q l ^ , (T 2 V T 2/l+1 )H, 

a\ 

|| J(t, r; -)|| 2 < (t- t)C(/i) 2|q| ^ j (T 2 v r 2/l+1 )l Q L 

a! 
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Thus we have ||c a (i, •) — c a (r, -)|| 2 < C (t — t)C (h) 2 ^ (T 2 \/ T 2h+1 ) l“L By the 

definition of the norm || • \\ 2 H _ q , we can divide the term f D \\u(t,x) — u(t, x)\\ 2 H _ q dx 
into two terms, that is 


ID 


| u(t, x) — u(t , x)\\ 2 H _ q dx 


< 2 ( \\Uo(t, •) — Uq(t, -)|| 2 + Y, a} -\\ C a(t, •) — C q (t, •)|| 2 (2N) _9 " 

ctGj,\a\>l 


< 


[(C'(/r)(rvT /l+ 5))^Tm 


N 


a£j 


(2N) 


—qa 


Bringing together the above estimates and by Lemma 3.1, Lemma 3.3, we obtain that 



u(t,x)\\ H,- q dx < C(h,T)(t-r), 


if q > max{2cr(/i) + 2, 21og 2 C(h)(T V T h+ 2 )}, where C(h) is given by (3.37). The proof 
is finished, 
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FOURIER SERIES OF SUMS OF PRODUCTS OF EULER FUNCTIONS AND 

THEIR APPLICATIONS 

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND LEE CHAE JANG 


Abstract. We consider three types of sums of products of Euler functions and derive their Fourier 
series expansions. In addition, we express each of them in terms of Bernoulli functions. 


1. Introduction 


Let E m (x) be the Euler polynomials given by the generating function 

2 °° j-TTl 

~r^i eXt = E Em ^mV (see t 1 ’ 2 ’ 14 ])- ( L1 ) 

771= 0 

For any real number x, we let 

< x >= x — [x] G [0, 1) (1.2) 

denote the fractional part of x. 

Here we will consider the following three types of sums of products of Euler functions and derive 
their Fourier series expansions. Further, we will express each of them in terms of Bernoulli functions 
Bm ( ^ IT ^ ) • 

(1) a m (< x >) — J27= o E k(< x >)E m _ k {< x >), (m > 1); 

(2) /3 m (< X>) = Y7k=o fc!(m-fc)! - E fc(< x >) E m-k{< x >), (ra > 1); 

(3) 7 m(< x >) = k(nl-k) E k(< X >)E m _ k {< X >), (m > 2). 

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see 
[8,13,15,18]). ' 

As to 7 m (< x >), we note that the polynomial identity (1.3 ) follows immediately from (4.16), which 
is in turn derived from the Fourier series expansion of 7 m (< x >). 


E 


— [ k(m — k) 


E k (x)E m _ k (x) 


m 


E 

s =0,s^l 


Tfl\ Em-g - |_i 


s J m — s + 


-^(-^771—1 


(1.3) 


where H m = SjLi j are the harmonic numbers. 

The obvious polynomial identities can be derived also for a m (< x >) and /? m (< x >) from (2.21) and 
(2.24), and (3.15) and (3.18), respectively. It is remarkable that from the Fourier series expansion of the 


2010 Mathematics Subject Classification. 11B68, 42A16. 

Key words and phrases. Fourier series, Euler polynomials, Euler functions. 
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function k(m-k) Bk(< x >)Bm-k(< x >) we can derive the following corresponding polynomial 

identity: 


lit — -L ^ 

^ k (to — k) Bk (X) Bm ~ k (X) 


(1.4) 


2 ”^ 2 1 (m 


= — o ( B m + - ) H Y"' t- ( )B m _ k B k (x) + —H m _ 1 B m ( x ) , (to > 2). 

\ ) / m z — ' m — k \ k ™ 

k=i 


2 

m 


(1.5) 


Simple modification of (1.3) yields 

m-i 1 2 

S 2fc(2m-2t) B “ W B2m -“ (l) + (l) B2 "-' (l) 

1 ^ ^ / 2^\ ^ 

= m^2k\2k ) B * kB2m - 2k (*) + - H 2 rn-lB 2m (x) 
k = 1 v 7 

+ 0 gi(x)J3 2m -i, (to >2). 

2m — 1 

Letting x = 0 in (1.4) gives a slightly different version of the well-known Miki’s identity (see [3,6,16,17]): 

m — 1 


g 2k (2to — 2fc) B2kB2m ~ 2k 


( 1 . 6 ) 


— — y] (y ) B 2k B 2 m-2k + —H 2 m-iB 2m , (m > 2) . 

fc=i ^ ' 


1 

TO 


Setting £ = | in (1.5) with !3 m = ^ 2 ^_i ^ = (2 1 m — l) B m = B m (g), we have 


^ 2k(2m-2k) B2kB2m - 2k 
1 7Y 1 / 2to\ „ ^ 


(1.7) 

= ^ ^ 777 " ( 07 / ^ 2 /c^ 2 m- 2 fc H H 2 m— l-^ 2 mi (^ ^ 2 ) , 

m ' 2k \ 2k J m 

k = l v 7 

which is the Faber-Pandharipande-Zagier identity (see [4]). Some related works can be found in [9-12]. 


2. Fourier series of functions of the first type 


In this section, we consider the function 

m 

a m (< x >) = E k (< X >)E m _ k (< X >), ( to . > 1 ) 
k = 0 

defined on (— oo, — oo) which is periodic of period 1. The Fourier series of o m (< x >) is 

oo 

E 4" 


(m) ^2ninx 


( 2 . 1 ) 


( 2 . 2 ) 


TL — — 00 
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3 


where 


= [ a m (< x >)e~ 2mnx dx 

Jo 

= [ a m (x)e- 2 ™ nx dx. 

Jo 

Before proceeding further, we observe the following. 

m 

ol m [x ) = y^X kE k-i{x)E m _ k (x) + (to - k)E k (x)E m _ k _ 1 (x)) 


k—0 


= y^Xk E k-i(x)E m—k (%) + E (to. - k)E k (x)E m - k - i(ar)) 

fe= 1 k= o 

m — 1 m— 1 

= E ( fc + + E m— k — 1 (^)) 


fc =0 


k—0 


m— 1 


= (m + 1) E E k{x)E m - \- k (x) 

/c— 0 

= (to + l)a m _i(ar). 

From this, we have = a m (x).Then we have 

f 1 1 

I CXm( < x')dx ; v(cTm-t-l(l) Gf m _(_l(0)). 

do TO + 2 

Noting that E m (x + 1) + E m (x) = 2x m , we see that £' m (l) + £ , m (0) = 2<5 mi0 - So, we have 
Gim(l) Gi m (0) 

m 

= ]T (£ fc (i)£ m _ fc (i) - s fe (o)F; m _ fc (o)) 


k—0 


— (( — E k (0) + 25 k ,o){—E m - k {0) + 2(5 m _fc j o) — E k {0)E m - k (0)) 


k—0 


— y ) ( ^^m—kjOEk (0) 2E rn — k (0')5 k ,o + fc,o) 


fc =0 


= 4(5 m ,o - 4£ m (0), (to > 0). 


Thus, for to > 1, 


i(l) ^ cc m (0) = -4E m . 


(2.3) 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 


Also, 


f 1 1 

I CX m (^X^dx 1 V (^777+1 ( 1 ) ^777+l(0)) 

do TO + 2 


-E, 


m+1 • 


TO + 2 

Now, we would like to determine the Fourier coefficients aI 1 "-* . 


( 2 . 8 ) 
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Case 1 : n ^ 0. 


A, ( n m) = [ a m {x)e~ 2 ™ nx dx 

Jo 


1 r ' ■ — 2Trinx~\ t | ^ f 1 ( 2irinx , 


2nin 

1 


a m {x)t 


m + 1 f 1 , \ _ 2 7t inx. 


„ . (a ro (l) ~ Qm(0)) + 0 . / a m _ i(x)e 2nmx dx 

2 'K'lTl 2 'K'lTl J q 

= m+1 ^(m~.l) , 

27rin n nin m 


+ 1 ( 


2-Kin 


f^-4r _2) + — Vi) + — ^ 

\2nm mn J Kin 

(to + l)m .f rn _ 2 ) m + 1 2 2 

~ / 9 • \ 2 • —Em -1 H — 

{iKiny iKin Kin Kin 

(m+l)m fm—1 . (m _ 3) 2 \ m + 1 2 2 

— / 0 ■ \ 2 ( + — : A ‘ H —Em -2 ) + -K-. —E m - 1 H —E m 

[ZKiny \ 2mn Kin J 2mn Kin Kin 

_ (m + l)m(m - 1) A(m _ 3) (m+l)m 2 , m+1 2 ,2 

— 7Y • NQ A n 4 7Y ■ n —E m -2 + — : — £/ m _i H r 


(2 


(27rm) 2 7rm 27rin 7rm 


-En 


(2.9) 


(m + l) m -i \ ' (m + 1 ) k— i 2 

i+T+n'i 1 ™- 1 ” ' (27rm) fe_1 7rin m fc+1 ’ 


where 


Hence 


(2' 


= f cn{x)e~ 27rinx dx = [ (2a - 1) e~ 2 ™ x dx = — . 

7o Jo TITO 


+m) _ 2(m + l)m-l , (m + l)fc-l 

( 2Kin) m {2,Kin) k 

4 \ ' (m. + 2)fc 

/ . ^m-k+ 1 - 


m— fc+1 


m + 2 ' (27rm)* 

/c— 1 


Case 2: n = 0. 


We recall here that 


-4o m) = [ a m (x)dx = ^—E m+1 . 

In Tfl ~r 2 


B 1 =--,B 2n+ i=0, for n> l,(-l) n+1 B 2n > 0, 


(see [5], Proposition 15.1.1), and 


E n = — (2 n+2 -2)B n+1 (n > 0), (see [3]). 

n + 1 


From these, we see that 


E 2 n = o (n > 1), E 2n -i 7 ^ o (n > 1), and E 0 = 1. 


(2.10) 


( 2 . 11 ) 


( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 
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From these and (2.7), we observe that 

«m(l) = a TO (0)(a m (l) ^ a m (0)) 4=4> E m = 0 (E m ^ 0) 

in is an even positive integer (to is an odd positive integer) . 


(2.16) 


Here a m (< x >) is piecewise C°° . In addition, a m (< x >) is continuous for all even positive integers to 
and discontinuous with jump discontinuities at integers for all odd positive integers to. 

We now recall the following facts about Bernoulli functions B m (< x >): 

(a) for to > 2, 


(b) for to = 1, 


Bm{< x >) 


OO 

-to! 

n=—oo,riy^0 


^2ninx 

( 2nin) -m 


OO 

- E 

n=— oo,n^0 


g 2irinx 

2tt in 


Bi(< x >), for x £ Z c , 
0, for ieZ, 


(2.17) 


(2.18) 


where Z c = M — Z. Assume Hrst that in is an even positive integer. Then a m ( 1) = a m (0). Thus 
a m (< x >) is piecewise C°°, and continuous. Hence the Fourier series of a m (< x >) converges uniformly 
to a m {< x >), and 


a m {< x >) 
4 


OO / . 771/ , \ 

p , [ 4 \ m + 2 )fe p 1 Xlizinx 

A m+ 1 + 2^ m I oL I e 


in + 2 '" T± ’ ^ , \ in + 2 ' (27r in) k 

n=—oo,n^0 \ k — 1 v ' 


00 g 2'Kinx 


4 4 v -v / TYl + 2 \ I 7 I v - ^ 

m + 2 m+1 m + 2 \ A: / m /c+1 1 ’ ^ (27rm) fe 

/c— 1 ' ' \ n=— oo,n^0 ' ' 


E'm+l —EC" ^ ) E m — &+!-£?& (<C x >) 


m + 2 m + 2 ' \ k 

k — 2 


4 /ra + 2 

to+2V 1 E mX 1 0 , 


4 +. /to + 2^ 

V * v 

l?i(< x >), for a; £ Z c , 


for x £ Z 


4 i /to + 2\ 

‘m + 2 E ( k ) E m-k+iB k (<x>), 

fc=0,fe^l v 


(2.19) 


for all a; £ (— 00 , 00 ). Hence we get the following theorem. 


Theorem 2.1. Let m be an even positive integer. Then we have the following, 
(a) X)g=o E k{< x >)E m _k{< x >) has the Fourier series expansion 


^ ~2E k (< x >)£ m _fc(< x >) 


k - 0 


TO + 2 


-E, 


m+1 


E 


E 


(to. + 2 )h 


n=—oo,n^0 

for all x £ (— 00 , 00 ), where the convergence is uniform. 


in + 2 ' (27t in) k 

fc= 1 v ’ 


Em—k + 1 ^ 


2r:inx 


(2.20) 
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(b) 


^ ~2 E k{< x >)E m _ k {< x >) 
k - 0 


4 

TO + 2 


e ( mJ [ 2S ) E m _ k+1 B k (< x >) 

fe=0,fe^l ' ' 


for all x £ (— oo,oo ), where B k (< x >) is the Bernoulli function. 


(2.21) 


Assume next that m is an odd positive integer. Then a m (l) ^ a m (0), and hence a m (< x >) is 
piecewise C°° and discontinuous with jump discontinuities at integers. Thus the Fourier series of a m (< 
x >) converges pointwise to a m (< x >), for x £ Z c , and converges to 

^(a m (0) + a m (l))=a m (0)-2 E m , (2.22) 

for ieZ., Thus we get the following theorem. 


Theorem 2.2. Let m be an odd positive integer. Then we have the following, 
(a) 


(b) 


for x £ Z c ; 


for x £ Z. 


E 

n=— oo,n^0 


m + 2 


E 


k= 1 


(to. + 2)fc 

(27t in) k 


E m - 


m—k -\- 1 


^2tv inx 


f J2T=o E k(< x >)E m -k{< X >), for x£Z c , 
\ Yl7=o E k E m-k-‘2E m , for x£Z. 


4 

m + 2 



Em— k+l^k ^ ^ > ) 


= E -Efc(< a; >)E m _ k (< x >), 
k = 0 


fc— 2 v 7 

m 

— y ^ E k E rn — k 22? m , 
fc= o 


(2.23) 


(2.24) 


(2.25) 


3. Fourier series of functions of the second type 


In this section, we consider the function 


*(< ® >) = E 


1 


fc= o 


fc!(m — fc)! 


E k {< x >)E m _ k (< x >), (to > 1) 


(3.1) 
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defined on (— oo, — oo) which is periodic of period 1. The Fourier series of /3 m (< x >) is 


E * 


n —— oo 


(m) ^2ninx 


where 


B '<"*> = f (3 m (< x >)e" 

Jo 


c dx 


= / Pm(x)e 

Jo 


—2itinx 


dx. 


Before proceeding further, we observe the following. 

m 

P'm( X ) = E 


k = 0 


k tt\i k 

E k _ 1 (x)E m _ k (x) + — —E k (x)E m - k - i(x) 


k\(m — k)\ 


k\(m — fc)! 

m— 1 


m— 1 ^ m — 1 

= E t!(m-l-HI EtWE "--‘ M + E M 


/c!(m — 1 — k) 
k—0 v 7 

= 2f3 m -i{x). 

So, f3' m (x) = 2f3 m _i(x). From this, we have 

/ /3 m+1 (x)\' 


k\(m — 1 — k)\ 


E k (x)E m _i_ k (x) 


V 2 


= Pm(x) 


and 


f 1 1 

J Pm{x)dx = -(/3 m+ i(l) - /3 m+ i(0)). 


Using E m ( 1) + £' m (0) = 2(5 m ,o, we observe that 


Pm( 1) - /?m(0) = J] 


fc= 0 


fc!(m — fc)! 


(FJ fc (l)E m _fc(l) — Fl fc (0)Fl m _fc(0)) 


= E 

k—0 

m 

= E 

k=0 


k\(m — k)\ 


k\(m — k)\ 


{( — E k (0) + 25 k ,o)(—Em-k(fl) + 2<5 m _fc,o) — Flfc(0)i? rn _fc(0)} 


{ ‘JdktOEm— k (0) 2F/fc (0) Sm—k,0 d - 44, m— fc,o} 


= ~(E m (0) - (5 m ,o). 

ml 


So, for to > 1, 


( 3 . 2 ) 


( 3 . 3 ) 


( 3 . 4 ) 


( 3 . 5 ) 


( 3 . 6 ) 


( 3 . 7 ) 


4d) •■W0) = — ,4 


TO! 


( 3 . 8 ) 
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Also, we have 


f 1 1 

J P m (x)dx = -(/3 m+ i(l) - /3 m+ i(0)) 

(-E’m+l(0) — ^m+l,o) 


1 

2 l (to + 1)! 

2 


{in + 1 )! 


E, 


m+1 • 


Now, we are ready to determine the Fourier coefficients Bn 
Case 1: n / 0. 


[ Pm{x)e-^ inx dx 
Jo 


= ~2^; lMx>e 


— 27rmanl _i_ x 

0 2 tt in 


fd' m {x)e~ 2mnx dx 


= - PmiO)) + [ Pm-l{x)e- 2mnX dx 

llCITl Zttiti J q 

= -lL +™- 1 ) 

7 nn ml 7 nn 

2 1 \ 2 1 

7r in \7T in n ' ( m — 1)! win m 1 J ml i vin m 


= i b{™~ 2 ' > 

n 

1 


, 11 


(m— 2) 


i 


{■Kin ) 2 n {in — 1 )! {Kin ) 2 

- f — 3) J - - 

{Kin ) 2 \mn 11 


Em— 1 


2 1 


-E„ 


1 


{Kin) 


g(m-3) 


3 n 


(m — 2)! Kin 

2 1 F 

&m - 2 




(m — 1 )! ( 7 rin ) 2 


Bm.— I 


. . -E^rr 

ml 7 rin 


1 


(to — 2)! {Kin) 3 


(m — 1)! (Kin)’- 


; E/n — 1 A . . E n 

to! 7nn 


(3.9) 


(3.10) 


1 o(i) y' 1 2 ip 

(■ Kin ) m ~ 1 n (to — k + 1 )! {mn) k m fc+1 


1 


m— 1 


V - 

A — / f m — 


1 


( 7 rm) m (m — fe + 1 )! ( 7 rm)‘ 




m— fc+1 


= 2V 7 — - 

• J ( m — 


Bm—k+l 1 


(m — k + 1 )! ( 7 rm) fc 
Case 2: n = 0. By (3.9), we see that 


cl 

A”" = / Pm{x)dx = -- 
</0 


- % e. 


m+l • 


(3.11) 


, 0 (to + 1)! j 

From (3.8), we observe that 

/+(!) = /+(0)(/3 m (l) 7^ /+(«)) ^E m = 0 {E m £ 0) 

4=> to. is an even positive integer (to is an odd positive integer). 

Here f3 m {< a: >) is piecewise C°°. In addition, f3 m {< x >) is continuous for all even positive integers to 
and discontinuous with jump discontinuities at integers for all odd positive integers in. 


(3.12) 
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Assume first that m is an even positive integer. Then /3 m ( 1) = /3 m ( 0). So /3 m (< x >) is piecewise C°° , 
and continuous. Thus the Fourier series of /3 m (< x >) converges uniformly to /3 m (< x >), and 


/+(< x >) 

2 


(m + 1)! 


E, 


m+1 


£ FEtA" 


Em—k+l 


Jlixinx 


n—— oo,n^0 


— ' (m — k + 1)! (nin) k 


2 1 ^ 

(m+l)E n+1 (m + 1)! 


k=l 


k + 1 (m+1 
k 


K 

J - / m . — 


m—k-\- 1 


n=— oo,n^0 


e ' 

( 2itin) k 


(m + 1 )! 


E m + i 


1 


(m. + 1)! 


£ 2 ‘ + 


k—2 


1 (m+ 1 
k 


Em— L+l B k ( + + ) 


4 (m + 1 
(to + 1)! \ 1 


Em X 


5i(< x >), for ieZ c , 
0, for a: € Z 


1 


(m + 1)! 


E ^ 

fc=0,A+l 


fc+1 + 1 + 1 

k 


E r n—k+\B k {^ < C X >), 


for all a: € (— oo, oo). 

Hence we get the following theorem. 

Theorem 3.1. Let m be an even positive integer. Then we have the following, 
(a) Y((k= o fc! ( TO 1 _ fc ) ! -E'fc(< x >)E m -k{< x >) has the Fourier series expansion 


E 

k — 0 


l 


k\(m — k)\ 


E k (< x >)E m - k {< x >) 


( m + 1 )! 


E, 


m+1 


e ^ 


Em- 


m— fc+1 


n— — oo,n^0 


— J (m — k + 1)! (mn) k 


for all x € (— oo,oo ), where the convergence is uniform. 

(b) 


E 

k - 0 


1 


k\(m — k)\ 


E k (< x >)E m - k (< x >) 




(3.13) 


(3.14) 


(3.15) 


( m + -+=o,+i 

for all x € (— oo,oo), where B k {< x >) is the Bernoulli function. 

Assume next that m is an odd positive integer. Then /3 m (l) ^ /3 m ( 0), and hence /3 m (< a: >) is piecewise 
C°° and discontinuous with jump discontinuities at integers. Thus the Fourier series of /3 m (< x >) 
converges pointwise to /3 m (< x >), for x € Z c , and converges to 


x(/3m( 0) + /?m(l)) — /3m (0) —E m , 

2 m! 

for x G Z., Thus we get the following theorem. 

Theorem 3.2. Te< to 6e an odd positive integer. Then we have the following. 


(3.16) 
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(a) 


Fourier series of sums of products of Bernoulli functions and their applications 


E 

n—— oo,n^0 



m 

k—0 


m 

k—0 


2 \ ^ Em— fc+1 ^ | ^2-ninx 

^ (m — k + 1)! (7r in) k J 

k\(m—k)\ ^ ^)-®m— fc(^ X 5 > )> 

k\(m-k)'. k ^m-k — 


for x e Z c , 
for x £ Z. 


.Here the convergence is pointwise. 

(b) 


for x € Z c 


for x € Z. 


1 


(to + 1)! 


E 2 * + 


fc=l 


x (m + 2 
k 


Em— k-\-lBk (< X >) 


= E 

fe= 0 


1 


A;! (to — fc)! 




1 

(to + 1)! 


E 2 ‘ + 


k=2 


1 (m + l 
k 


Em— k+\Bk ^ ^ > ) 


= E 

fe= 0 


1 


A'!(to — fc)! 


d^k-^m—k . A'mi 


2 

to ! 


(3.17) 


(3.18) 


(3.19) 


4. Fourier series of functions of the third type 


In this section, we consider the function 


7m(< Z >) = ^ 


1 


-.Efe(< a; >)£ m _ fc (< x >) 


—J /c(m — k) 

defined on (—00, —00) which is periodic of period 1. The Fourier series of 7 m (< x >) is 


(4.1) 


E 


m) ^ 2ninx 


(4.2) 


where 




= / 7m(< £ >)e 


— 27t inx 


dx= 7m 0*0 e 


— 2ninx 


dx. 


(4.3) 
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To proceed further, we note the following. 


So, 


771 — 1 ^ 771 — 1 ^ 

^ ^ T-^k — 1 k (*^) H - ^ ^ ~r^k{p^)^m— k— 1 (*^) 

TTl /£ rC 


/c=l 
771 — 2 


771 — 1 


= V 7 r E k (x)E m _i_ k (x) + V' -£; fc (a;)£ m -i-fc(ai) 

' m — 1 — /c k 


k = 0 
2 


/c=l 


771 — 2 


m — 


+ 1) 


= (to- l)7 m _i(x) H -S m _i(a:). 

m — 1 


From this, we note that 


7m (z) = ( m - l)7m(x) H -E m _i(x). 

m — 1 


1 / 2 

— 7m+i(a;) 7 — --E m +i(z) ) = 7m (x). 

m \ mym + 1) 


(4.4) 


(4.5) 


(4.6) 


7 m (x)dx 

1 2 n 1 

— (7m+l(z) 7 — E m+1 (x)) 

m m[m + 1) 

= — (7m+l(l) - 7m+l(0)) JJ 3 — pr(-®m+l(l) - E m+1 ( 0)) 

TO TOY (to. + 1 ) 

= (7m+i(l) — 7 m _j_i(0)) 27 , i \ ( 2£7 rrl _|_i (0) + 2<5 m+ i o) 

TO TO Z (TO. + 1) 

1 4 

— (7m+l(l) — 7m+l(0)) 4 2 ? rwT-S'm+i- 

to mY(m + 1) 


Observe that 

7m(l) ~ 7m (o) = 'y ' 


m— 1 


1 


fc=l 
m— 1 


= E 

k = 1 
m— 1 

= E 

/t=i 

= 0. 


k(m — k) 
1 

k(m — k) 
1 

k(m — k) 


(E k (l)E m _ k (l) - E k (0)E m _ k (0)) 

{(—E k ( 0) + 25 kt o)(—E m _ k (0) + 2 <5m_fc,o) — E k (0)E m _ k (0)) 
( 28 k ^E m — k (0) ‘2E k (0)5 m — k ,o -f- 4$fc,o^m— fc,o) 


Thus, for to > 2, 7 m (l) — 7 m (0) = 0. Also, 


r 1 1 4 4 

/ 7 m{x)dx— ( 7 m+i(a:) - 7 m +i( 0 )) + „ , n -Em+i( 0 ) = -77 777^+1- 

Jo m 


m 2 (m + 1) 


TO 2 (TO + 1) 


(4.7) 


(4.8) 


(4.9) 
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We can show that 

r 1 m ~ 1 I — 1 1 

/ E m - 1 {x)e~ 2irinx dx = ]T 1 .^' Ern-k. (4.10) 

Jo (27wi) fc 

Now, we are ready to determine the Fourier coefficients C i' n ' > . 

Case 1: n ^ 0 

CL m) = [ lm{x)e~^ inx dx 

Jo 

= - 7 ” (0)) + 

= jri- ( (rn - 1) [ 7m _i (x)e~ 2vinx dx + — [ E m ^{x)e-^ inx dx\ 

Zirin {Jo rn — t jo J 

i i j rn 1 / 1 \ 

= m ~ 1 C fa-D , 1 4 \ - (m- l)fc_i 

27rm n 2 tt in m — 1 •(— ' (27rzn) fc m 

= "t- 1 / m-2 (m _ 2) 4 1 (m- 2) fc _i \ 1 4 (to - l) fc _i 

27tw l 27rm n m — 2 2nin (27r in) k m k 1 I 2irin to — 1 ^ (2nin) k m k 

= (to - 1) (to - 2) (to _ 2) to - 1 4 (to - 2)fc_i 

(2nin) 2 n (2irin) 2 to — 2 ^ (27T in) k m k 1 

i 1 4 y ' (to — l)fc-i 

2ninm—l (27 nn) k m k 

k=i y ’ 


/ i \ • m — 2 / x . m—l / 7 \ 

(m- 1)! (2) y- (TO — l)f-l 4 y- (m- Ofc-1 

( 27 Tin)™- 2 n ( 27 t in) 1 m — ^ ( 2mn) k m k Z+1 

_ 2(to — 1)! y-x (to — l);_i 4 y~x (to Ofe — l 

(27T in) m (27 rin) 1 m — l (2zr in) k m k 1+1 


m—l / \ . m—l / 7 \ 

E {m — l)/-i 4 ^ (rn — l)k-i ^ 

; ^ (2mn) 1 to. — l J (27 rin) k m k 1+1 


. m—l 1 m—l / x 

_ \ ' 1 \ ' Wjjfe-M-i p 

to to. — l ( 27 T in) k+l m k l+ 

l= l fc= l 7 ' 

_ 4 ^ ( m )s- 1 ^ 1 

TO z — ' 27TZn s z — ' 171 — l 

s—2 y > 7=1 

4 \ ' (to) s l? m _ s+ i 

— — >. /o ■ — rfn m _i - n, 

TO (27TZn) s TO. — s + 1 

s— 2 v 7 


(4.11) 


725 


TAEKYUN KIM et al 714-727 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


T. Kim, D. S. Kim, G.-W. Jang, L. C. Jang 


13 


where 


4 2) = f Q 72 {x)e- Mnx dx = £{f~ x+ J) 


—2-Kinx 


dx = — 


(27rzn) 2 ' 


(4.12) 


Case 2: n = 0. 

Cf"’ = (4-13) 

As 7 m (l) = 7 m (0), for all m > 2, 7 m (< x >) is piecewise C°°, and continuous. Hence the Fourier 
series of 7 m (< x >) converges uniformly to J m {< x >), and 

7m (< x >) 


m 2 {m + 1) 

4 


E, 


m + 1 


°0 / A m ( \ 771 \ 

E l 4 \ ' (Wj s £/ m _ s+ i / jj. ^ , | „2ninx 

1 m , i {Em-1 E m -s) | e 


. to z — / (27rm) s m — s + 1 

n=-oo,ra#0 \ s=2 v ' 


o/ i i \ -^m+1 ^ , 

m z {m + 1) to 


4 F - — V 
m+1 to E 

s=2 


Hl\ Em— s ~ |-i 

s / m — s + 


| —s! ^ 

n=— oo,n^0 


00 „27r inx 


e 

(27 rin) s 


m 2 (m 4- 1) 

, m 

= -- E 

m z — / 


?77,\ Am— s+1 

s / m — s + 1 


nA F/m—s+1 , . / \ 

I .. {E m —1 E m — s jB s { < ^ x >) 

S ) TO — S + 1 

{Em— 1 Hm—s)E s {<C X >) 


s=0,s#l 

Finally, we obtain the following theorem. 

Theorem 4.1. Let m be an integer > 2. TTien we have the following, 
(a) E™=0 k(m-k) E k{< x >)E m -k{< X >) has the Fourier expansion 

m— 1 


TO 2 (TO + 1) 


E, 


oo / a m / \ \ 

, V I 4 W- (to) s -Em-s+1 _ rr \ \ 2 

'm+1 + / , 1 / /o ' Is 1 1 \Em— 1 E m —s) I C 

ri=-oo,n#0 \ s=2 v ' / 


for all x € (— 00 , 00 ), where the convergence is uniform. 

(b) 

m — 1 


E 

fc=l 


1 


/c(m — A:) 


E’/ c (< X >)Em-k{< X >) 


Tfi\ E m — S - |_i 


s / m — s + 1 


= -- E 

TO 

s=0,s#l 

for all x € (— 00 , 00 ), where B s {< x >) is the Bernoulli function. 


{Em— 1 Em—s)E s {<. X >), 


(4.14) 


(4.15) 


(4.16) 
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Quotient subtraction algebras by an int-soft ideal 
Sun Shin Ahn 1 and Young Hee Kim 2 * 
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Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering 
many problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of an 
intersectional soft subalgebra and an intersectional soft ideal of a subtraction algebra are introduced, and related 
properties are investigated. A quotient structure of a subtraction algebra using an intersectional soft ideal is 
constructed. 


1. Introduction 

The real world is inherently uncertain, imprecise and vague. Various problems in system 
identification involve characteristics which are essentially non-probabilistic in nature [16]. In 
response to this situation Zadeh [17] introduced fuzzy set theory as an alternative to probability 
theory. Uncertainty is an attribute of information. In order to suggest a more general framework, 
the approach to uncertainty is outlined by Zadeh [18]. To solve complicated problem in economics, 
engineering, and environment, we can’t successfully use classical methods because of various 
uncertainties typical for those problems. There are three theories: theory of probability, theory 
of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for 
dealing with uncertainties. But all these theories have their own difficulties. Uncertainties can’t 
be handled using traditional mathematical tools but may be dealt with using a wide range of 
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague 
sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have 
their own difficulties which are pointed out in [14], Maji et al. [13] and Molodtsov [14] suggested 
that one reason for these difficulties may be due to the inadequacy of the parametrization tool 
of the theory. To overcome these difficulties, Molodtsov [14] introduced the concept of soft set 
as a new mathematical tool for dealing with uncertainties that is free from the difficulties that 
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the 
applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory 
and its applications in recent years. Evidence of this can be found in the increasing number 

°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: y-inclusive set; int-soft subalgebra; int-soft ideal; subtraction algebra. 

* The corresponding author. 

°E-mail: sunsh.ine@dongguk.edu (S. S. Ahn); yhkim@chungbuk.ac.kr (Y. H. Kim). 
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of high-quality articles on soft sets and related topics that have been published in a variety of 
international journals, symposia, workshops, and international conferences in recent years. Maji 
et al. [13] described the application of soft set theory to a decision making problem. Maji et 
al. [12] also studied several operations on the theory of soft sets. Akta§ and Qagman [4] studied 
the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing 
examples to clarify their differences. They also discussed the notion of soft groups. Jun [9] 
discussed the union soft sets with applications in BCK/BCI- algebras. We refer the reader to 
the papers [1, 5, 7, 8, 15] for further information regarding algebraic structures/properties of soft 
set theory. 

In this paper, we discuss applications of the an intersectional soft sets in a subalgebra (an ideal) 
of a subtraction algebra. We introduce the notion of an intersectional soft subalgebra (ideal) of 
a subtraction algebra, and investigate some related properties. We consider a new construction 
of a quotient subtraction algebra induced by an int-soft ideal. Also we investigated some related 
properties. 


2. Preliminaries 


We review some definitions and properties that will be useful in our results (see [10]). 

By a subtraction algebra we mean an algebra (. X , *, 0) with a single binary operation “ — ” that 
satisfies the following conditions: for any x,y, z G S, 

(51) x — (y — x) — x, 

(52) x - (x - y) = y - (y - x), 

(53) (x - y) - z = {x - z) - y. 

The subtraction determines an order relation on A": a < b if and only if a — b = 0, where 0 = a — a 
ia an element that does not depend on the choice of a G X. The ordered set (. X ; <) is a semi- 
Boolean algebras in the sense of [2], that is, it is a meet semilattice with zero 0 in which every 
interval [0, a] is a Boolean algebra with respect to the induced order. Hence a A b — a — (a — b); 
the complement of an element b G [0, a] is a — b ; and if b, c G [0, a], then 

b V c = (&' A c')' = a — ((a — b) A (a — c)) 

= a — ((a — b) — ((a — b) — (a — c))). 

In a subtraction algebra, the following are true: 

(al) (x - y) - y = x - y, 

(a2) x — 0 = x and 0 — x = 0, 

(a3) (x — y) — x = 0, 
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(a4) x-(x-y) <y, 

(a5) (x — y) — (y — x) = x — y, 

(a6) x — (x — (x — y)) = x — y, 

(a7) (x - y) - (z - y) < x - z, 

(a8) x < y if and only if x = y — w for some w G X, 

(a9) x < y implies x — z < y — z and z — y < z — x for all z G X, 

(alO) x,y < z implies x — y = x A (z — y), 

(all) (x A y) — (x A z) < x A (y — z). 

A non-empty subset A of a subtraction algebra X is called a subalgebra ([10]) of X if x — y G A 
for any x,y G A. A non-empty subset / of a subtraction algebra X is called an ideal ([10]) of X 

if 

(11) 0 G /, 

(12) x — y,y G / imply x G / for any x,y, z G X. 

A mapping / : X — > Y of subtraction algebras is called a homomorphism if f{x-—y) = f(x) — f(y) 
for all x, y G X. 

Molodtsov [12] defined the soft set in the following way: Let U be an initial universe set and 
let A be a set of parameters. We say that the pair ( U,E ) is a soft universe. Let &{U) denotes 
the power set of U and A, B,C, ■ ■ ■ C E. 

A fair (/, A) is called a soft set over U, where / is a mapping given by / : X — > &(U). 

In other words, a soft set over U is parameterized family of subsets of the universe U . For 
s G A, f(e) may be considered as the set of ^-approximate elements of the set (/, A). A soft set 
over U can bd represented by the set of ordered pairs: 

(/> A) = {(x,f(x))\x G A,f(x) G ^{U)}, 

where / : X — > AA(U) such that f(x) = 0 if x ^ A. Clearly, a soft set is not a set. 

For a soft set (/, A) of X and a subset 7 of U, the 7- inclusive set of (/, A), defined to be the 
set 

*4/; 7 ) : = e A \l c f{x)}. 

3. Intersectional soft subalgebras 

In what follows let X denote a subtraction algebra unless otherwise specified. 

Definition 3.1. A soft set (f,X) over U is called an intersectional soft subalgebra (briefly, 
int-soft subalgebra of X if it satisfies: 

(3.1) f(x) n f(y) C f(x - y ) for all x, y G X. 
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Proposition 3.2. Every hit-soft subalgebra ( f,X ) of a subtraction algebra X satisfies the 
following inclusion: 

(3.2) f(x) C /( 0) for all x G X. 


Proof. Using (3.1), we have f(x ) = f(x) D f(x) C f(x — x) = /( 0) for all x G X. □ 


Example 3.3. Let ( U 

following Cayley table: 


Z, A") where A" = {0,1, 2, 3} is a subtraction algebra ([11]) with the 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

2 

2 

2 

0 

0 

3 

3 

2 

1 

0 


Let (f,X) be a soft set over U defined as follows: 


f Z if x = 0 

f :X &{U), xi-> < 2Z if re G {1,2} 

y 4Z if x = 3. 

It is easy to check that (/, A") is an int-soft subalgebra over U. 

Theorem 3.4. A soft set (/, A") of a subtraction algebra X over U is an int-soft subalgebra of 
X over U if and only if the 7 - inclusive set ix(f', 7 ) is a subalgebra of X for all 7 G &(U) with 
ix(f; 7 ) ^ 0- 

Proof. Assume that (/, X) is an int-soft subalgebra over U. Let x, y G X and 7 G ,X*(U) be such 
that x, y G i x {f] 7 )- Then 7 C /( x) and 7 C f(y). It follows from (3.1) that 7 C /( x) D f(y) C 
/( x — y) Hence x ^ y G ix(f', l)- Thus ix(f, X) is a subalgebra of X. 

Conversely, suppose that ix(f',l) is a subalgebra X for all 7 G dP{U) with ix(f',l) 7 ^ 0- Let 
x, y G X , be such that /( x) = 7 x and f(y) = 7 y . Take 7 = 7 ^ Cl 7 y . Then x, y G ix(f ; 7 ) and so 
x — y G ix(f', 7 ) by assumption. Hence /( x) D f(y) = hx H 7 ^ = 7 C /(re — 7 /). Thus (/, X) is an 
int-soft subalgebra over U . □ 

The subalgebra ix(f ; 7 ) in Theorem 3.4 is called the inclusive subalgebra of A7 

Theorem 3.5. Every subalgebra of a subtraction algebra can be represented as a 7 - inclusive set 
of an int-soft subalgebra. 
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Proof. Let A be a subalgebra of a subtraction algebra X. For a subset 7 of U, define a soft set 
(/, X) over U by 

Obviously, A = 7)- We now prove that (/, X) is an int-soft subalgebra over U. Let x, y £ X. 

If re, y £ A, then x — y £ A because A is a subalgebra of X. Hence /(x) = /(y) = /(x — y) — 7, 
and so /(x) fl /(y) C /(x — y). If x G A and y ^ A, then /(x) = 7 and /(y) = 0 which imply that 
/(x) 0 /(y) = 7 0 0 = 0 C /(x — y). Similarly, if x ^ A and y £ A, then f(x) 0 /(y) C f(x — y). 
Obviously, if x ^ A and y ^ H, then /(x) 0 /(y) C /(x — y). Therefore (/, X) is an int-soft 
subalgebra over U. □ 


Any subalgebra of a subtraction algebra X may not be represented as a 7-inclusive set of an 
int-soft subalgebra (f,X) over U in general (see the following example). 

Example 3.6. Consider a subtraction algebra X = {0, 1,2,3} which is given Example 3.3. 
Consider a soft set (/, X) which is given by 


/ : X &{U), x ^ 


{0,1} if x = 0 
{1} ifxG { 1 , 2 , 3 } 


Then (/, X) is an int-soft subalgebra over U. The 7-inclusive set of (/, X) are described as 
follows: 

'x if 7 e {0, { 1 }} 
ix(! ;t) = {0} if 7 6 {{0}, { 0 , 1 }} 

otherwise. 

The subalgebra {0,2} cannot be a 7-inclusive set 7) since there is no 7 C U such that 
ix(f; 7) = {0,2}. 

We make a new int-soft subalgebra from old one. 

Theorem 3.7. Let (/, X) be a soft set of a subtraction algebra X over U. Define a soft set 
(/*,X) of X over U by 


f* : X -£ x ey 


f{x) if x G Lv(/; 7) 
0 otherwise 


where 7 is a non-empty subset subset ofU. If (/,X) is an int-soft subalgebra of X, then so is 

(/*,*)■ 
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Proof. If (/, X) is an int-soft subalgebra over U , then ix(f', 7) is a subalgebra of X for all 7 C U 
by Theorem 3 . 6 . Let x, y E X. If x,y E ix(f ; 7), then x — y E ix(f) l)- Hence we have 

/* 0 ) n f*(y) = f(x) n f(y) C /(x - y) = /* (x - y). 

If x £ ixif'i 7) or V £ ix(f\ 7 ), then f*(x) = 0 or /*(?/) = 0 . Thus 

/*(z) n /*(y) = 0 c /*(x - y). 

Therefore (f*,X) is an int-soft subalgebra over U. □ 

Definition 3.8. A soft set (f,X) over U is called an intersectional ideal (briefly, int-soft ideal ) 
of X if it satisfies ( 3 . 2 ) and 
( 3 . 3 ) f(x -y) n f(y) C f( x ) for all x,y E X. 


Example 3.9. (1) Let E = X be the set of parameters and let U = X be the universe set where 
X = { 0 , a, b, c} is a subtraction algebra ([ 3 ]) with the following Cayley table: 


* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

a 

a 

6 

6 

b 

0 

6 

c 

c 

c 

c 

0 


Let (f,X) be a soft set over U defined as follows: 


/ : X -> &{U), x eA 


72 if x E { 0 , a} 
71 if x E {6, c} 


where 71 and 72 are subsets of U with 71 C 72 It is easy to check that (f,X) is an int-soft ideal 
of X. 

( 2 ) In Example 3.3, (/, X) is an int-soft subalgebra of X. But it is not an int-soft ideal of X , 
since /( 3 - 1 ) n /( 2 ) = 2 Z £ 4 Z = /(3). 

Proposition 3.10. Every int-soft ideal (f,X) of a subtraction algebra X satisfies the following 
inclusion: 

(i) (Vx, y E X){x< y^ f(y) C /(x)), 

(ii) (Vx,y,z G X)(f((x-y) -z)nf(y) C f(x-z)). 


Proof, (i) Let x,y E X be such that x < y. Then x — y = 0 . Hence /(y) = /( 0 ) fl /(?/) = 
/(x -y) nf(y) C /(x). 

(ii) Let x,y,z E X. Using (S3) and (3.3), we have f((x-y)-z))nf(y) = f((x-z)**y))nf(y) C 
f(x-z). □ 
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Theorem 3.11. Let ( f,X ) be a soft set of X over U. Then ( f,X ) is an int-soft ideal of X over 
U if and only if 

(3.4) (Vx,y,z G X)(x-y <z^ f{z)nf{y) C f(x)). 

Proof. Assume that (/, A) is an int-soft ideal of X over U. Let x,y and z G X be such that 
x — y < z. By Proposition 3.10(i) and (3.3), we have f(z) fl f(y) C f(x — y) D f(y) C f(x). 

Conversely, suppose that (/, A) satisfies (3.4). By (a2), we get 0 < x for any x G X. Using 
Proposition 3.10(i), we have f(x) C /( 0) for any x G X. By (a4), we have x — (x — y) < y for 
any x,y G X. It follows from (3.4) that f(y) fl f(x — y) C f(x). Hence (3.3) hold. Therefore 
( f,X ) is an int-soft ideal of X over U. □ 

Theorem 3.12. A soft set (/, X) of X over U is an int-soft ideal of a subtraction algebra X over 
U if and only if the 7 - inclusive set ix(f',T ) is an ideal of X for all 7 G with ix(f',l) 7 ^ 0- 

Proof. Similar to Theorem 3.4. □ 

The ideal ix(f ; 7 ) in Theorem 3.12 is called the inclusive ideal of X. 

Proposition 3.13. Let ( f,X ) be a soft set of a subtraction algebra X over U. Then the set 
Xj := {x G A|/(x) = /( 0)} is an ideal of X. 

Proof. Obviously, 0 G Xj. Let x, y G X be such that x—y G Xj and y G Xj. Then f(x—y) = /( 0) 
and f(y) = /( 0). By (3.3), we have /( 0) = f(x — y)C I f(y) C /(x). It follows from (3.2) that 
f(x) = /(0). Hence x G Xy Therefore Xj is an ideal of X. □ 

4. Quotient subtraction algebras induced by an int-soft ideal 

Let (/, A") be an int-soft ideal of a subtraction algebra X. For any x, y G X, we define a binary 
operation “ ” on X as follows: 

x yyy f( x -y) = f(y - x) = /( 0 ). 

Lemma 4.1. The operation is an equivalence relation on a subtraction algebra X. 

Proof. Obviously, it is reflexive and symmetric. Let x, y and z G X be such that x y and 
y ~~ f z. Then f(x - y) = f(y - x) = /( 0) and f(y - z) = f{z - y) = /( 0). By (a7), we 
have (x — z) — (y — z) < x — y and (z — x) — (y — x) < z — y. Using (3.4) and (3.2), we have 
/( 0) = f(x -y) O f(y - z) C f(x - z) C /( 0) and /(0) = f(z - y) D f(y - x) C f(z - x) C_ /(0). 
Hence f(x — z) = f(z — x) = /( 0). Thus x z, that is, is transitive. Therefore is an 
equivalence relation. □ 

Lemma 4.2. For any x, y, u, v G X, if x y and u v, then x — u y — v. 
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Proof. Let x, y, u, v G X be such that x y and u v. Then f(x — y) — f(y — x) = /( 0) and 
f(u — v) = f(v — u ) = /( 0). Since (x — u) — ( y — u ) < x — y and ( y — u ) — (x — u) < y — x, it follows 
from Proposition 3.10(i) that /( 0) = f(x — y) < f((x — u) — (y — u )) and /( 0) = f(y — x) < 
f((y-u)-(x-u)). By (3.2), we have f((x-u)-(y-u)) = /( 0) and f((y-u)-(x-u)) = /( 0). 
Hence x — u y — u. 

By (a4), (a9) and (S3), we have (y — (y — v)) — u = (y — u) — (y — v) < v — u. Using 
Proposition 3.10(i), we obtain /( 0) = f(v — u) < f((y — u) — (y — v)). It follows from (3.2) 
that f((y — u) — (y — v )) = /( 0). By a similar way, we get f((y — v) — (y — u )) = /( 0). Hence 
y — v y—u. Since is symmetric, we have y—u y—v. Since is transitive, x—u y—v. 
Therefore is a congruence relation on A". □ 

Denote f x and X/f the equivalence class containing x and the set of all equivalence classes of 
X, respectively, i.e., 

fx ■■= {y e X\y x} and X/f := {f x \x E X}. 

Define a binary relation — on X/f as follows: 

fx fy f x—y 

for all f Xl fy G X/f. Then this operation is well-defined by Lemma 4.2. 

Theorem 4.3. If ( f,X ) is an int-soft ideal of a subtraction algebra X, then the quotient 
X/f := (X/f-, — ) is a subtraction algebra. 

Proof. Straightforward. □ 

Proposition 4.4. Let y : X — > Y be an epimorphism of subtraction algebras. If (/, Y) is an 
int-soft ideal ofY, then (/ o // , X) is an int-soft ideal of X. 

Proof. For any x G X, we have (/ o y)(x) = f(y(x)) C f(0 Y ) = f(y(0 x )) = (/ o y)(0 x ) and 
(/ ° h)(x) = f(h(x)) 5 f(l*(x) — y cl) H / (a) for any a G Y. Let y be any preimage of a under y. 
Then we have 

(f°h)(x) 5/Mx)-ya))n/(o) 

= /(Mu> - M) n f(y(y)) 

= f(y(x - x y) nf(y(y)) 

= (/ ° h)(x -X y)r\(fo y)(y). 

Hence / o y is an int-soft ideal of X. □ 

Proposition 4.5. Let (/, X) be an int-soft ideal of a subtraction algebra X. The mapping 
7 : X — * X/f, given by y(x) := f x , is a surjective homomorphism, and Kery = {x G X\y(x) = 

fo} = X f . 
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Proof. Let f x G X/f. Then there exists an element x G X such that ^{x) = f x . Hence 7 is 
surjective. For any x,y G X, we have 


j(x -y) = f x — y = fx- fy = l(x) ~ t(S/)- 

Thus 7 is a homomorphism. Moreover, Ker 7 = {x G X\^(x) = / 0 } = {x G X\x G / 0 } = {x G 
X\x 0} = {a: G X\f(x) = /( 0)} = Xp It completes the proof. □ 


Proposition 4.6. Let a soft set (/, X) over U of a subtraction algebra X be an int-soft ideal of 
X. If J is an ideal of X, then J/f is an ideal of X/f . 

Proof. Let a soft set ( f,X ) over U of a subtraction algebras X be an int-soft ideal of X and let 
J be an ideal of X. Then 0 G J . Hence / 0 G J/f. Let f x , f y G J/f such that f x — f y G J/f and 
f y G J/f. Since f x - y — f x — f y , we have x — y, y G J. Since J is an ideal of X, we have x G J . 
Hence f x G J/f. □ 

Theorem 4.7. If J* is an ideal of a quotient subtraction algebra X/f, then there exists an ideal 
J = {x G X\f x G J*} in X such that J/f — J*. 

Proof. Since J* is an ideal of X/f , f 0 G J*. Hence 0 G J. Let f x ,f y G J/f be such that 
fx - fy, fy e J*. Since f x _ y = f x - f y , we have x-y,y G J. Since J* is an ideal of J/f, f x G J/f 
and so x G J. Therefore J is an ideal of X. By Proposition 4.6, we have 

J/f ={fi\ J£J} 

= {fj\3f x G J* such that j x} 

= {fj\3f x G J* such that f x = f 3 } 

= {f j \f j £j*} = r. 

□ 


Theorem 4.8. Let a soft set (f,X) over U be an int-soft ideal of a subtraction algebra X. If 

X/f 


J is an ideal of X, then 


J/f 


^ X/.J. 


Proof. Note that = {[f x ]j/f\f e x / /}. If we define ip : — >• X/.J by ^([/Jj//) = 

J/f J/f 

J y}, then it is well defined. In fact, suppose that [f x ]j/f = [fy]j/f- Then 
fy, fy-x = fy - L & J/f ■ Hence y - x,x - y G J. Therefore 


[x\j = {y G X\x 

fx 


' J/f f y and so f x _ y = f. 
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X / f 

x y, i.e., [x\j = [y}j. Given [f x ] J/f -, [ f y \ J/f ~ G — j, we have 


Viifxlj/f-ifvlj/f) =( p{[fx ~ fy\j/f) = [x-y]j 

= l x h ~ [v\j = Mx\j /f ) - v(lf y }j/f )• 

Hence ip is a homomorphism. 

Obviously, p> is onto. Finally, we show that p> is one-to-one. If <p([f x ]j/f) — L P([fy]j/f)i then 
[x\j = [; y\j , i.e., x ~ J y. If f a G [f x ]j/f, then f a ~ J /f f x and hence f a - x , fx-a G J/f. It follows 
that a — x,x — a G J, i.e., a ~ J x. Since is an equivalence relation, a y and so J a = J y . 
Hence a - y,y - a G J and so f a - y , f y - a G J/f. Therefore f a ~ J// f y . Hence f a G [/ y ]j//. 
Thus [/o,]^; C [fylj/j. Similarly, we obtain [f y }j/f C [7*]^-. Therefore [7,]^/ = [/y]^/- It is 
completes the proof. □ 
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Abstract 

In this paper, we study the solution set of variational like-inequalities (in this sense we are called 
r]- variational inequalities) and introduce the notion of a weak sharp set of solutions to 77- variational 
inequality problem in reflexive, strictly convex and smooth Banach space. We also present sufficient 
conditions for the relevant mapping to be constant on the solutions. Moreover, we characterize the 
weak sharpness of the solutions of 77-variational inequality by primal gap function. 

Keywords: 77-variational inequality, Gap function, Weakly sharp solution 


1. Introduction 

Burke and Ferris [□] introduced the concept of a weak sharp minimum to present sufficient con- 
ditions for the finite identification, by iterative algorithm, of local minima associated with mathe- 
matical programming in space R". Patriksson [□] has generalized the concept of the weak sharpness 
of the solution set of a variational inequality problem (in short, VIP). Their concepts have been 
extended by Marcotte and Zhu [D] to introduce another the notion of weak sharp solutions for 
variational inequalities. They also characterized the weak sharp solutions in terms of a dual gap 
function for variational inequalities. The relevant results have been obtained by Zhang et al. m 
It is further study by Wu and Wu pen]. Hu and Song pjj have extended the results of weak 
sharpness for the solutions of VIP under some continuity and monotonicity assumptions in Banach 
space. They also introduce the notion of weak sharp set of solutions to a variational inequality 
problem in a reflexive, strictly convex and smooth Banach space and present its several equivalent 
conditions. Liu and Wu [ 0 ] studied weak sharp solutions for the variational inequality in terms of 
its primal gap function. They also characterized the weak sharpness of the solution set of VIP in 
terms of primal gap function. Recently, AL-Hamidan et al. [IB] give some characterization of weak 
sharp solutions for the VIP without considering the primal or dual gap function. 

In this paper, we provide some general two concepts of Liu and Wu [ 0 ] and Hu and Song [ 0 ] to 
study the weak sharpness of solution set of 77-variational inequality problem in Banach space. We 
also give some characterizations of weak sharp solutions for the 77- VIP and also present its several 
equivalent conditions. Our purpose in this paper is to develop the weak sharpness result in space 
R n . 
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The paper is organized as follows. Section 2 discuss the new concepts of the Gateaux differen- 
tiable and Lipschitz continuity of the primal gap function and we also introduce the main definitions. 
Several equivalent conditions for F to be constant are discuss and present some relationship among 
C v , C v , T(x*), and A(x*) in Section 3. Finally, section 4 addresses the weak sharpness of C v in 
terms of the primal gap function is characterized. 


2. Preliminaries and formulations 


Let E be a real Banach space with is topological dual space E* and (• , • } denote the pairing 
between E and E* respectively. For a mapping from y : E x E to E . Let g be a mapping from 
E into Banach space Y . The mapping g is called directionally differentiable at a point a: € £ in a 
direction v £ E if the limit 


a'(x, v ) := lim 
v ' 40 


g(x + tv) - g(x) 
t 


exists. We say that g is directionally differentiable at x, if g is directionally differentiable at x in 
every direction v £ E. 

The mapping g is called Gateaux differentiable at x if g is directionally differentiable at x and 
the directional derivative g'(x,v ) is linear and continuous in v and we denote this operator by 
Vg(x),i.e. (Vg(x),v) = g'{x,v). 


Definition 2.1. Let g be a mapping from E into Banach space Y. The mapping g is called 77- 
Gateaux differentiable at x if g is Gateaux differentiable at x and there exists a unique £ £ E* such 
that (£,77(77,0)) = (Vg(x),v) ,Vv £ E. We denote this operator by V t] g(x) i.e. (V r) g(x),r](v, 0 )) = 
g'(x,v). 


We defined 77-subdifferential of a proper convex function / at x £ E is given by 


d v f{x) := {x* £ E* : {x*,T]{y,x)) < f(y) - f(x),Vy £ E}. 


Let C be a closed convex subset of E. The mapping Pq : E — > 2 C defined by 


P c {x) \= {y £ C : ||s - 7/11 = d(x, C)}, 


is called the metric projection operator. 

We known that if If is a reflexive and strictly convex Banach space, Pc is a single-valued 
mapping. 

The duality mappings J : E — > 2 E and J* : E* — » 2 E are defined by 

J(x) = {x* £ E* : { x*,x ) = \\x* ||^ = ||x|| 2 }, Va; £ E 


and 

J* Or*) = {x £ E : (x,x*) = ||x|| 2 = ||a;*|| 2 }, Vx* £ E* . 

We know the following (see [0]) 

(i) if E is smooth, then J is single- valued; 

(ii) if E is reflexive, then J is onto; 

(iii) if E is strictly convex, then J is one-to-one; 

(iv) if E is strictly convex, then J is strictly monotone. 

Thought out this paper, we let 77 : E x E to E be satisfy the following condition; 

(i) 77 is continuous on E x E- 

(ii) for any x,y £ E, y{x,y) = -rj(y,x); 


2 
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(iii) for any x,y £ E and a, (3 are scalars, rj(ax + /3y , 0) = arj(x , 0) + /3rj(y, 0); 

(iv) there exists k > 0 such that \\r](x, 3/) || = fc||a; — y\\ for all x,y £ E; 

(v) rj(E x {0}) = E. 

For a mapping g from a Banach space E into Banach space Y . we say that g is ry-locally Lipschitz 
on E if for any x £ E there exist S > 0 and L > 0 such that 

\\g(x)- g(y)\\< L\\T](x,y)\\, for all x,y £ B(x,S). 

The following results are importance: 

/■INI 

Lemma 2.2 ([0]). Let E be a Banach space, J : E — > 2 E a duality mapping and $(||a;||) = / ds, 
0 ^ x £ A'. Then J(x) = 9$(||x||). 

Lemma 2.3. Assume that E is a reflexive, strictly convex and smooth Banach space. Let C be a 
closed convex subset of E and x £ C . Then the following are equivalent: 

(i) x is a best approximation to x :||jj(a;, i)|| = inf ||jj(a;, y)||. 

sec 

(ii) the inequality ( J(j]{x, x)), r](y, x)) <0, Vy £ C holds. 

Proof, (ii) => (z) For each x £ E. Let x £ C such that 

(J(r](x,x)),r](y,x)} < 0 Vy £ C. 


Then 

\\r/(x,x)\\\\J(ri(x,x))\\t, = (J(y(x,x)),r](x,x)) 

< (J(r](x,x)),r](x,x)) + (J(r](x,x)),r](x,y)), My £ C 

= (J(v(x,x)),r](x,y)), My £ C 

< \\J(r](x,x))\\4r](x,y)\\, My&C. 

Hence, \\y(x,x)\\ = inf \\r](x, y)\\. 

yec 

( i ) => (ii) For each x £ E. Suppose that x £ C such that 

ll»7(z>£)ll = inf \\y(x,y)\\. 
y&C 

Since C is convex, we obtain that 

\\v(x,x)\\<\\r](x,(l-t)x + ty)\\, My £ G and t £ [0, 1], 


which implies that 


$ (ll ? 7(*^)ll)- $ (ll 7 ?(2; 5 ( 1 -i)^ + i 2/)ll)> Vz/£C and t £ [0, 1], 
where d> : R + — > R + give by $(:r) = / ds, for all x £ R + . 

J o 

By Lemma EZ3, J(z) = 5i>(||2:||). It follows that 

(J(rj(x, (1 - t)x + ty)), rj(x, x) - r/(x, (1 - t)x + ty )) < $(||z7(x, £)||) - $(||z?(a;, (1 - t)x + ty)\\) 

< 0, My £ C and t £ [0, 1] , 

that is, 

t{ J(y(x, (1 — t)x + ty)), y(y, x)) < 0, My £ C and t £ [0, 1] 
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Therefore, 

(1 -t)x + ty)),r](y,x)) < 0, My £ C and i e [0, 1] . 

Taking t —> 0, we have 

( J (rj(x, £)), t)(y, x)) <0, My £ C. 

□ 


Remark 2.4. By definition of 77 for each x € E if x = Pc{x ) then \\r](x, x)|| = inf \\rj(x, j/)||. 

»eC 

If C is a closed convex subset of E and x £ C, then the 77-tangent cone to C at x has the form 

Tg(x) = {d £ E : there exists a bounded sequence {dk} C X with 77 (d fe , 0) — >■ d. t k 4, 0 
such that x + tkdk £ C, Mk £ N}. 

In the above, denote Xk = x + tkdk £ C. Taking the limit as k — > +00, tk —t 0, which implies 
that tkdk —> 0, thereby leading to Xk —> x. Also from construction, 

tk 

Thus, the ?7-tangent cone can be equivalently expressed as 

Tq(x) = {d £ E : there exists sequence {xk} C C with Xk — > x, tk 4 0 

such that -> d }. 

tk 

Proposition 2.5. Consider a set C C E and x £ C. Then the following hold: 

(i) Tfl( x) is closed; 

(ii) If C is convex, Tq( x) is the closure of the cone generated by r/(C x {a;}) , that is, 

Tq(x) = cone(rj{C x {a;})) 

Proof, (i) Suppose that {dk} Q Tc( x ) such that dk —> d. Since dk £ T£(x), there exist {x r k } C C 
with x r k ^rx and {t k } C K + with — >• 0 such that 


V{x r k ,x) 


dk> 


Mk £ N. 


For a fixed k, there exists r such that 


V(x r k ,x) 

% 


dk\\ < ^ i 


Mr > r. 


Taking k — ► +00, one can generate a sequence {xk} C C with Xk — > x and tk 4- 0 such that 


V(x k ,x) 

tk 

Thus, d £ Tq(x). Hence, Tfl(x) is closed. 

(ii) Suppose that d 6 x), which implies that there exist {xk} C C with Xk — > x and {tk} C K + 

with tk — > 0 such that 

y{x k ,x) 

»• d. 

tk 

Observe that r]{xk,x ) £ r]{C x {T}). Since tk > 0, > 0. 

rj(xk,x) 

£ cone 77 (C x 

tk 


Therefore, 

{*})• 
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Thus, d £ cone(r](C x {a/})). Hence, T@( x) C cone(//(C x {a;})). 

Conversely, for each x £ C. Define a sequence 

Xk=x+y(x — x), Vfc £ N. 
k 

By the convexity of C, it is obvious that {xk} C C. Taking k — > +oo, Xk — >■ x, by construction, we 
obtain that 

kr)(xk,x) = rj(x,x). 

Set tk = \ > 0, tk — > 0 such that r](x,x), which implies that rj(x,x) £ Tq(x). 

Since C is arbitrary, r/(Cx {a;}) CTq(x). Because Tq,(x) is cone, we have cone(r)(Cx {a;})) 
1q(x). By (i), Tq(x) is closed, which implies that cone(rj(C x {a;})) C Tq(x). 

The //-normal cone to C at x is defined by N^(x) := [T^(x )]° , where 


If C is convex, then 


H° := {x* £ E* : (x*,x) < 0,Vx £ A}. 


N c ( x ) := 


{x* £ E* : (x*,r](c, x)) < 0 for all c£C} 

0 , 


if x £ C, 
if x C. 


Let C be a nonempty closed convex subset of reflexive, strictly convex and smooth Banach space 
E. For a mapping F from E into E* , the rj -variational inequality problem [//-VIP] is to find a vector 
x* £ C such that 


(F(x*),r](x,x*)} > 0 for all x £ C. (2.1) 

We denote the solution set of the //-VIP by C v 

The rj- dual variational inequality problem [//-DVIP] is to find a vector x* £ C such that 

(. F(x),r](x,x *)) > 0 for all x £ C. (2.2) 

We denote the solution set of the //- DVIP by C v 

Definition 2.6. The mapping F : E — > E* is said to be: 

(i) r)-monotone on C if {F(x) — F(y),r)(y,x)) > 0 for all x,y £ C; 

(ii) y-pseudomonotone at x £ C if for each y £ C there holds 


{F(x), T)(y, x)) > 0 => (F(y),r](y,x)) > 0; 

(iii) rj-pseudomonotone + on C if it is //-pseudomonotone at each point in C and, for all x,y £ C, 


{F(y),y(x,y)) > 0 
( F(x),r](x,y )) = 0 


=*> F(x) = F(y). 

Now, we define the primal gap function g(x) associated with 7 /- VIP (EH) as 


g(x) := swp{(F(x),ri(x,y))}, for all x £ E, 
v&C 

and we setting 

T{x) :={y £C : (F(x, y{x, y))) = g{x)}. 

Similarly, we define the dual gap function G{x) associated with //-DVIP (E2I) as 


G(x) := sup {{F(y),rj{x,y))}, for all x £ E, 

y&C 

and we setting 

A 0*0 :={y£C: {F{y,r](x,y))) = G(x)}. 
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3. Sufficient condition for constancy of F on C v and some properties of the primal 
gap function 

In this section, we discuss about relations among C v , C v , F(x*), and A(x*). We study suf- 
ficient condition for F to be constant on G n and also study the ??-Lipschitz continuity and 77- 
subdifferentiability of the primal gap function g in terms of the mapping F. 

Proposition 3.1. Let x £ C . Then 

(i) x £ C 1 <£> g(x) = 0 <£> x £ r(x); 

(ii) x £ C v <£> G(x) = 0 <£> x £ A(x). 

Proof, (i) Consider 

x € C v <£> {F(x),g(y, x)) > 0, Vy £ C 
{F(x),rj(x, y)) < 0, Vy £ C 
g(x) = 0. 

And we also consider 

x G T(x) (F(x), 77 (x, x)) = y(x) 

0 = y(x). 

Similarly, we can obtain (ii). □ 

Proposition 3.2. If F is g-pseudomonotone on C, C v C C n . 

Proof. Immediate from the definitions. □ 

The following proposition we present a sufficient condition for F to be constant on C v . 

Proposition 3.3. Let F be g-pseudomonotone + on C n . Then F is constant on C v 

Proof. Let X\,X 2 6 C v . Since F is ?7-pseudomonotone + on C v , we have 

(F(xi),77(x 2 ,Xi)) > 0 and (F(x 2 ),g{x 1 ,x 2 )) > 0. 

By pseudomonotonicity of F on G n . we have 

(F(xi), 7y(xi, X2)) > 0 it follows that (F(xi), ??(xi, X2)} = 0. 

Since F is 77-pseudomonotone + on C v and (F(x 2 ),g(xi,x 2 )) > 0, implies that F(xi) = F(x 2). 
Hence, F is constant on C v . □ 

Proposition 3.4. Let F be y-pseudomonotone + on C and x* £ C v . Then C v = A(x*) and F is 
constant on A(x*). 

Proof. First, we prove that F is constant on A(x*). For x* £ C v and c £ C, we have 
{F(x*),rj(c,x*)) > 0. Since F is pseudomonotone, we get that 

(F(c),77(c, x*)) > 0,Vc £ C. It follows that G(x*) = 0. 

For c £ A(x*), we have 

(F(c), 77(0, x*)) = — G(x*) = 0 and hence F(c) = F(x*). 
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It sufficient to show that C v = A(x*). 

(C) : Let y* £ C' n . Then {F(y*),r](x* ,y*)) > 0. Since x* £ C v C C v , we have 

(F(z),i}(z,x*)) >0,Vz£ C. 

It follows that G(x*) = 0, and {F(y*),r](y* , x*)) > 0. Therefore, 

(F(y*),r](x*,y*)) = 0 = G(x*), that is, y* £ A(x*). Thus C’CAfi*). 

(D) : Let y* £ A(x*). Then (F(y*), rj(x*, y*)} = G(x*) > 0. Since x* £ C n , we have 

(■ F(x*),v(y,x *)) > 0 ,Vy £ C. 

Note that x* £ A(x*), we have F(x*) = F(y*). Consider, for all y £ C, 

0 < {F(y*),y(y,x*)) = (F(y*),r)(y,y*)} + {F(y*),r](y* ,x*)) 

implies 0 < (F(y*),rj(x* ,y*)) < (F(y*),y(y,y*)),\/y £ C. Therefore, C v = A(x*). □ 

Proposition 3.5. Suppose that F be y -pseudomonotone on C and x* £ C v . If F is constant on 
T(a:*) then F is constant on C v . And hence 

Ci = C v = r{x*) = A(x*). 

Proof. Since F is 77 -pseudonronotone on C, we have C v C C v . Let y* £ C v . Then 

(F(x*),y(x*,y*))> 0. 

By assumption, we obtain that g(x*) = 0 and hence (F(x*),r](y*,x*)) > 0. It follows that 

(F{x*), rj(x*, y*)) = 0 = g(x*). Thus j/*€T(i*). 

Therefore C v C C v C T(a;*). Let z* £ T(x*). Then (F(x*), r/(x*, z*)) = g{x*) = 0. 

From above x* £ C v C T(x*) and F is constant on T(a:*), we obtain that F(x*) = F(z*). Since 
x* £ C v , we have (F(x*),r](z,x*)) > 0 ,Wz £ C. 

It follows that, for all z £ C, 

0 < {F(z*),r](z,x*)) 

= {F(z*),y(z,z*)) + (F(z*)Mz*,x*)) 

= {F(z*),r](z, z*)) + {F(x*),r](z* ,x*)) 

= (F(z*),r,(z,z*))- 

This implies that 2 :* £ C v . Thus T(x*) C C' n and hence 

C v = C V = T(®*). 

It sufficient to prove that T(a;*) = A(x*). For c £ r(x*), we have 

(■ F{x*),rj(x*,c )) = g(x*) = 0, 
so (. F(c),r)(x*,c )) = 0 = G(x*). Therefore, 

c £ A(x*), which implies that F(x*) C A(x*). 

Now let c £ A(x*). Then 

(F(c),y(x*,c))=G(x*)=0. 
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The pseudomonotonicity of F on C implies that (F(x*),r](x*,c)) > 0. In this case, 

(F(x*), rj(x*, c)) = 0 = g(x*) since x* £ C v . 

Thus c £ T(x*) and hence A(x*) C T(x*). Therefore 

C 71 =C v = T(x*) = A(x*). 


□ 

Proposition 3.6. Let F be rj-pseudomonotone + on C . Then, for x* £ C v , F is constant on T(x*) 
if and only if 

C 71 = C v = T(x*) = A(x*). 

Proof. (=>•) Suppose that F is constant on T(x*). By Proposition EH3 . we obtain that 

C 71 = C v = T(x*) = A(x*). 

(<=)Assume that C 1 = C v = T(x*) = A(x*). Let xi,x 2 £ T(x*). Then 

(F(xi), r/(x 2 , X\)) > 0 and (F(x 2 ), rj(xi, x 2 )) > 0 , because x\, x 2 € C v . 

Since F is ^-pseudomonotone and {F(x 2 ),ij(xi,x 2 )) > 0, we obtain that 

(F(xi),r](xi,x 2 )) > 0 , that is , (F(xi), rj(x 2 , Xx)) < 0. 

Thus (F(xi),r/(x 2 ,xi)) = 0. Since F is ? 7 -pseudomonotone + on C, we have F(x i) = F{x 2 ). 

□ 

Proposition 3.7. Let F be r/-pseudomonotone + on C . Then the following are equivalent: 

(i) F is constant on T(x*) for each x* £ C v . 

(ii) 0*1 = C V = T(x*) = A(x*) for each x* £ C T 

(iii) C v = T(x*) = A(x*) for each x* £ CT 

(iv) C v = T(x*) for each x* £ C v . 

Proof. ( i ) => (ii) => (iii) => (iv) are immediate. It suffices to show (iv) => (i). Suppose that C v = 
T(x*) for each x* £ C 71 . Let x* £ C v and xi,x 2 £ T(x*). Then xi,x 2 £ C v and (F(x i), ??(x 2 , Xi)} > 
0 and (F(x 2 ),?j(xi,x 2 )) > 0 . 

Since F is ??-pseudomonotone and (F(x 2 ),r](x i,x 2 )) > 0, we obtain that 

(F(x i),? 7 (xi,x 2 )} > 0 , that is , (i i 1 (xi),ry(x 2 ,xi)) < 0. 

Thus (F(x\),ri(x 2 ,xi)) = 0. Since F is 77 -pseudomonotone + on C, we have 

F(x i) = F(x 2 ). □ 

Next we prove that if F is ry-locally Lipschitz on C 71 , then so is g. 

Lemma 3.8. Let C be compact. If F is g-locally Lipschitz on C 71 , then g is also g-locally Lipschitz 
on C v . 

Proof. Suppose that F is 77 -locally Lipschitz on C 71 . Let x* be any element in C 71 . Then there exist 
6 > 0 and L 0 > 0 such that 

\\F(x) - F(y)\\ < L 0 \\r)(x,y)\\ and ||F(x)|| < L 0 for all x,y £ B(x*,6). 
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Let c £ T(a;) with x £ B(x * , 6). Then 

g{x)-g{y) < (F(x), y{x, c)) - (F(y), y(y, c)) 

= {F{x),r](x, y)) + (F(x), rj(y, c)> - (F(y),y{y, c)} 

= (V (x,y)) + (F{x)-F(y),r](y,c)) 

< ||f(a;)|| \\y(x, y)|| + || F{x) - F(y)\\\\y(y,c)\\ 

< L 0 \\y(x,y)\\ + L 0 \\y(x,y)\\\\y{y,c)\\. 

By the compactness of C and definition of y implies that there exists a constant M > 0 such that 

\\y(y, c) || < M for all y£B(x*,5) and c £ C. 

We set L = Lq + LqM, we obtain that 

9 (x)-g(y) < L\\y{x,y)\\. 

We can conclude that g is 77 -locally Lipschitz on C v . □ 

The following Proposition EZ3 we present the 77 -subdifferential of g at x* £ C v is a singleton 
under sufficient condition. 

Proposition 3.9. Let F be y-monotone on X and x* £ C v . Suppose that g is finite on X and 
y-Gateaux differentiable at x* . Then dr,g{x*) = {P(a;*)}. 

Proof. Since x* £ C v , we have g{x*) = 0. For each y £ X and F is 77 -monotone, we obtain that 
g(y) - g{x*) > (F{y),y(y, x*)) > {F(x*),y(y, x*)). 

Hence F( x*) £ d v g{x*). 

Let z £ d v g{x*). Then for each v £ X and t > 0, we get that 

g(x* + tv) - g(x*) > (z, y(x* + tv, x*)) = t(z, y{v, 0)), 


that is, 


g{x* +tv) -g(x*) 


t 


> (z, 77 ( 17 , 0 )). 


By the 77 -Gateaux differentiability of g at x* implies that 


{X v g(x*), 77(17,0)} = lim 9 ^ + ^ > (z,y(v, 0 )). 


Therefore, (z — X v g{x*), y(v, 0)) < 0, for all v £ X. By definition of y we can set y{v,0) = 
z — V v g(x*), we have || z — X v g(x*)\\ 2 < 0. This implies that z = V n g(x*), and hence d v g{x*) = 
{V,5(**)} = (P(^)}. ' □ 


4. Weak sharpness of C v 

Throughout this paper, we assume that C v and C v are nonempty and that E is a reflexive, 
strictly convex, and smooth Banach space. We introduce the notion of weak sharpness solution for 
generalized variational inequality^- VIP). 

Definition 4.1. The solution set C v is said to be weakly sharp, if F satisfies 

—F(x*) £ int p] [T c {x)nJ*Ncn{x)}° for all x* £ CV 
rceC’) 
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Theorem 4.2. Let F be rj-monotone on E and constant on r(x*) for some x* £ C v . Suppose that 
g is g-Gateaux differentiable, rj- locally Lipschitz on C v , and g{x) < +oo for all x £ E. Then C v is 
weakly sharp if and only if there exists a positive number a such that 

adP C n{x) < g{x) for all x € C, (4-1) 

where d v Cv (x) := inf \\rj(x,y)\\. 

Proof. On the given assumption and by Proposition GH3 , we obtain that 

C v = C v = r{x*) = A(x*). 

If C v is weakly sharp, then for any x* £ C v there exists a > 0 such that 

aB E ,CF{x*) + p] [T c {x)nJ*N C v{x)} 0 , (4.2) 

where B E * is the open unit ball in E*. 

Since F is constant on r(i*), a satisfies (EQ) for all x* £ C v . Therefore, for every y £ B E *, we 
have 

ay - F(x*) £ f) [T c (x) n J*N C v(x)}° C [T c ( **) 0 J*N C v(x*)}°. 

i£Ci 

Thus, for every z £ [Tc(x*) 0 J*Ncv{x*)\. It follows that 

(ay-F(x*),z) < 0. (4.3) 

Taking y = in (O), we get that, for each x* £ C v , 

“ll-^ll* = < (F(x*),z). 

This implies that for every 2 e [Tc(x*) fl J*Ncv(x*)], we have 

a\\z\\<(F(x*),z). 

For any x £ C, set x = Pqv (x) , we have r](x, x) £ T E (x) 0 J*Nqv (x) by Proposition EZ3 and lemma 
LL.il . Therefore, 

(F(x*),rj(x,x)) > a\\r](x,x)\\ = ad v Cn (x). 

Conversely, suppose that there exists a > 0 such that 

ad E r, (x) < g{x) for each x £ C. 


We claim that 

aB E . C F(x*) + [T c {x*) O J*N C v(x*)}° for each x* £ C v . (4.4) 

If T c {x*) n J*N C v( X*) = {0} for x* £ C* , then [T c (x*) D J*N C n{x*)\ n = E and aB E * C F(x*) + 
[Tc(x*) fl J*N C v{x*)] v , trivially. So it suffices to prove (S3) to hold if Tc(x*) fl J*Ncv(x*) {0} 
for x* £ C v . Now let 0 ^ z £ Tq(x*) fl J*Ncv(x*). By definition of 77 there exists a unique v £ E 
such that z = 77 ( 17 , 0 ). Then 

(J(r](v, 0)), 77(7;, 0)) > 0 and (J(rj(v, 0)), 77(77*, x*)) < 0 for each y*£C v , 
which implies that C v is separated from x* + v by the hyperplane 
H v = {x £ E : {J (rj(v, 0)),r](x, x*)) = 0} = {x £ E : (J{y(v, 0)), y{x, 0)) = (J(rj{v,0)),r)(x* ,0))}. 
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Thus we can write 

Hy = {x £ E : (J(ri(v,0)),ri(x,0)) = j3}, where /3 = < J(rj(v, 0 )), rj(x*, 0 )). 

Since 77(77, 0 ) € Tc(x*), for each positive sequence {ti} decreasing to 0 , there exists a sequence {777} 
such that {77(777, 0 )} converging to 77(77, 0 ) and x* + tiVi £ C for sufficiently large i . By definition of 
rj, we obtain that 777 converging to v. Thus (<7(77(77, 0 )), 77(777, 0 )) > 0 holds for sufficiently large i, and 
hence we suppose that x* + lies in the open set {x £ E : {J(rj(v,0)),r](x,x*)} > 0 }. Therefore, 

dev {x* + tiVi) > dP Hv {x* + tM). ( 4 . 5 ) 


For each x £ E. We set 


y :=x 


(.7(77(77,0)), 77(37,0)) - /3 

||d(77(t;, 0) ) 1 1 ^ 


v. 


A straightforward computation show that (,7(77(77, 0 )), 77(77, 0 )) = / 3 , i.e., y £ H v . 
Furthermore, for any 2 £ H Vl we have 


(J(v(x,y)),v(z,y)) = 

= 0 . 

By Lemma E 3 , we have 

d v Hv (x* + tiVi) = \\g(x* + Uv, 


0 )), 77(37, 0 )) - /? 


J(? 7 ( 7 ;, 0 )) I 


((J(t?(t;,0)), 77(2,0)) - (J(?7(7),0)), 77(77,0))) 


t i (j(??(7;,0)),?7(7; ! :,0)) 

= I, , , -7772 -||W>>°)|| 

II J ( ? ?(^ 0 ))||* 

U ( J { y ( v , 0 )), 77(77^,0)) 

||» 7 (i>, 0 )|| 

and hence, by fa. n). 

g(x* + tiVi) > adcv{x* + tiVi) > at , 
By Proposition EH, g{x*) = 0 for any x* £ C v : so 


(J 7 ?( 77 , 0 ), 77(77^,0)) 

IW«» 0 )ll 


g(x* + tiVi) - g(x*) = g(x* + Uiy) > at, 


(^77(77,0), 77(777,0)) 


b(V)0)ll 

Since g is 77-locally Lipschitz and ?7-Gateaux differentiable on C v , there hold 

||g(x* +tiVi) -g(x* +^ 77)11 < Ltj, 1)77(777, 77) || 

for some L > 0 and all sufficiently large i and 

g(x*+ti 77) - g(x*) 


(V v g(x*), 77(77,0)) = lim 


ti 


i—> 00 ti 


By Proposition E 3 , V v g(x*) = F( x*). Thus 


{F(x*), 77(77,0)) > a||? 7 ( 77 , 0 )||. 
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This implies that for each w G B E *, 


(aw - F(x*), rj(v, 0)) = (aw,r](v, 0)} - (F(x*),rj(v,0)} < a||?7(w,0)|| - «||? 7 (v, 0)|| = 0. 

Hence oBe* — F(x*) C [ Tc(x *) 0 J*Ncv(x*)]° , that is, 

aB E * C F(a;*) + [T c (®*) n 

This shows that C v is weakly sharp since F is constant on C v . □ 

Corollary 4.3 ([0] ). Let F be monotone on R n and constant on T(x*) for some x* G C* . Suppose 
that g is Gateaux differentiable, locally Lipschitz on C* , and g(x) < +oo for all x G R n . Then C* 
is weakly sharp if and only if there exists a positive number a such that 

adc*(x) < g(x) for all x G C. 

Proof. By applying above Theorem 14.21 . if we define rj(x , y) = x — y, for all x,y G E and space 
E = M”, then C v can be reduce to C* , where C* is the solution set of variational inequalities. 
Moreover, the mapping g is Gateaux differentiable and locally Lipschitz on C*. □ 
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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR n-TIMES DIFFERENTIABLE 
(a,rn)-LOGARITHMICALLY CONVEX FUNCTIONS 

M. A. LATIF, S. S. DRAGOMIR 1 ’ 2 , AND E. MOMONIAT 


Abstract. In this paper, some new integral inequalities of Hermite-Hadamard type are presented for functions 
whose nth derivatives in absolute value are (a, m)-logarithmically convex. From our results, several inequalities 
of Hermite-Hadamard type can be derived in terms of functions whose first and second derivatives in absolute 
value are (a, m)-logarithmically convex functions as special cases. Our results may provide refinements of 
some results for (a, m)-logarithmically convex functions already exist in the most recent concerned literature of 
inequalities. 


1. Introduction 


Let us first refresh our knowledge how the following definition of classical convex functions is generalized. 
Definition 1. A function / is said to be convex on I if the inequality 

(1.1) f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) 

holds for all x,y £ I and t £ [0, 1]. The inequalities in (1.1) are swapped if f is a concave function. 


The definition of convex functions plays an important role in the theory of convex analysis and in many other 
branches of pure and applied mathematics. A number of remarkable and significant results in the theory of 
inequality hinge on this definition. 

One of the momentous results which uses the notion of convexity is stated as follows: 


( 1 - 2 ) / 


< 


1 


b 


rb f {x)dx < f - M. 


fib) 


where / : 0 ^ / C R - > R, is a convex function of single variable, a, b £ I with a < b. The inequalities in (1.2) 
are celebrated as Hermite-Hadamard inequality and are overturned if / is a concave function. 

The inequalities (1.2) have been target of extensive research because of its usefulness and usages in the theory 
of inequalities and in various other branches of mathematics. A vast literature is reported on the Hermite- 
Hadamard type inequalities during the past few years which generalize, improve and extend the inequalities 
(1.2), see for example [6, 12, 13, 14, 15, 17, 19, 23, 28] and closely related references therein. 

The classical convexity has been generalized in diverse ways such as s-convexity, ?n-convexity, (a, m)- 
convexity, 6-convexity, logarithmic-convexity, s- logarithmic convexity, ( a , m)- logarithmic convexity and h- 
logarithmic-convexity but we will focus on the following generalizations of the classical convexity to prove our 
results. 


Definition 2. [2, 33, 34] If a function f : I C K. — > (0, oo) satisfies 
(1.3) f (Ax + (1 — A) y) < [/ (x)] A [/ (y)] 1-A 

for all x, y £ I , A £ [0, 1], the function f is called logarithmically convex on I. If the inequality (1.3) reverses, 
the function f is called logarithmically concave on I. 

The above stated concept logarithmically convex functions is further generalized as in the definitions below. 
Definition 3. [9] A function f : [0, b] — > (0, oo) is said to be m-logarithmically convex if 
f(tx + m( 1 - t) y) < [f (x)] 4 [/ (y)} m( ' 1 ~ t] 
holds for all x, y £ [0, b\, t £ [0, 1] and m £ (0, 1]. 

Definition 4. [9] A function f : [0,6] — > (0, oo) is said to be (a, m) -logarithmically convex if 
f(tx + m( 1 - t) y) < [f (a;)] 4 [/ (y)] m(1_4 1 
holds for all x, y £ [0, 6] , t £ [0, 1] and (a, m) £ (0, 1] x (0, 1] . 


Date : Today. 
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It is also obvious that if m = 1 in Definition 3 and if (a, m) = (1, 1) in Definition 4, the notion of m-logarithmic 
convexity and (a, m)-logarithmic convexity recapture the notion of usual logarithmic convexity. 

Many papers have been written by a number of mathematicians concerning Hermite-Hadamard type inequal- 
ities for different classes of convex functions see for instance the recent papers [2, 3, 4, 7, 8, 9, 16, 18, 24, 25, 
27, 29, 31, 32, 33, 35] and the references within these papers. 

The main purpose of the present paper is to establish new Hermite-Hadamard type integral inequalities by 
using the notion of m- and (a, rn)-logarithmically convex functions and a new identity for n-times differentiable 
functions from [19] in Section 2. 


2. Main Results 

We will use the following Lemmas to establish our main results in this section. 

Lemma 1. [19] Let / :/ cR->Kka function such that f ^ exists on 1° and /(”) € L([a,b ]) for n £ N, 
where a, b £ 1° with a < b, we have the identity 


(2.1) 


/(<*) + /(&) 1 

2 b — a 


> n—i k 

f ( x ) dx-^2~ 


k = 1 


l + (-l) fc J (b-a) k 
2 fc +! Jk + 1)! 


f 


(fc) 


a + b 
2 


dt 


<_1> ” (i> ~ “ > ” L ' (1 - * r ' (n - 1 + () /l ”’ { L r b + ur °) dt - 


+ 


2 n + 1 n\ 

where an empty sum is understood to be nil. 

Lemma 2. [20] If p > 0 and n £ N U {0}, then 

(- 1 )" + 1 »! + n \ u V" a U - 1 

(ln A1 )" + 1 + ' l,fl Lt=0 fn-t-WF 1 


1 

n + 1 ’ 


( 2 . 2 ) / = 

Jo 

Lemma 3. If p > 0 and N U {0}, then 
(2.3) E (n; p) := [ (1 — t) n p t dt = 


'k = 0 (, l -fe)!(ln^) fc + 1 ’ 


M = 1- 


nlfi I v-^n 1 / -i 

(ln/i)" +1 ~~ n ' (n-fe)!(lnp) fc + 1 ’ t L T ^ 

M =1 - 

Proof. By making the substitution t = 1 — u in Lemma 2, we get (2.3). 

Lemma 4. [7] For a > 0 and p > 0, we have 

(2.4) G (a; p) := T (1 - t) 0 " 1 p l dt = f] 

where 


\k—l 


< OO, 


□ 


(a) fc = a (a + 1) (a + 2) ... (a + k — 1) . 

From Lemma 3 and Lemma 4, by simple computations we get the following results. 
Lemma 5. If p > 0 and n £ N, f/ien 

! "!jj(ln^ — 1) . l | ln/j-1 

(ln A1 )" + 1 _r ln/i Z^fe=l („_fc)!( 1 „ A1 ) fc + 1 ’ 

n+1’ 

Lemma 6. For a > 0 and p > 0, we have 

rr , . ^ (na + nfc — a) (In /i) fc ” 1 

(2.6) H (a; /li) := nG (a; /x) — G (a + 1; /li) = r < oo, 

fc =i y a >k+i 

where 


p = 1. 


( a )fc+i = ol (a + 1) (a + 2) ... (a + k) . 

Lemma 7. [35] Let 0<f<l<rj,0<\<l and 0 < s < 1. Then 
(2.7) < f sX and r] XS < r) sX+1 ~ s . 
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Theorem 1. Let I D [0, oo) be an open interval and let f : I — > (0, oo) be a function such that f ^ exists on 
I. Iff (") £ L ([a, b]) for n £ N, where 0 < a < b < oo and is (a, m) -logarithmically convex on [0, 

for (a, m) £ (0, 1] x (0,1], q £ [1, oo). Then 


(2.8) 


/ ( a ) + / (b) 1 


n-l k 

f{x)dx-J2~ 


b — a 

(b — a)” / n 




k — 1 
1— - 


< 


2 n+1 n\ \n+ 1 


2 fc +! (jfe + 1)! 

b 




where F (ra; £) xs defined in Lemma 5, p = — ^ — — 


|/«(i 


and 


f, 0 < /x < 1 
1 — f , /x > 1 . 


Proof. From Lemma 1, the Holder inequality and using the fact that | /(") \ q is (a, m)-logarithmically convex on 
[0, £] , we have 


(2.9) 


f(a) + f(b) "^ ! + (-!)* (6 -«) k Ak) fa + b\ 1 


< 


2 

(b-a) n 

2 ra+1 n! 


-E 


k = 1 


2&+ 1 (jfe + 1)! 


f {k) 


e(n) 


(1 — t) n 1 (n — 1 + t) dt 


b — a , 
i-i 


/ (x) da; 


\ !/? / *1 \ 1 /q 

(1 — t) 11 ^ 1 (n — 1 + t) /x 9 (~) dtj + (J (1 — t) n ~ 1 (n — 1 + t) p q ^~^~^ dt 



n + 1 


where xx - l /,n>(a) l 

wneie p - | /( „)(A)p- 

It is obvious that 

(2.10) [ (l-f)” _1 (n-l + f)df = 

Jo 

When 0 < fi < 1, by using Lemma 5 and Lemma 7, we obtain 

l i i i 

(2.11) (/ (1 — t) n ^ 1 (n — 1 + t) d/j (y — ^)" _1 ( n — 1 + 0 /x 9 (--^) dt^j 

3. 

— (^J (1 — t)" -1 (n — 1 + t) p^^^dtj + (y (1 — f)" -1 (n — 1 + f) /x“ 9 (~5^)dt) 


= h- 


(1 — f) n (n — l + t)p f dt ) + h 2 \ I (1 — f)” (n — l + t)/x?df 

1 1/9 


= 




When /x > 1, by using Lemma 5 and Lemma 7, we have 


1 1 i 1 

(2.12) (/ (1 — t)"^ 1 (n — 1 + i) dt^j + (1 — t) n_1 (n — 1 + f) /x 9 (^) dt^ 

“ (/ (1 “ ^ n_1 ( n - 1 + 0 /x'’" 5 '*«,//) 5 + ( jf (l - t)™” 1 (n — 1 + 1) pP q 0¥$+ q - aq dt S J 


= h 


1-# 


(1 — t) n 1 (n — 1 + f) p 2 dt) + p 




(1 — t) n 1 (n — l + t) p 2 dt 


= h 


1-1 


f T / oq \ 1 1/ 9 r / eg \ "1 1/ 9 ) 

+[F(n;/x-jJ j. 


A combination of (2.9)-(2.12) gives the desired result. 


□ 
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Corollary 1. Suppose the assumptions of Theorem 1 are satisfied and if q = 1, we have 


/(«) + /(&) 1 
2 b — a 


f (x) dx - Y 


fc[l + (-!)"] {b-a) k (fc) fa + b 

/ 7 „ i 1 M f ( o 


^ 2 k + 1 (k + l)\ 


2 n+1 n 


n / h \ 771 


where F (n;£) is defined in Lemma 5, p = jyj — an( ^ @ defined in Theorem 1. 
Corollary 2. Under the assumptions of Theorem 1, if n = 1, we have the inequality 


/(«) + /(&) 1 
2 b — a 


f ( x ) dx 


(b ~ a) (l 


4 V 2 


f'(f 




where /i = ^ b ^ m , 9 is defined in Theorem 1 and 


F( i;0 = 


In J £ + In | > ^ 7^ 1 


l i, f = i- 

Corollary 3. Corollary 2 with q = 1 gives the following result 


/ ( a ) + / (b) 1 


jf /(*)<*» i \ f ’ (^>^*>1 + [F(i;f»)]}, 


where F (1;£) and p are defined as in Corollary 2 and 9 is as defined in Theorem 1. 
Corollary 4. Suppose the assumptions of Theorem 1 are fulfilled and if n = 2, we have 


/ ( a ) + / (b) 1 

2 b — a 


f ( x ) dx 


0 b-a f /2\ 1_5 


16 V 3 , 




where n = b ^ m , 0 zs as defined in Theorem 1 and 


F( 2;0 = 


2{ In (In {) 2 -2£+2 t ^ , 
(In £) 3 ’ ? ^ ’ 

I, e = i- 


Corollary 5. If q = 1 in Corollary f, we have 


f ( a ) + f (b) 1 


[ f (*) dx < \f" (£) [ / (2; ) + F (2; ^ ) } 


where 9 is defined in Theorem 1 and p, F ( 2;£) are defined in Corollary f. 

Theorem 2. Let I D [0, oo) be an open interval and let f : I — > (0, oo) be a function such that f ^ exists on 
I. If f ^ £ L([a, 6]) for n G N, where 0 < a < b < oo and |/(") | 9 is (a, m) -logarithmically convex on [0, 
for (a, m ) € (0, 1] x (0,1], q £ (1, oo), we have 


/(«) + /(&) 1 
2 b — a 


f ( x ) dx - Y 


i k [l + (-l) fe j (b~a) k 


^ 2 k + 1 (k + l)\ 


(b — a) n n( 2q x ) — ( n — l) (2<? U/(q i) q , , \ 1/9 / h \ m 

: J ( 9-1 ] 

2"+ 1 ?i! V 2q-lj J \m ^ 


2q-l 


x \ \G ( nq - q + l;p 2 


)]M G ( 


nq — q + 1; p 2 


)1 ! }. 


I / (n )( a ) 

where p = , G (a; £) *5 defined in Lemma 4 and 9 is defined in Theorem 1. 
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Proof. Using Lemma 1, the Holder inequality and the (a, m)-logarithmic convexity of | f^ | 9 on [0, ^ ] , we have 
!/(«) + /(&) l 


(2.19) 


< 


2 

(b-a) n 

2 n + 1 n\ 


b — a 

(n) ( A 

m 


n-l k 

f (x) dx-J2~ 


(^r fik) fa +b 


2 k + 1 (k + 1)! 
(n — 1 + t dt 


k = i 

,1 v !- 


| Qf ' (1 - t) 9{n - x > p<^T dt^j /q + Qf ' (1 - t) q{n - 1] //"(’i ')",// 


1/9 


The proof follows by using similar arguments as in proving Theorem 1, using Lemma 4 and Lemma 7. □ 

Corollary 6. Under the assumptions of Theorem 2, if n = 1, we have the inequality 
\f(a) + f (b) 1 rb 


(2.20) 


6- 


< 


/ (x) dx 

I 

(b - a) ( q - 1 ' 1/9 




where fi= tjft 



/(“) 


1 /"(£) 

r 


\k—l 


0(i;£) = E 2£ 4l—<“ 


fc= 1 


k\ 


and 9 is defined in Theorem 1. 

Corollary 7. Under the assumptions of Theorem 2, if n = 2 , we have the inequality 
I f(a)+f(b) 1 ' 6 


(2.21) 


b — 


f (x) dx 


< 


(b-af [2( 2 9-i)/(9-i) - 1] 

16 


i-i 


g-1 

2q-l 


1/9 


( b 


| G(q+l;p q + G(q+ 1 ; m ^) 9 1 , 


w/iere p = r-W 



/” (“) 





^ (? + 1;0 — 


(In?) 


k - 1 


fe=l 


(9 + 1) A 


< 00 


and 9 is defined in Theorem 1. 

Theorem 3. Let I D [0, 00) 6 e an open interval and let f : I — > ffi. 6 e a function such that /*■”) exists on I. 
If /(") G L([a,b\) for n € N, where 0 < a < b < 00 and is (a, m) -logarithmically convex on [0, )=)] for 

(a, m) G (0, 1] x (0,1], q G (1, 00), we have 


(2.22) 


/(°) + /(fr) 1 

2 b — a 


> «-i k 

f (x) dx-^2,- 


k=l 


l + (-l) fc J (6-a) fc 
2 fc +i (fc + 1)! 


/ (fe) 


a + 6 
2 


n+l— 1 


< 


(b - a)' 


2”+i n! 


r I I. 1 2< ?~ 1 

n’ q — 1 ’ <7 — 1 


)] 1 "%i e {[u 3 ( / r--)] l + [F 3 (^)] 1 } 


where p = 


^3 (?) = <! J , 


B(z;a,/3) = f t a 1 (1 — t) 13 1 dt, 0 < z < 1, a > 0, j3 > 0 
J 0 

is the incomplete Beta function and 9 is defined in Theorem 1. 
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Proof. Using Lemma 1, the Holder inequality and the (a, m)-logarithmic convexity of f ^ q on [0, — , we have 


/(<*) + /(ft) 1 

2 b — a 


f (x) dx - ^2 


fc[l + (-1)"] (b~a) k r a + b 

/7„ I 1 \l f ( O 


^ 2 fc +! (k + 1)! 


( b-af 

2 n + 1 n\ 


tm _ 
V m 


Qf (1 - ( n - 1 + i) q/(q d?j 


r 1 \ !/? 

dt] 


By using Lemma 7 and the fact that 


f 1 (l - tyfr-mi-V ( n _ 1 + 1)®/^- 1 ) dt 
Jo 

J_ . 

" 9 + 9-1 (”-i )9 . . _a_ , " 9 + 9-1 / 1 no— 1 2 g — 1 

= n 9- 1 / t i- 1 (1 — t) q - 1 dt = n 9 1 £? ( — ; — , — 


n ’ q — 1 ?—! / 


we get the required inequality (2.22) from (2.23). 


,.1 x !/« 

„«(.¥)” <id 


Corollary 8. Suppose the assumptions of Theorem 3 are satisfied and if n = 1, we have the inequality 


f (a) + f (ft) 1 

2 b — a , 


/ (a:) dx < 


(6 - a) / 9-1 


4 V 2 g -l 


/{ [ft („-*)] • + [«(„”)' 


where n = 

*<«-{ r {i! 

and 9 are defined as in Theorem 1. 

Corollary 9. Suppose the assumptions of Theorem 3 are satisfied and if n = 2, we have the inequality 


/(<*) + / (ft) 1 

2 b — a 


f (x) dx 


(b-af f /I 29 - 1 29-1 


2 1+ 9 L V 2 ’ 9- 1 ’ 9- 1 


T 2 + C3 [p- 


where p = |4jyL, 


hTT > £ ^ 1 




= 1 ’ 


B (z;a,(3) is the incomplete Beta function as defined in Theorem 3 and 9 is defined as in Theorem 1. 

Theorem 4. Let I D [0, oo) be an open interval and let f : I C [0, oo) — > (0, oo) be a function such that f ^ 
exists on I. If G L ([a, 6 ]) for n G N, where 0 < a < b < oo and is (a, m) -logarithmically convex on 

[0, f or ( a > m ) e (0, 1] x (0,1], 9 G (1, oo) for 0 < r < (n — 1) q. Then 


/(«) + / (ft) 1 

2 b — a 


f (x) dx - ^ 


fc[l + (-1)"] (b-af e a + b 

aU+1 / 7_ , i \ l f I o 


^ 2 k + l ( k + 1)! 


(ft — of (9 - x ) (» 2 g ~ nr - 2 n + r + 1) 5 {n) / b \ m 0 
2 n+ 1 n! (nq — r — 1 ) (ng + q — r — 2 ) \m J ^ 

( r / _a9\i 1 h r / ajN 1 1 /g') 

x<^ id(r + l;/x 2 J +Lf(r + l;/r 2 J >. 


|/ (n) (a)| 


, 9 is defined in Theorem 1 and H (a; £) is defined in Lemma 6. 
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Proof. From Lemma 1, the Holder inequality and using the fact that | /(") \ q is ( a , m)-logarithmically convex on 
[0, £] , we have 


(2.27) 


f(a) + f(b) 1 
2 b — a 


> "- 1 k 

f {x) dx-^2~ 


k = 1 


l + (-l) fc J ( 6 -a) fc 

2 fc +! (/c + 1)! 


/ (fc) 


a + b 
2 


2 n + 1 ?r! 


/(H) (^) m Qf (1 “ t) (n9_9_r)/(9_1) (n - 1 + 1) <ttj 

x | (1 — t) r (n — 1 + t) dt^j + (1 — f) r (n — 1 + i) dt^j 

The rest of the proof is similar to that of the proof of Theorem 2 by using Lemma 6 and Lemma 7. 
Corollary 10. Suppose the assumptions of Theorem 4 are fulfilled and if r — 0, we have 

[l + (-l) fe l {b-af 


1/9' 


□ 


(2.28) 


/ ( a ) + / (b) 1 

2 b — a 


> n—1 k 

f {x) dx-^2,- 


f {k) 


< 


(b ~ a) r 


(q - 1 ) ( n 2 q - 2n + l) 
(nq — 1 ) (nq + q — 2 ) 


fe= l 
-ii-i 


a + b 
2 


2 fc+i (jfe + i)! 


1 1/9 


+ 




2 n+ 1 n! 

Corollary 11. Suppose the assumptions of Theorem 4 are fulfilled and if r = (n — 1) q, we have 


1 1/9 


(2.29) 


/(«) + /(&) 1 


b — a 


> «-i k 

f (x) dx-^2~ 


l + (-l) fc (6 — a) k 


k = 1 


2 fc +! (fc + 1 )! 


f (k) 


< (b-a) n 

2nq — 2n — q + 1 

i-i 

Q 

f ( n ) 

\m J 

~ 2 ra + 1 n! 

[ 2 (g-l) J 



| H ((n- l)g + l;/x 2<! ) + H ((n - 1) g + 1; p 1 ^) j. 


Remark 1. Several interesting inequalities for m-logarithmically convex functions can be obtained by setting 
a = 1 in the results presented in this section. However, we leave the details to the interested reader. 

Remark 2 . We can get several interesting inequalities for logarithmically convex functions by setting a — 1 
and m = 1 in the results proved above. However, the details are left to the interested reader. 

3. Applications to Special Means 

For positive real numbers a > 0, b > 0, we consider the following means 

A(a,b) = G(a,b) = Vab, H ( a,b ) = 


I ( a,b ) = 


( —) 
\a a J 


\ 1 /( 6 - 


and 


b p+1 —a p+1 


, a^b, 

a = b, 

1 1 /p 


(p+l)(b-a) 

b—a 


Lp (a, b ) — \ 


In b— In a ’ 

I (a, b ) , 


p ^ 0,-1 and a ^ b, 
p = — 1 and a ytz b, 
p = 0 and a ^ b, 
a = b. 


It is well known that A, G, H , L = L_i, I = Lq and L p are called the arithmetic, geometric, harmonic, identric, 
exponential and generalized logarithmic means of positive real numbers a and b. 

In what follows we will use the above means and the established results of the previous section to obtain 
some interesting inequalities involving means. 

Theorem 5. Let 0 < a < b < 1, r < 0, r 7 ^ — 1 and q > 1. 
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(1) If r ^ — 2 , then 

| A(a r+1 ,b r+1 ) - L r r +\ (a, b) \ 


<(b-a)[- ) \r + l 


3-i 


+a 


72 


qr (In b — In a) 
L^a qr/2 ,b qr/2 ^j -a qr/2]1/q 


1/9 


| 6 r/2 b qr/2 _ L ^ aq r/2 b qr/2^ 


1/9 


(2) If r — —2, Z/ien 

1 1 


H (a,b) L(a,b) 


<(b-a)[ 1 


3 — - 


K q (In a — In b) 

+a _1 [L (a- q ,b~ q ) - a" 9 ] 179 }. 

Proof. Let / (a:) = prpy for 0 < x < 1. Then 1/ (x) 


\ 1/9 

J {(T 1 [b- q -L(a- q ,b~ q )] 1/q 


= and 


In 


/ (Ax + (1 — A) y) 


< Ain 


/ 0) + (1 - A) In / (y) 


for x, y € (0, 1], A € [0, 1] and q > 1. This shows that / (x) = x riJ is logarithmically convex function on (0, 1] 


so that we have (a,m) = (1, 1), /i = 


/ ( Q ) 


Since 


/ (a) | > |/' (&) 

f'(a) 


f'(b ) 

= b r > 1, hence 


and 0=5. 


A* = 


/'(&) 


(?) 


and 


(!;m *)J 

\Jf V>)f («){[f (l;/*-*)] 1/ ’ 


= Va r b r 


k qr (In b — In a) 
+a r/2 [L (a 9r/2 


(l if .-S)] V, + [F(l ; ^) 

\'/9 f r / 

J l b r/2 \b qr/ 2 - L ( 


M 

1 1/9 


1/9 
1 1/9 


9 r /2 


1 1/9 


— a 


qr/ 2 


1 1/9 


Substituting the above quantities in Corollary 2, we get the required results. 


□ 


Remark 3. Many interesting inequalities of means can be obtained from the other results of Section 2, however, 
the details are left to the readers. 


References 

[1] M. W. Alomari, M. Darus and U. S. Kirmaci, Some inequalities of Hadamard type inequalities for s-convex functions, Acts 
Math. Sci. Ser. B Engl. Ed. 31 (2011), no. 4, 1643-1652. 

[2] A. O. Akdemir and M. Tung, On some inegral inequalities for s-logarithmically convex functions and their applications, 
arXiv:1212.1584 [math. FA]. 

[3] S. S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-convex functions, Tamkang J. Math. 33 (2002) 
45-55. 

[4] S. S. Dragomir and S. Fitzpatric, The Hadamard inequalities for s-convex functions in the second sense, Demonstratio Math. 
32 (1999), no. 4 687-696. 

[5] S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and Applications, RGMIA Monographs, 
Victoria University, 2000. 

[6] S. S. Dragomir, R. P. Agarwal, Two inequalities for differentiable mappings and applications to special means of real numbers 
and to trapezoidal formula, Appl. Math. Lett. 11 (1998) 91-95. 

[7] J. Deng and J. R. Wang, Fractional Hermite-Hadamard inequalities for (a, m)-logarithmically convex functions, J Inequal 
Appl 2013, 2013:364. 


758 


M. A. LATIF et al 751-759 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

INEQUALITIES FOR LOGARITHMICALLY CONVEX FUNCTIONS 


9 


[8] W.-D. Jiang, D.-W. Niu, Y. Hua, and F. Qi, Generalizations of Hermite-Hadamard inequality to n-time differentiable functions 
which are s-convex in the second sense, Analysis (Munich) 32 (2012), 1001-1012. 

[9] R.- F. Bai, F. Qi and B. -Y. Xi, Hermite-Hadamard type inequalities for the m- and (a, m)-logarithmically convex functions, 
Filomat 27:1 (2013), 1-7. 

[10] J. Hadamard, Etude sur les proprietes des fonctions entieres et en particulier d’une fonction consideree par Riemann, J. Math 
Pures Appl., 58 (1893), 171-215. 

[11] Ch. Hermite, Sur deux limites d’une integrate definie, Mathesis 3 (1883), 82. 

[12] D.-Y. Hwang, Some inequalities for n-times differentiable mappings and applications, Kyugpook Math. J. 43(2003), 335-343. 

[13] U.S. Kirmaci, Inequalities for differentiable mappings and applications to special means of real numbers and to midpoint 
formula, Appl. Math. Comp., 147 (2004), 137-146. 

[14] U.S. Kirmaci and M.E. Ozdemir, On some inequalities for differentiable mappings and applications to special means of real 
numbers and to midpoint formula, Appl. Math. Comp., 153 (2004), 361-368. 

[15] U.S. Kirmaci, Improvement and further generalization of inequalities for differentiable mappings and applications, Comp and 
Math, with Appl., 55 (2008), 485-493. 

[16] H. Kavurmaci and M. Tung, On some inequalities for s- logarithmically convex functions in the second sense via fractional 
inegrals, arXiv:1212.1604 [math. FA]. 

[17] M. A. Latif and S. S. Dragomir, New inequalities of Hermite-Hadamard type for functions whose derivatives in absolute value 
are convex ’with applications to special means and to general quadrature formula, Acta Univ. M. Belii, ser. Math. (2013), 
24-39. 

[18] M. A. Latif and S. S. Dragomir, On Hermite-Hadamard type integral inequalities for n-times differentiable ( a,m)~ 
logarithmically convex functions, RGMIA Research Report Collection, 17(2014), Article 14, 16 pp. 

[19] M. A. Latif and S. S. Dragomir, New inequalities of Hermite-Hadamard type for n-times differentiable convex and concave 
functions with applications. (Accepted) 

[20] M. A. Latif and S. S. Dragomir, On Hermite-Hadamard type integral inequalities for n-times differentiable log-preinvex 
functions. (Accepted) 

[21] M. A. Latif and S. S. Dragomir, G eneralization of Hermite-Hadamard type inequalities for n-times differentiable functions 
which are s-preinvex in the second sense with applications. (Accepted) 

[22] D. S. Mitrinovic and I. B. Lackovic, Hermite and convexity, Aequationes Math. 28 (1985), 229-232. 

[23] C.E.M. Pearce and J. Pecaric, Inequalities for differentiable mappings with application to special means and quadrature 
formulae, Appl. Math. Lett., 13(2) (2000), 51-55. 

[24] M. A. Noor, F. Qi and M. U. Awan, Some Hermite-Hadamard type inequalities for log-h-convex functions, Analysis 12/2013, 
33(4):367-375. DOI:10.1524/anly.2013.1223 

[25] M. Z. Sarikaya, A. Saglam and H. Yildirim, On some Hadamard-type inequalities for h-convex functions, J Math Inequal, Vol. 
2, No. 3 (2008), 335-341. 

[26] M. Z. Sarikaya and N. Aktan, On the generalization of some integral inequalities and their applications Mathematical and 
Computer Modelling, Volume 54, Issues 9-10, November 2011, Pages 2175-2182. 

[27] M. Z. Sarikaya, E. Set and M. E. Ozdemir, On some new inequalities of Hadamard type involving h- convex functions, Acta 
Mathematica Universitatis Comenianae, Vol. LXXIX, 2(2010), pp. 265-272. 

[28] A. Saglam, M. Z. Sarikaya and H. Yildirim, Some new inequalities of Hermite-Hadamard’s type, Kyungpook Mathematical 
Journal, 50(2010), 399-410. 

[29] M. Tung and A. O. Akdemir, Ostrowski type inequalities for s-logarithmically convex functions in the second sense with 
applications, arXiv:1301.3041 [math.CA]. 

[30] J. Wang, J. Deng, M. Feckan, Exploring s-e-condition and applications to some Ostrowski type inequalities via Hadamard 
fractional integrals. Math. Slovaca (2013, in press). 

[31] S.-H. Wang, B.-Y. Xi, F. Qi, Some new inequalities of Hermite-Hadamard type for n-time differentiable functions which are 
m-convex, Analysis (Munich) 32 (2012) 247-262. 

[32] B.-Y. Xi, R.-F. Bai and F. Qi, Hermite-Hadamard type inequalities for the m- and (a, m)-geometrically convex functions, 
Aequationes Math. 39 (2012), in press. 

[33] B.-Y. Xi and F. Qi, Some integral inequalities of Hermite-Hadamard type for s-logarithmically convex functions. (Accepted) 

[34] T.-Y. Zhang, A.-P. Ji, F. Qi, On integral inequalities of Hermite-Hadamard type for s-geometrically convex functions, Abstr. 
Appl. Anal., 2012 (2012). 

[35] T.-Y. Zhang, M. Tung, A.-P. Ji and B.-Y. Xi, Erratum to “On integral inequalities of Hermite-Hadamard 

type for s-geometrically convex functions”, Abstr. Appl. Anal., Volume 2014, Article ID 294739, 5 

pageshttp://dx.doi.org/10. 1155/2014/294739. 

School of Computational and Applied Mathematics, University of the Witwatersrand, Private Bag 3, Wits 2050, 

Johannesburg, South Africa 

E-mail address: m_amer_latif@hotmail.com 

1 School of Engineering and Science, Victoria University, P. O. Box 14428, Melbourne City, MC8001, Australia, 

2 School of Computational and Applied Mathematics, University of the Witwatersrand, Private Bag 3, Wits 2050, 

Johannesburg, South Africa 

E-mail address: sever.dragomir@vu.edu.au 

Center for Differential Equations, Continuum Mechanics and Applications, School of Computational and Applied 

Mathematics, University of the Witwatersrand, Private Bag 3, Wits 2050, Johannesburg, South Africa 

E-mail address: ebrahim.momoniat@wits.ac.za 


759 


M. A. LATIF et al 751-759 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Positive solutions for p-Laplacian fractional difference 
equation with a parameter * 
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School of Mathematical Sciences, University of Jinan, Jinan, Shandong 250022, P R China 
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Abstract: In this paper, we consider a boundary value problem for fractional difference 
equation with p-Laplacian operator involving a parameter 

f Ap p (A cu)\(t) + A p ~ 1 f(t + v - l,u(t + v - 1)) = 0,t € [0, b - l] No , 
f Au(v — 2) = Aqu(0) = 0, u(v + b) = 7 u(rj ), 

where 1 < v < 2 is a real number, <j> p {s) = |s| p ~ 2 s, p > 1, 7 £ (0, 1), p £ (u, v+b) ,A& denotes 
the discrete Caputo fractional difference of order v, f : \y — 1, v + b — 2 ] n „_ 1 x [0, +00) — > 
(0, +00) is a continuous function, b > 3 is an integer, A > 0 is a parameter. We study the 
existence of positive solutions to this problem by the properties of the Green function and 
Guo-Krasnosel’skii fixed point theorem in cones. 

Keywords: boundary value problem; discrete fractional calculus; existence of solutions; 
p-Laplacian operator; Guo-Krasnosel’skii theorem. 

Mathematics Subject Classification 2010: 39A12; 26A33; 34B15 


1 Introduction 

In recent years, fractional differential equations have received increasing attention. With the 
development of computer, it is well known that discrete analogues of differential equations can be 
very useful, especially for using computer to simulate the behavior of solutions for certain dynamic 
equations. More recent works to the discrete fractional calculus can be find in [1-7] and references 
contained therein. For example, Y. Pan and Z. Han et al. [5] studied the the existence and 
nonexistence of positive solutions to a boundary value problem for fractional difference equation 
with a parameter 

-A v y(t) = \f(t + v-\,y{t + v-\)),t& [0,&+l] No , 
y{v- 2) =y(u + b+ 1) =0, 

where 1 < v < 2 is a real number, / : [v — 1, v + &]n„_i x R — > (0, +00) is a continuous function, 
b > 2 is an integer, A is a parameter. The eigenvalue intervals of boundary value problem to a 
nonlinear fractional difference equation are considered by the properties of the Green function and 
Guo-Krasnosel’skii fixed point theorem in cones, some sufficient conditions to the nonexistence of 
positive solutions for the boundary value problem are established. 

Differential equations with p-Laplacian operator are applied in real life, especially in physics 
and engineering [8] . Some theories of fractional difference equations with p-Laplacian operator are 
just beginning to be investigated. W. Lv [9] investigated the following boundary value problem for 
fractional difference equation involving a p-Laplacian operator 

A[0 P (Agu)](i) = f(t + a- l,u(t + a- 1 )),t G [0,6] No , 
u(a — 2) = Pi u(a + 6+1), 

‘Corresponding author: Shurong Sun, e-mail: sshrong@163.com. This research is supported by the Natural 
Science Foundation of China(11571202, 61374074), and supported by Shandong Provincial Natural Science 
Foundation(ZR2016AM17). 
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A u(a — 2) = A u(a — 1) = /32Au(a + 6), 

where 1 < a < 2, b £ Ni, f3\ ^ 1, 02 ^ 1, A is the forward difference operator with step size 1, Ag, 
denotes the discrete Caputo fractional difference of order a, / : [a — 1, a + b — 1]n q _i x K. — > K. is 
a continuous function, and 4> p is the p-Laplacian operator. Some existence and uniqueness results 
are obtained by using the Banach contraction mapping theorem. 

In this paper, we discuss the following boundary value problem for fractional difference equation 
with p-Laplacian operator 

A[0 p (A£u)](t) + A p-1 /(f + v - 1 ,u(t + u- 1)) = 0,f e [0,6- l] No , (1.1) 

A u(v — 2) = A^u(0) = 0, u(u + 6) = 7 u(rf), (1.2) 

where 1 < v < 2 is a real number, 7 G (0,1), r\ € (17 v + 6), A£ denotes the discrete Caputo 
fractional difference of order iq / : [v — l,v + 6 — 2 ]n „_ 1 x [0,+oo) — * (0, + 00 ) is a continuous 
function, 6 > 3 is an integer, A > 0 is a parameter. <f> p is the p-Laplacian operator, that is, 
4> p (s) = |s| p_2 s, p > 1. Obviously, (f> p is invertible and its inverse operator is <j) q , where q > 1 is a 
constant with A + A = 1. 

Our work presented in this article has the following features which are worth emphasizing. 

(i) As far as we know, there are not many results available concerning with three-point bound- 
ary value problem of fractional difference equation which Aq is the standard Caputo fractional 
difference. 

(ii) We consider the boundary value problem with p-Laplacian which arises in the modeling of 
different physical and natural phenomena. 

(in) We investigate the intervals of parameter A for boundary value problem to a nonlinear 
fractional difference equation with p-Laplacian. 

The plan of the paper is as follows. In Section 2, we shall present some definitions and lemmas 
in order to prove our main results, the corresponding Green function and some properties of the 
Green function. In Section 3, we shall deduce the existence of positive solutions to problem (1.1)— 
(1.2) by the properties of the Green function and Guo-Krasnosel’skii fixed point theorem in cones. 
In Section 4, we give some examples to illustrate the theorems. 

2 Preliminaries 

For the convenience of the reader, we give some necessary basic definitions and lemmas that will 
be important to us in what follows. 

Definition 2.1 ([6]) We define t- := for any t and v, for which the right-hand side 

is defined. We also appeal to the convention that if t + 1 — v is a pole of the Gamma function and 
t + 1 is not a pole, then t- = 0. 

Definition 2.2 ([7]) Assume / : N a — > R. and v > 0. Then the jz-th fractional sum of /(based 
at a) at the point t G N a+ „ is defined by 

1 t—V 

A ~ v m /(*)• 

^ ' S—a 

Note that by our convention on delta sums we can extend the domain of A ~ v f to N a +j/_Ar, where 
N is the unique positive integer satisfying N — 1 < v < N, by noting that 

A B -7(t) = o,teC=^ 

Definition 2.3 ([10]) The ;/-tli Caputo fractional difference of a function / : N 0 — > R, for 
v > 0, v £ N, is defined by 

A v c f(t) =A-("-'>A ."/(*) 

= r - S - l)n=-=!A"/(*), 

for t £ N a + n _^, where n is the smallest integer greater than or equal to v and A” is the n-th 
forward difference operator. If v — n, then A £/(t) = A n f(t). 
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Lemma 2.1 ([11]) Assume that v > 0 and f is defined on N a . Then 
A "A cf(t) = f(t) + Co + C\t + ■ ■ ■ + C n -\tA-^~, 
for some Ci G K, i = 1, 2, . . . , n — 1, and n is the smallest integer greater than or equal to v. 

Lemma 2.2 ([6]) Let t and v be any numbers for which t— and are defined. Then 

At- = i /£=1. 


Lemma 2.3 ([6]) For t and s, for which both ( t — s — 1)- and (t — s — 2)- are defined, we find 


that 


A s [(f — s — 1)-] = —v(t — s — 2) 


i/-i 


Lemma 2.4 Let f : [i/ — l,v + b — 2]n i/ _ 1 x [0, +oo) — » (0, +oo) be given. A function u is a 
solution of the (1.1)-(1.2), if and only if it has the form 


u(t) = A Es=o G (*> s )^<? ( ErJo f^hv- 1, u(t + v - 1))) 

+A| £s=0 G ( ? ?’ S )</>9 ( Er =0 /(t + V - 1, u(t + V - 1))) ,t€[v-2,V + 6] Nl/ _ 2 , 
where G(t , s) is given by 

1 f (v + b — s — 1)^AL — (t — s — 1)^A, 0 < s < t — u+1 <b, 


( 2 . 2 ) 


G(t,s) = 


r(i/) 1 (v + b — s — 1)^-A, 0 < f — v + 1 < s < b. 


(2.3) 


Proof. If u(t) is a solution to (1.1)-(1.2) . Then from (1.1), together with condition Aqu(0) = 0, 
we find that 

[(f) p {A v c u)\{f) = </>p(A£u(0)) - A p- 1 f{s + v-\,u(s + v- 1)) 

P-1 


SO 


= -A p 1 X) s=0 f{s + v- 1, u(s + V - 1)), t G [0, 


A c'u(t) = -A <t> q (^2.f{s + v- 1, u(s + v - 1) A , t G [0, b] No , 

' 8 = 0 ' 


in view of Lemma 2.1, we have 

t— 1 / / s— 1 


(*) = ^(t-s- l )—4’ q (^f{T + v - 1 ,u(T + v-l))^ +Co + C\t,t G [i/-2,i/ + 6] Ni/ _ 2 . 

( 2 . 6 ) 


S=0 X T=0 

Furthermore, (2.3) implies that 

/ s — 1 


A v ' / s_1 \ 

A u(t) = - . _ . (i- 5 - 1 )— ' M ^/(r+i'-i^CT+z/- 1 )) J+Cpt G [u-2,v+b-l\^_ 2 . 

' ' s—0 ' r— 0 ' 


By condition Aw(i/ — 2) = 0, we can get that Ci = 0. Then we obtain 


\ t—V / S— 1 \ 

i{t) = + V - 1,u{t + is - 1)) j +C 0 , t G [v-2,v+b\n v _ 2 . (2.8) 

' ' s—0 \t= 0 / 


Now 


A 


/ s — 1 


i(v + b) = -r ^(v + b-s - l)—(j> q I ^/(r + v- 1,u(t + v - 1)) j + C 0 , 

' ' s—0 \r=0 / 
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iu{r}) = ^(77 - s - 1)— ^ ( ^2 f(r + v - 1 ,u(t + v - 1 )) ) + 7C0, 


rj—v 


< 8-1 


s — 0 


\t — 0 


by condition u(is + b) = 711(77), we obtain that 


Cn = 


■ EhoO' + b-s- 1 )—<t>q (Er— 0 f( T + l/ - !> U ( T + 


•'° - (1 — y)r(^ 

- (l-ffrfr) E?l£fa ~ s - (Er=o /( t + v - !. u ( r + " - 1 

Now, substitution of Co and Ci into (2.6) gives 


A 

(i-7)r(ix) 


u(t) = -r^) E*=o(* “ s - !)— (Er=o f( T + "- !> «(r + ^ - 

ELo(^ + b ~ s ~ !)— 09 (Er=o /( r + ^ - !> w(t + ^ - 1) 

' (l- 7 )r(t/) T, n a=o(v-s- l)—< (pq (Er =0 f( T + V ~ U ( T + v ~ !))) - 2, 7/ + 6] N „_ 2 , 

splitting the second sum in two parts on the basis of the following equality 

1,7 1 
fM + (i - 7 )r (0 = ( 1 - 7 )^)’ 

therefore, 

u(t) = - r^y Es=o(* - s - !)— 09 (Er=o /( T + ^ - !. m(t + ^ - 

+ r^y ELo^ + b - « - !)— 09 (EEo f( T + v ~ !» “( r + ‘ 

+ (l- 7 ) 7 r(^) Ea=o(^ + b - s - !)— 09 (Er=o /( r + ^ - !» U ( T + ‘ 

- (i- 7 A )r M T, V s Zo(v -8- 1 )— 09 (Er=o/( T + z/ - i,«(T+I/- i))) , t € [v- 2 ,i/+6]n„_ 2 , 
which is equivalent to (2.1) that 

«(*) = A ELo G ( i > S )09(Er=o/( T + l/ “ 1 - U ( T + iy ^ 1 ))) 

+ 3 ^ ELo G (db S )0®( Er=o /( T + ^ - !, m(t + 7/ - 1))), t e[is-2,is + 6] N „_ 2 . 

On the other hand, if the function u(t) satisfies to ( 2 . 1 ), then u(y + b) = 711(77). What’s more, 
function u(t) defined by (2.2) can transform to (2.8) that 


A 


t—v 


< 8-1 


u(t) = s_ 1 )— 09 + v ~ 1 > U ( T + !)) ) + Co, f € [zi- 2,^ + 6] N „_ 2 . 

' ' s = 0 \r =0 / 


s — 0 

Then we find that 




Aitft) = - X _ (^-s- 1 )— 1 09 (X^ 0 ( T + ^“ 1 > u (' r+ ^ _1 )))> i G [^- 2 ,^ + 6- 

A ' s — 0 ' r — 0 ' 


and 


A^u(t) = -A£ {A " {j2lJof( s + t/ - l,u(s + is- 

= 09 (Eho AP_1 /(s + ^- 1 ,m(s + h- 1))) ,te [0,6 ]n o - 


(2.16) 

(2.17) 
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From (2.16) and (2.17), we see that A u{v — 2) = A£it(0) = 0. 

From the above proofs, it is to say function u(t) meets the boundary condition (1.2). Then we will 
proof that u(t) satisfies the fractional difference equation (1.1). Taking p-Laplacian operators on 
sides of (2.17), we find that 

t - 1 

[<j) p (A£u)\(t) = — ^ X p ~ 1 f(s + v — l, u(s + v — l)),t £ [0,6] No . (2.18) 

s— 0 

By equation (2.18), function A[</> p (A£w)](£) has the form 

A[</> p (A£u)](t) = -A . p ~ 1 f(t + i/- 1 ,u(t+v- 1 )),t G [0,6- l] No , 

which shows that if (1.1)-(1.2) has a solution, then it can be represented by (2.2) and that every 
function of the form (2.2) is a solution of (1.1)-(1.2), which completes the proof. 

Lemma 2.5 ([12]) Let v be any positive real number and a,b be two real numbers such that 
v < a <b. Then the following are valid. 

( i ) y is a decreasing function for x G (0, +oo)n- 

(ii) a decreasing function for x G [0, a — i/)n- 

Lemma 2.6 The function G(t,s) defined by (2.3) has the following properties: 

1. 0 < G(t, s ) < G(s + v — 1, s), for t G [v — 2, v + 6]n__ 2 and s G [0, 6]n 0 ; 

2. there exists a positive number k G (0, 1) such that 

min G(t,s)>n max Git, s) = kG(s + v — 1, s), 
tC[ (i, + 1/) , 3(i> + 1 ' ) ] te[i/-2,i/+6] Nl/ _ 2 

for s G [0, 6]. 


Proof. 1. For 0<s<f — ^ + 1<6, we get 

(v + b- 8- 1 )— > (t - S - 1 )^, 

which implies G(t, s) > 0. For 0<t — is+l<s<b, clear G(t, s ) > 0. 

On the other hand, case (1): 0 < s < f — ^ + 1 < 6, 

A t G(t,s) = - (l/ ~ 1)( * r ~^~ 1) ~ < 0; 

case (2): 0 < f — ^ + 1 < s < 6, 

A t.G(t, s) = 0. 

Combining the above two cases, we have the function G{t , s) is non-increasing of t, thus 

G(t, s ) < G(s + i/-l,s),sG [0, 

2. For s > t — v + 1 and ^±1 < t. < 3 ( b +G ; we have 

G(t,s) 


G(s + v — 1, s) 

For s < t — v + 1 and < t < 3( - 6 f 1 ^ , we have that 


= 1 . 


G(s~hl2— l,s) 


(v+b—s—l)- 


[v+b-s- 1 )— 


> 1 - 


3(b + v) 


- 8 - 1 ) 


{v+b-s - ’ 
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By Lemma 2.5 (ii), 


(W±Ll — 5 — 1)LzlL 
(v + b-s-1)^ 


is decreasing for 0 < s < 


3(b+v) 

4 


— v + 1 . Hence 


G(t,s) 


G(s + v — 1, s) 


> 1 - 


3 (&— |— 




0 + &-i) 


y-i > 


which implies 


min G(f, s) > kG(s + i/ — 1, s), 


where k = 1 — 


(l/+ 6— l)iCYL • 


Lemma 2.7 ([12]) Let B be a Banach space and let P C B be a cone. Assume that Hi 

and fi 2 are open subsets contained in B such that 0 € Hi and Hj C fi 2 . Assume, further, that 

T : P fl (fi 2 \ Hi) — > P is a completely continuous operator. If either 

(1) ||7+|| < ||u|| for «£?n <9fii and ||7+|| > ||w|| for u € P n <9fi 2 ; or 

(2) jiTull > ||ttj| for u € P fl 9Hi and j|7+|| < ||it|| for u € P fl <9fi 2 . 

Then T has at least one fixed point in P H (fi 2 \ Hi). 


Define the Banach space B by 

B = {u : [v - 2, v + 6] Ni ,_ 2 — ► R} 

with norm |0|| = max{|w(f)|,f € [v — 2, v + 6]n„_ 2 }. 

Define the cone 


P = < u £ B | uft) > 0 ,t £ 0 — 2,i/ + 6 ]n _ 2 , min u(t) > cr||it|| , cr = «(1 — 7) f ■ 

1 " *£[+++, +t+ + ] Ni/ _ 2 J 

( 2 . 21 ) 

From Lemma 2.4, we know that u is a solution of (1.1)-(1.2) if and only if u is a fixed point of the 
operator T : B — > B defined by 

Tuft) = AX;Lo G ( i > s )'/ > 9(Er=o/( T + i/ ^ 1 - u ( T + i/ - 1 ))) 


+Y^y ELo G fn, s)^(Er=o /( T + v - !» U ( T + v ~ !)))0 e \v - 2,u + b] 


N„_2- 

( 2 . 22 ) 


Lemma 2.8 Let T be defined as in (2.22) and P as in (2.21). Then T : P — > P is completely 
continuous. 


Proof. Note that T is a summation operator on a discrete finite set, so T is trivially completely 
continuous. We have that 




^ s — 1 


s = 0 




^2 f( T + V - 1, u(t + v - 1)) 
^r=o y 


(2.23) 
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For all u € P, it follows from (2.23) that 


b / s — l > 

min (Tu)(t) = min AV^ G(t, s)d> a I V'' f(r + v — 1, u(r + v — 1)) 

tg[(L+0 i£ [(6+W 3(t±Oi ' 


4 ’ 4 J s=0 

b 


\T — 0 


At 


(i - 7 )r(i/) 
At 


y O' + b-s - !)—<(>, /(r + 1 / - 1, w(r + J/ - 1)) 


s— 0 
r)—v 


" q 

's - 1 


r— 0 


- (i _ 7 j r(l/ ) X> - s - x )— ^ (y + * - 1, «(t- + * - 1)) 

b /»- i \ 

> kA V max G(f, s)<^„ /(r + ^ — 1, w(t + i/ — 1)) ) 

fe[i4-2,i/+6] Niy _ 2 > z — ‘ I 


\T — 0 


= k(1 - 7) y G(s + v - 1 , s)0 g ( y /(r + i/ - 1 , w(r + ^ - 1)) 

^ s=0 


Vr— 0 


> a\\Tu\\. 

It is obvious that ( Tu)(t ) > 0 whenever u G P, thus, T : P — > P as desired. 


3 Existence of positive solutions 

In this section, we will show the existence of positive solutions for boundary value problem (1.1)- 
(1.2). Let us put 

if(l) = min {f(t,u),(t,u) G [u - 1, v + b - 2] N „_ 1 x [0,/]}, 
ip(l) = ma ,x{/(f, u), (t, u) G [v — 1, v + 6 — 2] Ni/ _ 1 x [0, 1]}. 

(HI) The function f(t,u) satisfies lim p _, = 0. 

u— » 0 + u 

min te[ix-l,^ + b-2] N _ f(t,u) 

(H2) The function f(t,u) satisfies lim v - l = +oo. 

n^+oo u 

Set lo = \ — v + 1] , li = [ lAf+Al. _ v _|_ ij ^ k — max (7(^ s ) ; for (f, s) G [v — 2, v + 6] N „_ 2 x 
[0,6]n o . For convenience, we denote 


^ = y </»«(«)> -B = y 


s=0 


S=1 0 


Theorem 3.1 If f G C{[v — l,v + b — 2\n v _ 1 x [0, +oo) — > (0, +oo)) and there exist two positive 
constants a 2 > a\ such that 

(j> p (Siai) < ip(ai),ip(a 2 ) < <j> p (S 2 a 2 ) 
hold, where 5\,5 2 are positive constants satisfying 

5 2 A 


1-7 


< kS±B, 


then for each 


Xs^kS^B)^ 


5 2 KA 

1-7 


the problem (1.1)-(1.2) has at least one positive solution. 

Proof. Let fir = {u G B : ||tt|| < qi}. For any u G P with ||u|| = a\, we have 4> p (5\a.\) < 
ip(a 1 ) < f(t + v — 1, u(t + v—l)) for (t + u — 1, u(t + v — 1)) G [0, b — 1]n 0 x [0, oi]. We have 
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\Tu{t.)\ = \J 2 b s =o G{t, s)(^,(Er=o f( T + v - !> u{t + V- 1))) 

+ Es=0 G (v, s)<t> q ( Er=0 /( T + v ~ !» + 1/ - 1))) 

> A ElEo G (*> s)4*q ( Er=o /(r + 1/ - 1, u(r + 1/ - 1))) 

> kAA' EiEo 0g( E'=o ¥>(“i)) 

> kAA' EIEo <^( Er=o ^p(^iai)) 

= aiSiXuKB 


> a\. 

So, 

||T«|| > M.uePnafii. (3.2) 

On the other hand, let fi 2 = {u G H : ||it|| < a 2 }. For any u G P with ||tt|| = a 2 , we have 
f(t + v — 1, u(t + v — 1)) < ip(a2) < 4>p(S 2 a 2 ) for (t + v — 1, u(f + v — 1)) G [0, b - 1]n 0 x [0, a 2 ]. 
We have 

\Tu(t)\ = A ELo G (^ s)<£ g ( Er=o /( r + ^ - !. w(r + v - 1))) 

+ 13^ Es=0 G (>?- S )^( Er=0 /( T + ^ - l,u(r+U- 1))) 

< ^AEU^ (EEo ''/’( as)) + T^KY, b s=o<t> q (Er=0^(a2)) 

< E«=0 ^ (Et= 0 ‘M^)) 

= <^ 0:2 A 73 ^ -A 

< « 2 - 


Hence, 


||Tu|| < ||tt||, u G P n <9fi 2 . 


(3.4) 


Consequently, from (3.2) and (3.4), we may invoke Lemma 2.6 to deduce that T has a fixed point 
in the set P D (fi 2 \ Hi). Then the theorem is proved. 


Theorem 3.2 Suppose that conditions (HI )-(H2) hold. If there exist a sufficient small positive 
constant 6 3 and sufficient large 64 such that 

S3- < K84B 

1-7 


holds , then for each 

Xe^K B y\ (f^)"), 

then problem (1.1)-(1.2) has at least one positive solution. 

Proof. Because of condition (HI), there exist /3± > 0 and a sufficient small constant £3 > 0 
such that 

f(t, u) < (<5 3 u) p_1 , 0 < u < Pi. (3.5) 
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So for u € P with 
\\Tu\\ 


||it|| = (3\, by (2.22) and (3.5), we have for all t € [v 

= r ““ a eIo g (m)^(e^/(^+^- 

te[i/-2,i/+6] Ni/ _ 2 


— 2, i/ + 6 ]n„_ 2 , 
1) u (t + v — 1))) 


+ 13^ Es=o s )^( Et=o /( T + ^ - 1,u{t + v- 1))) 
<X\\u\\S 3 KA+\\u\\^ 8 3 KA (3 ’ 6) 

= xMS.Kj^a 

< IMI- 

Thus, if we choose O i = {u £ B : ||u|| < /3i}, then (3.6) implies that 

\\Tu\\ < ||u||,ue PndQi. (3.7) 


On the other hand, condition (H2) implies that there exist a number 0 < /3i < /?2 and a 
sufficient large constant 64 such that 

f(t, u ) > (<5 4 «) p_1 , u > fa. (3.8) 

And then we set /3J = — > /? 2 - Then, u, £ P and ||u|| = implies min u(t) > cr||w|| = /5 2 , 

thus u(t) > fo, for all t G [ Therefore, for all t € [v — 2,u + 6]n„_ 2 , by (2.11) and 
(3.8), we have that 

Tu{t) = A £s=o G(t, s)<(- 9 ( ErE o f(r + v-l ,u(t + u- 1))) 

+ f5y Es=o G ( 7 ?’ s )<Ej ( ErEo f( T + v - !> u(r + ^ - 1))) 

> A ElE; 0 G (C s)</> 9 ( ErEo f{T+V- 1, u(t + V - 1))) 

> T!s=i 0 K( t ) g ( ErEo f{ T + v ~ !) w(r + z/ - 1))) 

> A||m||(54k/\ B 

> HI- 

Hence, if we choose = {u € B : ||u|| < /3|}, from (3.9) we have that 

\\Tu\\ > ||w||,u ePfl dft. 2 - 

Consequently, from (3.7) and (3.10), we may invoke Lemma 2.6 to deduce that T has a fixed point 
in the set P D (0 2 \ Hi). Then the theorem is proved. 


(3.10) 


4 Examples 

In this section, we will present some examples to illustrate main results. 

Example 4.1 Suppose that v = § ,b= 9 ,p = §. Take 7 = 0.1, oq = 2 and <22 = 80000. Then 
f(t, u) = t 2 + sin u + 6 and problem (1.1)-(1.2) becomes 

A[0 p (A^u)](t) + A p-1 /(f, m) =0,1 £ [0,8] No , (4.1) 

A u(v — 2) = A<Au(0) = 0, u(v + b) = 0.1u(r/). (4.2) 

Make <5i = 15 and S 2 = By calculation, we have K = ma^j^jgpi^j x [ 0|9 j G(t,s ) w 3.524, 
x/30 = (ppfaai) < ip(ai) = 6 and 88 = ip(a 2 ) < ^(cho^) ~ 89. Then S\Kj^ Es=o 09 ( s ) ~ 
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, 1 n 

3.524 x | x 285 « 111.6 and 6 2 kKJ2 % 4 1 , ) M s ) ~ 15 x 0.0871 x 3.524 x 135 « 690. So, 

the conditions of Theorem 3.1 are satisfied. Then the boundary value problem (4.1)-(4.2) has at 
least one positive solution for each A £ (0.001,0.009). 

Example 4.2 Suppose that v — | ,b = 9 ,p = §. Take 7 = 0.1, (>3 = and 64 = 2. Then 
f(t,u ) = (t+ 1 )u2, and problem (1.1)-(1.2) becomes 

A[^ p (Aju)](t) + A p -7(f,u) =0,t€ [0,8] No) (4.3) 

A u(v — 2) = A<Au(0) = 0, u( v + b) = 0.1 u(rj). (4.4) 


In addition, we have K = max (t)5)6[ _i « ]BoX[0t9]% G(t, s ) 


0 and lim 

u — >-+oo 


Q te[*-l,i/ + !>-2] N 




3.524, lim 

u— >0+ 


K te[i/-l,i/ + b-2] N 




uP- 


= + 00 . Then 6 3 K^- E* = o M*) « woo x 3 - 524 x f x 285 


UP" 1 1 1_ 7 ~ 1000 ^ 9 

I ]■ I 1 I 

1.116 and S 4 KK E _|- 4 (b+1 ,) <^ g (s) « 2 x 0.0871 x 3.524 x 135x « 90.90. So, the conditions of 

Theorem 3.2 are satisfied. Then the boundary value problem (4.3)-(4.4) has at least one positive 
solution for each A £ (0.012,0.896). 
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Abstract 

In this paper we characterize the boundedness and compactness of the weighted compo- 
sition operator from the analytic Morrey spaces C“' x to the Zygmund space Z , and the little 
analytic Morrey spaces £q' a to the little Zygmund space Zq, respectively. 

Keywords Analytic Morrey space, Zygmund space; Weighted composition operator; Bound- 
edness; Compactness 
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1 Introduction 

Let D = {z : \z\ < 1} be the open unit disk in the complex plane and H(D) denote the set of 
all analytic functions on D. Let u,(p £ H(D), where (p is an analytic self-map of D. Then the 
well-known weighted composition operator uC v on H(D ) is defined by uC lfi {f){z) = u(z) ■ (foip(z)) 
for / £ H(D) and z £ D. Weighted composition operators can be regarded as a generalization 
of multiplication operators M u and composition operators C v . In 2001, Ohno and Zhao studied 
the weighted composition operators on the classical Bloch space /? in [18], which has led many 
researchers to study this operator on other Banach spaces of analytic functions. The boundedness 
and compactness of it have been studied on various Banach spaces of analytic functions, such as 
Hardy, Bergman, BMOA, Bloch-type spaces, see, e.g. [4, 6, 11, 29]. 

For an arc I C 90, let |/| = Jj MCI be the normalized arc length of J, 

and S(I) be the Carleson box based on I with 

S(I) = {z £ D : l - \I\ <\z\ < l, -?- £ I}. 

Ml 

Clearly, if I = dD, then S(I) = D. 

Let C 2,X (D) represent the analytic Morrey spaces of all analytic functions / £ H 2 on D such 
that 

s ( iW /,cH/ W )1/2<oc - 

*The research was supported by the National Natural Science Foundation of China (Grant No. 11671357, 
11571217) and the Natural Science Foundation of Fujian Province, China(Grant No. 2015J01005). 

'E-mail: ye_shanli@aliyun.com; slye@zust.edu.cn 
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where 0 < A < 1 and the Hardy space H 2 consists of analytic functions / in D satisfying 

r2n 


l 

SUP 9^ 

0<r<l 47T , 


|/(re* e )| 2 dO < oo. 


From Theorem 3.1 of [25] or Theorem 3.21 of [26], we can define the norm of function / £ £ 2,A (D) 
and its equivalent formula as follows 


ll/ll-C 2 ’* = l/(°)l + SU P (|7fA / \f'(z)\ 2 (l-\z\ 2 )dm(z)) 1/2 

icdD nr Js(i) 

~ |/(0) | + sup ((1 — |a| 2 ) 1_A f \f{z)\ 2 (l-\<p a (z)\ 2 )dm(z)) 1/2 . 

aGD J D 


Similarly to the relation between BMOA space and VMOA space, we have that / £ £q’ A (£>), 
the little analytic Morrey spaces, if / £ C 2 ' X (D) and 



1/(0 -M 2 


MCI \ 1/2 

2t r ' 


Clearly, £q’ 1 (H) = VMOA. The following lemma gives equivalent conditions of C 2 Q X . 
proof is similar to that of Theorem 6.3 in [10], we omit the details. 


The 


CL — Z 

Lemma 1.1 Suppose that 0 < A < 1 and f £ H(D). Let a £ D, ip a (z) = - — — . Then the 
following statements are equivalent. 

(i) f e C 2 0 ' X (D); 

(ii) lim (1 - |a| 2 ) 1_A f |/'(0| 2 (1 - Wa{z)\ 2 )dm{z) = 0; 

|a|— vl J D 

(in) lim (1 — |a| 2 ) 1_A f \f(z)\ 2 log —^-—dm(z) = 0. 

I«K1 Jd \Va(z)\ 

It is known that C 2,1 (D) = BMOA and if 0 < A < 1, BMOA C L 2,X (D). For more information 
on BMOA and VMOA, see [10]. 

The Zygmund space Z consists of all analytic functions / defined on D such that 


z(f ) = sup{(l - \z\ 2 )\f"(z)\ : z G D} < +oo. 


From a theorem of Zygmund (see [37, vol. I, p. 263] or [8, Theorem 5.3]), we see that / £ Z if 
and only if / is continuous in the close unit disk D = {z : \z\ < 1} and the boundary function 
f(e ld ) such that 

|/( e de+C) + /(e^-C) _ 2f(e i0 )\ 

h> 0,9 h 

An analytic function / £ H(D ) is said to belong to the little Zymund space Zq consists of 
all f G Z satisfying lim| z |_ > , 1 (l — \z\ 2 )\f" (z)\ = 0. It can easily proved that Z is a Banach space 
under the norm 

\\f\\ z = \m\ + \rm+z(f) 

and the polynomials are norm-dense in closed subspace Zq of Z. For some other information on 
this space and some operators on it, see, for example, [12, 13, 15]. 

Morrey space was initially introduced in 1938 by Morrey [17] to show that certain systems 
of partial differential equations (PDEs) had Holder continuous solutions. In the past, Morrey 
space has been studied heavily in different areas. For example, Adams and Xiao studied Morrey 
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spaces which is defined on Euclidean spaces R" by potential theory and Hausdorff capacity in 
[1, 2]. Wang, Xiao [23] studied holomorphic Campanato spaces on the open unit ball B” of C n . 
Wang and Xiao [24] characterized the first and second preduals of the analytic Morrey spaces 
£ 2,A on the unit disk. Xiao and Yuan [28] studied the analytic Campanato spaces (including the 
analytic Morrey spaces) in terms of the Mobius mappings and the Littlewood-Paley forms. Xiao 
and Xu [27] studied the composition operators of £ 2,A spaces. Li, Liu and Lou[14] studied the 
Volterra-type operators on £ 2,A spaces. Zhuo and Ye [36] considered this operators from £ 2,A 
spaces to the classical Bloch space. 

In 2006, the boundedness of composition operators on the Zygmund space Z was first studied 
by Choe, Koo, and Smith in [3]. Later, many researchers have studied composition operators and 
weighted composition operators acting on the Zygmund space Z. Li and Stevie in [12] studied the 
boundedness and compactness of the generalized composition operators on Zygmund spaces and 
Bloch type spaces. Ye and Hu in [34] characterized boundedness and compactness of weighted 
composition operators on the Zygmund space Z. Esmaeili and Lindstrom in [9] studied weighted 
composition operators from Zygmund type spaces to Bloch type spaces and their essential norms. 
Sanatpour and Hassanlou in [20] gave the essential norms of this operators between Zygmund-type 
spaces and Bloch-type spaces. See also [7, 19, 22, 29, 30, 31, 32, 33, 35] for corresponding results 
for weighted composition operators from one Banach space of analytic functions to another. In 
this paper we consider the weighted composition operators from the analytic Morrey spaces £ 2-A 
to the Zygmund space Z , and the little analytic Morrey spaces C(f to the little Zygmund space 
Zq, respectively. 

Notations: For two functions F and G, if there is a constant C > 0 dependent only on indexes 
p, A... such that F < CG, then we say that F < G. Furthermore, denote that F « G (F is 
comparable with G) whenever F < G < F. 


2 Auxiliary results 


In order to prove the main results of this paper, we need some auxiliary results. 
Lemma 2.1 Let 0 < A < 1. If f € £ 2,A , then 


(i) |/( 2 )| < for every z G D; 

(i- M 2 ) 2 

(ii) l/'(~)l ^ for ever V z e D ; 

(1 - | 2 | 2 ) 2 

(in) \ f"(z)\ < for every zG D. 

(1 - | 2 | 2 ) 2 


Proof (i) and (ii) are from Lemma 2.5 in [14]. For any / G £ 2,A . Fix z G D and let p = 
by the Cauchy integral formula, we obtain that 


j_ r m dr \< mic2 ’ x 1 r pde - ||/||£2 ’ x p ' 11/11 

271-* V|£|=p (? - z) 2 - ( 1 -^ 2 )^ 2n J 0 \pe i6 - z\ 2 (l-p2)5=A p 2 _ \ z \2 ~ ( X _ | 2 | 2 ) 


C 2,x 


Hence (iii) holds. 
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Lemma 2.2 Let 0 < A < 1. If / G £q A , then 

(i) lim (l 

(ii) lim (1 - \z\ 2 )^\f{z)\ = 0; 
phi 

(in) lim (1 - \z\ 2 )^\f'(z)\ = 0. 

|z|->l 

The proof of (i) is similar to that of Lemma 2.5 in [14], and we easily obtain (ii) and (iii) by (i). 
These details are omitted here. 

Lemma 2.3 Suppose uC v : £q’ A -t Z 0 is a bounded operator, then uC v : £ 2,A — »• Z is a bounded 
operator. 

The proof is similar to that of Lemma 2.3 in [33]. The details are omitted. 


3 Boundedness of uC ^ 

In this section we characterize the boundedness of the weighted composition operator uC v from 
the analytic Morrey spaces £ 2,A to the Zygmund space Z, and the little analytic Morrey spaces 
C 0 ' to the little Zygmund space Zq, respectively. 

Theorem 3.1 Let u be an analytic function on the unit disc D, and p an analytic self-map of 
D. Then uC v is a bounded operator from the analytic Morrey spaces C 2,x to the Zygmund space 
Z if and only if the following are satisfied: 


(i-M 2 )K(*)| 

zGD ( 1 - |¥>( 2 )| a )^£ 


< oo; 


sup 

zGD 


(1 - \z\ 2 )\2p’{z)u’(z) + <p"(z)u(z ) I 


(1 l^)l 2 ) 3 ^ 

„ (i — \ z \ 2 )\ u ( z )(v’ { z )) 2 \ 

z&D ( 1 - \y{z)\ 2 ) 5 Sr 


< oo. 


< oo; 


(3.1) 

(3.2) 

(3.3) 


Proof Suppose uC v is bounded from the analytic Morrey spaces £ 2,A to the Zygmund space Z. 
Using functions f{z) = 1, f(z) = z and and f(z) = z 2 in C 2 ’ X , we have 


u £ Z, 


(3.4) 


sup(l — \z\ 2 )\2ip r (z)u r (z) + ip"(z)u(z) + <p(z)u"(z) | < Too, (3.5) 

ze£> 

and 

sup(l - \z\ 2 )\4(p(z)ip' (z)u' (z) + p 2 (z)u"(z) T 2 u{z)(ip(z)p" (z) T (p’ (z)) 2 )\ < oo. 

zeD 

Since <p{z) is a self-map, we get 

Kx = sup(l — \z\ 2 )\2tp' (z)u' (z) T p"{z)u{z) \ < Too (3.6) 

zGD 
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and 


K 2 = sup(l - \z\ 2 )\(ip' (z)) 2 u(z)\ < -Too. 

zeD 


(3.7) 


Fix a £ D with |a| > ^ we take the test functions: 


fa(z) = 


i - y 


(1-52)^' 


-2 


(1 — l a | 2 ) 2 , (1 — l «| ) 


2\3 


(1 -az)*w 


(1 — az ) 2 


(3.8) 


for z £ D. Then, arguing as the proof of Lemma 3.2 in [14] we obtain that f a £ £ 2,A and 
sup Q ||/o||£ 2 ,x < 1. Since f a (a) = 0, /'(a) = 0, /"(a) = ^ 5 _ x , it follows that for all 


A £ D with y(A)| > we have 


(1-W V 


WfaWc* 


,x 


> 


+ 


\\uC v f a \\ Z > sup(l - \z\ 2 )\{uC v f a )"(z)\ 

zeD 

sup(l - \z\ 2 )\(2<p’ {z)v! (z) + y" {z)u(z)) f a {ip{z)) 

z&D 

r:^(z)W(z))Mz)+u"(z)f a Mz)) |. 


Let a = ip( A), it follows that 


WfaWc^ > (1-|A| 2 )|(2^(AK(A) + ^(AMA))/; (a) MA)) 

+ /;w^(a))(^'(a))Va) +u"(\)f ipW ( iP (m 


= (1-|A| 2 )|(^(A))VA) 


2y>(A) 

(i-y(A)p)^ 


> 


(l-|A| 2 )|y/(A)) 2 u(A)| 

(l-y(A)l 2 ) 5 ^ 


For VA £ D with |<p(A)| < by (3.7), we have 


S U P (1-|A| 2 )I^(A))VA)I < (4) ^ 

a e£> (1 — |</j(A)| 2 ) 2 3 


< (if** SU P (! - |A| 2 )y'(A)) 2 «(A)| < -Too. 


Hence (3.3) holds. 

Next, we will show that (3.2) holds. Fix a £ D with |a| > |, we take another test functions: 


1- |a| 2 _ 12-2A (1 - ]a| 2 ) 2 5- A (1 - ]a| 2 ) 3 

(1 — az)^ 7 — A (1 — dz)^ 2 7 — A (i _ az) 1 ^ 


(3.9) 


for 2 £ D. Then g a £ £ 2>A and sup a \\g a \\c 2 ^ ^ l(see [14]). Since g a (a) = 0, g"(a) = 0, g' a (a) = 

=— r-, it follows that for all A £ D with |<p(A)| > J, we have 

(7-A)(l-|a| 2 )^ 2 


llffa|| £ 2,x 


£ \\uC v g a \\z > sup(l - | 2 | 2 )|(i(C' v 5 a)"( 2 )| 

zeD 

= sup(l - \z\ 2 )\(2<p’ (z)v! (z) + w"(z)u(z))g' a (w(z)) 

zGD 

+ 9aMz))(v'{z)) 2 u{z) + u"(z)g a (<p(z)) |. 
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Let a = ip( A), it follows that 


llfl-llz^ > (1-|A| 2 )|(2^(AK(A) + ^(AMA))4 (a) (^(A)) 
+ <(a)(^(A))(^(A)) 2 «(A) + «"(A)^ (a) (^(A))| 


= (1-|A| 2 )|(2^(AK(A) + ^(AMA)) 


-2p(A) 


(7-A)(l-|^(A)| 2 )^ 


> 


1 (1 — |A| 2 )|2y/(A)w'(A) + <p ,, (A)u(A)| 


sup 

xeD 


7- A (1-|^(A)| 2 )^ 

For VA € D with |y>(A)| < by (3.6), we have 
(1 - |A| 2 W(AK(A) + <£>"(A)u(A)| w 4^ 


(1-|^(A)| 2 )^- 


< (-) 2 sup(l - |A| )|2ip (A)u'(A) + (A)u(A)| < +oo. 

3 a e£> 


Hence (3.2) holds. 

Finally we will show (3.1) holds. Let 


1 - I a\ 


for z £ D. It is easily proved that sup i < H <3 ||/i 0 || £ 2 ,a < 1. Then, 


(3.10) 


IIM£2„ 


> 


\\uC v h a \\ Z > (l-\ Z \ 2 )\(uC v h a )"( Z )\ 


> (1 - \z\ 2 )\u H (z)h a ( V {z))\ (1 - \z\ 2 )\Wtz)u\z) + <p"{z)u{z))h' a {'p{z))\ 

(l-\z\ 2 )\hMz)W(z)) 2 u(z)\- 


Therefore, by Lemma 2.1, (3.2) and (3.3), we obtain that 

sup(l - \z\ 2 )\u"(z)h a {<p{z))\ < sup(l - \z\ 2 )\(2<p' {z)v! {z) + p" (z)u(z))h' a (ip(z)) \ 

zGD zeD 


+ sup ( 1 - \z\ 2 )\h”(ip(z))(ip'(z)) 2 u(z)\ + C\\h a \\ C 2 ,x 

zeD 


< 


(1 - \z\ 2 W(z)u'(z) + y"{z)u(z)\ 


sup 

( 1 ->(*)IT* 
(i- \A 2 )\ u ( z Wi z )) 2 ' 


\\K\\c^ 


sup 


zeD (l~\y(z)\ 2 ) 2 


\\h a \\ C 2,X + \\h a || £ 2 , A < 00. 


Let a = (p(z), it follows that 


sup(l - \z\ 2 )\u"{z)h a (y{z))\ = sup ^ ^ ^ 

zeD zeD (1 — \<p(z)Y‘) 2 


< 00 . 


For VA € D with |y>(A)| < by (3.4), we have 
(1-|A| 2 )K(A)| /4, 


. „ , ^ m ^ = (-)^su P (l-|A|>"(A)|<oo. 

xeD (1 — |<^(A)| 2 ) 2 o Ae£> 


sup 


Hence (3.1) holds. 


775 


Shanli Ye 770-784 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Conversely, suppose that (3.1), (3.2), and (3.2) hold. For / £ £ 2,A , by Lemma 2.1, we have 
the following inequality: 

(1 - \z\ 2 )\(uCpf) r \z)\ = (1 - \z\ 2 )\ (2ip r (z)u r (z) + ip"(z)u(z))f'{<p(z )) 


+ f"(<p(z))(p'(z)) 2 u(z)+u"(z)f(<p(z)) | 


< (1 - k| 2 )|(2 <p'{z)u'(z) + <p" (z)u(z)) f {<p(z )) I 


+ (1 - \z\ 2 )\f"{<p(z)){ip'{z)) 2 u{z)\ + (1 - \z\ 2 )\u"{z)f{v{z))\ 


< 


(l-\z\ 2 )\2p>(z)u'(z) + p"(z)u(z)\ 

(1-1 p{z)\^ 


II f\\c^ 


+ 

< 


(l-\z\ 2 )\(p'(z)) 2 u(z)\ 

(l-l¥>(*)l 2 )*^ 

11/II.C 2 .^ 


\\f\\c^ 


(i-H 2 )K(z)| 
(1- l^)! 2 )^ 




and 


i«(o)/(^(o))i + \u'(o)f(vm\ + \u(o)f>Mowm 
l«(0)| + K(o)| , |«(0)v/(0)| 


<( 


(i-b(0)| 2 )^ (i-b(o)l 2 ); 5 ? 


c 2 - 


This shows that uC v is bounded. This completes the proof of Theorem 3.1. 


Theorem 3.2 Let u be an analytic function on the unit disc D, and <p an analytic self-map of 

2 A 

D. Then uC v is bounded from the little analytic Morrey spaces C 0 ’ to the little Zygmund space 
Zq if and only if u £ Zq, (3.1), (3.2) and (3.3) hold, and the following are satisfied: 


.Ijm (1 — \z\ 2 )\u(z)(p’ (z)) 2 \ = 0; (3.11) 

H-»T 

lim (1 — \z\ 2 )\2ip'(z)u'(z) + ip''(z)u(z)\ — 0. (3.12) 

bl-rt 

Proof Suppose that uC^ is bounded from C(f X to Zq. Then u = uC v \ £ Zq. Also mp = uC v z £ 
Zq, thus 

(1 - \z\ 2 )\2p>' (z)v! (z) + ip"(z)u(z) + <p(z)u"(z) | — ■> 0 (\z\ -> 1“). 

Since \<p\ < 1 and u £ Z 0 , we have lim(l — \z\ 2 )\2ip'(z)u'(z) + ip" (z)u(z) | = 0. Hence (3.12) holds. 
Similarly, uC^z 2 £ Zq, then 

(1 - \z\ 2 )\Mz)p'(z)u'(z) + <p 2 (z)u"(z) + 2 u(z)(<p(z)p"(z) + (<p'(z )) 2 ) I — > 0 (\z\ -> 1"). 


By (3.12), \ip\ < 1 and u £ Zq, we get that lim {\ — \z( 1 )\u(z)(ip'{z)) 2 \ = 0, i. e. that (3.11) holds. 

1*1— »-i 


On the other hand, by Lemma 2.3 and Theorem 3.1, we obtain that (3.1), (3.2) and (3.3) hold. 
Conversely, let 


M\ = sup 

zeD 


(l-\z\ 2 )\2p'(z)u'(z)+p"(z)u(z)\ 

(1-| ^)| 2 )^ 


< oo; 
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„ „ {l-\z\ 2 )\u{zW{z)f\ _ 

M 2 = sup < 00 

z&D (1-| V{Z)\ 2 )-^ 

( l-\z\ 2 )\u"{z)\ 

M 3 = sup < oo. 

zeD (I | v '(2)| 2 ) 2 

For V/ G C 2,x , by Lemma 2.2, given e > 0 there is a 0 < <5 < 1 such that (1 — \z\ 2 )^~ \f' (z)\ < 
3 ^-, (1 ^ k| 2 )^|/"W| < ^ and (1 - ^ for all * with 5 < |*| < 1. 

If ^( 2 ) | > S, it follows that 

(1 - \z\ 2 )\{uC v f)"(z)\ = (1 - \z\ 2 )\(2p'(z)u'{z) + p" (z)u(z)) f (<p(z)) 


+ f"(p(z))(p'(z)) 2 u(z)+u"(z)f(p(z))\ 


< (1 - M 2 )|(2 <p'(z)u'(z) + <p"(z)u(z))f'(<p(z))\ 

+ (1 - \z\ 2 )\f"(<p(z))(<p'(z)) 2 u(z)\ + (1 - \z\ 2 )\u"(z)f(p(z))\ 

{l-\z\ 2 )\2p'(z)u’(z) + p"{z)u{z)\ e 
(1- l^)! 2 ) 5 ^ 3M\ 

+ {l-\z\ 2 )W{z)) 2 u{z)\ e | [l-\z\ 2 )\u"{z)\ e 

(1 — \p(z)\ 2 )^~ 3 M 2 (1 — |y;( 2 :)| 2 ) “ 2 “ 3M 3 

< e, 

We know that there exists a constant K such that \f{z)\ < K , \f(z)\ < K and \ f"{z)\ < I\ 
for all \z\ < 6. 

If \p{z)\ < 6, it follows that 

(1 - \z\ 2 )\(uC v f)"(z)\ = (1 - \z\ 2 )\(2tp\z)u'{z) + ip"(z)u{z))f'(<p{z)) 

+ f"(<p(z))(<p'(z)) 2 u(z) + u"(z)f(<p(z))\ 

< K( 1 — \z\ 2 )\2p' {z)u' {z) + ip"{z)u{z)\ 

+ K(1 - \z\*W(z)) 2 u(z)\ + K( 1 - \z\ 2 )\u"(z)\. 

Thus we conclude that (1 — \z\ 2 )\(uC lp (f))"(z)\ — > 0 as \z\ — ► 1 _ . Hence uC^f G Z 0 for all 
/ G £ 2 ’ A . On the other hand, uC v is bounded from C 2,x to Z by Theorem 3.1. Hence uC v is a 

2 A 

bounded operator from Cf to Zq. 

Corollary 3.1 Let ip be an analytic self-map of D. Then C v is a bounded operator from the 
analytic Morrey spaces £ 2,A to the Zygmund space Z if and only if the following are satisfied: 


(1-I*IW(*)) 2 I 

Sup rrw 

z£D (l-|p(*)|2)V 


(3.13) 
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(l-\z\*W'(z)\ 

z£D ( 1 -| V{Z)\ 2 )^ 


< 00 . 


(3.14) 


Corollary 3.2 Let be an analytic self-map of D. Then C v is a bounded operator from the little 
analytic Morrey spaces £ 2,A to the little Zygmund space Zq if and only if (p £ Zq, (3.13) and 
(3.1 4) holds. 


2 A 

Proof By Theorem 3.2, C v is a bounded operator from C 0 ’ to Zq if and only if ip £ Zq, 
lim^i^!- (1 — \z\ 2 )\(p’ (z)) 2 \ = 0, (3.13) and (3.14) hold. However, by (1.5) in [33], That ip £ Z 0 
implies that limM^- (1 — \z\ 2 )\(p' (z)) 2 \ = 0. Then, C v is a bounded operator if and only if 
ip £ Zq, (3.13) and (3.14) hold. 


In the formulation of lemma, we use the notation M u on H(D) defined by M u f = uf for 
f£H(D). 

Corollary 3.3 The point-wise multiplier M u : C 2,x —> Z is a bounded operator if and only if 


u = 0. 


4 Compactness of uC ^ 

In order to prove the compactness of uC v , we require the following lemmas. 

Lemma 4.1 Suppose that uC v be a bounded operator from £ 2,A to Z, then uC v is compact if 
and only if for any bounded sequence {f n } in- C 2X which, converges to 0 uniformly on compact- 
subsets of D. We have \\uC v (f n )\\z — > 0 , as n — > oo . 

The proof is similar to that of Proposition 3.11 in [5] . The details are omitted. 

Lemma 4.2 Let- U C Z 0 . Then U is compact if and only if it is closed, bounded and satisfies 


lim sup(l - | 2 | 2 )|/"( 2 :)| = 0. 

The proof is similar to that of Lemma 1 in [16], we omit it. 

Theorem 4.1 Let u be an analytic function on the unit disc D and ip an analytic self-map of D. 
Suppose that uC v is a bounded operator from C 2 ' X to Z. Then uC v is compact if and only if the 
following are satisfied: 


lim (i- M 2 )K0)l =0 . 

(1-| <p(z)\ 2 )^ 

(4.1) 

lim (1 - \z\ 2 )W{z)u’{z) + y"{z)u{z)\ 0 . 

(4.2) 

Iv(*)l->1 (l-l^(^)l 2 )^ 

lim (1-N| 2 )K^)(^)) 2 I , 0 

(4.3) 

k(*)|->i (1- \p(z)\ 2 )*Sr 
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Proof Suppose that uC v is compact from C 2 ' X to the Zygmund space Z. Let { z n } be a sequence 
in D such that \ip(z n )\ — > 1 as n — > oo. If such a sequence does not exist, then (4.1), (4.2) and 
(4.3) are automatically satisfied. Without loss of generality we may suppose that \ip(z n )\ > \ for 
all n. We take the test functions 


fn(z ) = 


1 - W{Zn)\ 2 2(1 — \lfi(z n )\ 2 ) 2 , (1-|^„)| 2 ) 3 


(1 -ip(z n )z) 2 (1 -(p(z n )z)'* (1 -ip(z n )z) 2 

By the proof of Theorem 3.1 we know that that sup„ ||/„||£ 2 ,a < C < oo. Then {/„} is a 

bounded sequence in C 2X which converges to 0 uniformly on compact subsets of D. Then 

lim rwoo ||uC v ,(/ n )||, z = 0 by Lemma 4.1. Note that f n (p(z n )) = 0, fh(<p(z n )) = 0 and 

(III l n _ 2 p(z n ) 

fn(<P( Z n)) — 

(1- W(z n )\ 2 ) 2 

It follows that 

\\uC v f n \\ z > (1 - \z„\ 2 )\(2u' (z n )ip' (z n ) + <p"(z n )u(z n ))f' n {p(z n )) 


+u(z n )f"X<p(z n ))(ip'{z n )) +u"(z n )f n {<p{z n ))\ 


= 2(1 - \z n \ )\(tp (z n )) u(z n ) 


(1-|^„)|2)^ 


> {l-\z n \ 2 )\u(z n W(z n )) 2 \ 

(1 M*„)l 2 )‘* 

Then lim d ~ = a Thus (4 3) hol(Js 

(l-\y{z n )\ 2 ) — 

Next, let 

l-| v fe)| 2 12-2A (1 - |*>(*JI 2 ) 2 5-A (1 - |*>fe)l 2 ) s , 

S " ( > (1-JSO*) 5 ^ 7- A (1-5K) 2 )V + 7-A (1 _^j z) V (4 ' 5) 

We similarly obtain that { g . n } is a bounded sequence in C 2 ’ X which converges to 0 uniformly on 
compact subsets of D. Then lim,,-^ ||itC' v ,(< 7 n )||.z = 0 by Lemma 4.1. Note that g n (ip(z n )) = 

n AA - n „/ O-/- AA _ - 2 M z n)) ^ follows thftt 


o, 9n{v(z n )) = 0 and g' n {p(z n )) = 


(7-A)(l-| ^„)| 2 )^- 


WuC^gnWz > (1 - \z n \ 2 )\{2u' (z n )ifi' (z n ) + p" (z n )u(z n ))g' n (<p(z n )) 


+u(z n )g”{p(z n ))(pXz n )) 2 + u"(z n )g n (ip(z n ))\ 


= (1 - \z n \ 2 )\2u (z n )ip (z n ) + ip"(z n )u(z n ) I 


2 \<P(Zu )\ 2 

(7-A)(l-|^ n )| 2 )¥ 


> (1 - \z n \ 2 )\2u' (z n )ip' (z n ) + ip"(z n )u{z n ) | 

(7-A)(l-|^n)| 2 )^ 

Then hm (1 ~ L-I 2 )|2«'L.,Y'L,.) + = 0 . Thus (4.2) holds. 

(1 - MsJHt 


Finally, let 


h n {z) = 


1 ~ |y(^)| 2 

(1 - <p(z n )z) V 
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We know that {h n } is a bounded sequence in C 2 ' X which converges to 0 uniformly on com- 
pact subsets of D. Then lim^,*, \\uC v {h n )\\z = 0 by Lemma 4.1. Note that h n (ip(z n )) = 

3- A , (3-A)(5-A) 


1 


(lH^n)| 2 )^ 

It follows that 


t=a-, K{v{ z n)) = 


2(1-|¥>00| 2 )^ 


— and h"(ip(z n )) = 


4(1-|^„)|2)V 


\\uC v h n \\z > (1 - \z n \ 2 )\(2u' (z n )(p' (z n ) + ip"(z n )u(z n ))h' n ((p(z n )) 


+u(z n )h'^((p(z n ))(ip' (z n )) 2 + u"(z n )h n (<p(z n ))\. 


Then, 


{l-\z n \ 2 )\u’\z n )\ 

(l-M^)l 2 )^ 


< \\uC v h n \\ z + (1 - \z n \ 2 )\u(z n )((p' (z n )) 2 \ 


(3 — A) (5 — A) 
4(1 


+(1 - \z n \ 2 )\(2u'(z n )cp'(z n ) + ip"{z n )u{z n ))\ 

2(1 - 1^„)| 2 );^- 

hence (4.1) holds by (4.2) and (4.3). The proof of the necessary is completed. 

Conversely, suppose that (4.1), (4.2), and (4.3) hold. Since uC^ is a bounded operator, by 
Theorem 3.1, we have 


Mi = sup 

zGD 


(l-\z\ 2 )\2v>(z)u'(z) + <f"(z)u(z)\ 

(1-|¥>(*)I 2 )^ 


< oo; 


„ „ (l-\z\ 2 )\u(zW(z)) 2 \ „ _ 

M 2 = sup < oo 

zeD (l-^^)! 2 )^ 


M 3 = sup 


(l-\z\ 2 )\u"(z) 


< 00. 


zer> (1 — |^(^r) | 2 ) 2 
Let {/„} be a bounded sequence in C 2,x with ||/ n || jC 2 ,x < 1 and f n 


0 uniformly on compact 


subsets of D. We only prove lim \\uC lp (f n )\\z = 0 by Lemma 4.1. By the assumption, for any 

n — >oo 

e > 0, there is a constant S, 0 < <5 < 1, such that <5 < \<f(z)\ < 1 implies 


(1 - \z\ 2 )\u(z){tp'{z)) 2 \ <c (1 - \z\ 2 )\u"(z)\ <c 

(l-l^)l 2 )^ ’ (l-l^)l 2 ) 4 # ’ 

and 

{l-\z\ 2 W{z)u'{ z ) + ^"( z ) u ( z )\ <c 

(1 •l^)l 2 ) 3 " 

Let K = {w £ D : \w\ < 5}. Noting that K is a compact subset of D, we get that 
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z{uC v f n ) = sup(l - | 2 | 2 )|(uC' ¥ ,/„)"( 2 )| 


zG-D 


< sup(l - \z\ 2 )\(2tp' {z)u' (z) + ip" (z)u{z)) f^(ip(z))\ 

zGD 


+ sup(l - \z\ )| f n (<p(z))(<p (z)) u{z ) I + sup(l - \z\ )\u”(z)f n (ip(z))\ 

zGD z&D 


< 


3e+ sup (l-\z\ 2 )\(2ip , (z)u'(z) + ip"{z)u(z))ft l (ip(z))\ 
I <p(z)\<5 


As 


+ sup (1 - \z\ 2 )\f"(ip(z))(tp'(z)) 2 u(z)\ + sup (1 - \z\ 2 )\u"{z)f n (p{z))\ 
lv(*)l<<5 lv(^)l<«5 

< 3e + Ml sup \fn{w)\ + M 2 sup \f"{w)\ + M 3 sup \f n (w)\. 

U)£K w£K W€:K 


ll w ^v/n||.Z ~ > 0- 


Hence uC v is compact. This completes the proof of Theorem 4.1. 

Theorem 4.2 Let u be an analytic function on the unit disc D, and ip an analytic self-map of 

- 2 ,\ 


D. Then uC v is compact from £ 0 ’ to Zq if and only if the following are satisfied: 

i,„, (IHflKWI = 0i 

( 1 -| viz)^)-^ 

Hm (l-\z\ 2 )\2p'(z)u'(z)+p"(z)u(z)\ = Q . 

Nhi 3_A 


(1-|^)P)^ 
lim (l-\z\ 2 )\u(zW(z))* 
l*Ki (1- l^)! 2 )^ 


= 0. 


(4.7) 

(4.8) 

(4.9) 


Proof Assume (4.7), (4.8), and (4.9) hold. From Theorem 4.2, we know that uC v is bounded 
from £q A to Z 0 . Suppose that / € £q’ A with ||/|| £ 2 ,* < 1. We obtain that 

(1 - \z\ 2 )\(uC v f)"(z)\ = (1 - \z\ 2 )\(2ip'(z)u'{z) + ip" (z)u(z)) f(<p{z)) 


+ f"(<P(z))(<p'(z)) 2 u(z) + u"(z)f(<p(z)) | 


< (1 - \z\ 2 )\{Zp' {z)u' {z) + ip"(z)u(z))f'(<p(z )) I 


+ (1 - \z\ 2 )\f"(ip(z))(ip’(z)) 2 u(z)\ + (1 - \z\ 2 )\u"(z)f(ip(z))\ 


< 


+ 


(1 - \z\ 2 )\2p'(z)u'(z) + <p"(z)u(z)\ 

(1-1 p(z)\^ 


\\f\\c^ 


(l-\z\ 2 )\(ip'(z)) 2 u(z)\ u , u , {l-\z\ 2 )\u"{z)\ ||JM| 

5— T \\j\\c** + — , , N|0 , !_> ||/||£2,A, 


(l-|v>(*)P)^ 


(1-1 p{z)\^ 
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thus 

sup{|(l - \z\ 2 )(uC v f)"{z ) I : / G £ 2 ’\ \\f\\ c ^ < 1} 


^ (1 ~ \z\ 2 )\2ip'(z)u'(z) + (p"(z)u(z)\ 

(1 -\<p(z)\*)T 

| {l-\z\*)\W{z)?u{z)\ | (1 ~ \A 2 )W(z)\ 

(1- lr(-)l' J ) 5/X 

and it follows that 

lim sup{ | (1 - \z\ 2 )(uC v f)"(z)\ : f G £ 2 ’\ \\f\\ C 2 ,x < 1} = 0, 

|z|->l 
2 A 

hence uC v : C () — > Zq is compact by Lemma 4.2. 

Conversely, suppose that uC v : £ 2,A — > Zq is compact. 

First, it is obvious that uC v : £ 0 ’ — > Zq is bounded, then by Theorem 3.2, we have u G Zq 
and that (3.11) and (3.12) hold. On the other hand, by Lemma 4.2 we have 

lim sup{| (1 - | 2 | 2 )(uC' ¥ ,/)"( 2 )| : / G £ 2,A , \\f\\c^ < M} = 0, 

1*1— »i 

for some M > 0. 

Next, noting that the proof of Theorem 3.1 and the fact that the functions given in (3.8) are 

2 A 

in Cq and have norms bounded independently of a, we obtain that 

lim (1 - \z\ 2 )\u(z)((p'(z)) 2 \ _ 0 
M-i (1 -M*)! 2 )^ 

for \ip{z)\ > \. However, if \<p{z)\ < \, by (3.11), we easily have 

lim {l-\z\ 2 )\u(zW(z)) 2 \ 

N-l (1 - |^)|2)^ 


<6^ lim (l-M 2 )| U (^)(^)) 2 |=0. 

d |z|->l 

Thus (4.9) holds. Also, the second statement, that (4.8), is proved similarly. We omitted it here. 

Similarly, noting that the functions given in (3.10) are in £q’ A and have norms bounded inde- 
pendently of a, we obtain that 

Hm (l-\z\ 2 )\u"{z)\ < ^ (1 - \z\ 2 )\2y'{z)u'{z) + ip"(z)u(z)\ 


1*1— (1 — \ip(z)\ 2 ) 2 ' 


(l-l^)! 2 )^ 

(l-\z\ 2 )\u(zW(z)) 2 ' 


+ lim 

bKi ( 1 -|^)| 2 )^ 

for \ip(z)\ > So by (4.8) and (4.9), it follows that 


+ lim (1 - | 2 | )\{uC v h a )"{z)\, 

1*1 — >1 


im (IHiQKWI = 0 

(1- \ip{z) | 2 ) V 

for \ip(z)\ > However, if \ f(z)\ < |, by u G Z 0 , we easily have 

Ijm )( = | ljm i (b , |*|l - M 2 )I«"MI = 0. 

M^ 1 (1 — \^p{z)\ 2 ) 2 M-^ 1 4 

This completes the proof of Theorem 4.2. 
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Corollary 4.1 Let ip be an analytic self-map of D. Then C v is a compact operator from the 
analytic Morrey space C 2 ' X to the Zygmund space Z if and only if C v is bounded, 


lim ( 1 -|* IW (*)) 2 

IvWhi (1 - \p(z)\ 2 ) 5 -^ 


= 0 and lim 


(i-M 2 )l^)l 

?(=! >' ( 1 -| p(z)\ 2 )^r 


= 0. 


2 A 

Corollary 4.2 Let ip be an analytic self-map of D. Then C v is a compact operator from Cf to 
Zq if and only if 


and 


M^ 1 (1 — \lp{z)\ 2 ) 2 

lim (1-|^)|^ 
]*K1 (1- \p{z)\ 2 ) 3 -^ 
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FOURIER SERIES OF FUNCTIONS INVOLVING EULER 

POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND JONGKYUM KWON 


Abstract. Recently, T. Kim introduced Fourier series expansions of certain 
special polynomials and investigated some interesting identities and properties 
of these polynomials by using those Fourier series. In this paper, we consider 
three types of functions involving Euler polynomials and derive their Fourier 
series expansions. Moreover, we express each of them in terms of Benoulli 
functions. 


1. Introduction 


Let E m (x) be the Euler polynomials given by the generating function 
2 ~ 


m = 0 


T e xt = E E m {x)— (see [1,2,5,7-11,16]). 
1 z ' ml 


(i.i) 


From this equation, we can derive the following relation. 
Eq = !,(£' + 1)” + E n = 


2, if n = 0, 
0, if n ^0. 


The Bernoulli polynomials B m {x) are defined by the generating function 

t °° y.m 

~ t — : j-e xt = B m{x)—r, (see [1,2, 5, 9]). 

e l — 1 ml 

m—0 

For any real number x, we let 

< x >= x — [x\ € [0, 1) 


(1.2) 


(1.3) 


denote the fractional part of x. 

Here we will consider the following three types of functions involving Euler poly- 
nomials and derive their Fourier series expansions. Further, we will express each of 
them in terms of Bernoulli functions B m (< x >). 

(1) a m (< x>) = XY= 0 E k (x)x m ~ k , (to > 1); 

(2) (3 m (< x >) = J2k =0 k\(2-k)\ E ^x)x m - k , (to > 1); 

(3) 7m(< x >) = k(m-k) E k( x ) xm ~ k » ( m > 2). 

The reader may refer to any book (for example, see [13-15,17]), for elementary facts 
about Fourier analysis. 


2010 Mathematics Subject Classification. 11B68, 42A16. 
Key words and phrases. Fourier series, Euler polynomials. 
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As to 7 m (< x >), we note that the polynomial identity (1.4) follows immedi- 
ately from Theorems 4.2 and 4.3, which is in turn derived from the Fourier series 
expansion of y m (< x >). 


E 


i 


k—1 


k(m — k) 

^ m 

-(y 


E k { x)x 


E k 


m—k 


k= 1 


k(m — k + 1) m(m + 1) m(m+l) 


E, 


+ — 
m 


1 m 

-y 


8 = 1 


r kfl\ Hm — 1 H-m-s 

m — S + 1 


(1 — 2E rn _ s j r i) — 


m + 1 


m— 1 




E, 


1 — S + 1 


l=s 


1 )(? 


l)) BS (a: )’ 

(1.4) 


where j are the harmonic numbers. The obvious polynomial identities 

can be derived also for a m (< x >) and /3 m (< x >) from Theorems 2.1 and 2.2, and 
Theorems 3.1 and 3.2 , respectively. 


2. The function a m {< x >) 

Let a m (x) = J2k = o Ek(x)x m ~ k , (to > 1). Then we consider the function 
«m(< X >) = J2Z=0 E k(< X >) < X 
defined on (— 00 , 00 ), which is periodic with period 1 . 

The Fourier series of /3 m (< x >) is J2^L-oo A ( £ n ' > e 2mnx , 
where 


A^= [ a m {<x>)e- 2mnx dx 

Jo 

1 

a m (x)e~ 27Tinx dx . 

To proceed further, we note the following. 



( 2 . 1 ) 


ot' m (x) = ^2 (kE k - i(x)x m k + (to - k)E k {x)x m k : ) 

k—0 

m m— 1 

= ^2 kEk-i{x)x m ~ k + ^ 2 ( m ~ k)Ek(x)x 

k— 1 k—Q 

m— 1 771— 1 

= E ( fc + 1)^^)®"*-*- 1 + E - *)**(*) 


m—k— 1 


t — /c — 1 


(2.2) 


fc =0 


k—0 


m— 1 


= (m + 1) 1 


-i-fc 


k—0 


= ( m + l)a m -i(x). 
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So, a' m (x) = (m+ From this, ( ) = “™(4 

f 1 1 

I Oimi^X^dx — ' — (^m+l(l) ^m+l(0)) • 

Jo m + 2 


(2.3) 


m 

<lm(l) - Qm(0) = ^2 (E k ( 1) - E k 6 mtk ) 

k=0 

m m 

= ((— -fffc + 2Jfc ; o)) — EkSm^ (2.4) 

fc =0 fc =0 

m 

— ~ E k + 2 — .E m 

k-0 


Thus 

m 

a m (l)=a m {0)<=^^2E k = 2-E m . (2.5) 

k = 0 

Also, 


/ a m (x)dx = 

Jo 


1 


TO + 2 


m+1 

E 

k—0 


E k + 2 — E m+ 1 


( 2 . 6 ) 


Now, we would like to determine the Fourier coefficients . 
Casel : n / 0. 


= 


a m (x)e~ 2 ' Kinx dx 


/o 


1 


27rm 1 
1 


(*t)c 


—2'ninx 


l 


o 27rin 


a^(x)e- 2 ^ na: dx 

l 


(a m (l) - a m (0)) + [ a m ^(x) e -^ inx dx 

2mn J 0 


2-Kin 

"i ■ 1 i 
27 tot n ' 27rm 


1 / r, 

- r- /) A/,. — 2 + E„ 

Tin \ z — * 


m + 1 I m 


2nin \ 27rin 


^(m-2) 


^fe=0 


2kiu 


s y^ / E k — 2 + E m - 1 


, /c— 0 


2nin 


A*, — 2 + £!„ 


Kk—O 


(to + 1)to ( 21 TO+1 /v-A 1 \ 1 / \ 

= (2H’ " + 0^7 IS ' 2 + "4 + ^ (g®* “ 2 + Em j 


799 


TAEKYUN KIM et al 797-816 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND JONGKYUM KWON 


/ , m- 1 , /m-j+1 

_ (TO + l)m-l 4 (!) \ ^ (TO + l)j — 1 / p _o , 

(27rm) m_1 " + E- (27rm)J E + 


Em-j -\- 1 


(m + l)! , ^(m +!),_, 

E ( 2fin )i ( E 2 + ^-i + i 


(27t in) 1 


3 = 1 


fc=0 


m / . \ /m-j+1 > 


(27rmV 

7 = 1 v ' 


k = 0 


(to + 2)j 


m— j+1 


1 \ ' TO- t TOJ 

to + 2 (27t mV , 

j=l v ' V fc= 0 


Ek — 2 + E rn — 


3 + 1 > 


(2.7) 


where Z+ = J 1 a i(x)e 2winx dx = fg(2x — \)e 2mnx dx = — 


Case 2 : n = 0. 


„i . / m+l 

4 m) = / a m (x)dx = — — [-^E k 
Jo 77i + z y k=Q 


+ 2 -E, 


m+l 


(2.8) 


a m (< x >), (to > 1) is piecewise C°°. Moreover, a m (< a; >) is continuous for 
those positive integers to with Y^k=o Ek = 2 — C m and discontinuous with jump 
discontinuities at integers for those positive integers to with Y^k=o Ek ^2 — E m . 

We recall the following facts about Bernoulli functions B n {< x >) : 

(a) for to > 2, 


B m (< x >) 


OO 

-to! 5Z 

n=— oo,ri 7^0 


^/I'Kinx 

( 2irin) m 


(2.9) 


(b) for to = 1, 


OO 

- E 

n=—oo,n^0 


g27rmx 

27TOT 


i?i(< x >), for x ^ Z, 
0, for ieZ. 


( 2 . 10 ) 


Assume first that to is a positive integer with Y^k=o Ek = 2 — E m . Then a m (l) = 

I+m (0) • 

a m (< x >) is piecewise C°°, and continuous. So the Fourier series of a m (< x >) 
converges uniformly to a m (< x >), and 
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1 /m+ 1 '' 

i(< x >) = — ( y"'' Ek — 2 + E m+ 1 

to + 2 ' z — ' 


V k—0 


1 


TO + 2 


E E 


TO + 2 


(ra + 2)j 
. — ' (27T in,y 

n— — oo,n^0 v 

/m+1 \ 

( Ek — 2 + E m+ 1 j 


^m— j+1 \ 

E + -i+i 

L fe=0 y 


j /m+1 


\fc= 0 


1 ^ /to + 2 

TO + 2 V i 


fm— j-\-l 


Ek — 2 + -E m _ 


j+i 


/c— 0 


x -j ! E 


00 g ‘I'Kinx 


n=—oo,n^0 


(27rm) J 


1 

to + 2 


^m+1 


m 


’E Ek — 2 + E m+ 1 J 

fc=o / 

i m / _L 9\ \ 

E( j J E S fc - 2 + Em-j-j-lJ Bj(< X >) 

m \ 

E^ ~~ 2 ] 


3 = 

1 /to + 2 

TO + 2 l 1 


v/c=0 


£?i(< x >), for a; ^ Z, 
0, for 


( 2 . 11 ) 


( 2 . 12 ) 


for all a; € (—00,00). 

Hence we obtain the following theorem. 

Theorem 2.1. Let m be a positive integer with Ek = 2 — E m . Then we have 
the following. 

(a) T,T=o E k(< x >) < x > m ~ k has the Fourier series expansion 


E Ek{< x >) < x > 


m—k 


k—0 


1 


( m+1 


TO + 2 


Ek — 2 + E., 


m+1 


, k—0 


(to. + 2)j 


/m — j + 1 


to + 2 ' , \ z -— ' (27rm)t , 

' 7=1 v ' \ fc=o 


y-^ Ek — 2 + 


E E 

n——oo,n^0 \j 

for all x € (—00,00), where the convergence is uniform. 


3 + 1 


(b) Ek(< x >) < x 


m—k 


1 


E 


m + 2 z — ' \ 7 , , 

fc=o i=o,i^i x J ' \ k = 0 

for all x £ (—00, 00), where Bk{< x >) is the Bernoulli function. 


to + 2 


(m— j+1 


E — 2 + E m -j + 1 Bj(< 
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Assume next that m is a positive integer with EfcL 0 -Efc 7^ 2 — E m . Then 
a m ( 1) ^ a m (0). Hence a m (< x >) is piecewise C°° , and discontinuous with jump 
discontinuities at integers. The Fourier series of a m (< x >) converges pointwise to 
a m {< x >) , for x Z, and converges to 

1 m 1 

OLm( 0) — ^ 5Z Ek + 1 — ^mi 
k = 0 

1 m— 1 

1 “ 2 E Ek ' 

Z k = 0 

for x G Z. 


2 (cc m (0) + CCm(l)) = 


Thus, we get the following theorem. 


Theorem 2.2. Let m &e a positive integer with E^Lq E fc 7^ 2 — T/ien we have 
the following. 


(a) - 


1 /m+l 


TO + 2 
1 

TO + 2 


( Ek — 2 + E m . (-1 
\fc=o y 


E E 


n=— oo,ri7^0 \ J 


(w + 2)j 

^ (27r m) J 


j + 1 


L-fc — 2 + 


J+i 


fe=0 


E/T=o ^(< x >) < x > m fc > / or x i 

1 - 5 EfcTo 1 /° r ieZ - 


1 m / _i_ 9\ / m- J+ 1 \ 

O 3 ) ~ | 2 E ( ■ )( E Ek ~ 2 + j -Bj(< X >) 

~ r j=o \ - 1 / \ k=0 ) 

m 

= ^ E'fe(< x >) < x for x £ Z, 

fc=0 


E 


t=od#i 

m— 1 


TO + 2 

j 


TO + 2 

= 1 - * E k , for x G Z. 


m-j + l \ 

-Efc — 2 + E m -j + 1 J Bj(< x >) 

fc =0 / 


fc =0 


Question: For what values of to > 1, does Ea-Lo Ek = 2 — E m hold ? 

Remark 2.3. Another expression for Aq = fg a m (x)dx was obtained previously 
(see [3,4,6,12]) and is 


m— 1 m—l 

EE 


1=0 j=l 


(-ivr-; +i )^ + i 

(m-i + l)(‘+ J ') 


4 (_ l)m+l 
TO + 2 


Em + 1 ■ 


(2.13) 
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So, we obtain the following identity. 

~ E E k + 2 — E m+ 1 


to + 2 


fc= 0 


_ ^ ^ (-1 y (■ m ~] +1 )E l+j 4(— l) m+1 ^ 

~hk m + ">+ 2 +1, 

3. The fuction /3 m (< x >) 

Let /3 m (x) = J2k=o k\(m-k)\ Ek{x)x m ~ k , (to > 1). Then we will consider the 
function 


»(< x >) = 


1 


fc= o 


k\{m — k)\ 


E k {< x >) < x > 


m—k 


defined on (— 00 , 00 ), which is periodic with period 1. 
The Fourier series of f3 m (< x >) is 


E * 


(m) ^2ninx 


where 


B^ = [ Pm{<x>)e~^ inx dx= [ p m (x)e- 2 ™ x dx. 

Jo Jo 

g further, we 

m 

P'm( X ) =E 


/ 0 JO 

Before proceeding further, we observe the following: 


k - 0 
m — k 
k\(m — k)\ 


k\(m — k)\ 


EkO 


E k ^i(x)x' 


„m—k — 1 


— ^ ( k — l)!(m — k)\ 
1 


= E 

k = 1 
m— 1 

+ E 

k = 0 
m— 1 

= E 

k—0 
m— 1 

+ E 

fc— 0 

= 2/3 m - 1 (x). 


1 




2—k 


„m— 1 — k 


k\{m — 1 — k)\ 
1 

k\{m — 1 — At) ! 
1 

fc!(m — 1 — fc)! 


E k (x)x" 
E k (x)x m - l ~ k 


E k (x)a 


2— 1 — k 


So, /3' m (x) = 2/3 m _ 1 (x). This implies that = /3 m (x). 

f /3 m (x)dx = i^/3 m+ i(l) - /3 m+ i(0)). 


(3-1) 


(3-2) 
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/3 m (l) - /?m (0) 

1 


= £ 

k = 0 
m 

= £ 

fc =0 

m ^ 


/c!(m — k)\ 
1 

/c!(m — k)\ 


(E k (l) - E k (0)6 m , k ) 


{(~E k + o) } • 


k—0 


= - £ 


E k 


2 E„ 


/c!(?n — k)\ ml ml 


So, fg /3 m (x)dx = \ (~Y^ 


k—0 
m+1 E\ 


k—0 k\(m-\-l—k)\ ' (m+1)! (m+1)! J * 

m E k _ 2 E„ 


Also, /3 m (l) — /3 m (0) X]fc=0 fc!(m-/c)! ~ m\ m? 


(3-3) 


Now, we are going to determine the Fourier coefficients Bn" > ■ 
Case l:n ^ 0. 


£< ro) = [ Pm{x)e- 2 * inx dx 

J 0 


1 


27fin L 

1 


p m (x)e~ 2mnx 


1 


/ 2ninx 


J o 27rin 


/3m 0*0 


dx 


-£ (+(1) - /3m(0)) + — [ /3 m -i{x)e~ 27linX dx 

ZTTin \ / 7TZn 7 0 


2-7T in 

= — - A^~ (/3m (1) - /3m(0)) 

7TZn Zttiti 


= i - AS - AS - «°» 

= (S»F B ”” _ (ASp “ (’“-J 0 )) - AS 


(irin)' 


£+) - V 

i-i n 


2 J 


-l 


j=i 


(27rin)- 


(/3m— j + l(l) fim—j+l (0)) 


Ek 


1 +Z 1 y-i / m ^ +1 

(7rm) m (27rm) J * y j“ fc!(m — j — A: + 1)! (m — j + 1)! ’ (m — j + 1)! 


2 Em—j+l 


= £ 


m 2J-1 / m -J + 1 


£ 


Ek 


2 ^ Em — j + l 


+ (2nin) : > \ "+ /c!(to — j — k + 1)! (m — j + 1)! (m — j + 1)!/ 
where 5+ = f* l 8 1 (x)e~ 27rmx dx = f*( 2x — 4)e _27rma: <ia; = — 


(3+ 
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Case 2: n = 0. 


B, 


(m) _ 


m+1 


= / Pm{x)dx = - 


Ek 


k = 0 


fc!(m+l — k)\ (m+1)! 


Em + 1 \ 

(m + l)!y 


(3.5) 


Let 

On = /+( 1 ) - /U 0 ) =-jr Ek 

*-~'k\(m — k)\ m\ to! 
k = o v ’ 

for m > 1. 

Pm{< x >), (to > 1) is piecewise C 00 . Moreover, /3 m (< a; >) is continuous for 
those positive integers to with Q m = 0 and discontinuous with jump discontinuities 
at integers for those positive integers to with f l m ^ 0. 

Assume first that to is a positive integer with Q m = 0. Then /U 1) = (0). 

/3 m (< x >) is piecewise C°° , and continuous. So the Fourier series of /3 m (< x >) 
converges uniformly to /? TO (< x >), and 


Pm{< x >) 




— 2^m+l 


oo m 

E (E 


n=— oo,n^0 j = 1 
21” 1 

7j ^ £ m— j+l 


2 J_1 

7R : 77 “m— 1+1 

Ifl'Kiny 


— q^to+ 1 + ^ ^ .. f If f j i ■ 1 X ( 


J! 


1=1 
771 0 7 — 1 


OO 

(-1! E 


n=—oo,n^0 

1 ^ 2- ?_1 

= 7^^ m +l / > r j X >) 

1=2 J ' 

Bi(< x >), for x £ Z, 

0, for 


a 2ivinx 


(27rm)i 


2 

+ Urn X 


for all x € (—oo, oo). 

Now, we obtain the following theorem. 
Theorem 3.1. For each positive integer l, let 


(3.6) 


n, = -E 


Ek 


k = o 


2 Ei 

k\(i - k)\ + T\ - 7T 


Assume that fl m = 0, for a positive integer m. Then we have the following. 
( a ) J2k = 0 k ! ( ?n — k ) i Ek(< x >)< x > m k has the Fourier series expansion 


m , oo m 07 — 1 

E k\{m-k)\ Ek{< X> ^ <X >m ~ k = 2 nm+1 ~ E (E(^— yV m - j+ i)e 

k = 0 v ' n=— oo.n^O ji— 1 v ' 


27t inx 
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for all x G (— 00 , 00 ). Here the convergence is uniform. 

m . m ~j_ 1 

(k) £ kXm - k)\ Ek ^ < x> ) <x>m k= £ ~ fr x >)> 

for all x € (— 00 , 00 ). Here Bk(< x >) is the Bernoulli function. 

Assume next that m is a positive integer with fl m 7 ^ 0. Then, /3 m (l) 7 ^ /3 m ( 0). 
Pm{< x >) is piecewise C°° and discontinuous with jump discontinuities at integers. 
Thus the Fourier series of /3 m (< x >) converges pointwise to /3 m (< x >), for x Z, 
and converges to 

+ 0m( 1)) = /?m(0) + 

3 + V Ek , A _ 

?n! 2 y A^fc!(m — /c)! m! m! y (3-7) 

= 1 f A _ v ^ \ 

2 ym! A-' k\(m — k)\ J 

for x GZ. 

So, we obtain the following theorem. 

Theorem 3.2. For each positive integer l, let 

o = _ y __A 1 2 ^ 

‘ ^k\(i-k)\ i\ i\ 

Assume that fl m ^ 0, for a positive integer m. Then we have the following. 


(a) ^ ^ra+l 


- E (E 


2 J 


-1 


(27rm) J 


j+l ) ^ 


Jl'Kinx 


n——oo,n^0 j = 1 

EAo fc!(m-fc1! E fc( < * >) < * f° r X i 


■sk=0 k\{m— k )\ J 

l 

ifere t/ie convergence is pointwise. 

(b) 

m 2 J _1 

^ ^ Vj Qm—j+lBj(<^ X >) 


for x € Z. 


3 = 0 


= £ 

k—0 


1 


fc!(m — fc)! 


Ek{< x >) < x > 


m—k 


for x Z, 


™ 2-?" 1 

/ j Jj—Qm-j + lBj(< X >) 

.7=0 JA1 

= — y + l^m, for x G Z. 

m\ 2 

Here B^{< x >) is the Bernoulli function. 
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Question: For what values of m > 1, does J2™=o k\(m-k)\ = it? - Fit hold ? 


Remark 3.3. In a previous paper (see [3,4,6,12]), it was shown that 


m—lm—l ( -t\i (m+1 


/3 m (x)dx = y y 


(-! ) j (%) E i+o 2(-l ) m+1 E, 


m+1 


' (m + 1)! 

1=0 1=1 v ' 


(to + 1)! 


(3.8) 


Hence, we have the following identity. 


1 

2 


/ m+1 

\ /c— 0 

m— 1 m— 


-El- 


fc!(m + 1 — fc)! 


+ 


+T1 < m + 1 )! 


2 -F'm-t-1 

(m + 1)! (to+1)! 

2(-l) m+1 £’ m+1 
(?n + l)! 


4. The fuction 7 m (< x >) 

Let 7 m (x) = EL'i 1 k{m-k ) Ek ^ x ) xm ~ k ’ ( m - 2 )- Tlien we wil1 consider the 
function 

m— 1 1 

7m(< X >) = J3 — —Ek(*C x >) < x (4.1) 

£ 7 ^ k{m — k) 


defined on (— 00 , 00 ), which is periodic with period 1. 
The Fourier series of 7 m (< x >) is 


53 C+^e 2ninx , (4.2) 


where 


C+> = m{<x>)e~^ inx dx= [\m(x)e 

Jo Jo 


—2-ninx 


dx. 


(4.3) 
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To proceed further, we observe the following. 

m— 1 

7 ’mix) = E 


1 


fc= 1 


k(m — k) 


[kEk- i(x)x m k + (m — k)Et~{x)x m k ^ 


m— 1 


m — 1 


= E + E jE»(x)x 


m—k— 1 


k= 1 
m—2 


k=l 


= E — + E 

m — k — 1 ' /c 


fc=0 


/c— 0 


m—2 

+ £ j— r£7 fc (s) 

— 1 m — k — 1 


'i — k — 1 


in — 1 

m—2 


k—1 


,m—k— 1 


m — 1 


-E^m— 1 (^) 


(4.4) 


E 7+^ 


%—k— 1 


/c=l 


m—2 


= (ra - 11 E + sro ( im "' + E ”-' (x) ) 

= (to - l)7 m _i(x) H r(a : m_1 +Bm-lW)- 

TO — 1 V / 


Thus, 


7m (tf) = (to - l)7m-i(x) H (x m 1 +E m _i(a;)'). 

TO — 1 V / 

From this, we have 


(— (ifm+lix) 7 “ 

\m V m(m- 


i)' 


m+l 


l 

to(to + 1) 


£ 7 ro+ i(a:))^ = 7 ™(4 


7 m{x)dx 


1 ■ 
m . 


7m+l(x) - 


1 


-x 


m+l 


i -I i 

-E m+1 (x) 


J o 


to(to + 1) to(to + 1) 

— (7m+l(l) - 7m+l(0) t — v T — pr(-Em+l(l) ~ -®m+l(0) 

TO V TO(TO + 1) TO(TO + 1) V 

1 / 12 

— 7m+l(l) - 7m+l(0) — 

TO V 


i(m + 1) to(to + 1) 




m+l 


(4.5) 


'Ym.(l) Tm(0) 


m— 1 


1 


- E fc ( m _ fc) ^( 0 )^,fc) 

m— 1 ^ m— 1 ^ 

= fc( TO -fc)( _i?fc(0) + 24 ’ 0 ) " § +++fc) £;fc(0)<5m ’ A 


(4.6) 


= -E 


Ek 


fc= l 


k(in — fc) 
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Thus, 

m - 1 p 

7m(l) = 7m (0) u — = °- ( 4J ) 

J k[m — k) 

In addition, 

fi i ( m e 1 2 \ 

l ^ {x)dX = ~m (g k(m-k + 1) + S(STT) “ HV+T) £m+1 J ' (4 ' 8) 


Now, we would like to determine the Fourier coefficients C, 
Case 1 :n ^ 0. 


C^= [\ m (x)e- 2 ” inx dx 

Jo 


/ 0 

1 

27t in L 

1 


lm( x ) e ~ 2ninX 


2tt in 
1 


— (7m(l) 

m V 


1 i r 

o 2-nin J Q 

m — 1 f 1 


27 rin 


i m (x)e- 2 ™ x dx 


7m-i (x)e~ 2mnx dx 


(4.9) 


^m— 1 g—2'jrinx 


dx 


1 


2mn(m — 1) 7 0 

= m ~ ^ (m-l) j 1 yY 7 0 

27rin n 27rin m 27 nn(m — 1) m 27r in(m — 1) 


2mn(m — 1) J 0 
1 „ 2 


E m -\(x)e~ 2ninx dx 


where , for l > 1, 


E l (x)e~ 27rinx dx = i ( 2 "«) 


(2win) lfc ^- fe + 1 ’ f° r n 7^ 0, 
for n = 0. 




rl x l p- 2ninx dx = J (2^in) lfc ’ for n ^ 

for n = 0. 


l 

. z+l’ 


Here, for m > 2, 


m— 1 


-A-ra — 'Tm(l) 'Tm(O) — ^ ^ 




— ' k(m — k) ’ 


©m — y 


(m - l) fc _i 
(27rm) fc 


k 
m— 1 


= E 


(m - l)fc_i 


fc=l 


( 2Trin) k 


Em— L . 


(4.10) 
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£f(m) * 11 ^ — 


1 


2-Kin 
to — 1 / m — 2 


2-Kin 


-Am - 


1 




2k in V 2nin 

1 . 

“Am - 


2nin{m — 1) 
Ci m ~V - ‘ 


e. 


i 


27t in 


2k in 

~On 


2Km(m — 2) 


2Kin(m — 1) 
Om— 1 




27rm(m — 1) 


1 


TO — 1 


2Kin{m — 1) 2Kin(m — 1) 

( m - !)(ra ~ 2 ) r (m- 2) m ~ l a 3_a 

(2,Kin) 2 n (27rm) 2 m 1 27rm m (2Kin) 2 (m — 2) 

1 . 2(m — 1) _ 2 

■0m + KK . \ n / 1 + - — : — , ~ $ 


Om— 1 


(2,Kin)(m — 1) 


(: 2Kin) 2 (m — 2) 


2Kin(m — 1) 


(to. - 1)! (2) _ y- (to - l)j— i , _ y- (to - l)j-i 

( 2Kin) m ~ 2 n ( 2Kin)i m J ' +1 (2niny(m — j) m J+1 

2(m — l)j-i . 

+ V 7K • \ i f 

(2.Kiny (TO — J) 

1 (to— 1)! 2(m — 1)! y? (to — l)j_i 

2 (27rm) m_1 (2Kin) m ( 2mny m J+1 

_ (to-I)j--i Q \ ' 2 (to 1)j— i ^ 

Pi (2Ktn.y(m — j) ^ (2Kinyym — j) 

V- (TO-l)j-l t V- (W - jjj-l Q 

^ ( 27 t iny m J+1 ^ (2Kiny(m — j) m J+1 

'y 2 (to - l)j_i 

+ /, /o • U t 

(2Km.y{m — j) 

(4.11) 

where 


(7?) = 


^2{x)e~ 2ninx dx = / {x 2 - -x)e~ 2ninx dx = 


h2 ~ l r 02 ~ 2W 


4*2 = 


1 1. 

27rin 2 


1 1 

2 27rm 


Before proceeding further, we note the following. 


2 

(27rm) 2 


(4.12) 
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m— 1 


E 


(m~ 1 )j-i 

(2niny 


A 


m-j -\- 1 


m— 1 


/ x rn-j 

_ _ ( m l)j- 1 


Ek 


(2 mn)i k(m — j — k + 1) 


m— 1 rn—j 


= --E E 




m (27rm)- ? 'fc(m — j — k + 1) 

3 — 1 & — 1 


Ei- 


1 

TO 


m— 1 m—s 


EE 


(m) a 

( 2nin) s k(m — s — k + 1) 


Ek 


m m— 1 / \ „ 

1 \1Tl) s hi _ s+ 1 

to ^ ^ (27 xin) s [l — s + l)(m — Z) ’ 


( 4 . 13 ) 


2(to - l)j — i ^ 

^ (27rm) J ’(m — j) m J+1 


7 

m— 1 


_ Y" 2(to ^ l)j- — 1 ( m — j)k - 1 p 

(2mny (to — j) ( 27 rin) fc m-j-k+i 

O m-lm-j , . 

_ - y" Y' \ m )j+k- 1 p 


to (27rm) J+fc (m — j) 

Ejn—s+l 


J- 
m— 1 


_ 2 y- i y" 

m m — 'i (27fin) s 


m z — ' m — i 

j = i J «=i+i 


s-l 


i=i 


_ / , / o • 3+1 / . 

m { Z7rin) s m — j 


= ~ E (#m-! - ^m-,) 

to. ^ ( 2mn) s 


_ 2 Y" ^ m -* S £ “- S +l / TT TT \ 

2. — „ i i \ n m-\ tlm-s) ■ 


' (27t in) s to — s + 1 

S — 1 V 7 


( 4 . 14 ) 


I X 

V- (m-ljj-i 

j^ x (27T iny(m — j) m J+1 

1 (TO) s H m -i — H m - S 

m ^ (27 rin) s to — s + 1 

S = 1 V 7 


( 4 . 15 ) 
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Putting everything together, we have 


m m— 1 




(■ m) s Ei _ 


s+l 


2 -— ' 2 -— ' (27 nn) s (l — s + 1 )(m — l ) 

S — l l — S 

1 (m)s H m -1 — H m _ s 2 y- ( m )s Em-s+l , tt it \ 

m (2mn) s m — s + 1 m ( 2mn) s m — s + 1 

S—l x 7 S—l V 7 

1^, / (m) s - H m _ s , s ^ 

= — E / 9 -E TO 7 i - 2£ to _ s+1 - e 

m ' \ (2mn) s to — s + 1 f— ' 


(m) s ^_ s+ i 


“ y(27rm) s m — 5 + 
Case 2: n = 0. 


^ ( 2nin) s (l — s + l)(m — Z) 
(4.16) 


1 


C o = / 7m(s)d* = -- E 




+ 


1 


... k{m — k + 1 ) to(to+ 1 ) to(to + 1 ) 
Question: For what values of to > 1, does X)feLo -®fc = 2 — E m hold ? 


Em+1 J • 
(4.17) 


Remark 4.1. In a previous paper (see [3,4,6,12]), it was shown that 


1 


i—l m—l 


/ 7 m{x)dx= , , 2 

lo m i m ~ l ) (7-i ) 

So, we obtain the following identity. 


v v- (-i) J (7 + E^- | 2(-i) m+1 F; m+1 ^ (-iy 

(m- 2 \ ' rn(m 2 — 1) ( m_2 ) " 

(4.18) 


- 1 (e 


Ek 


+ 


— [ fc(m — k + 1 ) to(to + 1 ) to(to + 1 ) 


£ 


m+1 


i(?n 2 — 1 ) 


m—l m—l 

— EE 

i=i j=i 


(-17(7+E^+J , 2(-ir+ 1 B m+1 ^ (-1)' 


(4.19) 


(7-i 2 ) 


+ 


E 


to ( to 2 — 1 ) x 2 ) ! 


for to > 2 . 


7 m(< x >), (to > 2) is piecewise C 00 . Moreover, j m (< x >) is continuous for 
those integers in >2 with and A m = 0, and discontinuous with jump discontinuities 
at integers for those integers > 2 with A m 7 ^ 0. 

Assume first that A m = 0. Then 7 m (l) = 7 m ( 0 ). 7 m(< x >) is piecewise 
C°° and continuous. So the Fourier series of 7 m (< x >) converges uniformly to 
7 m(< X >), and 
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7 m(< X >) 

/ ~ 

1 


E 


Ei. 


1 


k(m — k + 1) m(m + 1) to(to + 1) 
1 w (m) s 


E, 


m+1 


s an 


n——oo,n^0 s=l 
m— 1 


-E 


(27rm) s to — s + 1 
(m) s Ei _ s+ 1 


(1 — 2S m _ s+ i) 


l — S 


(2mn) s (l — s + l)(m — l) 


-~(t 


Ek 


1 


... k(m — k + 1) m(m + 1) m(m+l) 
1 H m — i — -ff m _ 

m ^ ^ 




TO 


TO — S + 1 
2ninx 


-(1 — 2E m _ s+ i) - 


m+1 


E 

l=s 


Ei _ 


s+1 


(Z — s + 1 )(to — I) 


X (_ s! V -) 

V ' (2mn) s J 


n—— oo,n 7^0 


= -- E 

TO \ ' 


(27 tot) s 
Ek 


1 


fc(m — A: + 1) to(to + 1) to(to + 1) 




m+1 


-E( 

m ' V 

s=2 
m— 1 


k=l 

TTl\ U m — i H m — 
m — s + 1 


(i ^ 2^ m _ s+1 ) - ( ) 


m— 1 


Ei- 


s+1 


l — S 


(l — s + 1)(to — I) 


)-B s (< x >) 


(-E 


Ei 


— ^ l(m — l) 


B 1 (< x >), for x ^ Z, 


0, 


for x € Z, 


where H m = J2k=i 1 


(4.20) 




Now, we get the following theorem. 


Theorem 4.2. Let to. 6e an integer > 2, with 


A 


m 


m— 1 

E 


fc=i 


Ek 

k(m — k) 


= 0. 
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Then we have the following. 

(a) Er=i Wn=kj E k (< x >) < x > m k has the Fourier series expansion 


m— i ^ 

E k(m.-k) Ek{< X >} 

1 /n+ E k 


< x > 


+ 


m—k 


(T- 

m k(rn — fc + 1) m(m+l) m(m + 1) 


E 


m+1 


£ W 


1 / (m) s H m -i — H m - & 


. vm 
n=—oo ,n+0 s 


\(27rin) s m — 5 + 1 


(1 — 2E m _ s+ i) 


-E 


{m) s Ei _ s+ 1 


l — S 


(27 t in) 8 (l — s + l)(ro — Z) 


JlTtinx 


for all x £ (—00,00), where the convergence is uniform. 

(b) 


E 


1 


E k (< x >)< x >'“ 


i—k 


k = 1 


k(m — k) 

^ m 

--(T- 

m\^(k(m — k + l) m(m + 1) m(m+ 1) 


E k 


E, 


m+1 


^ m 

i E( 

m ^ V 


mA H m —i H rn — S 


m * — ' v\s/ m — s + 1 

s=2 


(1 2£; m _ s+ i) ( ) E (i 


Ei- 


s + l 


s J (Z — s + 1 )(to — Z) 


^B s (< X >), 


/or all x £ (—00, 00). Here B k (< x >) is the Bernoulli function. 

Assume next that m is an integer > 2 with A m 7^ 0. Then, 7+I) ^ 7 m (0). 
Hence 7 m (< x >) is piecewise C 00 and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of 7 m (< x >) converges pointwise to 7 m (< x >), 
for x Z, and converges to 


1 1 1 m 1 rp 

v(7 m (0)+7m(l)) = 7 m (0) + -A m = -- E 


2 -+J k(m — k ) ' 


for x £ Z. 

Hence we obtain the following theorem. 
Theorem 4.3. Let m be an integer > 2, with 


A m — E 


Ek 


fc= 1 


k(m — k ) 


^0. 
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(a) 


Then, we have the following. 


m 

:(E 


Ek 
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Tfere t/ie convergence is pointwise. 
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Question: For what values of to > 2, does EfeL/ fc(m-fc) = ® bold ? 
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Abstract 

In this paper, we introduce the higher order generalization of Bernstein type operators 
defined by (p, (^-integers. We establish some approximation results for these new operators by 
using the modulus of continuity. 

Keywords and phrases: (p, g)-integers; (p, g)-Bernstein operators; modulus of continuity; 
approximation theorems. 

AMS Subject Classification (2010): 41A10, 41A36. 

1. Introduction and preliminaries 

In 1912, S.N Bernstein [4] introduced the following sequence of operators 
B n : C[0, 1] -A C[0, 1] defined for any n G N and for any / G U[0, 1] such as 

B »(/;d = E QKi - *)""V (£) , ^ e [o,i]. (i.i) 

In approximation theory, g-type generalization of Bernstein polynomials was in- 
troduced by Lupa§ [7]. 

For / G C[0, 1], the generalized Bernstein polynomial based on the (/-integers 
is dehned by Phillips [15] as follows 

n r "I n—k —1 / r 7 i \ 

B n<q (f]x) = ^2 ? x k ]^[ (1-gV) / ( j-p ) , a: G [0,1]. (1.2) 

k = 0 L -U s=0 ' 

Recently, Mursaleen et al. [10] applied (p, g)-calculus in approximation the- 
ory and introduced first (p, g)-analogue of Bernstein operators and dehned as: 

B n,p,q(f ; x) = it,f( iun) P n-k('P: V X ), 0 < q < p < 1, X G [0, 1] 

P 2 k = o 

where 

I n—k —1 

Pn.k(p,q-,x) =p kJh ^- ” x k {p s -q s x). (1.3) 

-I p,q s = o 

1 
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They have also introduced and studied approximation properties based on (p, q )- 
integers given as: (p, (/)-Bernstein-Stancu operators [11], (p, g)-Bernstein-Shurer 
operators [14] and (p, g)-Bleimann-Butzer-Hahn operators [13]. In the sequel, 
some more articles on (p, (^-approximation have also been appeared, e.g. [1], [2], 
[3], [6], [9], [12] and [13], 

We recall some basic properties of (p, g)-integers. 


The (p, (/)-integer [n] M is defined by 


n 




p-q 


, n — 0, 1, 2, • • • , 0 < q < p < 1. 


The (p, g)-Binomial expansion is 


(x + y)p tQ ■■= (x + y)(px + qy)(p 2 x + q 2 y) ■ ■ • ( p n 1 x + q n l y) 
and the (p, g)-binomial coefficients are defined by 

[ n ]p,g- 

p,q' [ k \vA n ~ k W 
For p = 1, all the notions of (p, (/)-calculus are reduced to (/-calculus. For details 
on (p, g)-calculus and (/-calculus, one can refer [5, 7]. In this paper we use the 
notation [n] in place of [n] p/v 



In [5], (p, g)-derivative of a function f(x) is defined by 


Dp,qf(x ) 


fipx ) ~ fjqx ) 
(p — q)x 


x ^ 0, 


(1.4) 


and the formulae for the (p, g)-derivative for the product of two functions is given 
as 


D P, q (fg)( x ) = f(px).D p>q g(x ) + {D p , q f(x)}.g(qx), (1.5) 

also 


D rMs)(x) = Kix)-D p , q g(x) + {D„,,f(x)}.g( px). 


( 1 . 6 ) 


Let r G N U {0} be a fixed number. For / e C r [ 0, 1] and m G N, we define 


r th order (p, g)-Bernstein type operators as follows: 


x) = 


p- 


n(n 


1 n r 1 
riy P n,ki.P^ 95 x ) 


k = 0 


i=0 


[k] 


pk-n 


X — 


[k\ 


pk-n 


(1.7) 


In this paper, using the moment estimates from [8], we give the estimates 
of the central moments for these operators. We also study some approximation 
properties of an r th order generalization of the operators defined by (1.7) us- 
ing the techniques of the work on the higher order generalization of (/-analogue 
[16]. Further, we study approximation properties and prove Voronovskaja type 
theorem for these operators. 


818 


M. Mursaleen et al 817-829 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


If we put p — 1, then we get the moments for (/-Bernstein operators [8] and 
the usual generalization higher order (/-Bernstein operators [16], respectively. 


2. Main results 

We have the following elementary result. 
Proposition 2.1. For n > 1, 0 < g < p < 1 

D P, q 0- + x )p, q = M(i + qx) 


n— 1 
P,Q ' 


( 2 . 1 ) 


Proof. By applying simple calculation on (p, g)-analogue, we have 

(1 + px)l q = p n ~\ 1 + px)(l + qx);- 1 , (1 + qx)l q = (p”" 1 + q n x)( 1 + qx)^ 1 . 

(2.2) 


Applying (p, (/[(-derivative and result (2.2) we get the desired result. 


□ 


Lemma 2.2. Let B n)P:q (f]x) be given by (1.7). Then for any me N, x € [0, 1] 
and 0 < q < p < 1 we have 

B u t-xr+^x) = rpm zA d { B ht- -)"*•- 

\\ l - L )p.q p /7 j ly P,qy 1 J n,P,q\\ ,/ p)p,qi p 


pm+n 1 [ m ] a; (l _ x ) 


B 


n 


n >P>9 l ' r p >p,q ’ p 




n 


Proof. First of all by using (1.5) and Proposition 2.1, we have 

PnAPiP l) 


Dp.q ( n(n-l) 0 

\P 2 V 


p,q 


n(n— 1) 


p- 


E (* - *)» P-)} - ? E b - ? « ? 


, fc =0 


p 


p 


fc =0 


p 


m— 1 


P,q 


p 


(2.3) 


Now in the same way by using (1.5) and Proposition 2.1, we have 


Pp,q N P ri,i 


k(p,q ;|) | = 


n 

k 


J p,q 


k / \ k 

1 - ^ 


1 r, 

= P 2 | [fc] 


n 

k 


-t / \ n—k 

V - 1 (i - ^ 

J p,qP~ V P / p,q 


n — k\ 


n 

k 




J p,q 


P 


P 


n—k— 1 ' 


p,q 

(2.4) 


Now by a simple calculation, we have 

n—k 


i _ (A 


, Ae(p - < ltl = An 1 - l” _t p)(l - *)”-* 

P J pq P P (1 — X ) 


p,q 

(2.5) 
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('-¥) 


n—k—1 


p,q p n-k - 1 (! _ x ) 

From (2. 4), (2. 5) and (2.6), we get 


(i - <7- 


( 2 , 6 ) 


Dp,q ^ P n,h 

which implies that 


P, ?;-)) = ’ g ’ {[k\(p n k - Q n k x) - P k [n - k\x) , 

p J J p n x( 1 — x) v 7 


Pp,Q] Pn,k ( Pi Qi 


X 


PnAPiW) p n-k [ fc ] _ [ n ]^ . 


py J p n x(l — x) 


From (2.3), (2.7), we have 


Am, ELoU-f ^, fc (p,g;§) 


P-9 


"("- 1 ) r, 

P 2 P 


1 [ml ^ / ga; \ 1 . qx 

[ J V t-— — 

^ \ p j 


k = 0 x / P-9 

i n 
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— — ^ (t - a;)™ 9 P„ )fc (p, q; x)(p n k [k) - [n]x) 


n(n 2 p n x( 1 — x) 

1 [m] ^ / qx \ m . qx 

[ J V t-M PuAp,q-,— ) 

^\pj 


n(n-l) 
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k= 0 X / P-9 

• n 
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” (n 2 p n a;(l — a;) 


— — ^ (t - x)™ g P n ,*(p, g; a;) 


/c=0 


x ( M (p m f - g m x) - M (p m - g m )x 

» V1 i ; pm K1 1 ' 


(2.7) 


Hence we have 
D r , n { B 


p,q 1 J-'rijPjq 


x\m . x 
p'P,9’ p 


m 


B 
P 

[m] ( p n 


n,p,q 


9 X \m-l. 9® 


(*--)p m 9 -i ;-) + 


p 


n 


p J p m+n x( 1 — x) 


((t-a;)”^ 1 ;^) 


P 


,m+n 


(1 - a:) 


B n ,p,q {if x) pq ,X S j . 


This complete the proof of Lemma 2.2. 


□ 


Lemma 2.3. Let B n ^ q ((£ — x)™ ? ; a;) fre a polynomial in x of degree less than or 
equal to m and the minimum degree of ^ is L 222 ^] . Then for any fixed me N 
and x G [0, 1], 0 < g < p < 1 we have 


B. 


n,p,q 


((* 


®)£ g ; a 


) = 


x(l 


m— 2 


X) 


n] L 


m+1 I 

2 -I 


^ ^ bk,m,n(P'> (f)X 


k = 0 


( 2 . 8 ) 


swc/i that the coefficients bk, m ,n(p, g) satisfy \ bk, m ,n(p , g) |< b m , k — 1, 2, • • • pm— 2 
and b m does not depend on x,t,p,q; where [aj is an integer part of a > 0. 


820 


M. Mursaleen et al 817-829 





J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


5 

Proof. Clearly by Lemma 2.2 it is true for m = 2. Assuming it is true for m, then 
from the recurrence of Lemma 2.2 and equation (2.8) we easily get 


B 


n,p,q 


((f — x)™* 1 ;^) 


’vu 


where 

bk,m+l,n{Pi Q ) 


x(l — x) 



m— 1 

E 6 *,m+l,n(P, ?)£*, 

k = 0 


_J_ ( p m + n-k [k] +p m+n-k- l ? fc) hmn ^ q ) 

1 ( p m+n+l- fc[A . _ i] + [ 2 } p ™+n-k- 6 fc _ l m n (p, g) 

I7d 

?w[m](|) n - g n )&fc-i,m,n(p, g) + [m]p m+n-fc_1 g* ! 6 fc _i im _i in (p, q) 
[ n \ 

[ m ] p m+n-k-l q k bk _ 2m _ in ^ q y 


Clearly 


“ = 1 + L— J - L— J— J. 0<k<m-l, 


which lead us that either a = 0 or a = 1. 

Since | bk t m,n(p, g) |< b m , for k — m — 1, clearly we have 


(p,g) I < 


rC (p" +1 [m - 1 ] +p”9"*- 1 ) b m + 2^ (p“ +2 [m - 2] + [2]p","- 2 ) !>„ 


+ [m] (p n - <f)6 m + [mbT-'i'.-i 


n 


+ [m]p n g m 1 b m - i 

1 (p[m - 1] + g m_1 ) b m + ^ (p 2 [m - 2] + [2]g m " 2 ) b n 


n 


n 


+ ri -[m]6 m + [m]g m + [- m}q m 1 6 m _i 


n 


= 6 m+ i, k = 1,2, • • -m - 1, 

and b m does not depend on x,t,p,q. This complete the proof. 
Remark 2.4. From the Lemma 2.3 we have 

Bn,p,q ((f *^) x(l X^)Q m — 2, B n p q (^(t x)p x) 


□ 


= 0, (2.9) 


£= 0,1 


where Q m _2 is a polynomial of highest degree m — 2. 

From the Lemma 2.2 and Lemma 2.3 we have the following theorem. 
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Theorem 2.5. Let me N and 0 < q < p < 1. Then there exits a constant 
C m > 0 such that for any x € [0, 1] , we have 

x(l — x) 


B n,p,q ({t-x)% q \x) \< C, 


m r 1 1 m + 1 I * 

n L 2 J 


Lemma 2.6. For any fixed rri e N and x € [0, 1], 0<q<p<lwe have 

'P H ~ Q \ _m-k 


(« - x) m = ^ y m , k (p - ^ 7 „, t 

fc=l /c=l 


n 


( 2 . 10 ) 


fc 

P.9 


where 




7m-i,fc-i _ [fc]7 m — l,k 
— 1 


de — , & = !,••• yrn-l, 7m i0 = o 


1, 


k = m, 


the coefficients "fmx, satisfy | 7 |< 7 m , k = 1 , • • • , m and 7 m does not depend 
on x, t,p , q. 

Proof. Inductively, for m = 1, it is obvious. For m > 1 the relation (2.10) holds. 
For k — 1, • • • , m, we have 

m 

(t - x) m+1 = - q) m - k x m ~ k (t - x)l q {t ~ x) m , (2.11) 


k = 1 


We can write 


t ~ x = -r (; p k t - q k x — (p — q) [k] p , q x) 


P 


( 2 . 12 ) 


(2. 11), (2. 12) imply that, 


(t - x) m+1 = 5^7 mAp-VT-b^it-xfA 1 -, 


k = 1 
m 


J^7 m,fc(p-g) m V* A: (t-a;)J ig ^(p-g)[/c] M a: 




fc 

P.9 


fc=l 

/ 1 \ 777, -|-1 TIP 

7m ’ m ~ X M + E TirrTm.fc-l (p - - X ) 

1 k = 2 P 

w(p -«)"»-(*-*) _ £ ^ [fc]lWit(p _ ^+.-^+ 1-7 _ ,)*, 


P 

*y ( f — ™ \ 1 

fm,m\ v •*' )r 


k= 2 


P 


rp,q 


7m,i(p - g) m a: m (t - x) 


p" 


P 


E 


k=2 

m+1 


' (p - g) m+1 - fc a; m+1 - fc (t - x) fc 


1 


Jja 1 rp n, 

E 7. n+ u-(p - „)"•+>- V +1 - l (t - 


P.9 


fc=l 
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where 


7m+l,fc 


7m,fc-l [^’]7m,fc J . 

pk — 1 pk ) 

7m,m 


1, — , m, 7 m , o = 0 

k — m + 1. 


□ 


Theorem 2.7. Let m E N and 0 < q < p < 1. TTien t/jere exits a constant 
E m > 0 swc/i that for any x E [0,1], we Ziove 

[n| L 2 J 

Proof. From Lemma 2.6 we have 


B nj> , q ((t-x) m ,x) | < 


7 m,k 


k= 1 


p n _ \ m_fc 

[nl 


B n ,p,q{(t x )p,qi x ) 


m— 1 


< 


7m I | ((t X )p,qi x) | + ^ ] r j m -fe I B n ,p,q ((^ X )p,qi X ) 


By using Theorem 2.5 we have 


m— 1 


£n,p,q ((* - a;)” 1 , x) | < 7m ! B n ^ q ((t - x)% q , x) \ + ^ pr 

V k = i 


1 a?(l — a?) 


-C, 


r n lL^J 


— 7 m ( | B n ,p, q ((7 x) | 7 


x(l — x) 

'[n] 1+ L?J 


m— 1 

E c * 

k=l 


m— 1 


/ _ , ^ x(l-x) , x(l-x) 

— /m | C/ m m + l I “I" I m + l I / . °fc 

[n]L 2 J [ n ]L 2 J fc=1 


m— 1 


7 7 mCm 7" E C fc 


fc=i 


x(l — x) 
[nl L^J 


= 


x(l — x) 

m r n lL^J 


□ 


Corollary 2.8. Let m E N and 0 < q < p < 1. T/ien t/jere exits a constant 
K m > 0 such that for any x E [0, 1], we have 


B n ,p, q ((I t — x |) m ; x) < K, 


x(l — x) 


771 r 1 m 

\n\ 2 


(2.13) 
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Proof. For an even m, clearly we have 

B n , P , q ((| t-x |) m ; x ) = B n ^ q ((t - x) m ; x ) 

z jp x{l-x) 

— ^ m r , I m + 1 I 

2 J 


= K 

In case if m is odd, say m — 2u + 1, we have 

B n ,p,q ((| t — X |) 2 “ + 1 ;X) 


N [! 

x{l — x) 

rn p 1 rn 

n 2 


< \/ B n , p , q ((| t-x \)p U q ; x) sj B n ^ q ((| t-x |) 2 ; x) 


x(l — x) ^ x{l — x) 

r n I iu+TT -^2 r Til] 



= K- 


x(l — x) 


2u+l . 2u+l 

M 2 


This complete the proof. □ 

Theorem 2.9. Let x) be an operator from C r [ 0, 1] — > C r [ 0, 1]. Then for 

0 < q < p < 1 there exits a constant M(r) such that for every f G C r [0, 1], we 
have 

r 

II B,5L(/; x) || C |„,ii< M(r) Y || /<•> ||= M(r) || / || C . M . (2.14) 

1=0 

Proof. Clearly Bn} P , q (f]x) is continuous on [0, 1]. From (1.7) we have 

*>&,(/;*) = E ((* - *)7 (i) W;z) • 

X . 


2=0 


From the Corollary 2.8, we have 

I | < || / w || B„„ (| (t-i) |*;x) 

< A', || /« || [n\-h. 


Therefore 




V. 

i = 0 

r 

< M(r)E 11/“’ 

i=0 


This complete the proof. 


□ 
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3. Convergence properties of B %} p , q ( f ; x ) 

The modulus of continuity of the derivative is given by 

W (/ (r) c) = sup | I f {r \x) - f ( r \ y ) |:| x-y \< t, x,y G [0,1]|. (3.1) 

Theorem 3.1. Let 0 < q < p < 1 and r G N U {0} be a fixed number. Then for 
a; € [0, 1], n £ N there exits D r > 0 such that for every f G C r [0, 1] the following 
inequality holds 

B ' iJf ; x ) - f(x) |< D rJ fiu ( /«; 4=) . (3.2) 

W \ vMy 

Proof. Let r G N. Then for / G C r [0, 1] at a given point t G [0, 1], we have from 
the Taylor formula that 


fix) = £Lp (x -t)‘ + (x ~ t] 


*=o 

rl 


l\ 


{{r-m 

x / (1 -u)^ 1 (/ (r) (t + u(a;-t)) - / (r) (t)) du. 


On applying x), we get 




/(®) - B 5p,q(f> X ) = 5Z 7T ^ ry - f (! - u) r l Pn,k(Pi Qi X ) 


k=0 


(r — 1)! 


X 


/ ( 




[n 


pfc-n[ n 


pfc-n[ n 


du. (3.3) 


Now from the definition and properties of modulus of continuity, we have 


/ ( 


r) 


[k\ 


+ U \ X — 


pk-n ^ pk-n 


[k] 


))- /M (/%)| Sw ( /W; “ 


X — 


[k\ 


pk-n 


w| f (r) ;u 


X — 


[k\ 


pk-n \. n 



< \/\n 


x — 


[k\ 


p k ~ n [n 


+ 1 wl /W; 




(3.4) 


□ 


Now for every 0 < x < 1, 0 < g < p < 1, fcGNU {0}, n G N and from (3.3) 
and (3.4), we get 
| B [ n}p, q {f]x) ~ f(x) | 


< 4 ( / <r) ; -f= ) E 

vNy k=o 


T\ 


X — 


[k] 


pk-n 



n\ 


x — 


[k\ 


pk-n 4 


+ 1 P n , k (p,q]x) 
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1 

= -u 

T ! 


/ (r); ^jJ (\/R 5 n,p,q(| x-t r +1 ;x) +B n , p , q (\ x-t | r jx)) . (3.5) 

Using (3.9) and (3.5) for x G [0, 1], we have 


aiL(/;*)-/(*)l ^ ^K r+1 + K r ) 


vH / 


= D r 


1 ' U/ w ; 1 


\/R 


\/R J ' 


In order to obtain the uniform convergence of Bn; Pn , qn {f ] x) to a continuous 
function /, we take q = q n , p = p n where q n G (0, 1) and p n G (q n , 1] satisfying, 


lim p n = 1, 1 i rn q n = 1. 


(3,6) 


Corollary 3.2. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C r [0, 1] for a fixed number r G N U {0}. Then 


lim [r>]5 || B l ^ k (f) - f ||= 0. 


(3.7) 


We say that (cf. [16]) a function / G C[0, 1] belongs to LipM^ot), 0 < a < 1, 
provided 


/W - f(y) \<M\x-y |", (x,y e [0,1] and M > 0). 


(3,8) 


Corollary 3.3. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C r [ 0, 1] for a fixed number r G N U {0}. If f ^ G Lip M (a ) then 


II B n}p,q(f)-f H= 0 (N 

Proof. From (3.2) and (3.8), we have 

ii diy/) - / ii< D r M- 


r+cx 

2 


(3.9) 


1 1 


r -j cy 

n\ 2 [n] 2 


□ 


Theorem 3.4. Let 0 < q < p < 1. Suppose that f G C r+2 [0, 1] , where r G NU{0} 
is fixed then we have 


B [ n, P , q {fi x ) ~ f 0*0 


(-l) r f( r +V( X ) Bn ^ q ((t- X )r+\ X ) 


(r + 1)! 


-l) r f<r+ 2 )(x)B n ^ q (( t - x) r+2 ]x ) 


< (Ji r +2 + K r+ 4 ) 


r + 2)! 
a:(l — x) 

[n]5 +1 ^i!(r + 2 — i)\ 




cu 


y(r+2-i), [n]“P . 
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Proof. Let / G C r+2 [ 0, 1] and x G [0, 1] for a fixed number r G N U {0} we have 
/(*) G C r+2 ~ l [ 0, 1], 0 < i < r. Then by Taylor formula we can write 


r+2 — i 


f'Ht) = V - — dh( t _ x y + 


(3.10) 


i=0 


where 


and 


(r + 2 — i)\ 


\ ft — x \<\t — X 

Therefore from (1.7) and (3.10) we have 


x ) = ^2 p n,k(p,q-,x)^2 


X 


[*] 


p k ~ n [n]) f^ + ^(x) f [k] 


k = 0 


i = 0 


l\ 


E 

3=0 


j\ \p k ~ n [n 


x 


^2 p n,k(p,q;x)^2 


X 


w 

pk~n J n ] 


k=0 


i = 0 


?! 


Rr+2 —i(f i t) x) 


= Ji + J 2 , {where t = 


[k\ 


p k ~ n [n 


Which implies that 


= I/. 


E a., (P , »; «) E M (t _ 


/c=0 7=0 

r 


(r + 2 — ?)! 


, / pi f (r+2— i)/> \ f(r+2-i)/, r \ 

b,,, Eww- W (*-»rV 


. i=0 


(r + 2 — ?)! 


We use the well-known inequality 

u(f,X6)<(l + X 2 Mf,6), 

I /h+2-d (Ct ) _ f(r+2-i)( x) | < w (/h+2-b ) | Ct - a; |) 

< 00 (f^^W t - x I) 

< W (f (r+2 ~ l \ [n]“2) (1 + [n]{t - x) 2 ) . 


Hence 

I h \< 


t — x | r+ ; x 


D I v r (~iy / (r+ 2 - i) (Cd-/ (r+2 ~ i) (H 

JD n,p,q I zEj=0 a (r+2— j)! 

< (ELo ^+2-1)! ^ (/ (r+2_i) ’ l 1 + - X f) \ t ~ X | r+2 ^) 


827 


M. Mursaleen et al 817-829 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


12 


E r 1 

i= 0 i!(r+2— i)! 


(jO 


r+2 -*\ [raH 


X (Bn tP>q (I t - X | r+2 ; X ) + [n]S n)P) ,(| t - x | r+4 ; x)) 

< E+ 3,73++ (/ ,r+2 ->. I«H) + Kr +i f0) 

= (/C +2 + ^ +4 )fP E+ 3<s+>+ (/"' +2 - i) . [»]-’)• 


Therefore 


1 +L(/; *)-/,!< (*+« + E 7 


77 - 1 2 +1 ' /!(r + 2 — i)! 

i=0 


(jO 


-T [»]-='). 


Now we simplify for I\ 

n 


r /W(x) 


P L n J 


E J V 1 
(1 - i 


k = 0 




(/ — i)! \p fe_n [n 


x 


J-i 


E^.^E^Ejtzis 

k= 0 i=0 

n r / 

5^-Pn,fc(p,g;a;)5^ — 


l=i 


k = 0 


i=0 


5^-Pn,fc(p,g;a:)5^ 


fc=0 


i=0 


X! Pn,fc(p, g; X] 

fc=0 Z=0 

/( r+1 )(x' n 

(r + 1)! fy 


f( l \x) f [k\ 


(/)! \p fc_n [n 


p k ~ n [n] 

— Xj 

' [k] 

\ r+1 

<T* I 

p k ~ n [n\ 

) 

' [k] 

\ r+2 

<y* I 

p k ~ n [n] 

) 

*)'t 0M)‘ 

7 i=0 ' 7 


P nM'P, + 


k = 0 


f(r+2)f 


X) 


('■ + 2 > ! to 


E A. J.'I/'. 'j: 


X 


X 




p fe_n [n 




pfc-n[ n 


X 


X 


r+l r /■ 1 n 

Eft I<-d‘ 


i=0 

r+2 r 


i=0 


E( r t 2 )(-!)•. 


For n G N, r e N U {0} we have 

E ( r t 0 (-!)• = ME E ( r t 2 ) (-!)• = (r + !)(-!)' 

»= o v W t =o v * 


Therefore 


A = /(®) + 
+ 


-l) r / (r +l)(^)Pn,p,g ((t ~ x) r+1 ; X) 

(r + 1)! 

1 ) r - x) r+2 ;x) 


(r + 2)! 


This complete the proof. 


□ 
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Corollary 3.5. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C 2 [0, 1] for a fixed number r G N U {0}. Then for every x G [0, 1] we have 


B S P n, qn (f’’ x ) ~f( x ) ~ 

where K = h ' 2 f hi , Moreover, 


f"{x) x(l — x) 


n 


w-n, 


n 


lim [n] (B n , Pn>qn (f-,x) - f(x)) = ^ — f"(x) 


uniformly on [0, 1]. 
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FOURIER SERIES OF FUNCTIONS INVOLVING GENOCCHI POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND DMITRY V. DOLGY 


Abstract. We consider three types of functions involving Genocchi polynomials and derive their Fourier 
series expansions. In addition, we express each of them in terms of Bernoulli functions. 


1. Introduction 


Let G m (x) be the Genocchi polynomials given by the generating function 

04. 00 j.m 

-^—e x t=X2Gm(x)— (see [1,2,12-17,21]). 
e t + 1 ml 

m—0 

The first few Genocchi polynomials are as follows: 

G 0 (ar) = 0, G\{x) = 1, G 2 (x ) = 2x - 1, 

Gs(x) = 3x 2 — 3x, G 4 (x) = 4a: 3 — 6a; 2 + 1, 

G$(x) = 5x 4 — 10a: 3 + 5a;, G§(x) = 6a; 5 — 15a; 4 + 15a; 2 — 3, 
G 7 {x) = 7a; 6 - 21a: 5 + 35a; 3 - 21x. 

From the relation G m {x) = mE m _i(x)(m > 1), we have 

deg G m (x) = m - 1 (m > 1), G m = mE m _i (to > 1), 

Gq = 0, G-\ = 1, G 2 m+i = 0 (to > 1), and G 2 m ^ 0 (to > 1). 


Moreover, we have 


From these, we have 


dx 


G mix') = mG m - i(x) (to > 1), 


G m ( 1) + G m (0) — 2<5 mj i, (to > 0). 

f 1 1 

/ G m (x)dx = — — (G m +i(l) — G m +i(0)) 

Jo to + 1 

= TTj-( — G m+ i(0) + S m o) 

TO + 1 

J 0, if to. is even, 

i 1 , if to is odd. 


2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, Genocchi polynomials, Genocchi functions. 
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(i.i) 


( 1 . 2 ) 


(1.3) 


(1.4) 


(1.5) 


( 1 . 6 ) 
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2 Fourier series of functions involving Genocchi polynomials 

For any real number x, let < x >= x — \x] € [0, 1) denote the fractional part of x. In this paper, we 
will study the Fourier series of the following three types of functions involving Genocchi polynomials 

Gmi^ X ^ > )* 

(1) a m {< x >) = YJk= 1 G k {< x >) < x > m_fe , (m > 2); 

(2) /3 ro (< x>) = ELI fc!(T? !-fc ) ! G fc(< x >) < x (to > 2 ); 

(3) 7 m(< X >) = Y%=1 fc(n!-fc) G fc(< X >) < ® > m_fc 5 O > 2)- 

The reader may refer to any book (for example, see [6,18,22]) for elementary facts about Fourier analysis. 

As to t m (< x >), we note that the polynomial identity (1.7) follows immediately from Theorems 4.1 
and 4.2, which can be derived in turn from the Fourier series expansion of 7 m (< x >). 


m— 1 ^ 

E u^rk) Gt{t)x 


1 

m 



G k 

k(m — k + 1) 



2 

m 


2 

m(m + 1) 



2 G m _ s _|_ 1 
to — s + 1 


(L^m— 1 B m — s') 


m— 1 

E 


Z=s 


s+l 

(/ — s + l)(m 



(1.7) 


The obvious polynomial identities can be derived also for a m (< x >) and /3 m (< x >) from Theorems 
2.1 and 2.2, and Theorems 3.1 and 3.2 , respectively. It is noteworthy that from the Fourier series 
expansion of the function k (m-k) B k (< x >)B m _ k (< x >) we can derive a slightly different 

version of the well-known Miki’s identity (see [3,5,19,20]) 


m— 1 ^ 

E 2k (2m — 2k) 

= ~ 2k f 9fc ^ ^ 2k ^ 2m ~ 2k (TO > 2) . 


In addition, we can derive the Faber-Pandharipande-Zagier identity (see [4]) 


m—1 ^ 

E 2k (2m — 2ky^ 2k ^ 2m ~ 2k 

= — y'' bT ( 07 ) ^2fc^2m-2fc H H 2 m-lB2mi (TO > 2) , 

to 2k \ 2k j to. 


( 1 . 8 ) 


(1.9) 


where 


^ 2 ^-! ^ = (2 1 m — l) = B m (|), Some related works can be found in [1,7-11]. 


2. Fourier series of the first type of functions 


In this section, we will study the Fourier series of first type of functions involving Genocchi polynomials. 
Let a m (x) = ]C;T=i G k (x)x m ~ k , (to. > 2). Note here that dega m (x) = to — 1. Then we will consider the 
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function 

m 

a m (< x >) = ^2 Gk(< x >) < x > m_fc , (m > 2). 
k— 1 

defined on (— oo, — oo) which is periodic of period 1. The Fourier series of a m (< x >) is 

OO 

E a (m) 2ivinx 
■™-n e J 

n =— oo 

where 

++ = [ a m {< x >)e~ 2 ™ x dx 

Jo 


-~ 2ninx dx. 


= / a m (x)e 
Jo 

Before proceeding further, we first observe the following. 

m 

a' m {x) = '^2 / {kG k - 1 (x)x m ~ k + (m - k)G k (x)x m ~ k ~ 1 ) 

k = 1 


= J2(kG k -i(x)x m ~ k + ( m - ^)G fc (x)a; m - fc - 1 

k—2 k= 1 

m — 1 m — 1 

= J2 {k + l)G k {x)x m ~ k ~ 1 + ^2{m- k)G k {x)x m 


-k - 1 


k= 1 


k = 1 


m— 1 


-1 -k 


= (m + l) ^ G k {x)x m 1 
fc=l 

= (to + l)a m _i(x). 

From this, we have ^ ) = a m (4 Then we have 


f 1 1 

I (Xrni^x'jdx — ; v(c^m+l(l) O^m+l(0))> 

7o TO + 2 

m 

a m { 1) - a m (0) = ^ (Gfc(l) - G fe (0)5 m , fc ) 

fc=l 

m m 

— ( — Gfc(0) + 2<5/c,i — Gfc(0)(5 m? fc) = — Gk + 2 — G m , 

fc=i 
m 

*rn( 0) = a m (l) <{=> 53 G fc = 2 - G m , 


fc = l 


fc = l 
m+l 


1 / m+l 

a m (x)dx = — ( - V' G fc + 2 - G 

m + z ' z — ' 


m+l 


fc=l 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 


(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 
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Fourier series of functions involving Genocchi polynomials 


We are now ready to determine the Fourier coefficients A^'K 
Case 1 : n ^ 0. 


4 m) = f 1 a m (x)e~ 2ninx dx 
Jo 


1 




a' m (x)e- 2ninx dx 


1 


m + 1 f 1 


— 0 . (<r m ( 1) a m (0)) + . 

Zirin Zkiu 


a m - 1 (x)e- Jmnx dx 


m + 1 


2nin 
m + 1 / m 


( V G fc - 2 + G„ 

Tin \ a — j 


Z-nin 


\k = 1 


2nin 


S7 (^ A E 2 ’ + ^ ( E Gt ~ 2 + G ’"- l) ) 


vfc— 1 


_(m+l)m (m _ 2) m + 1 Z”^ 1 n \ 

~ (2k m)2 A " + (2«nF ^ ^ " "*7 


2mn 


Gfc — 2 + G„ 




(2.9) 


where 


Case 2: n = 0. 


= + E ("e ‘ - 2 + <w. ’ 

(2 , Kin) rn z ' (27rznp \ ' 

v ' j=i v ' \ k = l y 

= _ 3(m+ l)m-2 Y^ 2 (m + jjj -1 Z Y^ + /-> _ 9 , r \ 

(2Kin) m ~ 1 (2Kiny ^ ^ k ™-3+'J 

m-l , , /m-j+1 \ 

E a-2 +Gm _ j+I ) 


fm—j+ 1 


j = 1 


( 2Kin)J 


fc = i 


i m ” 1 z'™ i n /m-i+i \ 


/ + 2 ' (2mnV . 

j=l V ' \ k = 1 

7^ = [ (3a; - l)e 
Jo 


—2tt inx 


dx = — 


2Kin 


pl i m+l 

A < ' 0 ' > = a m (x)dx = — — Gfc — 2 + G m+ i). 

Jo TO + 1 k= 1 


( 2 . 10 ) 


( 2 . 11 ) 


a m (< a; >), (m > 2) is piecewise G°°. Moreover, a m (< x >) is continuous for those integers to > 2 
with Y^k=i Gfc = 2 — G m and discontinuous with jump discontinuities at integers for those integers to > 2 
with YJk=i Gk^^-Gm . 

We need the following facts about Bernoulli functions B m (< x >): 
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(a) for to > 2, 


B. m (< x >) = -to! E 


00 g 2 / ninx 


n=—oo,n^0 


(27 rin) m 


( 2 . 12 ) 


(b) for to = 1, 


- E 


00 g 2-Kinx 


n=—oo,n^0 


2-rrin 


Bi(< x >), for x € Z c , 
0, for x € Z, 


(2.13) 


where Z c = K — Z. Assume first that m > 2 is an integer with X)fcLi G+ = 2 — G m . Then a m (l) = a m (0). 
Thus a m (< x >) is piecewise G°° , and continuous. So the Fourier series of a m (< x >) converges 
uniformly to a m (< x >), and 


i(< a; >) 


m+l 

~ +E Gfc - 2 + Cm+l) 


1 


TO + 2 


fc=l 

m+l 


TO + 2 


E E 


1 (to + 2)j m ~ J+1 


n=—oo,riy^0 \ j 


“ (2tt in)i 


Gfe — 2 + G m - 


l+i ) e 


2i rinx 


k = 1 


— -w(E Gk - 2 + G m+ 1) 


to + 2 


fc=i 
m— 1 

E 

j=i 

/ m+l 


TO + 2 

j 


fm—j+l 


TO + 2 


y ~^ Gfc — 2 + G m _ J+ i — j ! yy 


fc=l 


e 

(! 2mn)i 


(2.14) 


to + 2 


m+l 


1 m— 1 

— y 

I o 


vfe=l 


m + 2 


1=2 


to . + 2 

j 


n——oo,n^0 
/ m—j+l \ 

El Gfc — 2 + G m -j - (_i J Bj(< x >) 


fc=i 


— ( Gfc — 2 + G m ) 


^fc=i 


f?i(< x >), for x € Z c , 
0, for x €Z, 


for all x £ (—oo, oo). Hence we obtain the following theorem. 

Theorem 2.1. Let m > 2 be an integer with Y^k=i G& = 2 — G m . Then we have the following, 
(a) JZfcLi Gfc(< x >) < x has the Fourier series expansion 


E G *(< a; >) < x > 


m—k 


k = 1 


1 /m+l N 

( E] Gfe — 2 + G m+ i 

\fc=i / 


to + 2 

1 

TO. + 2 


m-1 , m-1+1 


/ \ (27rin) 

n=— 00,717^0 y J — 1 v y /c — 1 

for all x £ (— 00 , 00 ). Here the convergence is uniform. 


(2.15) 
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(b) 


k=l 


y y Gfc(< x >) < x > 

1 771—1 

— y 

4-9 


m—k 


(2.16) 


m-i / m + 2\ \ 

TO i 2 ^ \ , ) ( H Gfc — 2 + G m -j + i J Bj(< x >), 

J ' \ fe = i / 

for all x G (— oo, oo), where Bj(< x >) is the Bernoulli function. 

Next, we assume that m > 2 is an integer with Y^k=i G k 7^ 2 — G m . Then a m (l) 7^ a m (0). Hence 
a m (< x >) is piecewise G°° and discontinuous with jump discontinuities at integers. The Fourier series 
of a m (< x >) converges pointwise to a m (< x >), for x G Z c , and converges to 


1 1 m 1 

+c* m (0) + a m (l)) = a m ( 0) — — yy Gfc + 1 — — G„ 


fc=i 


(2.17) 


- 1_ d H Gfc ' 


fc=i 


Thus we get the following theorem. 


Theorem 2.2. Let m> 2 be an integer with Y^k=i Gfc 7^ 2 — G m . TTien we have the following, 
(a) 


/ 771+1 


Gfc — 2 + G m+ i j + 


in + 2 


m + 2 


00 / m— 1 / /m-j+l 

H ( X! ( ' W + 2 ^' 


/c— 1 / n=— oo,7i^0 y j 

E: = i G fc (< x >) < x > m - fe , for s G Z c , 

1 
2 


— j' (27 rm)-? 


Gfc — 2 + G rn - 


5 + 1 


fc=i 


1 1 sr^m— 1 ^ 

1 2 2^fc=l 


for ieZ. 


Here the convergence is pointwise. 

(b) 


-j 1 / I 0\ 1,1 J ± 

— 7) y, ( • )( X] Gk - 2 + Gm-j+\)Bj{< X >) 

+ z j = 0 v J ' fc = 1 

771 

= ^ Gfe(< x >) < x for a; G Z c ; 

1 

1 m-l / s m—j + 1 

—w X] ( ■ )( X] Gfc - 2 + G m _j + i)Hj(< x >) 

+ z ; — n .-J 1 \ J / fc_ 1 


771— J + l 


m 


fc=l 


(2.19) 


J=0,j¥1 

1 771—1 

= 1 --^G k ,rGZ 


fc=l 


Question: For what values of m > 2, does X^fcLi Gfc = 2 — G m hold? 


(2.18) 
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3. Fourier series of the second type of functions 


Let (3 m (x) = k\(rn-k)\ Gk{x)x m k , (m > 2). Then, we consider the function 


1 


M< X » = £ x>)<x 

defined on (— oo, — oo) which is periodic with period 1. The Fourier series of (3 m (< x >) is 


(3.1) 


E * 


(m) ^ 2ninx 


(3.2) 


where 


B i m) = f ( 3 m(< X >)e 

Jo 


= / Pm{x)e 
Jo 


— 2 irinx dx 
~ 2winx dx. 


Before proceeding further, we need the following. 

= g { + 

m— 1 


i-k-1 




k—2 
m— 1 


= E 


1 


/c!(m — 1 — fc)! 
= 2/3 m _ i (x) . 


G k (x)x 


k=l 

m— 1 1 

m— 1— /c I \ ^ 1 / \ ra— 1 — k 


E 


^ fc!(m — 1 — fc)! 


Gk{x)x ri 


So, (3' m (x) = 2f3 m -i(x). From this, we see that 

/ /? m+ i(a:)Y 


V 2 


= /3m (x) 


and 


We also observe that 


[ l 1 

/ (3 m {x)dx = -(/3 m+ i(l) - /3 m+ i(0)). 
Jo 2 


(3m (1) - (3m (0) = V ... 1 ... (Gfe(l) - G fe (0)5 m>fc ) 

— ft)! 

= V 1 f c cn'i , 2A i _ V Gk ^ Sm ’ k 
k\(rn — k)\ + E fc! ( TO _/,)i 


= -E 


G fc 2 


G„ 


k = 1 


k\(m — k)\ (ra — 1)! ra! 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


(3.7) 
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We put 


for to > 2. Then 


Moreover, 


Qm — Pmi 1) /3m (0) - + 


— (/c!(m — fc)! (to— 1)! ?n! 


Pm (0) = /3m (1) <*=> ^m = 0. 


r 1 l 

J P m (x)dx = -flm+1 


- E 


2 


2 | y fe!(m — k + 1)! to! (to+1)!J 
Now, we are going to determine the Fourier coefficients Bn . 


Case 1: n/0. 


B^= [ /3 m (x)e- 2 ” inx dx 

Jo 

= -A + sL £ 

= -^(/3m(l) - /?m(0)) + — [ /3 ro -l(x)e-“dx 

Z7TZn 7TZn Jo 

= 

Kin ” 27rm m 

= — f — ^ m ” 2) - 

7rzn \7T2n I'Kin J 1'Kin 

= 1 R( m - 2) ? O , 1—0 

{'xin) 2 n {2 k in) 2 m 2Kin m 


m-2 j _ 1 

1 p(2) 2 O 

/ • \ rv, _o / , /q * \ x ^ j + 1 > 

(7rzn) m ^ \2mny 

\ / 7=1 v 7 


where 


By (3.11) and (3.12), we get 


B< 2 > = [ fax - ^ e~ 2mnx dx = — . 

Jo V 2 / ™ 


1 m—z 

= 1 y 


' , / 0 • j+l 

yj (27TZn)^ 


= -E 


/r> • 

{2Kiny 


Case 2: n = 0. 


/*1 1 

B o m) = / Pm{x)dx = -Cl m+1 . 
Jo L 
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Here (3 m {< x >), ( to > 2) is piecewise G°°. Moreover, /3 m (< x >) is continuous for those integers m > 2 
with Q m = 0 and discontinuous with jump discontinuities at integers for those integers m > 2 with 
fi m 7^ 0. 

Assume first that m > 2 is an integer with = 0 . Then /3 m (0) = /3 m (l). So j3 m {< x >) is piecewise 
G°°, and continuous. Hence the Fourier series of /3 m (< x >) converges uniformly to /3 m (< x >), and 


/+(< x >) = ^2 


1 


k= l 


k\(m — k)\ 


— 2 ^m+l 


G k (< x >) < x > 


2i- 


m—k 


E I E (2iriny nm - j+1 • 


n——oo,n^0 \ j — 1 


l +A z>- 

— ^ 77 ilm— j+1 

3=1 J ' 


-j! 


E 

n——oo,n^0 


e 

( 2irin)i 


X m-i 2 i-i 

= v^m+l T ^ ^ X >) 

2 1=2 J - 

, o v / Si(<x>), for i£Z c , 
+ S " for ieZ, 


. 0 , 

for all x £ (—oo, oo). 

Thus we have the following theorem. 

Theorem 3.1. For each integer l > 2, let 

«« = -£ 

fc=i 


G fc 


2 G; 

fc!(/-fc)! + ( ; -l) ! /! ' 


Assume that = 0, for an integer m > 2. Then we have the following. 

(a) k\(m-k)i Gfc(< x >) < x > m_fc has the Fourier series expansion 

m 1 

£ - » < * 


— 2 ^m +1 


' m — 1 


- E E 


2 J - 


n=— oo,n^0 \ j 


— ' (27rin)- 


— i 


m— j +1 


for all x £ (— 00 , 00 ). Here f/ie convergence is uniform. 

(b) 


E 


1 


— ' A:! (to — fc)! 


Gfc(< x >) < x > 


m—k 


21 


-1 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


— ^ ( .j x >), 

j= 0 ,j^l 

for all x £ (— 00 , 00 ). Here !+< x >) «s the Bernoulli function. 

Assume next that to > 2 is an integer with 7 A 0. Then (3 m ( 1) 7 ^ /3 m (0), and hence /3 m (< x >) 
is piecewise C°° and discontinuous with jump discontinuities at integers. Thus the Fourier series of 
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/?m(< x >) converges pointwise to /3 m (< x >), for x € Z c , and converges to 

2 (Ara(O) + 0 m( 1 )) = Pm(fi) + 

= + I (_ v Gk + 2 _ 2 **' 

to! 2 y yj fc!(?n — fc)! (to— 1)! ?n! 


m— 1 


1 ( 2 y 

2 l ( in. — 1 1 ! 


G k 


2 y ( to. — 1)! yj fc!(m — k)\ j 
for x £ Z. Hence we obtain the following theorem. 

Theorem 3.2. Tor each integer l > 2, let 

G k , 2 


G, 


Ql ^ k\(l-k)\ ' (/- 1)! l\ ' 

Assume that f l m ^ 0, for an integer m > 2. Then we have the following, 
(a) 

m — 1 


-n m+ i - y y y . , i e 2 ™* 


2J- 1 

7 . 77, • \7^ L m—j + 1 

. (2'Kiny 

n=— oo,n ^0 y j» — 1 v ' ^ 

E™=i fc!(m- fc )! Gfc(C a; >) < a; > TO ~ fc , for x £ Z c , 

for x £ Z. 


k\(m—k) 

I 1 

m! + 2“ m > 


Here ffte convergence is pointwise. 

(b) 


23 

.| ^m-j + lS;(< * >) 


i=o 


m ^ 

= ^ fc!(m — k)\ Gk ^' < X >) 


< X > 


%—k 


for x € Z c ; 


m_1 2-1 ~ 1 

^ ^ rj kl m — j_|_iHfc(< x >) 

G^ 1 

— i i 0 a L m-> 

ml 2 


for x £ Z. Here Bj(< x >) is the Bernoulli function. 
Remark: For what values of to > 2, does EfcL 1 ° 


k\(m—k)\ (m— 1 )! m\ 


- hm hold? 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


4. Fourier series of the third type of functions 


Let 7 m (x) — Efc=l k(m-k) Gk(x)x m k , (m > 2). Then we will consider the function 


7 m(< x >) = y 


1 


fc=l 


k(m — fc) 


Gfe(< x >) < x > 


m—k 


(4.1) 
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defined on (— oo, — oo) which is periodic of period 1. The Fourier series of 7 m (< x >) is 


E Ci n 


m) g2ninx 


n —— oo 


where 


Cl m) = / 7 m(<x>)e- 2 ™ x dx= [\ m (x)e 
J 0 Jo 


c dx. 


/ 0 

To proceed further, we need to observe the following. 

m — 1 


7m (X) = Y 

k = 1 
m-z 

= E 


1 


fc(m — fc) 
1 


{fcG fc _ 1 (x)a; m - fc + (m - ^Gk^x™-^ 1 } 


m— 1 


fc=l 


m — k — 


-Gkix^-b- 1 + Y ^Gk{x)a 


i—k— 1 


fc=l 


m—2 


Thus, 


From this, we have 


and 


= <™ - ') £ w 

= (m - l)7m-i(x) H E-G m -i(a;). 

m — 1 


7mW = ("I - l)7m-i(a0 H -G m _i(a;). 

m — 1 


— (7m+i(a;) . 1 , 

TO m(TO + 1) 


G ra+ l(l)) =7m(x) 


7 m{x)dx 


— <Cfm+l{x) — 

m m[m + 1 ) 


n i 


(*^)) 

= f (7m+l (1) — 7m+l (0)) — 


J 0 


III \ Illilll + 1 ) 

= — ( Tm+1 (f ) — 7m+l(0) + 


(G m +l(l) — G m +l(0)) 


TO \ 


?b(to + 1) 


G m +l(0) I • 


Observe that 


m— 1 


7m(l) - 7m(0) = E k{m - k) ^ Gk ^ ~ G k(°) S m,k) 


k = 1 
m— 1 


l 


l 


- E k^k) (_Gfc(0) + 24>l) " g fc(m - fc) 

m— 1 

= -E 


Gk(0)5 m ,k 


G k 


k= 1 


fc(?n — /c) m — 1 


n 


(4.2) 


(4.3) 


(4.4) 


(4.5) 

(4.6) 


(4.7) 


(4.8) 
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So, we have 


7m(l) 


7m (0) 


m—1 


E 


G k 

k(m — k) 



(4.9) 


Also, 


i(x)dx = — ( - E 


Gk 


to \ k(m — k + 1) to m(m + 1) 


G 


m+1 


(4.10) 


Now, we will determine the Fourier coefficients C )+. 
Case 1: n / 0. 


C™ = / 7 m {x)e- 2 * inx dx 
Jo 


1 


2nin 

1 

2tt in 


[ 7 m {x)e~^ n % + 


2mn . 


7 ' m {x)e- 2 ™*dx 


(7m(l) -7m(0)) + vE- [ {(m- l)7m-i(a:)4 1— G n 

Inin J o V to — 1 


>-iW e 


c (ia; 


= -^(7m(l) -7m(0)) + l\ m _ x {x)e-^dx 


2tt in 


2irin 


1 


[ G m -i{x)e-^ inx dx 
Jo 


27rm(m — 1) 7 0 

_ m - l (7(m-!) 4 - 

27rm n 27rin m 2mn(m — 1) 


'h. 


(4.11) 


where 


and one can show 


= 

4 ^ m. 


m- 2 , , , 

y- (TO - l)fc-i 

k 


— J (27rir 




(4.12) 




— 2ivinx 


dx = 


20 

-2 


m+ 1 7 
Gm+l 
m+1 1 


for n ^ 0, 
for n = 0. 


(4.13) 
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n(m) = ™ Ir-(m-l) _ _J_ A i 2 

2mn n 2nin m 2nin(m—l) 

_ to - 1 / to - 2 (m _ 2) 1 _. 

27rm \ 27rm " 27 tot m 1 




27 rin(m — 2) 


$ 


m— 1 


:*_A 4 2 $ 

27rin m 2n in(m — 1) m 

:= (to - 1)(to- 2) (m _ 2) _ to - 1 1_ . 

(27 rin) 2 n (2irin) 2 m 1 2tt in r ‘ 

2 (to — 1) 


(: 27tto) 2 (to — 2) 


^m-l + 


2Trin(m — 1) 




( 4 . 14 ) 


(to - 1)! (2 ) _ V- ( TO ~ 1 )l-i A , 2(to - jQj-i 

( 2irin) m - 2 11 (27t in) J m J+1 (27 tot) j (to — j) m J+1 

m_1 i \ 

v- ^ - ijj-i A 

/ v /o • \<i lv m— j+1 
7 = 1 v 7 


m—2 


) J 

m—2 


sr 2 ( w ~ 1 )j-i ^ 

(2mny(m — j) 


= 1 ( m )j y 1 2(m)j 

to ^ (27rin)l m_J+1 TO (27 Tin)i{m — j) 


^m — j + 1 5 


where 


ci 2) = / £e“ 

J o 


v dx = — - 


2mn 


( 4 . 15 ) 


In order to get a final expression for Cn n \ we need to observe the following. 


2 (to)j 


(27 rin)- 7 (to — j) 


E 

7=1 

m-2 r>/\ m -7-! / *\ 

= \ ' 2 (to)j A— (TO- Jjfc-l 

(27T iny(m — j) y- ■( (2nin) k m J fc+1 


J + 1 


m—2 m—j—1 

= E E 




_ G m . — 4 — k 


^ ^ (27rin)i+ fc (m-j) Wm " i " fc+1 


m—2 1 m— 1 

= 2 E— e 

z — j rn — 7 ^ ^ 


TO — 7 z ' (2irin) 
7=1 j *=7 + 1 V ' 


M*-l ^ 

_ ^m— s+1 


m— 1 


,, ( TO )s-i ^ 1 

_ ^ / V /Q • S + l / V 

z — ' (Z7rin) s m — j 


s — 1 


s=2 
m— 1 


_ O V" Gm - S + ! (TT TT N 

— ^ / i'n ■ \ s i 1 [Urn - 1 

{iTTinr TO — S + 1 

S=1 7 


( 4 . 16 ) 
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and 


m-i 

Mi a 

/ , t o ■ \4 lv m — j + 1 

(27T7np 

i=i v ’ 

_ y^ ( m )i I _ y^ l 2 

(27 rir+ | k{m — j — k + 1) to — j 

3 — 1 V rC — 1 


Mi 


m— 1 m— j / \ ^ m— 1 

= _ y^ y^ (m)jGfc 9 y^ _ 

{2mn)Jk{m — j — k + 1) (2niny(m — j) 


m— 1 m— 1 


— EE 


(m) s Gi- 


«+i 


^ ^+ (2nin) s (l — s + l)(m — l) +^ (27rm) s (m — s) 




Ms 


Putting everything altogether, 


(4.17) 


m— 1 m— 1 


C ” = EE 


(m) s Gi- 


s+l 


— ' ' (2irin) s (l — s + l)(m — l) 

= 1 l = S 


--E 

m * ^ 


M s 


m ' (2mn) s {m — s) 

S=1 v 7 v 7 


(?77-) s Gm-s+1 
m (27 rin) s to — s + 1 

S = 1 7 


a e 

m * ^ 


1 H m — s) 


1 m— 1 

= - 1 E 

m ' 


Ms 

to ' (2t: in) s 

S = 1 V 7 


2G m - 


m— s+1 


TO — S TO — S + 


j(i*m-! - #ro- S ) - E 


G+ 


s+l 


(Z — s + l)(m — l) 


Case 2: n = 0. 


/*1 

C 'o m) = / lm{x)dx 

Jo 

1 f A 2 

TO \ m+1 7Tl(TO + 1) 


G 


m+1 


= -(-E 


G k 


— ^ k(m — k + 1) to. to(to + 1) 


G 


m+1 


(4.18) 


(4.19) 


7 m (< a; >), (to. > 2) is piecewise G°°. Moreover, 7 m (< x >) is continuous for those integers m > 2 
with A m = 0 and discontinuous with jump discontinuities at integers for those integers A m y 0. 
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Assume first that A m = 0 . Then 7 +O) = 7 m (l). So J m {< x >) is piecewise G°° , and continuous. So 
the Fourier series of 7 m {< x >) converges uniformly to 7 m (< x >), and 


7 m(< x >) 
/ ■> 

1 


E 


G k 


G 


m+1 


— ' k(m — k + 1 ) m m(m + 1 ) . 

AC— 1 v 7 / 

( 2 2G m _ s +i 


. 00 ( m— 1 / 

1 v I (ra 


-S S E 


n=—oo,n ^0 \ s 


— J (27rin) s \m — s m — s -\- 1 


(-^m— 1 -^m— s) ^ ^ 


Gz_ 


s+l 


JlTtinx 


^ (/ — S + l)(m — /) 


- + E 


Gt 


m fc(m — fc + 1) m m(m + 1) 

1 / to\ / 2 2 G m _ 


G 


m+1 


T m— s+1 


m z — ' \ s / \m — s m — s 

s = 1 


v Jl'ninx 

x | -s! ^ 


(H m -i H m - S ) 53 / t _ 

(=s ' 




s+1 


(Z — s + l)(m — Z) 


E 


n=— 00,717^0 

Gk 


(2irin) s 


m k(m — k + 1 ) m m(m + 1 ) 


G 


m+1 


2G m _ 


1 ^ / m 

m +^ \ s / y to — s to — s 

' 2 G, 


m— 1 


m— s+1 


53 


G;_ 


s+1 


l=s 


(l — s + 1 )(to — Z) 


-B«(< a; >) 


to — 1 E l( m — l) J \ 0, 


£?i(< x >), for x G Z c , 


for ifZ, 


(4.20) 


for all x G (—oo, oo). Now, we obtain the following theorem. 


Theorem 4.1. Let to > 2 be an integer with A m = ~Y^k=i k(m-k) + +T ~ *-*• Then we have the 
following. 


(a) E+i 1 fc ( m 1 _ fc ) Gfc(< x >) < x > m k has the Fourier expansion 


m— 1 

E 


— ' k(m — k ) 

-(53 


G k (< x >) < x >’ 


G k 


%—k 


k(m — k + 1 ) to. to(to + 1 ) 


G 


m+1 


(4.21) 


oo ( m— 1 


E E 


(m) s 


2 G m — 


m— s+1 


to * — ' I z — ' (27rm) s \ to — s to — s + 

n——oo,n^0 \ s— 1 v ' \ 


- H m - a ) - 53 

l=S 


Gi- 


s+l 


Jl'Kinx 


(Z — s + 1 )(m — Z) 


for all x G (— 00 , 00 ). Here the convergence is uniform. 
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(b) 


Tib— 1 j 

g W^riT) Gh{< x >) 

= _i (y G k 

m 


< x > 


m—k 


“ “ Q 

k(m — k + 1) in m(m + 1) m+1 


(4.22) 


_. m— 1 

m z J 


s = 2 


2 G m - 


m— 1 


m— s+l 


m — s m — s + 1 


(-^m — 1 H m — s ) ^ ^ / , 


G,_ 


s+l 


(Z — s + l)(m — Z) 


B s (< x >) 


for all x £ (— oo,oo ), where B s (< x >) zs Z/ie Bernoulli function. 


Assume next that to > 2 is an integer with A m 7 ^ O.Then 7 +O) 7 ^ 7 m (l). 7m(< a: >) is piecewise G°° 
and discontinuous with jump discontinuities at integers. Thus the Fourier series of 7 m (< 2 ; >) converges 
pointwise to 7 m (< x >), for x € Z c , and converges to 


2 (7m ( 0 ) + 7m(l)) — 7m ( 0 ) + ^ A m 

1 / ^ G k 


= -E 


(4.23) 


fc=i 


k(m — k) to — 1 


for x € Z. Hence we have the following theorem. 


Theorem 4.2. Let m. > 2 be an integer with A m = — YHk=i k (m-k) + 7 +x 7 ^ 0. T/ien we have the 
following. 

(a) 


- 1 E 

m \ z ^ 




— J k(m — k + 1) to to(to+1) 


G 


m+1 


1 

m 


E E 


2 G m - 


m— s+l 


(m) s 

(2n m) s \m — s m — s + 1 


{.Bm — 1 H rn — S ) y ' 


G TO 


s+l 


Jl'Kin 


n=— oo,n^0 v s=l 

EfcTi 1 x >)< x > m ~ k i for * e z c , 

for x € Z. 


+( (Z — s + 1 )(to — 1 ) 


xty Gfc 1 2 


fc=l k(m—k ) ' m— 1 / ’ 


Here f/ie convergence is uniform. 

(b) 


-- (E 

to l ' k{m — k + 1) m m(m + 1) 
1 m \ ( 2 2G m _ s+ i 

m • ^ 


G k 


G 


m+1 


s=l 


TO. — S TO — S + 1 


( 1 1 m 1 B rn _ s ) X ^ /. 


G,_ 


s + l 


+( (Z — S + 1)(to — Z) 


+ (< x >) (4.25) 


= E 

fc=i 


k(m — k) 


G k {< x >) < x > 


m—k 


(4.24) 
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for and 



m— 1 

E 


l — S 


Gi-s+i 

(/ — s + 1 )(m 


B s(< x >) (4.26) 


for x € Z. 

Question For what values of m > 2, does k(m-k) = hold? 

Acknowledgements. This paper is supported by grant NO 14-11-00022 of Russian Scientific Fund. 
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Lyapunov inequalities of quasi-Hamiltonian 
systems on time scales 

Taixiang Sun Fanping Zeng Guangwang Su Bin Qin* 

College of Information and Statistics, Guangxi Univresity of Finance and Economics 

Nanning, Guangxi 530003, China 


Abstract In this paper, we obtain several new Lyapunov-type inequalities for the 
following quasi-Hamiltonian systems 

x A {t ) = -W(t)x(a(t))-U(t)\y(t)\ p ~ 1 2 y(t), y A (t) = V(t)\x(a{t))\ g ~ 2 x(a(t))+W T {t)y(t) 

on the time scale interval [a, 6]t = [a, b] n T for some a, b £ T (<r(a) < b), where U 
and V are real nx n symmetric matrix- valued functions on [a, b]j with U being 
positive definite, W is real nx n matrix-valued function on [a,b\ t with I + y{t)W 
being invertible, and x,y are real vector-valued functions on [a,b]j. 

AMS Subject Classification: 34K11, 34N05, 39A10. 

Keywords: Lyapunov inequality; Quasi-Hamiltonian system; Time scale 


1. Introduction 

In 1990, Hilger [1] initiated the theory of time scales as a theory capable of treating continuous 
and discrete analysis in a consistent way, based on which some authors have studied some 
Lyapunov inequalities for dynamic equations on time scales (see [2-4]) during the last few years. 
A time scale T is an arbitrary nonempty closed subset of real axis M. On a time scale T, the 
forward jump operator and the graininess function are defined 

a(t) = inf{s G T : s > t} and fi{t) = a(t) — t, 

respectively. For the notions used below we refer to [5,6] that provide some basic facts on time 
scales. 

In this paper, we continue this line of investigation and study Lyapunov-type inequalities for 
the following quasi-Hamiltonian systems 

x A (t) = - W(t)x(a(t)) - U(t)\y(t)\ p ~ 2 y(t) , y A {t) = V(t)\x(a(t))\ q ~ 2 x(cr(t)) + W T (t,)y(t) , (1.1) 

* Project Supported by NNSF of China (11461003) and SF of Guangxi Univresity of Finance and Eco- nomics( 
2016KY15; 2016ZDKT06; 2016TJYB06) 

* Corresponding author: E-mail address: q3009b@163.com 
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on the time scale interval [a, b] t = [a, b] n T for some a, b £ T (cr(a) < 6), where p,q € (0, +oo) 
and 1/p + l/q = 1, U and V are real n x n symmetric matrix-valued functions on [a, 6]^ with U 
being positive definite, W is real n x n matrix-valued function on [a, b]j with I + n(t)W being 
invertible, and x,y are real vector- valued functions on [a, b\j. 

When n = 1, (1.1) reduces to 

x A (t) = a(t)x(a(t)) + P(t)\y{t)\ p ~ 2 y{t), y A (t) = -^(t)\x(a{t))\ q ~ 2 x{a(t)) - a{t)y(t). (1.2) 

In 2011, Zhang et al. [7] obtained the following theorem. 

Theorem 1.1^ Suppose that 1 — p(t)a(t) > 0 and /3(t ) > 0 for any t £ T and a, b £ T k with 
a (a) < b. If (1.2) has a real solution (x(t),y(t)) satisfying 

x(a) = 0 or x(a)x(a(a)) < 0, x(b) = 0 or x(b)x(a(b)) < 0, max |x(t)| > 0, 

te[a,b]i 

then the following inequality holds: 

f l«( i )l A (t) + ( f P(t) A (*)) P ( f max{7(i),0} A (tj'j 9 > 2. (1.3) 

J CL 'J CL CL 


When n = 1 and T = M, Tiryaki et al. [8] obtained the following theorem. 

Theorem 1.2^ Suppose that /3(f) > 0 for any 1 6 R and a, b 6 M with a < b. If (1.2) has a 
real solution (x(t),y(t)) satisfying x(a) = x(b) = 0 and max te r a w \x(t)\ > 0, then the following 
inequalities hold: 


and 


max{ 7 (f), 0} 


-dt > 1 


■J a hi q (t) + hi q (t) 


(1.4) 

(1.5) 


where h a (t) = f* (3{s)e p & a ^ dT ds and hb(t) = (3(s)e a ( T ) dr ds . 

For some other related results on Lyapunov-type inequalities, see, e.g. [9-16] and the related 
references therein. 


2. Preliminaries and some lemmas 


For any u € M n and any U 6 M nxn (the space of real n x n matrices), write 

|u| = Vu T u and \U\ = max 

j/SM" — {O} \y\ 

which are called the Euclidean norm of u and the matrix norm of U respectively, where Q T is 
the transpose of a n x m matrix Q. It follows from the definition that for any y £ M n and any 
U, V £ M nxn , 

\Uy\ < \U\\y\, \UV\<\U\\V\. 
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Write R” xn = {U £ R nxn : U 1 = U}. It is easy to show that for any U £ R™ xn , 

\U\ = max |A| and \U 2 \ = \U\ 2 , 
det|A/-r/|=o 

where det|A/ — U\ denotes determinant of the matrix XI — U. An U £ R” xn is said to be 
positive definite (resp. semi-positive definite), written as U > 0 (resp. U > 0), if y T Uy > 0 
(resp. y T Uy > 0) for all y £ R n with y ^ 0. If U is positive definite (resp. semi-positive definite), 
then there exists a unique positive definite matrix (resp. semi-positive definite matrix), written 
as VU, such that [VU] 2 = U. 

In this paper, we study Lyapunov-type inequalities of (1.1) which has some solution (x(t),y(t)) 
satisfying 

x(a ) = x{b) = 0 and max \x(t.)\ > 0. (2.1) 

t.e[a,b] T 

We first introduce the following notions and lemmas. 

The point t £ T is said to be left-dense (resp. left-scattered) if p(t) = t (resp. p{t) < t). The 
point t £ T is said to be right-dense (resp. right-scattered) if aft) = t (resp. a(t) > t). If T has 
a left-scattered maximum M, then we define T k = T — {M}, otherwise T k = T. 

A function / : T — > R is said to be rd-continuous provided that / is continuous at right- 
dense points and has finite left-sided limits at left-dense points in T. The set of all rd-continuous 
functions from T to R is denoted by CVd(T,R). 

For a function / : T — > R, the (delta) derivative / A (t) at t £ T is defined to be the number 
( if it exists), such that for given any e > 0, there is a neighborhood U of t with 

I/M*)) - f(s) - f A (t)(a(t) - s)| < e\a{t) - s\ 


for all s £ U. If the (delta) derivative f A {t) exists for every t £ T k , then we say that / is A— 
differentiable on T. 

Definition 2.1^ Let F, f £ CVd(T,R). If F A (t) = f(t ) for all t £ T fc , then we definite the 
Cauchy integral of / by 

f f{t ) At = F(b ) — F(a) for any a, b £ T. 

J a 

Lemma 2. 2^ (Holder’s inequality) Let a,b £ T with a<b and /i ,/2 £ CV^T, R). Then 

f \h(t)h(i)\ A * < ( f |/Ui)l p A t) ’ ( f |/ 2 (f)|« A () ■, 

where p > 1 and q = p/{p — 1). 

Lemma 2 . 3 1 5 ] Suppose that W £ C r d(T, R nxn ) with I + p{t)W{t) being invertible and g £ 
CVd(T,R n ). Let to £ TT and xq £ R n . Then the initial value problem 

x A (t) = -W(t)x(a(t)) + g(t), x(t 0 ) = x 0 


has a unique solution 


x(t) = eew(t,t 0 )x 0 + / e Q w(t,r)g(T)AT, 
Jto 
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where (QA)(t) = ~[I+y(t)A(t)] 1 A(t) for any t £ T k and e© J 4 (f, to) is the unique matrix-valued 
solution of the initial value problem 

f Y A (t) = ( QA)(t)Y(t ), 

1 Y(t 0 ) = I. 

Lemma 2.4^ Suppose that A(t) and B(t ) are differentiable n x n matrix-valued functions. 
Then 

(A(t)B(t)) A = A A (t)B(a(t)) + A(t)B A (t) = A(a(t))B A (t) + A A (t)B(t). 

Lemma 2.5^ Let a, b £ T with a>b and x\(t), X 2 (t), ■ ■ ■ ,x n (t ) be A-integrable on [a,6]f. 
Write x(t) = (aq(l), X 2 (t) y - ■ ■ ,x n (t)). Then 


x(t)At 


N 


n 

( / x i(t) At ) 

i= 1 Ja 


< 


N 


Y^x 2 i {t)At= / \x(t)\At. 


i= 1 


Lemma 2.6l 12 ] Let V,V\ £ M” xn with V\ > V (i.e. , V\ — V > 0) and x £ M n . Then x T Vx < 
\Vi\\x\\ 

3. Main results and proofs 


Write 


m 

) 


(fa \e e w{t,s)\P\U(s)\ 2 

+1 |[v / ^(s)]“ 1 l p(p " 2)As )^ 

if 

1 < q < 2 

(fa \ e &w(t, fi) p 17(s) As) P 


if 

q > 2 , 

(ft |e©rv(l,s)|P|t/(s)| 2 

+1 |[v / ^)]" 1 l p(p " 2) ^)", 

if 

1 < q < 2 

(ft\ e ew(t 1 s)\ p \U(s)\As)p 

5 

if 

q > 2. 


(3.1) 


(3.2) 


Theorem 3.1 Let a,b £ T with cr(a) < b and V\ £ M” xn with V\ (t) > V(t). If (1.1) has a 
solution (x(t),y(t)) satisfying (2.1) on the interval [a, 6]t, then the following inequality holds: 

f b Z(v(t))ri(a(t)) 




I Id (l)| At > 1. 


(3.3) 


Proof We claim that y(t) ^ 0 (t £ [a, 6]t). Indeed, if y(t) = 0 (t £ [a, 6]t), then the first 
equation of (1.1) reduces to 

x A (t) = — ir(l)x(cr(t)), x(a) = 0. 

By Lemma 2.3, it follows x(t) = e©w(t, a) ■ x(a ) = 0, which is a contradiction with (2.1). 
Moreover, we have y T (t)U (t)y(t) > 0 (^ 0) for t. £ [a,b)j since U(t) > 0. 

Since (x(t),y(t)) satisfies the following equality 

(y T (t)x(t)) A = (x°(t)) T V(t)\x"(t)\i- 2 x°(t) - y T (t)U(t)\y(t)\ p - 2 y(t), (3.4) 
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where x a {t) = x(a(t)). By integrating (3.4) from a to b and taking into account that x(a) = 
x(b) = 0, we see 

[ b I x°(t)r\x°(t)) T V(t)x°(t) At = f b I y(t)\P- 2 y T (t)U(t)y(t) A i > 0. (3.5) 

J a J a 

For t E [a, b\ t, let t-o = a and to = b respectively, we obtain from Lemma 2.3 that 

x{t) = - j eew{t,T)U{T)\y{T)\ p ~ 2 y{r)AT = - f ee W (t,T)U(T)\y(T)\ p ~ 2 y(T)Ar. 

J a Jb 

Which follows that for t £ [a, b)j, 

r°(t) n r b 

x a {t) = - ee W (cr(t),T)U(T)\y(T)\ p - 2 y(T)AT = / e ew (cr(t),T)U(T)\y(T)\ p ~ 2 y(T)AT. 

J a J a(t) 

Case I: Assume that q > 2. Then we have that for a < r < a(t) < b , 

\eew{v{t),T)U{T)\y{T)\ p ~ 2 y{T)\ 

< \eew{°(t) ,T)\\y(T)\ p ~ 2 \U (r)y(T)\ 

= \eew(°{t),T)\\y(T)\ p ~ 2 {y T (t)U t (T)U(T)y(T)}^ 

< \eew{cr{t),T)\\y{T)\ p - 2 {\ v / U{T)y{T)\\U{T)\\y/U{T)y{T)\}^ 

= \e&w(cr{t) ,T)\\y{r)\ p ^ 2 \U (t)\^ (y T (t)C/(t)j/(t))^ 

= \e ew {(T{t),T)\\y{T)\ p ^ 2 \U{T)\^{y T {T)U{T)y{T))^{y T {T)U{T)y{T))^~^ 

= \e e w^(t),T)\\y(T)\ p ~ 2 \U(T)\^{y T {T)U{T)y{T))^\^/U{T)y(T)\ 2 ^~^ 

< |e0w(cr(t),T)||f/(T)|5(y T (T)C/(T)y(r))?|v / ^(T)| 1_; i|y(T)| p_1_ « 

< \ e &w{^{t ) , r) | |[/(r) | 1_ 9 (y T (t)U(t )y(r)) « |y(r ) | p 1_ « . 


Combining Lemma 2.2 and Lemma 2.5 we obtain 

r a(t) 


\x°{t)\ q = 


< 


< 


< 


e ew {a{t),T)U(T)\y(T)\ p 2 l/(t)At 

( J \eew{v{t),T)U{T)\y{r)\ p - 2 y(r)\AT 
(t) 


\e<dw{&(t) , t)\\U (t)\ 1 q (y r {T)U{T)y{T))i\y(T)\ p 1 1 At 

a d(t) \ 1 . rcr{t ) \ 

I eew(<r(t) ,r)\ p \U (r) | Arj P ( J y T {r) U (r)y(r) | y(r) | p_ ^ Arj , 


p-i-f 


that is 


r(t) 


K(£)l 9 < £(<r(*)) / y T (r)C/(r)y(T)|y(T)| p 2 At. 

J a 

Similarly, by letting rj(t) be as in (3.2), for a < a(t) < r < b, we have 

|aA(t )| 9 < r/(a(t)) f y T ( t)U ( r)y(T)\y{T)\ p ~ 2 At. 
J a(t) 


(3.6) 


(3.7) 
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It follows from (3.6) and (3.7) that 


r-cr(t) 


and 


Thus 


V{v{t))t(cr{t)) / y T {t)U (r)y(r)\y(r)\ p 2 At > \x a {t)\ q ij{a{t)) 


*](&(*))£, 0(0) / y T {T~)U{T)y{T)\y{T)\ p 2 At >\x a {t)\ q ^{a{t)). 

J a(t) 


I^MI” < J^rrr % f y T (T)u(T)y(T)\ y (T)Y‘-^T. 

£0(0) + i](a(t)) J a 

By Lemma 2.6 and (3.5) we see 

jfVwiKwi.* < 


\Vi(t)\ 


|Vi(t)| 


£0(000(0) 
£ 0 ( 0 ) + ^ 0 ( 0 ) 
£0(000(0) 


At f y T ( t)U ( r)y(T)\y(T)\ p 2 At 
J a 

rb 

-At / |x' T (t)|' ? - 2 (x ff (t)) T 'L(t)x' T (t) At 

J a 


Ja £0(0) + OOO) Ja 

< /V, f" \ Vl (f)\\^<f)\-M. 


£0(0) + *70(0) 


Since 


[ b Or (011*001^ > [ b \x°{t)\ q - 2 {x°{t)) T V{t)x°{t) A t= f \y(t)\ p ~ 2 y T (t)U(t)y(t)At > 0, 
J a J a J a 

we get 


£ 0 ( 000 ( 0 ) 


| Li (t) | At > 1. 


Ja £0(0) + 000) 

This completes the proof of Case I. 

Case II: Assume that 1 < q < 2. Then p > 2. Note that for a < r < <r(t) < b , 


|e©vi/(fT(t),T)l/(T)|y(T)| p_2 2/(T)| 

< | eew{cr{t) , t) 1 1 y{r) \ P ~ 2 \U (r)y(r) | 

= |e©n/(o-(t),T)||y(T)| p_2 {?/ T (T)t/ T (T)t/(T)y(T)}5 

= |e 0M /(fT(t), r) 1 1 y{r) | p_2 {( y ' u (r)y(r)) T I/ (r) y/U[r)y{T)}^ 

< |e©iOO0 a)| |(0^(OOV^(OOOI P '0|0^(OOOIO(OI 1 0^(0001}^ 

< |e©w(a(t) , r) 1 1 {^/U{t)Y 1 \ p - 2 \ y/U( T )y{ T ) \ p ~ 2 \ U(t) | 2 1 y/U{r)y{r) I 

= |e© w (a(t),T)||(V^)- 1 r 2 |^(T)|^|V^y(r)r 1 

= |e©w(a(t),T)||( v /^('r))" 1 | p “ 2 |t/(T)|5| v /[/(r)i/(T)H v /^(r)y(T)| p " 1 "i 

- 2 (p B/p 2) 2 

< |e©ir r ( < r(t), t)||( v / C"(t)) _1 | p_2 |[/(t)| 2 1 v / t/(r)y(r)|5 |^/t/(r)| p | 2 /(t)| p_1 “^ 

= |e0 M /(fT(t),T)||(v / C7(T)) _1 | p_2 |t/(T)|5( 2 / T ( r )t/(T)y(T))^|v / t7(T)| tP ^ J |y(r)| p_1_ 5. 
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Then we obtain 


= 


< 


< 


< 


< 


[ eew(v(t),T)U(T)\y(T)\ p 2 v{t)At 
J a 

( J I £QA{&{t) ,t)U(t )\v(t ) \ p ~ 2 y{r ) | At j ? 

a cr(t) 

|eew(cr(t),T)||(v / ^(T))“ 1 | p_2 |?7(T)|2 

*(y T (t)U (T)y{r))«\^U {t)\ p \y{r)\ p ~ l ~~ q At ) 9 

(J |e© W (cr(t),T)||(v / C/(T))“ 1 | p “ 2 |v / ^(T)| (P ^ ,+1 

x (y T {r) U (r)y(r) ) 5 |y(r) | p_1 “ 5 At) ? 

a cr(t) , _ 2 -, . Q 

\^ew(o-(t)^r) \ p \(y/U (t )) _1 | p(p- 2 ) |[/(t) | ^ hl Ar J v 


a °A) nr, \ 

y T ( T )U (T)y{r)\y{r) | p_2 At) . 


That is 


|aA(t )| 9 < £(<r(i)) / y T (r)C/(T)y(T)|y(T)| p_L AT. 
J a 

Similarly, by letting 77 (f) be as in (3.2), for a < a(t) < r < b, we have 


< r/(a(i)) [ y T ( t)U (T) y(T)\y(T)\ p 2 At. 

J (j(t) 


The rest of the proof is similar to the Case I, we have 

f b Z(<r(t))ri((T(t)) 




|Ci(t)| At > 1. 


(3.8) 


(3.9) 


This completes the proof of Theorem 3.1 

Corollary 3.2 Let a, b G T with a (a) < b and V\ G M” xn with V\ (t) > V(t). If (1.1) has a 
solution (x(t),y(t)) satisfying (2.1) on the interval [a, 6]t, then the following inequality holds: 

(£(cx(f)) + rj(a(t)))\Vi(t)\ A t > 4. (3.10) 



Proof Note 


It follows from (3.3) that 


g(cr(f))? ? (cr(f)) g(cr(t)) +7?(fT(t)) 

£{cr{t)) + - 4 



+y{cr{t)) 

4 


\Vi(t)\ At > 1. 


That is 


(£(0-(f)) + 77(£T(t)))|Pl(t)| A t > 4. 


This completes the proof of Corollary 3.2. 
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Corollary 3.3 Let a, b G T with a (a) < b and V\ G M” xn with V\ (t) > P(f). If (1.1) has a 
solution (x(t),y(t)) satisfying (2.1) on the interval [a,b\j, then the following inequality holds: 


Proof Note 


It follows from (3.3) that 


J a 

£(u(f)) + . 


(3.11) 


(€(<r(t)M<r(t))) a 


|Pi(f)| At > 1. 


That is 

J a 

This completes the proof of Corollary 3.3. 

Theorem 3.4 Let a,b G T with a (a) < b and V\ G M” xn with V\ (t) > V(t). If (1.1) has a 
solution (x(t),y(t)) satisfying (2.1) on the interval [a,b\ t, then there exists an c G (a, b) such 

r(c) 


that 


Proof Let 


/ £(cr(t))|Vi(i)| A t > 1 and / r](a(t))\Vi(t)\ A t > 1. (3.12) 

J a J c 

F {t) = [ Z(<r(s))\Vi(s)\As- f r/(o-(s))|Fi(s)| As. 

J a Jt 

Then we have F(a) < 0 and F{b) > 0. Hence we can choose an c G (a, b) such that F(c) < 0 

and F(a(c)) > 0, that is 


C(cr(s))|Fi(s)| As < / ^7(cr(s))|Vi(s)| s 


and 


r(c) 


£( cr (s))|I / i(s)| A s > [ ??(cr(s))|Vi(s)| A s. 

•Me) 


From (3.6) and (3.8), we have 


r a(t) 


(3.13) 


(3.14) 


\Vi{t)\\x a (t)\ q < €(o-(*))|Vi(i)| / y T {T)U{T)y{T)\y{T)\ p 2 A r. 

J a 

Note that for a < r < a(t) < a(c) < b . Integrating (3.15) from a to <r(c), we obtain 

ra{c) ra (c) ra(t) . 

/ l^iWIKWI 9 At< / ^(cr(t))|Vi(t)|f / y T (T)C/(T)y(T)|y(T)|^ 2 AT) At 

J a J a ' J a ' 

<[ [ y T {T)U{T)y{T)\y{T)\ p ~ 2 AT. 


(3.15) 


(c) 


+C(<r(c))|Vi(c)|((7(c) - c) / 2/ T (r)C/(T)y(r)|i/(T)| p 2 At. 
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= [ £(<r(t))\Vi(t)\At f y T {T)U{T)y{T)\y{T)\ p 2 At. 

J a J a 

Similarly, for a < a (c) < a(t) < r < b, we can obtain from (3. 7), (3. 9) and (3.14) that 

[ |Vi(t)||a; <T (f)| 9 At < [ rj(a(t))\Vi(t)\ A t f y T {t)U {T)y{T)\y{r)\ p ^ 2 At 

J <r(c) J cr(c) J cr(c) 

<[ C(o‘(i))l^i(0l At [ y T {r)U{T)y{T)\y{T)\ p ^ 2 AT. 

Ja J <r(c) 

These yield 

[ \Vi(t)\\x a (t)\ q At < f £(o-(*))|Vi(t)| At j y T {t)U {T)y{T)\y{T)\ p ~ 2 At 

J a J a J a 

= r«°mm\At f \x°{t)\ q - 2 (x°{t)) T v{t)x°{t) At 

J a J a 

<[ Z(<r(t))\Vi(t)\At f \V 1 {t)\\x a (t)\ q At. 

J a J a 

Since 

f IMmx^t^At > f \x°{t)\ q - 2 {x°{t)) T V{t)x°(t) A t= f \y(t)\ p - 2 y T (t)U(t)y(t)At > 0, 

J a J a J a 

we obtain £(cr(t))|Vi(f)| At > 1. 

Next, we have from (3.7) and (3.9) that 

\x a (t)\ q \Vi(t)\ <y(a(t))\Vi(t)\ f y T {T)U{T)y{T)\y{r)\ p ~ 2 AT. (3.16) 

J cr(t) 

Integrating (3.16) from c to b , we obtain that for a < c < t < a(t) < t < b, 

fc \Vi(t)\\x a (t)\ q At< ^ r](a(t))\Vi(t)\( J i/ t (t)17(t)i/(t)|i/(t)| ?, “ 2 At) A t 

<[ ri(a(t))\Vi(t)\ At [ y T [T)U[T)y[T)\y(T)\ p ~ 2 AT. 

J c J cr(c) 

Similarly, for a < r < a(t) < a(c) < b, we can obtain 

f \ v i( t )\\x a (t)\ q At < f ^(cr(t))|Fi(t)| At / y T {t)U {T)y{T)\y{T)\ p ~ 2 At 

J a J a J a 

<[ r](v(t))\Vi(t)\At f y T ( t)U(t ) y(r ) |y(r ) | p_2 At . 

J c J a 

These yield 

[ \Vi(t)\\x a (t)\ q At < f rj(a(t))\Vi(t)\ At f y T {t)U {t)y{t)\y{t)\ p ~ 2 At 

J a J c J a 

= [ b y(a(t))\Vi(t)\At f \x%t)\ q -\x°{t)) T V{t)x°(t) At 

J c J a 
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J c J a 


Thus, we also obtain / 6 f?(<r(t)) |Vi(t)| A t > 1. This completes the proof of Theorem 3.4. 
Theorem 3.5 Let a,b € T with a (a) < b and V\ € M” xn with Vi(t) > P(f). If (1.1) has a 
solution (x(t),y(t)) satisfying (2.1) on the interval [a, 6]t, then the following inequalities hold: 


\W(t)\At+[ / \U(t)\At 


|Vi(t)| At 9 >2, if? >2, 


£ \W(t)\ A t+(f \U(t)\ P -^ +1 \(^m)-Y p - 2) A f) P (f*\Vi(t)\ a t) 9 > 2, if 1 < <7 

Proof From the proof of Theorem 3.1, we have 

[ b mr 2 y T (t)U(t)y(t) At = f b I x°{t)r\x"{t)) T V{t)x°{t) A t, 

J a J a 

It follows from the first equation of (1.1) that for all a < t < b, 

x(t)= f (-IT(r)x CT (r) - C/(T)|y(T)| p_2 y(r)) A r, 

J a 

x{t) = J (W (r)x a ( t) + U(T)\y(T)\ p -' 2 y(r)) A r. 


< 2. 


Case I: Assume that q > 2. We have 

rt 


x(f)| = f (-IF(t)x ct (t) - U(T)\y(r)\ p 2 y{r)) At 

J a 

< [ \W(t)x°(t) + U(T)\y(T)\ p ~ 2 y(T)\ At 
J a 

< [ \W(t)x°(t)\ At+ f |C/(t)|i/(t)| p “ 2 2/(t)| At 

J a J a 


< [ \w {T)\\x a (r)\ A T + [ | L/ (r ) | 1 ‘>{y T {T)U(T)y(T))‘i\y(T)\ p 1 i At. 


Similarly, we have 

\x(t)\ < [ \W (T)\\x a { t)\ At+ [ |C/(T)| 1_; l(y T (T)C/(T)i/(T))5|y(T)| p ^ 1 “5 At. 
Jt Jt 

Then from Lemma 2.2 and Lemma 2.6, we obtain 


|z(*)l < 


1 

2 L 


{W^Wx^it)] At+ I |17(*)| 1 i(y T {t)U{t)y(t))i\y{t)\ p 1 « At 


i P-i-s 


1 

< - 
“ 2 1 

1 

2 L 
1 

“ 2 L 


\W(t)\\x"(t)\At+ / |Cf(t)|At W / y T (t)C/(%(t)|y(t)r 2 At 


l a \W(t)\\^(t)\At+[^ \U(t)\ At 
[ b \W(t)\\x"(t)\At+( [ b \U(t)\At 


x a {t)\ q - 2 (x a (t)) T V(t)x a (t) At 


inwiKctr At 
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Denote M = ma x a <t<b \x(t)\ > 0, then 


M < - . 
~ 2 L 


\W(t)\MAt + / \U(t)\ At 


| V\ (t) | M q A t 


Thus 


J ^ \W(t)\At+[J a \U(t)\At) p [J a \V 1 {t)\At) q >2. 
Case II: Assume that 1 < q < 2. Then p > 2 and 

\x(t)\ < f \W (t)x° (t) + C/(t)|i/(t)| p_2 j/(t)| A r 

J a 

< [ \W(t)x C 7 (t)\At+ f \U(T)\y(T)\ p ~ 2 y(T)\ At 

J a J a 

< f‘\W(T) |K(t)|At + /‘|(v / cT))-'r 2 |U(T)|1 

J a J a 


(p l)(p 2) 2 

x ( y T {T)U{T)y(r))« \ y/U(r) \ p |y(r)| p_1_ 9 A r. 


and 


woi < /Vwik<t)|at+ f \( VW ) r l r '\ v ( T)\i 

Jt Jt 

x{y T { t)U ( r)y{r))«\^/U (r)| p \y{r)\ P ~ 1 ~' 1 A r. 


Thus we obtain 


x(t)\ < \\ mmx°(t)\At+ 


I a 

(p-l)(p-2) 


1 

< 

“ 2 


x(y T {t)U(t)y(t))i\^/U(t)\ p \y(t)\ p 1 

iiT(t)n^(t)i a t + ( J\\(Vmr 1 r 2 \ vm\ {J ^^ 1+1 ) p a t 

x( I ((y T (t)U(t)y(t))«\y(t)\ p ~ 1 ~«) q At 


< 

“ 2 




a ' a 

b \ - 
x ( / |x ff (t)| 9 - 2 (.T ,T (t)) T C(t)x <7 (t) AV 9 


\W{t)\\x a {t)\ At A ( / |[/( i li^+ 1 |(V^)- 1 |^- 2) A i 


x / |^i(t)|K(t)| ff At 


Similarly, we also have 

/Vwi a t + ( /V(*)i £!, f a+1 i(v / cT)r 1 i’ >M a t) ’ ( fmt)\ a t ) ■ 

'J CL J CL •J CL 

This completes the proof of Theorem 3.5. 


> 2. 
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pseudo-contractive mappings in Hilbert spaces 


Qin Chen, Li Li, Nan Lin, Baoguo Chen* 

Research Center for Science Technology and Society, Fuzhou University of International 
Studies and Trade, Fuzhou 350202, P.R. China 


Abstract: In this paper, we propose a new three-step iterative method for a count- 
able family of pseudo-contractive mappings in a real Hilbert space. We also prove the 
strong convergence of the proposed iterative algorithm under appropriate conditions. 

Key words: pseudo-contractive mapping; iterative method; fixed point; strong 
convergence 

AMS subject classification (2000): 47H09 

1 Introduction 

In this paper, we assume that H is a real Hilbert space with the inner product (•,•) and the 
induced norm || • [|, C is a nonempty closed convex subset of H and T : C — > C is a self-mapping 
of C . F(T) denotes the fixed point set of the mapping T. Recall that T is called a h-strictly 
pseudo-contractive mapping if there exists a constant k G [0, 1) such that 

\\Tx - Tyf < ||x - y\\ 2 + k\\(I - T)x - (I - T)y|| 2 , Vx,y£C, (1.1) 

and T is called a pseudo-contractive mapping if 

\\Tx-Ty\\ 2 <\\x-y\\ 2 + \\(I-T)x-(I-T)y\\ 2 , Vx,y£C. (1.2) 

It is obvious that k = 0, then the mapping T is nonexpansive, that is 

\\Tx — Ty\\ < \\x — y\\, \/x,y£C. (1.3) 

Finding the fixed points of nonexpansive mappings is an important topic in the theory of 
nonexpansive mappings and has wide applications in a number of applied areas, such as the 
convex feasibility problem [1, 2], the split feasibility problem [3], image recovery and signal 

‘Corresponding author. Email: chenbgl23@163.com. 
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processing [4]. After that, as an important generalization of nonexpansive mappings, strictly 
pseudo-contractive mappings become one of the most interesting studied class of nonexpansive 
mappings. In fact, strictly pseudo-contractive mappings have more powerful application than 
nonexpansive mappings do such as in solving inverse problem [5]. 

Iterative methods for nonexpansive mappings have been extensively investigated (see e.g., 
[6-16, 31-33] and the references contained therein). However, iterative methods for strictly 
pseudo-contractive mappings are far less developed than those for nonexpansive mappings and 
the reason is probably that the second term appearing on the right hand side of (1.1) impedes 
the convergence analysis for iterative algorithms used to find a fixed point of the strictly pseudo- 
contractive mapping T. 

The most general iterative algorithm for nonexpansive mappings studied by many authors 
is Mann’s iteration algorithm [18] which is as following: 

x n +i = a n x n + (1 - a n )Tx n , n > 0, (1.4) 

where xq € C is chosen arbitrarily and {a n } is a real sequence in (0, 1). Under the following 
additional assumptions: (i) lim a n = 0 and (ii) a n = oo, the sequence { x n } generated 

n— >oo 

by (1.4) is generally referred to as Mann’s iteration algorithm in the light of [18]. The Mann’s 
iteration algorithm dose not generally converge to a fixed point of T even the fixed point exists. 
For example, C is a nonempty closed convex and bounded subset of a real Hilbert space, T : 
C — y C is nonexpansive, one can only prove that the sequence generated by Mann’s iteration 
algorithm (1.4) with the assumptions (i) and (ii) is an approximate fixed point sequence, that is, 
||x n — Tx n \\ — > 0 as n — > oo. In [19], Reich proved that if A is a uniformly convex Banach space 
with a Frechet differentiable norm and if {a n } is chosen such that a n ( 1 — a n ) = oo, then 

the sequence { x n } defined by (1.4) converges weakly to a fixed point of T . To get the sequence 
{x n } to converge strongly to a hxed point of T (when such a fixed point exists), some type of 
compactness condition must be additionally imposed either on C (e.g., C is compact) or on T 
(e.g., T is demicompact or T is semicompact, see [20,21]). 

The first convergence result for fc-strictly pseudo-contractive mappings was proposed by 
Browder and Petryshyn [22] in 1967. They proved that if the sequence {x n } is generated by the 
following: 

Xn + 1 = OLX n + (1 - a)Tx n , n > 0, (1.5) 

for any starting point x'o € C and a is a constant such that k < a < 1, then the sequence {x n } 
converges weakly to a fixed point of fc-strictly pseudo-contractive mapping T. In [23], Marino 
and Xu extended the result of Browder and Petryshyn [22] to Mann’s iteration algorithm (1.4), 
they proved that the sequence {x n } generated by (1.4) converges weakly to a fixed point of 
/c-strictly pseudo-contractive mapping T for the conditions that k < a n < 1 for all n and 
E“=0 (“n - *0(1 - On) = OO- 
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However, the well known strong convergence result for pseudo-contractive mappings is Ishikawa’s 
iteration algorithm which was proved by Ishikawa [24] in 1974 and it is more general than that 
of Mann’s iteration algorithm (1.4) in some sense. More precisely, he got the following theorem. 


Theorem 1.1 ([24]) Let C be a convex compact subset of a Hilbert space H and let T : C — >• C 
be a Lipschitz pseudo-contractive mapping. For any x\ £ C, suppose the sequence {x n } is defined 
iteratively for each n > 1 by 


Vn — (1 fdn)x n T f3 n Tx n , 
%n + 1 — (1 ot n )x n + a n Ty n , 


( 1 . 6 ) 


where {a n }, {/3 n } are sequences of positive number that satisfy the following there conditions: 
(i) 0<a n <Pn< 1 ; (h) lim /3 n = 0; (iii) fFri=\ a nPn = oo. Then the sequence {x n } converges 
strongly to a fixed point of T. 


In 2001, Chidume and Mutangadura [25] gave an example to show that the Mann’s iteration 
algorithm (1.4) failed to be convergent to a fixed point of Lipschitz pseudo-contractive mappings. 
In order to obtain a strong convergence result for pseudo-contractive mappings without the 
compactness assumption, Zhou [26] established the hybrid Ishikawa algorithm for Lipschitz 
pseudo-contractive mappings as following: 

Theorem 1.2 ([26]) Let C be a closed convex subset of a real Hilbert space H and letT : C — > C 
be a Lipschitz pseudo-contraction such that F(T) / (j>. Suppose that {a n } and {/3 n } are two real 
sequences in (0,1) satisfying the conditions: (i) a n < f3 n ,\/n > 0; (ii) lim inf a n > 0; (iii) 

n—¥ oo 

lim sup a n < a < - , n > 0, where L > 1 is the Lipschitzian constant of T . Let a 

n — »oo yl + L ^ + 1 

sequence {x n } be generated by 
Xq £ C, 

Vn — (1 CC n )x n T OyjTx'fj, 

Zn = (1 — @n)X n + (3 n Ty n , 

C n = {z £ C : II z n - z|| 2 < II Xn - 2:|[ 2 - a n p n { 1 - 2 a n - L 2 af l )\\x n - Tx n || 2 }, 

Qn = {z £ C : (x n - z, Xq - x n ) > 0}, 

Xn + 1 = Pc n nQ n x 0 , n > 0. 

Then, { x n } converges strongly to a fixed point v of T , where v = Pp{T){x o). 

We observe that the iterative algorithm (1.7) generates a sequence { x n } by projecting x'o on 
to the intersection of the suitably constructed closed convex sets C n and Q n . Recently, Yao et 
al. [27] introduced the hybrid iterative algorithm which just involved one closed convex set for 
pseudo-contractive mappings in Hilbert spaces as follows: 
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Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — > C be a 
pseudo-contractive mapping. Let {a n } be a sequence in (0,1). Let xq £ H. For C\ = C and 
x'i = Pc x x o, define a sequence {x n } of C as follows: 

Vn — (1 o / -n')x n + a n Tx n , 

< C n+ i = {z £ C n : \\a n (I - T)y n \\ 2 < 2a n {x n - z, (/ - T)y n )}, (1.8) 

Xn + 1 = -Pc n+ i£o, n £ IV. 


Theorem 1.3 ( [27]) Let C be a nonempty closed convex subset of a real Hilbert space H . Let 
T : C C be a L-Lipschitz pseudo-contractive mapping such that F(T) / <f . Assume the 
sequence a n £ [a,b\ for some a,b £ (0, - | - ). Then the sequence {x n } generated by (1.8) 


converges strongly Pp(T){x o). 


L + 1 


In [28], Tang et al. proposed the hybrid algorithm (1.8) to the Ishikawa’s iteration algorithm 
(1.6) and got the following result. 

Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — > C be 
a pseudo-contractive mapping. Let {a n }, {/3 n } be two sequences in [0,1]. Let xo £ H. For 
C\ = C and x\ = Pq rxo, define a sequence {x n } of C as follows: 

Vn — (1 CXn)X n + a n Tz n , 
z n — (1 /3»i)x n T (3 n Tx n , 

< Cn +1 = {z £ C n : \\a n (I - T)y n \\ 2 < 2a n (x n - z, (I - T)y n ) (1.9) 

H“ 2a n /3 n L||Xn Tx^.ll ■ \\yn %n T 
x n+ i = P Cn+ iX 0 , n > 1. 

Theorem 1.4 ( [28]) Let C be a nonempty closed convex subset of a real Hilbert space H . Let 
T : C — > C be a L-Lipschitz pseudo-contractive mapping with L > 1 such that F(T) ^ f>. Assume 
the sequences { a n } and {/3 n } in (0, 1) satisfying: (i) b < a n < a n (L + 1)(1 + f3 n L) < a < 1, 
for some a,b £ (0,1); (ii) lim (3 n = 0. Then the sequence {x n } generated by (1.9) converges 

n— >oo 

strongly P r{T) (xo). 


Recently, Zegeye et al. [29] generalized Ishikawa’s iteration algorithm (1.6) to a common fixed 
point of a finite family of Lipschitz pseudo-contractive mappings and obtained the following 
theorem. 


Theorem 1.5 ( [29]) Let C be a nonempty, closed convex subset of a real Hilbert space H . 
Let Ti : C — > C, i = 1, 2, • • • , N, be a finite family of Lipschitz pseudo-contractive mappings 
with Lipschitzian constants L t , for i = 1,2, , N, respectively. Assume that the interior of 

P := is nonempty. Let {x n } be a sequence generated from an arbitrary xq £ C by 


Vn — (1 d n ) x n T j3 n T n x n , 
%n + 1 = (1 ®n)Xn T OC n T n y n , 


( 1 . 10 ) 
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where T n := T n / mod N ) and {a n }, {/3 n } C (0, 1) satisfying the following conditions: (i) a n < 

/3m V n > 0; (ii) liminf a n = a > 0; (iii) sup n>1 (3 n < (3 < for L := rnaxlL, : i = 

n^oo - VI + L 2 + 1 

1, 2, • • • , IV}. Then, { x n } converges strongly to a common fixed point of {Tf, T2, • • • , TV}- 

In [30], Cheng et al. extended the algorithm (1.10) to a countable family of pseudo- 
contractive mappings and gave a three-step iterative method, which is as follows: 

Theorem 1.6 ( [30]) Let C be a nonempty, closed convex subset of a real Hilbert space H , let 
{T n }ff = i ■ C — >• C be a countable family of uniformly closed and uniformly Lipschitz pseudo- 
contractive mappings with Lipschitzian constants L n , let L := sup n>1 L n . Assume that the 
interior of T := rr=i hu is nonempty. Let { x n } be a sequence generated from an arbitrary 
xo £ C by the following algorithm: 

Zn — (1 Ln ) J'n "b LrifLn'Xn , 

< Vn = (1 — f3n)x n + PnTnZn 1 (1'H) 

%n + 1 — (1 ®-n)% n T a nTny n , 

where {a n }, {/3 n }, { 7 n} C (0, 1) satisfying the following conditions: (i) a n < f3 n < 7 n ,V n > 0; 
(ii) liminf a n = a > 0; (iii) sup n>1 7 n < 7 with 7 3 L 4 + 2f 2 L 3 + f 1 !? + 7 L 2 + 27 < 1. Then, 

n — >00 — 

{x n } converges strongly to x* G J 7 . 

Remark 1.1 The condition (iii) of the Theorem 1.6 is not correct, it is replaced by sup 7l>1 7 n < 
7 with 7 3 L 4 + 27 2 L 3 + 7 2 L 2 + 27 L 2 + 27 < 1. 

Motivated and inspired by the above works, in this paper, we propose a new three-step 
iterative method for a countable family of pseudo-contractive mappings in Hilbert spaces and 
prove its strong convergence theorem under appropriate conditions. 

2 Preliminaries 

In this section, we recall some definitions and useful results which will be used in the next 
section. 

Definition 2.1 Let C be a subset of a real Hilbert space H . 

(1) A mapping T : C -Y H is said to be L-Lipschitz if there exists L > 0 such that 

\\Tx - Ty\\ < L\\x - y\\, V x, y G C. 

When L = 1, T is nonexpansive. If L < 1, T is called a contraction. It is easy to see that every 
contractive mapping is nonexpansive and every nonexpansive mapping is Lipschitz. 
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(2) A countable family of mappings {T n }^ =1 : C —f H is said to be uniformly Lipschitz with 
Lipschitzian constants L n > 0, n > l, if there exists 0 < L := sup n>1 L n such that 

|| T n x - T n y\\ < L\\x — 7/11 , V x, y £ C, n > 1. 

(3) A countable family of mappings {T' n ,}^ =1 : C -* H is said to be uniformly closed if 
x n -7 x* and \\x n - T n x x \\ -7 0 imply x* £ fl^Li ^(Tn). 

Definition 2.2 A mapping T with domain V(T) and range 7 Z(T) in a real Hilbert space H is 
said to be monotone if the inequality 

\\x-y\\ < \\x — y + s(Tx — Ty)\\ 

holds for every x, y £ V(T) and for all s > 0. 

We observe that 

T is monotone 47 (Tx — Ty , x — y) > 0 

77 [|(I - T)x - (/ - T)y\\ 2 < ||x - y\\ 2 + || Tx - Ty \\ 2 
^ \\Ax-Ay\\ 2 <\\x-y\\ 2 + \\{I-A)x-{I-A) y \\\ A:=I-T 
A is pseudo-contractive. 

Furthermore, a zero of T is a fixed point of A, that is, 

x £ Af(T) := {x £ V(T) : Tx = 0} x £ 7F(A) := {x £ T>(A) : Ax = x}. 

Lemma 2.1 Let H be a real Hilbert space. Then for a £ [0, 1] the following equality 
\\ax + (1 - a)y\\ 2 = a||x|| 2 + (1 - a)||y|| 2 - a(l - a) \\x - y || 2 
holds for all x,y £ H . 

Lemma 2.2 If the sequences {a n }, {/3 n }, {7n} C (0,1) satisfying the following conditions: 

(i) Pn < 7 n,V n > 1, 

(ii) (1 - a ) 7 + aP(j 2 L 2 + 27 - 1) < 0, 

where a = lirninf a n , ft = liminf p n , 7 > sup n>1 7„, and L > 0 is a constant. Then, we have 

a > 0, /3 > 0 and (1 - a n )7 n + ot n j3 n (^ 2 L 2 + 2^ n - 1) < 0. 

Proof. On one hand, it is obvious that a > 0, P > 0 and 7 2 L 2 + 27 — 1 < 0 because of 
(1— a)7+a/3(7 2 L 2 +27— 1) <0. And we get that (1 — a n )7 < (1 — 0)7 and a n /3 n (7 2 L 2 +27— 1) ^ 
o/3 (7 2 L 2 + 27 — 1). Then 

(1 - o n )7 + a n p n {^ 2 L 2 + 27 - 1) < (1 - 0)7 + o/ 3(7 2 L 2 + 27 - 1) < 0. 
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On the other hand, it is easy to know that (1 — a n ) 7n < (1 — a n ) 7 and a n (3 n ( 7, 2 + 2y n — 1 ) < 
a n Pn( 7 2 L 2 + 2y — 1). We can obtain 

(1 - a n ) 7 n + o„/3 n ( 7 2 + 27„ - 1) < (1 - a n )7 + o n /3 n (7 2 L 2 + 27 - 1) < 0. 

Hence (1 - a n )7„ + o n /3 n (7 2 L 2 + 27™ - 1) < 0. □ 


3 The main result 

Theorem 3.1 Let C be a nonempty, closed convex subset of a real Hilbert space H , let {T n \ff =x : 
C — ^ C be a countable family of uniformly closed and uniformly Lipschitz pseudo-contractive 
mappings with Lipschitzian constants L n , let L := sup n>1 L n . Assume that the interior of 
^:=lT=i HTn) is nonempty. Let {x n } be a sequence generated from an arbitrary x\ € C by 

%n — (1 7n)*^n T 7n-^n-Tri) 

' Vn — (1 Pn)%n T Pn^n^m (*tl) 

■Ere +1 — (1 O n ) z n A OL n y n , 

where {a n }, {/3 n }, {in} C (0,1) satisfying the following conditions: 

(i) Pn < 7n,V n> l, 

(ii) (1 - a ) 7 + a/3 ( 7 2 L 2 + 27 - 1) < 0, 

where a = lim inf a n , f3 = liminf/3 n and 7 > sup > 1 7 „,. Then, {x n \ converges strongly to 

n— >00 n— >00 — 

X* e T . 


Proof. Take p £ T arbitrarily. By (3.1) and Lemma 2.1, we have 


\\Xn+l-p \\ 2 = 


< 


||(1 Otn) Z n CXnVr 1 P|| 

||(1 - a n )(z n -p) + a n {y n - p ) || 2 
( 1 o n ) || z n p\\ T o n ||y„ p\\ o n (1 cn n ) || z n y n 

( 1 — On) H^-n — P\\ T O n \\yn ~ P\\ 7 


(3.2) 


and 


z n P || — ||(1 7n)®n 1 7n^i»^n 1*11 

= 11(1 -7 n)(x n ~ P ) + 7 n(T n X n - p) || 2 

= (1 - 7n)\\x n ~ P\\ 2 + ln\\T n X n ~P\\ 2 - 7n(l “ Tn)\\x n ~ T n X n \\ 2 

< (1 - 7n)||x n -p|| 2 +7n(||x n -p|| 2 + ||x n - T n X n || 2 ) 

7n(l 7n ) 1 1 T‘n Tn®n|| 

= ||x„ -p|| 2 + 7nll X n - T n X n \\% (3.3) 
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where the inequality is based on that {T n }™ =1 is a countable family of pseudo-contractive map- 
pings. Similarly, we can get 

hn-p\\ 2 = ||(1 ~ (in)Xn + PnTnZn ~ P\\ 2 

= ||(1 - P n )(Xn ~P) + Pn(T n Z n -p)|| 2 

= (1 - j3 n ) \\x n ~P\\ 2 + Pn\\T n Z n -p|| 2 - /3 n (l “ Pn) \\x n ~ T n Z n \\ 2 
< (1 ~ Pn)\\x n ~ Pf + Pn{\\Zn ~ P\\ 2 + \\z n ~ T n Z n \\ 2 ) 

- P n (l - Pn)\\x n ~ T n Z n \\ 2 . (3.4) 

In addition, using (3.1), we have that 

|| Zn -^n^n|| = ||(1 r )ri)'^n r jn-^n^n || 

= 11(1 - ln){x n ~ T n Z n ) + 7 n (T n X n ~ T n Z n )\\ 2 

— (1 ’TrOII-En -^n^nll 4“ 7n ll-^ri^ra 7fi(l Tn)||®re ^~n*Tn|| 

— (1 7 n) || X n T n Z n | 4“ 7 || X n Z n || 7n (1 7 n) || X n T n X n || 

= (1 7n) \\Xn T n Zn || 4“ 7 n,L ||7n( ; Tn — T n X n ) || 7n(l In) \\Xn ^"n^-nll 

= (1 - 7 n)||x n - T„z n || 2 + 7 n ( 7 2 L 2 + 7 n - l)||x n - T n x n \\ 2 , (3.5) 

where the inequality is based on that is a countable family of uniformly Lipschitz 

mappings. Substituting (3.3) and (3.5) into (3.4), we obtain that 

||yn-p|| 2 < - Pn)\\Xn - p\\ 2 + Pn(\\x n - p\\ 2 + ll\\x n - T n X n \\ 2 ^ 

+ P n ({ 1 -7„)||x„ - T n Z n \\ 2 +7n(7n^ 2 4-7n ~ l)||®n - T n X n \\ 2 ^j 
- P n { 1 - P n ) \\x n - T n Z n || 2 

= || X n p|| + Pnlfniln ^ 4” ^7 n ~ l)||®n — T n X n \\ + Pn(Pn 7n)||®n — Tn-^nH 
< \\x n - p\\ 2 + Pn'ynilnL 2 + 2^ n ~ l)\\x n - T n x n \\ 2 , (3.6) 

where the last inequality is based on the condition (i). Therefore, substituting (3.3) and (3.6) 
into (3.2), we get 

||x n+ i-p|| 2 < (l- a n ){\\x n -p\\ 2 + ^ 2 \\x n -T n x n \\ 2 ^j 

+ CKre( \\x n - p\\ 2 + Pn'-yni'fnL 2 + 2y n - l)||x n - T„X n || 2 ) 

= \\x n - p\\ 2 + ((1 - a n ) 7 2 + a n /3 n 7n(7 2 L 2 + 2y n - 1)) \\x n - T n x n || 2 . (3.7) 
According to the conditions and Lemma 2.2, inequality (3.7) implies that 

||x n+ i -p|| 2 < ||x n -p|| 2 . (3.8) 
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It is obvious that lim \\x n — p\\ exists, then {||x n — p||} is bounded. This implies that {x n }, 

n— >oo 

{T n x n }, {z n }, {T n z n } and {y n } are also bounded. 

Furthermore, we have that 

\\x n ~ p\\ 2 = \\x n - x n+ i\\' 2 + \\x n+ i - p \\ 2 + 2(x n+1 -p,x n - x n+ i). 


This implies 

(x n +i ~ P,x n - x n+ i) + ^\\x n - x n+ i|| 2 = ^(\\x n -p\\ 2 - \\x n+ i -p|| 2 ). (3.9) 

Moreover, since the interior of J- is nonempty, then there exists p* € T and r > 0 such that 
p* + rh £ J- whenever \\h\\ < 1. Thus, from (3.8), we have 

0 < {x n+ i - (p* + r h) , x n - x n+ i) + -\\x n - x n+ i|| 2 

= \(\\x n - (P* + rh ) || 2 - \\x n+ i - (p* + rh ) || 2 ). 


From (3.9) and (3.10), we obtain that 


r(h,x n -x n+ 1) < (xn+i ~p*,x n - x n+ i) + -\\x n - £ n+ i|| 2 

= I(\\x n -P*\\ 2 - |kn+l ~P*\\ 2 )- 


(3.10) 


(3.11) 


Since h with 1 1 h\\ < 1 is arbitrary, we can take h = with 1 1 /ill = 1, then 

" ||*n-*n+l|| 

\\x n - X n+ l\\ < ^(| \x n ~P* || 2 - \\x n +l -p*|| 2 )- 

So, for n > m, we can get 

|| %m %n\\ = || {%m ^m+l) (^m+1 ^m+ 2 ) H - ' ’ ’ “h (%n—l 3?n)|| 

n— 1 

^ ^ ||^2 ^ 2+1 II 


< 


i—m 
n— 1 


< Y oZ(W Xi _p *l| 2 “ 11^+1 -P*H 2 ) 


2 r 

2 =m 

= 2-(||Xm ~P*f ~ \\Xn ~P*\\ 2 )- 

From (3.8), we know that {\\x n — p*|| 2 } converges. Therefore, { x n } is a Cauchy sequence. Since 
C is closed subset of Hilbert space H, then there exists i’eC such that 


Xn — y X £ C . 

Furthermore, from the conditions and Lemma 2.2, we have 

0 < p((a — 1)7 + a/3(l — 2y — 7 2 T 2 


(3.12) 
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< In ((a« - 1)7 n + «n/3n(l - 2y n ~ 7 n 1 ^)) 

= (a n - 1 ) 7 ^ + a„/3 n 7 n (l - 27 n - 7 ^L 2 ). (3.13) 

Then, by (3.7) and (3.13), we conclude that 

OO 

((a - 1)7/3 + a/3 2 (l - 27 - 7 2 L 2 )) ^ ||x n - T„x n |[ 2 

n= 1 

00 

< ^2 ([a n - l) 7 n + «n/ 3 n 7 n(l - 27 n - 7 ^T 2 )) ||s n - T n x n || 2 
n=l 

OO 

< “ pH 2 - ll xn+1 ~~ pH 2 ) < 00 ’ 

n= 1 

from which it follows that 


lim \\x n - T n x n \\ = 0. (3.14) 

71— >-00 

Since {T n }^ =1 are uniformly closed mappings, then from (3.12) and (3.14), we can obtain 

OO 

x* G fl HTn) = T. 

71 — 1 

The proof is complete. □ 


Remark 3.1 We now give an example of a countable family of uniformly closed and uniformly 
Lipschitz pseudo-contractive mappings with the interior of the common fixed points nonempty. 
This example comes from [30]. Suppose that H := R and C := [—1, 1] £ H . Let {T n }^ =1 : C — >• 
C be defined by 


T n x : = 


x , x £ [—1, 0), 

+ *£[0,1]. 


ThenF := Hit'Ll T'(T n ) = [—1, 0], and hence the interior of the common fixed points is nonempty. 
Moreover, it is easy to show that {T n }^f =1 is a countable family of uniformly closed and uniformly 

Lipschitz pseudo-contractive mappings with Lipschitz constant L := sup n>1 L n = 2. 

3 1 11 3 1 

For this example, we can let a n = - H , B n = 1 — and 7 n = — for 

1 ’ 4 n + 4’ M 10 n + 40 m 20 n + 40 J 

3 

n > 1. T/ien {a n }, {/ 3 n }, {7n} C (0, 1) and (3 n < y n , V n > 1. Furthermore, a = lirninf a n = 

71— >00 4 

1 3 

P = lim inf .% - sup n>1 < —, and 

n-> 00 10 “ 20 


(l-a)7 + a/3(7 2 L 2 + 27 - 1) 


n 3 i 3 
(1 — ) x — 

v 4' 20 



33 

4000 


< 0. 


It satisfies all conditions in Theorem 3.1. Hence, from Theorem 3.1, we can obtain the sequence 
{x n } generated by (3.1) and staring with an arbitrary x\ £ C will converges strongly to a common 
fixed point of {T n }™ =l . 
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4 Applications 

If in Theorem 3.1, we consider a finite family of Lipschitz pseudo-contractive mappings, then we 
have the following result. 

Theorem 4.1 Let C be a nonempty, closed convex subset of a real Hilbert space H, let {T)}£i : 
C — > C be a finite family of uniformly closed and Lipschitz pseudo-contractive mappings with 
Lipschitzian constants Li, for i = 1, 2, • • • , N, respectively. Assume that the interior of T := 
Pl^i HiTf) is nonempty. Let {x n } be a sequence generated from an arbitrary x\ 6 C by 

%n — (1 ln)X n + InTnXn, 

* Un = (1 — fin)%n + (3 n T n Z n , (4-1) 

2-n+l — (1 (%n)Zn T OinUn, 

where T n := T n ( mod and {a n }, {fin}, {in} C (0, 1) satisfying the following conditions: 

(i) fin < 7 n,V n> 1, 

(ii) (1 - a)i + afi(i 2 L 2 + 2y - 1) < 0, 

where a = lirninf o n , fi = liminf fi n and 7 > sup n>1 7 n , for L := max{Lj : i = 1,2, ••• ,N}. 

n — >00 n — >00 — 

Then, { x n } converges strongly to a common fixed point of {T\ , T 2 , ■ ■ ■ , Tjv}. 

If in Theorem 3.1, we consider a single Lipschitz pseudo-contractive mapping, then we may 
add a condition that is 7 n = 00 . 

Theorem 4.2 Let C be a nonempty, closed convex subset of a real Hilbert space H , let T : 
C -» C be a Lipschitz pseudo-contractive mapping with Lipschitzian constant L. Assume that 
the interior of J-(T') is nonempty. Let {x n } be a sequence generated from an arbitrary x\ € C 
by 

Zn = (1 7 n)Xn T 7 nTx n , 

< y n = (1 - fin ) X n + fi n Tz n , (4.2) 

%n+ 1 — (1 C^n)Zn T OLnVn, 

where {ot n } , {fin} , {in} C (0,1) satisfying the following conditions: 

(i) fin < In, V n > 1, 

(ii) £n=l 7n = OO, 

(iii) (1 — a)i + afi{i 2 L 2 + 2y — 1) < 0, 

where a = liminf a n , fi = lim inf fi n and 7 > sup n>1 i n . Then, {x n } converges strongly to a 

n — >00 n— >-oo — 

fixed point of T. 

Proof. Following the method of the proof of Theorem 3.1, we also obtain that 

||x n+ i - p\\ 2 < \\x n - p\\ 2 + ^(1 - a n )i 2 + a n fi n i n (i 2 L 2 + 2 - 1)^ \\x n - Tx n \\ 2 , 
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and x n — )• x* £ C. Now, from Lemma 2 . 2 , we get 

00 

((a - 1)7 + a/ 3 (l - 27 - 7 2 L 2 )) ^7n||®n - Tx n \\ 2 

n = 1 
00 

< + “ 2 7 n - 7n^ 2 )) Ikn “ Tx* 

71=1 

OO 

= ^2 (K - l)7n + «n^n7n(l “ 27 n - 7 2 T 2 )) ||x n - 

n=l 

00 

< X](ll Xn _ vW 2 ~ IK+i - pH 2 ) < °°> 

n— 1 


from which it follows that 


liminf \\x n — Tx n || = 0 , 

n— >00 

and hence there exists a subsequence {x nfc } of {x n } such that 

lim \\x nk - Tx nk |j = 0 . 

n-» 00 

Thus, x nfc — > x* and the continuity of T imply that x* = Tx* and hence x* £ F(T). □ 

Now, we prove a convergence theorem for a countable family of monotone mappings. 

Theorem 4.3 Let H be a real Hilbert space, let {T r) ,}^ =1 : H — >• H be a countable family of 
uniformly Lipschitz monotone mappings with Lipschitzian constants L n , let L := sup n>1 L n . 
And if x n — > x* and ||T n x n || — > 0 , then x* £ CX?=i N {T n ) . Assume that the interior of M := 
lT = iAf(T n ) is nonempty. Let {x n } be a sequence generated from an arbitrary x\ £ C by 

Zn — %n 7 n^'n^ni 

' Un — %n fin(,%n Z n ) f 3 n T n Z n , ( 4 - 3 ) 

%n-\- 1 — (1 CVn)z n T OL n y n , 

where {a n }, {/?„}, { r y n } C (0,1) satisfying the following conditions: 

(i) Pn < 7 n,V n > 1 , 

(ii) (1 - 0)7 + a/3(7 2 L 2 + 27 - 1) < 0, 

where a = lim inf a n , ft = lim inf / 3 n and 7 > sup n>1 7 n . Then, {x n } converges strongly to 

n— >00 n— >00 — 

X* £ AT 

Proof. Since T n is monotone if and only if A n := I—T n is pseudo-contractive and H^Li J~{A n ) = 
lT=lA f(Tn) 0 , then the conclusion follows from Theorem 3 . 1 . □ 

If in Theorem 4 . 3 , we consider a finite family of monotone mappings and a single monotone 
mapping, respectively, then we get the following corollaries. 
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Corollary 4.1 Let H be a real Hilbert space, let {Ti}f =1 : H — )• H be a finite family of Lipschitz 
monotone mappings with Lipschitzian constants L i, fori = 1,2,- •• ,N, respectively. And if 
x n — > x* and ||T n x n || — > 0, then x* enf=i^:). Assume that the interior of M := 
is nonempty. Let {x n } be a sequence generated from an arbitrary .xi G C by 

Zn — %n InTn^n, 

' Un — %n fin{%n %n) fin^n^n, ( 4 - ^) 

%n+ 1 — (1 (%n)Zn A OL n y n , 

where T n := T n ( mod N ) and {a n }, {fin}, {in} C (0, 1) satisfying the following conditions: 

(i) fin < 7 n,V n > 1 , 

(ii) (1 - a ) 7 + afi(i 2 L 2 + 2 q — 1 ) < 0 , 

where a = liminfa n , fi = liminf fi n and 7 > sup n> 1 7 n . for L := maxjLj : i = 1,2, ••• ,N}. 

n— >00 n— >00 — 

Then, {x n } converges strongly to a common zero point of {T\, T 2 , • • • , Jjv}. 

Corollary 4.2 Let H be a real Hilbert space, let T : H -> H be a Lipschitz monotone mapping 
with Lipschitzian constant L. Assume that the interior of M(T) is nonempty. Let {x n } be a 
sequence generated from an arbitrary x\ G C by 

%n — %n ln.Tx n , 

* Un — Xn fin(%n -2-n) finTz n , ( 4 - 5 ) 

2 -n+l — (1 a n ) z n A OL n y n , 

where {a n }, {fi n }, {in} C (0,1) satisfying the following conditions: 

(i) fin < 7n,V n > l, 

(ii) ££= 1 7 n = 00, 

(iii) (1 — ot)i A afi(i 2 L 2 + 2y — 1) < 0, 

where a = liminf a n , fi = liminf /3 n and 7 > sup n>1 7 ,,.. Then, {x n } converges strongly to a 

n— >00 n— >00 — 

zero point of T. 
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Abstract 

The main aim of this paper is to give integral representations for strongly negative definite functions defined on the 
product hypercomplex systems. Harmonic properties for strongly negative definite functions are investigated. We 
construct a Levy measure on the product hypercomplex systems, then we study the conditions that guarantee the 
existence of some integrations having an integrand parts as a function of the constructed kernel. Finally, we give a 
Levy - Khinchin type formula for strongly negative definite functions defined on the product hypercomplex systems. 

Keywords. Levy - Khinchin; Hypercomplex; Negative definite. 
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1. Introduction. 

The integral representation of negative definite functions is defined as Levy-Khinchin formula. 
This was established by Levy-Khinchin inl930’s for G = R. Many author’s paid attention to 
generalize this result in different spaces. It had been extended by Hunt [4] to Lie groups, 
Parthasarathy et al [8] to locally compact commutative groups, Berg et al [3] to comutative 
semigroups with identical involution and by Lasser [6] for commutative hypergroups. The main 
aim of this paper is devoted to find the integral representations for strongly negative definite 
functions defined on the product dual hypercomplex system. Let Q be a commutative separable 
locally compact metric space of points p, q, r , ... ; B(Q ) is the o -algebra of Borel subsets on Q 
and B 0 (Q ) is the subring of B(Q ), which consists of sets with compact closure. We denote by 
C(Q ) the space of continuous functions on Q ; C b (Q),C oo(Q) and C 0 (Q) consists of bounded, 
tending to zero at infinity and compactly supported functions from C (Q), respectivly. Lor a fixed 
r E Q, BE B(Q ), we will denote by c(A,B)r ) a commutative Borel structure measure in A E 
B(Q ). The hypercomplex system L 1 (Q,dm) is the Banach algebra of functions on Q with 
respect to the multiplicative measure m and convolution " * " defined for any <p * xp E L 1 (Q, dm) 
by: 
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(0*0)(r) = | 0(p)dp J xp(q)dq c{E p ,E q -,r ) 


= || <Kp)iKd) c(p. 

<3 Q 


q-, r) dm(p)dm(q ) 


= J J 0(p)0(<7) 

<3 <3 


dm r (p, q ) 


The space C m (Q) is a Banach space with norm 

II- IU = sup rEQ |(.)(r)| 

We will denote by M(Q), the space of Radon measure on Q, i.e. the space of continuous linear 
functionals defined on C 0 ((?)- Let M b (Q) — ( Coo (Q))' denote the space of bounded Radon 
measures with norm 


IIpIU = sup{|p(/)|;f G Coo, |/| < 1} 

The topology of simple convergence on functions from in the space of Radon measures, is 
called vague topology. 


2. Strongly Negative Definite Functions. 


A hypercomplex system L { (Q, dm) may or may not have a unity. In this paper we will concern 
our efforts on hypercomplex system with unity. A normal hypercomplex system contain a basis 
unity if there exists e G Q such that e * — e and 

c(A, B] e) — m(A* fl B), A,BE B(Q). 

A nonzero measurable and bounded almost everywhere function Q 3r^ x( r ) G C is said to be 
a character of the hypercomplex system L 1 (Q, dm) if for all A, B G B 0 (Q) we have 

j c(A,B-,r)x(.r)dm(r) = x(A)x(B) 

Q 

and 

j x(r) dm(r) = j(C), C G B 0 (Q). 
c 
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We will denote by X h the set of all bounded Hermitian characters, i.e. 

X h : ={XE C b (Q ); | c(A,B;r)x(r)dm(r ) = *(A /(r) = j(r*) } 


A continuous bounded function xp: Q C is called negative definite if for any 
r 1 , r 2 , ... ,r n E Q\ c lt c 2 , ... , c n 6 C and nEWwe have: 


Id,j=iW(ri) + </>( r } ) - (i? r *^)(fi)] CjC, > 0, 


and a continuous bounded function (p\ Q -> C is called positive definite if for any r 1 , r 2 , ... , r n G 
Q; c lt c 2 , ... , c n G C and n G N we have: 


Y, 1 i,j=i(.Rr*j(p)(r i ')c i Cj > o, 

where R r ( r G Q), denote the generalized translation operators onL 1 (Q, dm). 

As pointed out of [1], every positive definite function <p E P(Q) admits a unique 
representation in the integral fonn 


(2.1) <p(r) = Kx) = f^xWdfi O'), x G 

where /r is a finite nonnegative regular measure on the space X h . Conversely, each function have 
the integral fonn (1.1) belongs to the set of all positive definite function P(Q). 

Let Qi and Q 2 be two commutative separable locally compact metric spaces, with 
identities e x and e 2 respectively, and suppose A be a non empty subset of L 1 (Q 1 ) x L 1 (Q 2 ), 
then the strongly positive definite function will be defined as follows: 


Definition 2.1. A locally bounded continuous measurable function & E A is called strongly 
positive definite, if there exists two positive definite functions (p { E P(Qi) and <p 2 £ P(Q-z) 
and a Radon measure p E M + (Q 1 x Q 2 ), such that 


( 2 . 2 ) 


nfv , _ ( (pi(x)+(p 2 (j). Ot.t) g a 
^ x,) lo, (x,T )€A. 


A locally bounded continuous measurable function V E A is called strongly negative 
definite, if l P(e 1 , e 2 ) > Oand exp(— tW) is strongly positive definite in A for each t > 0. 

Clearly each strongly positive (negative) definite function is positive (negative) definite 
but the converse implication does not hold. Negative definiteness is an analogue of one half of 
Schoenberg’s duality result, It is not known for which hypercomplex system, negative 
definiteness implies strong negative definiteness. The following Lemma is in fact, an adaption of 
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whatever done for hypergroups [7], we will not repeat the proof, wherever the proof for 
hypergroups can be applied to the hypercomplex with necessary modification. 

Lemma 2.2. The sum and the point-wise limit of strongly negative definite functions on 
hypercomplex are also strongly negative definite. 

Theorem 2.3. A function V : Q -» C is strongly negative definite if and only if the following 
conditions are satisfied: 

(i) ^(ei, e 2 ) >0, W is continuous bounded function ; 

(ii) W(r) = ^(r*) for each r £ Q t x Q 2 ; 

(iii) if for any r 1 ,r 2 , ■■■,r n ^ Qi x Qi an d c 1) c 2 , ■■■,c n E C with Xi=i c i = 0 and 
r t - (r{, E Q 1 x Q 2 , we have 

Z? J=1 (^?0(r t ) etc} < 0. 

Proof. Suppose that the function V is strongly negative definite. From the above definition of 
strongly negative definite functions, it is clear that W satisfies (i) and (ii). Let r 1 ,r 2 , ... ,r n E 
Qi x Q 2 and c 1 ,c 2 , ... ,c n E C with Xi=i c i — 0 . Since, every strongly negative definite 
function is negative definite, so 


o < + H r j) - ^)(r f )] c t cj 

= Q]? = 1 c ; ) ZUin r t )] Ct + (XU Ct) XU [Hrj)\ 

-Xi,j=iKRr* j V(.r i )]c i c J 

Conversely, suppose that V satisfies the above conditions. Let e,r 1 ,r 2 , ...,r n E Q 1 x 
Q 2 and c lt c 2 , ... ,c n E€ with Sf=i c i — 0. From (iii) we have 

n 

0> ^[(i? r *.<F)(n)]qc; 

i,j = 0 

n n —r 

= ^ KRr* j V)(j'i)]c i Cj + r 0 'Y['{'(r i )]c i + c 0 ^[F(rj)\cj + 'P(e)|c 0 | 2 
i,j= 1 i= 1 j=l 

= I,i,j=i[V(r i ') + W{tj) - ( R r *j «P)( r t )] c £ c; + 'FCe )!^! 2 
This implies 

n 

^ [<P(rt) + <P(r ; )-( /? r ^)0h)] cjc; > ^(e)|c 0 | 2 > 0 
ij=i 
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Corollary 2.4. For any functions 0, W on the product Q 1 x Q 2 we have: 

(i) If 0 belongs to the set of strongly negative definite function on Q 1 x Q z , then 
the function r -» W(r) — 0( e 1( e 2 ) is also strongly negative definite function. 

(ii) If O belongs to the set of strongly positive definite function on Qi x Q 2 , then the 
function r — > 0(r ) — 0(e 1 , e 2 ) is also strongly positive definite function. 

Proof. Let r lt r 2 , ... ,r n E Q t x Q 2 and c lt c 2 , ... ,c n E C with £f =1 Cj = 0. Then we have 

n n n 

^ [«r‘ y (^Oh) - ^(ei, e 2 ))] qc; = ^ (« r * . 0){r i )c i c ] - 0(e lt e 2 ) | ^ c f | 2 

ij=0 ij=0 i=l 

n 

= ^ faj'l'KrdctCj < 0 

i,j = o 

This proves the strongly negative definiteness of 0 (r) — 0(e x , e 2 ). Similarly, let 
r 1 ,r 2 , ... ,r n E Qi x Q 2 and c lt c 2 , ... ,c n EC with Yn=i c i — 0. Then we find 

n n n 

^ [^ r * 7 (^(ei,e 2 )-0(ri))]Cic; = - ^(rOciCj - $(e lf e 2 ) | ^ c t | 2 

i,j= 0 ij=0 £=1 

n 

= ~ X ^ ° 

i,j = o 

Because 0 belongs to the set of strongly positive definite functions, hence (ii). 

Theorem 2.5. For every strongly negative definite function 0 on the product Q 1 x Q 2 with 

\ 

0(e t , e 2 ) > 0, the function — is strongly positive definite function on the product Q 1 x Q 2 . 

Proof. Suppose 0 strongly negative definite function on the product Q x x Q 2 , so exp (~t0) is 
strongly positive definite on the product Q x x Q 2 . This implies 

|exp(— 10)\ < |exp(— t0(e 1 , e 2 ))| for all t > 0. 

It follows, for all (j, r) G Q 1 x Q 2 we have 

OO CO 

t) = / ex P(~ ty Cr» T )) dt = | (t t (jc,r)dt 

0 0 

Where [i t is the corresponding measure for exp(— 10) . Moreover, applying Levy continuity 
Theorem, there exists a measure v E M\(Q 1 x Q 2 )such that 
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uQr.r) := v(x,t) = /ZtClf.T )dt 


uu 

I 


and 


u(e 1; e 2 ) = 


ne lf e 2 ) 


< 00 


Consequently, u G M+ (Q { xQ 2 ). This implies the required to prove. 


3. Construction of Levy measure. 

Let L 1 (Q 1 x Q 2 ) denote a commutative normal hypercomplex system with the product basis 
Qi x Q 2 and basis unity e = (e 1 ,e 2 ). A family of bounded Radon measures (p t )t>o will be 
called a convolution semigroup on Q 1 x Q 2 if it satisfies the following items: 

(i) JUtCQi x Q 2 ) < 1, for each t > 0; 

(ii) jx ti * n t2 = n tl+t2 for each t lt t 2 > 0; 

(iii) lim [j. t — E e , with respect to the vague topology on /r G M b (Qi xQ 2 ). 
t— >o 


Theorem 3.1. For any strongly negative definite function W on Q 1 x Q 2 , there exists a unique 
convolution semigroup on Qi x Q 2 such that W is associated to (/r t ) t>0 . 


Proof. Firstly, we will prove that, for (j, r) G Q 1 x Q 2 , the function t £i t (x, r) is 
continuous. As pointed out of Ursohn’s lemma [9], there exists / G C c (Q 1 x Q 2 ) that satisfies 
/(e) = 1 and 0 < / < 1. Applying the above conditions for the convolution semigroup on 
Qi x Q 2 , we have: 

1 = /(e) = lim <Ht,f >< lim inf x Q 2 ) < \imsup fi t (Q 1 x (? 2 ) < 1 

t— >0 t— >0 t— >0 

and this shows that 

lim = G e ( in the Bernolli topology). 

t— >o 

As pointed out of [2], for each t 1; t 2 > 0, we have 

l/fi(XT) r)| < |/t| t -t 0 |Cf< T ) - 1| 

the right hand side tends to zero unifonnally on compact subset of Q i x Q 2 , so 

lim p t = p to ( in the Bemolli topology). 

Secondly, from the definition of strongly negative definite function, there exists a unique 
detennined measures p t G M b (Q 1 x Q 2 ),t > 0, such that — exp (— t'F) It is clear that, 
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the family (/r t ) t>0 satisfies conditions (i) and (ii). The boundedness of the function 'Fon compact 
subsets of Qi x Q 2 implies that 

lim/L(Y) = lim exp(— tV) = 1. 
t-» o t-> o 

From [5], there exists a multiplicative measure in on the dual Q t x Q 2 , such that for every / G 
C 0 ((2i x Q 2 ) and e > 0, there exits g G C 0 ((?i x Q 2 )such that Q 1 x Q 2 \ \f ~ 9 1 1 < £ and 

IM/) -£e(f)\ ^ 2£+ J \g(x,r)\\fit(x^) - l\dm(x,r) 

Ql x <?2 

this implies (iii). 

Let 5 denote the set of probability and symmetric measures on Qi x Q 2 with compact 
support, i.e. 

S = {a; a E M 1 (Q 1 x Q 2 ) n x Q 2 '),<r(x,'0 = & (X> t)} 

Let (g t )t > o be a convolution semigroup on Qi x Q 2 and l ¥\Q 1 x Q 2 C the strongly negative 
definite function associated to (g t )t> 0 • Applying the same technique of [2] for the 
hypercomplex system instead of semigroups, we can see that, the net (~g t \Q 1 x Q 2 \{e}) t>0 of 

positive measures on Q 1 x Q 2 \{e}converges vaguely as t 0 to a measure g on x Q 2 \{e}, 
and for every a G S , the function l F * a — l F is continuous strongly positive definite on 
Qi x Qi an d the positive bounded measure g a on Q 1 x Q 2 whose Fourier transform is ¥ * a — 
V satisfies 

(3.1) (1 - a)g = g a \Q 1 x Q 2 \{e}. 

The positive measure g on Q x x Q 2 \{e} defined by (3.1) is called the strong Levy 
measure for the convolution semigroup (g t )t>o on Q 1 x Qi ■ 

Theorem 3.2. Let g denote the Levy measure for the convolution semigroup ( g t )t>o on Q 1 x 
Q 2 . Then 

(3-2) “ Re (X > T ) ( r ))dg(x> r) < 00, (j, r) G Q^x~Q 2 ■ 

Proof. For (/, r) E Q 1 x Q 2 , let a — ^(e( XiT ) + e^j) G S; then a — Re(j, r)(r), substituting 
in (3.2) we get 

J (l~ R e(x,T)(r))dg(x,T) = J (1 - a (r))dg(x,r) = g a \Q 1 x Q 2 \{e} < 00. 

Qi x< ?2 \l e l Qi x Q 2 \l e l 
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4. Integral representation theorem. 

A continuous function h\Q 1 x Q 2 R is called homomorphism if it satisfies hfr*) = — h(r ) 
and R r h(s ) = h(r) + h(s), r,s E Q 1 x Q 2 . Clearly, if h\Q 1 x Q 2 -* R is a homomorphism, 
then the function V = ih is strongly negative definite. A continuous function q:Q x x Q 2 R 
is called a quadratic form, if it satisfies 

(4.1) R r q(s) + = 2 q(r) + 2 q(s), r,s G Qr x Q 2 . 

Theorem 4.1. Let V be a strongly negative definite function associated the convolution 
semigroup iPt)t>o on Qi x Q 2 • If the Levy measure q of (q t )t>o is symmetric, then I mV is a 
homomorphism. 

Proof. As remarked in [2], a continuous function f:Q 1 x Q 2 -> R which satisfies f(e lt e 2 ) = 0 
is a homomorphism if and only if / * v — f = 0 for all v E S. Since, q = q is equivalent to q a — 
q a for each a E S . So, ImV *v — ImV — 0 for each a E S , hence, then ImV is a 
homomorphism. In particular, we have i I mV is strongly negative definite. 


Lemma 4.2. For every positive definite symmetric measure q on the product Q 1 x Q 2 \{e} such 
that 

(4.2) xq 2 vte/ 1 ~ Re(x,rXr))d q(r) < oo, Ct,r) G Qf^rQz ■ 

The function V /l :Q 1 x Q 2 -» C defined by 

(4.3) Vp := j Qi xQ2 X{e} (l - Re(x, r )(r))d q(r) < oo, (j, r) G Qffx~Q 2 > 
is strongly negative definite function. 

Proof. To prove the function V^ is strongly negative definite, we will sufficiently prove that the 
measure q is strong Levy measure for V^. For / G Cf iff x Q 2 ) such that fix) — fix) and 
I fix) dx — 1, Applying Fubini’s Theorem we get 

(4.4) * /)CO = f Q ^ z (R„f)WWdp 

/00 L , QA ( (C „ C2 ),[1 - «e/(r)p(r)]d M (r) 

=/ 0l x« ! \{e}[ 1 - *eArW/(r)]d/i(r) 

Specially, for j = 1, we have 

[ [l -/(r)]d^(r) = [ f(p)V^(p)dp 

J Qi x<2 z \{e} J 
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Clearly, dv(r ) = [l — f(r)\dq(r) is positive definite measure on Q x x Q 2 \{e}, so can be 
considered as positive definite measure on Q 1 x Q 2 . This implies 

v(x) = Rev{x) = J Qi xQA{e] Rex(r)[ 1 - f(r)\dq(r) for * G Q^TQ z . 

Putting f — a in (4.4) implies that 

% * <r(x) ~ %ix) = [ Rex(r)[ 1 - &(r)]dq(r) 

J Qi x<2 z \{e} 

So, * a — ¥^is the Fourier transfonn of the measure [1 — <x(r) | |/i, this implies q is the Levy 
measure of 


Theorem 4.3 .(Main Result ) Let W\ Q 1 x Q 2 C be a strongly negative definite function 
associated the convolution semigroup (Mt)t>o with a symmetric positive Levy measure q such 
that 

j (1 - Re(x,r) (r))dq(r) < oo, (x,t) E Q^xQ 2 , 

Ql x< ?2 \{ e ) 

Then W admits the integral representation 

'VQx.t') — 'P(e) + ilmW + q(x, t) 

+ J (1 - Re(x,r)(r))dq(r) < oo, (/, r) G Qfx~Q 2 » 
Ql X C?2 \l e l 


where 


q Ot.t) = lim [ 


(Rf XiT) V)(x,T) 


An 2 


+ 


2 n 


]• 


Proof. Regarding Theorem 4.1, the symmetries of the measure q implies h = ImW is a 
homomorphism and ih belongs to the space of strongly negative definite functions on Qi x Q 2 • 
Hence, the function V — Cl belongs to the space of strongly negative definite functions on 
Qi x (?2 associated Levy measure q, where C — '/'(e). This implies the function W # = W — 
Cl — ih belongs to the space of strongly negative definite functions on Q 1 x Q 2 associated Levy 
measure q. By virtue of the argument of Theorem 3.2, the integral 

J (1 -Re(x,T)(r))d/i(r) 

Qi X Q 2 \l e l 
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is finite for all (j, r) G Q 1 x Q 2 . Observing Lemma 4.2, we get that, the function q = ( f /# — 
is a real valued symmetric function with q(e) = 0. As remarked in [3], for er E S we have 


and 


( f /# * er — W # = *¥ * o — *¥ 


(4-5) % * o - % = f QlXQ2 \ [e] R ex(r)[ 1 - a(r)]d/i(r) 

Applying (3.1) and (4.5), we get 

(4.6) q * a - q = QV # - V'J * a - (W # - %) = /2 ff ({e}) > 0 

As pointed in [2], (4.6) implies that the function q is a nonnegative quadratic form on Q 1 x Q 2 . 
Recalling the integral 

^ : = | (1 -Re(xT)(r))d/i(r) 

Ql x< ?2 \l e ) 


By Lemma 4.2 the function ( f( t is strongly negative definite. Since every quadratic form satisfies 
the following relation[2] 


( r ? x ,t)Q)(x, t) ~ 
4n 2 




--(R^q)(x, r) 


= lim 


(/% )T) ¥QCr,T)' 

4n 2 


4n 2 


= lim ^ 2 lim— (l-« e ((j,T)(r)) 2 -)d M (r) 

n->oo 4n n->oo 4n J 

Ql x( ?2 \l e l 

Since the product Qi x Q 2 is locally compact, then for every compact K of Qi x Q 2 , there 
exists a constant M K > 0, a nieghbourhood A# of e and a finite subset of K such that for 
every element r E N K we have 

sup r {l - Re(x,r)(r); Ck,t) G K} < M K sup r {l - Re(/,T)(r); Qf.r) £S ? }. 

If Cf,T )(r) A 0, let Cf,r )(r) = pexp(ii9) for some 0 < p < 1 and —n < d < n. Then for 
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n£M the ratio S1 ^’ 9 ' 1 is bounded a way from Q 1 x Q 2 on [^ , n], this implies the existence of a 
positive constant C > 0 such that 

1 


4n 2 


1 

sin(m9) 

2 

r 79 i 

2 

1 — cos(2i9) 

2 

nd 


.sin(m9). 


2 


Also, we have 


These gives 


< C( 1 - cos(2i9)) 


1 — P 1 — P 1 — P ^ 
< - < — 


4 n 2 2 n 


4 n 2 


1 o 2n 

(l-Re((x,T )(r)) n ) = — (1 -p 2n ) +— (1 -cos(2m9)) 


< p- + Cp 2n ( 1 — cos(2i9)) 


1 — p 2 

< — h Cp 2 (l — cos(2i9)) 


< 


2 

1-p 2 


+ C(l-«e(Cf,r)(r)) 2 ) 


Applying the dominated convergence theorem gives 

1 


4n 2 


(1 - fle( 0 ,r)(r)) 2 n )dp(r) = 0 


Substituting in (4.7) gives 


Q i X C?2 \l e l 


(4.8) 


t/tXA) = r(%7j<7)(XT) + lim 

Z \A> L J n—>00 


(x,r) 


4 n z 
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Observing that 


(%7 )</)(X t) = lim 

n—>oo 


(R f^) q)(x ' T) 


2 n 


- lim 

n-> oo 


(fifejf'Xj.T) 


2n 


lim 

n->co 


2 n J 


(1 - IClf.T)(r)| 2n )d/t(r) 


Ql X C?2 \{ e ) 


But 


2n 


(1 - KXD)(r)| 2n ) < 1 - |(z,r)(r)|' 


Applying the dominated convergence theorem again gives 


lim 

n-> oo 


- f 

2 n J 


(1 - |(X'0(r)| 2n )d j u(r) = 0 


Q i x Qi \{ e ) 


and so 


(%^<7)(X T ) = lim 

n—>oo 


2n 


This complete the proof of the Theorem. 

5 . Conclusion 

In this paper integral representations for strongly negative definite functions defined on the product 
hypercomplex systems is given. Harmonic properties for strongly negative definite functions are 
investigated. We construct a Levy measure on the product hypercomplex systems, then we study the 
conditions that guarantee the existence of some integrations having an integrand parts as a function of the 
constructed kernel. Finally, we give a Levy - Khinchin type formula for strongly negative definite functions 
defined on the product hypercomplex systems. 
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Abstract. The existence and uniqueness of solutions for nonlinear delay fractional difference equations 
are investigated in this paper. We prove the main results by employing the theorems of Krasnoselskii’s 
Fixed Point and Arzela-Ascoli. As an application of the main theorem, we provide an existence result 
on the discrete fractional Lotka-Volterra model. 

Keywords. Existence and uniqueness; Fractional difference equations; Krasnoselskii Fixed Point The- 
orem; Arzela-Ascoli’s Theorem; Discrete fractional Lotka-Volterra model. 

AMS subject classification: 34A08, 34A12, 39A12. 


1 Introduction 

Fractional differential equations have received a special attention during the last 
decades since it has been found that these type of equations provide an excellent in- 
struments for the description of memory and hereditary properties of various materials 
and processes [1, 2, 3]. The problem of the existence of solutions for fractional differ- 
ential equations, in particular, has been considered in several recent papers; ( see Refs. 
[4, 5, 6, 7, 8] and the references therein). 

For the development of the theory of fractional difference equations, which is the 
discrete counterpart of fractional differential equations, still there exists less interest 
among researchers. In fact the progress of the theory of fractional difference equations 
is still in its early stages. Indeed, some mathematicians have recently taken the lead 
to develop the qualitative properties of fractional difference equations. We name here 
for instance Atici et. al. [9, 10, 11, 12, 13] who developed the transform methods, 
properties of initial value problems and studied applications of these equations on the 
tumor growth, Abdeljawad et. al. [14, 15, 16, 17, 18] who investigated the properties of 
Riemann and Caputo’s fractional sum and difference operators, Anastassiou [19, 20] who 
defined a Caputo like discrete fractional difference and studied some discrete fractional 
inequalities, Goodrich [21, 22, 23] who established sufficient conditions for the existence 
of solutions for initial and boundary value problems of discrete fractional equations 
and Chen et. al. [24, 25, 26] who studied the stability of certain fractional difference 
equations. In [27, 28], Wu and Baleanu provided some applied results concerning with 
certain real life problems described by discrete fractional equations. For further details 
on these achievements, we recommend the reader to consult the new publications [29, 30]. 

1 Corresponding Author E-Mail Address: dumitru@cankaya.edu.tr 
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Obviously, the existence and uniqueness of solutions are essentially significant con- 
cept for differential equations. To the best of authors’ knowledge, there are no results 
concerning with the existence and uniqueness of solutions for nonlinear delay fractional 
difference equations. The objective of this paper is to cover this gap and study the 
existence and uniqueness problem for equations of the form 

f c VgT(f) = f(t,x(t),x(t - t)), t £ N 0 = {0, 1,2,.. .}, r > 0, , . 

1 x{t) =<t>{t), t £ [-T,-T+1,...,0], 

where / :NoxKxR-il and c Vq denotes the Caputo’s fractional difference of order 
a £ (0, 1). To prove our main results, we employ the Krasnoselskii Fixed Point Theorem 
and the Arzela-Ascoli’s Theorem. As an application of the main theorem, we provide an 
existence result on the discrete fractional Lotka-Volterra model. 

2 Preliminaries 

Throughout this paper, we will make use of the following notations, definitions and 
known results of discrete fractional calculus [29]. For any a, t £ R, the a rising function 
is defined by 

* € R\{. • ■ , -2, -1, 0}, 0- = 0, (2) 

where T is the well known Gamma function satisfying r(a + 1) = oT(a). 

Definition 1. Let x : No —X R, p(s ) = s — 1, a £ M + and p > — 1. Then 

1. The nabla difference of x is defined by 

Vx(t) = x(t) — x(t — 1), t £ Mi = {1,2,...}. 

2. The Riemann-Liouville ’s sum operator of x of order a > 0 is defined by 

1 t 

Vg"x(t) = |^-y^(t-p(s))"” 1 x(s), i€ Ni. (3) 

3. The Riemann-Liouville ’s difference operator of x of order 0 < a < 1 is defined by 

c V£x(t) = V 0 - (1 - a) Vx(t) = r(1 1 _ n ) J2 (* - PWPVx(s), t £ Nx. (4) 
4- The power rule is defined by 

<5) 

Lemma 1. [40] x(t) denotes a solution of equation (1) if and only if it admits the 
following representation 

i 

x{t) = 4>(0) + — -^2(t - p(s)) a ~ 1 f(s,x(s),x(s - t)), t £ No, (6) 

r («)^ 

and x(t) = <fi(t), t £ [— r, — r + 1, . . . , 0] . 
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The space denotes the set of real bounded sequences with respect to the usual 
supremum norm. We recall that is a Banach space. 

Definition 2. A set D of sequences in 1 ^ is uniformly Cauchy if for every e > 0, there 
exists an integer N such that \x(t) — x(s)| < e whenever t,s > N for any x = (x(n)} in 

D. 

The following discrete version of Arzela-Ascoli’s Theorem has a crucial role in the 
proof of our main theorem. 

Theorem 1. (Arzela-Ascoli’s Theorem) A bounded, uniformly Cauchy subset D of l^ 
is relatively compact. 

The proof of the main theorem is achieved by employing the following fixed point 
theorem. 

Theorem 2. [31] (Krasnoselskii Fixed Point Theorem) Let D be a nonempty, closed, 
convex and bounded subset of a Banach space ( X , ||x||). Suppose that A : X — >• X and 
B : D — >• X are two operators such that 

(i) A is a contraction. 

(ii) B is continuous and B(D) resides in a compact subset of X, 

(iii) for any x,y € D, Ax + By e D. 

Then the operator equation Ax + Bx = x has a solution x € D. 


3 Main results 


We prove our main results under the following assumptions: 

(1) f(t,x(t),y(t)) = fi(t,x(t)) + f 2 (t, x(t), y(t)), where /* are Lipschitz functions with 
Lipschitz constants Lf., i = 1,2. 

(11) \fi(t,x(t))\ < Mi\x(t)\, \f 2 (t,x(t),y(t))\ < M 2 \x(t)\ X \y(t)\ for any positive num- 
bers Mi and M 2 . 

Let denote the set of all bounded functions (sequences). Define the set 

D = {x : x € B( N_ r ,M), |x| < r, t G No}, 


where r satisfies 


I0(O)| + 


M\r + M 2 r 2 

rR 


< r. 


Define the operators F\ and F 2 by 

i * 

F lX (t) = f>(0) + — — JR - p(s)) a-1 /i(s,ai(s)), 

and 

i ^ 

F 2 x{t) = — — JR - p{s)) a ~ l f 2 {s , x{s),x(s - r)). 

It is clear that x(t) is a solution of (1) it it is a fixed point of the operator Fx 


F\x+F 2 x. 
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Theorem 3. Let conditions (I)— (II) hold. Then, equation (1) has a solution in the set 
D provided that < 1 and |</>(0)| + ( Mir+ ^' ) C( - a ) 


< r. 


Proof. From the assumptions on the set D, one can easily see that D is a nonempty, 
closed, convex and bounded set. 

Step.l : We prove that F\ is contractive. We can easily see that 

\Fix{t) - F iy (t)\ = ^y^(^-p(s))“ _1 |/i(s,a:(s)) - fi(s,y(s))\ 

XX - / , ( s ))“” 1 l x (s) - y(s ) | 

t 

(7) 


< 


L 


h 
T{a) 


x - 


s=l 


By virtue of (2), (3), (5) and since (t — 0)° = 1, one can see that 


t 

E(‘ - - °)“ = r<a)V„-“(( - of 

S=1 


r(t + a) 

aT(t) 


Therefore, (7) becomes 


\Fix(t) - Fiy(t)\ < \\ x ~ V\U t<T is 


where C(a) = is a positive constant depending on the order a. By the as- 
sumption L < 1, we conclude that F\ is contractive. Furthermore, we obtain for 

x € D 


\Fix(t) + F 2 x{t)\ < 


< 


< 


i * 

XX “ / 5 ( s )) Q " 1 |/i( s ’ x ( s )) + f 2 (s,x(s),x(s - r))j 
Mi||x|| + M 2 ||x|| 2 ^ / \\o = T 

r(a) p[ 

5=1 

(Mir + M 2 r 2 )C(a ) 


which implies that F\x + F 2 x £ D. For x € D, we also get 


\ F 2 x(t)\ < z—— XX - p(s)) a 1 |/ 2 (s,x(s),x(s-r))| < 
WJ S=1 


(M 2 r 2 )C(a) 

T(a) 


< r, 


which implies that F 2 (D) C D. 
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Step. 2 : We prove that F 2 is continuous. Let a sequence x n converge to x. Taking 
the norm of F 2 x n {t ) — F 2 x(t), we have 

^ * 

\F 2 Xn(t) - F 2 x(t) | < y ^2(t ~ p{s)) a ~ 1 \f 2 (s,X n (s),X n (s - t)) - f 2 (s, x(s), x(s - r))[ 

' s=l 


< 


< 


~ P( S )T 


- x n (s - t)) - x(s-t 


2 L 


h 


F(a) 


x„ — x 




S =1 


(2 L h )C(a) 

T(a) 1 


x n - x . 


From the above discussion, we conclude that whenever x n — > x, Fx n — > Fx. This proves 
the continuity of F 2 . To prove that F 2 (D) resides in a relatively compact subset of 
we let t\ < t 2 < H to get 


\F 2 x(t 2 ) — F 2 x(t\)\ < — |^(t 2 ~ p(s)) a 1 f 2 (s,x(s),x(s -t)) 

' ' s=l 

ti 

- ~ p(s)) a ~ 1 f 2 (s,x(s),x(s-T)) 


t2 


S = 1 


< 


+ 


S — 1 \ +1 

Upon employing condition (II), we obtain 


~ p( s )) a 1 - (fl - P( S )T 1 \f2(s,x(s),x(s - t))\ 

' ' S=1 

1(^2 -p(s)) Q_ 1 1 1/2(5, x(s),x(s-r))|. 


\F 2 x(t 2 ) - F 2 x(ti ) | < M 2?’ 2 

1 


1 


tl 


Lr ( a) ^ 


^(t 2 -p(-s)r 1 - fTTT - ^)) a 1 


r («) ^ 


t'2 


+ 


r(a) ^ , 

' ' s=tl+l 


E fe-K»)r _1 


By using (3), we get 

| F 2 x(t 2 ) - F 2 x(h)\ < M 2 r 2 [Vq 1 a (t 2 - 0)° - Vq a (U - 0)° + - hf 

From (5), it follows that 


\F 2 x(t 2 ) - F 2 x(ti)\ < 


M 2 r 2 


r(a + 1) L 


*2 ~ *i + (*2 - U) L 


This implies that F 2 is bounded and uniformly subset of Z°°. Thus, by virtue of the 
Discrete Arzela Ascoli’s Theorem 1, we conclude that F 2 is relatively compact. 
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Step. 3: It remains to show that for any x,y € D, we have F\x{t) + F 2 y(t) € D. If 
x = F\x(t) + F 2 y(t), then we have 


x(t)| < \F lX (t) + F 2 y(t)\ < \(j)(0)\ + - p(s)) a 1 |/i(s,x(s)) + / 2 (s,y(s),?/(s-T))| 

' ' S=1 


< 


< 


+ 


+ 


Mi||x|| +M 2 \\x 

T(a) 


|2 * 


~ pisT- 1 


s= 1 


(M ir + M 2 r 2 )C(a) 


F («) 

which implies that x(t) € D. 


By employing the Krasnoselskii Fixed Point Theorem, we conclude that there exists 
x € D such that x = Fx = F\ x + F 2 x which is a fixed point of F. Hence, equation (1) 
has at least one solution in D. 

□ 


4 Applications 

The Lotka-Volterra model has been extensively investigated through different approaches 
[32, 33, 34, 35, 36, 37]. However, all the above mentioned papers studied the integer order 
Lotka-Volterra model. In spite of the fact that the study of population and medical 
models of fractional order has been initiated in [12, 38, 39], there is no literature achieved 
in the direction of discrete fractional Lotka-Volterra model. Therefore, in this section, 
we employ Theorem 3 to prove an existence and uniqueness result for the solutions of 
this model. 

For a bounded sequence g on N, we define g + and g~~ as follows 

9 + = sup g(t) and g~ = inf ' g{t). 
te N 

Let f(t,x(t),x(t — t)) = x(t)(y(t) — f3(t)x(t — r)) in equation (1), then we have the 
following discrete fractional Lotka-Volterra model: 

f c V$x(t) = x(t)(j(t) - (3(t)x(t - r)), t € N 0 ( ) 

\ x(t) = cf>(t), t € [— r, — r + 1 , . . . , 0], 0 < a < 1 , 

where the coefficients 7 and /3 satisfy the boundedness relations 

7" < 7 (t) < 7 + ! < P(t) < P + , 

which are medically and biologically feasible. Model ( 8 ) represents the interspecific 
competition in single species with r denotes the maturity time period. 

Denote 


fi{t,x(t)) = .x(t) 7 (t), f 2 (t,x(t),x(t - r)) = -P(t)x{t)x(t - t). 


It follows that the functions / 1 and f 2 satisfy the conditions 
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(III) | fi(t,x(t))\ < 7 + |x(t)|, | f 2 {t,x(t),x(t - r))| < f + \x{t)\ x |x(t - r)|. 

(IV) /j are Lipschitz functions with Lipschitz constants Lf t , i = 1,2. 

The solution of model ( 8 ) has the form 

t 

x(t) = <f>(0) + — — J^(t-p(s)) a ^ 1 x(s)(^j(s) -/3 (s)x(s-t)^), t€ N 0 , (9) 

' ' S=1 

and x(t) = (j>(t), t G [— r, — r + 1, . . . , 0]. Define a function G by 

Gx(t ) = G\x(t) + G 2 x(t), 


where 

i t 

Gix(t) = m + — 7— - pi^T^xishis), 

' ' S=1 

and 

i ^ 

G 2 x{t) = J3(t - p(s)) a ~ 1 x{s)/3(s)x(s - t). 

One can easily employ the same arguments used in the proof of Theorem 3 to complete 
the proof of the following theorem for equation ( 8 ). 


Theorem 4. Let conditions (III)-(IV) hold. Then, the model (8) has a solution in the 
set D provided that < 1 and |^(0)| + — — + r( a ) ^ ^ < r. 

Remark 1. The above result can be extended to n species competitive Lotka-Volterra 
system of the form 

f VoXi(t) = Xi(t)(ji(t)-Y% =1 Pi j (t)x j (t-T ij )), f eNo, i = 1,2,... ,n. , 1Q 

\ Xi(t ) = 4>i(t), t € [-Ti,-Ti + 1 , ... , 0 ], 0 < a < 1 , Ti = maxi<j< n Tjj, 

where y - < 7 *(t) < 7 +, /3~ < fcjft) < /3 + . 

Remark 2. Results of this paper can be carried out for the equation 


f V^x(i) = f(t,x(t),x(t - t)), t G N 2 = {2,3,.. .}, r > 0, 

1 x (t) = (j)(t), t G [-T,-T + 1,. . . , 1], 


( 11 ) 


where / :NoxMxR— and Vq denotes the Riemann-Liouville’s fractional difference 
of order a G (0, 1). The solution of equation (11) has the form 


t 1 


.a— 1 


x (t) = TTT'K 1 ) + 

r(a) 


t 

\ ■" 


[t-p{s)) a 1 f(s,x(s),x(s-T)). 


r (“) 7^2 


(12) 
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5 Conclusion 

A comprehensive literature survey on the predator-prey type Lotka-Volterra model re- 
veals that a considerable amount of work has already been done by many esteemed 
researchers during the last century. However the concept of the model related to frac- 
tional time derivatives is an original one. 

The fractional Lotka-Volterra equation is obtained from the classical equations by 
replacing the first order time derivative by fractional derivative of order a € (0, 1). One 
of the most significant outcomes of this evolution equation is the generation of fractional 
Brownian motions. 

It has been discernible that the discrete analogue of ordinary differential equations has 
tremendous applications in computational analysis and computer simulations. Motivated 
by this reality, the study of the discrete analogue of fractional differential equations has 
become pressing and compulsory. 

In this paper, we studied the existence and uniqueness of solutions for nonlinear 
delay fractional difference equations. The main theorem is proved with the help the 
Krasnoselskii fixed point theorem and the Arzela-Ascoli’s Theorem. Prior to the main 
result, we set forth some notations and definitions which enriched the knowledge of 
discrete fractional calculus. To demonstrate the applicability of the main theorem, we 
provide an existence result for the discrete fractional Lotka-Volterra model. 

It is to be noted that the analysis carried out in this paper is based on the use 
of nabla rather than delta operators. Indeed, unlike the delta operator the range of 
nabla fractional sum and difference operators depends only of the starting point and 
independent of the order a. This provides exceptional ability to treat skilfully different 
circumstances throughout the proofs. The delta approach can be obtained from nabla 
operator through the implementation of the dual identities discussed in [41]. 
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1 Introduction and preliminaries 

Partial metric space and G'-metric space are two different generalized metric spaces. In 
1994 Matthews [13] introduced partial metric space as follows: 

Definition 1.1. Let X be a nonempty set. A partial metric is a mapping p : X 2 — > [0, +oo) 
which satisfies that 

(pi) x = y p (x, x) = p(x,y) = p(y,y) , for all x,y G A"; 

(p2) p ( x , x) < p (x, y) , for all x, y G A; 

(p3) p (x, y) — p ( y , x) , for all x, y G X; 

(p4) p (x, z) <p (x, y)+p (y, z) - p (y, y) , for all x,y,ze X. 

Then the pair (X,p) is called a partial metric space. 

It is clear that each (standard) metric space is a partial metric space, while on the 
contrary it does not hold, in general. In recent years, many authors have obtained lots of 
fixed point results in partial metric spaces, for example, see [12], [13], [15], [17], [21] and 
the references therein. 

On the other hand, in 2006 Mustafa and Sims [14] introduced another kind of general- 
ized metric space, so-called G'-metric space as follows: 

Definition 1.2. Let A be a nonempty set. A mapping G : A" 3 — » [0, +oo) is called 
G'-metric if it satisfies the following conditions: 

* Correspondence: denggt@bnu.edu.cn (G. Deng) 
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(Gl) x = y = z yy G (x, y, z) = 0 for all x,y,z G X; 

(G2) 0 < G (x, x, y ), for all x, y G X with x ^ y\ 

(G3) G (x, x,y) < G (x, y, z), for all x,y,z G X with z ^ y; 

(G4) G(x,y,z ) = G (P {x,y, z}), where P is a permutation of x,y,z G X (symmetry 
in all three variables); 

(G5) G (x, y,z) < G (x, a, a ) + G (a, y, z) , for all x, y, z,a G X (rectangle inequality). 
Then the pair (X, G ) is called a G'-metric space. 

Based on this notion, many hxed point results under different contractive conditions 
have been obtained (see [1], [7]-[10], [14], and the references therein). 

In 2011 Zand and Nezhad [23] introduced a concept as a generalization of both partial 
metric space and G'-metric space as follows: 

Definition 1.3. Let X be a nonempty set. A mapping G p : A" 3 — y [0, +oo) is called a 
G'p-metric if the following conditions are satisfied: 

(G p l) x = y = z if G p (x, y, z) = G p (x, x, x) = G p (y, y, y) = G p (z, z, z) for all x,y,ze 
X] 

(G p 2) G p (x, x, x) < G p (x, x, y) < G p (x, y, z) for all x,y,z G X ; 

(G p 3) G p (x, y, z) = G p ( P {x, y, z}) , where P is a permutation of x,y, z G X (symmetry 
in all three variables); 

(G p 4) G p (x, y , z) < G p (x, a, a)+G p (a, y, z)—G p (a, a, a), for all x, y,z,a G X (rectangle 
inequality) . 

Then the pair (. X , G p ) is called a G'p-metric space. 

Remark 1.4. It is worth mentioning that authors in [2], [3], [5], [19] and [23] used (G p 2) 
while in [6], [18] and [20] authors used the following condition: 

(Gp2 7 ) Gp (x, x, x) < Gp (x, x, y) < G p (x, y, z) for all x,y,z G X with z ^ y. 

In the former case (X, G p ) is a symmetric G'p-metric space, that is., G p (x, x, y) = G p (x, y, y) 
for all x, y G X. However, in the latter case this does not hold. 

Otherwise, each symmetric G'- metric space is symmetric G'p-metric space, but the con- 
verse is not true (see Example 1 from [23]) as well as each G'-metric space is G p - metric space 
in the sense of [18]. However, the claim from [23] (page 87, lines 6-, 7-) that each G'-metric 
space is also G'p-metric space is false (see [18], page 79). In addition, It is noteworthy that 
Example 3 in [23] is symmetric G'-metric space, and hence it is G'p-metric space. It is also 
clear that Definition 6 (because (G' p 2)) in [23] is superfluous. 

First our important result in this section is the following: 

Proposition 1.5. Every G'p-metric space (X,G P ) in the sense of [18] defines a metric 
space (A, dap) as follows: 

d G P {x, y) = G p (x, y, y) + G p (x, x, y) - G p (x, x, x) - G p (y, y, y) , for all x, y G Ah 

Proof. Using (G p 2), we have dc p (x,y ) > 0 for all x,y G X. Also, if x = y, then 
d G p i x ,y) — 0- Conversely, let d Gp (x,y) = 0, then 

G P (x, y, y) + G v (x, x, y) - G p (x, x, x) - G p (y, y, y) = 0, 


900 


Huaping Huang et al 899-914 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

that is., 

[G p ( x , x , y) - G p ( X , x, x)] + [G p (x, y, y) - G p (y, y, y)] = 0 , 

or equivalently, G p (x, x, y) = G p (x, x, x) and G p (x, y, y) = G p (y, y, y) . Further, on ac- 
count of (G p 4 ) it implies that G p (x, y, y) < 2 G P (x, x, y) — G p (x, x, x) = G p (x, x, y). Sim- 
ilarly it follows that G p (x, x, y) < G p (x, y, y) for all x, y G A". Then 

(x, y, x) = Gp (x, x, x) = G p (y, y, y) , 

thus by (G p l) it gives x = y. 

It is obvious that d Gp (x, y) = d Gp (y, x) for all x, y G A". 

Finally, we shall prove that 

d Gp (x, z) < d Gp (x, y) + d Gp (y, 2) , 

for all x,y,z G X, or equivalently, 

G p (x, x, 2: ) + G p (x, 2, 2) — Gp (x, x, x) — Gp (2, 2, 2) 

< Gp (x, x, y) + Gp (x, y, y) - G p (x, x, x) - G p (y, y, y) 

+ Gp (y, y, 2) + Gp (y, 2, 2) - G p (y, y, y) - G p (2, 2, 2) , 


that is., 

Gp (x, x, 2) + Gp (x, 2, 2) 

< Gp (x, x, y) + Gp (x, y, y) - G p (y, y, y) + G p (y, y, 2) + G p (y, 2, 2) - G p (y, y, y) . 
Notice that 

G p (x, x, 2) = Gp (2, x, x) < Gp (2, y, y) + G p (y, x, x) - G p (y, y, y) 

and 

Gp (x, 2, 2) < Gp (x, y, y) + G p (y, 2, 2) - G p (y, y, y) , 

so the proof is completed. □ 

Remark 1.6. Our proof of this proposition is more detailed than one of [ 23 ]. 

Further, we announce the following definition with valid approaches which complements 
Definition 1.9 from [ 18 ]. 

Definition 1.7. Let (X,G P ) be a Gp-metric space and {x n } a sequence in X. Then 

( 1 ) {x n } is called GC-convergent to a point x G X if lim G p (x, x n , x m ) = G p (x, x, x 

n,m— >• 00 

In this case, we write x n — > x as n — > 00 ; 

( 2 ) {x n } is called a Gp-Cauchy sequence if lim G p (x n , x m , x m ) = r G R. Particularly, 

n, 00 

{x n } is called 0 - Cauchy sequence if r = 0 ; 

( 3 ) (A", Gp) is called G p -complete if for every Gp-Cauchy sequence {x n } in A" is G p - 
convergent to x G X. 
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Now, we give the following conclusion which corrects Proposition 4 of [23]: 
Proposition 1.8. Let (X,G P ) be a symmetric G p -metric space. Then for a sequence 
{x n } Q X and a point x G X the following are equivalent: 

(1) {x n } is Gp-convergent to x; 

(2) G p (x n , x n x) — » G p (x, x , x) as n — > oo; 

(3) G p ( x n , x, a;) — * G p (a;, x , x) as n — > oo. 

Proof. Since (X,G P ) is symmetric G p -metric space, then (2) is equivalent to (3). Taking 
m = n in (1), we speculate that (1) implies (2), thus, (1) implies (3). For the converse we 
have that 


Lr p (x, x n , x m ) - Lr p far, x, x) 

= Gp (x n , x m , x) - Gp (x, X, x) 

< G p (. x n , x , x) + Gp (x, x m , x) — Gp (x, x, x) — G p (x, x, x) 

= [Gp (x n , x, x) - G p (x, x, x)] + [G p (x m , x, x) - G p (x, x, x)] 

— > 0 + 0 = 0, as n,m oo, 

then (3) implies (1). We complete the proof. □ 

Next we generalize Lemma 1.10 from [2] (see also [3], [5], [6], [18], [20]), that is., we 
announce the following assertion: 

Proposition 1.9. Let (X,G P ) be a G' p -metric space in the sense of [18]. Then 

(A) if G p (x, y, z) = 0, then x — y — z; 

(B) if x i=- y, then G p (x, y, y) > 0. 

Proof. (A) If x ^ y ^ z ^ x, then (A) is an immediate consequence of (G p 2 7 ) and 
(G p l). If for instance, x ^ y = z, then G p (x, y, z) = G p (x, y, y) = 0. In this case, we get 
G p (x, x, x) = G p (x, x, y) = G p (y, y, y) = 0. Indeed, by (G p 4) it follows that 

G p (x, x, y) < G p (x, y, y) + G p (y, x, y) - G p (y, y, y) < 2 G p (x, y, y) = 0. 

Since G p (x, x, x) < G p (x, x, y) and G p (y, y, y) < G p (x, y, y) hold for all x, y G X , then we 
arrive at 

G v (x, y, y) = G p (x, x, y) = G p (x, x, x) = G p (y, y, y) = 0, 

so by (G p l), we obtain the desired result. □ 

(B) Let G p (x,y,y) = 0. Now, based on the proof of (A) when x ^ y = z, we claim 
that x = y. A contradiction. 

2 Auxiliary results 

In the sequel, let (X,G P ) be a G p - metric space in the sense of [18]. First of all, we 
introduce the following notion: 

Definition 2.1. Let (. X , G p ) be a G p -metric space, a G (0, 1) a constant and T : X — > X 
a mapping. We say that T is an NLC-operator on X if for each x G X there is some 
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n (x) G N such that for each y G X it holds 

G p (T n ^ x) x, T n{x) x, T n{x) y ) < max {aG p (x, x, y) , G v (x, x, x) } . (2.1) 

For an NLC-operator T and x G X we define supporting sequence at a; as a sequence 
{ s fc}fc e pju{o} w h ere <s 0 = 0 and s k+ i = s k + n(T Sk x) ,k G NU{0}. Also set Jt (X) = 
{x E X : T m x = T m+1 x for some m G N} . 

Remark 2.2. (i) Condition (2.1) implies that for any i > s k , it is valid that 

G p (T Sk x, T Sk x, T l x) < max {aG p (T^x, T^-'x, T j x) , G p (T^-'x, T^x, T^-'x)} , 

(2.2) 

where j — i — s k + s k ~ i > s k ~ i, and specially that 

G p ( T Sk x , T Sk x, T Sk x) < G p {T ak ~ l x, T Sk ~ l x, T Sk ~'x ) . (2.3) 

Now, fix x G X\Jt (X) . For k G N and i > s k use (2.2), repeatedly fix integers lj > Sj , 0 < 
j < k and ■ G {0, 1} such that l k := i, then 

G p (T Sj x, T Sj x, T lj x) < a tj ■ G p {T Sj ~ 1 x, T^x, T^x) 

for all 0 < j < k, where 

f . = J M if s j~ i < h-i- 

3 \ 0, if Sj _ i = lj_ i. 

Let us recall (lo,h, ■■■Jk- i) and ■ ■■,t k ) as the (k,l)~ descent and (k, i ) -signature at x, 

respectively. 

Further put r k ,i k — h k ,i , where h k ,i is a number of zeroes in (k, i ) -signature at x. 
We shall say that x is Type 1 if there are sequences of positive integers {fc m } m6NU {o} 
and {i m } meNU | 0 }, one of them is strictly increasing such that for all m G NU {0} we have 
that i m > s m and r krn , lm < r km+uim+1 . 

We shall say that x is Type 2 if a: is not Type 1, i.e. , there are /c 0 , B G N such that for 
all k > ko and % > s k it holds r k j < B. 

(ii) In the framework of G'-metric spaces, condition (2.1) becomes 

G p (T n ^x, T n ^x, T n ^y) < aG p (x, x, y ) , (2.3’) 

hence, it is iterate contractive condition of Sehgal-Guseman type in this framework (see 
[11], [16]). 

Lemma 2.3. Let T be an NLC-operator on G p -metric space (A", G p ) ,x^Jt (X), and let 
( s fc}fceNu{o} a supporting sequence at x. Then 
(a) if (l 0 , li , ..., l k -i) is (k, i 0 )-descent at x, then 

G p (T Sk x, T Sk x, T l °x) < a rk ’ i o ■ G p (x, x, T l °x ) , 

Gp ( T Sk x , T Sk x , T io x ) < G p (T s >x, T 8 *x, T l 'x) 

for all 0 < j < k, where l k i 0 ; 
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(b) if P C {0, 1, k — 1} and r ^ < cardP (cardP is the number of elements of P), 
then for some jo € P it holds 

G p ( T Sk x , T Sfc a;, T io x) < G p (T s ^ x , T^x, T s ^x) . 

Proof. Using the definition of r^j, (a) is obvious. To prove (b), under the hypothesis, the 
set { j + 1 : j G P} is subset of {1, 2, k} with card(P) > , so there is some jo G P 

with tj 0+ 1 = 0. Then 

G p (t s >o + 1 x,T jo+ 1 x,T io x S ) < G p ^o+T,T 30+1 x,r +1 x) 

< abo+ 1 G' j) ( T Sj o x ,T Sj ox,T lj ox ) 

= Gp (r Sj oa:, T^a;, T Sj oa;) , 


whereof (a) and Sj 0 = lj 0 have been used. □ 

Lemma 2.4. Let T be an NLC-operator on Gp-metric space ( X , G p ) and x G X, then 
there is some M x > 0 such that for all % > 0 it satisfies that 

Gp (a:, x , T l x) < M x , (2.4) 

and so G p (T^x, T^x, T l x) < 3 M x , for each i, j G NU {0}. 

Proof. If x G Jt (A"), then this is obvious. Thus, let x ^ Jt (X) and set 

b ( x ) = Gp ( x , x, x) + Gp ( x , x , Pa:) + • • • + G p (x, x, T n ^x) . 

Let us prove by induction that 

1 

Gp (x, x, T l x) < b (a;) , for all % G N. 

v ' 1 — a 

Obviously (2.4) is true for 0 < k < n{x). Now assume that the same is valid for some 
k > n (x). Then 

Gp (x, x, T k+1 x) < G p (x, x , T n{x) x) + G p (T n ^x, T n ^x, T k+1 x ) 

< Gp (a;, x, p n O) x ) _|_ max |o;O p (x, x, , Gp (a;, x , a;) } 

< Gp (a;, x, T n ^x) + Gp (a:, a:, a;) + ^ b ( x ) 

<b(x)-\ b (x) 

1 — a 



so (2.4) is proved with M x = j^b ( x ) . 

Further, we have 

Gp (Px, T j x , T j x) < G p {Tx, x, x) + 2G P ( T j x , a:, a;) < 3M X , 
for all i,j G NU {0} . □ 
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Lemma 2 . 5 . Let T be an NLC-operator on G p -metric space (A", G p ) and x G X\J x (X) . 
If x is Type 1, then liniy^oo G p (T l x, T l x , T J x) = 0. 

Proof. Fix m G NU{0}. If (lo, lk m -i) is (sk m , i m )-descent, then by (a) of Lemma 2.3 
we have 

G p (T Skm x,T Skm x,T tm x) < a rkrn,%7n ■ G p (x,x,T l °x) < a rkrn,lm M x . 

In view of linim^oo rk m ,i m = oo, it follows that 

lim G p (T Skm x, T Skm x, T lrn x) = lim G p (T Skm x, T Skm x, T Skm x) = 0. 

m— >oo v 7 m— 

For given £ > 0, choose mo G N such that a m °M x < e and G p (T Sk ™x, T Sk ™x, T Sk ™x) < e 
for all m > m 0 . Let ry 2mo p > m 0 ■ Then 

G p (T Sk *™o X ,T Sk2 ™o X ,T i x) < ■ M x < a m °M x < e. 

Now suppose that r k2mo ,i < m 0 . For P { = {k mo , k 2m 0 -i} Q {0, 1, k 2m 0 - 1}, we have 
card (P) > rfe 2mo) j, so by Lemma 2.3, there exists some mo < j < 2mo — 1 such that 

G p (T bk2rn ox, T Sk2rn ox, T l x ) < G p (' T Sk ix , T Sk ix, T Sk ix , ) < £ 

for each i > s k2mQ . 

Accordingly, if i,j > s k2mQ , then 

G p (Vx, Tx, T j x) < G p (T Sk2 ™o X , T Sk ^o X , T j x ) + G p (Vx, Tx, T Sk2 ™ o) 

< G p ( T Sk2m o X , T Sk2m ox, T j x ) + 2 G p (' T l x , T Sk2m ox, T Sk2m ox) 

< 3 ■£. 

Therefore, we prove that G p (' T l x , T l x , T j x ) = 0. □ 

Lemma 2 . 6 . Let T be an NLC-operator and x G X\J x (X). If x is Type 2, then the 
sequence {T*x} ieNu r 0 i is Cauchy. 

Proof. By (2.3), it is easy to see that {G p (T Sk x,T Sk x,T Sk x)} ke ^ u i 0 y is a nonincreasing 
sequence, where {'Sfc} fceNU { 0 | is a supporting sequence at x. Then there exists 

r x ■= lim G p (T Sk x,T Sk x,T Sk x) = inf' {G p (T Sk x,T Sk x,T Sk x)} 

such that it is hnite. 

At first let us prove that for any £ > 0, there exists m 0 £ N such that for all m > mo 
and i > s m , one has 

G p (T Sm x, T Sm x, T l x) G (r x — £, r x + e) . (2.5) 

Since x is Type 2 there are k 0 , B G N such that for all k > k 0 and all i > s k , there holds 
r k ,i < B. Let £ > 0, take m\ > ko such that for all m > mi, 

G p (T Sm x, T Sm x, T Sm x) G (r x - e, r x + e) . (2.6) 
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Let m > rrii+B and i > s m be arbitrary. For P = {mi, mi + B — 1} C {0, 1, m — 1}, 
we have cardP > B > r m j , then there exists m i < j < m\ + B — 1 such that 

r x — e < G p ( T Sm x , T Sm x, T Sm x) < G p (T Sm x, T Sm x, Tx) < G p (' T Sj x , T Sj x, T Sj x ) < r x + e. 

So we get (2.5). 

Now let us prove that for any e > 0, there is k* G N such that for all i , j > k* , 

G p (Tx, Tx, T j x ) < r x + e. (2.7) 

Indeed, for any e > 0, consider mo as in (2.5) and let i,j > s mo be arbitrary. Then 

G p (Tx, Tx, T j x ) < G p (T s ^x, T Sm *x, Tx) + G p f Tx , Tx, T s ™°x) 

- G p (T Sm °x, T Sm ox, T Sm °x) 

<r x + e + 2 G p {T Sm °x, T Sm °x, Tx) - 2 G p (T Sm °x, T Sm °x, T Srn o x ) 
<r x + e + 2 (r x + s) - 2 (r x - e) 

= r x + 5s. 

To prove linijj^oo G p (Tx, T l x, Tx) = r x , we only need to show that for any e > 0, there 
exists fceN such that for all i > k, ones always have 

r x — s < G p (Tx, Tx, Tx) . (2.8) 

Suppose on the contrary, that for any k there is some i 0 > k satisfying 

G v (: T io x , T io x, T io x ) < r x - e. 

Put z := T*°a:. Obviously, x ^ Jt(X) implies that z Jt(X). If z is Type 1, then by 
Lemma 2.5 it follows that 

0 = lim Gp (Tz, Tz, T j z) = lim G p (Tx, Tx, Tx) = r x , 
so {T*x}j 6Nu r 0 } is 0-Cauchy sequence. 

Now suppose that z is Type 2, and let {<?m} me pi U {o} be a supporting sequence at z. 
Then, for each m E NU {0}, 

G p (T qm z, T qm z, T qm z) < Gp (z, z, z) < r x - e, 

so 

r z = lim G p (T qm z, T qrn z, T q,n z) < r x — £. 

m 

Note that r z < rx 1^ z , then for j 0 G N, one obtain that 

(Tz, Tz, Tz) < V T±^, for all j > j 0 . 
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As linim^oo G p ( T Sm x , T Sm x, T Sm x ) = r x , then there is some m > i 0 + j 0 such that 


G p ( T j x , T j x, T j x ) > 


r x + r z 


which is impossible, so (2.8) is satisfied. Now, for s m — > m — Iq > jo, we claim that 


r x + r z 


< G p ( T Sm x , T Sm x, T Sm x ) = G p ( T s ™~ io x , T Sm ~ io x, T Sm ~ io x ) < 


rx + r 2 


In the end, from 


r x - £ < G p (r*i, Tx, Tx) < G p (Tx, Tx, T j x ) , 

it follows that (T*a;} igNU { 0 j is a Gp-Cauchy sequence. □ 

Lemma 2.7. Let T : X — > X be an operator on G p -metric space (X,G P ). Suppose that 
x G A" is a point such that T k x = x holds for some positive integer k, and there is y G X 
such that 

G p (; y , y , y) = lim G p (y, Tx , T*a;) = lim G p (Tx, Tx, Tx) , (2.9) 

then Tx = x. 

Proof. Since T fc '*a: = x , then for any i G NU {0}, we have that 

G P (y, y, y) = lim G p (y, T kl x, T kl x) = G p (y, x, x) 

l 

and 

G P (y, y, y) = lim G p ( T kl x , T kl x, T kl x) = G p (x, x, x) , 

i 

so y = x. Now (2.9) implies that 

G p (x, x, x) = lim Gp (x, T kl+1 x, T kl+1 x ) = G p (x, Tx,Tx ) 

i v 7 

and 

G p (x, x, x) = lim Gp ( T ki+l x , T ki+1 x , T ki+1 x) = G p (Tx, Tx, Tx) . 

i x 7 

Thus, Tx = x. □ 


3 Main results 

Both results in this section generalize many existing results in the literature (see [12, 
Theorem 3.1] and [4, Lemmas 3.-5, Theorems 1 and 2]). Firstly, we announce our first 
result for NLC-operator in G p -complete G p - metric space as follows. 

Proposition 3.1. Let T be an NLC-operator on G p -complete G p -metric space (X,G P ), 
then 

(1) for each x G X, the sequence {^*^}j e Nu{o} G p -converges to some v x G X; 

(2) for all x, y G A", one has 

G p (v y , v y , v x ) = max {G p (v x , v x , v x ) , G p (v y , v y , v y )} . 
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Proof. Since (. X , G p ) is G p -complete, then for each x G X, the existence of v x is assured 
by Lemma 2.5 and Lemma 2.6. Let us prove (2). Let x, y G X and G p {v y , v y , v y ) > 
G p (y x ,v x ,v x ). If G p (v y , v y , v y ) = 0, then v x = v y and the claim is clear. Thus, assume 
that G p (■ Vy , Vy, v y ) > 0. 

For any 0 < £ < 2 (i+ a ) ^ p { v yi v yi v y)i there is some m o G N such that for all i,j > mo, 
we have 

ma x{G p (Ty, v y , v y ) - G p (T l y , T l y, Ty), \G p (T l y, Ty, Vy) - G p (v y , v y , v y )\, 
G p (Ty,Ty,v y ) - G p (v y ,v y ,v y )} < £ 

and 

max {G p (y x , v x , T 3 x) - G p (v x ,v x , v x ) , G p (y x , T J x, T 3 x) - G p ( T 3 x , T J x, T^x ) } < e. 
For i,j> mo, we have 

G P C T l y , Ty, Vx) < G p f Ty , Ty, v y ) - G p (v y , v y , v y ) 

H - Gp ( Vy J Vy J V x ) + G p ( T x) Gp ( v x , v x , v x ) 

^ “ h Gp ( Vy , Vy, V X ) 

and 

Gp (v y , Vy, v x ) < Gp (• Vy , V y , Ty) - G p (T y , Ty, Ty) + G p (v x , Tx, Tx) 

- Gp (! Ty , Ty, Ty) + G p {Ty, Ty, Ty) 

<2 e + Gp {Ty, Ty, Tx) . 

For any i 0 > mo and i\ := n ( T°y ), we get 

Gp {v y , v y , v x ) -2 e<G p {T^y, T io+i 'y, T 0+i 'x) 

< max {aGp {T°y, T°y, T°x) , G p {T°y, T°y, T°y) } 

< max {a {2e + G p {v y , v y , v x ) , £ + G p {v y , v y , u y ))} . 

If 

Gp {Vy, Vy, V x ) 2£ 2 Ol£ T aGp ( Vy , Vy, v x ) , 

then 

Gp {v y , v y , v x ) 2£ ^1 T a) Gp iv y , v y , v x ) . 

This is a contradiction. As a consequence, we deduce that 

Gp ( Vy , Vy, V X ) 3c Gp (/Vy , Vy, Vy) , 

SO 

Gp ( Vy , Vy, V x ) T Gp {Vy, Vy, V y) . 
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Finally, by (G p 2), we speculate that 

Gp (■ Vy , Vy, V x ) — Gp (Vy, Vy , V x ) = HiaX { Gp (■ V x , V X ,V X ),Gp (Vy, Vy, Vy)} . 

□ 

Now, we announce our second result in the framework of G p -complete G' p -metric spaces. 
Theorem 3.2. Let T be an NLC-opertor on G p -complete G p -metric space (X,G P ), then 
there is a fixed point z G X of T such that G p (z, z, z) = inf { G p (v x , v x , v x ) : x G X}. 
Proof. For x G X, put r x := G p (v x , v x , v x ) = lim^oo G p ( T Sk x , T Sk x, T Sk x) for {sfc} fceNu{0 } 
which is the supporting sequence at x. Let / := inf {r x For m > 1, take x m G X 

such that for all i , j G NU{0}, it holds 

G„ (Tx' m , Tx‘ m , Txl) € (/--,/+ . (3.1) 

\ m m J 

At hrst we shall prove that liirv^oo G p (. x m , x m , Xk) = / . For m, k > 2, let C m>k > 0 and 

Gp ( T 3 x m , T 3 x m , T l Xk) < C m , k , i, j G NU {0} . 

Fix m, k > 2 and let {'S (? } (JgNU | 0 | be the supporting sequence at x m and let l > 1 be an 
integer such that a 1 ■ C mik < Then 

G p {x m , -Ek) 

A Gp (x m , x m , T Sl x m ) - Gp (T Sl x m , T Sl x m , T Sl x m ) + G p ( T Sl x m , T Sl x m , x k ) 

A Gp (x m , x m , T Sl x m ) - G p (T Sl x m , T Sl x m , T Sl x m ) 

+ G p (x k , T Sl x k , T Sl x k ) - G p ( T Sl x k , T Sl x k , T Sl x k ) + G p ( T s ‘x m , T Si a; m , T S! a; fc ) . 

Denote 


fc . — G p {x m , x m , T l x ir i) Gp (T l x m , T l x m , T l Xm) < , 

m 

Dm, k ■ = Gp (x k , T Sl x k , T Sl x k ) - G p (T Si x fc , T^, T Si a; fc ) < 

At hrst, assume that 

G p {T Sl x m , T Sl x m , T Sl x k ) > G p (T l x m , T l x m ,T l x m ) for all i G {0, 1, ..., s*} . 
Then by (1.2), it is clear that 

G p (T S3 ~ 1 x m , T^-'Xm, T^Xk) < aG p {T Sl ^x m , T Sl ^x m , T Sl ±x k ) 

A a 2 G p (T Sl - 2 x m ,T Sl - 2 x m ,T Sl - 2 x k ) < ... 

1 

A ol G p ( x m , x m , A Qi • C mk < 


h + n 


If G p (T Sl x m , T Sl x m ., T Sl x k ) < G p (T l x m , T l x m , T l x k ) for some i G {0, ..., sj, then by (3.1), 
G p (T Sl x m , T Sl x m , T Si a; fc ) < I + A, so 

G p {x m , x m , x/j) ^ A m ^ + D m k 4- G p (T 1 x m , T 1 x m , T l x k ) 

2 2 r 1 

< I - 7 — h I d • 

m k m 
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From the above consideration and 


it follows that 


I < '~ Gp (%mi %m) — Gp i%mi % mi %k) i 

m 


lim Gp ( X mi X m} X m ) I . 

m,k— >oo 


Now that (X, G p ) is Gp-complete, there is some u € X such that 

I = lim G p (x m , x m , x k ) = lim G p (x m , x m , u ) = lim G p (x m , u, u ) = G p ( u , u, u ) . 

m,k— >oo m— >oo m— >oc 


It is easy to see that 


G p (T n{u) u, T n(u) «, T n{u) u) = Gp ( u , u, u ) = /. 


Now we shall prove that T n G) u = u. 
From 


I = G p ( u , u, u ) < G p (u, u, T ] x m ) 

— Gp (u, u , x m ) -t~ Gp ( x m) x m , T^Xm) Gp (i m , x m: x m ) 

— Gp (w, w, x m ) ~\~ I ~\~ ( I 


m 


m 


Gp (m, it, x m ) -\- , 

m 


it means that 


lim G p (u, u, T 3 x m ) = /, j 6 N. 

On the other hand, 

I = G P (T n{u ) u , T n(n) «, T n(u) «) < G p (T n W u , T n ^u, T n(u) a; m ) 
< max {aG p ( u , u, x m ) , G p ( u , u, u)} , 

which implies that 


lim Gp (r^M, rWii, T n G) Xm ) = I. 


Now that 


I <G P (■ u , T n(n) «, T" (u) n) 

< G p (u, T n <“)x m , T n G) Xm ) + Gp (rW«, T^u, T n ^x m ) 

— O' (T n G) T T n G) T T n G) T f 

Kjp yj- -*■ ^mi 1 ^ mj 

< 2 Gp («, u, T n ^, x m ) - Gp («, u, u) + G p (T n G) u , T n ^ u , T n G) x \ - / + - 
— > /, as m — > oo, 


so 


Gp («, r(“>«) = / = Gp («, u, u) = Gp (r(") M , rw M , T n w M ) , 

and T n G) u — u Finally, by utilizing Lemma 2.7, the remaining proof is valid. 


□ 
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4 Some examples 


Now, we give four examples to support our theoretical approach. 

Example 4.1. Let X = {0, 1, 2} be a set and G p : X 3 — > [0, +oo) a mapping satisfying 

G p ( x , x,x) — - for all x e X, 

G p (0, 0, 1) = G p (0, 1, 0) = G p (1, 0, 0) = 1, 

G p (0, 1, 1) = G p (1, 0, 1) = G p (1, 1, 0) = 1, 

G p (1, 2 , 2) = G p (2, 1, 2) = G p (2, 2 , 1) = 3, 

G p (0, 0, 2) = G p (0, 2, 0) = G p (2, 0, 0) = 3, 

G p (0, 2 , 2) = G p (2, 0, 2) = G p (2, 2 , 0) = 3, 

G p (1, 1, 2) = G p (1, 2, 1) = G p (2, 1, 1) = 3.1, 

G p (0, 1, 2) = G p (0, 2, 1) = G p (1, 0, 2) = 3.2. 


Then G p is an asymmetric Gp-metric as G p (l,2,2) ^ G p ( 1,1,2). Further, (X, G p ) is a 
Gp-metric space in the sense of [18]. Let T : X — > X be defined by TO = Tl = 0,T2 = 1. 
We shall prove that T is an NLC-operator where a — |, while n(x) = 1 for all x G X. 
Indeed, we need to check 

G p (Tx,Tx,Ty) < max j ^G p (x, x, y ) , G p (x, x, x) j (4.1) 


for all x, y E X into nine cases as follows: 

(1) x = 0, j/ = 0=> ^ = Gp(T0,T0,T0) < max | ^G p (0, 0, 0), G p (0, 0, 0)| 

Gp(0,0,l),Gp(0,0,0)| 

(3) x = 0, y = 2 =*► 1 = Gp(T0,T0,T2) < max j^Gp(0,0,2),Gp(0,0,0) j 

(4) x=l, y = 0 =*► ^ = Gp(Tl,Tl,T0) < max | ^G p (l, 1, 0), G p (l, 1, 1) | 

(5) x = 1, y = 1 =*► ^ = Gp(Tl,Tl,Tl) < max |^G P (1, 1, 1), G p (l, 1, 1)| 

(6) x = l, j/ = 2=^l = Gp(Tl,Tl,T2)<max|^Gp(l,l,2),Gp(l,l,l)| 

(7) x = 2, y — 0 ==>• 1 = G P (T2, T2, TO) < max / ^G p (2, 2, 0), G p (2, 2, 2)1 

(8) x = 2, y — l ==>• 1 = G P (T2, T2, Tl) < max / ^G p (2, 2, 1), G p (2, 2, 2)1 

(9) x = 2, y — 2 ==>• ^ = Gp(T2, T2, T2) < max / ^G p (2, 2, 2), G p (2, 2, 2)1 


(2) x = 0, y = 1 =>- - = Gp(T0, TO, Tl) < max \ - 


1 

2 ’ 

1 

2 ’ 

3 

2 ’ 

1 

2 ’ 

1 

2 ’ 

3.1 

T’ 

3 

2 * 

3 

2 ’ 

1 

2 ' 


Hence all cases show that (4.1) is satisfied and then both Proposition 3.1 and Theorem 3.2 
are true. □ 
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Example 4.2. Let (X,G P ) be a Gp-metric space where X = [0, +oo) and G p (x,y,z ) = 
max {x, y, x}. Define T : X — > X by Tx — 3 ■ We shall prove that T is an NLC- 
operator, that is, for each x G X, there is n (x) such that for each y G X, 

G p (T n ^ x) x, T n(x) x, T n{x) y ) < max {aG p (x, x, y ) , G p (x, x, x)} , 


where a G (0, 1). Let a = k- It is easy to see that n (x) = 1. Indeed, we shall check that 


max 


x 


x 


3 (1 + x) ’ 3 (1 + x) ’ 3 (1 + y) 
for all x, y G [0, + 00 ). 

Consider the following three possible cases, 
(i) y < x. In this case (4.2) becomes: 


< max - max {x, x, y} , max {x, x, x} 
3 


x 


3 (1 + x) 

which is true for any x G [0, + 00 ). 

(ii) | < x < y. In this case (4.2) becomes: 

,2 


< max -x, x } — x, 
o 


y 


3(1 + y) 


< max < -y, x > = x. 


By virtue of 3 J y +i;) = ■ | < | < x, it follows that (4.4) holds, 

(iii) 0 < x < |. Because of x < y, (4.2) becomes: 


y 


3(1 + y) 


< max < -y, x > = -y. 


(4.2) 


(4.3) 


(4.4) 


(4.5) 


Obviously, (4.5) holds for each y G [0, +00). 

Hence, (4.2) holds for all x, y G [0,+oo), that is., all the conditions of Proposition 3.1 
and Theorem 3.2 are satisfied and T has a fixed point (which is x = 0). □ 

Example 4.3. Let X = {a, b} be a set with G p -metric defined by 


G p (a, a, a) = 0, G p (a, a, b ) = G p (a, 6, a) = G p (b, a, a) = 1, 

G p (6, b, b) = G p (a, b, b) = G p ( b , a, b) = G p ( b , b, a) = 2. 

Since G p (a,a,b ) ^ G p (a,b,b), we get that (X,G P ) is an asymmetric G p - metric space. 
Also, we have that for all x,y G X, 

dc p (x, y) = G p (x, x, y) + G p (x, y, y) - G p (x, x, x) - G p (y, y, y) = 

is a (standard) metric on X. □ 

Example 4.4. Let X = {a, 6} be a set with G p -metric defined by 


f 1 , x^y, 
1 0, x = y, 


G p (a, a, a) = 0, (a, a, 6) = G p (a, b, a) = G p (6, a, a) = 1 = G p ( b , 6, 6) , 

G p (a, 6, 6) = Gp (6, a, 6) = G p (5, 6, a) = 2. 
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It ensures us that the sequence {x n = a} converges to a. However, conditions (2) and (3) 
of Proposition 1.8 are not equivalent. Indeed, 

G p (x n , x n , b ) = G p (a, a, b ) ->• G p (b, b, b) (n -> oo), 


while 

G p (x n , b, b ) = Gp (a, b , b) -*> G p (b, b , 6 ) (n — > oo). 

Thus, G p (•, •, ) may not be continuous in the sense that x n — > x, y n — > y and z n — >■ z 
implies G p (x n ,y n ,z n ) — >• G p (x,y, z) . In fact, we take x n — y n — a and z n = b for all 
n e N. Further, it is easy to check that x n — y 6 , y n — > a and z n — >• 6 but (a: n , y n , z n ) 

G p ( 6 , a, 6 ), this is because G p (a: n , y n , z n ) = G p (a, a, 6) = 1 7 ^ 2 = G p (6, a, 6). □ 
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1 Motivation 


Here we mention the following interesting and motivating results. 

ffi. absolutely continuous 


Theorem 1 (Cebysev, 1882, [2]). Let f,g : [a, b] 
functions. If f ,g' £ ([a, b]), then 


1 


b — a 


f P) 9 ( x ) dx - 


1 


b — a , 


/ P) dx 


1 


b — a 


g ( x ) dx 


(1) 


<12^-0) ll/'lloc 11^.00 ■ 


Also we mention 


Theorem 2 (Griiss, 1935, [6]). Let f,g integrable functions from [a, b] intoM., 
such that m < f (x) < M , p < g (x) < a, for all x € [a, b\ , where m, M , p,a £ R. 
Then 


1 

b — a 


f ( x ) 9 P) dx 


“(A /„ f{x)dx ) 

< I (M - m) (cr - p) . 



g (x) dx 


( 2 ) 


1 
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2 Background 

Let A be a selfadjoint linear operator on a complex Hilbert space (H ;{-,•)). 
The Gelfand map establishes a *— isometrically isomorphism $ between the set 
C(Sp(A)) of all continuous functions defind on the spectrum of A, denoted 
Sp(A), and the C'*-algebra C* (A) generated by A and the identity operator 
1 h on H as follows (see e.g. [5, p. 3]): 

For any f.q £ C {Sp LA)) and any a, 8 € C we have 

(i) * (a/ + &) = <*$ (/)+£$(</); 

(ii) $ ( fg ) = $ (/) $ {(g) (the operation composition is on the right) and 

*(7 ) = (*(/))*; 

(hi) ||$(/)|| = ||/|| := sup |/ (£)| ; 

tESp(A) 

(iv) $(/ 0 ) = 1 H and 4>(/i) = A, where f 0 (t) = 1 and /i (t) = t, for 
t € Sp (H) . 

With this notation we define 

f(A) :=$(/), for all f £ C {Sp (A)) , 

and we call it the continuous functional calculus for a selfadjoint operator A. 

If A is a selfadjoint operator and / is a real valued continuous function on 
Sp (H) then f (t) > 0 for any t £ Sp (H) implies that / (H) > 0, i.e. / (A) is a 
positive operator on H . Moreover, if both / and g are real valued functions on 
Sp (H) then the following important property holds: 

(P) / (t) > g (t) for any t £ Sp {A), implies that / (H) > g (H) in the operator 
order of B ( H ) . 

Equivalently, we use (see [4], pp. 7-8): 

Let U be a selfadjoint operator on the complex Hilbert space ( H , (•,•)) with 
the spectrum Sp{U ) included in the interval [m,M\ for some real numbers 
m < M and {-Ea}a be its spectral family. 

Then for any continuous function / : [m,M] — > C, it is well known that 
we have the following spectral representation in terms of the Riemann-Stieljes 
integral: 

j-M 

(. f(U)x,y)= f (A) d ((E\X, y )) , (3) 

J m — 0 

for any x,y £ H. The function g x/y (A) := ( E\x,y ) is of bounded variation on 
the interval [■ m,M ], and 

g x , v (m - 0) = 0 and g x<y (M) = (x, y ) , 

for any x,y £ H. Furthermore, it is known that g x (A) := (E\x,x) is increasing 
and right continuous on [m, M] . 
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In this article we will be using a lot the formula 

[■M 

(f(U)x, x) = / f(X)d((E x x,x)), VxGH. (4) 

J m — 0 

As a symbol we can write 

pM 

f(U)= / f(X)dE x . (5) 

J m— 0 

Above, m = min{A|A G Sp(U)} := min Sp(U), M = max{A|A € Sp(U)} := 
ma,x Sp(U). The projections {-EaIapr ; are called the spectral family of A, with 
the properties: 

(a) E x < Ey for A < A ; ; 

(b) E m _ o = 0 h (zero operator), Em = 1 h (identity operator) and E x +q = 
E x for all AeK. 

Furthermore 

E x := ip x (U) , V A G R, (6) 

is a projection which reduces U, with 


J 1, for — oo < s < A, 
\ 0, for A < s < +oo. 


The spectral family determines uniquely the self-adjoint operator U 

and vice versa. 

For more on the topic see [7], pp. 256-266, and for more detalis see there 
pp. 157-266. See also [3]. 

Some more basics are given (we follow [4], pp. 1-5): 

Let ( H ; (•,•)) be a Hilbert space over C. A bounded linear operator A defined 
on H is selfjoint, i.e. , A = A* , iff (Ax,x) € R, V x € if, and if A is selfadjoint, 
then 

mil = sup \{Ax,x)\. (7) 

x£H:\\x\\=l 

Let A, B be selfadjoint operators on H. Then A < B iff ( Ax,x ) < (Bx,x), V 
x G H. 

In particular, A is called positive if A > 0. 

Denote by 

V := < ip (s) := akS k \n > 0, a* G C, 0 < k < n 1 . (8) 

l fc=o J 

If A G B ( H ) (the Banach algebra of all bounded linear operators defined on H, 
i.e. from H into itself) is selfadjoint, and <p(s) £ V has real coefficients, then 
ip ( A ) is selfadjoint, and 


mm)ll = max{|v?(A)| , A G Sp(A)} . (9) 


3 


917 


George A. Anastassiou 915-933 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


If tp is any function defined on ffi. we define 

IML : = sup{|v?(A)| ,A G Sp(A)} . (10) 

If A is selfadjoint operator on Hilbert space H and ip is continuous aud given 
that p(A) is selfadjoint, then ||</?(A)|| = ||</?|| A . And if ip is a continuous real 
valued function so it is \ip\, then p{A) and \ip\ (A) = |<£>(A)| are selfadjoint 
operators (by [4], p. 4, Theorem 7). 

Hence it holds 


\\\p(A)\\\ = M\\ A = sup{\\p(X)\\,XGSp(A)} 

= SU P {|t> (A) | , A G Sp{A)} = |M| A = \\p(A )\\ , 

that is 

||KA)||| = |l^)ll • (ID 

For a selfadjoint operator A G B (H) which is positive, there exists a unique 
positive selfadjoint operator B := \J~A G B (H) such that B 2 = A, that is 

^ VA'j = A. We call B the square root of A. 

Let A € B(H), then A* A is selfadjoint and positive. Define the ’’operator 
absolute value” |A| := %/ A* A. If A = A*, then |A| = y/A 2 . 

For a continuous real valued function ip we observe the following: 

, -M 

|</?(A)| (the functional absolute value) = / \(p(X)\dE\ = 


> m — 0 


r M 


' m — 0 


yj ( ip ( \)) 2 dE\ = yj ( ip (A)) 2 = |y>(A)| (operator absolute value), 


where A is a selfadjoint operator. 
That is we have 


|<^(A)| (functional absolute value) =|<p(A)| (operator absolute value). (12) 
Let A,56B (17), then 

l|A5||<||A||||H||, (13) 


by Banach algebra property. 

3 Main Results 

Next we present most general Chebyshev-Grtiss type operator inequalities based 
on Theorem 26.9 of [1], p. 404. 

Then we specialize them for n = 1. 

We give 
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Theorem 3 Let neN and /i,/ 2 € C n ([a, b]) with [m,M] c (a, b), m < M\ 
g £ C 1 ([a, b)) and g~ x € C n ([a, 6]). Here A is a self adjoint linear operator on 
the Hilbert space H with spectrum Sp (H) C [m, M] . We consider any x £ H : 
11*11=1. 

Then 

((A(/i,/ 2 ; 5 )) ( A ) x,x) := 

r n— 1 

I (/i (A) f 2 ( A ) x, x) - (/i (A) x, x) ■ (/ 2 (A) x, x) - 


1 


2 (M — m) 


y - 

^ k\ 


, k=l 


MA)j (/i °g x ) (fc) (g(t)){g(X) -g(t)) k d?j dE^j x,x^j 

(f 2 (A)x,x) i (/i o g y {k) (g (t)) (g(X) -g{t)) k dt \d(E x x,x 
J m— 0 \Jm J 

^(/ 1 ( A )J Q (^J (h°9~ 1 ) (k) (9(t)){gW-g{t)) k d?JdE^Jx,x\j- 

(fi(A)x,x) j {f 2 og- 1 ) {k) {g{t)){g{\)~ g(t)) k dt S jd(E x x,x) || 

II/2 (-4)11 (/ioj -1 )'" 

(Ml ff - H) n+1 


iin— 1 

II 00, [m,M] \\y 1 1 00 , [m,M] 


lb'll 


(n + 1)! (M — m) 
ll/i (-4)|| ||(/2 °5 _1 ) (n) °9 


00, [m,M] 


(-4 - miff) 


(14) 


Proof. Call k = fi° g 1 , i = 1,2. Then are continuous from 

g([a,6]) into _/)([«,&]), i = 1,2. Hence (/jOf 1 ) 1 " 1 0 g £ C ([a,b]), i = 1,2. 
Here {EA} a is the spectral family of A 

Next we use Theorem 26.9 of [1], p. 404. We have that (z = 1, 2) 


r M 


h (A) = 


M-' 


fi (t) dt+ 


(M- 

1 


1 r * 1 1 pM \ 

ry 1 fc! J m (fi 0 ] (9 (*)) (9 (A) - 9 (t)) k dtj + 


(n — 1)! (M — m) 
V A € [m, M] , 


[ (P (A) — p (*))” 1 (f i og (g (t)) g 1 (t) K (t, X) dt, 

J m 

(15) 
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where 


K(t, A) := 


t — m, m < t < A < M, 
t — M, m < A < t < M. 


(16) 


By applying the spectral representation theorem on (15), i.e. integrating against 
E\ over [m,M], see (4), we obtain: 

tw= (i lH+ 

br fg h jL (1 ° »-*)“’ < 9 <*» <s w - 9 «»‘ *) 


(M - 


(n — 1)! (M — m) 


[ \( (g W - 9 (t)) n 1 (fc ° g (g (t)) g' (t) K (t, \) dt\ dE x , (17) 

9 m — 0 wm / 


i = 1,2. 

We notice that 

to be used next. 
Hence it holds 


f 1 (A)f 2 (A) = f 2 (A)f 1 (A), 


f 2 {A)MA) = 


1 




M — m 


h (t) dt f 2 (H) 


(18) 


(19) 


(M-: 


X! uh ( A ) / / (A ° £ -1 ) (s' (*)) (tf ( A ) - 9 (t)) k dt dE x 

< k=l ^ 9m — 0 m J 


(n — 1)! (M — m) 


f 2 (^) ' 


[ ([ {g W - 9 (t)) n 1 (fi o g {g (t)) g' (t) K (t, X) dt\ dEx, 

9 m — 0 y-/m y 


and 


rM 


f 1 (A)f 2 (A)=\ w — f 2 {t)dt\h{A) 


1 


(M — m) 


^ 1 -| pM / /• M \ 

/ / (A ° 4" 1 ) (# W) (tf ( A ) - £ (*))* dt dE x 

9m — 0 \9m J 


1 


(n — 1)! (M — m) 


h{A)- 
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[ if { 9 W-g{t)) nl {f 2 °g 1 ) {n) {g{t))g'{t)K(t,X)dt\dE x . (20) 
J m— 0 \Jm J 


Here from now on we consider x E H : ||x|| =1; immediately we get 

r M 
J m — 0 

Then it holds (i = 1,2) 


/ d(E x x,x) = 1. 
J m — 0 


(. fi (A) X, x) = 


1 


r M 


M — m 


fi (t) dt 


( 21 ) 


1 

(M — m) 


\ 'j 

AJ {fi°9~ 1 y k \g{f)){g{>f)-g{t)) k dt\ d { E \ x ,x)\ 


i 

(n — 1)! (M — m) 


I (f {gW-g(t)) nl (fiog 1 ) in) (g(t))g'(t)K(t,X)dt\d(E x x,x). 

J m — 0 \Jm J 


It follows that 


(/ 2 (-4) a;, a;) (/i (A)x,x) = 


rM 


M - 


h (t) dt (f 2 (A) x, x) 


(M — ■ 


{ n 1 I /* M / pM \ 

(^4) ^ a;) J ( J (fi o £ -1 ) (fe) (# (£)) (# (A) - g (t)) k dt) d (E x x, x) 


(n — 1)! (All — m) 


(fi (-4) x, x) 


( 22 ) 


[ if (g(A)-g(t)) n 1 (frog (g(t))g l (t)K{t,X)dt\d(E x x,x) 
dm — 0 A'J m J 


and 


(M — - 


(A (A)x,x) (f 2 (A) x, x) = ^ M l _ ^ J f 2 (; t ) dtj (/i (A) x, x) + 

fn 1 - / r-M \ 

fci ^ ( A ) x ’ x ) J J (f 2 °g~ l y k) (g(t))(g(X)-g(t)) k dtjd(E x x,x) 


1 

(n — 1)! (M — m) 


(/i (A) : 


(23) 
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[ If {gW- 9 (t)) nl (f 2 °g 1 ) {n) { 9 (t))g'(t)K(t,X)dt\d{E x x,x). 

J m — 0 \ J m J 


Furthermore we obtain 


(fi (A) f 2 ( A ) x, x ) = 


1 


M — m 


L /i( ‘ )t ") </ 2 ( ' 4 )i ' x)+ (ir L H- 


(^(y 2 ^ / „(/ (A°fl r ^) (fc) (p(*))(ffW-flW) fc ^ z,a;^j 


1 

(n — 1)! (M — to) 


(24) 


/a (-4) / ( [ (g (A) - 5 (*))" 1 (/l 0 5 (n) (5 0)) 3 (i) # (t, A) x, x\ 

^ J m — 0 m / / / 


and 


(/i (4) /2 (-4) a:, a;) = 


1 


M — TO 


[ h (t) dt \ (/i (A) a:, a;) + — r • 

- m) 


(h°9 ^ (g (t)) (g W ~ g (t)) k dt'j dE x ^j a;,a;^j 


(n — 1)! (M — to) 


(25) 


h (-4) [ ( [ {g (A) - 5 (*))" 1 (/a o 5 (n) (5 0)) ff' (i) ^ (*, A) dt \ x, x\ . 

y J m — 0 m J J / 


By (24)-(22) we obtain 


£ : = (/i (-4) /a (-4) a:, x) - (A (A) x, x) (f 2 (A) x, x) = 


1 

(M — to) 


f n— 1 1 

Eb 


{^f2{A) j (/i Of/ ^ (g(t))(g(X) - g {t)) k dt^j dE>fj x,x^j 

(f 2 (A)x,x) [ ([ (hog- 1 )^ (g(t))(g(X)-g{t)) k dt\d(E x x,x) 1 

J m— 0 y m y J 


l 

(n — 1)! (M — to) 


/2 (-4) f ([ (g(X)-g(t)) n 1 (fi°g 1 ) ( " ) (g (t)) g' (t) K (t, A) dt\ dE^\ x,x\ 

^ J m — 0 \J m / / f 

(26) 
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- (A {A) x , x) ■ 

[ ( f (S' AO - g A ))"” 1 (A 0 5 " 1 ) {n) ( g (t)) g' (t) K ( t , A) dt\ d (E x x, x) 

J m— 0 y Jm J 

and by (25)-(23) we have 


E = 


( M — to) 


r n—1 

zh. 

< k—1 


(/i (A) J (f 2 o g 1 ) (M (g(t))(g(X) - g(t)) k dt^j dE^j x,x^ 

(f 1 (A)x,x) [ (( (f 2 og- 1 ) (k) (g(t)){g{X)-g{t)) k dt\d{E x x,x) 1 

J m — 0 y Jm J J 


(n — 1)! (M — to) 


(.A (A) J ° (g(A) -g W )" _1 (f 2 °g~ 1 ) in) (g(t))g'(t)K (; t,X)dt^ dE^j x,x^j 

- (/i ( A ) x, x) • 

[ if (S' AO - g (t)) ra_1 (A o g _1 ) W (5 (i)) g' (t) K ( t , A) dt \ d (E x x, x) 

J m— 0 \ J m / 


Consequently, by adding (26) and (27), we get that 

1 

2 E = 


( M — to ) 


(27) 

(28) 


f n— 1 

E 


(^f2{A) J (/i og (g(i)) (g(A) - g (t)) k dt^j dE^ x,x^ 

pM / /»M \ 

(/ 2 (A) x,x) i (/i O 0 " 1 ) (fe) (3 (*)) (# (A) - g (t)) k dt d (E x x, x) 

J m— 0 \ Jm J 

^ (/i (-4) / ^ (A og _1 ) W (g(t)) (g(A) -g(t)) fc cftj dA A j 

(f 1 (A)x,x) f (f (f 2 og- 1 ) {k) (g{t))(g{X)-g(t)) k dt\d{E x x,x) || 

J m — 0 y J m J J J 


(n — 1 )! (M — to) 


A (^) f ( [ (g (A) - g (t)) n 1 (/i o g x ) (n) (g (t)) g' (t) A' (i, A) dA dS A ^) x, x 
^ J m — 0 y Jm J J j 
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r-M / pM 


' m — 0 \ J m 


- if 2 (A) X , X ) ■ 


(g (A) - g {t)) n 1 (fiog 1 ) (n) (g (t)) g' (t) K (t, X) dt d(E x x,x) + 


fi(A) [ if {g(X) ~g{t)) n 1 (f 2 og 1 ) ( " ) (g(t))g' (t)K(t,X)dt\ dE x ] x,x 
J m — 0 \Jm ) ) 


- (/1 ( A ) x, x) 


I ( [ (s(A)-ff(i)) n 1 (f2°g 1 ) (n) (g(t))g' (t)K (t,X)dt\ d(E x x,x) \ 

J m— 0 J J 


We find that 


</i (A) f 2 (A) x, x) - (/1 (A) x, x) (f 2 (A) x, x) - 


2 (M - ■ 


/2(A) [ if (hog ^ (g (t)) (g (X) - g (t)) k dt\ dE x ) x,x 
J m —0 \ J m J J 


pM / pM \ 

-(h(A)x,x) / / (hog- l y k) (g(t))(g(X)- g(t)) k dt\d(E x x,x) + 

•J m—0 \Jm J 

((/i(A)/ ^ (/ (f 2 og~ 1 ) (k) (g(t))(g(X)-g(t)) k dt^ dE^j x,x^j 

~(fi(A)x,x) [ (f (f 2 °g~ 1 ) {k) (g(t))(g(X)-g(t)) k dt\d(E x x,x) 1 
J m—0 \ J m J J 


p M / p Ad 


/2(A) 


/ m —0 \Jm 


2 (n — 1)! (M — m) 

(g (A) - g ( t )) n ~ 1 ( h O g- 1 ) {n} (g (t)) g' (t) K ( t , X) dt \ dE>\ x, x 


r M / pM 


f m —0 \Jm 


- (h (A) x, x) ■ 

(. 9 (A) - g (t))™ -1 (/i o g- 1 ) {n) (g (t)) g' (t) K (t, A) d/ d (E x x, x) + 


pM / pM 


A (A) 


/ m—0 \J m 


(g (A) — g (t)) n 1 (f 2 °g 1 ) n) (g(t))g'(t)K(t,X)dtjdE x Jx,x 
- (/i (A) x, x) • 


r M / r M 


/ m—0 \ J m 


(. g (A) - g (t)) n 1 (f 2 °g *) (n) (g (t)) g' (t) K (t, X )dt)d (E x x, x) > =: R. 
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Hence we have 


\R\< 


l 



f-M ( f-M 


h{A) 


2 (n — 1)! (M — m) 


/ / (gW-g(.t)) nl {f 1 og 1 y n> (g(t))g , (t)K(t,\)dt\dEx]x,x 

/ m— 0 \^J m // l 

+ \{h {A)x,x)\ 


[ If (gW 1 (A °5 {g (t)) g' {t) K (t, X) dt) d(E x x,x) 

J m— 0 \ J m J 


+ 


l[fi(A)[ if (. g(X)-g(t)) n 1 (f 2 og (g (t)) g' (t) K (t, A) dt ) dE x ] x, x 
\ y J m — 0 y«/ m J J j 

+ \(f 1 (A)x,x}\- 

[ if (gW-g ( t )) n ^ 1 (f 2 o 5” 1 ) (n) (d (*)) 5' (t) K (t, A) dt 'j d (E x x, x 

> m — 0 y*/ ra y 

(30) 

(here notice that 


r ( \ 

/ (ff(A) -^(t))"” 1 (/i°5 _1 ) " {g(t))g' (t)K (t,X)dt 
J m 

r M ( \ 

/ 1 5 M — 9 (t)\ n 1 (/l °s _1 ) " (g (t)) \g' (t)\\K (t,X)\dt < 

J m 

M \ 

\x-t\ n ~ 1 \K(t,x)\dt bC -1 ||(/i 05II IIp'IIoo = ( 31 ) 


iictVil 

0 

J 

7 

CJJ 

0 

OO 

n 

(n + !) 


(M - A)™ +1 + (A — m)" +1 ) 


< 


+ 


/ 2 (AL) 

h (A) , 


/»M / /*M 

Jm — 0 \Jm 
r-M f r-M 

' m — 0 \d m 


2 (n — 1)! (M — m) 

(. g (A) - g (t)Y~ l (/l 0 (n) (5 (*)) 5 (*) K (t, A) d£ A 


) 


(d(A)-ff(i))" g 1 ) (n> {9 {t)) g' (t)K(t,X)dtj dE x 


II /2 (-4)11 


IlffC 1 Halloo 

> 

0 

1 

T 

0 

OO 

n 

(n + 1) 
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(M 1 h — A) n+1 x, x ) + ( [A — min )” +i x, x 


s.n+1 


ll/i(-4)|| 


([M1 H — A) n+1 x , x'j + (^(A — ?nl,f/)" +1 x,x ^ | 


< 


iisiir 1 iis'iioo 

(h°9 1 ) ( " ) °3 

OO 

n 

(n + 1) 


(32) 


2 (n — 1)! (M — m) 


jll/ 2 04)ll 

ll/i(-4)|| 


[ ( [ (3 (A) - 9 ( t)) n 1 (fi ° 9 *) (?l) (s (*)) 9 ' (t) K ( t , A) dt 'j 

J m—0 \^Jm J 

[ if (3 (A) - g (t))” _1 (/2 ° 3” 1 ) (n) (3 (0) s' (t) K (t, A) dt \ dEx 

J m—0 \Jm J 


II /2 (^)ll HsC 1 lls'lloo (/1 0 3 1 ) W °3 


n (n + 1) 

ll/i (-4)11 llslir 1 lls'lloo (/ 2 os” 1 )'"’ °3 
n (n + 1) 


({Ml H - A)” +1 + <^(A - ml H ) n+l x,x^ j =: (£) . (33) 

Notice here that 

[ if (3 (A) — 9 {i)) n ~ 1 (/1 0 9 1 ) (n) (9 (0) 9' (0 K (t, A) dt \ dEx = 

J m—0 \Jm J 

[ ( [ (3 (A) - 3 (£))" _1 (/1 o 3' 1 ) <n) (3 (0) 3' (0 K (t, A) dt ] d (E x x, x) 

J m—0 \ j m J 


sup 

11x11=1 


< 


IIsC" 1 lls'lloo 

0 

J 

7 

0 

^7 

OO 

n 

(n+ !) 


(. Ml H -A) n+l + [A - ml H ) 


\B +1 


(34) 


A similar estimate to (34) holds for fa- 
Hence we obtain by (33), (34) that 


( 0 < 


(n — 1)! (M — m) 


ll/ 2 04)11 


iisiir 1 iis'iioo 

0 

tO 

1 

T 

O 

OO 

n 

(n+ !) 
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IIA 04)11 


IICT 1 lls'lloo 

O 

1 

i— 1 

J 

O 

' 

OO 

n 

(n + 1) 


--+ n+1 + 

(A-mlff) n+1 



(35) 


Nirviioc 


(n + 1)! (M — m) 

IIA (-4)11 \\{h ° g~ 1 ) (n) ° g\\ + IIA (-4)11 II (A °s'“ 1 ) ( " ) °g 


(Ml H -A) n+l + (A -miff) 


\n+l 


We have proved that 


\R\< 


iMir'iis'i.oc 


(n + 1)! (M — m) 

IIA (-4)11 ||(A °ff _1 ) (n) °fl| + IIA (-4)11 IkAo^^o, 


OO 

n+1 


(36) 


(■ A - miff) 


n+1 


| (Wf Iff — A) 

that is proving the claim. 

Aboveitis|H| 00 = |H| 00;KM] . ■ 

We give 

Corollary 4 (n = 1 case of Theorem 3) For every x £ H : ||x|| = 1, we obtain 
that 

I (A (A) f 2 (A)x,x) - (A (A)x,x) (A {A)x,x)\ < • 

2 (M — m) 


IIA (-4)11 (fi°9 1 )'°9 r + IIA(+II (f 2 og 1 ) l og 


oo,[m,M] 

(Miff - + 2 || + || (A - miff) 2 


,,M] 


(37) 


We present 


Theorem 5 Here all as in Theorem 3. Let p,q > 1 : ^ ^ = 1 . T/ien 

((A (A, A; g)) {A)x,x) < 

llgll^,[m,M] llff'lloo, [m ,M] ( T (jp (n - 1) + 1) T (jp + 1) ^ *> 

(n — 1)! (M — m) 

IIA (-4)11 1 (A °g~ 1 ) {n) °9 


r ( pn + 2) 

+ IIA (+11 1 (A °S'" 1 ) ( ' l) °g 


I q,[m,M] 

(Miff — A)" +p + (A — miff ) 
where F *s </ie gamma function. 


q,[m,M ] 


(38) 
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Proof. We observe that 


1/ (s(A)-sM)" 1 (h°9 1 ) ( "' (9 (t)) g' (t) K (t, A) dt < 

J m 

r M , , v 

/ I gW~g(t)\ n 1 (/i°fl _1 ) ” (sW) |g'(t)l|A"(t,A)|dt < 

J m 

r M i ^ 

Halloo, [m,M] \W Woo, [m,M] / l A “ *1" 1 (/l °S _1 )" (»(*)) |/l(t,A)|d< 
J m 


lloo, [m,M] Ill'll oo, [m,M] 


(A - 1 (t - TO) (/i o g X ) 


/•A' , , 

J {M A)" 1 (/i O (5 (t)) dt < 


\\g\\ oo ,[m,M] 11^ iioo,|m 


(A-*) 


(p(n-l) + l)-l 


(t — m)^ p+1 ^ 1 dt ) + 


(M - t) (p+1)_1 (t - A) (p(n " 1)+1 ) _1 dt (/io g~ l ) {n) o g 


I g,[ra,M] 


IlffC, KM] lls'lloo, KM] (/l ° 3 




/ r(p(n-i) + i)r( P + i) y 

v r(pn + 2) ; 

V A e [to, M] . 

So we got so far 


(gW-g(t)) n 1 (h°g 1 ) ( " ) (g(t))g' (t)K(t, \)dt < 


(A - ?n) n+ p + (Af - A)” + pj , (40) 


IlffC, KM] Halloo, KM] (h°9 1 ) (n) °3 




/ r(p(n-i) + i)r( P + i) y 

v r (pn + 2) ; 

V As [to, M] . 

Hence it holds 


(M — A)" + p + (A — to)” + p] , ( 41) 


M / r M 


{gW-g{t)) n 1 (fi°g x ) (n) {g (t)) g' (t) K (t, A) dt d(E x x,x) < 


m — 0 \ J m 
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iin— 1 
lloo 


Wl 


,,M] 


( fi 0 g 


— 1\ 


°g 


q,[m,M] 


r(p(n-i) + i)r(p + i) V 
r ( pn + 2) J 


(. Ml H -A) n+ p + (A - min) 


n +b 


(42) 


for i = 1,2. 

Thus we derive 


f-M 

' m — 0 


{j (gW~g(t)) n 1 (fi°g (g(t))g' (t)K(t,X)d?j dE x 


< 


IMI oo,[m,M] Ill'll oo, [m,M] 


/ r — 1 \ (”) 

\fi°g ) °g 


q,[m,M ] 


r{p{n- i) + i)r(p + i) y 
T (pn + 2) ) 


(. Ml H -A) n+ r + ( A-ml H ) n+ r 


\n+i 


for i = l,2. 

Next we use (42) and (43). 

Acting as in the proof of Theorem 3 we find that 


(43) 


( 30 ) 

\R\ < 


l 

2 (n — 1)! (M — m) 


V 


11/2 04)11 \\g\C:U,M] Halloo, KM] ||(/i og- 1 )^ °9 

) 

ll/l (^4)11 h\\ n ^lm,M] W9' Woo, [m,M] || (/ 2 ° ^Y^ 0 9 
(V (p (n — 1) + 1) r (p + 1) \ p 

T(pn + 2) J 


T(p(n- l) + l)T(p+ 1) ^ ? 
r (pn + 2) 


q,[m,M] 

(MIh - A) n+ * II + II (A — ml H ) n+ r 


q,[m,M ] 

(Ml H -A) n+k A\ + \\(A-ml H ) n+1 * 


+ 

(44) 


(n - 1)! (M - rn) \ ^\oo,[m,M] 11.9 lloo, K M] ^ r ( pn + 2) J 


n—1 


II g'W 


/r(p(n-i) + i)r(p + i)V 


11/2 (41)11 {hog 


ll/l (- 4)11 ( hog 1 ) ( " ) o gf 


(Ml ff - A) n+ p | + ||(A - rolff) n+ * ||] } , 


q,[m,M] 


(45) 


proving the claim. ■ 
We give for n = 1: 
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Corollary 6 (to Theorem 5) It holds 


\(fi(A)f 2 (-4) x, x) - (/i (A) x, x) (f 2 {A) x, x) \ < 


lls'l 


oo,[m,M] 


II /2 (-4)11 (fi°9 ° 9 


q,[m,M] 


( M — m) (p + l) p 
+ \\h( A )\\ I! (/2 0 g- 1 )' 0 9 


q,[m,M ] 


(M\ H — A) 1+ p + ( .A — mlij) 1+p 


(46) 


We continue with 

Theorem 7 All as in Theorem 3. Then 

<(A (fl,f2;9)) (A)X,X) < 1 hWZlmM] Halloo , K M] 


\\fi( A )\\ {h°9 ir + II /2 (-4)11 (/1 0 5 *) W °9 


-i\(" 


1 ,[m,M] 




(47) 


Proof. We observe that 
r M 


r ( ^ 

/ (5 (A) - 5 (i )) n_1 ( fi o g- 1 ) {n) ( g (t)) g (t) K (: t , A) dt 

J m 

r M ( \ 

/ \gW-g(.t)\ n 1 Id' 0)1 \K(t,X)\ {fi° g~ l ) (n) (g{t)) 

J m 

(M - m) n ( j ( fi o g - 1 ) (n) (g (t)) 

\ «/ m 


< 


dt < 


\\g\CL.Mi W 


loo, [m,M] Wj lloo, [m,M] 

v 

7,[m,M] H^lloo.KM] ( M - m T I (. fi 0 9~ l ) (n) 0 9 
Hence it holds (i = 1,2) 


in— 1 
I oo,| 


1 ,[m,M] 


cfcj = 

, *=1,2. (48) 


[ if (gW ~ g{t)) n 1 (fio g (g{t))g' {t)K(t,X)dt\ d{E x x,x) 
J m — 0 y Jm J 


< 


\\9\\ n oo\m,M] Halloo, [m,M] (M - TJl)" (/jOJ 

the last is valid since 

rM 

/ d (E\x, x) = 1, for x £ H : ||a:|| = 1. 

J m — 0 


l,[m,M] 


(49) 


(50) 
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Therefore it holds 


[ ([ (9W~9(t)) n 1 (frog {g{t))g' {t)K{t,X)dt\ dE x 

J m—0 \Jm J 


< 


htoolmM) \W Woo, [m,M] ( M ~ m T \\{fi°9 ^ ° 9 
for i = 1,2. 

Acting as in the proof of Theorem 3 we find that 


1 ,[m,M] 


(51) 


(by (30), (49), (51)) 

1*1 < 


1 


2 (n — 1)! (M — m) 

-i\(«) 


2 ii/ 2 (A) 11 y \\oo, [m,M] ( m - m ) n I (a ° 9 i y n> 0 9 

2 ll/l (-4)11 Ilffll^KM] \W Woo, [m,M] ( M - m T I (h 0 9 _1 ) (n) 0 9 




1 


n— 1 


(52) 


C M-m ) M „ M n — 1 11 /11 

^ Halloo, [m,M] 11^ II oo,[m,M] 


II/2 (-4)|| (/103 + ||/i (-4)|| (/ 20 J 






proving the claim. ■ 

We finish this section with 

Corollary 8 (to Theorem 7, n = 1) It holds 

K/i (A )/ 2 (A) a, a;) - (/1 (A)x,a;> (f 2 {A)x,x)\ < Us'IIoo.km] 


ll/i (-4)|| (/ 2 ° 3 Y 0 ? ir + H/2 (A) || (fiog l )'og 


1 ,[m,M] 


1 


(53) 


4 Applications 

We give 

Theorem 9 Let fi,f 2 £ C"([a, 6]) with [m,M] c (a, 5), m < M. Here A is 
a selfadjoint linear operator on the Hilbert space H with spectrum Sp (A) C 
[m, M\. We consider any x £ H : ||x|| = 1, and p > 0 : M < lnp. 

Then 


I (fi (A) f 2 (A) x, x) - (/1 (A) x, x) (f 2 (A) x,x)\< 


e 


M 


2 (M — m) p 
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1 

is* 

£ t 

(/i o In pt) o — 

+ l/i (A) | 

o 

S' 

o 

> 1^ 


L 1 

P 

oo,[m,M] 

1 p 1 

oo,[m,M] 


(Miff — A) 2 + {A -min) 2 


(54) 


Proof. Apply Corollary 4 for g(t) = — . 
We continue with 


Theorem 10 All as in Theorem 9. Letp,q > 1 : ^ + ^ = 1. Then 


I (/i (A) f 2 (A) x, x ) - (/i (A) x, x ) (f 2 (A) x, x) \ < 


„ M 


(. M — m) (p + 1 ) p p 


11/2 (A) II 

Q 

O 

S 

CS- 

O 

> l re * 

+ l/i (A) || 

e * 

{f 2 ° In pt) o — 



1 P 1 

q,[m,M] 

P 

q,[m,M ] 


(Mlff-A) 1+ ^ + (A — mlff) 1+ p 


(55) 


Proof. Use of Corollary 6 and g (f) = ; p > 0, M < In p. 

We finish article with 

Theorem 11 Here all as in Theorem 9. Then 


0 M 


I (/i (A) f 2 (A) x, x) - (/i (A) x, x) ( f 2 (A) x, a;) | < — (56) 

P 


ll/i (A) || 

O 

s 

o 

> l a ~ 

+ II/ 2 (A)|| 

£ t 

(/i O In pt) O — 



1 p 1 


P 

1 ,[m,M] 


Proof. Use of Corollary 
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FOURIER SERIES OF SUMS OF PRODUCTS OF POLY-BERNOULLI AND 
GENOCCHI FUNCTIONS AND THEIR APPLICATIONS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG 


Abstract. We derive Fourier series expansions of three types of sums of products of poly-Bernoulli and 
Genocchi functions. In addition, we express each of them in terms of Bernoulli functions. 


1. Introduction 


For any integer r, the poly-Bernoulli polynomials (x) of index r are given by the generating function 


Li r ( 1 — e *) 
e 4 — 1 


J-IIL 

e xt = Y R(r) {x y (see [1 _ 4, 7 _ 10, 12, 13, 17, 18]), 
z ' ml 


m=0 


(l.i) 


where Li r (x) = Ylm = o fjy is the r-th polylogaritlnnic function for r > 1 and a rational function for r < 0. 
We observe here that 


-y- (Li r+1 ( x )) = —Li r (x). 
ax x 

As to poly-Bernoulli polynomials, we note the following: 

jy (®mO)) = TO ®m- 1(®). ( m > !)• 

x) = B m (x), B^ r) (a:) = 1, B^z) = x m , 

„„ =<5m,o, B^+ 1 )(1)-B^+ 1 )(0)=B« 1 , (m > 1). 
The Genocchi polynomials G m (x ) are given by the generating function 

04- 00 4-m 

e-t = Y j G m {x)— v (see [14-16]). 

m = 0 


e* + 1 


The first few Genocchi polynomials are as follows: 

G 0 (x) = 0, Gi(x) = 1, G 2 (x ) =2x — l, 

G 3 (x) = 3x 2 — 3x, G^x) = 4a: 3 — 6a: 2 + 1, 

G$( x) = 5a: 4 — 10a: 3 + 5a:, G§(x) = 6a: 5 — 15a: 4 + 15a: 2 — 3, 
G 7 ( x) = 7x 6 - 21x 5 + 35a: 3 - 21a:. 

From the relation G m ( x) = m£ ro _i(i)(m > 1), we have 

deg G m (x) = m - 1 (to > 1), G m = mE m _ x (to > 1), 

G 0 = 0, Gi = 1, G 2 m+i = 0 (to > 1), and G 2m ^0 (to > 1). 


( 1 . 2 ) 


(1.3) 


(1.4) 


(1.5) 


(1.6) 


2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, poly-Bernoulli polynomials, poly-Bernoulli functions, Genocchi polynomials, 
Genocchi functions. 
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2 Fourier series of sums of products of poly-Bernoulli and Genocchi functions 

In addition, 


From these, we also have 


-G m (x) = mGm- i(x) (m > 1), 


G m ( 1) + G m ( 0 ) — 2<5 m l , (m > 0 ). 


(1.7) 


( 1 . 8 ) 


f 1 1 

/ G m (x)dx = — — (G m +i(l) — Gm+i(0)) 

Jo m+1 

= r+ — Gm+l(0) + S m o) (1-9) 

m +1 

JO, if to is even, 

l if m is odd. 

For any real number x , let < x >= x — [x] € [0, 1) denote the fractional part of x. In this paper, we will 
study the Fourier series of the following three types of sums of products of poly-Bernoulli and Genocchi 
functions: 

(1) a m (< x>) = £r=o 1 ®jf l ' 1) (< x >)G m - k (< x >), (m > 2); 

(2) /+(< x>) = YJ™~0 ki(m-k)\ M k +1) (< x >)Gm-k{< X >), (m > 2); 

(3) 7m (< x >) = YJk=l fc(m-fc) B fc r+1) (< X >)Gm-k(< X >), (m > 2). 

For some elementary facts about Fourier analysis, the reader may refer to [20,22]. As to 7 m (< x >), we 
note that the polynomial identity (1.10) follows immediately from (4.21) and (4.25), which is derived in 
turn from the Fourier series expansion of 7 m (< x >). 


m — 1 

E 

k= 1 

= — ( Am+l + 


k(m — k) 


li r+1 \x)G m . k (x) 


m 


2 G 


m+1 


m(m + 1 ) 


1 m— 1 

-T, 

m z ' 


s=l 


Am-s+l - 2Gm - s +\ (ifm-r - H m _ s ) ) B s {x). 
m — s + 1 ' 


( 1 . 10 ) 


The obvious polynomial identities can be derived also for a m (< x >) and /3 m (< x >) from (2.19) and 
(2.23), and (3.16) and (3.20), respectively. It is worth noting that from the Fourier series expansion of 
the function YJik=i k(m-k) ^k{< x >)B m _k{< x >) we can derive the following polynomial identity: 


m— 1 ^ 


2 

m 2 



Bm—kBk (t:) + 


Hm-l-Bm (x') , 
m 


( m > 2 ). 


( 1 . 11 ) 
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T. Kim, D. S. Kim, L. C. Jang, G.-W. Jang 3 

From (1.11), we can derive the following slightly different version of the well-known Miki’s identity 
(see [5,21]) 


m— 1 

E 

*;= i 


i 


2k ( 2 m — 2k) 


B2kB2m-2k 


(1.12) 


— — ET ( 07 J ^ 2k B 2m— 2k H ( m E 2 ) . 

m 2k\ 2k I m 

k=i v 7 


Also, from (1.11) and with B m = ^ 2 ^ l _ 1 ^ Bm = (2 1 m — l) B m = B m (^), we have 


m— 1 


1 


E 2fc (2m, - 27c) B ' 2kB2m 2k 

1_ y. J_ / 2m,\ „ _ 

m 2k \ 2k 

k = l v 


(1.13) 


1 X — ^ 1 t 2 ti~i \ — 1 — 

— / KT I ) B2kB2m—2k T -02m — ( Okt ^ 2) , 

^ J /k \ A.k / 777 , 


which is the Faber-Pandharipande-Zagier identity (see [6]). Some related works can be found in [11,19]. 


2. Fourier series of functions of the first type 


In this section, we will study the Fourier series of first type of sums of products of poly-Bernoulli and 
Genocchi functions. 


m— 1 


a m (x) = ^2 M ( j! +1) (x)G m -k(x), (m > 2). 
k = 0 

Note here that dega m (x) = m — 1. We now consider the function 

m— 1 

a m (< x»=Y. ®i r+1) ( < x >)G m -k(< x >), (m > 2), 

k — 0 

defined on (— 00 , — 00 ), which is periodic of period 1. The Fourier series of a m (< x >) is 

OO 

E A {fn) 2-ninx 
-™-n e j 

n =— 00 

where 

= [ a m (<x>)e~ 2vinx dx 

Jo 

= [ a m (x)e~ 27Tinx dx. 

Jo 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 
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Fourier series of sums of products of poly-Bernoulli and Genocchi functions 


Before proceeding further, we need to observe the following. 

m— 1 


ot' m {x) = E (a ')Gm-k(x) + (to- k)M ( j! +1 \x)G m -k-i{x)) 

k = 0 

m— 1 m— 2 

= ^ kM^\ X ) G m-k(x) + Y, ( TO - k)Mk +1 \x)Gm-k-l(x) 

k = 1 k=0 

m — 2 m — 2 

= E + l)®fc r+1) (aOG m -i_ fe (:r) + E (to - fc)B^ +1) (a;)G m _i_fc(a:) 




/c— 0 


m—2 


= (rn + 1) E B[. r+1) (a;)G m _i_fc(a;) 

k—0 

= (to + l)a m ^i(a;). 

So, OL m {x ) = (?n + l)a m _i(a;), and hence 

/ a m+ i(a;)\ ' 


\ ?n + 2 


^m(^)i 


and 


For to > 2, 


f 1 1 

/ a m (x)dx = — (a m +i(l) - a m +i(0)). 

Jo to + 2 


^m(l) ^m(d) 


m— 1 


E (®i r+1) (l)G m - fc (l) 


t(H-l) 


Gm—k 


k = 0 


m— i 

= ®o r+1) (l)G m (l) - B ( 0 r+1) G m + E (®i r+1) (l)G m _ fc (l) 


n(r+i) 


Gm-l 


fc= 1 


m— i 

— — 2G m + 2<5 m? i + + ^ + ®i-i) (—Gm-k + 2^-1^) — B^ + ^ Gm-k^j 


k = 1 


m— 1 


= -2G„ 


E (-2®i r+1) G m _ fc + 2B^. r+1) i5 m _ lj fc - B^Gm-fc + 2B^ 1< 5 rn _ 1 , fc ) 


k=l 
m— 1 


m— 1 

o \ A Tn)( r + 1 )/^ I ofi2( r_ ^) \ A ini( r ) r* 

— —ZUm ~ * /_^ n k t*m-k -r *W m -i ~ / v 


» 0 *) 
^m— 2 


fc=l 


fe=l 


m—2 m—2 

dG+B/c' , _ toMc 
1 fc 

fc— o fe=0 


= -2 E ®i r+1) G m -fc - E ®i r) Gm-k-1 + : 


v m- 2* 


^m(d) ( T m (l) I' A m 0. 

1 


/ a m (x)dx = 
Jo 


to + 2 


-A. 


m+l- 


(2.5) 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


(2.9) 

( 2 . 10 ) 
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Now, we are going to determine the Fourier coefficients 
Case 1 : n ^ 0. 


4 m) = [ a m (x)e~ 2 ™ x dx 
Jo 

[a m {x )e-“]J + J a' m (x)e~ 27rinx dx 


2nin 


i jji —i— i r ^ 

= - T ^(a m (l)-a ro (0)) + --^- / a m -i(x)e~ 27Tinx dx 

2i7TZTI 2i7TZTI J q 


= rn ±l A ^ - — A r 

27rm 27rin 

-A( m_2 ) — 


TO 


to + 1 
27rm V 27rm 


2-Kin 


A m _ i ) — 


2mn 


A„ 


= (TO + 1)TO . (m— 2) _ TO + 1 


(2nin 


(27 


■ A m _i 


2nin 


5 


( 2 . 11 ) 


(to + l) m _i _ y- (TO + l)j-l 

(27rin N ' m_1 n ^ ( c )'rr'i r n\j 


3 = 1 


(27rm) J 


^m— j-\-l 


= -E 


(to + l)j-i . 


— J (27rin)l 


m— j-\-l 


1 ^(to + 2), 


m 


E 


+ 2 (27rm)-? 

.7 — 1 


^ m . — 


m— j+1 5 


where 


A« = [ a 1 {x)e- 2 ™ nx dx= [ 

Jo Jo 


v dx = 0. 


Case 2: n = 0. 


f 1 

Ap m) = / a m {x)dx = 
Jo 


1 


TO + 2 


-A. 


m+1 • 


Here we recall the following facts about Bernoulli functions B m (< x >): 
(a) for to > 2, 


Bm{< x >) = -to! ^ 


00 g2Tvinx 


n=—oo,n^0 


(2nin) m 


(b) for to = 1 , 


- E 


°° ^2tt inx 


n=—oo,n^0 


2-Kin 


Bi(< x >), for x £ Z c , 
0, for 


( 2 . 12 ) 


(2.13) 


(2.14) 


(2.15) 


where Z c = M — Z. a m (< x >), (to > 2) is piecewise C°° . Moreover, a m (< x >) is continuous for those 
integers to > 2 with A m = 0 and discontinuous with jump discontinuities at integers for those integers 
to > 2 with A m 0. Assume first that m is an integer > 2 with A m = 0. Then a m ( 0) = a m (l). 
a m (< x >) is piecewise C°° , and continuous. Thus, the Fourier series of a m (< x >) converges uniformly 


938 


TAEKYUN KIM et al 934-951 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


6 Fourier series of sums of products of poly-Bernoulli and Genocchi functions 

to a m (< x >), and 

a m {< x >) 

1 . 


m + 2 
1 


*ra+l 


E 


1 ^(m + 2), 


. + 2 E ( 2 ™)J ^rn-j + l 

3 = 1 




77=— 00,777^0 
^ m— 1 

m + 2 m+1 m + 2 ^ 

j=i 


Jl'Kinx 


1 


1 r> ^tti+I ■ 1 o / 

ra + 2 m + 2 ^ ^ 

j= 2 


1 m— 1 

— E 

4- 9 


TO + 2 

j 

TO + 2 

J 


A. 


m— j + 1 


E 


00 g2nin 


n=—oo,n^0 
^m— j+l^j (< X 


(27 rin) 3 


1 /to + 2 


A rv, X 


TO + 2 \ 1 

Now, we can state our first theorem. 

Theorem 2.1. Nor eac/i integer l > 2, let 

1 - 2 

t (r+l) 

k - 0 


l?i(< a; >), for x £ Z c , 
0, for a; £ Z. 


1-2 


A, = -2^»E 1) G / _ fe - EBfeGi-fc- 

fc =0 


it-21^. 


Assume that A m = 0, for an integer m> 2. TTien. we have the following, 
(a) ^ >)G m -k{< x >) has the Fourier series expansion 


m— 1 


E Bfe 1 (< x >)G m -k{< x >) 


fc=0 


1 


TO. + 2 


A m+ i + El 

n=—oo , 777^0 


1 nE (to + 2)j 


E 


+ 2 (27rmV 

7=1 v 7 


^ m . — i 


■j + 1 e ‘ 


2izinx 


for all x £ (— 00 , 00 ), where the convergence is uniform. 

(b) 

777—1 

E B i r+1) (< 3:1 >)Gm-fc(< X >) 


fc=0 


1 


TO. + 2 


-A. 


777+1 


1 T+ 1 fm + 2\ 

+ E j x >), 

J — 2 


for all x £ (— 00 , 00 ). Here Bj(< x >) zs the Bernoulli function. 


Assume next that to > 2 is an integer with A m ^ 0. Then a m (0) ^ a m (l). So a m (< 
C°° and discontinuous with jump discontinuities at integers. The Fourier series of a m ( 
pointwise to a m (< x >), for x £ Z c , and converges to 

2 (^ 771 ( 0 ) T o m (l)) a m (0) T 
for x £ Z. Next, we can state our second theorem. 


(2.16) 


(2.17) 


(2.18) 


(2.19) 


x >) is piecewise 
< x >) converges 

(2.20) 
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Theorem 2.2. For each integer l > 2, let 

A; = -2j2®k +1) Gi-k - ^Gi-k-i + 2B&. 

k—0 k = 0 

Assume that A m ^ 0, for an integer > 2. Then we have the following. 

(a) 


(b) 


1 


m + 2 


A m+ i + 

n=— oo,n^0 


1 v—' 1 (m + 2)j 


E 


+ 2 (27rmV 

7 = 1 


A I Jl-Kinx 

m—j+1 


EZoK +1 \ <x> )G m -k«x», for x e Z c 

Er=o lB i' +1)Gi ’"-'= + f ° r x gz. 


1 A 1 

! Q^m+1 “1“ . ^ 

m z m + 2 


j=l ' J ' 

m— 1 

= ]T ®fc" +1) (< * >)G m -k(< X >), for a: e Z c ; 


k=0 


1 A 1 

A m +i + 


m + 2 

m— 1 


1 /m + 2\ , , 

?n + 2 \ j J A — J+i B j(< x >) 


y ] ®fc + ^ Gm-k + —A m , x £ Z. 


(2.21) 


(2.22) 


(2.23) 


(2.24) 


k — 0 


3. Fourier series of functions of the second type 


Let Pm(x) = J2k=o k\(m-k)M k +1) ( x )Gm-k{x), (m > 2). Observe that 


m — 1 


P' m {x) = E 


k = 0 
m — 1 


k 


k\(m—k)\ k 

1 


^i 1) (®)G ro _ fc (®) + 


m — k 

k\(m — k)\ k 

m — 2 


i r+1) (x)G m _ fc _!(x) 

1 


~ E (fc - 1)I( TO _ jfe ) ! ®fc r -l 1) (*) G m-fc(*) + E fcl( TO _ fc _ 


(3.1) 




1 


/c— 0 

= 2/3 m _ i (x) 
From this, we have 


fc!(rn — 1 — fc)! k 


^ +1 \x)G m -i-k{x) 


^ Pm+i(x ) V 


= Pm(x), 


(3.2) 
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r 1 i 

J P m (x)dx = -{/3 m + i(l) - /3 m +i(0)). 


For to > 2, we have 

= n m (r) = /3 m ( 1) - /3 m ( 0) 


= E 

fc= o 

1 

to ! 


fc!(m — k) 


y (»i r+1) (l)G m _ fc (l) 


y (B^ r+1) (l)G m (l) -B' r+1) G m ) + £ fc , (m 1 _ fc) , (B< r+1 >(l)G m _ t (l)-l' r+1) ( 


. m— 1 

= m\ + ^mp) + ^ ((^1 ^ + Bfc-i) (~Gm-k + 2<5 m -i,fe) — b[. > G m -kj 

o m— 1 1 

= ~ rrt \^ m A’!(to — fc)! ( — + 2B[. i,fc — + 2B[.2 1 5 m -i,fe^ 


?n! m fc!(m — fc)! V 

m-1 (r+1)^, 

^ „ r, B fc Gm-fc 


^+1) m-l B (r) G l2; 


_ o \ ' %■ G m -fc B m — 1 _ \ ' ”fc— jGm-fc ”m-2 

?n! m k\(m — k)\ (to— 1)! J k\(m — k)\ (to— 1)! 

171-2 Tffi( r + 1 )r' 777-1 « (r ) r 7 , m( 7 ') 

_2 Y^ B fc G m -fc _ 2 "ro-2 

^ hU m — h 1 1 ' h.Um — I (m — 1 V 


B<, r+1) G m _ fe 

m—l TTO ( r ) /-I TTO ( r ) 

^k-l^rn-k 0 J® m _ 2 

k\(m — k)\ “(m-1)!' 


k\(m — k)l 



/9m (0) = /3m(l) ^ O m = 0. 

(3.5) 


f 1 1 

J p m (x)dx = -n m+ 1 . 


Now, we are going to consider the function 

An(< a; >) = ^ vr— _ Txy B^ r+1) ( < x >)G m _ fc (< x >), (to > 2), 
fe =0 /■ 

defined on (— oo, oo), which is periodic with period 1. The Fourier series of /3 m (< x >) is 

OO 

E o(m) Jl'Kinx 

B n e > 

k=—oo 

where 

Si m) = [ (3 m (< x >)e~ 27Tinx dx 

Jo 

= [ P m (x)e- 2 ” inx dx. 

Jo 

We are now going to determine the Fourier coefficients B i m \ 
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9 


Case 1: n/0. 


B^ = [ Pm(x)e- 2winx dx 
Jo 


= “iSi [A " (I) 


— 27rmxl 1- , ^ 


27rin . 


p' m (x)e- 2mnx dx 


= 1) - /3 m (0)) + [ Pm-i{x)e~ 2 ™ x dx 

2i7rzTi Znin J q 


27rin 27rin 


2n in \ 2i Tin 
2 


-B 


(m— 2) 


0 . ^m— 1 I 0 

27rzn / 27rzn 


2 2 fl 

27rin / " (2nin) 2 m 2-jrin r 


(3.10) 


2 

2nin 


B 1 1} 


m_1 oj'-l 

V 2 Q 

/ , [n • J + l 

(2mny 

3 = 1 


m— 1 


= -E 

j=i 


2J- 1 

7K • Vi m— j+1 

(! 2-Kiny 


where 


Case 2: n = 0. 



c dx = 0. 


B, 


(m) 


r 1 l 

= J /3m{x)dx = 


(3.11) 


(3.12) 


/3 m (< a: >), (to > 2) is piecewise C°° . Moreover, /3 m (< x >) is continuous for those integers m > 2 with 
fi m = 0 and discontinuous with jump discontinuities at integers for those integers m > 2 with ^ 0. 

Assume first that = 0, for an integer to > 2. Then /3 m (0) = /3 m (l). /3 m (< a: >) is piecewise C 00 , 
and continuous. Thus the Fourier series of /3 m (< x >) converges uniformly to /3 m (< x >), and 


m — 1 


j,(<C x >) — + 


E E 


2 3 ~ 


n=—oo,n^0 


— J (27r in)* 


- £lrn.— 


m-j -\- 1 


I m— 1 

= K^m+1 + 


2 - J " 




m-j+l I J 


— i\ 


E 


i=i 

m— 1 


n=— oo,n ^0 


(2tt in) 3 


1„ V- V~ 1 n D . , „ f S 1 (< a: >), for x£Z c , 

— 2 ^‘ m + 1 + E ,i ^m-j+iBj(< x >) + fl m x j q for x g Z 

i— 2 L ’ 


Now, we are ready to state our first theorem. 


(3.13) 
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Theorem 3.1. For each integer l > 2, let 

k 


n« = -2^ 


iz? Ttt( r + 1 ^/z, . izl Gi-i 




-E 


+ 2 - 


km 


^ k\(l-k)\ k\(l - k)\ (l -!)'■' 


Assume that Tl m = 0, for an integer m > 2. Then we have the following. 

x 

1 


(a) fc!(m 1 -fc)! ^l' +1 ^( < ~ x >)Gm-k{< x >) has the Fourier series expansion 


m— 1 

E 

k—0 


k\(m — k)\ k 


x >)G m - k {< x >) 


- -flm+l + E ( E 

n=— oo,n^0 \ j 

for all x £ (— 00 , 00 ), where the convergence is uniform. 

(b) 

m— 1 ^ 


m- 1 0 j - 1 

ST 2 o 

/ , /n ■ — j + 1 

“ (27 Tiny 


E 

k—0 


k\(m — k)\ k 


^ +1) (< X > )Gm—k (< Z >) 


X m-i 2 i- 1 

= “flm+l T ^ ' Tj j+lBj (< X >) 


J=2 


for all x £ (— 00 , 00 ), where Bj(< x >) is f/ie Bernoulli function. 

Assume next that fi m ^ 0, for an integer m > 2. Then /3 m ( 0) ^ /3 m (l). Thus /3 m (< 0 
C°° and discontinuous with jump discontinuities at integers. The Fourier series of /? m (< 
pointwise to /3 m (< x >), for x £ Z c , and converges to 

2 (/^rn (0) + /3 m (l)) = Pm( 0) + 


m— 1 




k—0 


k\(m — k)\ 


for x£ Z. We can now state our second theorem. 


Theorem 3.2. For each integer l > 2, let 

1-2 

n, = -2^ 


— 4-i®fc r 2iGj_ 




-2 


L. W(Z-fc)! E k \(i- k) \ ' -(i - f)!- 


iU7 7 

+ 2—1 


fc =0 


Assume that Tl m ^ 0, for an integer m > 2. XTien we have the following, 
(a) 


^ oo / m—1 2^-1 

2° m+1 + E E I e 

n— — oo,n^0 \ j — 1 v 7 


2irinx 


■'”1-1 1 TO ( r +l) 


E m- 

k = 0 

■\TO-1 ] 

jk—0 k\(m 

Here the convergence is pointwise. 


(< x >)G m -k(< x >), for x £ Z c 


X)fc =0 fclCm 1 -!-)!®! ^G m -k + 2 ^m> for X £ Z. 


(3.14) 


(3.15) 


(3.16) 


>) is piecewise 
x >) converges 


(3.17) 


(3.18) 


(3.19) 
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(b) 


1 ^ 2 J - 1 

— r2 m _i_i h- y ^ (<c x >) 


i=i 


m— 1 1 

= Z fc!( m -jfe)! B fc r+1)(< x x >)’ 


fc =0 


(3.20) 


for x € Z c 


1 ^ 2J- 1 

K^ro+1 3“ / , Tj Hm— j+lBj (< X >) 


J=2 


m_1 1 1 

= E*i(^)T»r 




(3.21) 


for x € Z. Here Bj(< x >) is f/ie Bernoulli function. 


4. Fourier series of functions of the third type 


Let 7 m (x) = J2k= 1 k(m-k) B k +1) ( x ) G m-k(x), (m > 2). We observe the following. 


m— i 1 

7m(®) = Z fc( m _ fc ) {fcBt + i 1) (*)G„,-fc(*) + (to - fc)B'; +1) (x)G m _ fc _i(x)} 


/c=l 
m— 2 

= z 

k - 0 
1 


to — k — 1 


m — 1 


B G+ 1 ) (x)G m _ fc _i(x)+ Z -B<, r+ 1 ) (x)G m _ fe _i(x) 


fc = l 


m—2 


m — 




m—2 


l^(r+l) //y> ^ _ . (4-1) 


fc=l 




fc=i 


m — 

1 


-G m _i(x) + (to - 1) Z fc( m _ 1 _ fc ) B i r+1) Wgm-l-fc(x) 


TO — 1 

From this, we see that 


G 

m — 1 (x) + (to — 1)7 m— 1 (^) • 


— (7m+i(z) 1 

TO TO(TO + 1) 




(4.2) 
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and 


' Ym{x)dx 

lm+i(x) - 


1 

to 


m(m + 1) 


G m -|_ 1 (x) 


1 


— (7m+l(l) 7m+l(0) 

to 

= ( 7m+l(l) — 7 m _|_i(0) — 

to ' 

= ( 7m+l(l) — 7m+l(0) + 


1 


m(m + 1) 

1 

m(m + 1) 

2Gm+l 


(G m +i(l) — G m+ i(0)) 


( — 2G m +i(0) + 2S m fi) 


i(m + 1 ) J ' 


For to > 2, we let 

A m = A m (r) = 7 m(l) 7m (0) 


= E 

k = 1 
m— 1 


i 


k(m — k ) 

1 


(®i r+1) (l)Gm-fc(l) 




G m _7 


= E ((®i r+1) +<-i) (-Gm-* + 2^-i.fc) - Bi r+1) Gm- fc ) 


m—1 


y i ( 

( fc(r?z — fc) V 


r" 


Gm.—k + 2Bj. + ^m^l.fc ~ ■ B[LiG m _fc + 2BjLi<5m-l,fc^ 


= - 2 E 


7 ^ k(m — k) 


»(r+l)/-f I Ttt( r + 1 ) 

p i. '~ r m— k W 

K m - 1 


t ! 1 - £ 


1 


So, 


k(m-k) 
7m(l) = 7m(0) A m = 0. 


sM r 1 , -i- z Tff( r ) 
l^rn-fe + m _ y m -2- 


Also, 


/ 7 m(x)dx = — ( A m+ 1 + 

7 0 TO V 


m(m + 1) 


G 


ra+1 


m—1 


We are now going to consider 

7m(< X>) =y 1 Bj, r+1) (< a: >)G m _ fc (< x >), 

fc=i /C 1 TO 

defined on (— 00 , 00 ) , which is periodic with period 1. The Fourier series of 7 m (< x >) is 


E <% 


m) g 2ninx 


n —— 00 


where 


G<"*> = [ lm{<x>)e~ Mnx dx= f lm (x)e- 2 ” inx dx. 
Jo Jo 


Now, we want to determine the Fourier coefficients G, 


(m) 


(4.3) 


(4.4) 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
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Case 1: n/0. 


Cl m) = / 7 m(x)e~ 2 ™ x dx 

Jo 


2k in 
1 

2nin 


2k in . 


7 ' m {x)e-^™dx 


(7m(l) - 7m(0)) + R— — [ ( — rGm-iix) + (?B - l)y m -i{x) 

Znin J 0 \m — 1 

f 1 G m _i(x)e-“dx 
Jo 


—2-rrinx 


dx 


— 5_a + — l(7( m -!) _i I 

27t in m 2i rin n 2Kin{m—l)J 0 


= —A + — lc( m - 1 ) j I 

2nin m 2 k in n 2Kin{m — 1) 




(4.10) 


where 


m-2 i a 

* _ v' ( m ~ 


(4.11) 


and one can show 


„-2«inx dx = / EL\ ^G|_ fe+ 1 , for n^O, 


Gi(x)e 


2Gz+i 

Z+l 


for n = 0. 


(4.12) 


We observe that 


C7(™) = 771 1 a. 


27 xin 
TO — 1 ( m — 2 


2mn 2k in(m — 1) 




27r in 


1 2 f-*(m-2) _ 1 a | 2 \ 

in \ 27rin " 2nin m 1 2mn(m — 2) m 1 J 


1 


■ A i 


~<f>r 


2k in 2mn{m — 1) 

= ( m - 1)(to - 2) (m _ 2) to - 1 1_ 

(27r in) 2 ” (2'Kin) 2 m 1 27rm 

2(m — 1) , 2 


At, 


{2'Kin) 2 (m — 2) 


$ 


m— 1 


2mn(m — 1) 


$ 

1 n 


(4.13) 


_ (to ~~ 1 )m-2 ^( 2 ) _ (to. - l)j-_ 1 , 2(m-l)j-i 

(27rm) m_2 n 2-^ (27 t m) 2 m-J+1 {2irin)i {m — j) m_J+1 

( m ~ 1 ) ! A 'y- 2 (w~ 1 )j-i . 2 (^ - l)j-i m 

(27rin) m_1 2 2-^ {2nin) : > m 17+1 2-^ {2mny {m — j) m 7+1 

1 r ( TO )j a | 1 y" 2 ( to )j m 

to ^ ( 2'Kin) 1 in {2'Kin y {m. — j) 
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where 


C+ = [ 72 (x)e~ 2mnx dx 

Jo 


1 r / \ —2Trinx~\ 1 1 


= M*)e- 2 — ] 0 + 5-5- ^(x)e~^dx 


27t in 1 J 0 27 vin 


In order to get a final expression for we observe the following. 


m—2 

V 2(m)i $ , 

(2tt in)i{m — j) m 3 

m - 2 0 /\ m-t-l / .x 

= \ ' 2(m)j \ ' (m- j) fc -i 

(2niny(m — j) +-J (2tt in) k m 3 fc+1 

m—2 m—j—1 , . 

\ ’ M 2 Mj+fc-i 

+J “J (2n iri)i +k (m — j) m 3 fc+1 


m—2 


m— 1 


_oV 1 V M«-i 

^ / v • / v /O • \ o — s+1 

L — / 777 , — n ± ' ZTTin) s 
j=l J 8=j+l V ' 

m— 1 / \ s — 1 

o V" ( m )s-l r, sr 1 

^ / V /O • \s^ m_S +l / v 

' (27rznj s “ ' m — j 

s — 2 j — 1 

_ O V" Ms M-s+1 TT \ 

- - 2^ ( 27ri „)» TO — S + 1 1 m ” 1 m “ sj ‘ 

S = 1 v 7 


Putting everything altogether, we have 


Mm) _ 1 Ms A | 2 Ms Gm-s+l rr \ 

6 " - "to ^ (2™T A ™-s +1 + m 

S=1 v 7 

- 1 V 1 (m) * [a 


m f (27rm) a 

S — 1 v 7 


m (27rin) s m — s + 1 

S=1 v 7 

2G>n— s+1 

TO — S + 1 


{JJJm—l H-m—s) 


Case 2: n = 0. 


c o m) = [ lm{x)dx = 1 (a to+1 + 

Jo m V 


2G m+ i 

to(to + 1) 


7 m (< x >), (to > 2) is piecewise C 00 . In addition, 7 m (< x >) is continuous for those integers 
with A m = 0, and discontinuous with jump discontinuities at integers for those integers A m ^ 0. 


(4.14) 


(4.15) 


(4.16) 


(4.17) 

to > 2 
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Assume first that A m = 0 . Then 7 m (0) = 7 m (l). 7m(< x >) is piecewise C °° , and continuous. So 
the Fourier series of 7 m (< x >) converges uniformly to 7 m (< x >), and 


A, 


7m (< X >) 

1 

m 

1 

m 


2G 


m+1 


m+1 


m(m + 1) 

00 ( m— 1 


E E 

n— — oo,n^0 v s=l 


(m) s 


(27T*n) 6 


A. 


m- S+ l - 2Gm ~ E ( g m- 1 - Hm—s) ) [> e : 
m — s + 1 


2ninx 


1 


— — A m+ i + 


2G 


m+1 


m \ mym + 1 ) 


. m— 1 

1 E 

m z ' 

S = 1 


A _ 2G m - s+ l lTJ _ A 

^m— s+1 1 y-fi-m— 1 -H-m—s) 


m — s + 1 


v Jl'ninx 

xi-* ! E 


1 


— — A m+ i + 


, (27t in) s 

n=— oo,n^tO 

2G m+ i 


m \ m(m + 1 ) 


1 m— 1 
7T1. L ' 


m 


A m _ s+ i - 2Gm ^ (g m _i - H m - S ) ) S s (< a; >) 


m — s + 1 


A A m x 

Now, we can state our first result. 


Hi(< a; >), for a; G Z c , 
0 , for x £ Z. 


(4.18) 


Theorem 4.1. For each integer l > 2, let 


i o 

_ V - B (r) G, i.+ Z ™ (r) 

2^k(i-k) k - 1 l ~ k + 


fc= i 


i - 1 


1 — 2 ’ 


Assume that A m = 0, for an integer m > 2 . ITien we /iare f/ie following. 

(a) Y^k=i fc(m 1 -fc) -^fc +1 ' > + ^ >)Cm-fe(< £ >) ftas f/ie Fourier series expansion 


m— 1 

E 

fc=i 


fc(ra — /c) 


^ r+1) (< X >)G m _fc(< a; >) 


= — ( h 4 - 2( ^ m+1 

m \ m+1 m(m + 1 ) 


+ E IE 


' m— 1 


(j 


. . “ (27r in) 

n=— oo,n^0 s=l v y 

for all x £ (— 00 , 00 ). Here t/ie convergence is uniform. 


A™-, + i - 2Gm ~ s + 1 . (ffm-i - ff m - 5 ) ) [> e 


m — s + 1 


2 tv in x 


(4.19) 


(4.20) 
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(b) 


m— 1 


E k(m - fc)®^ +1)(< X x >) 


1 / A 

— — A m ± i + 


1 / i i \ 

m \ m{m + 1 ) 


m— 1 / 

1 ( m 

H / ( 

m z — ' V 5 

s—2 v 


A-m— 5+1 


G m+ i 

s+1 


(4.21) 


m — s + 1 

for all x € (— 00 , 00 ). .Here l? s (< x >) is f/ie Bernoulli function. 


(Hm— 1 Hm—g) j J5 S (<C X 


Assume next that m > 2 is an integer with A m ^ 0. Then 7 m ( 0 ) 7 ^ 7 m (l). 7 m(< x >) is piecewise C°° 
and discontinuous with jump discontinuities at integers. Thus the Fourier series of 7 m (< x >) converges 
pointwise to 7 m (< x >), for x € Z c , and converges to 


2 (7m ( 0 ) + 7m(l)) — 7 m(0) + 2 


^ k(m — k) 
for x £ Z. Next, we can state our second result. 


m— 1 1 

E— 1 

fc=l 


D( r +l)r» _l_ _ A 
»k K ~ J m—k "t 2 


(4.22) 


Theorem 4.2. For eac/i integer l > 2, let 


— " < " +1>G ‘-‘ + rrT B ‘-i I> - E Ml 1 !) 8 -- 0 '- + i 2 T pW 

k = 1 


1 

A ' = -2 E fe(T^)” fc ^ fc(I3fc) 


fc=l v 7 fc=l v 7 

Assume that A m ^ 0, for an integer m > 2. Then we have the following, 
(a) 


(4.23) 


— I Ar. 


2 G. 


m+1 


. V m+1 i 7 -~T7 

m V m(m + 1 ) 

oo / m— 1 / \ 

7 (m) 


oo / m— i 

+ E E 


A _ 2G m _ 

m ' \ ' (2irin) s m_s+1 TO _ 

= f EfcTi 1 fcp?rTy 1B i r+1) (< * >)Gm-fc(< x >), for x e z c 

\ Efc=l fe(rn-fc)®fc ^ Gm-k + \A m , for X £ Z. 

Here the convergence is pointwise. 

(b) 

— ( A + 2Gm + 1 

m \ m+1 m(m + 1 ) 


m— s+1 / jt tt \ \ \ -2irinx 

-s + ! J J 


+ 1 E M f A m - S+ 1 - 2Gm ~‘+\ {Hm ^ - H m _ s )) B s « X >) 
m ' V s J \ m — s + 1 ) 

s= 1 x 7 v 7 

m— 1 1 

: E fc( m _fc) B fc r+1, (< 21 >)Gm - fc(< * >)’ 


(4.24) 


(4.25) 


949 


TAEKYUN KIM et al 934-951 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


T. Kim, D. S. Kim, L. C. Jang, G.-W. Jang 


for x € Z c and 


for x € Z. 


1 

m 


A m +i + 


2 G 


ra+1 


m(m + 1) 


m— 1 


1 E 


A m _ s+ i - 2gm ^ - -ffm-s) ) R s (< X >) 

m — s + 1 


m— 1 

E 


(r+l)^ _L I A 

h m—k i 0 -^m 7 


[ k(m — k) k 2 


17 


(4.26) 
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Convergence of the Newton-HSS Method under the Lipschitz 

Condition with the L-average 

Hong-Xiu Zhong 1 , Guo-Liang Chen 2 , Xue-Ping Guo 3 


Abstract: Under the hypothesis that the Jacobian matrix satisfies the center Lip- 
schitz condition with the L-average, we prove the local convergence of the Newton-HSS 
method, which is used to solve large sparse systems of nonlinear equations with positive 
definite Jacobian matrices at the solution points. Numerical results are given to examine 
its feasibility and effectiveness. 

Keywords: Large sparse systems; Nonlinear equations; Newton-HSS method; Cen- 
ter Lipschtiz condition with the L-average. 

AMS classifications: 65F10, 65F50, 65W05, 


1 Introduction 

In this paper, we consider the following system of nonlinear equations 

F(x) = 0, (1.1) 

where F : D C C" — > C re is nonlinear and continuously differentiable, D is an open convex 
subset of the n-dimensional complex linear space C n . The Jacobian matrix F (x) G C nxn 
is sparse, nonsymmetric and positive definite. This kind of nonlinear equations can be 
derived in many areas of scientific computing and engineering applications [1, 2, 3]. 

The most classic and important iterative method for the system of nonlinear equa- 
tions (1.1) is Newton’s method [14, 15], which can be formulated as 

x k+ i = x k - F\x k y l F(x k ), k = 0, 1, • • • , 

where xq G D is a given initial vector. Obviously, at the k-th iteration step, it is necessary 
to solve the so-called Newton equation 

F'(x k )s k = -F(x k ), (1.2) 

which is the dominant task in implementations of the Newton method, then get the k + 1- 
th iterative vector x k+i = x k + s k . Bai and Guo [5], Guo and Duff [10], first used the 
HSS iteration [4] to solve approximately the Newton equation (1.2), and used inexact 
Newton method [8] as the outer solver, presented the Newton-HSS method for solving 

1 School of Science, Jiangnan University, Wuxi 214122, P. R. China (zhonghongxiu@126.com). 

2 Corresponding author. Department of Mathematics, Shanghai Key Laboratory of PMMP, East 
China Normal University, Shanghai 200241, P. R. China (glchen@math.ecnu.edu.cn). 

3 Department of Mathematics, Shanghai Key Laboratory of PMMP, East China Normal University, 
Shanghai 200241, P. R. China (xpguo@math.ecnu.edu.cn). 
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the system of nonlinear equations (1.1), and gave the convergence theorems under the 
Lipschtiz continuous conditions. The following is HSS iterative method, which is used to 
solve non-Hermitian positive-definite linear system Ax = b [4]. 

Algorithm 1.1. HSS 

1. Given an initial guess xq G C n , and positive constant a. 

2. Split the linear matrix A into its Hermitian part H and skew-Hermitian part S 

H = ^(A + A*) and S = ^(A - A*). 

3. For k = 0, 1, 2, • • • , compute Xk+i using the following iteration scheme until {xk} 
satisfies the stopping criterion: 


f (al + H)x k+ 1 = ( al - S)x k + b, 

[ (ctl + S)x k + 1 = ( al - H)x k+ 1 + b, 

where I denotes the identity matrix. 

Recently, using HSS method as the inner solver for solving Newton equations (1.2), 
and the modified Newton method as the outer solver, Chen et al. have proposed the 
modified Newton-HSS method for the system of nonlinear equations (1.1). They have 
proved the convergence theorems under Holder continuous condition, which is weaker than 
the usual Lipschtiz condition. When using Newton’s method to solve equations (1.1), Guo 
[11] studied its semi-local convergence property, which is as brief as Newton-Kantorovich 
theorem [9, 12], under the hypothese that the derivative satisfies center Lipschtiz condition 
with the L-average, which is weaker than Holder condition and Lipschtiz condition, and 
has gotten a lot of attention and been extensively studied [13, 17, 18]. 

The following conditions were introduced by Wang in [13], named the center Lipschitz 
condition with the L-average. 


Definition 1.1. Let Y be a Banach space and let x * G C n . Let G be a mapping from 
C n to Y . Then G is said to satisfy the center Lipschitz condition with the L-average on 
B(x*, r) if 

p\\x—x*\\ 

||G(a;) — G(x*)|| < / L{u)du for each x G B(x*pr); 

Jo 

In this paper, motivated by the idea of [11], the main work is to study the local 
convergence theorem of the Newton-HSS method under the hypothese that the derivative 
satisfies the center Lipschitz condition with the L-average. The organization of the paper 
is as follows. In Section 2, we introduce the Newton-HSS iterative method. In Section 
3, we first give some lemmas which are useful for our main result, then present the new 
local convergence theorems under the hypothese that the derivative satisfies the center 
Lipschitz condition with the L-average. An numerical example is given to illustrate the 
applications of the results in our paper in Section 4. Finally, in Section 5, some conclusions 
are given. 
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2 Newton-HSS iteration 


For Jacobian matrix F'(x), let 

tf(x) = i(F'(x) + F'Or)*) 

be its Hermitian part, 

S(x) = i(F'(x)-F'M-) 

be the skew- Hermitian part, the following is the Newton-HSS method [5, 10]. 

Algorithm 2.1. Newton-HSS 

1. Given an initial guess x 0 , positive constants a and tol, and positive integer sequence 

2. for k = 0, 1, • • • until ||F(xjt)|| < fo/||F(a;o)|| do: 

2.1. Set d k ,o = 0; 

2.2. for l = 0, 1, • • • , G — 1, apply Algorithm HSS to the linear system (1-2): 


I ( al + H(x k ))d kl+ 1 = ( al - S(x k ))d K i - F(x k ), 

\ (ail + S(x k ))d k j + 1 = (al - H(x k ))d kl+ 1 - F(x fc ), 
and obtain d k j k such that 

\\F(x k ) + F\x k )d kA || < r7fe||^(^fc)|| Vk e [0, 1). 
2.3. Set x fc+ i = x k + 4,z fc - 
Denote 

B(a\x) = —(al + H(x))(al + S^a;)), 

C(a; a;) = —(cd — H(x))(al — S(x )), 

2a: 

T(a; a;) = (a/ + S'(o;)) _1 (q;/ — H(x))(od + H(x))~ 1 (al — S(x)). 
Thus we have the following formulas 

T(a',x ) = £>(a; ai^C^a; a;), 

F (a;) = £>(a; a;) — C(a ; a;), 

F^a;)" 1 = (/ — T(a; a;)) _1 F(a; a;) -1 . 

From the Newton-HSS method we can get [10] 

x k +i = x k - (I - T l k k )F'(x k )~ 1 F(x k ), 

here T k := T(a\x k ). 


( 2 . 1 ) 


( 2 . 2 ) 


( 2 . 3 ) 


( 2 . 4 ) 
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3 Local convergence theorem under the center Lips- 
chitz condition with the L-average 


In this section, we establish a new local convergence theorem for the Newton-HSS method 
under the assumption that the derivative satisfies the center Lipschitz condition with the 
L-average, which is weaker than Holder condition and Lipschtiz condition. Firstly, we 
give the assumption. 

Assumption 3.1. Let F : D C C n — * C” be G- differentiable on an open neighborhood 
Ido C D of a point x* GO at which F'(x) is continuous, positive definite, and F(x *) = 0. 
Assume the following conditions hold for all x G B(x*, r) C N 0 , where B(x*, r) denotes 
an open ball centered at x* with radius r: 

(Al) (The Bounded Condition) there exist positive constants /3, 7 and 5 such that 
max{\\H(xfi)\\, ||S'(a;*)||} < (3, ||F'(a:*)^ 1 || < 7. 


(A2) (The Center Lipschitz Condition with the L-average) there exist positive integrable 
functions L h {u) and L s (u ) such that, 

\\H(x) - H(x*)\\ < f L h (u)du, 

Jo 

HS'(x) - 5'(x*)|| < [ L s {u)du , 


here p(x) = ||a; — x*|| . 

Let L{u) = L h {u) + L s {u), thus L{u) is a positive valued integrable function on 
[0, + 00 ). Before giving the main theorem, we list a series of useful lemmas as follows for 
our purpose. Lemma 3.1 is taken from [8], and we will give a proof of Lemma 3.2. 

Lemma 3.1. Define y(t) = | J* L(u)(t — u)du, t> 0, Then x Is increasing on [0, + 00 ). 

Lemma 3.2. Under Assumption 3.1, if 7 f ( ’ L(u)du < 1, then for x G B(x*,r) C No, 
F'fic)- 1 exists, and 

(1) ||.F'(x) — F'(x*)|| < f L(u)du , 

Jo 

(2) HN'Or)- 1 !! < 7 


1 - 7 Jo ix) L (u)d 


u 


l fp(D 


(3) l|f(l) " £ k 

(4) ||a; — x* — F'(x) l F(x 


L(u)(p(x) — u)du + 2/3) ||o: — x*||, 


< 


7 


rp(x) 


cp{x) 


1 - 7 f p(x) L(u)du P( x ) Jo 


L{u){p{x) — u)du + / L(u)du)\\x — x*\\. 


4 


955 


Hong-Xiu Zhong et al 952-964 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Proof. By Assumption 3.1, F'(x) = H(x ) + S(x), perturbation lemma [14], and condition 
7 JJ L[u)du < 1, it is easy to get (1) and (2). 

For (3), from integral mean- value theorem and Assumption 3.1, we first have 


||F(ai) - F(x *) - F'(x*)(x - z*)|| 

: || / {F'(x + t(x — x*)) — F\x*))d,t(x — x* 

Jo 

1 rtp(x) 


< 



L(u)dudt\\x — 


o Jo 


(3.5) 


1 rp( x ) 

= —— / L(u)(p(x) — u)du\\x — xJ\, 

pyx) Jo 

thus, together with ||F'(a;*)|| = || H(x*) + 5'(a;*)|| < 2/3, we have 

||-F 1 (x)|| < ||F(z) - F(x*) - F'(x*)(x - x*)|| + || F’(x*)(x - x*)|| 

i rpyp 

< (~r\ / L(u)(p(x) — u)du + 2/3)\\x — xA\. 

pyx) Jo 

For (4), by integral mean- value theorem, Assumption 3.1, and (3.5), we can get 


|| x — x* — F'(x) 1 F(x)\\ 

= || - F'(xy 1 (F(x) - F(xf) - F'(x*)(x - x *) + F\xf){x - xf) - F'(x)(x - a;*))|| 
<||^'(a;)- 1 ||(||^(a:) - F(x.) - F'(x*)(x - x.)\\ + ||F'(a;,) - F\x)\\\\x - x*||) 

^ l rp(x) rp(x) 

< ' (-77 / L{u){p(x)-u)du + L{u)du)\\x - x*\\. 

1 — 7 J 0 L{u)du Pyx) Jo Jo 


□ 


Then we can give the following local convergence theorem of the Newton-HSS method 
under the center Lipschtiz condition with the L-average . 

Theorem 3.1. Assume that Assumption 3.1 holds with r e (0, r*) 7 here r* is defined by 
r* := min{ri,r 2 }, where 77 and r 2 satisfy 


r»r 1 

L{u)du = 2 (a + f3)^ 


ard 


PV2 


— / L(u)(2r 2 — u)du = 

1"2 Jo 


(2 + rd)j(a + (3) 2 
1 — 2 j 5 7 ((t + 1)9) 1 


+ 1 — l), 


2 7 


and with /* = lim inf^oo Ik satisfying 


In 2/^7 

ln((r + 1)0) ' 
5 


(3.6) 

(3.7) 

(3.8) 
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where the symbol |_-J is used to denote the smallest integer no less than the corresponding 
real number, r G (0, (1 — 6)/ 6), and 

9 = 0(a;x*) = ||T(a;x*)|| < max — — ^ = cr(a; xA < 1. 

A (zcr(H(x*)) Q! “h A 

Then, for any xq G B(x*,r), and any sequence {lk}^L 0 , the iteration sequence {xk}^L 0 
generated by Algorithm Newton-HSS is well defined and converges to x*. Moreover, it 
holds that 

limsup \\x k - x*\\* < g(r *; /*), 

k—> oo 

here, 

g(t,l) ■= 2 , . ~ (7 [ L(u)(t-u)du+ f L(u)du + 2^((r + 1)9) 1 ). 

1 — 7 J 0 L{u)du t Jo Jo 

Proof. First of all, we will show the following estimate about the iterative matrix T(a; x) 
of the linear solver: if x G B(x*,r), then 

|| T(ar, x)|| < (r + 1)6* < 1. 


In fact, from the definition of B(a; x) in (2.2) and Assumption 3.1, denote p(x) = ||x— x*||, 
we can get 


|| B(a;x) — B(a;x * 
]_ rp( x ) 


< l\\H(x) - H{x.) + S{x) - S(x.)\\ + 2 -\\H(x)S(x) - H(x.)S(x* 
2 la 


<- 

“2 


L{u)du 


+ — \\(H(x) - H(x*) + H(x*))(S(x) - S(x*)) + (H(x) - H(x*))S(x* 
la 


1 rp(x) 

^2 1 


'0 


1 rp(x) 

L(u)du + —[( l L h {u)du + ft) 
^Oi In 


rp{ x) np{ x) 

L s (u)du + /3 / L h {u)du\ 


<- 

“2 


1 f p ^ , . 1 (/ 0 p( ' £) L(u)du) 2 


L{u)du + -^(- v 0 
la 


rp(x ) 

+ /3 L(u)du) 


1 rp( x ) 

— ( 

8 a 


< — ( / L(u)du) 2 + 


a T f3 
2a 


cp{x) 


L{u)du. 


Similarly, we have 


||(7(a;z) - <7(a;x*)|| < -^-( / L{u)du) 2 + 


1 /-pOO 

— ( 

8a 


a T f3 
2a 


rp(x) 


(3.9) 


L{u)du. 


(3.10) 


Then from (2.3), it follows that 

||.B(a; x*)“ 1 || = ||(/-T(a;x*))F / (a;*)~ 1 || < (1 + % < 2 7 . 
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Therefore from (3.6), we obtain 

||/ - I?(a;a;*)~ 1 .B(a;a;)|| 

< \\B(a; a;*)' 1 !! • \\B(a;x) - B(a;x*)\\ 

^ L(u)du) 2 + 4(a + j3) L(u)du 

~ 7 4a 

< 1 . 

ffence using the perturbation lemma, we get B(a;x)~ 1 exists, and 
||5(a;a;)" 1 || 

< l|£(q;^*)~ 1 ll 

~ 1 — ||J — B(a; x^,)~ 1 B(a; x)|| (3-11) 

807 

4a — 7[(J 0 /7 ‘ 7 L(u)du ) 2 + 4(a + (5) L(u)du ] 

ffence, together with (3.6), (3.9)-(3.11), the estimate about the gap between inner iterative 
matrix T(a]x) and T(a]x 0 ) is obtained as follows: 

II T(a;x) - T(a;x*) || 

= || B(a;x)~ 1 (C(a;x) — C(a;x*)) — B(a; x)~ 1 (B(a; x) — B(a; x )f ))B{a\ x*)~ 1 C'(a; x*)|| 

< 2^{(j p[x) L{u)du ) 2 + 4(a + /3) L(u)du] 

4a — 7[(/ 0 P< '^ L(u)du ) 2 + 4(a + (5) J 0 p7 ' ) L{u)du] 

< t6. 

Consequently, 

||T(a; x)|| < ||T(a; x) - T(a;x*)|| + ||T(a;x*)|| < (r + 1)6 < 1. (3.12) 

Next, we turn to estimate the error about the Newton-ffSS iteration sequence {xk} 
defined by (2.4). Clearly, from f p(x) L(u)du < f Q p(x) L(u)(2p(x) — u)du and Lemma 

3.2, it holds that 7 f p(x> L(u)du < 1, hence, using Lemma 3.1, Lemma 3.2, (3.7), (3.8) 
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and (3.12), we obtain 


||*£fc+i 3i*|| 

= \\x k - 21 * - F' (x k y l F{x k ) + T l k k F(x k )~ 1 F(x k ) || 

<11** - 21 * - F , (x k )~ 1 F{x k ) || + ||T'i||F(x fe )- 1 ||||F(x fc )|| 


< 


7 


rp(xk) 


rp{xk) 


1 - 7 fo (Xk) L{u)du P( x k ) ./o 
+ ((r + l)fl / fc 7 1 

1 — 7 / 0 P ^ fc) L(u)du p( x k) Jo 


L(u)(p(x k ) — u)du + 

rp(x k ) 


L(u)du)\\x k — x * 


L{u){p{x k ) - u)du + 2/5) ||a; fc - 21 * 


< 


7 


1 — 7 fg (xk ^ L(u)du P( x k ) Jo 

+ 2/?7((t + l)^) Zfc )||^fe - x*|| 

: =fif(p(x fc );/fc)||x fc - a;* || 

<g(r *, /*)||^fc — a;* || 

<Sf(r 2 ,/*)||27 - .r*|| 

<||^fc - 31*||, 

when 27 G B(x*,r*), here, we have used the notation 


rp(zfc) rp(zfc) 

L(u)(p(x k ) — u)du + / L{u)du 


git, l ) := 


7 


L(u){t — u)du + / L(u)du + 2 / 3 ' y((t + 1)0)*). 


l — 7 j 0 L(u)du t J o 
Thus, we can further prove that { 27 } C _B(ai*,r) with the estimates 
1 1 27+1 - 2 i*|| < < 7 ( 77 , l*)\\x k - 2 i*||, k = 0, 1,2, • • • 


(3.13) 


In fact, for k = 0 we have || 2 io — 21 * || < r, as xq G B{x*,r). Together with g(r*,/*) < 1, it 
follows from (3.13) that 

Iki - 2 i*|| < g(r *, Z*)||x 0 - 2 i*|| < r, 

hence, 21 1 G B(x*,r). Suppose that 27 G B(x*,r), then using (3.13) again, we have 

J| 27 + i — 2 i*|| < g(r*,l*)\\x k - 2 i*|| < r, 
hence, 27+1 G B(x*,r). Moreover, we have 

II 27 - 3 i*|| < < 7 ( 77 , l*)\\x k - 2 i*|| < fi'(r*,/*) fc+ 1 || 2 io — 21 *||. 

Now the proof is complete. □ 
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Remark 1. If we assume the integrable functions Lh(u) and L s {u) in (A2) are positive 
constants L h and L s , respectively , then the center Lipschtiz condition with the L- average 
becomes usual Lipschtiz condition. If both integrable functions are , where 0 < p < 

1, L is a positive constant, then the center Lipschtiz condition with the L-average becomes 
usual Holder condition. Therefore, Theorem 3.1 is an extension of Theorem 3.2 in [10]. 
If the outer solver, Newton method, is changed to the modified Newton method, then 3. 1 
is an extension of Theorem 3.1 in [7], 


4 Application 


In this section, we apply the main result on a two-demensional nonlinear convection- 
diffusion equation. 

Example 1. Consider the following two-dimensional nonlinear convection-diffusion equa- 
tion 


~(u xx + u yy ) + q x u x + q 2 u y = u c , (x, y ) G Q, 

u(x,y) = 0, on (x,y) G dfl, 


(4.14) 


where c is a rational number, hi = (0,1) x (0,1), dfl is the boundary, qy and q 2 are 
positive constants used to measure magnitudes of the convective terms. By applying the 
centered finite difference scheme on the equidistant discretization grid with the stepsize 
h = 1 /{N + 1), the system of nonlinear equations (1.1) is obtained with the following 
form 

F(x) = Mx + h 2 cj)(x ) = 0, 


where At is a prescribed positive integer, 


M = {T x ® / + / ® T y ), 

<i>(x) = (x C l,X C 2 ,--- ,X C n) T , 


with T x = tridiag (— 1 — Re i, 2, — 1 + Ref), T y = tridiag(— 1 — Re 2,2, —1 + Ref), here, 
Rej = \qjh, j = 1,2, Re = maxjRei, Re 2 } is the mesh Reynolds number, <g> is the 
Kronecker product, and n — N x N. 

Obviously, x * = 0 is a solution of (4.14), and it is easy to get F (x) = M + 
ch 2 diag(x < {~ 1 ,X2~ 1 , ■ ■ ■ ,x c ~ l ). Hence F'(xf) = M. Moreover, we have 

p(x) 

L(u)du, x G B(x*,r ) C Q, 

where || • || denotes the 2-norm, L(u) = c(c — 1 )h 2 u c ~ 2 . Hence, the center Lipschtiz 
condition with the L average is satisfied. 

Thus we can obtain the convergence result of nonlinear equation (4.14). 

Corollary 4.1. Consider (f.lf), define r* := min{ri,r 2 }, where rq and r 2 satisfy 


| F\x) - F\xf ) || < ch 2 \\x - x * 


|c-l 


r 


C— 1 

1 


2 (a + 0) , I ar6 
ch 2 y (2 + r0)'y(a + f3) 2 
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and /* = lim inffc^oo satisfies 


where the symbol |_-J is used to denote the smallest integer no less than the corresponding 
real number, r G (0, (1 — 6)/ 6), and 

6 = 6(a\xA = \\T(a; x*)|| < max — = a(a;x *) < 1. 

\£cr(H(x*)) O' A 

Then, for any xq G B(x*,r), and any sequence {IkfkLo, the iteration sequence {xk}^L 0 
generated by Algorithm Newton-HSS is well defined and converges to x*. Moreover, it 
holds that 

limsup \\x k — x*|| s < g(r*; /*), 

/c— >-oo 

here, 

»(M ) := 7 h2f ,-, ((c + 2 JfcV " 1 + 2 /? 7 ((t + 1)9)'). 

Remark 2. For equation (4-H), if c — 4/3 or c = 3/2, then equation (4-M) becomes the 
equation studied in [6] and [7], respectively, hence satisfies Holder condition. If c = 2, 
£/ras L(w) = 2/? 2 zs a positive constant, hence equation (4-M) satisfies Lipschtiz condition. 

Now we consider the numerical results of the corollary. We choose c = 2. In the 
following computation, the stopping criterion for the outer Newton method is set to be 

|| F(Xfc) || 2 IQ-10 

ll^o )|| 2 - 

and the prescribed tolerance for controlling the accuracy of the HSS iteration is set to 
be rjk = 77 . Let the initial guess Xq = 1, then parameters (3, 7 , can be estimated from 
Assumption 3.1. Take positive constants q± = q, q -2 = 1/h, and adopt experimentally 
optimal parameter a, which yields the smallest value of ||xfe+i — x*||, then 6 and r can be 
estimated from the definition of ||T(q;;xo)|| and the estimation of ||T(a;x)||, respectively, 
and the Newton-HSS method is examined for different problem size n — N x N, different 
quantity q = qi and different tolerance 77 , from the values of ||xfc +1 — x*||, . We 

list the numerical results in Tables 4.2 and 4.3. 


Table 4.1. The optimal value a for the Newton-HSS method 


N 

q=600 

q=800 

q =1000 

77 = 0.1 

03 

II 

O 

to 

03 

II 

O 

77 = 0.1 

03 

II 

O 

to 

O 

II 

77 = 0.1 

0 

II 

s* 

03 

II 

O 

30 

0.9 

3.1 

1.8 

1.3 

3.3 

1 

0.6 

0.6 

1.1 

40 

1 

3.3 

2.1 

1 

0.7 

1.5 

1 

3.9 

0.6 

50 

3.7 

2.1 

4.9 

0.7 

3.1 

3.4 

0.7 

0.5 

2.9 


1-2/3 7 ((t + 1)0)* 
2(c + 1)7 h 2 


. — 72/7 — . 

• ln((r + 1)9) 
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Table 4.2. Values of ||xfc+i — x*|| for different N and q (rj = 0.1) 


k 

3 

II 

CO 

o 

O 

II 

£ 

N=50 


q=600 

q=800 

q=1000 

q=600 

q=800 

q=1000 

q=600 

q=800 

q=1000 

1 

1.5115 

1.8882 

3.1749 

2.1595 

1.1569 

3.1537 

1.6414 

2.1067 

2.0363 

2 

0.1171 

0.2152 

0.2880 

0.1665 

0.1154 

0.2779 

0.0877 

0.1133 

0.1477 

3 

0.0087 

0.0156 

0.0268 

0.0116 

0.0085 

0.0219 

0.0075 

0.0079 

0.0121 

4 

6.49e-04 

0.0011 

0.0026 

8.30e-04 

8.90e-04 

0.0021 

5.03e-04 

7.05e-04 

9.03e-04 

5 

6.05e-05 

9.33e-05 

2.61e-04 

5.97e-05 

7.90e-05 

1.83e-04 

4.16e-05 

5.63e-05 

7.18e-05 

6 

5.80e-06 

7.70e-06 

2.21e-05 

4.11e-06 

5.98e-06 

1.30e-05 

3.55e-06 

5.03e-06 

6.28e-06 

7 

5.26e-07 

5.21e-07 

1.53e-06 

3.12e-07 

4.52e-07 

7.06e-07 

2.73e-07 

3.32e-07 

6.01e-07 

8 

3.23e-08 

3.86e-08 

1.58e-07 

2.35e-08 

3.14e-08 

4.35e-08 

1.96e-08 

2.54e-08 

5.40e-08 

9 

2.51e-09 

3.36e-09 

1.32e-08 

1.80e-09 

2.64e-09 

3.81e-09 

1.34e-09 

2.10e-09 

4.50e-09 

10 

1.46e-10 

2.14e-10 

9.05e-10 

1.73e-10 

2.51e-10 

3.10e-10 

8.91e-ll 

1.81e-10 

3.59e-10 


In Table 4.2, we present the values of ||xfc + i — a;*||, corresponding to the problem size 
N = 30, 40 and 50, and parameter q = 600, 800 and 1000, respectively, for the inner 
tolerance rj = 0.1. From the table, we can see that the sequence { x k} generated by the 
Newton-HSS method converges to the solution x * in all these situations. 


Table 4.3. Values of ^y^l^y^ for different N and q (rj = 0.1) 


k 

N=30 

2 

II 

o 

N=50 


q=600 

q=800 

q=1000 

q=600 

q=800 

q=1000 

q=600 

q=800 

q=1000 

1 

0.0504 

0.0629 

0.1058 

0.0540 

0.0392 

0.0788 

0.0328 

0.0421 

0.0407 

2 

0.0775 

0.0114 

0.0907 

0.0771 

0.0736 

0.0881 

0.0534 

0.0538 

0.0725 

3 

0.0741 

0.0726 

0.0931 

0.0699 

0.0736 

0.0788 

0.0858 

0.0693 

0.0819 

4 

0.0742 

0.0729 

0.0957 

0.0713 

0.1048 

0.0966 

0.0669 

0.0898 

0.0747 

5 

0.0933 

0.0820 

0.1017 

0.0720 

0.0888 

0.0863 

0.0827 

0.0799 

0.0795 

6 

0.0959 

0.0825 

0.0848 

0.0688 

0.0756 

0.0712 

0.0854 

0.0893 

0.0874 

7 

0.0906 

0.0676 

0.0689 

0.0759 

0.0757 

0.0542 

0.0768 

0.0659 

0.0958 

8 

0.0614 

0.0742 

0.1037 

0.0752 

0.0694 

0.0616 

0.0718 

0.0767 

0.0898 

9 

0.0778 

0.0869 

0.0835 

0.0766 

0.0840 

0.0876 

0.0686 

0.0826 

0.0833 

10 

0.0582 

0.0636 

0.0686 

0.0961 

0.0953 

0.0815 

0.0663 

0.0860 

0.0799 


In Table 4.3, we present the values of corresponding to the problem size 

N = 30, 40 and 50, and parameter q = 600, 800 and 1000, respectively, for the inner 
tolerance rj = 0.1. From the table, we can observe that all the values of g(r*,/*) are 
smaller than 0.11. 


5 Conclusion 

The Newton-HSS method is a considerable method for solving large sparse nonlinear 
systems with non-Hermitian positive definite Jacobian matrices. In this paper, Under 
the hypothesis that the Jacobian matrix satisfies the center Lipschtiz condition with the 
L-average, which is weaker than Holder condition and Lipschtiz condition, we establish 
the local convergence theorem for the Newton-HSS method. Finally, a numerical example 
is given to confirm the concrete applications of the results of our paper. 
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Abstract 

In this paper, we discuss the linear autonomous system of neutral delay differential equations 
with Riemann-Liouville fractional derivative 


D 


06 


l 

x ( t ) + J2 P j x ( t ~ T i) 

3 = 1 


+ ^2 Qix(t - Si) = 0 

i = 1 


where D a x(t ) = [D ai xi(t), D a 2 X2(t), ..., D°‘ m Xm(t)] T is Riemann-Liouville fractional derivative, 
the coefficients Pj(j = 1,2 ,...,() and Qi(i = 1,2, ...,n) are real mx m matrices and the delays 

Tj(j = 1,2, , /) and 5i(i — 1,2, ...,n) are non-negative real numbers. Sufficient conditions for all 

solutions of the given equation to be oscillatory are obtained by using fractional calculus and Laplace 
transform. 


Key words and phrases: Fractional neutral differential equations; Riemann-Liouville derivative; 
Oscillation; Laplace transform. 

AMS (MOS) Subject Classifications: 15A60; 26A33; 34A30; 34K11; 44A10. 


1 Introduction 

Fractional differential equations have gained considerable importance due to their application in various 
disciplines, such as physics, mechanics, chemistry, engineering, etc. In the recent years, there has been 
a significant development in ordinary and partial differential equations involving fractional derivatives, 
see the monographs of Podlubny[l], Kilbas et al. [2] , Diethelm[3], Zhou[4, 5], the recent papers[6, 7, 8, 9] 
and the references therein. 

On the other hand, the objective of oscillation theory is to acquire as much information as possible 
about the qualitative properties of solutions of differential equations. Oscillation theory of functional 
differential equations with integer derivative has been developed in the past thirty years. The several 
monographs by Ladde et al.[10], Gyori and Ladas[ll], Gopalsamy[12], Erbe et al. [13], Agarwal et al. [14] 
summarize a lot of important works in this area. 

However, to the best of our knowledge, there are few results on oscillation for fractional differential 
equations. Recently, Grace, Agarwal and Wong, et al. [15], Bolat[16], Duan, Wang and Fu[17], Harikr- 
ishnan, Prakash and Nieto[18] investigated oscillation and forced oscillation of fractional-order delay 
differential equations. 

"Project supported by National Natural Science Foundation of China (11671339). 
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Y. ZHOU, A. ALSAEDI and B. AHMAD 


In this paper, we discuss the neutral functional differential equations with Riemann— Liouville frac- 
tional derivative 


D° 


x (t) + '52 p i x ( t ~ t j) 


+ ^2 Qix(t - Si) = 0, 


(E) 


L j = 1 J i=l 

where x(t) = [xi(t),X 2 (t), ...,x m (t)] T , D a x(t) = [D ai X\(t), D a2 X 2 (t ), ..., D am x m (t)] T is Riemann- 
Liouville fractional derivative of order 0 < a, a r < 1, a r = p r /q r , p r , Qr are co-prime, for r = 1,2, ..., m, 
and Pj,Qi G K mxm , j = 1, 2, Z, i = 1,2, ...,n, the delays Tj(j = 1,2, and 5i(i — 1,2, ...,n) are 
non-negative real numbers. 

Our aim is to establish sufficient conditions for oscillation of the system (E) . In the next section, we 
introduce some useful preliminaries. In section 3, we obtain various sufficient conditions for oscillation 
of all solutions to the system (E) by using fractional calculus and Laplace transform. 


2 Preliminaries 


In this section, we introduce preliminary facts which are used throughout this paper. 


Definition 2.1 [2] Let [a, 6](— oo < a < b < oo) be a finite interval and let AC[a,b] be the space of 
functions f which are absolutely continuous on [a, b\. It is known [see Kolmogorov and Fomin ([16], 
p.338) that AC[a,b] coincides with the space of primitives of Lebesgue summable functions: 

f{x)&AC[a,b\ => / (x) = c + f ip(t)dt (if(t) € L(a,b)). 

J a 

Definition 2.2 [2] The fractional integral of order a with the lower limit zero for a function f is defined 
as 

provided the right side is point-wise defined on [0,6], where T(-) is the gamma function. 


Definition 2.3 [2] Riemann- Liouville derivative of order a with the lower limit zero for a function f 
can be written as 


(■ D°M) = 


f(s) 


r(l - a) dt J o (t - s ) 

Firstly, we consider the fractional delay differential systems 


ds, t > 0, 0 < a < 1. 


D a x{t) + ^2 Pix{t - n) = 0, t > 0, (1) 

i=l 


where x(t) = [#i(f), ^(t), ..., a; m (t)] i ', D a x(t) = [D ai xi(t), D a2 X 2 {t ), ..., D am Xm(t)] T is Riemann- 
Liouville fractional derivative of order 0 < a, a, < 1, a 3 = Pj/qj , Pj,qj are odd numbers, for 
* = 1,2, ..., m, and P, G R mxm , n G [0, oo) for i — 1, 2, ..., n. 

Without loss of generality we will assume the coefficients of P t of (1) are all nonzero and that 
n = max{n, ..., r n }. 

Definition 2.4 By a solution of (1) in [0, oo) with initial function <p G AC[— tt,0] we mean a function 
x G AC[—t\,oo) such that x(t) = <p{t), t G [— ri,0], ( D a x)(t ) exists and x(t) satisfies (1) in [0, oo). 
A solution x(t) = [x^ fit), ...,x m {t)] T of system (1) is said to oscillate if every component xfit) of the 
solution has arbitrarily large zeros. Otherwise the solution is called non- oscillatory. 

We recall some facts about Laplace transforms. If X(s) is the Laplace transform of x(t), 


X(s) = ( Lx){s ) 



e st x(t)dt, 
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then the abscissa of convergence of X(s) is defined by 

b = inf{<5 € R. : X(S) exists}. 


Then X(s) is analytic for Re(s) > b. 

We call a function x(t) to be eventually positive if there exists a c > 0 such that x c (t) > 0 for all 
t > 0, where x c (t) = x(t + c). 

For any m-dimensional vector x = (xi, X 2 , x m ) T £ R m , ||x|| denotes its norm. For any mx m 
real matrix A, the associated matrix norm is then defined by ||Yl|| = max|| x |i =1 ||y!x||. Denote /z(Pj) is 
the logarithmic norm with p{Pi) = max|| u |i_ 1 (Pjti, u). 


Lemma 2.5 [2] Let ( LD a x)(s ) is the Laplace transform of the Riemann-Liouville fractional derivative 
of order a with the lower limit 0 for a function x, and X(s) is the Laplace transform of x(t) £ AC[0, b], 
for any b > 0, and the following estimate 

\x(t)\<Ae Pot {t>b> 0) 

holds for constants A > 0 and p^ > 0. Then the relation 

(. LD a x)(s ) = s a BX{s ) - (J 1_ “a;)(0), 0 < a < 1 
is valid for Re(s) > po, where 

X(s) = [X 1 (s),X 2 (s),...,X m (s)] r , s a = [s a ',s a2 ,...,s a ™] 

(I^xXO) = ^(/ 1_ai a:i)(0), (7 1 -“>* 2 )( 0)], (I^x^O)^ , 

P = [Pi; ^2; ■ ■ ■ ■ Pm] P« = 


bij — 


1, i = j, 
0, i ^ j- 


Lemma 2.6 [19] If X(s) is the Laplace transform of a non-negative function x(t) and has abscissa of 
convergence b > — 00 , then X(s) has a singidarity at the point s = b. 

Lemma 2.7 [20] Letv,w : [0, 00 ) — » [0, 00 ) be continuous functions. Ifw(-) is nondecreasing and there 
are constants a > 0 and 0 < /3 < 1 such that 

, , f L v(s) , 

v(t) < w(t) + a ( _ t _ s y ds, 

then there exists a constant k = k{fl) such that 

. . , [ l w(s) , 

v(t) < w(t ) + ka cxds 

Jo (t-s)P 


for every t £ [0, 00 ). 


3 Main Results 

In this section, we present our main results. 

Lemma 3.1 For any c £ R, the Laplace transform X c (s) of x c (t) exists and has the same abscissa of 
convergence as X(s). 
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Proof. Given that 

poo POO POO 

X c (s) = / e~ st x c (t)dt = / e~ st x(t + c)dt = e sc / e~ st x(t)dt 

Jo Jo J c 

= e sc [X(s) — f e~ st x[t)dt\. 

Jo 

Since the last integral defines an entire function of the complex variable s, therefore A(s) and X c (s) 
converge or diverge for the same values of s, and have their singularities at the same points. This 
completes the proof. □ 

Lemma 3.2 The solution of equation (1) has an exponent estimate 

x{t) = o(e qot ) (t > b > 0) 


for constant qo > 0. 

Proof. Taking Riemann-Liouville integral of equation (1), we get 


where 


c{t) = 


t: 


a— 1 


r(a) 

.a — 1 


Bx 0 - y ^Pj 


1 


T(a) 


(t — s) a L Bx(s — t. i)ds 


f 


T(a) 


Bx o - y ^PjFj(t), 

i = 1 

Xo = (l 1 ~ a x)(0), 


/ t -j J-O — 1 r 4-0 1 1 4-0.2 — 1 

— tt-sY- l Bx{s-T t )ds, 11 


t' 


O m — 1 “I 


,0 r(ar T(a) |_r(au) ’ T(a 2 ) ’ ’’ T(a m ) 

As AG[— ri, 0] is the Banach space with the norm ||<p||ac = [||<Pi|Uc, H^lUc, — , ||<AnlUc] T - 
Then we have 


( 2 ) 


1-PiWII < / 1 S||a;(s-r i )||ds 

Jo r(a) 

— f (t — s) a ~ 1 B max ||*(r?)||ds 

L(a) Jo s-Ti<ri<s 

TW-T / ( t-s) a ^B max \\x(r])\\ds, 
i (a) Jo s-Tx<ri<s 


< 


< 


or 


\Fi(t)\\ < [ ( t-s) a 1 b( max ||x(r?)|| + \\t\\ac) ds. 

T(a) Jo \s-Ti <r!< s J 


From (3), it follows that 


ua— i n II p. 

||x(t)|| < f^B\x 0 \+J2YrU 

r(a) r(a) L 


/ {t-s) a 1 B[ max ||x(r/)|| + \\t\\ac 

/ o \s-Ti<ri<s 


< 


F(«) 


B \ x °\ + Vr~\~ B M ac + ttpw [ (t-s) a l B max ||x(ry)||ds, 
i (a) a i (a) J 0 s-n <v<s 


where p = max{||Pj||}, for i = 1,2, ..., n. 

Next we introduce a nondecreasing function m(t) as 


( 3 ) 


/\ b a 1 . np t a _ 

i (a) 1 (a) a 


AC\\ 
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By Lemma 2.7, there exists a number ao in {on} such that 

l|z(*)ll < t _max <t ||x(s)|| < m(t) + J^(t- s) a °- 1 m{s)ds < m{t ) ^1 + • 

Obviously, from (4) we infer that x(t) has an exponent estimate. The proof is complete. 


( 4 ) 

□ 


Theorem 3.3 If the characteristic equation 

det (\ a B + Pie~ XTi \ = 0 

' i = 1 ' 

has no real roots, then every solution of (1) is oscillatory, where X* — [A 011 , A a2 , X am ]. 


( 5 ) 


Proof. For the sake of contradiction, let us assume that (5) has no real roots and that (1) has a 
non-oscillatory solution x(t) = [xi (t), ...,x m (t)] T . This means that one of the components of x(t) is 
non-oscillatory. Without loss of generality we assume that the component Xi(t) is eventually positive, 
such that for some c > 0, x c (t) > 0 for t > 0. As (1) is autonomous, it follows by Lemma 3.1 that Xi(s) 
and A c (s) have the same convergence. Then we assume that x\ (t) > 0 for t > — tt. Taking Laplace 
transform of both sides of (1), we obtain 


s a BX{s) - (/ 1_a x)(0) + ^ P t 

i= 1 



Ti)dt = 0 , 


i.e. 


Hence 


Let 


n n «o 

s a BX(s) - (/ 1_a x)(0) + Pie~ STl X(s ) + ^ Pie~ STi / e~ st x(t)dt = 0. 

i J — To 

1=1 1=1 1 

n n «o 

(. s a B + J2 re-^^Xis) = (/ 1_a x)(0) - ^2 P z e~ STi / e~ st x{t)dt. 

i= 1 i= 1 J — Ti 

n 

F{s) =s a B + J2 Pie~ STi , x 0 = (7 1_a x)(0), 

i = 1 

n «0 

$(s) = xo — ^2 PiS~ STi / e~ st x(t)dt. 

i = l “'- T i 

Then, from (6) we get 

F{s)X{s) = $(s), Re(s ) > b. 

Since det[F(s)] = 0 has no real roots, det [F(s)] >0, s € R. By Cramer’s rule, we have 


( 6 ) 


( 7 ) 


Ai(s) 


det [7)(s)] 
det[F(s)] ’ 


Re{s ) > 6, 


( 8 ) 


where 


D(s) 


< $i(s) F 12 (s) 

\ 4i m (s) Fm2{s) 


Fimas') 


Fmm ( 5 ) 


$j(s) is the ith component of the vector $(s) and Fij(s) is the (i, j)th component of the matrix F(s). 
Clearly, for all i,j = 1,2, ...,m the functions $j(s) and Py(s) are entire and hence det[77(s)] and 
det[F(s)] are also entire functions. 

Since det[F(s)] > 0 for s € R, so det[77(s)]/det[F(s)] holds for s G K and thus (8) becomes 


Ai(s) 


det[7?(s)] 
det [F(s)] ’ 


seR. 


(9) 
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As x\ (t) > 0, it follows that A'i(s) > 0 for all set and, by det[F(s)] > 0 s € ffi. and (9), det[Z?(s)] > 
OsgK. Now one can see from the definitions of D(s), F(s) and <£>(s) that there exist positive constants 
M, f3, and so such that 

det[D(s)] < Me -/3s for s < — s 0 - (10) 

Since det[F(s)] is a continuous function in the variables s, e ~ STl , ..., e~ STrt , and det[F(s)] >0, s £ R, it 
follows that there exists a positive number toq such that 


det[F(s)] > m 0 for s £ R. 
From (9), (10) and (11), it follows that 


( 11 ) 


/»oo /»oo /»oo 

Xi(s) = / e~ st x\(t)dt > / e~ st x\ {t)dt>e~ sT j xi(t)dt>0 

Jo Jt Jt 


and so 


M 

0 < / x\ (t)dt < — e f 

Jt mo 


(t-i J) 


0 OS S A —00. 


This implies that x\ (t) = 0 for t >T, which is a contradiction. The proof is complete. □ 

In Theorem 3.3, the characteristic equation (5) plays an important role in the investigation of the 
oscillation of equation (1). However, to determine whether (5) has a real root, is quite an issue in itself. 
In the following we derive some sufficient conditions for the oscillation of equation (1) which can easily 
be applied. 

Before proceeding for it, we need the following lemma which is interesting in its own right. 
Lemma 3.4 Assume that 

Pi £ R mxm , Tj > 0 for i = 1,2, ..., n, and a = min{oy }, for j = 1, 2, ..., m with 


and 


^/r(-P t )e XTi < 0 for Ae 
2=1 

1 n 


inf 

A<0 


. — At, 


> 1. 


(12) 

(13) 


Then every solution of (1) oscillates. 

Proof. Assume, for the sake of contraction, that (1) has a non-oscillatory solution. Then, by Theorem 
3.3, the characteristic equation (5) has a real root Ao- In consequence, there exists a vector u £ R™ 
with Hull = 1 such that 


A + 


2=1 


-A 0 Ti \ _ f _ 


i.e. 


Hence 


A %Bu = 


u = 0, 


e~ x ° Ti u. 


2=1 


Aq = (AqU, u) < (XqBu, u) = (— ^ Pie x ° Ti u,u) 


i= 1 


= (-^2PiU,u)e XoTi < ^2n{-Pi)t 


-A 0 T ; 


i—1 


i=l 


Then by (12), Aq < 0 such that 


1 


TsE^*)' 


-AoT; 


L^0 


i—1 


<1 or — Aq > 




2=1 


This contradicts (13) and completes the proof. 


(14) 

□ 
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Theorem 3.5 Assume that for each i = 1,2, n, 

Pi e R mxm , T-i > 0 and n{-Pi) < 0. 

Then each of the following two conditions is sufficient for the oscillation of all solutions of (1): 


(i) X] -d(~ p i) T i 


i = 1 


i = 1 


1 

> 

e 


(ii) 


L i=l 


fl(-M(-P0) 1>2 t ‘ J2-d(-Pi) 


i - 1 


i—1 


1 

> 

e 


Proof. We employ Lemma 3.4. As /a(— i^) < 0, (12) is satisfied and so it suffices to establish (13). 
First, assume that (i) holds. Then, by using the inequality e x > ex, we see that for all A < 0, 

1 n 1 n 

jyJ2^- P ^ e ~ XT ‘ - 




i—l 


= ~ e Y& A ) 1_ 




> e^-/x(-Pj)Ti ^ -l-i(-P, 


which, together with (i), implies that (13) holds. Next, assume that (ii) holds. Then, by using the 
arithmetic mean-geometric mean inequality we find that for all A < 0, 


n 1 n 

= -T PP-A-Pi)> 


— At, 


> — — n 

A Q 


— r^n 

A Q 


n -F{-PiV 


— A Ti 




> - 


n-M-po e (' A 5z 


> e 


n-M-P.) e(-A) 1 a J2n 

= 1 -I i= 1 

n -i — n r n 

n(-M-P0) Ti \ -di-Pi) 


i= 1 


i=l L i=l 


From this and (ii) it follows that (13) holds. The proof is complete. 
As a special case of the delay differential system with one delay, 


( D a x)(t ) + Px(t — t) = 0, 


□ 


(15) 


where 


p G R mxm and T > 

the conditions (i) and (ii) coincide and each reduces to 

[-M-P)]^>i. 


(16) 
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Note that (16) is sharp in the sense that the lower bound 1/e cannot be improved. Moreover, when P 
is a scalar, (16) is a sufficient condition for the oscillation of all solutions to equation (15). 

For the delay differential system (15), we also have the following explicit sufficient condition for the 
oscillation of all solutions. 

Theorem 3.6 Assume that 

p g R mxm and r > Q 

If P has no real eigenvalues in the interval (— oo, l/(er)“] (when r = 0, replace l/(er)“ by +oo/, then 
every solution of (15) oscillates. 

Proof. For r = 0, this result follows immediately from Theorem 3.1. So assume r > 0. Note that the 
characteristic equation det(A Q S + Pe~ Xr ) = 0 has a real root A 0 , that is, det(Ag e x ° T B + P) = 0 if and 
only if /Zg = — Age A ° T is a real eigenvalue of P. For convenience, we take one element Aq ; of Ag : 

Mo* = -A£-e^. (17) 

Observe that (17) holds if Ag ; + pQ i e~ x ° T = 0, that is, the equation X ai + /^g i e _A ' r = 0 has a real 
root. If /ro < 1/er, then the eigenvalue ^g of P should lie in the interval (— oo, l/(er) Q ]. The proof is 
complete. □ 

Definition 3.7 ([13]) We say that (1) is oscillatory, globally in the delays, if for all Tj > 0 for i = 
1,2, every solution of (1) oscillates. 

The following corollary is an immediate consequence of Theorem 3.6. 

Corollary 3.8 Equation (15) is oscillatory globally in the delay t if P has no real eigenvalues. 

Next, we consider the linear autonomous system of neutral delay differential equations 


D° 


c(t) + X! p i x ^ ~ r i) + X! Q&tt - <*») = °> 

J= 1 


(18) 


i— 1 


where the coefficients Pj and Qi are real m x m matrices and the delays Tj and Si are non-negative real 
numbers. Associated with (18), the characteristic equation is 


i 


det A a B + A" p je~ XTj + Qi e ~ XSi = °- 


(19) 


3 = 1 *=1 

Lemma 3.9 If Ip < 1, then the solution of equation (18) has an exponent estimate 

||a;(t)|| < A 0 e bot (t > b > 0) 


for constants A 0 > 0 and b 0 > 0. 

Proof. Let <5 = max{<5j}, j = 1,2 5 = max{ri, <5 } , q = max{||Qj||} i = 1,2 ,...,n, and take 
Xq = (I 1 ~ a x)( 0) + J2 l j=i Pj{P~ ax )(~ T j) with x (t) S AC[D,b\. Then there exists a constant M such 
that ||x(f)|| < M. Then, for t > b, 

IWt)|| < enroll + lp\\x(t - Tj)|| + J^(t- s)“ 0_1 ||a;(s - Si)\\ds 

pt 

< c||ar 0 1| + Ip max ||x(s)|| + / (t-s)“ 0_1 max ||x(?7)||ds 

t—Ti<s<t r(a 0 ) J Q s—6i<rj<s 

< c||ar 0 || + lp(M + \\<p\\ac + max ||x(s)||) 

b<s<t 

+ rT~\ f ( t-s) ao ~ 1 max \\x(T])\\ds + -^— f (t - s) 00 " 1 max ||x(i?)||ds 
P(a 0 ) Jo s-5<r/<b T(ag) J b b<r]<s 
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< 


c|MI + (M + IMI Ac)(lp+ ) + l P™ a ?J\ x ( s ) II 

v T{a 0 ) a 0 J b<s<t 

+ rT~\ f (i - 5 )" 0-1 max ||ar(?y)||ds. 
r(a 0 ) J b b<ri<s 


Set 

a = c||x 0 || + (M + \\<p\\Ac)(lp+ — \ 

\ r(a 0 ) a 0 J 

which yields 


max ||a’(s)|| < 

b<s <t 


1 / nq 

1 -lp\ + r(a 0 ) 


fit -a) 
Jb 


“° 1 max ||a;(?y)||ds 

o<r/<.s 


Consequently, by Lemma 3.2, we obtain 


'w*>» s s rr P + yyy l 

< Q W (i | 1 fcn g t » n \ 

l-lp\ l-lpa 0 T(a 0 ) J' 


The proof is complete. □ 

A slight modification in the proof of Theorem 3.3 shows that the following result is also true. 

Theorem 3.10 Assume that for j = 1, 2, ..., I and i = 1,2, ..., n, 


Pj,Qi € R mxm , Tj € (0,oo) and 6 t G [0,oo). 

If the characteristic equation (19) has no real roots, then every solution of (18) oscillates. 
Proof. If we modify the functions F(s) and <I>(s), defined in Theorem 3.3, as 


F(s) = s a B + s a B Pj e ~ STj + Ql< 


— s5i 


3 = 1 


i = 1 


71 «0 ^ /»0 ^ 

*{s) = xo-Y,Qie- aSi / c~ at x(t)dt — s°B ^ Pje~ STj / e~ st x(t)dt + ^ Pj(I l ~ a x)(— Tj). 

i — 1 T— 5; j = | Jrj j = i 

Then, following the method of proof for Theorem 3.3, one can complete the proof. 


□ 
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FIXED POINT RESULTS FOR A PAIR OF MULTI DOMINATED MAPPINGS 
ON A SMALLEST SUBSET IN X-SEQUENTIALLY DISLOCATED QUASI 
METRIC SPACE WITH AN APPLICATION 

TAHAIR RASHAM, ABDULLAH SHOAIB, CHOONKIL PARK*, AND MUHAMMAD ARSHAD 


Abstract. The aim of this paper is to establish fixed point results for semi a*-dominated multi- 
valued pair of mappings satisfying generalized locally a*-ip - type contractive conditions for a pair of 
multivalued dominated mappings in complete dislocated quasi metric space. Applications have been 
given and an example has been constructed to demonstrate the novelty of our results. 


1. Introduction and preliminaries 

Let H : Z — > Z be a mapping. A point x £ Z is said to be a fixed point of Z if x = Zx. Fixed point 
results are a tool to estimate the unique solution of nonlinear functional equations. Many results 
appeared in literature related to the fixed point of mappings which are contractive on the whole 
domain. It may happen that H : Z — » Z is not a contraction but is a contraction on a subset of Z. 
It is possible for one to get fixed point for such mappings if they satisfiy certain conditions. It has 
been shown the existence of fixed point for such mappings that fulfill certain conditions on a closed 
ball by Beg et al. [8] (see also [3, 4, 5, 14, 24, 25, 26, 27]). 

Many authors established fixed point theorems in complete dislocated metric spaces. The idea 
of dislocated topologies has useful applications in the context of logic programming semantics (see 
[11]). Dislocated metric space (metric-like space) (see [17]) is a generalization of partial metric space 
(see [16]). Furthermore, dislocated quasi metric space (quasi-metric-like space) (see [8, 21, 30, 31]) 
generalized the idea of dislocated metric space and quasi-partial metric space (see [18, 25]). 

Nadler [20] initiated the study of fixed point theorems for the multivalued mappings (see also [7]). 
Several results on multivalued mappings have been observed [1, 10, 19, 29]. Asl et al. [6] gave the 
idea of contractive multifunctions, a* -admissible mapping and got some fixed point conclusions 
for these multifunctions (see also [2, 12]). 

In this paper, we evaluate some fixed point results fora*-V’-contractive type multivalued a*- 
dominated mappings in a closed ball in left (right) K -sequentially complete dislocated quasi met- 
ric space. Moreover, we give examples of multivalued mappings which are a*-dominated but not 
a*-admissible. We give the following definitions and results which will be needed in the sequel 

Definition 1.1. [30] Let A be a nonempty set and let d q : X x X — > [0, oo) be a function, called a 
dislocated quasi metric (or simply d g -metric) if the following conditions hold for any x,y,z£X : 

(i) If d q (x, y) = d q (y, x) = 0, then x = y, 

(ii) d q (x, y) < d q (x, z) + d q (z, y). 

The pair ( X , d q ) is called a dislocated quasi metric space. 


2010 Mathematics Subject Classification. Primary: 46S40, 47H10, 54H25. 

Key words and phrases, fixed point; p left(right) A'-sequentially complete dislocated quasi metric space; pair of 
mappings; closed ball; semi a*-dominated multivalued mapping; graphic contraction.. 
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It is clear that if d q (x,y ) = d q (y,x) = 0, then from (i), x = y. But if x = y, d q (x,y) may not 
be 0. It is observed that if d q (x,y) = d q (y,x) for all x,y G X, then (X,d q ) becomes a dislocated 
metric space (metric-like space) ( X,di ). For x G X and e > 0, Bj ( x,s) = {y G X : d q (x,y) < £ and 
d q (y,x) < e} and Bd q { x,s) = {y G X : d q (x,y) < £ and d q (y,x) < e} are an open ball and a closed 
ball in (X,d q ), respectively. Also Bd t (x, e) = {y G X : d q (x,y) < e} is a closed ball in ( X,di ). 

Example 1.2. [8] Let X = R + U {0} and d q (x, y) = x + max{s, y} for any 

(i) If d q (x, y) = d q (y, x) = 0, then i+max{x, y} = y+max{y, x} = 0, which implies that x = y = 0. 

(ii) Case 1: If x > y, then d q (x, y) = x + max{x, y} = 2x. Let z G X. If z < x, then 

d q (x, z) + d q (z, y) = x + max{i, zj + z + max{z, y} 

= x + x + z + max{z, y} > 2x = d q (x, y). 

If z > x, then d q (x, z) + d q (z, y) = x + z + z + z>2x = d q (x, y). 

Case 2: If x < y, then d q (x, y) = x + y. If z > y, then d q (x, z) + d q (z, y) = x + z + z + z>x + y = 
d q (x,y). If z <y, then d q (x,z ) + d q (z, y) = x + max{x, zj + z + y >x + y = d q (x,y). 

Hence both the conditions of Definition 1.1 hold and so d q (x , y) = x'+max{x'. y} defines a dislocated 
quasi metric on X. 

Definition 1.3. [8] Let (X,d q ) be a dislocated quasi metric space. 

(a) A sequence {x n } in (X,d q ) is called left (resp., right) JC-Cauchy if for all e > 0, there exists 
no €E N such that for all n > m > no (resp., for all m > n > no), d q (x m , x n ) < e. 

(b) A sequence {x n } is called dislocated quasi-converges (for short, cL-converges) to x if lim d q (x n , x) 

n— >oo 

lim d q (x,x n ) = 0 or for any e > 0, there exists no G N such that for all n > no, d q (x,x n ) < £ 

n— >oo 

and d q (x n ,x) < e. In this case, x is called a c^-limit of {x n }. 

(c) ( X,d q ) is called left (resp., right) JC-sequentially complete if every left (resp., right) A"-Cauchy 
sequence in X converges to a point x E X such that d q (x,x) = 0. 

Definition 1.4. Let (X,d q ) be a dislocated quasi metric space. Let I\ be a nonempty subset of X 
and x£l. An element yo G K is called a best approximation in K if 

dq(x,K) = d q (x,y 0 ), where d q (x, K) = inf d q (x,y), 

y eA 

d q (K, x) = d q (y 0 ,x), where d q (K, x) = inf d q (y,x). 

y eA 

If each x E X has at least one best approximation in K , then K is called a proximinal set. 

We denote by P(X) the set of all proximinal subsets of X. 

Definition 1.5. [22] Let ( S,T ) : X —>■ P(X) and f3 : X x X — > [0, +oo) be a function. We say that 
the pair ( S , T) is /3*-admissible if for all x, y G X, 

(3(x,y) > 1 implies /3*(Tx,5y) > 1 and /3*(Tx, Sy) > 1. 

Again the pair ( S,T ) is said to be /3-admissible if /3(x, y) > 1 implies f3(a,b ) > 1 for all a G Sx 
and b G Ty. 

Let 'L denote the family of all nondecreasing functions ip : [0, +oo) — > [0, +oo) such that X}n=L V’ n (^) < 
+oo for all t > 0, where ip n is the n th iterate of ip. If ip G Ik, then ip{t) < t for all t > 0. 

Definition 1.6. [22] Let (X, d) be a complete metric space and /3 : X x X — > [0, +oo) be a mapping. 
Let ( S,T ) : X P(X) be a multifunction and ip G \k. We say that the pair (5, T) is a /3*-ip 
contractive multifunction whenever 

/3*{Tx, Sy)H{Tx , Sy) < ip(d{x, y)) V x, y G A, 

/ %{Sx,Ty)H(Sx,Ty ) < ip(d(x, y)) V x, y G A, 
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where /3*(Tx, Sy) = inf{/3(a, b) : a £ Tx, b £ Sy}. 

Definition 1.7. [27] Let ( X,di ) be a dislocated metric space, S : X -A P(X ) be a multivalued 
mapping and a : X x X — > [0, +oo). Let A C X. Then we say that S is semi a*-admissible on A, 
whenever a(x,y) > 1 implies a*(Sx,Sy) > 1 for all x £ A, where a*(Sx,Sy) = inf{a(a, b) : a £ 
Sx , b £ Sx}. If A = X , then we say that S is a*-admissible on X. 

Definition 1.8. Let ( X , d{) be a dislocated metric space, S. T : X — >■ P{X) be multivalued mappings 
and a : X x X -A [0, +oo). Let A C X. Then we say that S is semi a*-dominated on A, whenever 
a*(x, Sx) > 1 for all x £ A, where a*(x, Sx) = inf{a(x, b) : b £ Sx}. If A = X, then we say that S 
is a* -dominated on X. 


Definition 1.9. [23] The function H c j q : P(X) x P(X) — > X, defined by 

Hd q (A, B) = maxjsup d q (a,B), sup d q (A,b)}, 
a^A b£B 

is called a dislocated quasi Hausdorff metric on P(X). Also (P(X), Hd ) is known as a dislocated 
quasi Hausdorff metric space. 


Lemma 1.10. [23] Let (X,d q ) be a dislocated quasi metric space. Let (P(X), Hd ) be a dislocated 
quasi Hausdorff metric space on P(X). Then, for all A, B £ P(X) and for each a £ A, there exists 
b a £ B such that Hd q (A,B) > d q (a,b a ) and Hd q (B,A) > d q (b a ,a), where d q (a,B) = d q (a,b a ) and 
dq(B, a) — d q (b a , a). 


Example 1.11. Let X 


L Define the mapping a : X x X —>■ [0, oo) by 

r 1 if a* ni 

a(x,y) = 


1 if x > y 
| otherwise. 


Define the multivalued mappings S,T : X P(X) by 

Sx = {[x — 4, x — 3] if x £ X}, 


Ty = {[y-2,y- 1] if y £ X}. 

Suppose x = 3 and y = 2. Since 3 > 2, a(3,2) > 1. Now a* (S3, T2) = inf{a(a, b) : a £ S3,b £ 
T 2} = |^1, which means that a*(S3,T2) < 1, that is, the pair (S, T) is not a*-admissible. Also 
a*(S3, S2) ^ 1 and a*(T3,T2) ^ 1. This implies that S and T are not a*-admissible individually. 
Since a*(x,Sx) = inf{a:(x, b) : b £ Sx} > 1 for all x £ X, S is an a*-dominated mapping. Similarly, 
a*(y,Ty) = inf {a(y,b) : b £ Ty} > 1. Hence it is clear that S and T are a*-dominated but not 
a*- admissible. 


Lemma 1.12. [23] Every closed ball Y in a left (right) K -sequentially complete dislocated quasi 
metric space X is left (right) K -sequentially complete. 


2. Main results 

Let ( X,d q ) be a dislocated quasi metric space, xo £ X and S, T : X -A P(X) be multifunctions 
on X. Let xi £ Sx o be an element such that d q (xo, Sxff = d q (x o,xi). Let X2 £ Txi be such that 
d q (x i, Txi) = d q (x i, X2). Let X3 £ Sx 2 be such that d q (x 2, Sx 2) = d q (x 2 , X 3 ). Continuing this process, 
we construct a sequence {x n } of points in X such that X2 n +i £ Sx 2 n and X 2 n +2 £ Tx 2 n +i, where 
n = 0,1,2,.... Also dq(x 2 n,Sx 2 n) = d q (x2n, X2n+l) and dq{x 2 n+\,Tx 2 n+\) = d q (x2n+l , X2n+2) ■ We 
denote this iterative sequence by |TS(x n )}. We say that |TS(x n )} is a sequence in X generated by 

xo- 
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Theorem 2.1. Let (X,d q ) be a left (right) K -sequentially complete dislocated quasi metric space. 
Suppose there exists a function a : X x X — > [0, oo). Let r > 0, xq G B dq (xo,r) and S,T : X — > 
P(X ) be semi a*-dominated mappings on B dq (xo,r). Assume that, for some if G 'F and D q (x,y) = 
max{d g (x, y),d q (x, Sx),d q (y , Ty)}, the following hold: 

ma x{a*(x, Sx)H dq (Sx,Ty),a*(y,Ty)H dq (Ty, Sx)} < min{ if(D q (x,y)),ip(D q (y,x))} (2.1) 

for all x, y G B dq (xo, r) n {TS'(x n )} with either a(x,y) > 1 or a(y,x) > 1 whenever x G Sy, and 

n 

max{if l (d q (xi, xq) , if 1 (d q (xo, xi))} < r for all n G N U {0}. (2-2) 

i=0 

Then {T5(x n )} is a sequence in B dq (xQ, r) and {TS(x n )} — > x* G B dq (xo, r). Also if the inequality 
(2.1) holds for x* and either a(x n ,x*) > 1 or a(x* ,x n ) > 1 for all n € NU {0}, then S and T have 
a common fixed point x* in B dq (xo,r) and d q (x*,x*) = 0. 

Proof. Consider a sequence {TS(x n )} generated by xq- Then, we have X 2 n+i G Sx 2 n and X 2 n +2 G 
T x' 2 n+i , where n = 0,1,2,.... Also d q (x 2n , Sx 2 n ) = d q {x 2 n,X 2 n +i),d q {x 2 n+i,Tx 2 n +i) = d q (x 2 n +i,X 2 n+ 2 )- 
By Lemma 1.10, we have 

dq(x2ni ®2n+l) — Hd q {Tx2n—li Sx2n) i (2-3) 

d q (x 2 n+l,X 2 n+ 2 ) < H dq (Sx 2 n,Tx 2n + 1 ) (2-4) 

for all n = 1, 2, .... From (2.2), we have 

j 

max{d q (x 1 ,x 0 ) 1 d q (x 0 ,x 1 )} < ^ max{f(tl g (xi, x 0 ), if\d q (x 0 , xi))} < r. 

i=0 

It follows that, d q (x i,xo) < r and d g (xo,xi) < r. Hence we have 

x\ G B dq (x 0 ,r). 

Let X 2 , • • • , Xj G B dq (xo, r) for some j G N. Since S, T : X — > P(X) are semi a*-dominated mappings 
on B dq (x 0 ,r), a*(x 2 i,Sx 2 i ) > 1 and a*(x 2 j+i> Tx 2 j+i) > 1. Since a*(x 2 j, 5x 2 i) > 1, inf{a(x 2 j,&) : 6 G 
Sx 2 i] > 1. Also X 2 i+i G Sx 2 i and so a(x 2 i, X 2 *+i) > 1. Now by (2.3), we obtain 

d q (x 2 i+i,X 2 i+ 2 ) < H dq (Sx 2 i,Tx 2 i+i) < max{a* (x 2 + Sx 2 i)H dq (Sx 2 i, Tx 2 *+i), 
a* (® 2 i+i , T x 2 i+i ) H dq ( T X 2 i+i ,Sx 2 i)} 

< mm{lf(D q (x 2 i,X 2 i+l)),lf{D q (x 2 i + l,X 2 i))} < 1 p(D q (x 2 i,X 2 i+ 1 )) 

< -0(max{o?q(x2i, X 2 i+l), dq(x 2 i, Sx 2 i), dq(x 2 i+ 1 , Tx 2 j+l)}) 

< '0(max{d ? (x 2 j, x 2i+ i), d q (x 2 i, x 2 j+i), d g (x 2 i+i, x 2 i +2 )}) 

< '0(max{dq(x2j, X 2i+ l), d (? (x2i+l,X2i+2)})- 

If max{dg(x 2 i,X 2 i+i),dg(x 2 i+i,X 2 i+ 2 )} = dq(x 2 j+i, x 2 j+ 2 ), then d (? (x 2 j+i, x 2 j+ 2 ) < ^(^(^ 21 + 1 ,^ 21 + 2 )), 
which contradicts to the fact that if(t) < t for all t > 0. So max{o?q(x 2 i, X 2 *+i), d q (x 2 i+i, £ 2 + 1 - 2 )} = 
d q (x 2 i, X 2 i+i). Hence we obtain 

d q {x2i+l,X2i+2) <lf(d q {x2i,X2i+l)). (2.5) 
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Since a*(a?2i-i, Tx 2 i-i) > 1 and X2i £ Tx 2i-i, ot{x 2 i-i, X2i) > 1 . Now by ( 2 . 4 ), we have 

d q (x2i,X2i+i) < H dq (Tx2i-i,Sx2i) < max{a*(x 2 j, Sx 2 i)H dq (Sx 2 i, Tx 2 i-i), 
a*(x2i-i,Tx2i-i)H dq (Tx 2 i-i, Sx 2 i)} 

< m.m{ijj(D q (x2i,X2i-i)),'ip{D q (x2i-i,X2i))} < ip(D q (x 2 i, x 2 i-i)) 

< 'ip(m&x{d q (x 2 i,X2i-i), d q (x 2 i, Sx2i),d q (x 2 i-i,Tx2i-i)}) 

< ip(m&x{d q (x2i,X2i-i),d q (x2i, x 2 i+ 1), d q (x 2 i -i,x 2i )}) 

< ip(m&x{d q (x2i,X2i-i),d q (x2i, x 2 i+ 1), d q {x 2 i-\, x 2 i)}). 

If max{d q (x2i,X2i-i) 1 d q (x2i,X2i+i),d q (x2i-i,X2i)} = d q (x 2 i,x 2 i + i),thend q (x 2 i,x 2 i+ i) < ip{d q {x 2 i,x 2 i + 1)), 
which contradicts to the fact that ip(t) < t for all t > 0 . Hence we obtain 

d q (x 2 i,X2i+l) < 1p(max{d q (x 2 i,X2i-l),d q (x2i-l,X2i)}). 

If max{d q (x 2 i,x 2 i-i),d q (x 2 i-i,X2i)} = d q (x2i-i, x 2 i), then 

d q (x 2 i, X2i+l)) < 1p(d q (x2i-l,X2i)). 


Since ip is a nondecreasing function, 

ip{d q (x 2 i, x 2 i+ 1 )) < ip 2 (d q (x 2 i-i,X2i)). 


By ( 2 . 5 ), we obtain 


d q (x2i+l,X2i+2) < 1p 2 (d q (x 2 i-l,X2i)). 
If max{d q (x 2 i,x 2 i-i),d q (x 2 i- 1 ,x 2i )} = d q (x 2 i ,x 2 i -i), then 

d q (x2i+l,X2i +2 ) < ip 2 (d q (x 2 i,X2i-i)) 


By ( 2 . 6 ) and ( 2 . 7 ), we obtain 


dq{x 2 i+l, X 2 i +2 ) < max{lp 2 (d q (x2i,X2i-l)),1p 2 (d q (X2i-l,X2i))}. 
Continuing in this way, we obtain 

d q (x 2 i + 1 ,x 2i+2 ) < max{ip 2 l+ 1 (d q (xi,x 0 )),ip 2 l+ 1 (d q (x 0 ,xi))} 


(2.6) 

( 2 . 7 ) 


(2.8) 


Similarly, we have 

dq(x2i,x 2 i+i) < n\ax{ip 2 l (d q {xi,xo)),ip 2 l (d q (xo,xi))}. ( 2 . 9 ) 

By ( 2 . 8 ) and ( 2 . 9 ), we obtain 

d q (xj, Xj+i) < max{ip J (d q (xi, xo)) , ip J (d q (xo, xi))} for some j £ N. ( 2 - 10 ) 

By Lemma 1.10 and ( 2 . 1 ), we have 

d q (x2i+2,X2i+i) < H dq (Tx2i+i,Sx2i) < max{a* (x 2 i, Sx 2 i )H dq (Sx 2 i, Tx 2 i+ i), 

a*(x2i+i,Tx2i+i) H dq (Tx 2 i+ i,Sx2i)} 

< mm{ip(D q (x2i,X2i+i)),ip(D q (x2i+i,X2i))}. 

By the same reasoning as in the proof of (??), we have 

d q (xj + i, Xj) < max{ip J (d q (xi, xq)) , ip 3 (d q (xo, x\))} for some j £ N. ( 2 - 10 ) 
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Now 


Also 


d q (x 0 ,x j+ 1 ) < 

< 

< 


dq{x 0 , Xl) + ... + d q (Xj,X j+1 ) 

dq(x 0 ,x i) + ... + max{i/j j (dq(x 1 ,x 0 )),'ip j (d q (x 0 ,x 1 ))} 
j 

^ max{i/; l (dq(xi,xo),'tlj t (dq(xo, xi))} < r. 

4=0 


( 2 . 11 ) 


dq(Xj-\-i , Xq) 


< d q (Xj+i,Xj) + ... + d q (xi,X 0 ) 

< max{'tp j (d q (xi,xo)),^ j {d q (x 0 ,x 1 ))} + ... + d q (x ll x 0 ) 

j 

< ^2 x 0 ), i/j l (d q (x 0 , xi))} < r. 

4=0 


( 2 . 12 ) 


By (2.11) and (2.12), we have x ]+ \ G B c i q (xQ. r). Hence by mathematical induction x n G B ( i q (xo, r) 
for all n G N. Therefore, {TS(x n )} is a sequence in Bd q (xo,r). Since S,T : X -A P(X) are semi 
a*-dorninated mappings on B ( j q (xo, r), a*(x n , Sx n ) > 1 and a*(x n ,Tx n ) > 1 for all n G N. Now 
(2.8) and (2.9) can be written as 

d q (x n ,x n+ 1 ) < man'll; 11 (dq(xi,x 0 )),ip n (d q (x 0 ,xi))} for all n G N. ( 2 -13) 

dq(x n+ i,x n ) < max.{'ip n (d q (xi,xo)),'ip n (d q (xo, xi))} for all n G N. ( 2 -14) 

Fix £ > 0 and let k\(e) G N such that max{'0 fe (c? ? (xi, xo)), ip k (d q (xo, xi))} < £. Let n, m G N 

k>k\(e) 

with m> n> k\(e). Then we obtain 

m— 1 

dq^Xrii Xfji) ^ E dq(% ki %k+ 1) 

k=n 
m — 1 

< X! maxl/K^iAo)),/^?^, aq))} by (2.13), 

k=n 

dq{Xni Xm) — E max{^ n (d ? (xi,x 0 )),^ n (<i g (xo,aq))} < £. 

k>k\{e ) 


Thus we obtain that (TS'(x n )} is a left A'-Cauchy sequence in (Bd (xo,r),d q ). 
Similarly, by (2.14), we have 


m— 1 

dq(x m , X n ) ^ E dq(Xfi-\- ljXfc) <C £• 

k=n 


Hence (TS'(x n )} is a right AT-Cauchy sequence in (Bd (xq, r), d 9 ). Since every closed ball in left(right) 
AT-sequentially complete dislocated quasi metric space is left (right) AT-sequentially complete, there 
exists x* G Bd q (xQ 1 r) such that {TS(x n )} — > x*, that is, 

lim d q (x n ,x*) = lim d q (x*,x n ) = 0. (2.15) 

n— >oo n— >oo 


Now 


d q (x*,Tx*) 


< dq(x*,X2n+l) +dq(x2n+l,Tx*) 

< dq(x*,X 2 n+ 1 ) + Hd q (Sx 2n ,Tx*) by Lemma 1.10. 


(2.16) 
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Since a*(x* ,Tx*) > 1, a*(x 2 n > »Sx 2 n) > 1 and a(x 2 n ,x*) > 1, we obtain 

H dq (Sx2n,Tx*) < max{a*(x 2n , Sx2n)H dq (Sx2n,Tx*),a*(x* ,Tx*)H dq (Tx* , Sx2n)} 

< mm{ip(D q (x 2 n, x*)),ip(D q (x*,x 2 „))} 

< ip (max{ d q (x 2n , x * ) , d q (x 2n , x 2n + 1 ) , d q (x * , Tx * ) } ) 

< Ip(max{d q (x 2 n,x*),d q (x 2 n,x*) + d q (x*,X 2 n+i),d q (x*,Tx*)}). (2.17) 

By (2.16) and (2.17), we have 

dq (x * , Tx * ) < dq (x* , x 2n +l ) + Ip (max{ d q (x 2n ,X*),d q (x2n,X*) + dq(x* , X 2n + 1 ) , d q (x* , T X * ) } ) . 

Letting n -A oo, and by (2.15), we obtain d q (x* ,Tx*) < ip(d q (x*, Tx*)) and hence d q (x* ,Tx*) = 0. 
Now 

d q (Tx*,X*) < d q (Tx*,X 2n +l) + d q (x 2n +l,X*) 

< H dq (Tx*,Sx 2 n) + dq(x 2 n+i,x*), by Lemma 1.10. 

By using a similar argument, we obtain d q (Tx*,x*) = 0 or x* G Tx*. 

Similarly, by Lemma 1.10, (2.15) and 

dg(x*,Sx*) < dq(x*,X 2 n+ 2 ) + d q (x 2n + 2 , Sx*), 
we can show that d q (x*, Sx*) = 0 and x* G Sx*. 

Similarly, d q (Sx* ,x*) = 0. Hence S and T have a common fixed point x* in B dq (xo,r). Now 

d q (x*,x*) < d q (x*,Tx*) + d q {Tx*,x*) < 0. 

This implies that d q (x*,x*) = 0. □ 

Corollary 2.2. Let (X,d q ) be a left (right) K -sequentially complete dislocated quasi metric space. 
Suppose that there exists a function a : X x X — > [0, oo). Let r > 0, xq G B dq (xo,r) and S : 
X —> P{X) be a semi a* -dominated mapping on B dq (xo,r). Assume that, for some ip G T and 
D q (x,y) = ma x{d q (x,y), d q (x, Sx), d q (y, Sy)}, the following hold: 

max{a*(i, Sx)H dq (Sx, Sy), a*(y, Sy)H dq (Sy, Sx)} < min {ip(D q (x,y)),ip(D q (y,x))} (2.18) 

for allx,y G B dq (xo,r) C\ {S(x n )} with either a(x,y) > 1 ora(y,x) > 1, and 

n 

max{ip l (d q (xi, xq) , ip 1 (d q (xo, xi))} < r for all n € N U {0}. 

|=o 

Then {5(x n )} is a sequence in B dq (xo,r) and {5(x n )} — > x* G B dq (xo,r). Also, if (2.18) holds for 
x* and either a(x n ,x*) > 1 or a{x*,x n ) > 1 for all n £ KU {0}, then S has a fixed point x* in 
Bd q (xo,r) and d q (x*,x*) = 0. 

Corollary 2.3. Let (X,di) be a complete dislocated metric space. Suppose that there exists a function 
«:IxIa[0, oo). Let r > 0, xq G B dl (x o, r) and S,T : X P(X) be semi a*-dominated mappings 
on B d[ (x'o, r). Assume that, for some ip G T and Di(x,y) = max{d;(i, y), di(x, Sx), di(y, Ty)}, the 
following hold: 

ma x{a*(x, Sx)H dl (Sx,Ty), a*(y,Ty)H dl (Sx,Ty)} <ip(Di(x,y)) (2-19) 

for all x,y £ B dl (xo,r) C\ {TS(x n )} with either a(x,y) > 1 ora(y,x)> 1, and 

n 

yy ip l (di(x o, xi)) < r for all n £ NU {0}. 

|=o 
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Then {TS(x n )} is a sequence in B dl (xo, r) and |TS(x n )} —>■ x* £ B dl (xo, r). Also if ( 2.19) holds for 
x* and either a(x n , x*) > 1 or a(x*,x n ) > 1 for all n £ N U {0}, then S and T have a common fixed 
point x* in B dl (xo,r) and d q (x*,x*) = 0. 

Corollary 2.4. Let ( X,di ) be a complete dislocated metric space. Suppose that there exists a function 
a : X x X -A [0, oo). Let r > 0, xq £ B dl (x o, r) and S : X — > P(X ) be a semi a*-dominated mapping 
on Bd t (xo,r). Assume that, for some if £ 4' and Di(x,y) = ma x{di(x,y),di(x,Sx),di(y,Sy)}, the 
following hold: 

max.{a*(x,Sx)H dl (Sx,Sy), a*(y, Sy)H dl (Sx, Sy)} <if(Di(x,y)) (2.20) 

for all x, y £ B dl (xq, r) n |S(x n )} with either a(x, y) > 1 or a(y, x) > 1, and 

n 

^ if l (di(x o, xi)) < r for all n £ NU {0}. 
i= o 

Then |S(x n )} is a sequence in B dl (xo,r) and |S(x n )} — > x* £ B dl (xo,r). Also, if (2.20) holds for 
x* and either a(x n ,x*) > 1 or a(x*,x n ) > 1 for all n £ KU {0}, then S has a fixed point x* in 
B dl {xQ,r) and d q (x* , x*) = 0. 

Let X be a nonempty set , A a partial order on X and A Cl. We say that a -A B whenever for 
all b £ B, we have a Ab. A mapping S : X — > P{X) is said to be semi dominated on A if a A Sa for 
each a £ A C X. If A = X, then S : X P{X) is said to be dominated. 

Corollary 2.5. Let (X, P,dq) be a left (right) K -sequentially ordered complete dislocated quasi metric 
space. Let r > 0, x'o G B dq (xo,r) and S,T : X -A P{X) be semi dominated mappings on B dq (xo,r). 
Assume that, for some if £ and D q (x,y ) = max.{d q (x,y),d q (x,Sx),d q (y,Ty)}, the following hold: 

ma x{Hdq(Sx,Ty), Hdg(Ty, Sx)} < min {if(D q (x,y)),if(D q (y,x))} (2.21) 

for all x, y £ B dq {x o, r) n {TS(x n )} with either x Ay or y A x, and 

n 

m&x.{if l (dq(xi, xq), if t (d q (xo, xi))} < r for all n £ N U {0}. (2.22) 

i = 0 

Then {TS(x n )} is a sequence in Bd q (xo,r ) and {T5(x n )} -A x* £ B dq {xQ,r). Also if ( 2.21) holds for 
x* and either x n A x* or x* A x n for all n £ N U {0}, then S and T have a common fixed point x* 
in Bd q (xo,r) and d q (x*,x*) = 0. 

Proof. Let a : X x X -A [0, +oo) be a function defined by a(x,y) = 1 for all x £ B d (xo,r) with 
either x A y or y A x, and a(x, y) = 0 for all other elements x, y £ X. Since S and T are the semi 
dominated mappings on B dq {x o, r), x A Sx and x A Tx for all x £ B dq (xo,r). This implies that x A b 
for all b £ Sx and x A c for all c £ Tx. So a(x, b) = 1 for all b £ Sx and a(x, c) = 1 for all c £ Tx. 
This implies that inf {a(x,y) : y £ Sx} = 1 and inf{a(x, y) : y £ Tx} = 1. Hence a*(x,Sx) = 1 
and a*(x,Tx) = 1 for all x £ B dq (xo,r). So S,T : X -£ P(X) are semi a*-dominated mappings on 
Bd q (xo,r). Moreover, (2.21) can be written as 

max{a*(x, Sx)H d q(Sx, Ty), a*(y,Ty)H dq (Ty, Sx)} < min {if(D q (x,y)),if(D q (y,x))} 

for all x, y in B dq (xo,r) n |TS(x„)} with either a(x,y) > 1 or a(y,x) > 1. Also, (2.22) holds. 
Then by Theorem 2.1, (TS(x n )} is a sequence in B dq (xo,r) and |TS(x n )} — > x* £ B dq (x'o , r ) . Now, 
x n ,x* £ B dq (xo,r) and either x n A x* or x* A x n implies that either a(x n ,x*) > 1 or a(x*,x n ) > 1. 
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So all the conditions of Theorem 2.1 are satisfied. Hence by Theorem 2.1, 5 and T have a common 


fixed point x* in £><-/ (xq, r) and d q (x*,x*) = 0. 


□ 


Example 2.6. Let X = Q + U {0} and let di : X x X — > X be a complete dislocated quasi metric on 
X defined by 

d q (x , y) = x + y for all x, y G X. 

Define multivalued mappings 5, T : X x X -» P(X) by, 


and 


Sx = 


Tx = 


| if x <E [0, 1] n X 

[ [x, x + l] if x e (l, oo) n x 

iixe I 0 ’ 1 ] 1 " 1 ^ 

[x + 1, x + 3] if x € (1, oo) n X. 


Considering xo = 1, r = 8, we get B dq (x o, r ) = [0, 7]nT. Now d q (x o, Sx o) = d q ( 1, 51) = d q ( 1, |) = |. 
So we obtain a sequence (T5(x n )} = {1, 144 , ....} in X generated by xq. Also B dq (xo,r ) n 


{TS(x n )} = {1, A, Pg, ...}. Let i)(t) = f and 


a(x,y) = 


_ / 1 if x,y e [0,1] 


otherwise. 


Now if x, y ^ B dq (x o, r) n (T5(x n )}, then we have the following cases. 

Case 1. If max{a* (x, Sx)H dq (Sx,Ty), a*(y,Ty)H dq (Ty, Sx)} = a*(x, Sx)H dq (Sx,Ty), then for 
x = 2 and y = 3, we have 

o OR 

a*(2, S2)Hd q (S2, T3) = -(8) > ^D q (x,y)) = -. 

Case 2. If max{a*(x, Sx)H dq (Sx, Ty), a*(y,Ty)H dq (Ty, Sx)} = a*(y,Ty)H dq (Ty,Sx), then for 
x = 2and y = 3, we have 

o OR 

a* (3, T3)Hd q (T3, 52) = -(8) > ^(D q (y,x)) = 

So the contractive condition does not hold on thewhole space X. 

Now, for all x,j/£ B dq (xo,r) n {T5(x n )}, we have the following. 

Case 3. If max{a*(x, Sx)H dq (Sx, Ty), a st (y,Ty)H dq (Ty 1 Sx)} = a*(x, Sx)H dq {Sx,Ty), then we 
have 


a*(x, Sx)H dq (Sx,Ty) = l[max{ sup d q (a, Ty), sup d q (Sx, 6)}] 

aESx bETy 

= max{ sup d q (a, [^, ^]), sup d q ([^, ^-], b )} 
a£Sx 4 4 b£Ty & 4 

= max{d 9 (y,|),c? (? (|,^)} 

2x y x 3y 
= max{ i + -,- + T } 

4x 5j/ 

< Vlmaxlx + y, y , — }) = ip(D q (x,y)). 
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Case 4. If ma x{a*(x, Sx)H dq (Sx,Ty), a*(y,Ty)H dq (Ty,Sx)} = a*(y,Ty)H dq (Ty, Sx), then we have 
a*(y,Ty)H dq (Ty,Sx ) = 


< 


So the contractive condition holds on B dq (xq. r) n {TS(x n )}. Also 

n 4 n 4 

^2max{'if l (d q (x 1 ,x 0 ),ip\d q (x 0 ,xi))} = - ^(-)* <8 = r. 

1=0 i = 0 

Hence all the conditions of Theorem 2.1 are satisfied. Now we have {TS(x n )} is a sequence in 
B dq (x(j,r) and {TS(x n )} — > 0 G B dq (xq, r). Also a(x n , 0) > 1 or a(0,x n ) > 1 for all n G N U {0}. 
Moreover, 0 is a common fixed point of S and T. 

3. Fixed point results for graphic contractions 

In this section, we present an application of Theorem 2.1 in graph theory. Jachymski [15] proved 
the contraction principle for mappings on a metric space with a graph. Let (A', d) be a metric space 
and A represent the diagonal of the cartesian product X x X. Assume that G is a directed graph 
and V(G) is the set of vertices along with X and the set E(G) denotes the edges of X included 
all loops, i.e., E(G) A A. If G has no parallel edges, then we can unify G with pair (V(G), E(G)). 
Furthermore, we consider G as a weighted graph (see [15]) which showing to each edge the distance 
between its vertices. If l and m are the vertices in a graph G, then a path in G from / to m of length 
N (. N G N) is a sequence {xi}fL 0 of N + 1 vertices such that l Q = l, In = m and (l n -\ , l n ) G E(G) 
where i = 1, 2, • • • N. Hussain et al. [13] established fixed points for ^-graphic contraction with an 
application to integral equations. A graph G is connected if there is a path between any two vertices 
(for more details, see [9, 14, 28]). 

Definition 3.1. Let A be a nonempty set and G = (V(G), E(G )) be a graph such that V(G) = X. 
Then S : X — > CB(X) is said to be semi graph dominated on A C X if, for each x G A, (x, y) G E(G) 
for all y G Sx. If A = X, then we say that S is graph dominated on X. 

Theorem 3.2. Let (X,d q ) be a complete dislocated quasi metric space endowed with a graph G. Let 
r > 0, xq G B dq (xo,r), S,T : X — > P(X ) mappings and {TS(x n )} be a sequence in X generated by 
xq. Assume that the following hold: 

(i) S and T are semi graph dominated on B dq (xo,r); 

(ii) there exists i)Gf and D q (x,y) = ma x{d q (x,y), d q (x, Sx), d q (y,Ty)} such that 

max { H dq (Sx, Ty ) , H dq (T y, Sx) } < min {'ip(D q (x,y)),'ip{D q (y,x))} (3.1) 

for all x,y G B dq (x 0 ,r) n {TS(x n )} with (x : y) G E(G) or (yx) G E(G); 

(Hi) Y)i=o m ax{V ;l (rf(?( a; i) x o): ^{dq^xo, .xi))} < r for all nGNU {0}. 




max 


beTy 

ic{ sup d q ([^,^-],b), sup d q (a, [j, ^ 
beTy o 3 aeSx 4 4 

maxlr/ (\ X —1 % d (- % 

maxiUq^ , j, ^ ),ct q \ ^ 


' ,l 4’ 4 


-])} 


max{«, v -, — 

x 3y 2 x y_ 

4 3 + 4 ’ 3 + 4 1 


max 


4 ’ 3 
5y 4x 

Y>(ma x{y + x, — ,— }) = ip(D q {y, x)). 
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Then {TS'(x n )} is a sequence in B dq (xo, r) and {TS(x n )} -A x*. Also if (x n ,x*) £ E(G) or 
(x*,x n ) £ E(G) for all n £ N U {0} and (3.1) holds for x* , then S and T have a common fixed point 
x* in B dq (x 0 ,r). 

Proof. Define a : X x X — > [0, oo) by 

n ( T v ) - I !. if * € E dq (x 0 ,r), (x,y) £ E(G) or (yx) £ E(G) 
a(X,yJ ~\0, otherwise. 

Since S and T are semi graph dominated on Bd q (xo,r), for x £ B dq (xo,r), (x,y) £ E{G) for all 
y £ Sx and (x, y) £ E{G) for all y £ Tx. So a(x, y) = 1 for all y £ Sx and a(x, y) = 1 for all y £ Tx. 
This implies that inf{a(x, y) : y £ Sx} = 1 and inf{a(x, y) : y £ Tx} = 1. Hence a*(x,Sx) = 1, 
= 1 for all x £ B dq (x'o . r ) . So S, T : X — > P(X) are semi a*-dominated mappings on 
Bd q (xo,r). Moreover, (3.1) can be written as 

ma x{a*(x, Sx)H dq (Sx,Ty), a*(y,Ty)H dq (Ty, Sx)} < min {ip(D q (x,y)),ip(D q (y,x))} 

for all x,y in B dq (xo,r) n {T5(x n )} with either a(x,y) > 1 or a(y,x) > 1. Also (iii) holds. Then, by 
Theorem 2.1, we have { TS(x n )} is a sequence in B dq (xo,r) and {TS(x n )} -A x* £ B dq (xq . r) . Now 
x n ,x* £ B dq (xo,r ) and either (x n ,x*) £ E{G) or (x*,x n ) £ E(G) implies that either a(x n ,x*) > 1 
or a(x*,x n ) > 1. So all the conditions of Theorem 2.1 are satisfied. Hence by Theorem 2.1, S and T 
have a common fixed point x* in B dq (xo,r) and d q (x*,x*) = 0. □ 
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Global existence and blow-up of solutions to strongly damped 
wave equations with nonlinear degenerate damping and 

source terms * 


Donghao Li 1 , Hongwei Zhang 2 , Xianwen Zhang 1 
(1. School of Mathematics and Statistics, Hnazhong University of Science and 
Technology 430074, China; 2. Department of Mathematics, 

Henan University of Technology, Zhengzhou 450001, China) 


Abstract This paper deals with the initial-boundary value problem of a class of strongly 
damped wave equations with nonlinear degenerate damping and source terms. By potential 
well theory, the global existence of weak solutions is proved if the initial data enter into the 
stable set. By Nakao inequality, the asymptotic behavior is obtained. Moreover, by estab- 
lishing a new second order differential inequality, we prove a finite-time blow-up result under 
arbitrary positive initial energy. 

Keywords strong damped wave equations; global existence; asymptotic behavior; blow- 
up 


AMS Classification (2010): 35L35,35B40,35B44. 

1 Introduction 

In this paper, we are concerned with the following initial boundary value problem: 

u tt - Au tt - Au t - Au + (\u\ k u) t = \u\ q u, (x,t) G Q x (0,T), (1.1) 

u(x,t ) = 0, x € dQ,t €E (0,T), (1.2) 

u(x, 0) = uo(x), ut(x, 0) = u\(x), x £ U, (1.3) 

where U is a bounded domain in R n with sufficiently smooth boundary dtt. 

Evolution equation (1.1) is a simple prototype of the more general equation 

q2 ^ 

^j(A« - u) + - g{x, u)) + Au + f(x, u) = 0, (1.4) 

‘Corresponding author:Zhang H.W., Email: whz661@163.com 
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which describes ion acoustic waves in a plasma taking account of strong nonlinear dissipation 
and nonlinear sources [1, 2], where f(x, u) and g(x, u) describe the distribution of the sources 
of bound charges and the ‘sinks’ of free charges, respectively. Korpusov [2] proved that for 
any initial data in (Q) the problem (1.4), (1.2), (1.3) has a local strong generalized solution 
and obtained sufficient conditions for the blow-up of a solution in finite time provided that 

r r ru o(x) 

/ [|Vuo| 2 + |Vui| 2 + |-«i| 2 ]dx — 2 / / f(x,s)dsdx< 0. (1.5) 

Jn Jn Jo 

Korpusov [3] gave sufficient conditions for finite-time blow-up of solutions of the following 
abstract Cauchy problem for a formally hyperbolic equation with double non-linearity 

d' 2 v. dn — 

^ Aj(u)) + Hj(u) = Ff(u). 

5 = i 

As far as we know, there is little information about the equation (1.4). 

It is worth noting here that if the damping terms (\u\ k u)t is absent, the problem (1.1)- 
(1.3) is studied extensively in the literature. For example, Shang [4, 5] investigated the 
existence, uniqueness, asymptotic behavior, and the blow up phenomenon of the solutions 
under some specific assumptions on / for the fourth-order wave equation 

u tt - Au - Au t - Au a = f(u). (1.6) 

For the initial boundary value problem of equation (1.6), Zhang and Hu [6] proved the 
existence and the stability of global weak solution. Xie and Zhong [7] established the existence 
of global attractors. Xu et al. [8] investigated the asymptotic behavior of solutions by 
using the multiplier method. For more results on the long-time behaviors of global strong 
solutions of the initial boundary value problem of equation (1.6), the reader is referred to 
[9, 10, 11, 12, 13, 14, 15, 16]. 

We mention also that, recently, in the absence of dispersive term and strong damped term 
( i.e. the terms Auu and —A ut are absence), equation (1.1) can be take the more general 
form 

utt — Au + \u\ k dj(ut) = \u\ q u. (1.7) 

Under suitable conditions on j and the parameters in equation (1.7), Barbuet al. [17] estab- 
lished the existence and uniqueness of global weak solutions. They also obtained a nonexis- 
tence result of global solutions with negative initial energy on condition that q is greater than 
the critical value. In [18], the same authors established the blow-up result for the generalized 
solution with additional regularity for equation (1.7) under more restrictions on j provided 
that q is greater than the critical value and the initial energy is negative. A special case of 
equation (1.7) is the following polynomial-damped wave equation 

u tt ~ Au + \u\ k \u t \ rn ^ 1 u t = \u\ q u, (1.8) 
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which has been studied extensively in the literature. We refer the reader to [19, 20, 21, 22, 
23, 24, 25, 26, 27] and the references therein. But much less work is known for the initial 
boundary problem for a wave equation with degenerate damping term (\u\ k u)t, dispersive 
term A utt, strong damping term A ut and nonlinear source term 

In this paper, we prove the global existence of weak solutions for problem (1.1)-(1.3) by 
potential well theory [28] if the initial data enter into the stable set. By Nakao’s inequality 
[29], the asymptotic behavior is obtained, and this method is different from that in [22, 26]. 
Moreover, we will extend the results in [2, 3] that the sufficient conditions for finite-time 
blow-up of solutions with negative initial energy to that with positive initial energy. We 
will establish a different differential inequality and prove a finite-time blow-up result under 
arbitrary positive initial energy. This different differential inequality and blow-up result are, 
to the best of our knowledge, new in the literature. The concavity method of Levine [30] is 
one of the most powerful methods for proving finite time blow-up of the solutions to nonlinear 
wave equations. The main idea of Levine is to replace the investigations of the equation with 
the study of ordinary differential inequality 

4>4>" — a(cj)') 2 + /50 2 > 0, a > 1, /3 > 0. 

Later on, the generalization of this inequality 

(jxj)" — a((f>') 2 + (3(f) 2 + 71 (jxj) 1 > 0, a > 1, /3 > 0, 7 > 0, 

was obtained in [31]. On the other hand, as pointed in [2], Levine’s method as presented 
in [30, 31] cannot be used here due to the term —A ut + (\u\ k u)t, so a different differential 
inequality was used to prove Theorem 3 in [3] for negative initial energy case (i.e. in the case 
of (1.5)) 

(jxj)" — a(4>') 2 + (3(j> 2 + 7 (j) 2+qi > 0 , a > 1, > 0, 7 > 0, q\ > 0. 

But the above inequality cannot be used to the positive initial energy case. In this paper, 
we will establish a new differential inequality and prove a finite-time blow-up result under 
arbitrary positive initial energy. 

This article is organized as follows. In Section 2, we are concerned with some notations 
and state our main results. Following the potential well theory introduced by [28], we get 
global existence in Section 3. Section 3 gives also an asymptotic stability results of the 
problem (1.1)-(1.3). In section 4, it is shown that the weak solution of the problem (1.1) 
-(1.3) blow-up in the case of positive initial energy E( 0) > 0 and q > k. 

2 Preliminaries 

In this section we present some notations and state our main results. We use the standard 
Lebesgue space L p (fl)(l < p < 00) and Sobolev space We denote by ||'u|| p the L P (Q) 
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norm and by 1 1 V - 1 1 the norm in Hq (fi). Moreover, for later use we denote by (•, •) the duality 
paining between Hq(Q) and H _1 (I7). In this paper, we will always assume that 

4 

0 < q < oo, if n = 1, 2; 0 < q < , if n> 3, (2-1) 

n — 2 

and then the Sobolev imbedding H ( \ (0) L q+2 (Q) holds. Furthermore, we denote C* is the 

embedding constant, that is 


||Vlt|| < C*\\u\\ q+ 2. 


The constants Q (z = 1, 2, • • • ) used throughout this paper are positive generic constants, 
which may be different in various occurrences. 

Now, we give the definition of a weak solution to problem ( 1 . 1)- ( 1 .3) . 

A weak solution to the initial boundary value problem ( 1 . l)-( 1.3) over x [0, T) is a 
function u E L°°(0, T; Hq (II)) with ut,utt £ L°°(0, T; Hq (II)) such that 


(««, </?) + (V«u, Vv?) + (Vrt, Vy?) + (Vu t , V<^) + ((|u| fc u) t , y?) 





for all test functions ip £ // ( ] (II) and for almost all t £ [0, T) and 

u(x, 0) = uq £ Hq (n), Ut(x, 0) = u\ £ Hq(Q). 


We introduce the following functionals: 


and the level 


m = i( u ) = \\vu\\ 2 -\\u\\ <i q ii, 

J(t) = J(u) = ±\\Vu\\ 2 -^\\u\\«tl 

E(t) = E(u)= 1 -\\u t \\ 2 + 1 -\\Vn t \\ 2 + J(u), 

d= inf maxJ(Au). 
ueH^(Q)\{ 0} A>o 


( 2 . 2 ) 

(2.3) 

(2.4) 


Moreover the value d is shown to be the Mountain Pass level associated to the underlying 
Dirichlet problem — Ait = \u\ q u in fl, u = 0 on dfl [32]. 

Remark 2.1 By multiplying Equation (1.1) by ut, integrating over f 2, and using integration 
by parts, we get 


Therefore, 


E'(t) = — 1 1 V Tit 1 1 2 — ( k + 1) f \u\ k \ut\ 2 dx < 0, for t > 0. 

■hi 


E(t) < E( 0), for t > 0. 


(2.5) 


( 2 . 6 ) 
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We can now define the stable set [32, 33, 34] 

W = {u G Hl\I(u) > 0, J(u) < d} 

and one can easily see that the stable set can also be defined by 

W = {(A ,E) G [0, +oo) x R : 0 < g( A) < E < d, 0<A< Ao}, 

<?+2 

where g( A) = \X 2 - C'* +2 ^j, A 0 = C* q is the absolute maximum point of g, and finally 
d = g{ A 0 ) = (| - ^)A§ > 0. 

In order to get the energy decay of the solution, we introduce the following set 

W\ = {«£ Hl\I(u) > 0, J(u) < Ex}, 

where Ai = ((q + 2)C'* +2 ) _ 7 , E\ = (| — ^A_)A 2 . Obviously, d> E\ and W\ C W. 

Our main results read as follows. The hrst result is concerned with the global existence 
of weak solutions to the problem (1 . 1)-(1 .3) . Namely, we have the following theorem. 
Theorem 2.1 Let k > 1, if n = 1, 2; k < if n > 3; uq,u\ G Hq(Q), assuming that 
k > q,E( 0) < d and uq G W, then the problem (1.1)-(1.3) admits a global weak solution u 
and u(-) G W for t > 0. 

The second result is about the asymptotic stability results of the weak solutions. 
Theorem 2.2 Under the assumptions of Theorem 2.1, k > q and uq G W\, and |V'«o| I < 
Ai,£'(0) < Ei, then there exist positive constant a such that the energy E(t) satishes the 
energy estimates 

Eft) < E{ 0) exp{— a[t — 1] + } for large t, 
where [t — 1] + = max{t — 1,0}. 

Remark 2.2 Let us mention that the special polynomial form of the dissipation and source 
terms in (1.1)-(1.3) is not essential. The results can be extend to the case of more general 
nonlinearities under suitable assumptions. 

Our final result provides a finite time blowup property of the weak solutions to problem 
(1.1M1.3). 

Theorem 2.3 Assume that k < q. If the initial data are such that 

E( 0) > 0, 

(Vu 0 , Vni) + (u 0 ,ui) > 0, 

and 

wo) 2 - 

5 


(2.7) 

( 2 . 8 ) 
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where a 0 = 2 + §, /3 0 = 7o = 2(k+1) q -k , <5o = (q + 2)£7(0), = 

and Cq is embedding constant from Hq to L 2 ( fe+1 ), then there exists 


2o:o— 2 — k 

ao — 1 ’ 


<54 


2ao — 1 
ao-1 


Too < 0 1 ao (0)vl 1 such that lim 0(f) = oo, 

t—tToo 

where A 2 = (cto — l) 2 (j>~ 2a ° (0) Bo and < />(t) = ^ 1 1 Vya| | 2 + ^ | |yy| | 2 . 

Finally, we state the local existence result of problem (1.1)-(1.3). 

Theorem2.4 Let uq,u\ £ Hq(Q), then problem (1.1)-(1.3) has a unique weak solution on 
[0, Tq) for some Tq > 0, and we have either Tq = +oo or Tq < +oo and 


lim 

>Tq-\- 


sup[\ |'ih||#i(Q) 



= +oo. 


This lemma can be established by combining the arguments of Theorem 8.1 (or Theorem 
6.8) and Example 9.5 in [3], Theorem 2 in [2] and [35], so we omit it. 


3 Global existence and asymptotic stability of the solutions 

In this section we study the existence and asymptotic stability of global solutions for problem 
( 1 . 1)-(1 .3) . We start by the following lemma. 

Lemma 3.1 Suppose that u is the solution of problem (1. 1)- ( 1 .3) , and uq, u\ £ Hq, if no £ IT 
and E( 0) < d , then u(t) remains inside the set £ IT for any t > 0. 

The proof is similar to that of Lemma 2.2 in [33], so we omit it. 

Proof of Theorem 2.1. By Lemma 3.1, we have u(t) £ IT for all t £ [0, To), then I(u) > 
0, J(u) < d for all t £ [0, To). Therefore, 

() - = I|| Vu || 2 - - \i(u) < j(u) < d, (3.D 

then 

Mill <d. (3.2) 

By the energy equation (2.6), definition of J(u) and (3.1), we arrive 

^IKI| 2 + ^l|V^|| 2 + ^||Vn|| 2 <T(0) + ^|H|^<Cd, for 0 <t < To, (3.3) 

It follows from (3.3) and from a standard continuous argument that the local solution u 
furnished by Theorem 2.4 can be extended to the whole interval [0, +oo), that is, u is a 
global solution. Finally from Lemma 3.1 we get u £ IT for t £ [0, oo). 

In order to get the energy decay of the solution, we prepare the following lemma. 
Lemma 3.2[29] Let ip(x) be a nonnegative and non-increasing function defined on [0,oo), 
satisfying 

<p 1+r (t) < k 0 (<p(t) - <p(t + 1)), t £ [0, T], 
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for fco > 1, and r > 0. Then we have, for each t £ [0, T], 


+ft) < v?(0) exp(— a[f - 1] + ), if r = 0, 

<p(t) < (<p(0r r + k 0 r[t - l] + )“-, if r > 0, 

where [t — 1] + = max{f — 1,0}, and a = ln(^-j-). 

Adapting the idea of Vitillaro[34], we have the following lemma. 

Lemma 3.3 Suppose that u is the solution of problem (1.1)-(1.3), and ito, u\ £ Hq , if uq £ W\ 
and ||Vrto|| < \i,E(0) < E\, then uft) remains inside the set W\ and ||Vw|| < A i,E(t) < E\ 
for any t > 0. 

Lemma 3.4 Under the condition of Theorem 2.2. and q > 0, then, for t > 0, 


||Vw.|| 2 > 2||u||^2- 


m> 


q+ 1 


■||Vit|| 2 > 


q + 1, 


u 


1 9+2 


2(q + 2) " ’ q + 2 ,l ~"« +2 ’ 

Proof By the definition Eft) and embedding theorem, we have 

E{t) > |||Vn|| 2 - ^||u||£* > i||Vu|| 2 - \\u\\lXl 

>liivuii 2 -cr 2 iiv«ir 2 = 51 (iivu|i). 


(3.4) 

(3.5) 


(3.6) 


where 51(A) = ^A 2 — C'* +2 A 9+2 . Note that 51(A) has the maximum at Ai = (( q + 2)C* +2 ) 1 
and the maximum value g’i(Ai) = E\. We see that (/1(A) is increasing in (0, Ai), decreasing 
in (Ai,+oo) and 51(A) —> —00 as A -+ 00. Since ||Vtto|| 2 < Ai,i?(0) < £i,then ||Vw|| 2 < Ai, 
for any t > 0, so 5i(||Vtt||) > 0. By (3.6), we have 


HVn|| 2 -||n ||^ 2 = i||Vu|| 2 + (i||Vn|| 2 
> i||V«|| 2 + 5i(||Vu||), 


u 


9+2 \ 

q+2) 


then (3.4) holds since 5i(||Vn||) > 0. Furthermore, we have 


E(t)> l -\\Vu\\ 2 


1 

q + 2 


u 


9+2 

g+2 - 


q + 1 

2(5 + 2) 


||v«|| 2 . 


So (3.5) hold. 

Proof of Theorem 2.2 From (2.5), we know that and Eft) is nonincreasing. Setting 
Fft) = sj Eft) — Eft + 1), then we have 


r rz-\-i 

F\t)= / [||Vn s || 2 + (fc + l) / \u\ k \u s \ 2 ]ds > / | |Vu s || 2 ds, 

J t J £1 J t 

ft + 1 r 

F 2 ft)>{k + 1) / / \u\ k \u s \ 2 ds. 

J t J 


(3.7) 

(3.8) 
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Applying the mean value theorem in (3.7), there exists t\ £ [t,t + |] and t 2 £ [t + |,f + 1] 
such that 


||V^(ii)|| 2 < 2F 2 (t), i = 1, 2. 


(3.9) 


Multiplying u in (1.1), intergrating over [ti,t 2 \ x 17, we have 

fnwMMca* 

j t\ 

= - f u t u\lzlldx - [ 'Vu t Vu\ t t Z* t 2 1 dx+ f (||wt|| 2 + \\Vu t \\ 2 )dt 

J o, J n J t\ 

[ VuVutdxdt — (k + 1) f f \u\ k uutdxdt 
J J t\ J 

£ M - 


(3.10) 


It 1 

5 


2—1 


Now we estimate the terms of the right-hand side of (3.10). By Holder inequality, Poincare 
inequality, (3.9), Lemma 3.4, the fact that the E(t) is non-increasing, and Young inequality 
with e > 0, we have 


r 2 

\Mi\ =\~ u t u\\^ t \dx\ <^\\ut{ti)\\\\u{ti 
Jn i=1 


< 


^C 2 |M^)||||V^)|| < C 3 E*(t)F(t ) 

i= 1 

< Ci(e)F 2 (t) + sE(t), 

\M 2 \ = | - [ VutVuft=£dx\ 

Jn 

2 

< ||Vu t (t i )||||Vu(t i )|| < C 4 E*(t)F(t) 
1=1 

< C 2 (e)F 2 (t) + eE(t). 

By Poincare inequality and (3.7), we have 

rt2 
Hi 

From Lemma 3.4 and the fact that the E(t) is non-increasing, we arrive 


ft 2 ft + 1 

|M 3 | = I / (|k|| 2 + \\Vu t \\ 2 )dt\ < C 5 / \\Vu s \\ 2 ds < C 5 F 2 (t). 

Jti Jt 


|M 4 | = I fl 2 VuX7u s ds\ < J t t+1 [C 3 (£)\\Vu s \\ 2 + e^^\\Vu\\ 2 ]ds 
< C 3 (e)F 2 (t) + eE{t). 


(3.11) 


(3.12) 


(3.13) 


(3.14) 
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According to Holder inequality, embedding theorem, the assumption k > q and the Lem- 
ma3.2, the fact that the E(t ) is non- increasing and Young inequality, we have 

rt2 


\M§\ < (k + 1) f f \u\ k+l \ut\dxdt, 

Jti Jvi 

n k k+2 

|it| 2 dxdt 

! 


rt2 


rt2 


< (k + 1)( / / \u\ k \ut\dxdt)‘*( 

Jti Jn 

rt2 


1 1 J ffl 


\u\ k+2 dxdt )5 


<C 7 F(t)([ 2 \\u\\ k k Xldt)-2 

Jti 

<C 9 F(t)( fllVulhlVuH 2 ^ 

Jti 

< C w F(t)( f 2 E(t)dt)* 

Jti 

<C 4 (e)F 2 {t) + £E{t). 


(3.15) 


Substituting (3.11)-(3.15) into (3.10), we get the estimate 

J?[||V«|| 2 - \\u\\ q q X 2 2 ]dt < C 5 (e)F^t) + 4eE(t). (3.16) 

On the other hand, it follows from the definition of E(t) and (3.5) in Lemma 3.4 that 

m = )(iiv«n 2 - imO + + ^imi 2 + ^iiv«<ii 2 

< 1 (I|V «|| 2 - |M|£i) + i||u ,|| 2 + i||V «,|| 2 + ( 3 . 17 ) 

Then we have 

2 < ^(IIV^II 2 - \\u\\ q q + + l) + \\\u t \\ 2 + ^HVutll 2 . (3.18) 

Therefore, by (3.18), (3.16) and (3.13), we arrive that 

/,i 2 E( S )i S < ^/.‘yuvuii 2 - nO*+ ^/.‘yiKii 2 + iiv» t |i 2 )* 

<C 6 (£)F 2 (t) + 4f2tei!£(*). (3.19) 

Since E(t ) is non-increasing, we can choose 1 3 G [£1,^2] such that 

E(tz)<C f E(s)d-s. (3.20) 

Jti 

Then, using (2.5), ts < t + 1, it follows from (3.20) and the fact that E(t) is non-increasing 
that 

E(t) = E(t + 1) + J t t+1 ||Vu s || 2 ds + (A: + 1) // +1 f n \u\ k \u s \ 2 ds 

< E(t 3 ) + fl +1 ||Vu s || 2 (is + ( k + 1) fl +1 f Q \u\ k \u s \ 2 ds 

<C flX E(s)d-s + fl +1 ||Vu s || 2 ds + (k + 1) fl +1 \u\ k \u s \ 2 ds. (3.21) 
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Combining (3.21) with (3.19), (3.7) and (3.8), we have 

E(t) < C 7 (e)F 2 (t) + 4 (3.22) 
Choosing e sufficiently small, (3.22) leads to 

E{t) < C 8 F 2 (t), 

where C 8 = 2(1 + 2C$ + ^r). 

Since E(t) is nonincreasing, using Lemma 3.2, we conclude that for each t £ [0,oo), 

E(t) < E(0) exp(— a[t — 1] + ) 

where [t — 1] + = maxjf — 1,0}, and a = ln( g f^ ). Then the exponential decay of the energy 
is obtained. The proof of Theorem 2.2 is completed. 

4 Blowup of the solutions 

In this section our aim is to establish sufficient condition for blow-up of solutions to problem 
(1.1)-(1.3). We assume that k < q and a be a weak solution to the problem (l.l)-(l .3) on 
the interval [0, T}. We note that the Levine energy method [30] is one of basic methods for 
studying the blow-up phenomenon. The role of the differential inequality [30] 

(jxj)" — a(cj)') 2 + (3cj) 2 > 0, a > 1, /3 > 0, 

in the standard Levine method is known. The generalization of this inequality 

4>4>" — a((f>') 2 + f3q i> 2 + 7 (jxj)' > 0, a > 1, f3 > 0, 7 > 0, 

was obtained in [31]. On the other hand, a somewhat different differential inequality was 
used to prove Theorem 3 in [3] 

(jxj)" — a{(f)') 2 + (3(f) 2 + 7 cj) 2+qi > 0, a > 1, f3 > 0, 7 > 0, q\ > 0. 

Now, we consider our main differential inequality 

(jxj)" — a((t)') 2 + /3(/> 2 + 7 (j) 2+l + 5cj) > 0, (4.1) 

where 4>(t) £ C^QO,! 1 ]) and 

a > l,/3 > 0,7 > 0,8 > 0,1 > 0. (4.2) 

Lemma 4.1 Suppose 4>(t) £ (7 2 ([0,T]). Let conditions (4.1) and (4.2) be satisfied and 
moreover the following conditions hold: 

2a >2-M, (4.3) 

<Kt) >0,^(0) > 0, 0(0) >0, (4.4) 

(</>'(0)) 2 - ^ 2 (°) + (^^ 2a+5l(1 " a) (0) + (^^ 2 “ +fc(1 - a) (0) = B> 0, (4.5) 

10 


1008 


Donghao Li et al 999-1013 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


where <5i = ~ a ~_i and 82 = ^-1 > then any solution to the differential inequality (4.1) satisfi 
es the condition 

Too < </> 1_a (0)+ _1 , lim <p(t) = 00 


t—>T n c 


where + 2 = (a — 1) 2 </> _2 q ( 0).B. 

Proof Condition (4.4) imply the existence of a time 1 1 > 0 for which the inequality (f>'(t) > 0 
for t G [0, ti) holds. Hence, 0(f) > </>(0) > 0 for t £ [0,fi). Dividing both sides of (4.1) by 
< f> 1+a we obtain 

- a</)-( 1+a ) (</>') 2 + + 7^> 1+i_a + 5cj)- Q > 0. (4.6) 

Noting = (1 — a)^ - "^" — a(l — a)(t)~^ 1 +a \(t)') 2 , from (4.6) it is easy to derive the 

inequality 


1 —a dt 2 

We introduce the new function 


4. _L +1-01 


+ 7 0 i+ '-“ + <*</>-" > 0. 


1 — |— Z — Q: — a 


= 0 1_Q , 

then we obtain 

+ /3V’ + 7V’ 1_ “ + > 0. 

Note now that by (4.8), we have 

^'(t) = (! - 

so in view of ^(t) > 0 and a > 1, it follows that 

i//(f) < 0. 

Now multiplying (4.9) by i//(t) we obtain 

^ {t)ip + 7'0 / (£)Y’ “- 1 + Sif)' (t)V’“ IIT < 0, 

since a > 1, which gives us 


(4.7) 


(4.8) 


(4.9) 


(4.10) 


(4.11) 


Hence 


V> / (t)V’ // > j3(a — l)ip'(t)ip + 7(0 — l)i//(t)V’ “- 1 + <5(a — l)^' a - 1 . 


> Pia-V Aj , 2 + t(q-i) d.^i , <$(<*-!) _d^,$ 2 
2 dtAVy 1 )) ^ 2 dtV ^ 81 dt" ^ &2 dtr ’ 

a— 1 — l 2a— 2 — l r i i a 2a— 1 


(4.12) 


where <*1 = 1 + = 1 + ^ = Since 2a > 2 + 1 and a > 1, it follows 

that 8i > 0 and 82 > 0. 

Integrating (4.12), we obtain that 

W(t)f > wm 2 + fc% 2 - ia 2 (o)) + - ^(o)) + - ^ 2 (o)), 
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then, we obtain the following equivalent inequality 

(0'(f)) 2 > A 2 + (5(a — l)-0 2 + ^"V 1 + > A 2 , (4.13) 


where 


A 2 = (0'(O)) 2 - j9(a - 1)0 2 (O) - 2l % — if> Sl (0) - 2<5( g 2 V 2 (0)- 

From (4.8), (4.10) and the initial condition (4.5) we get 

A 2 = (1 — a) 2 0 _2 "( O)(0'(O)) 2 — 0(a — 1)0 2(1_ “)(O) 

27(0;— 1 ) (1— q) (q) _ 25(a—l) ^ 2 ( 1 — a) (p^ 

= (a - l) 2 0- 2a (O)S > 0. 

A further analysis of inequality (4.13) yields 

|0'| > A > 0,V1 € [0, t 0 ), (4-14) 

where to is the life time of the solution. Since 1 // < 0 by (4.11), hence, 

■0' < —A < 0. (4.15) 

Integrating the inequality (4.15) we obtain 

i/>(t) < 0( 0) — At, 

in view of (4.8) and a > 1, therefore 


0 1 “ Q (t) < ^"“(0) - At. 

As a result, we obtain the lower estimate 

0(1) > (0 1_ “(O) - Ai)^, 

which implies that T 7 ^ + 00 , since otherwise there exists T, < 0 1 _ “(O)A _1 such that 
lim (f>(t) = 00 . Then the proof is completed. 

t—tToo 

Proof of Theorem 2.3 We introduce the following notations 

0(1) = 7 ,l|Vu|| 2 + ^\\u\\ 2 ,G(t) = ||Viq|| 2 + ||u t || 2 . 

If we multiply the equation (1.1) by u, we obtain the following equality: 

4>" — G + (Vuti'Vu) + ((\u\ k u)t,u) + ||Vu || 2 = ||u||^ 2 . (4.16) 

The third and fourth terms in (4.16) can be estimated as follows: 

l(v«t, V«)| < f IIV^II 2 + ^||Vu || 2 < §G + \ct> (4.17) 
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and 

\((\u\ k u) t ,u)\ < (k + 1)|| tit 1 1 1 |tx| 1 2(fc+i) 

< fll^H 2 + (fc+1)2 ^° 2ffc+i) ||Vu|| 2 ( fc+1 ) < f G+ (4. 18 ) 

for any e > 0. 

Hence, by the estimate (4.17) and (4.18), equality (4.16) yields 

<//' - G + eG + \ct> + ^ 1)2 f» ( " +1) 0 fc+1 + ||Vu|| 2 > \\u\\ q ^ 2 . (4.19) 

Integrating (2.5) with respect to t gives 

m = 1|M| 2 + l||Vi.,|| 2 + )l|Vu|| 2 - ^llulljtl < E( 0). 

Then we get 

\H\lXl>^G+^\\Vu\\ 2 - (q + 2)E(0). (4.20) 

Then, (4.20) and (4.19) yield 

<t>" ~ + eG+\(t>+ (fc+1) f° (p k+1 - §||Vu|| 2 + (q + 2)77(0) > 0. (4.21) 

Now, we choose e = eo = > 0 so that 


a 0 = 2 ^-f = 2+!>l,2a 0 = 4 + £:>& + 2, (4.22) 

where we have used the fact q > k. Then (4.21) becomes 

-a 0 G+ ±<f> + (fc+1) ^° (j) k+1 + (q + 2)E{0) > §||V«|| 2 > 0. (4.23) 

From the Cauchy- Schwarz inequality, we have 

(<//) 2 < (t>G. (4.24) 

Then using (4.24) and (4.23) we arrive at the following second order differential inequality 

- a 0 (</>') 2 + + ( ) " £ „° </> fc+2 + (g + 2)£(0)<£ > 0. (4.25) 

Comparing this differential inequality with inequality (4.1), we find that 

a = a 0 ,/3 = £,7 = (fc+1)2 £ 5' ^ ,6 = (q + 2)E(0),l = k. (4.26) 


By (4.26) and (4.22), we know that (4.2) and (4.3) are satisfied. By (2.8) and (2.9), we know 
that (4.4) and (4.5) are satisfied. Then by Lemma 4.1, we see that (j>(t) blows up in finite 
time. This theorem is proved. 
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COMPACT AND MATRIX OPERATORS ON THE SPACE 

\c,-i\ k 


G. CANAN HAZAR GULEQ AND M. ALI SARIGOL 


Abstract. According to Hardy [5], Cesaro summability is usually consid- 
ered for the range a > —1. In a more recent paper [14], the space |C a | fe 
is studied for a > —1. In this paper we define |C_ iL using the Cesaro 
mean (C, —1) of Thorpe [26] , compute its a-, /3- and 7 - duals, give some 
algebraic and topological properties, and characterize related matrix oper- 
ators, and also obtain some identities or estimates for the their operator 
norms and the Hausdorff measure of noncompactness. Further, by apply- 
ing the Hausdorff measure of noncompactness, we establish the necessary 
and sufficient conditions for such operators to be compact. So some results 
in [14] is also extended to the range a > — 1. 


1. Introduction 

Let uj be the set of all complex sequences, c, C w be the set of convergent 
and bounded sequences. For c s , b s and £k (k >1, t\ = t) , we write the sets of all 
convergent, bounded, /c-absolutely convergent series, respectively. Let A = ( a n j ) 
be an arbitrary infinite matrix of complex numbers. By A{x) = (A„ (a:)) , we 
denote the A- transform of the sequence x, i.e., A n ( x ) = 'YfjLo a nj x j-> provided 
that the series converges for n > 0. We say that A defines a matrix trans- 
formation from U into V , and it denote by A £ ([/, V) or A : U — > V if 
sequence Ax = (A ra (a;)) € V for every sequence x £ U, where U and V are 
subspace of w and also the sets U a = {e € w : ( e v x v ) € i for all x £ U} , U 13 = 
{s £ w : (e v x v ) £ c s for all x £ U} , U 1 = {e € w : ( e v x v ) £ b s for all x £ U} and 

Ua = {x £ w : A(x) € U} (1.1) 

are said to be the a-, /?-, 7- duals of U and the domain of the matrix A 
in U, respectively. Further, U is said to be an RA'-space if it is a complete 
normed space with continuous coordinates p n : U — > C defined by p n (x) = x n 
for n > 0. The sequence (e n ) is called a Schauder base (or briefly base) for 
a normed sequence space U if for each x £ U there exist unique sequence of 

1991 Mathematics Subject Classification. 40C05, 40D25, 40F05, 46A45. 

Key words and phrases. Sequence spaces; Absolute Cesaro summability; Dual spaces; ma- 
trix operators; Bounded linear operator; BK spaces; Norms. 
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coefficients (. x v ) such that ||x — E^=o || —* 0 (m — > oo) , and in this case 
we write x = Y^T=o x v e v- For example, the sequence is a base of Ik with 

/ oo k\ 

respect to the norm ||x||^ = (EEo \x v \ ) , k > 1, where e ^ is the sequence 

whose only non-zero term is 1 in the nth place for each n. Throughout k* denotes 
the conjugate of k > 1, i.e., 1/k + 1/k* = 1, and l/k* = 0 for k = 1. 

Let E a„ be an infinite series with partial sum s n . Let (er“) be the nth Cesaro 
mean (C, a) of order a > — 1 of the sequence (s n ) , e.i., <r“ = E”=o ■^-n-v s v - r ^ he 
summability \C,a\ k was defined by Flett [4] as follows. The series Ea„ is said 
to be sunnnable \C,a\ k with index k > 1 if 

00 h 

E ” fc_1 |< - <-l| <00- 

n—1 

More recently the series space | C a \ k has been studied by the second author 
for a > — 1, [14] . The Cesaro summability (C,a) is studied usually for range 
a > — 1 (see [5]). Since the above definition does not work for a = — 1, so 
it was separately defined by Thorpe [26] as follows. If the series to sequence 
transformation 

n—1 

T n = X ^ a v + {n + 1) a n (1-2) 

i /=0 

tends to s as n tends to infinity, then the series Ea ra is summable by Cesaro 
summability (C, — 1) [26] . Now we define the space |C_i| fc , k > 1, as the set 
of all series summable by the method \C, — l| fe . Then, it can be written that 

|C_i| fe = | a = (a v ) : J2 nk ~ 1 I T n -T n _i| fe < ooj , where (T n ) is defined by 

(1.2), or 

{ OO 

a = {a v ) : ^ n fc ^ 1 |(n+ 1 )a n - (n - l)a n _i| fc < oo 

n=l 

The problems of absolute summability factors and comparision of these meth- 
ods goes to old rather and uptill now were widely examined by many authors, 
(see, [1-3], [6], [10-12], [16-22] ,[24-25])) et al. There are a close relation between 
these problems and some special matrix transformations such as an identity 
matrix I and a matrix W = {w nv ) defined by w vv = e v and w nv = 0 for v ^ n. 

In this paper we derive a series space |C_i| fe using the Cesaro summability 
(C, — 1) of Thorpe [26] , compute its a-, /3- and 7- duals, give some algebraic 
and topological properties, and characterize certain matrix operators defined on 
that space, and also obtain some identities or estimates for the their operator 
norms and the Hausdorff measure of noncompactness. Moreover, by applying the 
Hausdorff measure of noncompactness, we establish the necessary and sufficient 
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|C7, —l| fc SUMMABILITY 


3 


conditions for such operators to be compact. So we also complete some open 
problems in the paper of Sarigol [14]. 

The following lemmas play important roles to prove our theorems. 

Lemma 1.1. Let 1 < k < oo. Then, A £ (£k,£) if and only if 


1141 


(4,4 


= sup 

N 


I oo 

oo 


(^nv 


neN 


1/fe* 

< OO, 


where N is any finite set of positive numbers [23] . 

The following lemma is more useful in many cases, which gives equivalent 
norm. 

Lemma 1.2. Let 1 < k < oo. Then, A £ (£k, £) if and only if 


1141 


(4,4 




i/fc* 

< 00, 


and there exists 1 < £ < 4 such that 1141(4 4 = £ 1141(4 4 [15]. 

The second part of this lemma is easily seen by following the lines in [15] that 

H4I(4,£) - H4I(4,4 - 4 1141(4,4 ' 

Lemma 1.3. Let 1 < fc < oo. Then, A £ (£,£k) if and only if 


1141 


(44) 


= Slip < km, | 
v Lra=0 


1/fe 

< 00 , [7]. 


Lemma 1.4. 

a-) A £ (£,c) -o- (i) limnOn,, exists, v > 0, (ii) sup„„ km>l < oo. 
b-) A £ (£,£oo) 44 (ii) holds. 

c-) Let 1 < k < oo. Then, A £ (4,kx>) (Hi) sup n \ a nv\ k < oo; 

d-) A £ (£k,c) 44 (i) and (Hi) hold [23]. 


2. The Hausdorff measure of noncompactness 

If S and H are subsets of a metric space (X, d) and e > 0 then S is called an 
e-net of H , if, for every h £ H, there exists an s £ S such that d ( h , s) < s; if S is 
finite, then the e-net S of H is called a finite e-net of H. Let X and Y be Banach 
spaces. A linear operator L : X — > Y is called compact its domain is all of X 
and, for every bounded sequence (x n ) in X, the sequence (L(x n )) has a conver- 
gent subsequence in Y. We denote the class of such operators by C (X, Y). If Q 
is a bounded subset of the metric space X, then the Hausdorff measure of non- 
compactness of Q is defined by x(Q) — { £ > 0 : Q h as a finite e-net in X} ,and 
X is called the Hausdorff measure of noncompactness. 

The following result is an important tool to compute the Hausdorff measure 
of noncompactness of a bounded subset of the BK space £k,k > 1. 
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Lemma 2.1. Let Q be a bounded subset of the normed space X where X = 

£k, for 1 < k < oo or X = c 0 .If P„ : X — > X is the operator defined by P r ( x ) = 
[xq,X\, x r , 0, ...) for all x € X, then x(Q) = lim r ^oo (sup xg Q ||(^ — Pr) (®)||) , where 
I is the identity operator on X, [13]. 

If X and Y be Banach spaces and Xi and Xi be Hausdorff measures on X 
and Y, then, the linear operator L : X —> Y is said to be (xi, X2)~bounded if 
L (Q) is bounded subset of Y for every bounded subset Q of X and there ex- 
ists a positive constant M such that y 2 (<2)) < M Xi ( Q ) for every bounded 
Q of X. If an operator L is (xi, X 2 )“bounded then the number ||L||( x ) = 
inf {M > 0 : % 2 (L ( Q )) < M y 1 ( Q ) for all bounded Q C X} is called the (Xi) X2)" 
measure of noncompactness of L. In particular, we write l|£||( YX ) = ||L|| x for 
Xi = X2 = X- 

Lemma 2.2. Let X and Y be Banach spaces, L £ B(X,Y) and Sx = 

{x £ X : ||x|| < 1} denote the unit sphere in X. Then, ||L|| = x (L ( Sx )) , and 

L £C (X, Y) if and only if ||L|| X = 0, [8]. 

Lemma 2.3. Let X be normed sequence space and Xt an d X denote the 
Hausdorff measures of noncompactness on Xi ^ and Xix, the collections of all 
bounded sets in Xt and X, respectively. Then, Xt (Q) = x(T(Q) for all Q £ 

XI x , where T = ( t nv ) is a triangular infinite matrix, [9]. 


3. Continuous and compact matrix operators on the space |C_i| fe 

In this section by giving some topological properties, a-, /?-, 7- duals, base of 
|(7_i| fe ,we characterize matrix operators on that space, determine their norms, 
and also establish the necessary and sufficient conditions for such operators to 
be compact by applying the Hausdorff measure of noncompactness, which also 
extends some results of Sangol [14] to a > — 1. First of all, we define the matrix 
T( fe ) = (t$) by 4o } = 1, 

( —n 1 ^* (n — 1) , v = n — 1 

tnv = < ( n + 1 ), V = n (3.1) 

[ 0, otherwise, 


for 1 < k < 00. Then it is clear that |C_i| fc = {^k)rW according to (1.1). 
Further, since every triangular matrix has a unique inverse which is also triangle 
[27, p. 9]. there exists the inverse of T ^ and denote this inverse by S^ k \ Now 
it follows from (1.2) that ao = yo and a n = [n (n + 1)] yl ^ k y^, n > 1, 

and so s = 1, 
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Theorem 3.1. Let 1 < k < oo . Then, 

a-) The space \C-\\ k is HA'-space with respect to the norm ||ic|| |c>_ 1 | = 

1 1 (a;) 1 1 and. isomorphic to the space £k, i.e. , |C_i| fc = Ik, where T ^ is 
defined by (3.1) 

b-) |C_i|^ = Di fl D 3 for 1 < k < oo and \C-\f = D\C\ D 2 for k = 1. 

c-) |C_i|2 = D 3 for 1 < k < oo and |(7_.i|^ = D 2 for k = 1. 

d-) \C-\ \ k = D 5 for 1 < k < oo and |C_i|£ = £>4 for k = 1. 

e-) The sequence = (bn) is the Schauder base of the space |C_i| fe for 

v,n > 0, where bn'* = sS. 

Proof a-) Since Ik is UA'-spaces with its usual norm, |C_i| fc = (^fe)r( fc ) an d 
T ( k ' ) is a triangle matrix, it follows from Theorem 4.3.2 of Wilansky [27, p. 61] 
that |C_i| fc is AAT-spaces for 1 < k < 00. To prove the second part, define T ^ : 
\C-x\ k -> l k by 

T n ] ( x ) = n 1/k * K n + 1 )x n -{n- 1) x n ~\] , n > 1. 

Then, it is clear that T ( fe ) is linear operator and surjective, since, if y £ £k, 
then x n = [n (n + 1)] _1 5Z”=i vl ^ k y v , where y = T ^ (x ) , and also one to one. 
Further, it preserves the norm, since ||T , ( fe i(:r)|| (fr = ||^c|| |c?_ 1 1 iwhich completes 
the proof. 

b-) Let 1 < k < 00. Now, e £ \C~i\k if and on ly if Se n a; n is convergent for 
every x £ |C_i| fc . Let y = T^ k \x). Then, y £ £k if and only if a; € \C-\\ k , where 
x n = (n(n + 1)) v x l k y v for n > 1, Xq — yo, and also it can be written 

that 


m 



v—0 


m 

£oVo + ^2 

r—1 



Vr = E £ mrVr 
r—0 
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where, fj, m0 = e 0 , 


M mr 


_ f s v k r£v, 1 < r < m 


m 

x - X) Xyb^ 

= 

m 

y - E Vve {v) 

v—0 

IC'-iU 

v—0 


0, r > m. 

So it follows from Lemma 1.4. that s G |C-i|f iff /r G (^,c), or equivalently, 
e € Di fl Z? 3 , which completes the proof. 

Since (c) and (d) can be proved easily as in (b), so we omit the detail, 
e-) Since |C_i| fe = (£k)r « an< l ^ ie sequence (e^) is a base of l k , where 

e (f) = it is clear that the sequence (b^) is the base for|C_i| fc . In fact, 

if x € |C_i| fc , then there exists y G h such that y = T^ k \x), and so it follows 


0 as ?7i — > oo, 


where x v = 1 (y), v > 0. Further, it has the unique representation by x = 

x v b^ v \ which is immediately seen from the triange inequality of norm. 
Also, we state the following result which is immediate by Theorem 3.1. 
Theorem 3.2. Let 1 < k < oo and A = ( a nv ) is an infinite matrix with 
complex terms for all n,v > 0. Define the matrices L = ( I nr ) , D = (d nv ) and 

D (r) = (dt r J) by 

J — r T' — 

v—r v {y 1 ) 

dnv = n 1/k * [(n + 1) J nv - (n - 1) I n -i,v\ , n > 1, v > 1. (3.3) 

0, 1 < n < r 
d nv , n> r 

Then each matrix in the class A G (|C'_i| , |C_iL) defines a bounded linear 
operator La ■ |C-i| — > \C-\\ k such that La{x) = A(x) for all x G |CLi| , and 
A G (|C_i| , \C-i\ k ) if and only if 

L is well defined n,r > 1, 


d£). = 


sup 

m,r 


r E 


=r V (v + 1) 


< oo for each n, 


sup X) \dnv | < OO. 

v n= 1 


Morever, if A G (IC-il , |C_i| fc ) , then 

ll i ^ll(|c_i|,|c_ 1 | fc ) = W D W(e,e k ) and W l a\\ x = 


D {r) 


(UA 


(3.4) 

(3.5) 

(3.6) 

(3.7) 


Proof.The first part is immediate by Theorem 4.2.8 of Wilansky [27, p. 57], 
since |C_i| and |C-i| fc are a BK -spaces by Theorem 3.1. For second part, A G 
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(IC'-il , \C-\\ k ) iff (a nv )%L 0 G (|C_i|) /3 for each n, and A{x) G |C_i| fc for every 
x G IC'-il - Now, by Theorem 3.1 (6), (a nv )%L 0 G (|C_i|) /3 iff (a n „)™ =0 G DyD 2 , 
or, equivalently, (3.4) and (3.5) hold for each n. Now, to obtain (3.6) , consider 
operator T W : |C_i| — *■ £\ by using (3.1) for k = 1 by 


T n ] ( x ) = (n + l)x n -(n- 1) x n _i (3.8) 

As in the proof of Theorem 3.1, T O is bijection and the matrix corresponding 
to this operator is triangle. Further, let x G IC'-il be given, then y G l, where 
y = T 1 ! 1 ) (a;) , for n > 0, X-\ = 0, and also, x n = (n (n + 1)) _1 E"= l v Vv f° r 
n > 1 and xq = yo- Now, we can write 


where 


Qj nv X v 

v=l 


= E fE 


v=r v iy + 1 ) 


v — y /"E 

yr — '•'mryri 
r—1 


i 


(n) 


E m 
V='i 


(I I, 


' v{v + 1) 

0, v > to. 


, 1 < v < m 


Moreover, if any matrix H = ( h nv ) G (£,c ) , then, the series H n {x) = E v h nv x v 
converges informly in n, since, by Lemma 1.4, the remaining term tends to zero 
informly in n, that is, 


and so 


E h'nv'Et 


< sup \h nv \ E \ x v\ — » 0 as m — > oo, 


lim H n {x) = E lim h nv x v (3.9) 

n v—O n 

Hence, since (3.4) and (3.5) hold, = (l^l^ G (£,c), then by (3.9) , we get 
A n (x) = E (lim^ mr ) Ur ~ E Er2/r = £ J n{]j)i 

r—0 ' m ' r - 0 

This shows that A(x) G | C_ 1 1 for every x G |C_i| iff L{y) G |C_i| fc for every 
y G £, or, equivalently, D(y) G Ik, since |C_i| fc = (£k)rW i where D = T^L. 
So, it is clear that A G (IC'-il , |C_i| fc ) iff (3.4) , (3.5) hold, and D G (£,£k) ■ A 
few calculations show that 

d nv = E tnMrv = [(«■ + 1) C ~ (n - 1) £ n -\, v \ , V,TI>1, 

r—1 

Therefore, it can be obtained from Lemma 1.3 that D G (£,£k) iff (3-6) is satis- 
fied, which completes the proof of the second part. 
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Now, to compute norm of A, A G (|C_i| , |C_i| fc ) iff D G {£,£k), where D 
is defined by (3.3) . On the other hand, consider the isomorphisms T W : \C-i\ 
— > £ and T ^ : |C_i| fc — > £k defined in (3.8) and Theorem 3.1 (a), respectively. 
Then we get A = (T( fe )) 1 oDoT^ . So, by Theorem 3.1, x € |C-i| iff y = 
T^\x) G £ and ||-A(a;)||| C ._ i | = ||Z1 (y)||^ fc for all x G |C_i| and y G £, which 

gives PII ( | C _ lMC _ lU) = \\D\\ ilM . 

Finally, let S' = {x G \C-i\ : ||a:|| < 1} . Then, by Lemma 2.1-Lemma 2.3, and 
from the definition of D <r> we get 


\\La\\ x 


x{L A S) = x{DTS) = lim sup \\(I - P r ) D(y)\\ h 

r — »o° K 


lim 

7*— > OO 



(l,lk) 


lim sup s f) \d nv \ k 

r ^°° V U=r+1 


1/k 


where P r : Ik —■ ► h is defined by P r (y ) = (yo, yi, •••, Vn 0, •••) an( i the matrix 
D {r) = (dnv) is defined as: d nl/ = d nv for n > r, 0 otherwise. Thus, the proof is 
completed together with Lemma 1.3. 

It is directly characterized from Theorem 3.2 the compact operators in the 
class (|C'_ 1 | , \C-i\ k ). 

Corollary 3.3. Under hypotheses of Theorem 3.2, La G (|C_i| , |C_i| fc ) is 
compact if and only if ||La||^ = lim MOO ||_D^||^ = 0. 

Now, If a matrix A is chosen as a special matrix W and I, then A G 
(|C_i| , |(7_i| fe ) means the form of summability factors that T,e v x v is summa- 
ble |C_i| fe when Y,x v is summable |C_i| , and / G (|(7_i| , |C_i| fc ) means the 
comparisons of these methods, i.e. , |C_i| C \C-\\ k . If we put A = I, then, since 


£nr = \ n [n + 1) ’ 

( 0, n < r 


and 


n 1/fc * [(n + 1) £ nv - (n - 1) £ n -i, v ] , 1 <v<n 
0, v > n, 


it is also clear that condition (3.4) , (3.5) and (3.6) are satisfied. So one can 
easily derive from Theorem 3.2 the following result. 

Corollary 3.4. Let 1 < k < oo. Then, |C_i| C \C-\\ k . 

Theorem 3.5. Let 1 < k < oo and A = ( a nv ) is an inhnite matrix with 
complex terms for all n,v > 0. Let be define the matrices L = (Z n „) as in 
Theorem 3.2 and F = ( f nv ) and F ^ by 


fnu = v 1/k [(n + l)£ nv - (n - 1)4-1,^] , v > l,rc > 1, (3.10) 
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and 

f{r) _ / 0, 1 < n < r 
lnv t fnu, n> r 

Then each matrix in the class A G (|C_i| fc , |C_i|) defines a bounded linear 
operator La : \C-\\ k — > |C_i| such that La{x) = A(x) for all x G \C-\\ k , and 
A G (|C'_i| fe , |C'_i|) if and only if (3.4) 


m 


sup E 

m r—1 



v(v + l) 


k * 

< 00 , 


(3.11) 


oo / oo 

E E I fnv 


u—1 \n=l 


k* 


< OO. 


(3.12) 


Morever, if A G (|C_i| fc , |C_i|) , then, there exists 1 < £ < 4 such that 


ll^^ll(|c_ 1 | fc ,|c_ 1 |) = J \\ F \\{e k ,t) and \\La\\ x = 


F (r 


( 4,0 


(3.13) 


Proof. The first part is immediate by Theorem 4.2.8 of Wilansky [27, p. 57], 
since |C_i| and |C_i| fc are a BA'-spaces by Theorem 3.1. For the second part, 
let A G (|CLi| fc , |C_i|) . Then, {a nv )™ =0 G (|C'_i| fc ) /j and A (x) G |C_i| for every 
x G |C_i| fc . Now by Theorem 3.1 (6), (a nv )^L 0 G (|C_i| fc ) /3 iff (a nv )™ = 0 Gfiifl 
D 3 for each n. This also means that (a ni/ )^L 0 G (|C'_i| fc ) /3 iff conditions (3.4) and 
(3.11) hold. Also to obtain (3.12), we consider the operators T ^ : |C_i| fc — * tk 
same as Theorem 3.1 (a). Then, since the space \C-\\ k is izomorf to Ik , it can 
be written that x G |C'_i| fc iff y G tk , where T ^ (x) = y ,i.e.,yo = x 3 and 
y n = Tn^ ( x ) = n 1 / fc [(n + 1) x n — (n — 1) x n _i] for n > 1 , x_i = 0. So by 
(3.2) , as in the proof of Theorem 3.2 we get 


m m * m / \ 

E a nv X v = E r ~ 1/k ^mlVr = E JmrVr 


where, f^ r = r -1 /^ for 1 < r < m, and f^ r = 0 for r > ra, and L = 
(fmr) is defined as in Theorem 3.2. Moreover, if any matrix H = ( h nv ) G (£k, c) , 
then by Lemmal.4 and using Holder’s inequality, we get 


E K 


( OO 

E l^ri 

v=0 


life* 


1/fc* 


E 


l/k 


Also, since x G Ik, we obtain that the series H n {x) = T, v h nv x v converges in- 
formly in n, which implies 


lim H n (x) = E linr h nv x v . 

n v=0 n 


(3.14) 
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Therefore, since (3.4) and (3.11) hold, € (£ &,c ), then by (3.14), 

we get 

A n {x ) = J2 (lim j mr ) y r = £) r~ 1/k £ nr y r = X) f nr y r = F n (y), n> 1 

r- 1 ' m ' r - 1 r—l 

where, f nr = lim m f mr . This shows that A(x) G |C_i| for every x G |C_i| fc iff 
F(y) G \C-i\ for every y G £k or, equivalently (T^F) (y) G £, since |C_i| = 
(£) T d) , so we obtain that F G {£k,£), where F = T^F. Hence, it is clear that 
A G (|C_i| fe , |C-i|) iff (3.4) , (3.11) hold, and F G (7*,, 7) .With a few calcula- 
tions, it can be easily seen that F is the same as (3.10) , and so it follows from 
applying Lennna 1.2 to the matrix F that F G (£k, £) iff (3.12) is satisfied, and 
this proves the second part. 

Also, considering that T ^ : \C-\\ k — » £k and T^ 1 ) : |(7_i| — » £ are norm 
isomorphism, as in Theorem 3.2, it follows that A = ( T W) oFoT ^ and so, 
by Lemma 1.2, 

ll i A||(| C /_ 1 | fcj | C _ 1 |) = \\ F \\(i k ,t, = £ \\ F \\(t k ,t) 


Finally, S = {x G |(7_i| fe : ||a;|| < 1}. Then, by considering Lemma 2.1-Lemma 
2.3, and Lennna 1.2, there exists 1 < £ < 4 such that 


= — lim 
( Ik, l ) ? r-*oo 


F (r 


( h, l ) 


\\L A \\ = lim sup ||(I - P r )F(y)\\ l = lim ||F (r) 

* r ^°°y 6 T( fc )S r ^°° 

where P r : l — ► l is defined by P r (y) = (yo,yi, ...,y r ,0, ...) and the matrix 
p(r) = 




(n) 

nv 


is defined as: = 0 for 1 < n < r, and f nv for n > r, which 

proves the theorem together with Lemma 1.2. 

The compact operators in this class are obtained from Theorem 3.5 as follows. 
Corollary 3.6. Under hypotheses of Theorem 3.5, 


La G (|C_i| fc , |C_i|) is compact if and only if lim 


_p( r 


(h,l) 


= 0. 
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On value distribution of meromorphic solutions of a certain 
second order difference equations * 
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Abstract. In this paper, we consider difference equation f(z + 1) + f(z — 1) = 
A \ djift) C > where C is a non-zero constant, A(z) = m(z) and n{z) are irre- 

ducible polynomials, we obtain the forms of rational solutions. 

To the difference equation f(z + l) + f(z— 1) = , where A(z), C{z) 

are non-constant small functions with respect to f(z), the Borel exceptional value, 
the exponents of convergence of zeros, poles and fixed points of finite order tran- 
scendental meromorphic solution f(z ), and the exponents of convergence of poles 
of differences A f(z) = f(z + 1) — f{z), A 2 f(z) = A f(z + 1) — A f(z) and divided 
differences are estimated. 

Mathematics Subject Classification (2010). 39B32, 34M05, 30D35. 
Keywords. Difference equation, Rational solution, Transcendental meromorphic 
solution. 


1 Introduction and Results 


Halburd and Korhonen [6, 7] used value distribution theory and a reasoning related to the 
singularity confinement to single out the difference Painleve I and II equations from difference 
equation 

f(z + l) + f(z-l)=R(z,f), (1.1) 


where R is rational in both of its arguments. They obtained that if (1.1) has an admissible 
meromorphic solutions of finite order, then either / satisfies a difference Riccati equation, or 
(1.1) may be transformed into some classical difference equations, which include difference 
Painleve I equations 

f( z + 1) + f{z ~ 1) = + c, (1.2) 

/(* + !) + /(*-!)= f, \ + f2 ( \> ( 1 - 3 ) 

f(z) f 0) 

f(z + l)+f(z)+f(z — l)= + c, (1.4) 

f(z) 

and difference Painleve II equation 


f( z + l) + f( z -l) 


( az + b)f(z) + c 
1 - / 2 (~) 


(1.5) 


*This research was supported by the National Natural Science Foundation of China (No: 11371225) and by 
the Fundamental Research Funds for the Central Universities. 

'Corresponding author. E-mail: chenminfengl98710@126.com. 
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where a, b and c are constants. 

Recently, as the difference analogues of Nevanlinna’s theory are investigated [2,5], many 
results on the complex difference equations are rapidly obtained, such as [1, 3, 10—12] . However, 
there are a few papers concerning with the existence of rational solution of difference Painleve 
equations. In this paper, we will consider the forms of rational solutions, and investigate the 
value distribution of meromorphic solution of finite order of a certain type of difference equation 
which originates from the difference Painleve II equation. 

We assume that the reader is familiar with the basic Nevanlinna’s value distribution theory 
of meromorphic functions (see[4, 9]). In addition, we use the notation a(f) to denote the order of 
growth of the meromorphic function f(z), A (/) and A(y) to denote, respectively, the exponent 
of convergence of zeros and poles of f(z). We also use the notation r(/) to denote the exponent 
of convergence of fixed points of f(z) which is defined as 


r(f) = lim 

r—fo o 


log N (r 


f(z)-Z 


logr 


We denote by S(r,f) any quantify satisfying S(r,f) = o(T(r, /)), as r — ► oo, possibly outside 
a set with finite measure. For every n £ N*, the forward difference A n f(z) are defined in the 
standard way [14] by A f{z) = f(z + 1) - f(z ), A n+1 f(z) = A n f(z + 1) - A n f(z). 

Chen and Slion [3] considered the difference Painleve II equation (1.5) and proved the 
following result. 

Theorem A. (See [3]) Let a , 6, c be constants, ac ^ 0. Suppose that a rational function 


P(Z) _ pz m + p m -lZ m 1 H hp 0 

Q(z) qz n + q n -iz n ~ 1 H h <7o 


is a solution of (1.5), where P{z) and Q(z) are relatively prime polynomials, p,p m -i, ■ ■ ■ ,Po 
and q , q n - i, ■ ■ ■ ,qo are constants. Then 


n = m + 1 and p = q. 

a 


In equation (1.5), if we replace az + b with A(z) = where m(z) and n(z) are mutually 
prime polynomials, we still consider the rational solutions of equation (1.5), what will happen? 
Here, we obtain the following result. 

Theorem 1.1. Let C be non-zero constant, and A(z) = be a rational function, where 
m(z) and n(z) are mutually prime polynomials with deg m(z) = m, degn(z) = n. If difference 
equation 


f(z + l) + f{z-l) 


A(z)f(z) + C 
1 -P(z) 


( 1 . 6 ) 


has a rational solution f(z) = where P{z) and Q(z) are relatively prime polynomials with 

deg P(z) =p, degQ(z) = q, then 

(i) Suppose that m > n, then p — q = m f n and m — n must be even or q — p = m — n > 1; 

( ii ) Suppose that m = n, then p — q = 0 and 


lim 

z—fo o 


m{z) 

n{z) 


AeC\{0}, 


i, P(f) 

z->oo Q(z) 


B£ C\{0}, 


C = B[ 2(1 - B 2 ) - A] orC = ±A; 

(in) Suppose that m < n, then p — q = 0 and 


lim 

z—foo 


P(z) 

Q(z) 


Rec\{0,±l}, C = 2B(1 — B 2 ). 
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The following examples show that the difference equation (1.6) has rational solutions satis- 
fying Theorem 1.1 (i), (ii) and (iii). 

Example 1.1. The difference equation 

2z 6 +2z 4 +Cz 3 +2z 2 -Cz , r < 

f(z + l) + f(z- 1) 

has a rational solution f(z) = z + where C / 0, m = 6, n = 4, p = 2, q = 1 and 
p — q = = 1. 


Example 1.2. The difference equation 

/(* + !) + /(*-!) = 


(— C'-z + 2)/(z) + C 


1-/ 2 W 

/ias a rational solution f(z) = where C fz 0, to = 1, n = 0, p = 0, 9 = 1 and q — p = 
m — n = 1 . 

Example 1.3. 27ie difference equation 


f(z + l) + f(z-l) = 


— 2(z 3 +5z+ 10) <■/ \ , n 
z 3 +2z 2 -z~2 1 ~t z 

1-/ 2 W 


/ias a rational solution f(z) = , where m = n = 3, p = q = 1, 


.. -2(^ 3 + 5 2 + 10) 

lim — 5 = —2, 

z->oo a; 3 + 2^ 2 — Z — 2 


lim 1 = 1, 

z->oo 2 + 1 


andC = 2 = B[ 2(1 — B 2 ) — A] = 1 • [2 • (1 — 1) — (-2)]. 

Example 1.4. T/ie difference equation 

~44z 3 +36z 2 +28z + 12 \ _ 

z 4 — 2z 3 — z 2 +2z 3 1Z 


/(* + !)+/(*-!) = 


1-/ 2 W 


/ias a rational solution f(z ) = 2 ^“J f 1 1 ^ , where m — 3, n = 4, p = g = 1 and 

lim 2(3 =2, C = -12 = 2B(1 — B 2 ) = 2 • 2 • (1 - 2 2 ). 

2—^00 Z — 1 

In [3], Chen and Shon also investigated some properties of meromorphic solutions of finite 
order of difference Painleve II equation (1.5) and obtained the following result. 

Theorem B. (See [3]) Let a,b,c be constants with ac 0. If f(z) is a finite-order tran- 
scendental meromorphic solution of the difference Painleve II equation (1.5), then: 

(i) f(z) has at most one non-zero finite Borel exceptional value; 

(ii) A (i) = A(/) = a(f); 

(iii) f(z) has infinitely many fixed points and satisfies r(f) = a (/). 

In this paper, we investigate the properties of a transcendental meromorphic solution of the 
difference equation 

A(z)f(z) + C(z) 


f(z + l) + f(z-l) = 


(1.7) 


1 ^ P(z) ’ 

where A (z), C(z) are nonconstant small functions with respect to f(z). And we obtain the 
following result. 

Theorem 1.2. Suppose that the difference equation (1.7) admits a transcendental mero- 
morphic solution of finite order, then 
(i) A = A (/) = cr(/); 

(«) A (atm) = A (Wgr) = A = A (^kr) = a W ; 

(iii) If 2 z(z 2 — 1) + zA(z) + C(z) ^ 0, then r(f) = a (/); 

(iv) In particular, if A(z)±C(z) = 0, then f(z) has at most one non-zero finite Borel exceptional 
value. 
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2 Lemmas for the Proof of Theorems 


Lemma 2.1. (See [10, Theorem 2. 4], [5]) Let f{z) be a transcendental meromorphic solution 
of finite order a of the difference equation 

P(z,f) = 0, 

where P(z,f) is a difference polynomial in f(z) and its shifts. If P(z,a ) ^ 0 for a slowly 
moving target meromorphic function a , that is, T(r,a) = S(r,f), then 

m ^r, yz~^J = 0(r CT ~ 1+e ) + S(r, /), 

outside of a possible exceptional set of finite logarithmic measure. 

Lemma 2.2. (See [10, Theorem 2.3]) Let f(z) be a transcendental meromorphic solution of 
finite order a of a difference equation of the form 

U(zJ)P(z,f)=Q(zJ ), 

where U (z, /), P{z, f) and Q(z, f) are difference polynomials such that the total degree deg^- U (z, f) = 
n in f(z) and its shifts, and degj Q(z, f) < n. Moreover, we assume that U(z , /) contains just 
one term of maximal total degree in f(z) and its shifts. Then for each e > 0, 

m(r, P(z, /)) = 0(r <7_1+£ ) + S(r, /), 


possibly outside of an exceptional set of finite logarithmic measure. 

Lemma 2.3. (See [13]) Let f (z) be a meromorphic function. Then for all irreducible rational 
functions in f{z), 


R(z,f(z)) = 


£™o <*<(*)/*(*) 


£”=0 b j(z)p(zY 

with meromorphic coefficients ai(z),bj(z)(a m (z)b n (z) ^ 0) being small with respect to f(z), the 
characteristic function of R(z,f(z)) satisfies 


T(r, R(z,f(z))) = ma x{m,n}T(r, /) + S(r,f). 


Lemma 2.4. (See [2, Corollary 2.5]) Let f(z) be a meromorphic function of finite order a 
and let g be a non-zero complex number. Then for each e > 0, we have 


in 


( f(z + g) \ 

V’ f(z) ) 


+ TO 


r, 


f(z) \ 

f{z + v)J 


()(r a n '-). 


Lemma 2.5. (See [2, Theorem 2.1]) Let f(z) be a meromorphic function with order a = 
a (/), cr < +oo, and let g be a fixed non-zero complex number, then for each £ > 0, we have 


T(r,f(z + g)) = T(r ,f(z)) + 0(r a 1+e ) + O(logr). 


Lemma 2.6. (See [2, Theorem 2.2]) Let f(z) be a meromorphic function with exponent of 
convergence of poles X ( = A < oo, g 0 be fixed, then for each e > 0, 

N(r, f(z + g)) = N(r, f(z)) + 0(r A - 1+e ) + O(logr). 


Lemma 2.7. (See [8, Remark 1]) Let f(z) be a transcendental meromorphic function. If 
P(z, f) and Q(z,f) are mutually prime polynomials in f(z), there exist polynomials of f(z), 
U(z,f) and V(z,f) such that 


U (z, f)P(z, f) + V (z, f)Q(z, f ) = s(z), 


where s(z) and coefficients ofU(z,f) and V(z,f) are small functions with respect to f(z). 
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Lemma 2.8. Let f(z) be a transcendental meromorphic function and A(z) ±C(z) ^ 0, then 
A(z)f(z)+C(z) and — f 2 (z)) are mutually prime polynomials in f (z) , where A(z), C(z) 

are nonzero small functions with respect to f(z). 

Proof. Since A(z), C(z ) are non-zero small functions with respect to f(z) and A(z)±C(z) ^ 0, 
then C(z)(C 2 (z) — A 2 (z)) ^ 0, T(r,C(z)(C 2 (z) — A 2 (z))) = S(r,f). There exist polynomials 
of f(z), U(z, f) = A 2 (z)f 2 (z) - A(z)C(z)f(z) + C 2 {z) - A 2 {z) and V(z, f) = A 3 (z ) such that 

U(z, f)(A(z)f(z) + C(z)) + V(z, f)f(z)( 1 - f 2 (z)) = C(z)(C 2 (z) - A 2 (z)). 

By Lemma 2.7, we see that A(z)f(z) + C(z) and f(z)( 1 — / 2 (z)) are mutually prime. 

Lemma 2.9. Let f(z) be a transcendental meromorphic function and A(z) at C(z) ^ 0, then 
2f 3 (z) + (A(z) — 2 )f(z) + C(z) and 1 — f 2 {z) are mutually prime polynomials in f(z), where 
A(z), C(z) are non-zero small functions with respect to f(z). 

Proof. Since A(z), C(z) are non-zero small functions with respect to f(z) and A{z)±C\z) ^ 0, 
then A 2 (z) — C 2 (z) ^ 0, T{r,A 2 {z) — C 2 (z)) = S(r,f). There exist polynomials of f(z ), 
U(z,f) = A(z)f(z) — C(z) and V(z,f ) = 2A(z)f 2 (z) — 2 C(z)f(z) + A 2 {z) such that 

U(z, f)(2f(z) + (A(z) - 2 )f(z) + C(z)) + V(z, /)( 1 - f 2 (z)) = A 2 (z) - C 2 (*). 

By Lemma 2.7, we see that 2 f 3 (z) + (A(z) — 2 )f(z) + C(z ) and 1 — f 2 {z) are mutually prime. 

Lemma 2.10. (See [15, Theorem. 1.51]) Suppose that fi(z), f 2 (z), • ■ • , f n (z)(n > 2) are mero- 
morphic functions and gi{z),g 2 {z ), . . . ,g n (z) are entire functions satisfying the following con- 
ditions, 

( 1 ) E"=i/i(^ (z) = 0; 

(2) gj (z) — gk{z) are not constants for 1 < j < k < n; 

(3) For 1 < j < n, 1 < h < k < n, T(r,fj(z)) = o{T{r,e 9h< ^ z ' > ~ 9k ^)){r — > oo,r ^ E), where 
E C [l,oo) is finite linear measure or finite logarithmic measure. 

Then fj{z) = 0 (j = 1, . . . , n). 

Lemma 2.11. Suppose that f(z) is a transcendental meromorphic solution of finite order of 
the difference equation 

/(, + !) + /(,-! ) = ^%, P-l) 

where 8 = ±1, A(z ) is a non-constant small function with respect to f(z), then 

(z) A = A (/) = cr(/); 

(zz) f(z) has at most one non-zero finite Borel exceptional value. 

Proof, (i) Since f(z) is a finite order transcendental meromorphic solution of the equation 
(2.1), then we have 


P(z, f) := Sf(z)(f(z + 1) + f(z - 1)) - (f(z + 1) + f(z - 1)) + SA(z) = 0. (2.2) 

By (2.2), we obtain 

P(z, 0) = SA(z) ^ 0. (2.3) 

It follows from (2.3) and Lemma 2.1 that 

m (r, = S(r, /), 

outside of a finite exceptional set of logarithmic measure. Then 

= T(r, /) + S(r, /), 
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that is, A (/) = a(f). 

Next, we will prove A ^ j'j = a(f). It follows from (2.1) that 

+ 1) + f(z - 1)) = f(z + 1) + f(z - 1) - SA(z). 
Set a (/) = a < oo, by Lemma 2.2, we have 

m(r, f(z + 1) + f(z - 1)) = 0(r a ~ 1+e ) + S(r, /), 


(2.4) 


(2.5) 


possibly outside of an exceptional set of finite logarithmic measure. By (2.1) and Lemma 2.3, 
we obtain 

T(r, f(z + 1) + f(z - 1 ))=T (r, = T (r, f) + S(r, /). (2.6) 

Since A < a(f) < oo, it follows from (2.5), (2.6) and Lemma 2.6 that 

T(r, f ) + 0(r CT " 1+£ ) + S(r, f ) = N(r, f(z + 1) + f(z - 1)) 

< 2 N(r, f) + 0(r x (j)~ 1+e ) + O(logr), 


(2.7) 


then A (y) = a(f). 

(ii) By (i), we see that 0, oo are not the Borel exceptional values of f(z). Suppose that f{z) 
has two distinct finite Borel exceptional values a(^ 0) and b{^ 0, a). 

Set 


9(z) = 


f( z ) - a 
f( z ) — b 


(2.8) 


Then 


<r(9) = (7(f), Kg) = Kf -a) < (7(g), A - = A (f - b) < cr(g). 

\9j 


That is, 0 and 00 are the Borel exceptional values of g(z). By [15, Theorem 2.11], we see that 
g(z) is of regular growth, then g(z) can be rewritten as 


g(z) = P(z)e dz , 


(2.9) 


where d(^= 0) is a constant, a(g) = a(> 1) is a positive integer, P(z) is a meromorphic function 
with cr(P) < cr(g) = a. By (2.8) and (2.9), we have 




b — 


P(z)e dz ° - 1 


(2.10) 


and 


f(z + l)=b + 
f(z-l) = b + 


b-< 


= b 


b 


P(z + l)e d (*+ 1 ) a - 1 P(z + l)P + \(z)e dz< ’ — 1 ’ 

b — a b — a 

P(z- l)e d ( z ~ 1 P - 1 = + P(z- l)P_i( 0 )e dz<T - 1’ 


( 2 . 11 ) 


where 


i — 1 


P +1 (z) = exp l ( a ) z a *1, P-i(z) = expi d^(-l) 1 


i= 1 


Substituting (2.10) and (2.11) into (2.1) yields 

C 1 (z)e 3dz ‘ T + C 2 (z)e 2dz ° + C 3 (z)e dz ’ + C 4 (z) = 0, 


(2.12) 
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where 

' Ci (z) = [8A(z) - 26(1 - Sb)]P(z)P(z + l)P +1 (z)P(z - l)P-i(z); 

C 2 (z ) = [(a + 6)(1 - 5b) - 8A(z)]P(z)[P(z + l)P+i(z) + P(z - 1 )P_i(*)] 

+ [2b(l-8a)-8A{z)}P(z + l)P +1 (z)P(z-l)P- 1 (z); 

C 3 (z) =[8A(z)-(a + b)(l-8a)][P(z + l)P +1 (z) + P(z-l)P- 1 (z)] 

+ [5A(z) - 2a(l - 5b)]P(z); 

Ci{z) = 2a(l — 5a) — 8A{z). 

It follows from (2.13) and Lemma 2.10 that 

Ci(z) = C 2 (z) = C 3 (z) = C 4 (z) = 0. 

Since P(z)P(z + l)P + i(z)P(z — l)P_i(z) ^ 0 and Ci(z) = C^(z) = 0, we obtain 

8A(z) = 26(1 — 5b) and 8A(z) = 2a(l — 5a). (2-14) 

Note that A(z) is a non-constant function, which shows that (2.14) is a contradiction. 


3 Proof of Theorems 


Proof of Theorem 1.1 

Suppose that f(z) = is a rational solution of (1.6). Then (1.6) can be rewritten as 


or 


P{z + 1) 
Q(z + 1) 


p(z-\y 

Q{z - 1)_ 


pM 

Q 2 (z)_ 


™(z) . p {z) , c 

n(z) Q(z) 


(3.1) 


n(z)[Q 2 (z ) - P 2 (z)}[P(z + l)Q(z - 1) + P(z - 1 )Q(z + 1)] 

= m(z)P(z)Q(z)Q(z + 1 )Q(z - 1) + Cn(z)Q 2 (z)Q(z + 1 )Q(z - 1). 


(i) Suppose that m > n. If p > q, (3.2) yields 

( deg {n{z)[Q 2 (z) - P 2 (z)][P(z + 1 )Q(z - 1) + P{z - 1 )Q(z + 1)]) = n + 3p + q, 

< deg (m(z)P(z)Q(z)Q(z + 1 )Q(z - 1)) = m + 3q + p, (3.3) 

[ deg (Cn(z)Q 2 (z)Q(z + 1 )Q(z - 1)) = n + 4 q. 


By n + 3p + q>n + 4q and m + 3q + p>n + 4 q, then we must have n + 3p + q = m + 3q + p, 
that is p — q = m ^ n , m — n must be even. 

If p = q, then — ► B, — y B , — > B as z — > oo, where B is a nonzero 

constant, while — > oo as z — > oo. If B = 1 or B = — 1, then 

5 n \ z ) ’ 


P{z + 1) 
Q(z + 1) 


p(z-iy 

Q(z- l). 


pM 

Q 2 {z)_ 


0, 


m(z) 
n{z ) 


P{z) „ 

. + C — > oo as z — > oo. 
Q{z) 


If B ^ ±1, then 


P(z + 1) 

Q(z + 1) 


^-1)' 

Q{z- 1 ) 


pM 

Q 2 (z)_ 


-> 2P(1 -B 2 ), 


m(z) P{z) 
n(z) Q(z) 


C — ^ oo as z — ^ oo. 


These show that (3.1) is a contradiction. 
If p < q, (3.2) yields 


( deg (n(z)[Q 2 (z) - P 2 (z)][P(z + 1 )Q(z - 1) + P{z - 1 )Q(z + 1)]) = n + 3q + p, 

< deg (m(z)P(z)Q(z)Q(z + 1 )Q(z - 1)) = m + 3q + p, (3.4) 

[ deg(Cn(z)Q 2 (z)Q(z + 1 )Q(z - 1)) = n + 4 q. 
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By to + 3q + p > n + 3q + p and n + Aq > n + 3q + p, then we must have to + 3q + p = n + Aq, 
that is q — p = m — n> 1. 

(ii) Suppose that to = n. If p > q , by (3.3), we see that n + 3p + q > m + 3q + p > n + Aq. 
This shows that there is only one term in (3.2) which has the highest degree, a contradiction. 

If p = q, then — y 5, — y B , — y B as z — > oo, where B is a nonzero 

constant, while — y A as z — y oo, where A is a nonzero constant. If B = 1 or B = — 1, then 

’ n{z ) ’ 


P{z + 1) P(z-l) 


1 - 


Ml 
Q 2 (z) J 


Q(z+ 1) Q{z — 1) J L 
So we have C ± A = 0. If 5 7^ ±1, then 

P\z) 


0, 


m(z) P(z) 
n(z) Q(z) 


T C ^ AB T C cis z — y oo. 


P(z + 1) P(z-l) 
lQ(z + l) + Q(z-1)\ 


1 - 


Q 2 (z) J 


2B(1-B' 2 ), 


“L C y AB T C as z — y oo. 


m(z) P(z) 
n(z) Q(z ) 

So we have C = B[ 2(1 — B 2 ) — A], 

If p < q, by (3.4), we see that n + Aq > n + 3q +p = m + 3q + p. This also shows that there 
is only one term in (3.2) which has the highest degree, a contradiction. 

(iii) Suppose that m < n. If p > q, by (3.3), we see that n + 3p+q > m + 3q+p, n + 3p + q > 
n + Aq , that is, there is only one term in (3.2) which has the highest degree, a contradiction. 

If p = q, then -> B, — y B , — y B as z — > oo, where B is a nonzero 


constant, while 


m(z ) 
n(z) 


0 as z — y oo. If B = 1 or B = —1, then 


P(z + 1) P(z-l) 
Q{z + 1) + Q(z - 1) 


Ml' 

Q 2 (Z)_ 


0, 


m{z) 

n (z) 


So we have C = 0, a contradiction. If B ^ ±1, then 


M 

Q(z) 


C — y C as z — y oo. 


P{z + 1) P(z-l) 
Q(z + 1) + Q{z - 1) 


PM' 

Q 2 (z)_ 


25(1 - B 2 ), 


m(z) P(z) 
n(z) Q(z) 


C — y C cis z — ^ oo. 


So we have C = 25(1 — B 2 ). 

If p < q, by (3.4), we see that n + Aq > n + 3q + p > m ■ + 3q + p. That is, there is only one 
term in (3.2) which has the highest degree, a contradiction. 

This completes the proof of Theorem 1.1. 


Proof of Theorem 1.2 

In what follows, we consider two cases: A(z) ± C(z) 0 and A(z) ± C{z) = 0. 

Case 1, A(z) ± C(z) ^ 0. 

(i) Using the same method as in the proof of Lemma 2.11 (i), we can obtain that A 

A (/) = *(/). 



(ii) First, we will prove A 
have 


A/(z) 

~TTJT 


cr(/). By equation (1.7), Lemmas 2.3, 2.5 and 2.8, we 


3T(r,/(z)) = 


< 


< 


T ( 

r( 

t( 

2 T 

2 T 

2 T 


A(z)fjz) + C(z) 
f(z)(l-f 2 (z)) 
f(z+l) + f(z-l) 


/(* 

f(z+ 1) 
f(z ) 

rlMll 

’ f(z) 

r Mill 

’ f(z) 

r Ml 

’ m 


+ T[r , 
-S 


+ S(r,f) 

+ S(r,f) 

f(z) 


f(z-l) 
f(z + 1) 


’ f(z) 

+ S(r,f) 

S(r, /), 


+ S(r,f ) 
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that is, 


-T(r,f(z))<T(r, 


It follows from (3.5) and Lemma 2.4 that 

a 


Thus, A 


l 

A f(z) 

/u) 


N r, 


= cr(/). 


/(*) J 


T I r, 


A f(z) \ 

m J 

A f(z) \ 

f(z) J 


+ S(r,w). 


— m l r, 


A f(z) \ 
f(z) J 


> % T(f,f(z)) + S(r,f ). 


Next, we will prove A ^ Af(z) ) = CT (/)- By equation (1.7), 


A f(z) - A f(z - 1) = f(z + 1) + f(z - 1) - 2 f(z) 
_ A(z)f(z) + C{z) 


1-/ 2 W 


^ 2 f(z) 


_ 2 f 3 {z) + {A(z) — 2 )f(z) + C(z) 
1 ~f 2 (z) 

From (3.6), Lemmas 2.3, 2.5 and 2.9, we have 

2p(z) + (A(z)~2)f(z) + C(z)\ 


3 T(rJ(z)) = T I r, 


l-P(z) 

= T(r,Af{z)-Af(z-l)) + S(r,f) 

< 2T(r,Af(z)) + S(r,Af(z)) + S(r,f) 

< 2T(r,Af(z)) + S(r,f), 


J 


+ S(r,f) 


(3.5) 


(3.6) 


that is, 

^T(r,f(z))<T(r,Af(z)) + S(r,f). 
It follows from (3.7) and Lemma 2.4 that 


N(r, Af(z)) = T(r,Af(z))-m(r,Af(z)) 

> T(r, A f{z) - ^?n ^r, + TO ( r > /(*))) 

> lT(r,f(z))-T(r,f(z)) + S(r,f) 

= \ Ti A,f(z)) + S(r,f). 

Hence > A (a/m) =a (P- 

Furthermore, we will prove A ( a4w) = a ^- By ^ 3 - 6 ^ we have 


A 2 f(z - 1) = A f(z) - A f(z - 1) 


2f(z) + (A(z)~2)f(z) + C(z) 

1 ~P{z) 


From (3.8), Lemmas 2.3, 2.5 and 2.9, we have 

2f(z) + (A(z)-2)f(z) + C(z)\ 


3 T(r,f(z))=T(r, 


1 ~P{z) 

= T(r,A 2 f(z-l)) + S(r,f) 
= T(r,A 2 .f(z)) + S(rJ). 


J 


+ S(r,f) 


(3.7) 


(3.8) 


(3.9) 
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It follows from (3.9) and Lemma 2.4 that 


N(r,A 2 f(z)) = 
> 
> 


T{r, A 2 f(z)) - m(r, A 2 f(z)) 

3 T(r, f{z)) - (ra (V, ^ z '))) 

3 T(r,f(z))-T(r,f(z))+S(r,f) 

2 T(r,f(z)) + S(r,f). 


Thus, = *(/)• 

Finally, we will prove A ( ) 

V ) 


cr(f). It follows from (3.9) and Lemma 2.4 that 


N 



= T 


f)- 


9 ) 


> T(r,A 2 f(z))-T(rJ(z)) + S(rJ) 


= 3 T(r,f(z))-T(r,f(z)) + S(r,f) 
= 2 T(rJ(z)) + S(r,f). 


Then, A ( = cr(/). 

V t(z) / 

(iii) Suppose that f(z) is a finite order transcendental meromorphic solution of equation 
(1.7). Set g(z) = f(z) — z. Then g(z) is a transcendental meromorphic function with a(g) = 
cr(f) < oo and r(/) = A (g). Substituting f(z ) = g(z) + z into (1.7) yields 


P(z,g) : = [g(z + 1 )+g(z - 1) + 2 z\[{g(z) + z) 2 - 1] + A(z)g(z) + zA(z ) + C(z) = 0. (3.10) 


Since P(z, 0) = 2^(2; 2 — 1) + zA(z) + C(z) ^ 0, it follows from (3.10) and Lemma 2.1 that 
AT (V, = T(r,g) + S(r,g) = T(r , /) + S(r, /). 

Then, r(/) = \{g) = a(g) = a(f). 

Case 2, A(z) ± C(z) = 0. Rewriting equation (1.7) as 

f( z + 1) + f( z ~ 1) = 1 _ 6f(z) ’ (3T1) 

where 5 = ±1. 

By Lemma 2.11, we see that (i) and (iv) hold. Using the same method as in the proof of 
Case 1 (ii) and (iii), we can also obtain (ii) and (iii). If 2z(l — Sz) — SA(z) ^ 0, then r(/) = a (/). 
This completes the proof of Theorem 1.2. 

Acknowledgements. The authors would like to thank the referee for his/her thorough re- 
viewing with constructive suggestions and comments to the paper. 
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Abstract 

In the paper, the authors establish some new explicit formulas and integral representations 
of the Catalan numbers and a class of parametric integrals in terms of the fc-gamma and fc-beta 
functions. 

2010 Mathematics Subject Classification: Primary 26A42; Secondary 11B75, 11B83, 26A06, 
26A51, 33B15. 

Key words and phrases : explicit formula; integral representation; Catalan number; para- 
metric integral; fc-gamma function; A;-beta function. 


1 Introduction and main results 

The Catalan numbers C n for n > 0 form a sequence of natural numbers that occur in various 
counting problems in combinatorial mathematics. The nth Catalan number can be expressed in 
terms of the central binomial coefficients ( 2 J*) by 

1 (2n)_ (2 n)! 4 "T(n+|) 

n n + l\n J n\(n+ 1)! 0tT(n + 2)’ 

where T(a;) = / 0 °° t x ~ 1 e~ t dt for x > 0 is the classical Euler gamma function, or say, the Euler 
integral of the second kind. 

The Catalan numbers C n were described in the 18th century by Leonhard Euler and are named 
after the Belgian mathematician Eugene Charles Catalan. In 1988, it came to light that the 
Catalan numbers C n had been used in China by the Mongolian mathematician Ming Antu by 
1730, see [Til [T2J HH [H3 [T71 [TH [TH1 [201 ES]- In recent years, the Catalan numbers C n has been 
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analytically generalized and studied in [To] [2D [221 [23 [23 [23 12H1 1201 1221 [2D 1221 122] and closely- 

related references therein. For more information on the Catalan numbers C n , please refer to the 
monographs 121 El MUM ESI and closely-related references therein. 

It is common knowledge [T], p. 4] that the beta function, or say, the Euler integral of the first kind 
B(x,y) can be defined by B(x,y) = f* t x ~ 1 (l — t) y ~ 1 d t and satisfies B(x,y) = ^(2+^ f° r x ,y > 0. 

The rising factorial, denoted by (x) n , is defined [13] P- 13] by (x) n = x(x + l) • • • ( x + n — 1) = 
which is frequently called the Pochhammer symbol in mathematics. 

Diaz and Pariguan 0 p. 180] introduced the Pochhammer /c-symbol as 


{x)n,k = x(x + k)(x + 2k) ■ ■ ■ [x + (n — l)fe]. 


It is clear that (x) Ui i = ( x) n . 

Diaz et al. introduced the fc-gamma and fc-beta functions and proved a number of their 

properties. They also studied the fc-zeta function and the fc-hypergeometric functions based on the 
Pochhammer fc-symbols. The fc-gamma function is defined in 0 P- 180] by 

ti 1 k n ( kn) x / k ~ x 

T k (x) = lim n ' K }\ n) , k > 0. 

n^oo [X)n,a 

It was showed 0 p. 180] that the Mellin transform of the exponential function e -t / fc is the fc-gamma 
function, that is, 

/»oo 

r k (x) = / t x ~ x e~ tk dt. 

Jo 


It is easy to see that 


T(a:)=r 1 (®), r k (x) = k x/k ~ 1 r(j e 'j, T k (x + k)=xT k (x). 


This gives rise to the k- beta function 


which satisfies 


B k (x, v) = \f ^ /fe_1 ( 1 - ty"*- 1 dt 

T k (x)T k (y) 


1 


B k (x,y) = jB[ | ) and B k (x,y) = 


(2) 


(3) 


(4) 


r k {x + y) 

The aim of this paper is to establish some new explicit formulas and integral representations of 
the Catalan numbers C n and parametric integrals 


*,0;fc(a) = [ z (a+1)/c 1 (a 2k - x 2k ) P d: 

Jo 


for a, k > 0 and some a,f} > — 1 in terms of the fc-gamma function Tfc(a;) and the k- beta function 

B k (x,y). 

Our main results in this paper can be stated as the following theorems. 


Theorem 1.1. For k > 0 and n £ N, we have 


= 3/2 4»r fc (g^ifc) = fc2 1 + 2 "( 1 - fc ) r 
'/nT k ((n + 2)k) n(n + l) J 0 


2 x (2n+l)k-l 

y/2 2k — X 2k 


(5) 
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Theorem 1.2. For a, k > 0 and n > 0, we have 

In ,/2-M = = h 

n,i/2,kK > 4 rfc (n±4 fc ) 2 V 2 2 


and 

In, -l/2\k ( a ) = 
For a, k > 0 and a, /3 > — 1, we have 


r fc (^±ifc) _ a nk B fn+ l u 1 


k 2 T fc (^fc) 2 


-fc , -k . 
2 2 


a a+2/3fe+l / a+ 1 

4,/3;fe(a) = X — - — , (/? + 1)/C 


( 6 ) 

(7) 

( 8 ) 


2 Proofs of main results 


We are now in a position to prove our main results stated in Theorems 0 and |1.2 
From the second relation in (|2]) , we have 

=fc ( 2ra + 1)fc / 2fc ~ 1 rf (2n + 1)fc N ) =k^-^r(n+ 1 ) = k^ 2n ~ d/ 2 (2n)! ^ . 

\ 2 J \ 2k ) V 2 / 4 n n! 

Accordingly, it follows that 

_ fc(2n-D/2l^ = ( 2n) !v ^F _,_ 3 , 2 yfrC n 


r fc ((n + 2)fc) k n+1 {n + 1)! 


4"n!(n + 1)! 


= fc“ 3 / 2 - 


The explicit formulas in ([5]) thus follow. 

By changing variables x = at x ^ 2k for t € [0, 1], we have 


I n , i/2, k(a) = / (at 1/2k ) 
Jo 

(n+2)k r 1 


-s (n+l)k-l 


a 2k — (at 1 / 2fc ) 2fc ^i 1/2fc_1 di 


2fc 


[ t (n+l)k/2k-l^_ t y/2+l-l dt 

Jo 


a (n+2)k pi 

2k 


f i (n+l)fe/2fe-ln - f\3k/2k-l ^ _ 

Jo 

Utilizing the second relation in Q gives 

a (n+2)k rfc (B±l fc ) rfc (3 fc ) 


(n+2)fc / n+ l 3 


Ffc 


fc, -k . 
2 2 


In,l/2-,k{^) 




Further using 


we obtain the formulas in ©• 


r fc | -A:) = fc 1/2 r 


y/kTT 

2 


and r ( 2 ) = , 
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By the Leibniz rule for differentiation 

r h(t) 


4 rH*) r h (t ) f) 

— F(x,t)dx = h'(t)F(h(t),t)-g’(t)F(g(t),t) + —F(x,t)dx 
dtj g(t) J g(t) dt 

in [7, p. 615], differentiating with respect to a on both sides of @ gives 

I ' (a) - fc a 2fe_1 r x( ' n+1)L 1 d r , o)ka {n+2)k ~ 1 rfc (^*0 

Vi/2;*W- fca J q ^ 2k _ x2k y/2 (ix - 4 iri + 2)ka p 


Therefore, it follows that 


r , , Vte , nfe r fc (s±ifc) 

4,-i/2;fc(a) - (n + 2)a r fc ( w+4 /;) ' 


The formulas in 0 are thus acquired. 

Letting a = 2 and replacing n by 2n in 0 derive 


k2 l+2n(l-h) r2 x (2n+l)k-l ^ 

7r(n+l) Jo dX ~ k V^T k ({n + 2)k) _ 

The integral representation in (|5j) is thus proved. 

By changing variables x = a sin 1 ^ 6 for 6 £ [0, f ] , we have 

In,k( a ) = [ (asin 1 /* 0) (a+1,fc 1 (a 2k — a 2k sin 2 Q)^j- sin 1/,fc_1 8cos6d8 

Jo k 

a (a+2p+l)k rv/2 


k 


(a+2/3+1 )fc i-tt/2 


I” 2 sin2*(a+l)/2fc-l Q cos 2k(0+l)/k-l dde = 

Jo 


sin a Ocos 20+1 Odd 

a (a+2/3+l)/c 


B, 


a + 1 


( 9 ) 


k, (/? + l)fc 


where we used in the last step the formula 


/*7T / 2 7 

/ sin 2x / fc_1 #cos 2?//,fc-1 0d# = —Bk(x,y), 3?(x), 5R(y) > 0, 

Jo 2 


which can be derived from using the change of the variable t = sin 2 8 in 0 by 
B k (x,y) = rj- J (sin 2 1 (l — sin 2 0) a,/fe 1 2sin0cos0d0 


rr/2 


sin^-^cos^/^edfl. 

* Jo 

The proof of the formula (|8|) is thus complete. 
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3 Remarks 


Finally we give some remarks about connections between our main results and some know conclu- 
sions. 

Remark 3.1. When k = 1. the expression ([5]) becomes the last expression in (JT|) . 

Letting k = 1 in (6 1, we can deduce [22] Theorem 2.1], 

Letting k = 1 in (7 1, we can obtain [22] Theorem 3.1]. 

Letting k = 1 in ( 8 1 , we can recover j22j Theorem 5.1]. 

Letting k = l,a = n, and /3 = \ in (pj), we recover [22, Remark 6.1]. 


Letting k = 1, a = 2 n, and fi = 



we can obtain [221 Remark 6.2]. 


Let k = 1, a = n, and /3 = — | in ([6]), we can derive [22] Remark 6.3]. 


The Wallis ratio W n = 4 1 2 ^|| 2 


can also be expressed by 


W n 


[k r k (^k) 
V 7T r fc ((n + l)fc) 


for n £ N and k > 0, which is a generalization of [221 Remark 6.5]. 
Remark 3.2. This paper is a slightly revised version of the preprint [24] . 
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Abstract 

The generalized von Neumann-Jordan constant C^j(B) and the James constant 
J{B) for a quasi-Banach space were introduced in [7]. In this note, it is shown that 
Cnj(B) < 2 for any quasi-Banach space B and C^j(B) < 2 if and only if B is uniformly 
non-square. Along with relationship between J(B) and C^j(B), the criterion for the 
uniformly smooth quasi-Banach space is also established. 

2010 Mathematics Subject Classification : 46B20, 46E30 

Key words and phrases : James constant, generalized von Neumann-Jordan constant, 
uniform non-square 


1 Introduction 


Among various geometric constants of a Banach space B, the von Neumann-Jordan con- 
stant Cjyj(B) for a Banach space B introduced by Clarkson [2] as the smallest constant 
C, for which the estimates 


1 

— < 

C ~ 


\\xi + x 2 \\ 2 + \\xi - x 2 \\ 2 


2(IM 2 + IM 2 ) 

hold for any x\,x 2 € B with (aq, x 2 ) A (0, 0). Equivalently 


< C 


C nj (B) = sup 


||.Tl + X 2 || 2 + \\XI - X 2 \ 

2(||.t 1 || 2 + ||x 2 || 2 ) 


: x\, x 2 G B with (x\,x 2 ) A (0, 0) j. 


* Corresponding author 
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This idea was further enhanced by many authors in [2, 4, 5, 8, 9]. 

The James constant «/(£>) of a Banach space B is defined by 

J(B) = sup { min(||xi + x 2 ||, \\x± - x 2 ||) : xi,x 2 G Sg}, 

where Sq is unit sphere. 

In [3], the authors introduced the generalized von Neumann- Jordan constant 
which is defined as 

c nj( b ) = sup { + T ||x 2 |H^ : Xl ’ X2 G B With ^ X2 ^ ^ ^ °^} 

and obtained the relationship between C^j(B) and J(B). 

This has an analog in the quasi-Banach space, that was considered in [7] . In this note, 
It is shown that C^j(B) < 2 for any quasi-Banach space B and C^j(B) < 2 if and only if 
B is uniformly non-square. A relationship between J(B) and C^j(B) is established. We 
also give the criterion for the uniformly smooth quasi-Banach space. 

2 Preliminaries 

Recall [1], that a quasi-norm on |j • |j on vector space B over a field K (M or C) is a mapping 
B —> [0, oo) with properties 

• ||x|| = 0 x = 0. 

• ||ax|| = |ck|||x|| for all a G K and x G B. 

• There exists a constant C > 1 such that Vxi, x 2 G B we have 

||.xi T x 2 1| < Cdlxi || + Mi- 


Definition 2.1. The generalized von Neumann- Jordan constant C^j(B) for a quasi- 
Banach space is defined by 


Cnj(B) = SU P 


where 1 < p < oo. 


I|.xi + x 2 |r + Iki - ^2 lr 
2P-ic»(iix 1 r+iix 2 n 


: xi, x 2 G B with (xi, x 2 ) / (0, 0) 


The parametrized formula for the constant C^j(B) is given as 


c nj( b ) = SU P 


\xi +tx 2 \\ p + 1 1 Xl -tx 2 \\ p 


C'P2P- 1 (l + tP) 

By taking t = 1 and xi = x 2 , we obtain the estimate 


: xi, x 2 G Sb, 0 < t < 1 >, 


cjfi(B) > 


Pull' 


> 


2 P 


C2P(1 + 1) “ C2P- 1 (1 + 1) C' 


2 
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Definition 2.2. In a quasi-Banach space B the James constant is defined as 


J(B) = sup <j ^ min(||.xi + x 2 \\, \\xi - x 2 \\) : x±,x 2 E S B }>. 


Definition 2.3. A quasi-Banach space B is said to be uniformly non-square if there exists 
a positive number 5 < 2 such that for any x\,x 2 E S B , we have 


min 


( 

X\ + X '2 


X\ + x 2 

V 

c 

5 

C 


< 5. 


Remark 2.4. As in classical case, the quasi-Banach space B is uniformly non-square if 
and only if J(B) < 2 


Definition 2.5. The modulus of uniform smoothness of a quasi-Banach space B is defined 
as 


p B (t) = sup 


X\ + tx 2 || + \\xi ~ tx 2 || 

2 C 


— : xi,x 2 E S B , t > 0 


Definition 2.6. A quasi-Banach space B is said to be uniformly smooth if (/9 ,b)+( 0) = 
lim t _ ) . 0 + ^ = 0. 

Definition 2.7. For any quasi-Banach space B and a real number p G [0,oo), is 

defined by 


= SU P 


|.Tl + tx 2 \\ P + \\Xj ~ tx 2 \ \ V \p 

2 Cp 


: x 1 ,x 2 G S B 


3 Main results 


Theorem 3.1. Let B be a non-trivial quasi-Banach space and p G [l,oo). Then 

J)3,p(t ) > p B (t) + — . 

Proof. By using convexity of the function f(u) = u v on (0, oo), one can easily obtained 
f\\x\ +tx 2 \\ + \\x\ -tx 2 \\\ p ^ ||aq +tx 2 \\ p + \\xi - tx 2 \\ p 

V 2 ) ~ 2 ’ 


therefore 

f\\xi +tx 2 || + \\x\ tx 2 || \ ^ \\xi +tx 2 \\ P + \\xi -tx 2 \\ P 
V 2 C ) - 2CP ’ 

which implies that 

-q + Ps{t) < 

For p = 1, we have J B p(t ) = + p B (t) and for p = 2, we have 2 C 2 Jj@ 2 (t) = E(t, B), where 

E(t, B) = sup {(||xi + tx 2 1| 2 + \\x\ - tx 2 || 2 ) : x\, x 2 G S B }. 

This completes the proof. □ 
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Theorem 3.2. For any quasi-Banach space B. we have 

(a) Jj 3 , P (t) is a non-decreasing function. 

(b) is convex. 

(c) is continuous function. 

( d ) Jb - p ^ t ' 1 1 is a non- decreasing function. 


Proof. We only prove (a) and remaining are analogous to it. Let g(t) = ||xi +tx 2 || p + 
|xt — tx 2 1 1 p be a convex and even function. Let 0 < t\ < t -2 and xi,X 2 6 S B . Then we 
have 


xi+tix 2 \\ p + ||xi -ti.T 2 || p = g(t 1) = 2 + t2 (-* 2 )J 


< 


t’2 + f 1 
2 t 2 


■ 5 (^ 2 ) + 


t2 ~ *1 
2t 2 




= #(t 2 ) = ||xi + t 2 x 2 || p + ||xi - i 2 x 2 || p 
< 2 


which implies that 

||.Tl + tl.X 2 || P + ||.Tl - p 

2(7p — 

Hence ) < Ji3,p{h)- 


□ 


Theorem 3.3. For any quasi-Banach space B and 1 < p < 00 , the generalized von 
Neumann- Jordan constant C^j(B) satisfy the inequality C^j(B) < 2. 

Proof. As we have already defined 

C n ] A B ) = sup | — \+tP) tX2 ^ • x\ , x 2 eS B with (xi,x 2 ) / (0,0)|, 

where 0 < t < 1. 

By using definition of a quasi-Banach space, we have the following inequality 


XI + tx 2 f + ||xi - tx 2 \\ p < C p ( llxrll + i||x 2 ||)P + C p (\\ Xl \\ + t||x 2 ||)*» 

= 2C ,p (||x 1 || +t||x 2 ||) p 
= 2C p {l + t) p , 


f h prpf otp 

||xi + tx 2 \\ p + ||xi - fec 2 || p ^ 2(l + t) p 

CP2P~ 1 (l + tP) “ 2P~ 1 (l + tP)' 

The function f(u) = u p is convex, which leads 

(l+t) p = (2 ■ =2 p -\l + t p ). 

Using above inequality (3.1) become 

llxi+fa 2 f + ||xi-tx 2 f < _}_ 2 p - 1 = 2 
CP2P~ l (l + tP) ~2 p~ 2 


(3.1) 
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Hence 


„ „ J ||®1 + t x 2\\ P + \\X! ~ tx 2 \\ P ~ _ a 

C WA B ) = SU P 1 /Hnon — 1 l 1 ; ^ : *1. *2 e Ss, 0 < t < l 


CP2P~ l {l + tP) 


< 2. 

This completes the proof. 


□ 


Next theorem presents the relationship between C^j(B) and J(B). 

Theorem 3.4. Let B be a non-trivial qausi-Banach space and p G (l,oo). Then the 
following inequality hold: 

J(B) < 2^ \JChj(B). 

Proof. For any x\, X 2 G Sb, we have 


2(min{||xi + x 2 ||, ||xi - n? 2 II }) p < 2 


< 2 


|.Tl + X2\\ + ||.Tl - X 2 \ 


|.Tl + X 2 P + HI - X 2\ 


HI T x 2 T + Xi -x 2 \ 


' CP2P-\ \\ Xl f + \\x 2 \\ p 
< C^j(B)2P-\\\ Xl r + \\x 2 \\ p 
= 2-2 '?- 1 CPC$j(B), 


.c^-\\\ xi r +nx 2 n 


({min{||xi + x 2 ||, ||zi -.x 2 ||}) p < 2 P 1 C P C^](B), 

1 


C 


{min{||xi + x 2 \\, ||xi - x 2 ||)} < 2% fJc^B). 


Taking supremum both side, 


sup ( ^min{||xi +x 2 ||, ||xi -x 2 ||}j <2% \fc^]{B). 


Therefore 


J(B) < 2^ tfdtfjVS). 


This completes the proof. 


□ 


Theorem 3.5. For p G (l,oo), a quasi-Banach space B is uniformly non-square if and 
only if there exists 5 G (0, 1) such that for any x \ , x 2 G B , we have 


X\ + x 2 


2 C 


+ 


Xl - x 2 


2 C 


p t(2 + im p . 


(3.2) 
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Proof. Let B be an uniformly non-square quasi-Banach space and on contrary assume that 
(3.2) is not hold. Therefore for every positive integer n, there exists x n and y n in B such 
that 


Xn T Vn 


2 C 


+ 


%n Vn 


2 C 


\( 2 _i\k.r + 

n . 


Let x n G Sis and y n G Bq = {x G B : ||x|| < 1} for all n. With out loss of generality 
we assume that {||y n ||} converges to some 7 , where 0 < 7 < 1 (by Bolzano-Wiestrass) we 
have 


(n 1 Y + \\yn\\ P , 

Vn 

p 

+ 

%n Vn 

V nj 2 

2 c 


2 c 


< 2 

= 2 

< 2 


c(\\x n r+ 


M pwp 


2 c 


1 + 


1 + 


letting n — > 00 , we obtain 


therefore 


which implies that 


(l + 7) p 

I + 7P 
Y' n T V n 


2 C 


= 2 p 


+ 


-1 


7=1, 


Xn Vn 


2 C 


Xn T Vn 


2 C 


1 and 


Xn Un 


2 C 


1 . 


This contradiction to the fact that B is uniformly non-square. 
Conversely, suppose that 


X\ + x 2 


2 C 


+ 


Xl - X '2 


2 C 


In particularly, we have 


which implies that 


Xl + X'2 

V 

_ 1 _ 

Xl - X 2 

2 C 

1 

2 c 


P < (2 




mm 


X\ + X2 


2 C 


xi - x 2 


2 C 


<u-P i 

2 


Hence B is uniformly non-square. This completes the proof. 


□ 


Theorem 3.6. For p G (l,oo), a quasi-Banach space B is uniformly non-square if and 
only if C^j(B) < 2 . 
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Proof. From the Theorem 3.5, B is uniformly non-square if and only if there exists 0 < 
5 < 1 such that 


Therefore 


X\ + X ' 2 

V 

_ 1 _ 

X\ - x 2 

2 C 

1 

2 C 


<(2-5) 


siir+iM p 

2 


|.Tl + .T 2 f+ ||xi -X 2 |r < 2 

cp2P-i(\\ xl r + \\ X2 \n - 1 


V(.xi, x 2 ) / (0,0). 


Hence C^){B) < 2. 


□ 


Theorem 3.7. For any quasi-Banach space B andp £ (1, oo), the inequalities C^j(B) < 2 
and J(B) < 2 are equivalent. 


Proof. From the Remark 2.4, J(B ) < 2 if and only if B is uniformly non-square. Therefore 
by using Theorem 3.6, we have C^j(B) < 2. 

Suppose that C^j(B) < 2. Then by using the Theorem 3.4, we have 

J(B) < 2^2? = 2. 


This completes the proof. 


□ 


Theorem 3.8. Let B be a quasi-Banach space, p £ [1, oo) and t > 0. Then the following 
conditions are equivalent: 

(a) ) < 1 + t. 

( b ) J(t, .Ti) < 1 + t. 


Proof, (a) (6) Suppose on contrary that J(t,x i) > 1 + t. Then it is enough to take 

J(f, .Tl) = 1 + t. 

Since 


J(t, B) = sup <J ^ min(||xi + x 2 \\, ||aq - x 2 \\) : xi,x 2 £ S B 


by using the definition of supremum, for any e > 0, there exist x\,x 2 £ S B such that 


xi + tx 2 1| + \\xi - tx 2 1| 
2 


> min{||xi +tx 2 1|, \\x\ -tx 2 1|} 


> c(l + t — e). 


(3.3) 


Applying convexity of the function f(u) = u p , we get 

+ tx 2 \\ + ||.xi - te 2 |[ ^ y ^7 < / jjxi + tx 2 \\ p + ||xi - tx 2 1 | p 

therefore from (3.3) 

f\\xi +tx 2 \\ P + \\X! ~tx 2 \\ P \p 

I 2 ) - min {lFi + *^ 2 II, \\xi - tx 2 \\\ 

> c(l + t — e). 
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Since e is any arbitrary so 

JbA*) > 1 + 1, 

which leads a contradiction. 

(6) =>• (a) Suppose on contrary that Js,p(t) > 1 + t. Then it is enough to take 
Jj 3 ,p{t ) = 1 + t. Again using the definition of supremum, for any e > 0 there exists 
xi,X 2 G Sj 3 such that 


x\ + tx 2 || p + \\xi - t.x 2 || p > 2C P (1 + t — e) p , 


also using 

\\xi + tx 2 \\ p + \\xi - tx 2 \\ p < 2C P (1 +t) p , 

2C P (1 + ty > \\x\ + tx 2 f + \\x~i - tx 2 \\ p > 2C p (l + t-e) p 
since e is arbitrary, so 

\\xi + tx 2 \\ p + \\xi - tx 2 \\ p = 2C P (1 + t ) p , 


which implies that 

\\xi + tx 2 1| = \\xi - tx 2 1| = C( 1 + t). 

So using the definition of J(t, x\ ), we get J(t, .xi) > 1 +t, which lead to a contradiction. □ 


Corollary 3.9. Let B be a quasi-Banach space, p G [1, oo) and t > 0. Then the following 
conditions are equivalent: 

(a) B is uniformly non-square. 

0) < 1 + t. 

(c) J(t, X\) < 1 + t. 


Theorem 3.10. A quasi-Banach apace B is uniformly smooth if 


lim 

t-> o 




= 0 . 


Proof. Suppose that 


lim 

t-> o 


Jl3,p{t) Q \ _ 


= 0 . 


From Theorem 3.1 we know that 


Js,p{t) > PB{t) + — , 

which implies that 

J B, P (t) ~ > ps(t), 

dividing both side by t and applying the lirn^o 

t-> o t t—>o \ t 
So by definition B is uniformly smooth. 


= 0 . 


□ 
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4 Quasi-Banach fixed point theorem (Contraction theorem) 

Definition 4.1. ([6]) Let B = (B,d) be a quasi-metric space. A mapping T : B — > T is 
called a contraction on B if there exists a positive real number a < 1 such that for all 
x\, x 2 £ B 

d{Tx\,Tx 2 ) < ad(xi, x 2 ). 

Theorem 4.2. Consider a quasi-metric space B = ( B,d ), where B / 0. Suppose B is 
complete and T : B —* T be a contraction on B and suppose that C n (3 m — ■> 0, where (3 = 
Then T has exactly one fixed point. 

Proof. Let any tq £ B and define the iterative sequence by 

x 0 , X \ = Tx 0 , x 2 = T 2 t 0 , t 3 = T 3 t 0 , • • • , x n = T n t 0 , • • • . 

First, we show that this iterative sequence (x n ) is cauchy. For this we take 

d{Xm-\-l 5 Em) = d{Tx m: Tx m — i) 

^ OL(i{Xm’i ^m— 1 ) 

^ TXfn—2) 

^ (a , x m _ 2 ) 


< a m J(xi, xo). 

Suppose that n > m and using the definition of quasi-metric 
d{x m ^ Xn) ^ C7 (d(x m , x n _i ) + d(x n _i , x n )) 

^ C (d(x m , x n — 2 ) d(x n — 2 , x n _i)) + C / d(x n _i, x n ) 

^ C (d(x m , x n —%) + d(x n — 3 , x n _ 2 )) H - C d(x n — 2 , x n _i) -I- (7d(x n _i, x n ) 

^ C d(x m , x m _|_i) + • • • + C7d(x n _i, x n ) 

^ C (d(x m , x m _|_i) + • • • + d(x n _i, x n )) 

< C n “ m [a m + a m+1 + • • • + x 0 ) 

1 — a 
/ a \ m 1 

= c ”(c) 

Since 

d(x m , x n ) < C n (^) — ^ — d{x\ , t 0 ) 

from our supposition d(x m , x n ) — > 0 as m — > oo. Since £> is complete so T m — ► x £ £>. 

Next we show that this limit t is the fixed point of T. For this using the definition of 
quasi-metric we have 

d( x, Tx) < C(d( t, T m ) + d(r m , Tt)) 

< C(d(x, x m ) + ad(x m -i, x)) 
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because (x m ) converges to x, therefore we have d(x,Tx) = 0. This implies Tx = x. Now 
we prove that x is the unique fixed point of T. For this let Tx = x and Ty = y, therefore 
we have 

d(x, y) = d(Tx , Ty) < ad(x, y), 

which implies d(x, y) = 0 because a < 1. Hence x = y. This completes the proof. □ 

5 Conclusion 

Generalized von Neumann- Jordan and James constants studied by many researcher for 
Banach space for example in [2, 4, 5, 8, 9] and the references therein. In this paper, 
we introduce the generalized von Neumann- Jordan constant and the James constant for a 
quasi-Banach space. Relationships between James constant and generalized von Neumann- 
Jordan constant are also presented. 
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Abstract 

In this paper, we study the shared values and uniqueness of meromorphic func- 
tions on annulus, and obtain one theorem about meromorphic functions on annulus 
sharing some distinct values, and this result is an improvement of some theorems 
given by Cao, Yi [4, 5], Kondratyuk and Laine[9]. 

Key words: Meromorphic function, Nevanlinna theory, the annulus. 
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1 Introduction and main resut 

In 1929, R.Nevanlinna(see [14]) first investigated the uniqueness of meromorphic func- 
tions in the whole complex plane and obtained the well-known theorem — 5 I M theorem 
of two meromorphic functions sharing five distinct values. 

After his theorem, there are vast references on the uniqueness of meromorphic func- 
tions sharing values and sets in the whole complex plane(see [2, 16, 18]). In recent, 
the uniqueness problem of meromorphic functions with shared values in some angu- 
lar domain attracted many investigations (see [3, 11, 19, 20]). Thus, we always as- 
sumed that the reader is familiar with the notations of the Nevanlinna theory such as 
T(r, /), m(r, /), N(r, /) and so on (see [6, 16, 17]). 

We use C to denote the open complex plane, C to denote the extended complex plane, 
and X to denote the subset of C. Let S' be a set of distinct elements in C and X C C. 

*This work was supported by the NSF of China(l 1561033, 11201395), the Natural Science Foundation 
of Jiangxi Province (20151BAB201008), and the Foundation of Education Department of Jiangxi of 
China (GJJ150902, GJJ151222). 

'Corresponding author. 
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Define 

Ex(S,f) = U {z £ X|/ a (z) = 0, counting multiplicities }, 

aes 

Ex(SJ) = U {z £ X| f a (z) = 0, ignoring multiplicities } , 
aeS 

where f a (z) = f{z) - a if a £ C and f^fa) = 1 /f(z). 

For a £ C, we say that two meromorphic functions / and g share the value a CM 
( IM ) in X (or C), if f(z) — a and g(z) — a have the same zeros with the same multiplic- 
ities(ignoring multiplicities) in X (or C). In addition, we also use f = a ^ g = a inX 
(or C) to express that f and g share the value a CM in X (or C), f = a g = a in X 
(or C) to express that / and g share the value a IM in X (or C), and / = a ==>■ g = a 
in X (or C) to express that / = a implies g = a in X (or C). 

As we know, the whole complex plane C and angular domain all can be regarded 
as simply-connected regions, many results about the uniqueness of shared values and 
sets in the complex plane and angular domain can also be regarded as the uniqueness of 
meromorphic functions in simply-connected regions. Thus, it arises naturally an inter- 
esting subject on the uniqueness for the meromorphic functions in the multiply connected 
region ? 

The main purpose of this paper is to study the uniqueness of meromorphic functions 
in doubly connected domains of complex plane C. From the Doubly Connected Mapping 
Theorem [1], we can get that each doubly connected domain is conformally equivalent 
to the annulus {z : r < \z\ < R}, 0 < r < R < + 00 . For two cases: r = 0, R = +00 
simultaneously and 0 < r < R < + 00 , the latter case the homothety 2 >->• ~^L= reduces 

the given domain to the annulus {z : < \z\ < I?o}, where Rq = \J~f- Thus, every 

annulus is invariant with respect to the inversion z *— > - in two cases. The basic notions 
of the Nevanlinna theory on annuli will be showed in the next section. 

In recent, there have some results on the Nevannlina Theory of meromorphic functions 
on the annulus (see [7, 8, 10, 12, 13, 15]). In 2005, Khrystiyanyn and Kondratyuk 
[7, 8] proposed the Nevanlinna theory for meromorphic functions on annuli (see also [9]). 
Lund and Ye [12] in 2009 studied functions meromorphic on the annuli with the form 
{z : Ri < \z\ < R 2 }, where R± > 0 and R 2 < 00 . However, there are few results about 
the uniqueness of meromorphic functions on the annulus. In 2009 and 2011, Cao [4, 5] 
investigated the uniqueness of meromorphic functions on annuli sharing some values and 
some sets, and obtained an analog of Nevanlinna’s famous hve- value theorem as follows: 

Theorem 1.1 ([5, Thereom 3.2] or [4, Corollary 3.3]). Let f± and fa be two transcen- 
dental or admissible meromorphic functions on the annulus A = {^: ^ < \z\ < Ro}, 
where 1 < Ro < + 00 . Let aj ( j = 1,2, 3, 4, 5) be five distinct complex numbers in C. If 
fa, fa share aj IM for j = 1, 2, 3, 4, 5, then fa (z) = fa(z). 

Remark 1.1 For the case Ro = + 00 , the assertion was proved by Kondratyuk and Laine 

[9]. 

In this paper, we will focus on the uniqueness problem of meromorphic functions in 
the held of complex analysis and obtain the main result below which improve Theorem 

1.1. 
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Theorem 1.2 Let f and g be two transcendental or admissible meromorphic functions 
on the annulus A = {z : < \z\ < Rq}, where 1 < Rq < +oo, aj £ C (j = 1,2, 3,4) be 

four distinct values. We assume that f and g share four distinct values aj(j = 1,2, 3, 4) 
IM on A andE&(S,f) C E&(S,g), where S = {b±, . . ■ ,b m },m > 1 and b\, . . . ,b m £ 
C \ {ai, a 2 , « 3 , < 24 }. Then f and g share all values CM on A, thus it follows that either 
f = g or f is a Mobius transformation of g. Furthermore, if the number of the values in 
S is odd, then f = g. 

Remark 1.2 The special case m = 1 of Theorem 1.2 immediately yields Theorem 1.1. 
In fact, when m = 1, set S = {<25}. If f,g share a$ IM on A, which implies E&(S,f) C 
E&(S,g), then by Theorem 1.2, we can get f = g. 


2 Basic notions in the Nevanlinna theory on annuli 


For a meromorphic function / on whole plane C, the classical notations of Nevanlinna 
theory are denoted as follows 


N(RJ) 
m{R, f) 


n(t, f) - n(0, f) 


dt + n( 0, /) logR, 


n2n 


27 T 


log+ \f (Reside, T(R, f) = N{R, f) + m(R , /), 


where log + x = maxjloga:, 0}, and n(t, f) is the counting function of poles of the function 
/ in {2 : \z\ < t}. 

Let / be a meromorphic function on the annulus A = {2 : < \z\ < 7?o}, where 

1 < R < Rq < + 00 , the notations of the Nevanlinna theory on annuli will be introduced 
as follows, let 


N 1 (RJ) = J i r ^^dt, N 2 (R,f) = J 


222 (t,f) 


dt. 


m 0 (R,f) = m{R, f) + m( — , /), N 0 {R,f) = N ± (R, f) +N 2 (R,f), 

where n\{t,f) and ^{t, f) are the counting functions of poles of the function / in {2 : 
t < \z\ < 1} and {2 : 1 < \z\ < t}, respectively. Similarly, for a £ C, we have 

N 0 (r,-^—) = N 1 (R,-^—) + N 2 (R,-^—) 

J CL J CL J CL 


1 ni(t, di ^ f R n 2 (t,j 


dt 


in which each zero of the function / — a is counted only once. In addition, we use 
(or n[ k (t, jh^)) to denote the counting function of poles of the function 
jM with multiplicities < k (or >/c)in{ 2 :t<| 2 |<l}, each point counted only 
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once. Similarly, we have the notations ( t , /), N^(t, /), ( t , /), (t, /), -ZV^ (f, /), 

The Nevanlinna characteristic of / on the annulus A is defined by 


T 0 {R, f ) = /) - 2m(l, /) + 7V 0 (i?, /). 

For a nonconstant meromorphic function / on the annulus A = {z: < |z| < Rq}, 

where 1 < R < Rq < +oo, the following properties will be used in this paper (see [7]) 

W T 0 {R,f) = T 0 (R,jy 

(ii) max{T 0 (i?,/ 1 • f 2 ),T 0 (R, fy),T 0 (R, fi + / 2 )} < T 0 (i2, A) + T 0 (i?, / 2 ) + 0(1), 

/ 2 

(Hi) Tq(R, — ) = To(i?, /) + 0(1), /or every f ixed a € C. 

J ~ a 

In 2005, the lemma on the logarithmic derivative on the the annulus A was obtained 
by Khrystiyanyn and Kondratyuk [8]. 


Theorem 2.1 ([8]) (Lemma on the logarithmic derivative) Let / be a nonconstant mero- 
morphic function on the annulus A = {z : -J- < \z\ < Rq}, where i?o < +oo, and let 
A > 0. Then 

(i) in the case R 0 = +oo, 


m 0 (R,j) =O(\og(RT 0 (R,f))) 


for R € (1, +oo) except for the set Ar such that J A R x 
(ii) if R q < +oo, then 


too 


R ’j)= °( lo §( 


T 0 (RJ) 

Rn — R 


l dR < +oo; 

)) 


for R £ ( 1 , Rq ) except for the set A R such that f A > < +oo. 


In 2005, the second fundamental theorem on the the annulus A was first obtained 
by Khrystiyanyn and Kondratyuk [8]. Later, the other forms of the second fundamental 
theorem on annuli were given by Cao, Yi and Xu [5]. 

Theorem 2.2 ([5, Theorem 2.3]) (The second fundamental theorem) Let / be a non- 
constant meromorphic function on the annulus A = {z : ^ < \z\ < Rq}, where 
1 < Ro < +oo. Let ai, 02, . .., a q be q distinct complex numbers in the extended 
complex plane C. Let k\, k 2 , . . . , k q be q positive integers, and let A > 0. Then 


(0 (q~2)T 0 (R,f) < Y / N 0 (R,-—)-N^(R,f) + S(R,f), 

3=1 1 Uj 

4 _ 1 

(ii) (q - 2)Tq(R, f)<J2 N °( R ’ T—) + /), 
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where 

f) = N 0 (R, y) + 2N 0 (R, /) - N 0 (R, /'), 
and (i) in the case Rq = +oo, 


S(R, /) = 0(\og(RTo(R, /))) 

for R G (1, +oo) except for the set A R such that J A R x ~ 1 dR < +oo; 

(ii) if R q < +oo, then 

S(R,f) = 0( log(^ 1 ^)) 

ilQ — it 

for i? G (l,i?o) except for the set A R such that ( Ro - R )*-i < +oo. 

Definition 2.1 Let f(z) be a non-constant meromorphic function on the annulus A = 
{z : < \z\ < R 0 }, where 1 < Rq < +oo. The function f is called a transcendental or 

admissible meromorphic function on the annulus A provided that 


or 


respectively. 


T 0 (R,f) 

iim sup — ; — — = oo , 

R-too l°g R 


v Tq(RJ) 

hm sup — — — — = oo, 

R^Ro — log(i?0 — R) 


1 < R < Rq = +00 

1 < R < Rq < +00, 


Then for a transcendental or admissible meromorphic function on the annulus A, 
S(R,f) = o(T 0 (R, /)) holds for all 1 < R < R 0 except for the set A R or the set A R 
mentioned in Theorem 2.1, respectively. 


3 Some lemmas 

To prove the above theorems, we need some Lemmas as follows. 

From Theorem 2.1 and the definition of mo(R 1 /), / is transcendental or admissible 
function on A, we can get Lemma 3.1 by using the same argument as in Lemma 4.3 in 
[16] 

Lemma 3.1 Suppose that f is a transcendental or admissible meromorphic function on 
the annulus A = {z : < |z| < Rq}, where 1 < Rq < +oo. Let P(f) = aof p + 

a\ f p ~ l + • • • + a p (aQ 0 ) be a polynomial of f with degree p, where the coefficients 
dj(j = 0, 1, . . . ,p) are constants, and let bj(j = 1,2 ,q) be q{q > p + 1) distinct finite 
complex numbers. Then 


m 0 


R, 


P(f) ■ f 


(f-b 1 )(f-b 2 )---(f-b q ) 


S(R,f). 
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Lemma 3.2 Let f,g be two distinct transcendental or admissible meromorphic functions 
on the annulus A = {z : < \z\ < Ro}, where 1 < Ro < +oo. Suppose that f and g 

share four distinct values 04, 02, <23, <24 IM on the annulus A. Then 

(i) T 0 (R, f) = T 0 (R, g) + S(R, f) and T 0 (R , g) = T 0 (R, f) + S(R , g); 

(ii) E U 7=5j) = 2T o(^, /) + S(R, /); 

fmj = T 0 (iZ,/) + S(R,f), N 0 (r, = T 0 (i?,g) + S(i?, 5 ), «Aere b £ 

a j (j = 1 , 2 , 3 , 4 ). 

Proof: From Theorem 2 . 2 (ii), we have 

^ 1 1 

2T 0 (i?, /) < ^ No(R, -—) + S(R, f) < Nq(R, -—) + S(R, f ) 
j=l J a i J 9 

<T 0 (R,f) + T 0 (R,g) + S(R,f), 

then we can get T 0 {R , /) = T 0 (R,g) + S(R , /) and Ej=i ^0 (-R, 737) = 2 T 0 (i?, /) + 
S(R,f). Similarly, we can get T 0 (R,g) = T 0 (R, f) + S(R, g). Thus, we prove (i) and (ii). 
Again by Theorem 2.2 and (ii), we get 

4 1 1 

3 T 0 (R, f)<Yl N °( R ’ J—) + N o&> t^t) + S(R, f) 
j=i J a j J 0 

= 2 T 0 (R, f ) + N 0 (R, -f—) + S(fl, /), 

that is, 

7 V 0 (i?, yT_) = T 0 (R, /) + S(fl, /)• 

Similarly, we can get 

N 0 (R,—) = T 0 (R,g) + S(R,g). 
g-b 

Thus, we obtain (iii). 

Therefore, we complete the proof of this lemma. □ 

Lemma 3.3 Let f,g be two distinct transcendental or admissible meromorphic functions 
on the annulus A = {z : < \z\ < Ro}, where 1 < Ro < +00. Suppose that f and 

g share four distinct values <21, <2 2,03,04 CM on the annulus A. Then f is a Mobius 
transformation of g, two of the shared values, say ai and 02, are Picard values on A, and 
the cross ratio (04,02,03,04) = — 1. 

Proof: Since /, g share 04,02,03,04 CM 014 A, from Lemma 3 . 2 (i) and f,g are tran- 
scendental or admissible, we have S(R,f) = S(R,g). We assume that there exist three 
of N o(R,j=^)U = 1 , 2 , 3 , 4 ), say N 0 (R,j^-)(j = 1 , 2 , 3 ), such that N 0 {R,j^~) = 
S(R,f ), then from Theorem 2 . 2 (h) we have 

3 _ 1 

T 0 (R, /) < E ^oOR, 7—) + S(R, /) = S(R, /). 

J 
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Thus, we can get a contradiction with the condition of the lemma. Therefore, there are 
at least two of N 0 (R } j.\. ){j = 1 , 2 , 3 , 4 ), say N 0 {R , . ) ( j = 1 , 2 ), such that 


N 0 (R, T ^—) = S(R,f), N 0 (R,—'—) = S(R,f). 

J ~ a l J ~ a 2 


( 1 ) 


Set 


L{z) = 


Z — d 3 a 2 — 04 


Z — 0,4 02 — CI3 

Then L(a 3 ) = 0 , L(a 4 ) = 00, L(a 2 ) = 1 and 


L{a 1) 


Z — 03 02 — 04 
Z — d 4 d 2 ~ <23 


(a 1 ,a 2 ,a 3 ,a 4 ), 


which is the cross ratio of 01,02,03,04. Let $(2) = L(f(z)),'P(z) = L(g(z)). From 
f(z) ^ g{z), we get $(0) ^ ’P(2). From the assumptions of this lemma, we have L(aj)(j = 
1 , 2 , 3 , 4 ) are shared CM by <£>(2) and T^) on A. Thus, we can get that $(2) and T^) 
share 0 , 1 , 00 , b CM on A, where b = L{a 1). From Lemma 3 . 2 (i) and ( 1 ), we have 
S(i?,$) = S(R,y) and 


N 0 (R,^)?S(R,f), N 0 (R,<f>)^S(R,f). 


( 2 ) 


Set 

vj/' 

Hi = $($ - 1)($ -b)~ - 1)(T - b) ' ( ' 3 ' ) 

Suppose that H\{z) ^ 0 , from Lemma 3 . 1 , we have mo(R, Hi) = S(R, $). If Zq £ A 
is a point such that $(20) = 'J'(zo) = L(aj) for some j = 1 , 2 , 3 , 4 , then from ( 3 ) we can 
get that Hi has no pole on A. Thus, from we have T 0 (R , Hi) = mo(R, Hi) + N 0 (R, Hi) — 
2 m(l, Hi) = S(R , <h). If Zi G A is a pole of $ with multiplicity p, then it must be a pole 
of l F with multiplicity p. Hence from ( 3 ) we have that 21 is a zero of H with multiplicities 
as least 3p — (p + 1 ) = 2p — 1 . Thus, we get 


N 0 (R, < N 0 (R, ^-) < T 0 (R, Hi) + 2 m(l, Hi) + 0(1) = S(R , /). 


Therefore, we can get a contradiction with ( 2 ). Thus, we can get that Hi(z) = 0 . 

Set 

cfxj/ \J> \T/' 

H , = . ( 4 ) 

2 ($-1 )($-&) (T-l )(T_6) 

By using the same argument as in the above, we can get that H 2 (z) = 0 . From Hi(z) = 
H 2 (z) e 0 we have 4> 2 (2) = \E' 2 (2). Since $(2) ^ ^(2), we have $(2) = — 4'(2). Thus, 
both 1 and —1 are Picard values of $ and 4 / on A. From Lemma 3 . 2 (iii), we get that 
b = — 1 . Hence we have L(ai) = (01,02,03,04) = — 1 . Therefore we get that 01 and 
02 are Picard values of / and g on A and L(f(z)) = L(g(z)). Thus, we get that / is a 
Mobius transformation of g. 

This completes the proof of this lemma. □ 
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4 The proof of Theorem 1.2 


Suppose that / ^ g and none of the a,j(j = 1,2, 3,4) is oo. From Lemma 3.2, we have 
S(R,f) = S(R,g). Set S(R) := S(R,f) = S(R,g). Let <p be the function expressed as 
follows 


ip = 


f'g'tf -g? 


(/ - oi )(/ - a 2 )(/ - a 3 )(f - a 4 )(g - oi)(p - a 2 )(ff - a 3 )(s - a 4 ) ' 


( 5 ) 


Then we can get p ^ 0. We will show that T 0 (R, ip) = S(R) as follows. 

Suppose zq € A and f(zo) = a i (or 02, a 3 , a 4 ) with multiplicity p and g(zo) = a 4 (or 
a 2 ,a 3 ,a 4 ) with multiplicity <7. From (5), we can get 


<p(z) = O ((z - * 0 ) 2min( ^)- 2 ) 


Hence ip is an analytic function on A. Then, we have 
To{R,ip) = m 0 (R,ip) 


< m 0 [ R, 


r 


+m 0 ^R, 

+m 0 ( R, 


(/ - a 2 ){f - a 3 )(f - a 4 ) 

S' 


+ mo R, 


f 


(/ — a i)(/ — a 2 ){f — o 3 ) 


(/ - oi)(/ - a 2 )(/ - a 3 )(/ - a 4 ) 

/'W) 

(/ - oi)(/ - « 2 )(/ - a 3 )(/ - a 4 ) 


+m 0 R, 


(g - a 2 )(g - a 3 )(g - a 4 ) 


+ mo R, 


(5-ai)(5-a 2 )(ff-a 3 ) 


+m 0 ^R, 
+?n 0 f R, 


(. 9 ~ ai){g ~ a 2 )(g - a 3 )(g - a 4 ) 

g'P2(g) 

(. 9 - a .1 )(g - a 2 )(g - a 3 )(g - a 4 ) 
= 5(R,/) + 5(R, S ) = 5(R), 


0 ( 1 ) 


where Ri(/) is a polynomial of degree no more than 2 in / and P 2 {g) is a polynomial of 
degree no more than 2 in g. By Lemma 3.2 (iii), we have 


m 0 R, 


1 


f~bj 


for any bj € S(j = 1,2,..., m). 
Set 


= S(R, /), m 0 R, 


1 


g-bj 


= S(R,g), 


( 6 ) 


Ai := 


{g-b 4 )---{g- b m ) 


{f-bi)---(f-bm) Kig-a^-'-ig-CH) 


g'(f-g) 


and 


A2 := 


(f~bi)---(f-b m ) 


(g-bi)---{g-b m ) \ (/ — ai) •••(/ — a 4 ) 


/'(/ - S') 
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By Lemma 3.1 and (6), we can get that 


mo 



g'(f - g)(g -bj) \ 
(g — a \) • • ■ (g — « 4 ) / 


and 


m 0 ( R, — ] — 

V g~bj 


f'(f ~ g)(f -bj) \ 
(/-ai)---(/-a 4 )y 


S(R) 


S(R). 


From the definitions of Lp\ and <^> 2 , we get mo(R,Pj) = S(R),j = 1,2. By Lemma 
3.2(iii), we see that ’’almost all” of poles and 6j-points of / and g on the annulus A are 
simple. Since f,g share the four distinct values aj,j = 1,2, 3,4 on the annulus A and 
Ea(S,/) C E A (S,g), we can easily get that N 0 (R, ipi) = S(R). Therefore, we have 


T 0 (R,tpi) = S(R). 

Since an d To(R,ip) = S(R), we can have 

T 0 (R,<p 2 ) = S(R). 


(7) 


( 8 ) 


Let T p A q { aj ) be the set of those a^-points of / and g on the annulus A such that the 
multiplicities of / and g at these points are p and q, respectively. For any zq £ r A q (ai), 
by simple computation, we have 


A i0o) = q 


and 


Hence 


A 2 {z 0 ) = {p 


f'(z o) - g'(z 0 ) 

(ai - a 2 )(ai - a 3 )(ai - a 4 ) 

f'(zo)~ g'(zo) 

(ai - a 2 )(«i - a 3 )(ai - a 4 ) 


~ ^M z o) = 0- 

Similarly, we can see that (9) holds for any Zq £ T A l (aj),j = 2,3,4. 

Now we discuss two cases as follows. 

Case 1. Suppose that tp pq := — -sr <^2 ^ 0, for all positive integers p,q. 

Next, for j = 1, 2, 3, 4, we denote by 


Nf q (R , 


f j 


N pq (R, 


) = 


1 


f~ a 3 


= N? q (R , 


* »?(*> T^j) 


f~ a i 
dt , N pq (R, 


N pq (R : 


1 




f -a. 


) = 


f ~ a 3 


(9) 


dt, 


where n pq (t , n 2 q {t, f\. )) is the counting function of zeros of the function / — aj 

in {z : t < \z\ < 1} (resp. {z : 1 < \z\ < t}) with respect to the set r^ 9 (aj), similarly, we 
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have Nq 9 (R, fl a ), N P q (R, fl a . ) and N Pq (R, Thus, we have 


No[R, 


f ~ a 3 


= N, I R, 


f j 


+ N 2 (R, 


f-*3 




■p,q-l 


f~ a 3 


= E*H*73 

p,q=l 


1 

f-aj 


and 


No R 


f ~ a j 


= E^o q R 


p,q-l 


f ~ a 3 


Since /, g are transcendental meromorphic on the annulus A, and from the above two 
equations, (6), (7) and (8), we can see that T 0 (R,ip pq ) = S(R,f) + S(R,g). And by (9) 
each zero of / — aj is a zero of {p pq , so with the help of <p pq ^ 0, we can get 


Nf q ( R 


1 

/-Of 


< N P 0 q [R , 


1 

ipP<-. 


<T 0 [R 


1 

tpP <■. 


0 ( 1 ) 


< T 0 (R, v pq ) +0(1) = S(R , /) + S(R, g) := S(R), 


for some p,q. By Lemma 3.2 (ii), we have T 0 (R, /) +S(R, f) = T 0 (R, g) + S(R, g). Thus, 
from the definition of S(R), we can get T 0 (R, f) = T 0 (R,g) + S(R). Therefore, for a 
positive integer k(> 4), we have 



+S(RJ) 


- KM r '/E + M s ' ! E)) + s(s - /) 

< It(RJ) + S(R), j = 1,2, 3, 4. 

By the above inequality and Lemma 3.2(h), we can get 

T 0 (R,f)<*T 0 (R,f) + S(R). (10) 

Since k(> 4) is a positive integer, that is, | < 1, from / is transcendental or admissible 
on A, thus, we can get a contradiction. 
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Case 2. Suppose that ip pq := — ^p 2 = 0, for some positive integers p, q. 

Thus, we have 


(p\ m {g-b 1 ) 2 ---{g-b m f _ f f(g- ai )...(g-a 4 ) \ m 

\Qj ‘ (/-&i) 2 ---(/-U 2 “ J 

We will consider the two following subcases: 

Subcase 2.1. p ^ q. Without loss of generality, we may assume that p < q. For 
some two positive integers p\ and qi, if zi G T^ 191 ( a,j ) for some j € {1, 2, 3, 4}, then (11) 
implies that ^ Hence q\ > pi > 1, and q\ > 2 which means that any cij -points 

(j = 1,2, 3, 4) of j on A are multiple. By Lemma 3.2 and f,g are transcendental or 
admissible on A, we can get 

2T 0 (R,g) = ^7V 0 (R,—!—)+S(R,g) 

j=i V 9 a j J 

' 5 +*(«.<,) 

< 2 T 0 (R,g) + S(R,g). 


Thus, we can get the following equalities easily 


T 0 (R,g) = N 0 +S(R), j = 1,2, 3, 4 (12) 

V 9 ~ a j ) 

and 

R,— i —)=2N 0 (R,— i —)+S(R), j = 1,2, 3, 4. (13) 

9 ~ajj V 9 ~aj) 

From (12) and (13), we can see that "almost all” of aj-points of g have multiplicity 2, 
and "almost all" of appoints of / are simple on the annulus A. Without loss of generality, 
we may assume that / and g attain the values <23 and (Z4 on the annulus A. Set 



V'{f - « 4 ) g'{g ~ « 4 ) 

(/ - a i)(f - a 2 )(f - a 3 ) {g - a x ){g - a 2 ){g - a 3 ) 


and 

, , = WU - as) g'(g - as) 

2 ' (/ — a i)(f ~ a 2 ){f — 04) {g - a-i){g - a 2 ){g - a A y 

Since </>j(i = 1,2) is analytic at the poles of / and of g and also at those common 
dj-points of / and g which have multiplicity 1 with respect to / and multiplicity 2 with 
respect to g, by Lemma 3.1, we have T 0 (R, (f>i) = S(R 1 f),i = 1,2. If fa ^ 0, then 
No (a f- ai ) — No = S(R, /), which contradicts to equation (13). Then fa = 0. 

Similarly, we have fa = 0. Therefore, from the definitions of fa and fa, we have 


{ f ~ «4 ~\ 2 = / g - qt V 
\f -a 3 ) - \g-a 3 ) 


(14) 
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Since / ^ g 1 and from (14), we have 

/ ~ «4 = g ~ Q4 

f -a 3 ~ g-a 3 

which implies that / and g share 03,04 CM on the annulus A. Since f and g assume 

the value a 3 there exist positive integers pi,qi such that T^ qi (a 3 ) 7^ 0. From the 

considerations above we get qi > pi, contradicting the fact that / and g share 03 CM. 
Subcase 2.2. p = q. 

In this subcase, (10) becomes 

{g - h ) 2 ■ ■ ■ (g - b m ) 2 = / f'(g — 01) ■ ■ ■ (ff — a 4 ) \ 

(/ - h ) 2 •••(/- b m ) 2 “ \g'(f - 01) •••(/- a 4 )J 

which implies that f and g share the four values o, (j = 1, 2, 3, 4) CM on the annulus A. 
From the conditions of this lemma and applying Lemma 3.3, g is a Mobius transformation 
of / on A. Furthermore, two of the four values, say 01, 02 are Picard exceptional values 
of / and g on the annulus A. Set 

A , = f if - <h) g'(g ~ Q4) 

1 ’ (f ~ ai){f ~ a 2 )(f - a 3 ) {g - ax)(g - a 2 ){g - a 3 ) 

and 

Ao , = /'(/ ~ as) g'{g - Q 3 ) 

2 ' if - ai)(f - a 2 )(f - a 4 ) {g - ai)(g - a 2 ){g - o 4 )' 

Using the same argument as in Subcase 2.1 for A 4 , A2, we can get 

/ ~ a 3 = g — a 3 
f ~ a 4 ~ g - a 4 ’ 

We take the Mobius transformations T , M and L satisfying 

T(uj ):=— — — , M(w) := —w and L:=T~ 1 oMoT. 

w — a 4 

Then we have 

T o f = —T o g , hence g = L o f. 

Thus, we can see that a 3 and a 4 are the fixed points of L. Therefore, there exist no fixed 
points of L in the set S. If some b € S' is given. Then from b 7^ a\,a 2 , there exists a 
2 q£C such that b = f(zo), and from E&(S, /) C E&(S,g) we obtain 

L(b) = L(f(zo )) = g(zo) € S. 

So S is invariant under L. Furthermore, we have LoL = I where / denotes the identical 
transformation. Thus, we can get that S must contain an even number of values. 

Thus, we complete the proof of Theorem 1.2. 
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1 Introduction 

It is well-known that the Henstock integral includes the Riemann, improper Riemann, Lebesgue and 
Newton integrals [9, 12]. It is also equal to the Denjoy and Perron integrals [14]. In the theory 
of integrals, there are some integrals based on the Banach space-valued functions such as Pettis 
and Bochner integrals [3, 14, 21]. In particular, Ziat [28, 29] and Amri and Hess [1] presented a 
characterization of Pettis integral having as their values convex weakly compact subsets of a Banach 
space. Bochner and Pettis integrals are all defined by using the Lebesgue integrability of the support 
functions. The integrals of fuzzy-number-valued functions, as a natural generalization of set-valued 
functions, have been discussed by Puri and Ralescu [19], Kaleva [10], and other authors [7, 24, 25, 27]. 
Recently, Wu and Gong [6, 8] discussed the fuzzy Henstock integrals of fuzzy- number- valued functions 
which extended Kaleva [10] integration. However, for a fuzzy valued function in the n — dimensional 
fuzzy number space E n , the integral and its characteristic theorems have not defined or discussed. In 
[2] , the authors shown that a fuzzy- number valued function is fuzzy Henstock integrable if and only if it 
can be represented by a sum of a fuzzy McSlrane integrable fuzzy-number valued function and a fuzzy 
Henstock integrable fuzzy number valued function generated by a Henstock integrable function. In 
2014, K. Musial [18] established the following decomposition theorem for fuzzy mappings with values 
in a Banach space: a fuzzy mapping is fuzzy Henstock integrable if and only if it can be represented as 
a sum of a fuzzy McShane integrable fuzzy mapping and of a fuzzy Henstock integrable fuzzy mapping 
generated by a Henstock integrable function. As a continuation of our previous work [16, 17, 22], in 
this paper, we continue to develop the theory of Henstock-Pettis integrals in fuzzy number spaces. By 
means of replacing the Lebesgue integrability of support functions with their Henstock integrability, 
we give the definitions of Henstock-Pettis integral and Aumann-Henstock-Pettis integral for compact 
convex set-valued functions. In addition, the relationships among Henstock-Pettis integral, Aumann- 
Henstock integral and Pettis integral are investigated. Furthermore, we present the Henstock-Pettis 
integral, fuzzy Henstock-Pettis integral and Aumann-Henstock-Pettis integral of n — dimensional fuzzy- 
number-valued functions, and the relationships among them are studied. At the same time, the 
representation theorems and the calculations of fuzzy Henstock-Pettis integral are given. It shows 
that the fuzzy Henstock-Pettis integration of a n— dimensional fuzzy-number-valued function equals 
the sum of the Henstock-Pettis integration of an n — dimensional fuzzy-number-valued function and 
the Henstock-Pettis integration of a vector-valued function which valued in the kernel sets. 

The rest of the paper is organized as follows. In section 2, the definitions of Pettis integral, 
Henstock-Pettis integral and Aumann-Henstock integral for compact convex set-valued functions are 
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given. In section 3, we disscus the characterization of Henstock-Pettis integral, fuzzy Henstock- 
Pettis integral and Aumann-Henstock integral for fuzzy-number-valued functions, and we give the 
representation theorems of fuzzy Henstock-Pettis integral. In section 4, we present a Komlos-type 
convergence theorem to the fuzzy Henstock-Pettis integral and give an existence theorem for a kind 
of fuzzy integral inclusion. And in section 5, we present some concluding remarks. 


2 Preliminaries 

Let T be the closed interval on the real line R, i.e., T = [a, b] (a, b £ R). \T\ denotes the length of T. 

Throughout this paper, we use Pk(R n ) to denote the family of all nonempty compact convex 
subsets of R n . For A, B £ Pk(R n ),k £ R, the addition and scalar multiplication are defined by the 
equations as follows respectively: 

A + B = {x + y \ x £ A,y £ B} , aA = {ax \ x £ A}. 

In addition, for A, B £ Pk{R n ), the Hausdorff metric between them defined by: 

d(A,B) = max{ sup inf II a. — 6 1 1 , sup inf ||6 — a|||. 
aeA b ^ B beB a ^ A 

A compact convex set-valued function F : T -A Pk{R n ) is said to be measurable if {t. £ T\F(t)CiO ^ 
<f>} is a measurable set for any open subset O C R n . F is said to be scalar ly measurable if the 
map a(x,F(-)) is measurable for every x £ S n ~ 1 . Certainly, a compact convex set-valued function 
F : T -A Pk{R n ) is measurable if it is scalarly measurable. 

A function / : T — » R n is called a selection of F if f(t) £ F(t) for any t £ T. A selection / is said 
to be measurable if the function / is strongly measurable, i.e., / is a limit of an almost everywhere 
convergent sequence of measurable simple functions. 

A compact convex set-valued function F : T — > P k (R n ) is said to be graph measurable if the set 
{(t,x) £ T x R n \x £ F(t)} is a member of the product a — algebra generated by C and the Borel 
subsets of R n in the norm topology. Here C denotes the family of all Lebesgue measurable subsets of 
T. 

Definition 2.1 ([27]). For A £ Pk(R n ), x £ S" -1 , the support function of A is defined by 

<r(x,A) = sup (y,x), 

veA 

where S n ~ 1 denotes the unit sphere of R n , (•, •) is the inner product in R n . 

Next, we shall give the definitions of Pettis integral, Henstock-Pettis integral and Aumann- 
Henstock-Pettis integral for compact convex set-valued functions. 

Definition 2.2. A set-valued function F : T — > P k (R n ) is said to be Henstock integrable to I £ 
P k (R n ) if for every e > 0 there is a function S(x) > 0 such that for any S — fine division n = 
{£», \xi-i,Xi}} of T, we have 

d{I, ^2 F(£i)(xi - Xi- 1 )) < e, 

i 

and write (H) f T F(x)dx = I. 

Lemma 2.3 ([27]). If A £ P k (R n ),x £ S'” -1 , then A = {y £ R n \(y,x ) < a{x,A),x € S" -1 }. 
Lemma 2.4 ([26]). If A r £ Pk(R n ), {A rm } C P k {R n ), where r m is converging nondecreasingly to r 

OO 

and A rm D A Vm+1 D A r (m = 1,2, •••) for any x £ S n_1 , then A r = f] A rm if a(x, A rm ) converge 

m—1 

to a(x, A r ). 
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Theorem 2.5. A set-valued function F : T — > Pk(R n ) is Henstock integrable on T iff the real-valued 
function a(x,F(t)) is Henstock integrable uniformly on T for any x £ S'" -1 , and 

a(x,(H) j F(t)dt) = (H) f a(x, F(t))dt. (2.1) 

Jt Jt 

Definition 2.6. Let F : T — ► Pk(R n ) be a measurable set-valued function. F is said to be Pettis 
(Henstock-Pettis) integrable on T if there is a nonempty set A £ Pk(R n ) such that for any x £ S" -1 
we have 

a(x,A) = (L) J a(x,F(t))dt 

(a(x, A) = (H) J a(x,F(t))dt), 

and write A = (P) f T F(t)dt {A = ( wH ) f T F(t)dt). 

In particular, if the set-valued function above is defined by F : T — > R n , then the set A will become 
a vector in R n , and for any x £ S" -1 we have 

< x, A >= ( L ) J < x, F(t ) > df 


(< x, A >= ( H ) J < x, F(t ) > df). 

In this case, F is also said to be Pettis (Henstock-Pettis) integrable on T . 

Theorem 2.7. If F : T — > Pk{R n ) is a measurable set-valued function, then the family of measurable 
selections of F is not empty. 

Proof. Since R n is a separable space, we can prove the theorem easily. □ 


Now, we use Sh{F) to denote the family of Henstock-Pettis integrable selections and sp(F) to 
denote the family of Pettis integrable selections of F. 

Definition 2.8. The Aumann-Henstock integral of a measurable set- valued function F : T — > Pk(R n ) 
defined by 

(AH) [ F(t)dt = {(HP) [ f(t)dt\f £ s h (F)}. 

Jt Jt 

Definition 2.9. Pick a set-valued function F : T — >• Pk(R n ) and let / C T. The function / : A — > 
Pk(R n ) is the weak derivative of F on T if the Banach valued function ( a(x,F ))' is differentiable 
almost everywhere on I and ( a(x,F ))' = cr(x, /)) almost everywhere on T. 

Example. Let F : T — > Pk(R n ) be weakly differentiable. Then its weak derivative F' is Henstock-Pettis 
integrable and 

(HP) f F'(t)dt = F(s)- F(a),s £T. 

J a 

Indeed, F has the weak derivative at a point t means that there is a point F'(t) £ R n such that 
for any x £ S'" -1 , we have 


lim 

— >-0 


< x, F(t + At) > 
At 


< x, F(t) > 


=< x, F'(t) > . 


Since < x, F > is differentiable, so we have 

< x, F(s) > — < x, F(a) >= (H) f < x, F >' dt, s £ T. 
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On the other hand, < x,F >'=< x,F’ >, it implies that 

< x,F(s ) > — < x,F(a) >= (H) j < x,F'(t) > d t. 

J a 


That is 


Hence 


< x, F(s) — F(a) >= (H) f < x, F'(t) > dt. 

J a 

F(s) - F(a) = (HP) f F'(t)dt. □ 

J a 

Theorem 2.10. If all measurable selections of F : T — > Pk(R n ) are Henstock- Pettis integrable and 
a(x,F(t)) is Henstock integrable, then (AH) J T F(t)dt is a compact convex set. 

Proof. Since a(x, F(t)) is Henstock integrable, so a(x, F(t)) is measurable. Now fix a measurable 
selection / of F and let G(t) = F(t) — f(t). Since / is Henstock-Pettis integrable, so G is Aumann- 
Henstock integrable. 

Let It = (AH) f T G(t.)dt and I? be a countable dense subset of S'" -1 . We prove the convexity of 
It first. It can be proved that 

(AH) [ G(t)dt = {(wH) [ g(t)dt\g £ s H (F - f)} 

Jt Jt 

is a convex set. In fact, for any A, B £ It, there exist gi(t),g 2 (t) € sh(F — f) such that 

A = (HP) f 9l (t)dt, B = (HP) f g 2 (t)dt. (2.2) 

Jt Jt 

In addition, for any A € [0, 1], 


AA + (1-A)H = A (HP) f gi(t)dt + (1 — A) f g 2 (t)dt 

Jt Jt 

= (HP) J^(Xgi(t) + (1 - \)g 2 (t))dt. 

That is, AA + (1 — A )B e It- 

In order to prove the compactness of It, we take a sequence of points x n £ It, and then there exists 
g n G sh(G) with x n = (HP) J T g n (t)dt. For each n G N,t G T,x G S" -1 , we have the inequalities 

-cr(-x, G(t)) <<x, g n (t) >< a(x, G(t)). (2.3) 

Since / € sh(F) and the null function is included in G(t), a(x,G(t)) is nonnegative Henstock inte- 
grable. It implies that the support function cr(x,G(t)) is Lebesgue integrable. Thus, each <x,g n > 
is Lebesgue integrable and 

(L) [ | < x,g n (t) > |dt < (L) f a(x,G(t))dt+ (L) f a(-x,G(t))dt. 

Jt Jt Jt 

Furthermore, due to the countability of D and L\— boundeness of each < x,g n > we can find there 
exist h n £ conv{g n , g n +i, ■ ■ ■}, such that for each x £ D the sequence < x,h n > is almost everywhere 
convergent to a measurable function h x . 

As for each t and n we have h n (t) £ G(t) and G(t) is compact, there is a cluster point h(t) £ G(t). 
It follows that there is a set N of Lebesgue measure zero such that for any x £ D and t N we have 

< x,h(t) >= lim < x,h n (t) >= h x (t). 

n—too 
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Taking into formula Eq. (2.3) and the Lebesgue dominated convergence theorem, we have for any 
x G S'"” 1 , 


lim 

n—¥ oo 


<x,(HP) J h n (t)dt > 


lim (L) / < x,h n (t) > df 

n— >■ oo J T 

( L ) J < x, h(t) > dt 
< x, (HP) J h(t)dt > . 


(2.4) 


We write y n = (HP) J T h n (t)dt, then y n G lT,Un G conv{x n ,x n+ 1 , - • - } and the sequence {y n } 
convergent to yo = (HP) J T h(t)dt. Thus, given an arbitrary sequence {x n }, x n G It, there is 
a convex combination of points y n G conv{x n , x n +i, ■ • ■ } and yo G It such that y n converge to 
yo- Consequently, the set It is compact, i.e., there exists yo = (HP) f T h(t)dt G It such that 
lim y n = yo . □ 

n—>o o 


3 The Henstock-Pettis integral for fuzzy number valued func- 
tions 

In this section, we give the definition of Henstock-Pettis integral of fuzzy-number-valued functions 
and its representation theorems. 

Definition 3.1 ([4, 23]). Let E n = {u\u : R" — » [0,1]}. For any u G E n , u is said to be a 
n — dimensional fuzzy number if the following conditions are satisfied: 

(1) u is a normal fuzzy set, i.e., there exists an Xq G R n , such that u(x o) = 1; 

(2) u is a convex fuzzy set, i.e., u(tx + (1 — t)y) > min {u(x) , u(y)} for any x, y G R n , t G [0, 1]; 

(3) u is upper semi-continuous; 

(4) suppu = {x G R n | u(x) > 0} is compact, here A denotes the closure of A. 

For r G (0,1], denote [ u\ r = {x G R n \ u(x) > r} and we call it the r— level set of u, and 

N° = U N r - 
*■€( 0 , 1 ] 

E n denotes the n— dimensional fuzzy number space. If u G E n , then [w] r is a nonempty compact 
convex subset of R n for each r G [0,1]. 

Theorem 3.2 ([4, 23]). Define D : E n x E n — > [0, oo) by the equation 

D(u,v) = sup d([u] r ,[v] r ),u,v £ E n , 
re [0,1] 

then 

(1) (E n ,D) is a complete metric space; 

(2) D(Xu, Xv) = | A | D(u, b),Ag R; 

(3) D(u + w, v + w) = D(u, v); 

(4) D(u + v,w + e) < D(u, w) + D(v, e); 

(5) D(u + v, 0) = D(u,0) + D(v,0fi 

(6) D(u + v, w)<: D(u,w) + D(v, 0). 
where u, v, w, e, 0 G E n , 0 = X({o} ) • 

The metric space (E n ,D) has a linear structure, it can be imbedded isomorphically as a convex 
cone with vertex 9 into the Banach space of functions u* : I x S'"” 1 — > R , where S"” 1 is the unit 
sphere in R n , with an imbedding function u* = j(u) defined by 

u* (r, x) = sup < a, x > 

a£ [u]“ 
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for all < r,x >£ I x S n 1 ■ 

Theorem 3.3 ([23]). There exists a real Banach space X such that E n can be imbedding as a convex 
cone C with vertex 9 into X. Furthermore the following conditions hold true: 

(1) the imbedding j is isometric, 

(2) addition in X induces addition in E n , 

(3) multiplication by nonnegative real number in X induces the corresponding operation in E n , 

(4) C — C is dense in X , 

(5) C is closed. 

A fuzzy-number- valued function F : [a, b] — > E n is said to satisfy the condition [H) on [a, b\, if for 
any x\ < x-i € [a, 6] there exists u € E n such that /(a^) = f{x i) + u. We call u is the H-difference of 
F(x 2 ) and F(x 1 ), denoted F{x 2 ) — h F{x\) ([10]). 

For brevity, we always assume that the condition ( H ) is satisfied when dealing with the operation 
of subtraction of fuzzy numbers throughout this paper. 

Definition 3.4 ([24, 25]). A fuzzy-number-valued function F : T — > E n is said to be fuzzy Henstock 
integrable on T if there exists a fuzzy number A £ E n such that for every e > 0 there is a function 
8{x) > 0 such that for any S— fine division fl = {£j, [xi- i,Xi]} of T, we have 

D(A, ^2 F(£i)( x i - x i- 1 )) < £• 

i 

We write ( FH ) f T F(x)dx = A. 

Definition 3.5 ([22]). A fuzzy-number-valued function F : T — ► E n is said to be Pettis ( Henstock- 
Pettis) integrable on T if [F(t)] r is Pettis ( Henstock-Pettis) integrable on T for every r £ [0, 1], and 
there exists a fuzzy number A £ E n such that for any x £ S'" -1 we have 

a(x, [A] r ) = (L) J cr(x, [F{t)] r )dt 

(a(x, [A] r ) = (H) a(x, [F(t)] r )dt). 

We write A = ( FP ) f T F(t)dt {A = ( FHP ) f T F(t)dt). 

Remark 3.6. In particular, if F is degenerated into F : T R" and A is degenerated into A £ R n , 
then 

cr(a;, [ A ] r ) =< x, A > . 

Remark 3.7. When n = 1, if the fuzzy-number-valued function F : T ^ E 1 is Kaleva integrable on T 
(refer to [25]), then F is also Pettis integrable. 

Remark 3.8. When n — 1, if the fuzzy-number-valued function F : T — » E 1 is fuzzy Henstock 
integrable on T (refer to the Definition 3.2 of [24]), then F is also fuzzy Henstock-Pettis integrable. 

A fuzzy-number-valued function F : T — » E n is said to be measurable on T iff the compact convex 
set- valued function F r : T -A Pk(R n ) is measurable for any r £ [0, 1]. 

Definition 3.9. Let F : T — ► E n be a measurable fuzzy-number-valued function, F is said to be 
fuzzy Aumann-Henstock-Petiss integrable on T if 

(FAHP) f [F(t)} r dt = {(HP) [ f(t)dt\f £ s HP [F(t)] r } 

Jt Jt 

determines a unique fuzzy number A £ E n , where SH[F(t)] r denotes the family of all fuzzy Henstock- 
Petiss integrable selections of [_F(t)] r . We write [F AH) J T F(t)dt = A. 
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Theorem 3.10. Let F : T — » E n be a fuzzy Aumann-Henstock- Pettis integrable function on T. If the 
set-valued function [F(t)] r is measurable and the measurable selections of[F(t)] r are Henstock- Pettis 
integrable for any r £ [0, 1], then for every x £ S'" -1 we have 

a(x,(AHP) f (F(t)] r dt) = (H) f a(x,[F(t)} r )dt. 

Jt Jt 

Proof. Since the measurable selections of [F(t)] r are Henstock-Pettis integrable for any r £ [0, 1], we 
have 

a(x,(AHP) f [F(t)] r dt) = (H) f a(x,(F(t)] r )dt 
Jt Jt 

for any x £ S'" -1 , r £ [0, 1]. □ 

Furthermore, by Theorem 2.10, we can easily obtain the following Theorem 3.11. 

Theorem 3.11. Let F : T — »• E n be a fuzzy-number-valued function. If all measurable selections of 
[F(t)] r are Henstock-Pettis integrable and a(x, [F(t)] r ) is Henstock integrable for any r £ [0, 1], then 
(. AHP ) f T [F(t)] r dt is a compact convex set. 

Theorem 3.12. Let F : T — ► E n be a fuzzy-number-valued function on T. If F is fuzzy Henstock- 
Pettis integrable on T, then each measurable selection of [F(t)] r is Henstock-Pettis integrable for any 
r £ [0, 1] and t £ T. 

Proof. Since [F(t)] r is Henstock-Pettis integrable on T, for any r £ [0, 1] and t £ T, by Lemma 3 of 
[5], the conclusion holds. □ 

Theorem 3.13. If A, B £ E n , then A C B if and only if a(x, [H] r ) < cr(x, [B] r ) for any r £ [0, 1] 
and x £ S" -1 . 

Proof. Necessity: If A C B, then for any r £ [0, 1] and x £ S" -1 we have 

a(x, [H] r ) = sup{< x,a> \ a £ [H] r } 

< sup{< x, b > \b £ [ B] r } 

= °(x, [B} r ). (3.1) 

Sufficiency: If a(x, [H] r ) < a(x, \B] r ) for any r £ [0, 1] and x £ S" -1 , then for every a £ A, by 
the Lemma 2.3 we have < x, a >< a(x,A) < cr(x,B), thus a £ [B] r , that is [A] r C [B] r . Hence, 

Ac B. □ 

Theorem 3.14. Let F : T E n be a fuzzy-number-valued function onT. If the integration (FH) f T F(t)dt 
exists, then the following statements are equivalent: 

(1) F is fuzzy Henstock-Pettis integrable on T; 

(2) For every Henstock-Pettis integrable function f € s//p(JJ 7 '(t)] 1 ), there exists a fuzzy-number- 
valued function G : T -A E n such that F(t) = G{t) + f(t) and G is fuzzy Pettis integrable on T; 

(3) For every /, h £ sp([F(t)] 1 ), h — f is Pettis integrable; 

(f) F(x) is fuzzy Aumann-Henstock- Pettis integrable on T and for any x £ S” -1 , we have 

a(x, (AHP) f (F(t)] r dt) = (H) f a(x, (F(t)] r )dt (r £ [0, 1]). 

Jt Jt 

Proof. (1) => (2): For every /(f) £ spQF/t)] 1 ), since [F(t)] 1 is Henstock-Pettis integrable on 
T, by Theorem 3.10, wa can infer that /(f) is Henstock-Pettis integrable on T. Define [G(f)] r = 
[F(t)] r — /(f), [ G] r : T -A Pk(R n ), then for any x £ S" -1 ,f £ T we have a(x, [G(t)] r ) > 0, and 

a(x,(F(t)Y)=a(x,(G(t)} r )+<xJ(t)> . 
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By Theorem 3.12, [G(f)] r is Pettis integrable. In addition, we can prove that {[G(f)] r ,r € [0,1]} 
determines a fuzzy number. In fact, }[G(f)] r } satisfies the following conditions: 

(i) [G(t)r is a nonempty compact convex set; 

(ii) if 0 < n < r 2 < 1, then 

a{x,[G(t)] r ') = a (x,[F(t)] r Y-<xJ(t)> 

> a(x,[F{t)Y 2 )~ < x,f(t) > 

= <x,[G(t)D (3.2) 


That is [G(<)] ri D [G{t)Y 2 -, 

(iii) for any {r m } converging increasingly to r £ (0, 1], since for any x £ S ” _1 we have 

cr(x, [ F(t)Y m ) I cr{x, [ F(t)Y ), 


SO 


a{x, { G(t,)Y m ) = (r{x , [P(t)f m )- < X,f(t) > 
i <j{x,[F{t)Y)- <x,f{t)> 

= cr(x,[G(t)Y). (3.3) 

(2) =► (3): Let / £ SffP ([F(t)] 1 ), [G{t)Y = [F(t)Y - f(t). If h £ ^([^(t)] 1 ), then g = h - f is a 
measurable selection of [G] r , and 

-a(-x, [G(t)] r ) << x,g(t) >< cr(x, [G(t)] r ). 

For every E £ C, we denotes we = (P) / E [G(t)] r dt £ Pk(R n ), then 

-<j(-x,w E ) = ~{L) [ cr(-x, [G(t)Y)dt 
J E 

< (L) [ <x,g{t)>dt 

J E 

< (L) f a(x,[G(t)Y)dt = a(x,w E )- (3.4) 

J E 

On the other hand, w E is compact and its support function <r(x, w E ) is Lipschitz continuous uniformly 
with respect to x, therefore x — » (L) J E < x,g(t) > d t is continuous uniformly, it follows that g = h — f 
is Pettis integrable. 

(3) => (2): For / £ s h p ([F (t)] 1 ) , define [G(f)] r = [P(t)] r — f(t), then by assumption, each 
measurable selection g of [G(f)] r is Pettis integrable, and by Theorem 3.12, [G(f)] r is also Pettis 
integrable on T. Furthermore, we can prove {[G(f)] r ,r £ [0, 1]} determines a fuzzy number similar to 
(1) => (2). It shows that G is Pettis integrable on T. 

(2) => (4) For f £ s p ([F(t)] 1 ), the set-valued function [G(<)] r = [P(t)] r — f(t) is Pettis integrable 
on T. By the Theorem 3.12, [G(t)] r is Aumann-Henstock-Pettis integrable on T, and 

(P) f [G(t)Ydt = {(P) f g(t)dt\g£ Sp ([G(t)Y)}. 

Jt jt 

Note that (P) / T [G(<)] r df is a compact convex set, then 

(AHP) [ [F(t)Ydt=(P) [ [G(t)Ydt+(HP) [ f(t)dt 

Jt Jt Jt 


is also a compact convex set. 
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We can prove that {( AHP ) J T [F(t)] r dt \ r G [0,1]} determines a unique fuzzy number. In fact, 
{( AHP ) J T [F(t)] r dt | r G [0, 1]} satisfies the following conditions: 

(i) (AHP) / r [F(f)] r df is a compact convex set; 

(ii) if 0 < rq < r% < 1, then 


a(x, (AHP) I [F(f)Pdf) = a(x,(P) [ [G(t)] r 'dt + (HP) f f(t)dt) 

Jt Jt Jt 

= er (x,(P) [ [G(t)} ri dt) + a (x, (HP) f f(t)dt) 

Jt Jt 

> v(x,( p ) [ [G(t)] r2 dt) + a(x,(HP) [ f(t)dt) 

JT JT 

= a(x,(AHP) J [F(t)]^dt). 

(iii) for any {r m } converging increasingly to r £ (0, 1], since for every x € S" -1 we have 


(3.5) 


a(x, [G(t.)} rm ) i a(x, [G'(t)] r ). 

Conseciuently, 

<r(x,(AHP) J [F(t)] r "db) 

= °(x,(P) [ [G(t)} rm dt) + a(x, (HP) [ f(t)dt) 

JT JT 

i <J (x, (P) f [G(t)] r dt) + er(ar, (HP) f f(t)dt) 

JT JT 

= a(x,(AHP) J^[F(t)Ydt). 

Thus, {(AHP) J T [F(t)Ydt \ r G [0,1]} determines a unique fuzzy number. That is, F(x) is fuzzy 
Aumann-Henstock-Pettis integrable on T, and 

a(x, (AHP) f (F(t)Ydt) = (H) f a(x, [F(t)] r )dt. 

Jt Jt 

(4) => (1): Since F(t) is fuzzy Aumann-Henstock-Pettis integrable on T, so [F(f)] r is Aumann- 
Henstock-Pettis integrable on T for any r € [0,1]. By Theorem 3.12, [F(t)] r is Henstock-Pettis 
integrable on T. Similar to the proof of (2) => (4), we can prove that {[F(f)] r ,r G [0, 1]} determines 
a unique fuzzy number (FAHP) J T F(t)dt, G E n , i.e. , F(t) is fuzzy Henstock-Pettis integrable on 
T. 

Corollary 3.15. If F : T — > E n , G : T — » E n , f G sjjp}^^)] 1 , then the fuzzy Henstock-Pettis 
integration of F could be translated into the Henstock-Pettis integration of G, and 


(FHP) [ F(t)dt = (FP) [ G(t)dt + (HP) [ f(t)dt. 

Jt Jt Jt 

Theorem 3.16. Let F : T -A E n be a measurable fuzzy-number-valued function, a(x, [F(t)] r ) Hen- 
stock integrable on T. If F is fuzzy Henstock-Pettis integrable on T, then [G(f)] r = [F(f)] r — f(t) is 
Pettis integrable on T for any measurable selection f of [Fft)] 1 , and 

(H) [ a(x, [F(f)] r )dt = (L) [ a(x, [G(t)Y)dt + (H) [ < x, f(t) > dt. 

Jt Jt Jt 

for every t GT,x G S'" -1 . 
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Proof. Suppose / is a measurable selection of [F(i)] 1 , [G(i)] r = [F(t)] r — f(t). Since the support func- 
tion a(x, [G(i)] r ) is a Henstock integrable set-valued function and < x,f(t) > is Henstock integrable, 
we see that 

[F(t)Y = [G(t)Y + f(t). 

On the other hand, since [G(t)] r has at least one Bochner integrable selection (the null function), for 
every E £ C there is w E £ R n with 

cr(x,w E ) = (L) [ a(x, [G(f)] r )df 
J E 

for any x £ S'" -1 . Hence, we have for every x £ S" -1 

<j(x,wt) + (H) f < x, f(t) > dt = (H) ( cr(x,[F(t)] r )dt ^ ±oo. 

Jt Jt 

It follows that <j(x,Wt) Y 1 for all x G S" -1 . By Banach-Steinhaus Theorem, wt £ Pk{R n ). And 
we get that every w E is bounded, thus [G(t)] r is Pettis integrable on T. □ 

4 The Komlos-type convergence theorem for the Fuzzy Henstock- 
Pettis integrals and a fuzzy integral inclusion 

The Komlos’s classical theorem (see[l 1] ) yields that from any L 1 — bounded sequence of real functions 
one can extract a subsequence such that the arithmetic averages of all its subsequence converge point 
almost everywhere. In [20] , the author extended these results by providing a Komlos-type theorem for 
set-valued functions under Henstock-Pettis integrability assumptions. In this section, we extend the 
Komlos theorem to the case of the fuzzy-number-valued Henstock-Pettis integrals. As an application, 
an existence theorem for a fuzzy integral inclusion involving the fuzzy Henstock-Pettis integral is 
obtained. 

Definition 4.1. A sequence (F n ) n of fuzzy-number-valued functions is said to be Komlos convergent 
(K— convergent for short) to a fuzzy-number- valued function F if for every subsequence (F kn ) n there 
exists a fi — null set N C T, such that for all t £ T\N, 


a(x,[F(t)} r )=\una(x,-J2[F k M r )- 

n n * — ' 

2=1 


Theorem 4.2. Let F n : T — ► E n be a sequence of (FF[P)— integrable functions. Suppose 
(i) there exists a real Henstock integrable function f, such that 


m<a(x,[F n (t)] r ), Vi £T,\/n £ N; 


and 

sup (H) f cr(x, [F„(i)] r )di < +oo; 

neN JT 

( ii ) there exists a function h : T x R — > [0, + 00 ) such that, for every t £ T, h(t, •) is convex and 
compact, and a countable measurable partition ( B m ) m of T satisfying: 

(a) sup n (H) f Bm | a(x, [F„(i)] r )|di < + 00 ; 

(b) swp n (H) f Bm h(t, [F n (t)] r )dt. 

Then there exist a (F H P)— integrable function F and a subsequence of (. F n ) n which K — converges to 
F. Moreover, J B h(t , [F(i)] r )di exist for each m £ N. 
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Proof. Consider the convex Y C E n , let the function g(t,C ) = a{x,C) be continuous on Y. By 
(ii) and defn 5.1, the fuzzy sequence ( F n ) n A"— converges to F which is {FHP) — integrable and 
f B h(t , [P(f)] r )df exist for each to £ N. 

By (i), the function —f{t) + a(x, - Yli=il^i{t)] r ) is Henstock integrable for every n € N. We are 
now able to apply Fatou’s Lemma to the sequence (—/(f) + a(x, ^ J27=i[^ki{t)] r )) n , and have 

J T (~f{t)+cr(x, [P(t)] r )df 

< liminf(U) / (-/(f) + a{x, - V'[F fci {t)] r ))dt 

n J T n ' 

l—l 

= ( H ) [ (-/(t)dt + liminf(ff) f a(x, - 'Y'jFk. (f)] r )df 

Jt n Jt n 

< (H) ( (—f(t)dt + sup f <j(x, [F n (t)] r )dt < +oo. (4.1) 

JT raSNJT 

Conseciuently, —f(t)+a(x, [A(t)] r is (U)-integrable and, since /(f) is (Td)-integrable, the U-integrability 
of cr(x, [A(t)] r follows. Every measurable selection / of F is UP— integrable, so we have 

-a(-x, [P(t)] r ) < ( x , f(t)) < a(x, F(t)] r ), a.e.t € T. 

For every [a, b] C T, there exist A, such that (x, A) = (U) f b (x, f(t)). Thus every measurable selection 
of F is Hestock-Pettis integrable. 

Finally, by implication (4) => (1) in Theorem 3.14, we have 


lim (PUP) 

n—¥ oo 


F n (t)dt = {FHP) 


F(t)dt. 


□ 

Corollary 4.3. Let {F n ) n be a sequence of {FH P) — integrable functions satisfying hypothesis (i) in 
Theorem and for every n £ N there exist Ff{t), such that F n (t ) C Ff a.e. Then there exist a 
FHP— integrable function F and a subsequence of (F n ) n which K— converges to F. 

Proof. Let B m = {t € T\m — 1 < D(Ff(t), 0) < to, V?n £ N} satisfy hypothesis (ii) in Theorem 4.2. 
Then, for every to £ N, we have 

sup(U) f \a(x, [P„(t)] r )|dt < (U) f \cr(x, [P^(t)] r )|dt 

«eN J B m J B m 

< (H) f D{F' n {t), 6) <+oo. 

JB m 

By Theorem 4.2, the conclusion holds. □ 

Theorem 4.4. Let {F n ) n be a sequence of {FHP) — integrable functions satisfying hypothesis {i) in 
Theorem f.2 and 

{if) there exists a measurable countable partition {B m ) m of T such that, for each to £ N, 

sup(U) f D{F n {t), 0)df < +oo. 

nSN J B m 

Then there exist a {FH P)— integrable function F and a subsequence of {F n ) n which K — converges 
to F Moreover, (U) f B D{F{t),0)dt < +oo for every m £ N. 

11 


1077 


Yabin Shao et al 1067-1080 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


In the sequel, using above Komlos-type convergence theorem, we give an existence theorem of a 
fuzzy integral inclusion as the following: 

x(t) G £ + (FHP) [ F(s,x(s))ds, ter 
Jo 

Theorem 4.5. Let U an open subset of fuzzy number space (E n ,D), and F H P -inteqrable function 
F :T xU -A E n andT :T E n satisfy 

(1) F(t,x) C f(t), Vt GT,\/x GU; 

(2) F(t, x) is upper semi- continuous for t e T; 

(3) a(x, [F(-,a:)] r ) is measurable for every x e U. 

Then, for every fixed £ G U , there exist to GT such that £ + (FLIP) J Q to f(s)ds C U and 

x(t) e £ + (FHP) f F(s,x(s))ds 
Jo 


has a solution in C([0,to], E n ). 

Proof. By Theorem 3.14, for all / € s//p([F(t)] 1 ), there exists G : T — > E n such that F(t) = 
G{t) + f(t), and G is fuzzy Pettis integrable on T, then / is measurable. 

Fixing £ e U, we consider the open subset U\ and U 2 of E n such that f G U\ and U\ + U 2 C U. 
Since (FHP) ' f(t)dt is continuous, there exist t\ G T such that (FHP) f* f(t)dt G U 2 for every 
t G [0,ti]. We define a fuzzy-number-valued function F' : [0, ti] x U\ — ^ E n as the following: 

F'(t, x) = (—1) • / + F(t, x + (FHP) [ f(r)dr), 

Jo 

which satisfies the following conditions: 

(1) F'(t, x) C G(t),_ Vt GT,\/xG U ; 

(2) for evry t G T. F'(t,x) is upper semi-continuous; 

(3) a(x , [F'(-, a’)] r ) is measurable for every x G U. 

Then we obtain that there exist to G [0,fi] such that £ + (FP) f*° G(s)ds G Ui, the integral inclusion 

y(t) G £ + (FHP) [ F'(s, y(s))ds (4.2) 

Jo 

has a solution in C([0,t o ], E n ) and the set of solution is compact in C([0, t 0 \, E n ). 

Therefore, we have 

£ + (FHP) f f (s)ds = £ + (FHP) [ f(s)ds + (FP) [ G(s)ds c U 
Jo Jo Jo 

and we find y(t) G C([0,to],E n ) such that 

y(t) G£ + (FP) f (-1) • f(s) + F(s, y(s) + (FHP) [ /(r)dr)ds, 

JO Jo 

That is 

y(t) + (FHP) f f(s)ds G £ + (FHP) f F(s,y(s) + (FHP) [ f(r)dr)ds. 

Jo Jo Jo 

Thus x(-) = y(-) + (FHP) 1 /(r)dr is a solution of the integral inclusion. □ 
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5 Conclusions 

In this paper, we study the Henstock-Pettis integral of compact convex set-valued functions and 
fuzzy-number-valued function and the A'— convergence theorem of fuzzy Henstock-Pettis integrals. 
We emphasize that the outcomes of the second part in our paper are different from the results in L. Di 
Piazza’s paper [5]. In the future research, we shall deals with a new derivative and Hestock-Pettis-A- 
integral for fuzzy-number-valued functions on time scales. Also, we shall study and investigate fuzzy 
differential equations and fuzzy integral equations with Ah — derivative and FHP — A— integral on 
time scales. 
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Abstract 

In this paper, we investigate the Diamond integral on time scales. By using 
Darboux approach, we define the Riemann Diamond integral on time scales 
and prove the corresponding theorems. Our results extend and improve the 
corresponding results on inequality of [8]. 

Keywords: Diamond integral, generalized Holder’s inequality, generalized 
Jensen’s inequality, time scales 
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1. Introduction 

The theory of time scales was born in 1988 with the Ph.D. thesis of Stefan 
Hilger, done under the supervision of Bernd Aulbach [9] . The aim of this theory 
was to unify various definitions and results from the theories of discrete and 
continuous dynamical systems, and to extend such theories to more general 
classes of dynamical systems. It has been extensively studied on various aspects 
by several authors [1,4,5,6,7,10,14,16]. 

Two versions of the calculus on time scales, the delta and nabla calculus, 
are now standard in the theory of time scales [5,6]. In 2006, the Diamond-alpha 
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integral on time scales was introduced by Sheng, Fadag, Henderson, and Davis 
[16], as a linear combination of the delta and nabla integrals. The Diamond- 
alpha integral reduces to the standard delta integral for a = 1 and to the 
standard nabla integral for a = 0. We refer the reader to [2,3,11,12,13,15,16] 
for a complete account of the recent Diamond-alpha integral on time scales. In 
2015, the Diamond integral on time scales, as a refined version of the diamond- 
alpha integral, was introduced by Artur M. C. Brito da Cruz et ah, [8]. In this 
paper we define and study the Riemann Diamond integral on time scales. Basic 
properties of the theory are proved. 

The paper is organized as follows. Section 2 contains basic concepts of time 
scales theory. In Section 3, definition of the Riemann diamond integral will 
be introduced. We will investigate basic properties of the Riemann diamond 
integral. In Section 4, we will establish generalized Holder’s inequality, Caucliy- 
Schwarz’s inequality, Minkowski’s inequality and Jensen’s inequality on time 
scales. 

2. Preliminaries 

Let T be a time scale, i.e. a nonempty closed subset of R. For a,b £ T we 
define the closed interval [a, 6 ]t by [a, 6 ]t = {t £ T : a < t < &}. The open and 
half-open intervals are defined in an similar way. For tgTwe define the forward 
jump operator cr : T — > T by a(t) = inf{s £ T : s > t} where inf 0 = supT, while 
the backward jump operator p : T — ► T is defined by p(t) = sup{s £ T : s < t} 
where sup 0 = inf T. 

If cr{t) > t, we say that t is right-scattered, while if p(t) < t, we say that t is 
left-scattered. If a(t) = t, we say that t is right-dense, while if p{t) = t, we say 
that t is left-dense. A point t £ T is dense if it is right and left dense; isolated if 
it is right and left scattered. The forward graininess function p : T -A [0, oo) and 
the backward graininess function rj : T — > [0, oo) are defined by p(t) = a(t) — t, 
rj(t) = t — p(t) for all t £ T respectively. If supT is finite and left-scattered, then 
we define T fe := T\ supT, otherwise T fe := T; if inf T is finite and right-scattered, 
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then Tfc := T\infT, otherwise Tfc := T. We set := T k P|Tfc. 

A function / : T — » K. is called regulated provided its right-sided limits exist 
(finite) at all right-dense point of T and its left-sided limits exist (finite) at all 
left-dense point of T. 

A function / : T — » K. is called rd-continuous provided it is continuous at 
all right-dense points in T and its left-sided limits exist (finite) at all left-dense 
points in T. 

Assume / : T — > K. is a function and let f £ T*. Then we define f A {t) to be 
the number (provided it exists) with the property that given any e > 0, there 
exists a neighborhood U of t such that 

I /Mi)) - f(s) - f A (t)(cr(t) - s)\ < e\cr(t) - s\ 

for all s £ U. We call f A (t ) the delta derivative of / at t and we say that / is 
delta differentiable on provided f A (t) exists for all t £ T fe . 

let t £ T fc . We define / v (t) to be the number with the property that given 
any e > 0, there exists a neighborhood U of t such that 

I f(p{i)) ~ f(s ) - f V (t)(p(t) - a)\ < e\ p(t) - s\ 

for all s £ U. We call f v (t) the nabla derivative of / at t and we say that / is 
nabla differentiable on Tfc provided / v (t) exists for all t £ Tfc. 

Let t, s £ T and define pt, s '■= cr(t) — s and r] ttS '■= p(t ) — s. We define 
f^ a ( t ) to be the number with the property that given any e > 0, there exists a 
neighborhood U of t such that 

H/OW) - f(s))vt,s + (1 - a)(f(p(t)) - f{s))p t ,s - f 0o ‘(.t)pt, s Vt,s\ < e\p t ,sVt,s\ 

for all s £ U. We call f^ a ( t ) the diamond-a derivative of / at t and we say that 
/ is diamond-a differentiable on T| provided f® a (t) exists for all t £ Tj£. 

The real function 

. . <7 It) — S 

7 (t) := lim — — . 

s — >t <j(tJ T 2 1 — 2 s — p(^) 
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3. The Riemann Diamond integral 

A partition of [a, &]t is any finite ordered subset 

P = {to,t\, . . . ,t n } C [a, 6]t, where a = to < ti < ■ ■ ■ < t n = b. 

Each partition P = {to, ti, • • • , t n } of [a, 6 ]t decomposes it into subintervals 
tj)ij i = 1, 2, . . . , n, such that for i ^ j one has [U-i, U)t D [tj-i, tj)j = 0. 
By V([a, 6]t) we denote the set of all partitions of [a, b]j. Let P n ,P m € 
V([a,b] t). If P n C P m we call P n a refinement of P m . If P ni P m are indepen- 
dently chosen, then the partition P n U P m is a common refinement of P n and 

p 

1 m • 

Let / : [a, 6]t ->Kbea real-valued bounded function on [a, b]f. We denote 
M = supjy :fe[a, b) T }, to = inf{ 7 (t)/(t) : t £ [a, b) T }, 

M = sup{(l - 7 : t € (a, b] T }, to = inf{(l - 7 (t))f(t) : t G (a, 6] T }, 
and for 1 < i < n, 

Mi = sup{7 (t)f(t) : t G [U- m = inf {7 (t)f(t) : t G [L_i,L)t}, 

Mj = sup{(l— 7(t))/(t) : t G (L_i,L]t}, 777 = inf{(l-7(t))/(t) :fG (L-i,L]t}, 

Let 7 (f) G [0, 1]. The upper Darboux <0-sum of / with respect to the parti- 
tion P, denoted by U(f,P), is defined by 

n 

U(f,P) = '52(W i + Mi)(t i -U- 1 ), 

i — 1 

while the lower Darboux <0>-sunr of / with respect to the partition P, denoted 
by L(f , P), is defined by 

n 

L(f , P) = + TOj)(P - L-i)- 

2 = 1 

Note that 

n 

U(f, P) < ^(M + M)(L - ti~i) = (M + M)(b - a) 

i—l 
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L{f i P) > YXm + rn)( ti — ti_i) = (m + m)(b - a). 

i=l 

Thus, we have (m + m)(b — a) < L(f, P) < U(f , P) < (M + M)(6 — a)- 
Definition 3.1 Let / = [a, 6 ]t, where a,b G T. The upper Darboux 
<0>— integral of / from a to b is defined by 


f f(t)Ot= inf P(/,P); 

J a PeV([a,b]j) 

The lower Darboux <0>— integral of / from a to b is defined by 



sup P(/,P). 

Per([a,b ] f ) 


If / a b /(t)<>f = / Q b /(t)<C>t, then we say that / is Riemann <0> — integrable on 
[a, 6 ]t, and the common value of the integrals, denoted by J Q 6 is called 

the Riemann <0>— integral. 

Definition 3.2 Let / = [a, 6]t, where a,b £ T. The upper Darboux 
A— integral of / from a to b is defined by 


[ /(f) At = inf U(f,P) 
Ja PeP([a,6] T ) 


where U (/, P) denote the upper Darboux sum of / with respect to the partition 
P and 


P(/,P) = Y M i(U - fj-i), Mi = sup{/(t) : t G [L— i,t,:) T }. 

i = 1 

The lower Darboux A— integral of / from a to b is defined by 


[ /(t)Vt= sup P(/,P). 
fa -PePlMb) 


where L(f , P) denote the lower Darboux sum of / with respect to the par- 
tition P and 


P(/, P) = Y 171 ^ - = inf {/(t) : t G [t*_i, L:)t}- 

i=l 
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If = J^f(t)At, then we say that f is A— integrable on [a, b]j, and the 

common value of the integrals, denoted by f{t)At, is called the Riemann A— 
integral. Similarly, we can give the definition of the Riemann V— integral. 

We can easily get the following two theorems. 

Theorem 3.1 If 7/ : [a, &]t — > R is Riemann A— integrable and (1 — 7)/ : 

[a, b] t -A R Riemann V— integrable on the interval [a, 6]t, then / : [a, 5]t — > R 
is Riemann <C>— integral on [a, 6]t and 

[ f(t)<>t= f j(t.)f(t)At+ f (1-7 {t))f{t)Vt. 

J a J a J a 

Theorem 3.2 Let / : [a, b]r — > R is Riemann <(>— integrable on the interval 
[a, 6]t- 

(1) If 7 (t) = 1, then f is Riemann A— integrable on [a, 6]t- 

(2) If 7 (t) = 0, then / is Riemann V— integrable on [a, 6]t- 

(3) If 0 < 7 (t) < 1, then / is Riemann A— integrable and Riemann V— integrable 
on [a, &]t- 

The proofs of the following two Theorem are standard and similar to [6, 
Theorem 5.5 and Theorem 5.6]. 

Theorem 3.3 Let L(f,P ) = U(f,P) for some P £ V([a,b\ t), then the 
function / is Riemann <0>— integrable on the interval [a, 6 ]t and 

[ b f(t)Ot = L(f,P) = U(f,P). 

J a 

Theorem 3.4 (Cauchy criterion) Let f : [a, 6]x -A R be a bounded 
function on the interval [a, b\ t- Then the function / is Riemann ^—integrable 
on the interval [a, 6 ]t if and only if for every e > 0 there exists a partition 
P £ V([a,b\ t) such that U(f,P) — L(f,P) < e. 

The following Lemma can be found in [7]. 

Lemma 3.5 Let I = [a, 6]t be a closed (bounded) interval in T. For every 
5 > 0 there is a partition Pg = {to, ti, • • • , t n } £ V([a, 5]t) such that for each i 
one has: 

U - U - 1 <5 or ti- U - 1 >6 A p(U ) = U- 1. 
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The next theorem gives another Cauchy criterion for integrability. 
Theorem 3.6 A bounded function / on [a, b\j is Riemann <£>— integrable 
if and only if for each e > 0 there exists 5 > 0 such that P$ € V{[a, 6 ]t) implies 

U(f,Pg) — L(f,Pg) < e. 

Proof. If for each e > 0 there exists <5 > 0 such that Ps € V([a, 6 ]t) implies 
U(f,Pg) — L(f,Ps) < e, 

then we have that / is integrable on [a, b\j by Theorem 3.4. 

Conversely, suppose that / is Riemann <C>— integrable on [a, 6 ]t- If 7 (t) = 
1 or 7(f) = 0, then / is Riemann A— integrable or V— integrable on [a, 6]t- 
Therefore condition holds from [6, Theorem 5.9]. Now, let 0 < j(t) < 1, / 
is Riemann <0>— integrable, then 7/ is Riemann A— integrable and (1 — 7)/ is 
Riemann V— integrable. For each e > 0 there exists S' > 0 and 5" > 0 such that 
Ps ' e V{[a,b] T ), P S " G V([a,b] T ) we have 

U('yf,P S ')-L('yf,P s .)< C/((l-7)/,A")-^((l-7)/,A")< \- 

If Ps G P{[a, &]t) where S = min{d', 8"}, then we have 

U(f,P 5 )-L(f,P s ) = U('Yf,P s )-L('yf,P s )+U((l-l)f,Ps)-m-'y)f,Ps) < e- 

The Riemann <0>— integral has the following properties. Here we will not 
dwell with the proofs. 

Theorem 3.7 Let functions /, g : T — »• R be Riemann ^>— integrable on 
the interval [a, 6]t, a < b < c and a, ft be arbitrary real numbers. Then, 

(1) af ± ft g is Riemann <)— integrable on the interval [a, 6]t and 

pb pb pb 

/ ftg{t))<ftt = a / f(t)0t±ft / g{t)<ftt. 

J a J a J a 

( 2 ) sz mo* +fH mo* = ft mo*- 

(3) if / < g for t G [a, b] T , then J * f(t)<>t < f* g(t)Qt. 

(4) I/I is Riemann <0>— integrable on the interval [a, 6 ]t and |/ Q h /(t)Z>i| < 

JaimiOt- 


7 


1087 


Xuexiao You et al 1081-1093 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


(5) fg is Riemann <C>— integrable on the interval [a, 6]t- 
The following theorem may be proved in much the same way as [6, Theorem 
5.18, 5.19, 5.20, 5.21.]. 

Theorem 3.8 Let I = [a, 6 ]t, where a, b £ T. 

(j) Every monotone function / is Riemann <0>— integrable on [a, 5]t- 
(jj) Every continuous function / is Riemann <)— integrable on [a, 6 ]t- 
(iij) Every bounded function f with only finitely many discontinuity points 
is Riemann <£>— integrable on [a, &]t- 

(jjii) Every regulated function / is Riemann <)— integrable on [a, 6 ]t- 
Theorem 3.9 Let / : T — > K. and tsT. Then, / is Riemann <C>— integrable 
on [f,<r(f)]T and 

ra(t) 

J f{s)<>s = n(t)(f(t) + f a (t)). 

Proof If t = a (<), then the equality is obvious. If t < a (t), then 
V([t, a(t)\r) contains only one element given by 

t. = s 0 < si = cr(t). 


Since [so>si)t = {0 and (so,si]t = {cr(t)}, we have 

U{f,P) = L(f,P) = 7 (t)/(t)(cr(t)-t) + (l- 7 (cr(t)))/‘ T (t)(cr(t)-t) = n(t){f(t)+f a (t)). 


By Theorem 3.3, / is Riemann <0>— integrable on [t, u(f)]T and 
J f( s )0s = v{t)(f(t) + f a (t)). 

Theorem 3.10 Let / : T — > K. and t € T. Then, / is Riemann ^—integrable 
on [p(t),t ] t and 

f f(s)0s = r](t)(f p {t) + /(f)). 

Jp(t) 

Proof If t = p(t ), then the equality is obvious. If t > p(t), then [p(t),t \ t 
contains only one element given by 


p(t) = s 0 < Si = t. 


8 


1088 


Xuexiao You et al 1081-1093 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Since [so>si)t = {p(t)} and (so,Si]t = {t}, we have 

U(f,P) = L(f, P) ='y(p{t))f p (t)(t-p(t))+(l-'y(t))f{t)(t-p{t)) =p{t){f p (t)+f(t)). 


By Theorem 3.3, / is Riemann <0>— integrable on [p(t),t\ t and 


J P (t) 

By the definition of the Riemann <0>— integral, we have the following Corol- 
lary: 

Corollary Let a, b € T and a < b. Then we have the following: 

(1) If T = R, then a bounded function f is Riemann <C>— integrable on the 
interval [a, 6 ]t if and only if f is Riemann integrable on [a. b]j in the classical 
sense, and in this case 

[ f{t)0t= [ f(t)dt. 

J a J a 

(2) If T = Z, then each function / : Z — > R is Riemann <0>— integrable on the 
interval [a, b}j. Moreover 

[ f(t)ot= J2 /( i ) + /( a ) + /( & )- 

^ a t=a+l 

(3) If T = hZ, then each function / : hZ — > R is Riemann <0>— integrable on 
the interval [a, &]t- Moreover 

^ b_ 

[ f(t)Ot= f(kh) + f(a)h + f(b)h. 

Ja fc=f+ i 

Example Let / : {1, 2, 3} — > R be defined by f(t) = t. Then, 

£ = 7(l)/(l) + (l-7(2))/(2)+7(2)/(2) + (l-7(3))/(3) = 1 + 2 + 3 = 6. 


4. Generalized Inequalities 

In this section, we will establish generalized Holder’s inequality, Caucliy- 
Schwarz’s inequality, Minkowski’s inequality and Jensen’s inequality on time 
scales. 
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Theorem 4.1 (Generalized Holder’s inequality) Let f,g,h € Cid([a, 6]t, R) 


and i i = 1 with p > 1; then 
[ \h{t)\\.f(t)g{t)\0t < 


I , rb 


\h(t)\\gW 


Proof For nonnegative real numbers a, /3 and p, q such that ^ ^ = 1 with 

p> 1, we have the well-known Young’s inequality q;p/3t < ^ -f 
Without loss of generality, we suppose that 


Let 


q(t)= , /l( t )= I* 

v ' rb i , /,mi ,/,m„ a , ’ ' rb i 


f;m\\m\ p ot' ' w cmu^ot 

Consequently we have that 

f b IM*)I'I/WI \Ht)\^\g(t)\ 


(f b a \ h mm\ p oty (/ 0 6 iMt)ii5Wi a ot) : 


rO* 


< 


J ap (t)(3i 


jf( 






ot 


= - + - = 1, 

P Q 

which completes the proof. For the particular case p = q = 2 in Theorem 
4.1, we obtain the Cauchy-Schwarz’s inequality. 

Theorem 4.2 (Generalized Cauchy-Schwarz’s Inequality) Let /, g, h be 
<0>— integrable on the interval [a, 6 ]t> then 

Hmmgmt < y (j\hmf(t)\ 2 <>t)(jyhmg(t)\ 2 <>t). 

Theorem 4.3 (Generalized Minkowski’s inequality) Let /, g, h be <0>— integrable 
on the interval [a, b]j and p > 1, then 

(f\h(t)\\f{t) + g{i)\ P Otf < (^Vwil/WI P <>i) l + (^Vwil5(i)| P <>i) 1 . 
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Proof It follows from Theorem 4.1 that 

r b 


< 


< 


IMOII/W + g(t)\ p <>t 


\hmf(t)+g(t)r\\f(t)+gmot 


mwm+gwrwmi + igmot 


\ h (t)\\m+g(t)r i \m\ot+ / mwm+g^nmt 




IM*)I 


■g(t) I 


P-1 




IM*)ll/(t)+s(t)l p 

Dividing both sides by 

' rb \mm 


i 

V 


we arrive to Minkowskis inequality: 

(J*m\\m+g(twot)* < (^V(*)ii/(*)i p o*)' + (^V(t)ii5(*)i p o*)'. 

Theorem 4.4 (Jensen’s inequality) Let a, b € T and c, d G K. If <7 : 
[a, 6]t — > (c, d) is rd-continuous and / : (c, d) — > R. is continuous and convex, 
then 

f ( Ja g(t)Qt \ s b a f(g(t))Ot 

V b — a ) ~ b — a 

Proof Let xq € (c, d). Then for each x € (c, d), there exists 0 such that 


f( x ) ~ f( x o) >P{x-x 0 ). 
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Let x 0 = , Thus 


f(g(t))0t- (b- a)/( 


i b a 9{i)Ot 




= / f{ 9 (t))<>t - (b - a)f(x 0 ) 

J a 

= f - f{x 0 ))Ot 

J a 

> P f ( g{t ) - 

J a 

= P [ g{t)<>t - {b - a)x 0 = 0, 

J a 


which completes our proof. 

Similarly, we have the following Generalized Jensen’s inequality. 

Theorem 4.5 (Generalized Jensen’s inequality) Let a, b £ T and c,dgl. 
If g : [a, &]t — » (c, d), h : [a, &]t — > K. is rd-continuous with j ^ \h(t)\^>t > 0 and 
/ : (c, d) — > K. is continuous and convex, then 

r^ Ia\ h ( t )\g( t )<> t \ < fa. IMP I f(g{t))Qt 

' ^ fa \ h (t)\0t ' /a I Mi) |0t 
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CONTINUITY AND CONTINUOUS HOMOGENEOUS 
SELECTIONS OF SET- VALUED METRIC GENERALIZED 
INVERSE IN BANACH SPACES 

SHAOQIANG SHANG 1 * AND YUNAN CUI 2 


Abstract. In this paper, upper semicontinuity and continuity for the set- 
valued metric generalized inverses T d in Banach spaces are investigated by 
metric projection operator. Moreover, criteria for the set-valued metric gener- 
alized inverses to have continuous homogeneous selections are given. Finally, 
the relation of continuity and continuous selection of the set-valued metric 
generalized inverse are given. 


1. Introduction and preliminaries 

Let (A, || ■ ||) be a real Banach space. Let S( X) and B(X ) denote the unit 
sphere and the unit ball of X, respectively. By X* we denote the dual space of 
X. Let T denote a linear bounded operator from subspace of X into Banach 
space Y . Let D(T ), R{T ) and N(T ) denote the domain, range and null space of 
T, respectively. Let L be a subspace of X. The set-valued mapping P L : X — > L 

Pl{x) = { z £ L \ \\x — z\\ = dist(ai, L ) := inf ||a; — y\\ 

{ y&L 

is said to be the metric projection operator from X onto L. A subspace L is 
said to be proximinal if Pl(x ) ^ 0 for all x G X. Continuity of metric projection 
operator is an important content in geometry of Banach spaces. Moreover, metric 
projection operator plays an important role in the optimization, computational 
mathematics, theory of equation and control theory. 

The concept of generalized inverses has been extensively studied in the last 
decades, which has its genetic in the context of the so-called ” ill-posed” linear 
problems. If N(T) ^ {0} or R(T ) ^ Y, the operator equation Tx = y is generally 
ill-posed, i.e., there exists y 0 G Y such that \\Tx — y 0 || ^ 0 for any x G D{T). 
In order to solve the best approximation problems for ill-posed linear operator 
equations in Banach spaces, it is necessary to study the set- valued metric gener- 
alized inverses of linear operators between Banach spaces. In 1974, Nashed and 
Votruba [9] introduced the concept of the set- valued metric generalized inverse of 
a linear operator between Banach spaces and they raised the following research 
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2 S. SHANG, Y. CUI 

suggestion ” The problem of obtaining selections with nice properties for the met- 
ric generalized inverse merits study” . Moreover, it is well known that set- valued 
metric generalized inverses is a set-valued mapping. Hence upper semicontinuity 
and continuity of set- valued metric generalized inverses merit study. In 2015, 
Shang and Cui [8] gave a criteria for upper semicontinuity of the set-valued met- 
ric generalized inverses in approximative compact spaces. In this paper, upper 
semicontinuity and continuity for the set- valued metric generalized inverses T a in 
Banach spaces are investigated by metric projection operator. Moreover, criteria 
for the set-valued metric generalized inverses to have continuous homogeneous 
selection are given. Finally, the relation of continuity and continuous selections 
of the set- valued metric generalized inverse are given. First let us recall some 
definitions that will be used in the further part of the paper. 

Definition 1.1. (see [7]) A subspace L C X is said to be fc-Chebyshev subspace 
if L is proximinal and for any x G X, we have dim (span { x — Pl(x)}) < k. 

I. Singer defined the fc-strictly convex spaces in [15]. He proved that if X is 
reflexive and /c-strictly convex, then every closed subspace of X is fc-Chebyshev 
subspace. Moreover, it is easy to see that if L is a Chebyshev subspace, then L 
is fc-Chebyshev. 

Definition 1.2. (see [4]) Set-valued mapping F : X — > Y is said to be upper 
semicontinuous at xq, if for each norm open set W with F(xq) C W, there exists 
a norm neighborhood U of Xo such that F(x) C W for all x in U . F is called lower 
semicontinuous at Xo, if for any y G F(x o) and any {x n }™ =l in X with x n — >■ Xo, 
there exists y n G F{x n ) such that y n — > y as n — > oo. F is called continuous at 
Xq, if F is upper semicontinuous and is lower semicontinuous at x 0 - 

Definition 1.3. (see [14]) A closed subspace N of X is said to be a topologically 
complemented subspace of X, if there exists a closed subspace M of X such that 
M © N = X. 

Definition 1.4. A subspace L C X is said to be maximal subspace of A" if there 
exists x* G S(X*) such that L — {x G X : x*(x) = 0}. 

Definition 1.5. (see [6]) A Banach space X is said to be nearly convex, if every 
closed convex set of S(X) is compact. 

Definition 1.6. (see [9]) A point xo G D(T) is said to be the best approximative 
solution to the operator equation Tx — y, if 

\\Tx 0 -y\\ = inf {\\Tx- y\\ : x e D(T)} 

and 

ll^oll = min |||u|| : v G D(T), \\Tv-y\\= ||Tx — y\\ | . 

Definition 1.7. (see [9]) Let X,Y be Banach spaces, T be a linear bounded 
operator from subspace of X to Y and D(T) be the domain of T. The set- valued 
mapping T d : D(T d ) — > X defined by 

T d (y ) = {x 0 G D(T) : x 0 is a best approximative solution to T{x) = y} 
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for any y £ D(T 9 ), is said to be the (set-valued) metric generalized inverse of T, 
where 

D{T 9 ) — {y £ Y : T(x) = y has a best approximative solution in X}. 

2. Continuity of the set-valued metric generalized inverse in 

Banach spaces 

Theorem 2.1. Let X be a nearly convex space, Y be a Banach space, T be a 
linear bounded operator from subspace of X into Y, D(T ) be a closed subspace of 
X and R(T ) be a 2-Chebyshev maximal subspace ofY. Then 

(1) T 9 is upper semicontinuous on Y if and only if Pn(t) is upper semicontin- 
uous on D(T); 

(2) T 9 is continuous if and only if TT 9 is lower semicontinuous and Pn{t) is 
continuous on D(T). 

Proof. (1) ”=^” We first will prove that the metric projector operator Pr(t) is 
continuous and Pr^t)(v) is a line segment. In fact, by Lemma 1 of [8], we know 
that if closed subspace H is a 2-Chebyshev subspace of A", then Ph(x ) is a line 
segment for any x £ X. Hence -Pr(t)(i/) is a line segment. 

Since R(T) is an 2-Chebyshev maximal subspace of Y, there exists / £ S^A"*) 
such that R(T) = {y £ Y : f(y) = 0}. Let y £ Y . Pick z £ R(T ) and h £ S(Y). 
Then there exists a £ R such that y—z = ah. It is easy to see that a = f(y) / f[h). 
Then y-z = (f(y)/f(h))h. Hence \\y - z\\ = |/(y)| / \f(h)\ > \f{y)\ . Then it is 
easy to see that z £ Pr(t){u ) if and only if h £ Af. Hence Pr(t)(u ) = f(y)Af, 
where A f = {y £ S(Y) : f(y) = 1}. 

Suppose that metric projection operator Pr(t) is not upper semicontinuous at 
y 0 . Then there exist a sequence C Y and an open set W D Pr(t)(i/o) such 

that Pr(t) ( y n ) ft- bC and y n — » y 0 as n — > oo. Hence there exists z n £ Pr(t) ( y n ) 
such that z n £ W. Then z n = y n - f(y n )h n , where h n £ A f . Since PR(r)(y) is 
a line segment and Pr(t){jj ) = y — f(y)Af, we obtain that Af is a line segment. 
Hence there exists a subsequence {h nk }ff =l of {h n }^Li such that h nk — >■ ho £ Af 
as k -A oo. Let z 0 = y 0 - f(y 0 )h 0 . Then z 0 £ P R ( T )(yo) and 

lim z nk = lim (y n - f(y nk )h nk ) = y 0 - f(y 0 )h 0 = z 0 , 

k , — ^OO K — ^oo 

a contradiction. This implies that Pr(t ) is upper semicontinuous. 

Let y n — >• yo as n — >■ oo. Pick zq £ Pr(t)(?/o)- Then there exists h 0 £ Af such 
that z 0 = y 0 - f(y Q )h 0 . Hence z n = y n - f(y n )h 0 £ P R (T){x n ) and 

lim z n = lim (y n - f(y n )h 0 ) = yo ~ f(vo)h 0 = z 0 

n— >oo n— >• oo 

This implies that Pr(t) is lower semicontinuous at yo- Hence we obtain that Pr(t) 
is continuous. 

Pick y 0 £ Y. Suppose that T 9 is not upper semicontinuous at yo- Then there 
exist a sequence {i/ n }^A 1 C Y, y n — >■ yo £ Y and norm open set W with T 9 (y 0 ) C 
W such that T 9 (y n ) (f W for all n £ N. Hence there exists x n £ T 9 (y n ) C X 
such that x n f W. Since T is a bounded linear operator, we obtain that N{T ) is 
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a closed subspace of D(T). Let 

T : D(T)/N(T) -A R(T), T[x]=Tx, 

where [x] G D(T)/N(T) and x G D{T). Then it is easy to see that R(T ) = R(T). 
Moreover, R(T) = R(T). In fact, suppose that R(T ) ^ R(T). Then there exists 
y' G R(T ) such that y' £ R{T). It is easy to see that {y G R(T) : \\y' — y\\ = 
dist(y / , R(T))} = 0. This implies that R(T) is not a 2-Chebyshev subspace of Y, 
a contradiction. Since R(T) = R(T ), we obtain that R(T) is a Banach space. 
Moreover, it is easy to see that T is a bounded linear operator and N{T ) = {0}. 
This implies that the bounded linear operator T is both injective and surjective. 
Therefore, by the inverse operator theorem, we obtain that the operator T is a 
bounded linear operator. 

Let Pr(t){v o) = [ 2/(1, 0), 2/(2, 0)]. Since T is a bounded linear operator and 
[2/(1, 0), 2/(2, 0)] is a compact set, we obtain that the inhmum 

inf {||T“ 1 (^)|| G [2/(1, 0), 2/(2, 0)]} 

is attainable on [2/(1, 0), 2/(2, 0)]. Let 

A(0) = { 2 / G [2/(1, 0), 2/(2, 0)] : \\T~\y)\\ = inf{||r' 1 ^)|| : z G [y(l, 0), y(2, 0)]}} . 

It is easy to see that A(0) is a closed set. Moreover, if z\ G A(0) and z 2 G .4(0), 
then 

|t' 1 (a^i + (i-a)^)| < a||t“ 1 (z 1 )|| + (i-a)||t' 1 (z 2 )| 

= inf | T 1 (z) : z G [2/(1, 0), 2/(2, 0)]} , 

where A G [0, 1]. This implies that the set .4(0) is a closed convex set. Hence there 
exist z(l,0) G [2/(1, 0), y(2, 0)] and z(2, 0) G [y(l, 0), 2/(2, 0)] such that 4(0) = 
[z(l,0),z(2,0)]. Let Pr(t) i]Jn) = \y(l,n),y(2,n)\. Then there exist z(l,n) G 
[2/(1, n), 2/(2, n)] and z(2,n) G [y(l,n),y(2,n)\ such that 

A(n) 

= [y e [2/(1, n), 2/(2, n)} : t\ y) = inf | T 1 (z) : z G [y(l, n), 2/(2, n)]|| 
= [z{\,n),z{2,n)\. 

Since Pr(t) is continuous, we may assume without loss of generality that 
lim 2/(1, n) =Zi G [2/(1, 0), 2/(2, 0)] and lim 2/(2, n) = z 2 G [2/(1, 0), 2/(2, 0)]. 

n — >00 n — >00 

(2.1) 

We claim that [^1,^2] £ [z(l, 0), z(2, 0)]. Otherwise, we may assume without loss 
of generality that z 1 £ [z(l, 0), z( 2, 0)]. Hence there exists r > 0 such that 

IT- 1 ^)! >inf{||T- 1 (z)|| :zG [2/(l,0),2/(2,0)]} + 4r. 
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Since T 1 is a bounded linear operator and y(l,n) — * z\ as n — > oo, we may 
assume without loss of generality that 

|T _1 (z(l,n))| >inf{||T" 1 (z)|| [j/(l, 0),j/(2, 0)]} + 2r (2.2) 

for every n G N. Since the metric projection operator Pr<t) is continuous, there 

exists z{n) G [y(l,n),y(2,n)\ such that z(n) — * z(l,0) as n — > oo. Since T 1 is a 
bounded linear operator and z(n) — >• z(l, 0) as n -A oo, we have 

lim T~\z(n )) = T~\z( 1,0)) = inf { T~\z) : z G [y(l, 0), y(2, 0)]} . 

n— xx) L J 

Therefore, by formula (2.2), we may assume without loss of generality that 

T 1 ( 2 ( 1 , n)) > T~\z(n)) +r 
for all n G N, a contradiction. 

Pickx(l,0) G T 1 (^i), x(2, 0) G T X (^ 2 ), x(l,n) G T 1 (z(l,n)) and x(2 ,n) G 
T 1 (z(2,ra)). Then we have [x(l,n)] = T 1 (z(l,ra)) and [x(2 ,n)\ = T 1 (z(2,n)). 
Since T is a bounded linear operator, by formula (2.1), we have 

|| [x(l, n) — x(l, 0)] || = || [x(l, n)] — [x(l, 0)] || < T 1 (z(l,n)) - T 1 Zl 

< T 1 ||z(l, n) — zi\\ — > 0 as n — > 00 . 

Hence we may assume without loss of generality that x(l,n) — > x(l, 0) as n — > 00 . 
Similarly, we may assume without loss of generality that x(2 ,ri) — >x(2,0) as 
n — > 00 . Moreover, by the definition of set-valued metric generalized inverse, 
there exists a sequence {A n }^ =1 C [0, 1] such that 

x n = A n x(l, n) + (1 - A n )x(2, n) - n N{T ) (A n a;(l, n) + (1 - A n )x(2, n )) , 

where 

Tv(t) (A n x(l, n) + (1 - \ n )x(2 ,n)) G P N(T ) (X n x(l,n) + (1 - A n )x(2,n)) . 

We may assume without loss of generality that X n — > A as n — > 00 . Then 

lim X n x(l,n) + (1 - X n )x(2 ,ri) = Xzi + (1 - X)z 2 e [zi,z 2 ]. (2.3) 

n— XX) 

Since Pn(t) is upper semicontinuous, by formula (2.3), we obtain that for any 
£■ > 0, there exists n 0 G N such that 

7Tjv(T) (A n x(l, n) + (1 - X n )x(2, n)) G U B(x, e) 

xGPn(t) (Azi+(1— X)z2) 

whenever n > Uq. This implies that 

dist ({A n x(l ,n) + (1 - X n )x{2,n)}^ =1 ,P N{ r){Xz 1 + (1 - A)z 2 )) = 0. 

Hence, for any k > 0, there exists h nk G Pn(t)(Xzi + (1 — A )z 2 ) such that 

\\^N(T)(X nk x(l,n k ) + (1 - X nk )x(2,n k )) - h nk || < j. (2.4) 

Moreover, there exists r > 0 such that 

Xzi + (1 — X)z 2 — Pn{t)(Xz\ + (1 — X)z 2 ) C rS{ X). 
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Since X is a nearly convex space, we obtain that \z\ + (1 — A )z 2 — Pn{t) (Azi + 
(1 — A )z 2 ) is compact. Then the set Pn{t)( Am + (1 — A)z 2 ) is compact. Hence we 
may assume without loss of generality that h r , k a/i6 -Pjv(t) (Azi + (1 — A)z 2 ) as 
n — y oo. Therefore, by formula (2.4), we have 

lim n N (T) (A nfc x(l ,n k ) + (1 - A n Jx(2 ,n k )) = h G P N (r )( Am + (1 - A)z 2 ). 
This implies that 


x k = K k x(l, n k ) + (1 - A n Jx(2, n k ) - ^(t) (A nfc x(l, n k ) + (1 - A nfc )x(2, n fc )) 
— ^ Azi T (1 — A)^2 — h 
G Azi + (1 — A )z 2 — Pn(t)( A^i + (1 — A)z 2 ). 

Moreover, by the definition of set-valued metric generalized inverse, we obtain 
that Xzi + (1 — X)z 2 — Pn(t){Xz\ + (1 — X)z 2 ) C T d {y) C W. Since W is a norm 
open set, we have x k E W for k large enough, a contradiction. 

”<*=” Suppose that Pn(t) is not upper semicontinuous on D{T). Then there 
exist {x„}“ =1 C D(T ), rco € -D(T) and a norm open set W such that x n — > Xo, 
Pn(t){x o) C bb and P N (r){x n ) <jt bb. Hence there exists n N (r)(x n ) G P N (T)(x n ) 
such that 7TN(T)(x n ) bb. We claim that there exists 5 > 0 such that 

U B(y25)clh. 

^ePjvcTjOo) 


Otherwise, there exists z n G Pn{t)(xo ) such that 1/n) (jL bb. Since Pn{t){x o) 
is compact, we may assume that z n —>■ z 0 £ Pn{t)(x 0 ) as n — » oo. Hence there 
exists r] > 0 such that B(z 0 ,4rj) C bb. Moreover, there exists n 0 G N such that 
l/n 0 < rj and || z no — z 0 || < r/. Hence, for any z G B(z no , 1/no), we have 

Ik - *o|| < |k - z n 0 \\ + Ikno _ *o|| < — + V < TJ + T] < Ar). 

no 

This implies that z G bb. Then B(z no , 1/no) C bb, a contradiction. Let y n = Tx n 
and y 0 — Tx 0 . Then 

T d (y n ) = x n - P N{T) (x n ), T a (y 0 ) = x 0 - P N (t)(x 0 ) and lim y n = y 0 . 


Since Pn(t){x o) C bb, we obtain that T 9 (y 0 ) = x 0 — Pn(t)(% o) C x 0 — bb. We 
claim that 


- 7T N(T)(x n ) ^x 0 - U B(z, 5) 
z£P/v(t)0 o) 

whenever ||a; n — aro || < 5. In fact, suppose that x n — TTN(T)(xn) G a^o 
5) whenever ||a; n — a; 0 || < 5. Then 

K N(T)(x n ) = x n —{x n — 1 rjv(T)(x n )) 

G x n - ( X 0 - U B(z,5) ) 

\ zePjv(T) Oo) / 


= U B(z,S) + (x n - x 0 ) 

z £PjV(T)Oo) 

C U Hk,2A)cW, 

z £PjV(T)Oo) 


U B(z, 
z £Pn(t) Oo) 
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a contradiction. Since x n — TtN(T){x n ) ^ x 0 — U B(z, 5) whenever \\x n — a; 0 || 

z &Pn(t){ x o) 

< 5, we obtain that T 9 is not upper semicontinuous at yo, a contradiction. 

(2) ”=^” Let yo G Y and y n —$■ yo as n — > oo. Then, by the previous proof, 
there exist z(l,n) G P R ( T )(yn) and z{2,n) G P R{T )(y n ), 2(1,0) G P R ( T )(yo ) and 
z( 2,0) G P R (T)(yo) such that 

[^(l,w),^(2,n)] = {z : T X (^) = inf{ T ^j/) : y G P R( T)(?/n)}} 

and 

[^(1, 0), z(2, 0)] = jz : T 1 (z) — inf{ T 1 (y) : y G -Pr(t)(i/o)}| • 
Moreover, by the previous proof, we may assume without loss of generality that 
lim z(l, n) — Zi G [z(l, 0), z(2, 0)] and lim z(2, n) — z 2 G [z(l, 0), z(2, 0)]. 

n— >oo n— >oo 

(2.5) 

From the previous proof, there exist [x(l, n), x(2, n)\ C X and [x(l, 0), x(2, 0)] C 
X such that 

T {x : x G [x(l, n), x(2, n)]} = [z(l, n), ^(2, n)] 

and 

T {a: : a: G [a;(l, 0), a;(2, 0)]} = [z(l, 0), z(2, 0)]. 

Moreover, by the definition of set-valued metric generalized inverse, we obtain 
that 

TT d (y o ) = lz(l,0),z(2,0)} and TT d (y n ) = [z(l, n), z(2, n)}. 

Since the set- valued mapping TT 9 is lower semicontinuous, by formula (2.5), we 
have 

lim z( 1, n) — z\ — z( 1, 0) and lim z( 2, n) = Z 2 = z( 2, 0). 

n— >• oo n— >oo 

Therefore, by the previous proof, we obtain that 

lim x(l, n) — a:(l, 0) and lim a: (2, n) — x(2, 0), (2.6) 

n— >oo n— >oo 

Moreover, by the definition of set-valued metric generalized inverse, we obtain 
that for any x G T 9 (yo), there exist A G [0,1] and h G Pn(t){ Aa;(l,0) + (1 — 
A)x(2, 0)) such that x = Aa;(l, 0) + (1 — A)a:(2, 0) — h. Since Pn(t) is continuous, 
there exists h n G Tjv(t)(Ax(1, n) + (1 — X)x(2,n)) such that h n — > h as n — » oo. 
Therefore, by formula (2.6), we obtain that 

lim Aa;(l, n) + (1 — A)x(2, n) = Aa;(l, 0) + (1 — A)a;(2, 0). 

n— > oo 

This implies that 

lim (Ax(l, n) + (1 — A)x(2, n) — h n ) = Aa;(l, 0) + (1 — A)x(2, 0) — h — x. (2.7) 

n— » oo 

Noticing that Aa;(l, n) + (1 — A)a;(2, n) — h n G T 9 (y n ) and formula (2.7), we obtain 
that T 9 is lower semicontinuous at yo- Therefore, by (1), we obtain that T 9 is 
upper semicontinuous at yo- Hence T 9 is continuous at yo- 

”<=” Let yo G Y and y n — * yo as n — > oo. Then, by the previous proof, there 
exist xo G X and {x n }™ =1 C X such that P R (T){yo) = Tx 0 , P R { T) {y n ) = Tx n and 
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x n -»• X 0 as n ->■ 00 . Then T 9 (y 0 ) = x 0 - TW(t)(^o) and T s (?/ n ) = x n - P N(T )(x n ). 
Since T 9 is continuous, we obtain that for any Xq — z G x$ — Pn(t)(xo), there 
exists x n — z n G x n — PN(T){x n ) such that — * Xo — z as n — * oo, where 

z n G Pn(t)(xu)- Hence, for any z G Pn(t)(% o)» there exists G PN(T)(x n ) such 
that G 2 o as n G oo. This implies that Pn(t) is lower semicontinuous at ijo . 
Therefore, by (1), we obtain that Pn(t) is continuous at y 0 . 

We next will prove that TT a is lower semicontinuous. Let yo G Y and y n — > 
yo as n — > oo. Pick z G TT d (y 0 ). Then there exists Xq G D(T) such that 
Txq = yo and xo G T 9 (y 0 ). Since T 9 is continuous, we obtain that T 9 is lower 
semicontinuous. Hence there exists x n G T 9 (y n ) such that x n — >• xq as n — > oo. 
This implies that Tx n — > Tx o = yo as n — > oo. Since x n G T 9 (y n ), we obtain that 
Ta; n G TT a (y n ). Hence TT 9 is lower semicontinuous at yo, which completes the 
proof. □ 

3. Continuous selections of the set-valued metric generalized 

inverse in Banach spaces 

Theorem 3.1. Let X , Y be Banach spaces, T be a linear bounded operator from 
subspace of X into Y, D{T) be a closed subspace of X, N(T ) be a topologically 
complemented subspace of D(T) and R(T ) be a proximinal subspace ofY. Then 
the following statements are equivalent: 

(1) T 9 has a continuous homogeneous selection on Y ; 

(2) Pn(t) has a continuous homogeneous selection on D(T ) and the set-valued 
mapping TT 9 has a continuous homogeneous selection on Y . 

Proof. (2) =>■ (1). Since N(T) is a topologically complemented subspace of D{T ), 
there exists a closed subspace M(T) of D(T) such that M(T ) © N{T) = D{T). 
Moreover, by M(T ) © N(T ) = D(T ), we obtain that T~ 1 {y) D M(T) is singleton 
for any y G R{T). Define the mapping G : R(T) M(T) such that 

G(y) = T~ 1 (y)nM(T), y G R(T). 

Since T be a linear bounded operator from D(T) into R{T), by M(T ) © N(T) = 
D(T ), we obtain that G is a linear bounded operator from R(T) into M(T). Let 
TT a be a continuous homogeneous selection of TT 9 and 7Tn(t) be a continuous 
homogeneous selection of Pn(t)- Therefore, by the definition of set- valued metric 
generalized inverse, we obtain that the mapping 

G o TT a - 7 t n{T ) o G o TT a : Y — »■ D(T) 

is a continuous homogeneous selection of T 9 . 

(1) =>■ (2). Since T 9 has a continuous homogeneous selection on Y, by the 
definition of set- valued metric generalized inverse, we obtain that N(T) is a prox- 
iminal subspace of D(T). Let T a be a continuous homogeneous selection of T 9 . 
Pick x G D(T ). Let 

7Lv(t)(t) =x- T a T(x). 

We next will prove that vtjv(t) is a continuous homogeneous selection of Pn(t)- In 
fact, since 

T (t t n{t) (x)) =T(x- T a T(x)) = Tx- TT a T(x) = Tx - Tx = 0, (3.1) 
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we obtain that 7 T/v(t)(t) € N(T). Moreover, by the definition of set- valued metric 
generalized inverse, we obtain that ||T , °T(x)|| = dist (x,N(T)). Therefore, by 

x — tin (T)(x) = x — x + T a T(x) = T a T(x ) 

and formula (3.1), we obtain that ttn(t)(%) G Pn(t)(x)- Moreover, since T a is a 
continuous homogeneous selection of T d and 7Tn(t)(x) = x — T°T(x), we obtain 
that 7T n(t) is a homogeneous selection. This implies that Pn(t) has a continuous 
homogeneous selection on D(T). 

Since T a is a continuous homogeneous selection of T d , we obtain that TT a is 
a continuous homogeneous selection of TT 9 , which completes the proof. □ 

Definition 3.2. (see [5]) A nonempty subset C of X is said to be approxima- 
tive^ compact if for any {i/ n }^ =1 C C and any x G X satisfying ||rr — y n \\ — > 
inf ye c ||# — V || as n — > oo, there exists a subsequence of {y n }™ = \ converging to 
an element in C. X is called approximatively compact if every nonempty closed 
convex subset of X is approximatively compact. 

Definition 3.3. (see [5]) A Banach space X is be said to be strictly convex if for 
any x, y G S(X) and ||ar + y\\ =2 we have x = y. 

Theorem 3.4. Let X be approximatively compact and strictly convex, Y be a 
Banach spaces, T be a linear bounded operator from subspace of X into Y, D(T ) 
be a closed subspace of X , N(T ) be a topologically complemented subspace of 
D(T ) and R(T ) be a proximinal subspace of Y . Then the following statements 
are equivalent: 

(1) T 9 has a continuous homogeneous selection on Y ; 

(2) TT 9 has a continuous homogeneous selection on Y . 

Proof. Since X is approximatively compact, we obtain that Pn(t) is upper semi- 
continuous. Since X is a strictly convex space, we obtain that Pn(t ) is single 
value mapping. This implies that Pn(t) is continuous. Therefore, by Theorem 
3.1, it is easy to see that Theorem 3.4 is true, which completes the proof. □ 

Theorem 3.5. Let X be approximatively compact and strictly convex, Y be a 
Banach space, T be a linear bounded operator from subspace of X into Y, D(T ) 
be a closed subspace of X and R(T ) be a proximinal subspace of Y . Then the 
following statements are equivalent: 

(1) T 9 has a continuous selection on Y; 

(2) TT 9 has a continuous selection on Y . 

Proof. (2)=^(1). Since X is approximatively compact, we obtain that Pn(t) is 
upper semi continuous. Since X is a strictly convex space, we obtain that Pn(t ) is 
a single value mapping. This implies that Pn(t) is a continuous and single value 
mapping. Let TT a be a continuous selection of TT 9 and f~ 1 TT cr be a selection 
of J'~ l TT a . This implies that the mapping 

f~ X TT° - P N(T) f- l TT° 

is a selection of T 9 . We next will prove that if y n — >■ y as n — > oo, then 

lim \f- 1 TT°{y n ) - P N{T) f- 1 TT r {y n )] = f^TT^y) - P N{T) f-'TT°{y). (3.2) 
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In fact, by the proof of Theorem 2.1, there exists a sequence {x n }™ =1 C D{T) 
such that 

x n G f~ 1 TT rT (y n ) — P N (t) f^ 1 TT rT (y n ) + N(T) and lim x n = f^TT^y). 

n— >oc 

Since the mapping Pn(t) and f~ 1 TT a are single value mappings, we obtain that 

Tx n = T (f- l TT a {y n ) - P N{ T ) f- l TT"{y n )) . 

Hence there exists a sequence { z n C N{T ) such that 

x n - Pn(t)(x u ) - z n = f~ 1 TT a (y n ) - P N{T) f~ 1 TT a (y n ). 

Moreover, by the definition of set-valued metric generalized inverse, we have 

||^n - Pn(t){x u ) - z n || = \\f~ 1 TT a (y n ) - P N{T )f~ 1 TT a (y n )\\ = dist (x n ,N(T)) . 

This implies that Pn(t)(x„) +z n C P/v(T)(^n)- Since the mapping Pn{t) is a single 
value mapping, we have z n = 0. Hence 

Xn - P N (T)(x n ) = f- 1 TT°(y n ) - P N ( T) f~ 1 TT a (y n ). 

Since Pn(t) is a continuous single value mapping, by x n — > / _1 TT cr (i/) as n — > oo, 
we obtain that 

lim [x n - P N{T )(x n )] = r l TT°(y) - P N{T) f~ l TT°{y). 

n— >00 

Noticing that x n - Pn(t){x h ) = f^ x TT a {y n ) - P N ^ T )f^ 1 TT a (y n ), we obtain that 
(3.2) is true. Hence f~ l TT a — P N ^f~ 1 TT a is a continuous selection of T 9 . 

(1)=^(2). Let T a be a continuous selection of T 9 . Then TT a is a continuous 
selection of TT 9 , which completes the proof. □ 

Theorem 3.6. Let X be approximatively compact and strictly convex, Y be a 
Banach spaces, T be a linear bounded operator from subspace of X into Y, D{T ) 
be a closed subspace of X , N(T ) be a topologically complemented subspace of 
D{T ) and R(T ) be a 2-Chebyshev maximal subspace of Y . Then the following 
statements are equivalent: 

(1) For any x G T 9 (y), there exists a selection T a of T 9 such that T a (y) = x 
and T a is continuous at y; 

(2) TT 9 is lower semicontinuous at y. 

Proof. (1)=^(2). From the proof of Theorem 2.1, there exist ^(1) G Pr{t){u) and 
z( 2) G Pr(t){jj) such that 

TT d (y) = [z(l,y),z(2,y)} C P R(T] (y). 

Since N(T ) is a topologically complemented subspace of D{T ), there exists a 
closed subspace M(T ) of D(T) such that M(T) © N(T ) = D(T). Pick x(l,y) G 
T l (z{l,y)) and x(2,y) G T l (z(2,y)). Then, by M(T) © N(T) = D(T ), there 
exist G(y(l)), G(y{2)) G M(T) and h(y(l)),h(y(2) G N(T) such that 

x(l,y) = G(y{l)) + h(y{l)) and x(2, y) = G(y(2)) + h(y(2)). 

Therefore, by x(l,y) G T 1 (z(l,y)) and x(2 ,y) G T 1 (z(2,y)), we obtain that 
T ( G (.y(l))) = z(l,y) and T(G(y( 2))) = z(2,y). 
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Hence, for any z G TT a (y), there exists A G [0, 1] such that 

z = T (AG(?/(1)) + (1 — X)G(y(2))) . 

Pick x G T a (y). Then there exists a selection T a of T d such that T a (y) = x and 
T a is continuous at y. This implies that 

Tx = T (AG(y(l)) + (1 - A)G(y(2))) = z. 

Therefore, by the definition of set-valued metric generalized inverse, we have 

T°{y) = AG(y(l)) + (1 - A)G(y(2)) - P N{T) (AG(y(l)) + (1 - A)G(y(2 ))) . 

We next will prove that set-valued mapping TT 9 is lower semicontinuous at y. 
Let y n — > y as n — > oo. Then, by M(T) © N(T) = D(T ) and the previous proof, 
there exist G(y n ( 1)) G M(T) and G(y n ( 2)) G M(T) such that 

T(G(y n ( 1))) = 2(1, y n ), T(G(y n ( 2))) = z( 2, y n ) 

and 

TT d (y n ) = [ 2 ( 1 , y n ), z{2, y n )\ C P R (T)(y n )- 
Hence there exists a sequence {A n }^ =1 C [0, 1] such that 
T a {y n ) = X n G(y n (l))+(l-X n )G(y n (2))-P N{T) (X n G(y n (l)) + (1 - X n )G(y n (2))) . 
Since 

X n G(y n (l)) + (1 - X n )G(y n (2)) G M(T), XG(y(l)) + (1 - X)G(y(2)) G M(T), 
Pn(t) (X n G(y n (l)) + (1 - X n )G{y n {2))) G N(T) 

and 

Pn { t) (AG(y(l)) + (1 - A)G(y(2))) G N(T), 
by M(T) © N(T) = D(T) and T a (y n ) — > T a (y) as n — > 00 , we obtain that 
lim A n G(y n (l)) + (1 - K)G{y n (2)) = XG(y(l)) + (1 - A)G(j/(2)). 

n— >• 00 

This implies that 

lim T (X n G(y n (l)) + (1 - \ n )G{y n {2))) = T (AG(j/(l)) + (1 - A)G(j/(2))) = 2 . 

n— >• 00 

where T (\ n G(y n {l)) + (1 — A n )G(t/ ra (2))) G TT a (y n ). Hence the set-valued map- 
ping TT 9 is lower semicontinuous at y. 

(2)=>(1). Let x G T d (y). Then, by the previous proof, there exists A G [0,1] 
such that 

* = AG(y(l)) + (1 - A)G(y(2)) - P N{T) (AG(y(l)) + (1 - A)G(y(2))) . 

Define the set- valued mapping Y — » TT d (Y ) such that 

F(z) — c, where lie — Tx\\ — inf \\h — Tx\\ and ceTT d (z). 

heTT d (z) 

It is easy to see that F(y) = Tx. Let / be a selection of F. Moreover, let y n — > y 
and f(y n ) = c n . Since TT 9 is lower semicontinuous at y, we obtain that c n — >• Tx 
as n — > cx). This implies that / is continuous at y. Since iV(T) is a topologically 
complemented subspace of D(T), there exists a closed subspace M(T ) of D(T) 
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such that M{T) © N(T) = D(T). Define the mapping G : R(T ) — y M(T) such 
that 

G(y)=T-\y)nM(T), y e R(T). 

Then, by the previous proof, we obtain that G is a linear bounded operator from 
R(T) into M(T). Since M(T) © N(T ) = D(T), we have x = X\ — x 2 , where 
X\ G M(T ) and x 2 € N(T). Since X is a strictly convex space, we obtain that 
Pjv(t) is a single value mapping. Since x G T d (y ), by the definition of set- valued 
metric generalized inverse, we have 

(|x|| = ||xi — x 2 \\ = inf {ll^ll : z G T~ l x = T~ l x i} = inf {||xi — h\\ : h G N(T)} . 

Therefore, by x\ G M(T) and x 2 G N(T), we obtain that x 2 = Pn(t)(x i). Since 
/ is a selection of F and F(y) = Tx, we have G o f(y) = G{Tx) = X\ Define the 
mapping 

T a — Go f — P N(T) o G o f. 

Then T a is a selection of T c) . Moreover, by G o f(y) = G{Tx) — X\, we have 

T a (y) = Go f(y) - P N (t) oGo f(y) 

= G(Tx) - P n{t) (G(Tx)) 

= Xi - P N{ T)(xi) = X. 

Since X is approximatively compact, we obtain that Pn(t ) is upper semicontin- 
uous. Since Pn{t) is a single value mapping, we obtain that Pn(t) is continuous. 
Since / and G is continuous at y, we obtain that T a = G o / — P/v(r) ° G o / is 
continuous at y, which completes the proof. □ 

4. Relation of continuity and continuous selections of the 

SET- VALUED METRIC GENERALIZED INVERSE IN BANACH SPACES 

Theorem 4.1. Let X be approximatively compact and strictly convex, Y be a 
Banach space, T be a linear bounded operator from subspace of X into Y, D(T ) 
be a closed subspace of X , N(T ) be a topologically complemented subspace of 
D(T ) and R(T ) be a 2-Chebyshev maximal subspace of Y . Then the following 
statements are equivalent: 

(1) For any x G U y£ yT d (y) , there exists a selection T a ofT 9 such that T a (y) = 
x and T a is continuous at y; 

(2) TT 9 is lower semicontinuous; 

(3) T 9 is continuous. 

Proof. Since X is approximatively compact, we obtain that Pn(t) is upper semi- 
continuous. Since X is a strictly convex space, we obtain that Pn(t) is single 
value mapping. This implies that Pn(t) is continuous. Therefore, by Theorem 
2.1, we obtain that (2)<G> (3) is true. Moreover, by Theorem 3.5, we obtain that 
(l)-v=> (2) is true, which completes the proof. □ 
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Locally and globally small Riemann sums and 
Henstock-Stieltjes integral of fuzzy-number-valued 

functions 
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Abstract: In this paper, we introduce and study locally and globally small Riemann sums with respect to a on 
[a, b] for fuzzy-number-valued functions and obtain some of it’s characterizations. Also, we shall prove two main 
theorems: (i) If a fuzzy-number- valued functions f(x) is Henstock-Stieltjes integrable on [a, 6] then it has ( LSRS ) 
and the converse is always true, (ii) If a fuzzy-number-valued functions f(x) is Henstock-Stieltjes integrable on 
[a, b] then it has (GSRS) and the converse is always true. Finally, by Egorov's Theorem, we obtain the dominated 
convergence theorem for globally small Riemann sums (GSRS) with respect to a on [a, b] for fuzzy-number-valued 
functions. 

Keywords : Fuzzy numbers; fuzzy integrals; Henstock-Stieltjes integral; locally small Riemann sums (LSRS) 
with respect to a on [a, 6]; globally small Riemann sums (GSRS) with respect to a on [a,b\. 


1 Introduction 

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [21], it has been studied extensively 
from many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision 
making and fuzzy logic, information science and so on. It’s well known that the concept of the Stieltjes integral 
for fuzzy-number-valued functions was originally introduced by Nanda [12] in 1989. Nonetheless, as Wu et al. 
[17] pointed out that the existence of supremum and infimum for a finite set of fuzzy numbers wasn’t easy at 
first thought. That is, Nanda’s concept of fuzzy Riemann-Stieltjes (FRS) integral in [12] was incorrect. In 1998, 
Wu [18] introduced the notion of (FRS) integral by means of the representation theorem of fuzzy-number- valued 
functions, whose membership function could be obtained by solving a nonlinear programming problem, but it’s 
difficult to calculate and extend to the higher-dimensional space. In 2006, Ren et al. proposed the notion of two 
types of (FRS) integral for fuzzy-number- valued functions [13, 14] and showed that a continuous fuzzy-number- 
valued function was (FRS) integrable with respect to a real- valued increasing function. Gong et al. [2] defined and 
discussed the (HS) integral for fuzzy-number- valued functions and proved two convergence theorems for sequences 
of the (FHS) integrable functions in 2012. The locally and globally small Riemann sums have been introduced 
by many authors from different points of views. In 1986, Schurle characterized the Lebesgue integral in (LSRS) 
(locally small Riemann sums) property [15]. The (LSRS) property has been used to characterized the Perron 
(P) integral on [a, b] [16]. By considering the equivalency between the (P) integral and the Henstock-Kurzweil 
( HK ) integral, the (LSRS) property has been used to characterized the (HK) integral on [a, 6] [10]. 

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK) 
integrable function on [a, b\ . This research has been done by considering the following fact: Every (HK) integrable 
function on [a, 6] is measurable, however, there is no guarantee the boundedness of the function. A measurable 
function / is (HK) integrable on [a, b] depends on it behaves on the set of x in which |/(a;)| is large, i.e. |/(*)| > N 

‘Corresponding author. Tel.: +8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com 
(M.E. Hamid), luoshanxu@hotmail.com (L.S. Xu) and gongzt@nwnu.edu.cn (Z.T. Gong). 
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for some N. This fact has been characterized in (GSRS) (globally small Riemann sums) property [10]. The 
(GSRS) property involves one characteristic of the primitive of an (HK) integrable function. That is the primitive 
of the (HK) integral on [a, 6] is ACG* (generalized strongly absolutely continuous) on [a, 6]. This is not a simple 
concept. In 2015, Indrati [8] introduced a countably Lipschitz condition of a function which is simpler than 
the ACG* , and proved that the (HK) integrable function or it’s primitive could be characterized in countably 
Lipschitz condition. Also, by considering the characterization of the (HK) integral in the (GSRS) property, it 
showed that the relationship between (GSRS) property and countably Lipschitz condition of an (HK) integrable 
function on [a, 6]. 

In 2018, Hamid et al. [6] investigated locally and globally small Riemann sums for fuzzy-number-valued 
functions and proved two main theorems: (1) A fuzzy-number- valued functions f(x) is Henstoc.k integrable on 
[a, b] if and only if f(x) has (LSRS). (2) A fuzzy-number-valued functions f(x) is Henstock integrable on [a, b] if 
and only if f(x) has (GSRS). 

In this paper, we introduce and study the locally and globally small Riemann sums with respect to a on [a, 6] 
for fuzzy-number-valued functions. We show that a fuzzy-number-valued functions is Henstock-Stieltjes integrable 
with respect to a on [o, 6] iff it has (LSRS) with respect to a on [a, 6]. Also it is shown that a fuzzy-number- 
valued functions is Henstock-Stieltjes integrable on [a, b] iff it has (GSRS) with respect to a on [a, 6], Finally, by 
Egorov's Theorem, we get the dominated convergence theorem for globally small Riemann sums (GSRS) with 
respect to a on [a, b] for fuzzy-number-valued functions. 

The rest of this paper is organized as follows, in Section 2 we shall review the relevant concepts and properties 
of fuzzy sets and the definition of Henstock-Stieltjes integrals for fuzzy-number-valued functions. Section 3 is 
devoted to discussing the locally small Riemann sums (LSRS) with respect to a on [a, b] for fuzzy-number-valued 
functions. In Section 4 we shall investigate the globally small Riemann sums (GSRS) with respect to a on [a, 6] 
for fuzzy-number-valued functions. 


2 Preliminaries 

Definition 2.1 [7, 10] Let <5 : [a,b\ — > R + be a positive real-valued function. P = {[xi-i,Xi\;£i} is said to be a 
(5-fine division, if the following conditions are satisfied: 

(1) a = xo < xi < X 2 < ... < x n = b ; 

(2) & € [xi-i ,Xi\ C (£, — <5(£i),£i + <5(£t))(i = 1,2,--- ,n). 

For brevity, we write P = {[it, u];£}, where [it,v] denotes a typical interval in P and £ is the associated point 
of [it, i>]. 

Definition 2.2 [4] Let a : [a, b] — > R be an increasing function. A real function / : [a, b] — > R is Henstock-Stieltjes 
(HS) integrable to A £ R with respect to a on [a, 6] if for every e > 0, there is a function 5(x) > 0 , such that for 
any (5-fine division P = {[itt, Vi]; £i}™ =1 we have 

n 

\^2f(£i)[a{vi)-a(ui)\-A\<£. (2.1) 

i = 1 

b 

We write (HS) f f(x)da = A , and / £ HS a [a, b\. 

a 

For the results about fuzzy number space E 1 . we recall that E 1 = {u : R — I [0, 1] : u satisfies (l)-(4) below}: 

(1) u is normal, i.e., there exists a xo £ R such that u(xo) = 1; 

(2) u is a convex fuzzy set, i.e., u(rx + (1 — r)y) ^ min(u(a:), u(y)), x,y £ R, r £ [0, 1]; 

(3) u is upper semi-continuous; 

(4) cl{x £ R : u(x) > 0} is compact, where clA denotes the closure of A. 

For 0 < r ^ 1, denote [u] r = {x : u(x) ^ ?’}. Then from (l)-(4), it follows that the r — level set [w] r is a close 

interval for all r £ [0, 1] (refer to [1, 3, 5, 9, 11, 19, 20]). We write u r = [it] r = [rtl,ulj_] or [it- (r), u + (r)]. 

For it, v £ E 1 , the addition and scalar multiplication are defined by the equations: 

[it + v] r = [u\ r + [v] r , i.e., ui + vL = [u + v}L and it+ + v r + = [u + u]+; 
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[ku] r = k\v\ r , i.e., [ku]\ 1 = xam{ku r _ , ku r + } and [fcu]!J_ = max{fcit!l , ku+}, 

respectively. 

Define D{u, v) = sup d([u] r , [u] r ) = sup max{|u!l — uL|, \u+ — v+|}, where d is Hausdorff metric. Furt her- 

r-G[0,l] rG[0,l] 

more, we write 

||w|| B i = D(u, 0) = sup max{|w^|, |«J|}. 

AG[0,1] 

Notice that || ■ || B i = D(-, 0) doesn’t stands for the norm of E 1 . 

For u,v £ E 1 , u ^ v means u r _ ^v r _,u r + ^ (see [1, 3, 5, 9, 11, 19, 20]). 

Using the results of [1, 3, 5, 9, 11, 19, 20], we recall that: 

(1) {E 1 , D) is a complete metric space, 

(2) D(u + w, v + w) = D(u, v ), 

(3) D(u + v, w + e) ^ D{u, w ) + D{v, e), 

(4) D(ku,kv) = \k\D{u,v),k £ R, 

(5) D(u + v, 0) ^ D(u, 0) + D(v, 0), 

(6) D(u + v, w) ^ D(u, w ) + D{y, 0), where 0 = X{o} an d u , v,w,e £ E 1 . 

Definition 2.3 [2] Let a : [a, b] — > R be an increasing function. A fuzzy-number-valued function f(x) is said to 
be fuzzy Henstock-Stieltjes ( FHS ) integrable with respect to a on [a, 6] if there exists a fuzzy number H £ E 1 
such that for every e > 0, there is a function S(x) > 0 such that for any (5-fine division P = {[iti, u;]; £i}” =1 , we 
have 

n 

D('52m i )[a{v i )-a{u i )],H)<e. (2.2) 

i=l 

b 

We write {FHS) f f(x)da = H , and / € FHS a [a, b]. 

a 

Definition 2.4 [6] A fuzzy-number-valued function / : [a, 6] — > E 1 is said to be have locally small Riemann sums 
or ( LSRS ) if for every e > 0 there is a <5(£) > 0 such that for every t £ [o, 6], we have 

||^/(£)(v-w)|| b1 <£, (2.3) 

whenever P = {[it, v]; £} is a 5-fine division of an interval [r, s] C (t — 5(f), t + 5{t)), t £ [r, s] and S sums over P. 


3 Locally small Riemann sums and Henstock-Stieltjes integral 
of fuzzy-number-valued functions 

In this section, we shall define locally small Riemann sums with respect to a on [a, b] for fuzzy-number- 
valued functions. Furthermore, we prove that a fuzzy-number-valued functions is Henstock-Stieltjes integrable 
with respect to a on [a, b] if and only if it has {LSRS) with respect to a on [a, 6]. We begin with the following 
definition. 


Definition 3.1 Let a : [a, 6] — > R be an increasing function. A fuzzy-number-valued function / : [a, 6] —¥ E 1 is 
said to be have locally small Riemann sums (or LSRS) with respect to a on [a,b], if for every e > 0 there is a 
(5(£) > 0 such that for every t £ [a, b], we have 


J2f(0[ a ( v )~ a ( u )] 


< e, 

E 1 


(3.1) 


whenever P = {[u, v] ; £} is a 5-fine division of an interval [r, s] C (f — 5(f), f + 5(f)), t £ [r, s] and S sums over P. 


If there exists a z £ E 1 such that x = y + z, then we call a the H— difference of x and y , denoted by x — y. 
According to the additivity of FHS, we have the following Lemma. 

Lemma 3.1 [2] Let / £ FH S a [a,b \ and F be the primitive of f{x) then F satisfies the H— difference. 
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Lemma 3.2 (Henstock Lemma). Let a : [a, b] — > R be an increasing function. If a fuzzy-number-valued function 
/ : [a, 6] —t E 1 is Henstock-Stieltjes integrable with respect to a on [a, 6] with primitive F, i.e., for every e > 0 
there is a positive function 8(g) > 0 such that for any 5-fine division P = {[«, u]; £} of [a, b], we have 

D (^2f(0[a(v)-a(u)],'^2F(u,v) S j < e. (3.2) 

Then for any sum of parts ^ from we have 

i ^ 

D (j2 - a ( u ^’J2F( u ’ vS )) <e - ( 3 - 3 ) 

k i i * 

The proof is similar to the Theorem 3.7 [10]. 

Theorem 3.1 Let a : [a, b] — > R be an increasing function. If f(x) is Henstock-Stieltjes integrable with respect 
to a on [a, 6] then f(x) it has LSRS with respect to a on [o, b\. 


Proof Let F be the primitive of /(*). Given e > 0 there is a 6(g) > 0 such that for any 5-fine division 
P = {[«,«];£} of [a, b], we have 


D ( K J2f^){a(v) <£■ 

Where F(u,v) = F(v) — F(u). By the continuity of F at g, 

D(F(u), F(v)) < e whenever [u, w] C (g — 6(g), g + 5(g)). 

Therefore for t £ [a, 6] and any (5-fine division P = {[u, t>]; £} of [r, s] C (t — 6(t),t + 5(t)), we have 

X] /(£)[«(«) “«(«)] i < D (j2f(0[ a i v ) -oc(u)],^2F(u,v)^ + D^F(r),F(s) S j 


(3.4) 


< 2 e. 


That is f(x) has LSRS with respect to a on [o, b\. 

This completes the proof. □ 


Lemma 3.3 [2] (Cauchy criterion). Let a : [a, 6] — > R be an increasing function. A fuzzy-number- valued function 
/ : [a, 6] — > E 1 is Henstock-Stieltjes integrable with respect to a on [a, b] if and only if for every e > 0 there is a 
positive function (5(£) > 0 such that whenever Pi = {[«i, vi];£i}, P 2 = {[M 2 , V 2 ]; £ 2 } are two (5-fine divisions, we 
have 

D (Y1 /(£i)K«i) - a(ui)], f(g2)[a(v 2 ) - a(u 2 )A < £■ (3.5) 

V (^i) (P 2 ) J 

Theorem 3.2 Let a : [a, b] — > R be an increasing function. If a fuzzy-number- valued function / : [a, 6] — > E 1 
has LSRS with respect to a on [a, b] then f(x) is Henstock-Stieltjes integrable with respect to a on any closed 
sub-interval C C (a,b). (Where C = [r, s]). 


Proof A fuzzy-number- valued function / : [a, b] — > E 1 has LSRS with respect to a on [a, 6] means that for every 
e > 0 there is a 5(g) > 0 such that for every t £ [a, 6], we have 


Y f(0[ a i v ) ~a(u)] 


< e, 

E 1 


(3.6) 


whenever P = {[u, v]; £} is a 5-fine division of an interval C C (t — 5(t), t + 5(t)), t £ C and S sums over P. 

(i) If there t £ [a, b] with C C (t — 5(t),t + 5(t)) we have the following discussion: 

(1) lit £ C then for every £ > 0 there is a two 5-fine divisions Pi = {[«i, Vi]; £ 1 }, P 2 = {[u 2 ,v 2 ]; £ 2 } on C, 
such that 

d(Y ffo)W Vl ) - «( Wl >]’ E /( 6 )[«M - «M] ) <£• ( 3 - 7 ) 

V (^i) (P 2 ) J 

According to the Cauchy criterion, then f(x) is Henstock-Stieltjes integrable on C. 
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(2) If t ^ C then there is a closed interval E C (t — S(t), t + S(t)), with the result that t £ E and C C E 
(where E = [g, h] ). As a result, for every e > 0 there is a two 5-fine divisions Pi = {[mi, Vi]; £1}, P 2 = {[«2, U2]; £2} 
on E, such that 

D (^2 /(£i)[a(vi) - a(ui)\, Y f{&)[a(v 2) - a(u 2 )A < e. (3.8) 

V (^i) (P 2 ) J 

According to the Cauchy criterion, then f(x) is Henstoc.k-Stieltjes integrable on E. Because C C E and f(x) 
is Henstoc.k-Stieltjes integrable on E then f(x) is Henstock-Stieltjes integrable on C. 

(ii) If C £ (t — 5{t),t + 5(f)) then there is a positive function 5 on [a,b] which resulted in the presence that 
P = {( Ci,ti ) : i = 1, 2, • • • , k} is a 5-fine division of the interval C. It follows that f(x) is Henstock-Stieltjes 
integrable on Ci for i = 1, 2, • • • ,k. 

Then /(*) is Henstock-Stieltjes integrable on C. 

This completes the proof. □ 

Corollary 3.1 Let a : [a, 6] — > R be an increasing function. If a fuzzy-number-valued function / : [0,6] — > E 1 
has LSRS with respect to a on [a, fe] then f(x) is Henstock-Stieltjes integrable with respect to a on C for any 
simple set C C (a, b). 

Notice that a simple set C means that there exists finite closed sub-interval Ci which belongs to (a, b ) such 
that C= U Ci. 

i—1 

Theorem 3.3 Let a : [a, b] — > R be an increasing function. If a fuzzy-number-valued function / : [a, b] — > E 1 has 
LSRS with respect to a on [a, b] then f[x) is Henstock-Stieltjes integrable with respect to a on [0,6]. 


Proof A fuzzy-number- valued function / : [a, 6] — > E 1 has LSRS with respect to a on [a, 6], then for every e > 0 
there is <5*(£) > 0 such that for every t £ [a, 6], we have 


-«(«)] 


< e, 

E 1 


(3.9) 


whenever P = {[u, u];£} is a 5*-fine division of an interval C C (t — S(t),t + S(t)), t £ C and E sums over P. 
According to the Corollary 3.1, f(x) is Henstock-Stieltjes integrable on C for any simple set C C ( a,b ). 

Rows set {Ei}, Eif]Ej = <j>, VI ^ j with property ( a,b ) = (J Ei, Ei is a closed interval. Thus for a bove 
e > 0, there is a positive numbers no with property 


^{[a,b] - (J Ei} < e, 

i<n 0 

where g is Lebesgue measure. 

For any i, there is a positive function Si such that for any <5i-fine division on Ei, we have 


(3.10) 


D (^2f(0[a(v) - <*(«)], ( HS ) f E f( x ) da ^j <£ - 


(3.11) 


Define a positive function S by the formula: 

<5(6 = j 


min{i*K), |d(C,9[a,&])} if £ € (J E ii 

i>n 0 


min{5*(6,<5i(6}> 


if £ £ U Ei. 

i<riQ 


For each C = {C} = (Ci, C2, • • • , Ck} with Cj = Eif]Q (where Q = [u, u]), for one i < no and one Q with 
{[u, v]; £} is a 5-fine division and £ £ (a, b), we have 

(i) If Cj = Ei for i < no- Because f(x) is Henstock-Stieltjes integrable on Ei and f(x) is Henstock-Stieltjes 

~ fc 

integrable on Cj consequently f(x) is Henstock-Stieltjes integrable on (J Cj. Selected a positive function 5* with 

j = 1 

k 

£*(£) = min{<^ (£) : j = 1, 2, • • • , k}, then for each £*-fine division P = {[n, v];£} on (J Cj , we have 

3 = i 


d((HS) [ k 
\ j U Cj 


f{x)da,Yf(Ol a ( v ) 



< e. 


(3.12) 
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Thus obtained: 


CJ2(HS) J c f(x)dc 


< D 


E 1 


( H S ) [ k f(x)da, f(0 [a(v) - a(u)A + J2 J2 /(£) [ a ( v ) ~ a ( w )l 

J U c 3 - / )=1 


E 1 


< e + ke. 


According to the properties of Cauchy, f(x) is Henstock-Stieltjes integrable on [a, 6]. 

(ii) If Cj = Ei P| Q, for i < no and one J-fine Q with {[u, u]; £} and £ € (a, b) then Cj C (£ — <5(£), £ + <5(£)). 
According to the Theorem 3.2, then f(x) is Henstock-Stieltjes integrable on Cj. As the result f(x) is Henstock- 

k 

Stieltjes integrable on |J Cj. Selected a positive function 5i with property <5i(£) < S(£) then for each 5»-Hne 

i i 

k 

division P = {[w, v];^} on (J Cj, we have 

3 = 1 


D ((HS) f k ^ f(x)da,J2f(0[a(v)~a(u)] S j < e. 


U 

3 = 1 


(3.13) 


Thus obtained: 


CyjHS) / f(x)da 


< d({HS) [ k f(x)da,J2f{i)[a{v)-a(u)]\+J2 ^2 f{Q[a(v) - a{u) ] 
V •> U Cj J j—i 


< e + he. 


According to the properties of Cauchy, f(x) is Henstock-Stieltjes integrable on [a, 6]. 

This completes the proof. □ 

Corollary 3.2 Let a : [a, 6] — > R be an increasing function. A fuzzy-number-valued function / : [a, b] — > E 1 has 
LSRS with respect to a on [a, b] if and only if f(x) is Henstock-Stieltjes integrable with respect to a on [a, 6], 


4 Globally small Riemann sums and Henstock-Stieltjes integral 
of fuzzy-number-valued functions 

In this section, we shall define globally small Riemann sums with respect to a on [a, 6] for fuzzy-number- 
valued functions. Furthermore, we prove that a fuzzy-number-valued functions is Henstock-Stieltjes integrable 
with respect to a on [a, b] if and only if it has (GSRS) with respect to a on [a, 6], We begin with the following 
definition. 


Definition 4.1 Let a : [a, b] — > R be an increasing function. A fuzzy-number-valued function / : [a, 6] — > E 1 is 
said to be have globally small Riemann sums or (GSRS) with respect to a on [a, 6] if for every e > 0 there exists 
a positive integer N such that for every n ^ N there is a <5 n ( £) > 0 and for every <5 n -fine division P = {[u, u];£} 
of [a, 6], we have 


J2 - «(«)] 
11 /( 011^.1 >" 


< £, 

E 1 


(4.1) 


where the y) is taken over P and for which ||/(C)IIb 1 > n - 


Theorem 4.1 Let a : [a, b] — > R be an increasing function and let f(x) be Henstock-Stieltjes integrable to 
F(a,b) with respect to a on FHS a [a,b\ and F n .(a,b) the integral of f n (x) on FHS a [a, 6], where fn(x) = f(x) 
when ||/(*)|| B i ^ n and 0 otherwise. If F n (a, b) — > F(a, b) as n — > oo then f(x) has GSRS with respect to a on 
[a,b\. 


Proof Given e > 0 there is a <5 n (£) > 0 such that for every <5„-fine division P = {[u, u]; £} of [a, 6], we have 


D C52MQ[ a ( v ) ~ a(u)],F n (a,b)) < e, 


(4.2) 
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where ( FHS ) f n (x)da = F n (a,b). 


D {^2f(0l a ( v ) - oc(u)],F{a,b)) < e, 


(4.3) 


where (FHS) f(x)da = F(a,b). 

Choose N so that whenever n~^ N 

D(F n (a,b),F(a,b)) <e. (4.4) 

Therefore for N and 5„-fine division P = {[u, v]; £} of [a, 6], we have 


Y /(£)[«(«) -«(«)] = D (^^2fn{€)[a(v)-a(u)],'^2f(€)[a(v)-a(u)] 

i/(OII E 1>n E 

< E /n(0[«(«) -«(«)], Ma, 6)) + D^F n (a,b),F(a,b)^ + D ^F(a, 6), Y f(Ol a ( v ) ~ «(«)] 


< 3e. 


Hence f(x) has GSRS with respect to a on [a, b\. 

This completes the proof. □ 

Theorem 4.2 Let a : [a, 6] — > R be an increasing function. A fuzzy-number-valued function f(x) has GSRS 
with respect to a on [a, 6] if and only if f(x) is Henstock-Stieltjes integrablc with respect to a on [a, b] and 
F n .(a, b) — > F(a, b) as n — > oo where F n (a, b) and F(a, b) are defined as in Theorem 4.1. 

Proof Theorem 4.1 proves the sufficiency. We shall prove only the necessity. Suppose f(x) has GSRS with 
respect to a on [a, b\. Note that f n (x), as defined in Theorem 4.1, is fuzzy Henstock-Stieltjes integrable on [a,b\ 
for all n. Then for n,m^ N and a suitably chosen 5-fine division P = {[«, «];£}, we have 

D ^F n (a,b), F m (a, b) 

< D (p n (a, b), Y /(£)[«(«) -«(«)]) + D ( Y f(Ol a ( v ) ~ a(u)],Fm(a,b)\ 

V 11/(0 II ' V 11/(0 II E l^rn 


+ 

Y /(0[«(«) -«(«)! 

+ 

Y /(£)[«(«) ~a(u)] 



E 1 

ll/(OII E l>wi 


< 4e. 


That is, F n (a,b) converge to a fuzzy number, say F(a,b), as n — > oo. Again, for suitably chosen N and 5(£) 
and for every 5-fine division P = {[u, v]; £}, we have 


+ 

< 


D[Y /(O H v ) -«(«)]. Ha, b)j < D [F(a, b ) , F N (a, b) 

D^F N (a,b), Y f(0[ a ( v ) “«(«)]) + Y f^)[a(v ) -«(«)] 


WKOWbi^n 


ll/(OII®i >n 


3e. 


That is, f(x) is fuzzy Henstock-Stieljes integrable on [a,b\. 
This completes the proof. 


□ 


Theorem 4.3 Let a : [a, b] — > R be an increasing function and let f n (x) £ FHS a [a, b ], n = 1, 2, 3 • • • and satisfy: 

(1) lim f n (x) = f(x) almost everywhere in [a, 6]; 

n— >■ oo 

(2) there exists a Lebesgue-Stieljes integrable (Henstock-Stieljes integrable) function h(x ) on [a, 6] such that 

D(fn{x),fm(x))<h( x). (4.5) 


Then, f n (x) has GSRS with respect to a on [a, b] uniformly for any n. Naturally, / is (FHS) integrable with 
respect to a on [a, b] . Furthermore, 


lim (FHS) 


f n (x)da = (FHS) f f(x) da. 

J a 


(4.6) 
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Proof Let e > 0. Since H(x) = ( LS ) f* h(t) da is absolutely continuous with respect to stieljes measurable 
on [a,b\, there exists a positive number r/ > 0 such that ^177(6,) — H{ai) \ < e whenever {[ai,bi]} is a hnite 
collection of non-overlapping intervals in [a, b 1 that satisfy Y2 (afH) — a(ffli)) < V- Since lirri f n (x) = f(x) almost 
everywhere in [a, 6] , and 

D(fnJ) = supmax{\(f n (x)Y_-(f{x)) r _\,\(f n (x)) r + -(f{x)) r + \} 

r€[0,l] 

= sup max{|(/ n (a;))!l fc - (/(*))-* I, !(/»(*))? - (/(*))?!} 

’'fc e [ 0 , 1 ] 

is a sequence of Lebesgue-Stieljes measurable functions, where r *, £ [0, 1] is the set of rational numbers, by 
Egorov’s Theorem, there exists an open set G with LS(G) < r} such that lim f n {x) = f(x) uniformly for 

n—>o o 

x £ [a, 6] \ G. Then, there is an natural number N, such that for any n,m > N, and for any x £ [a, b] \ G, we 
have D(fn(x), fm(x)) < e. Since h(x) is Henstock-Stieljes integrable on [a, 6], there is a 5i i(£) > 0 such that for 
any (5/j-fine division P — {[m, u]H} of [a, b ], we have 

rb 

< £. 


^2 h {^)[a(v) - a(u)\ - (LS) ( h(t)da 

J a 


(4.7) 


Define 

's h (0, if £ £ [a, b] \ G, 

J(£), satisfying (& - <5(&), & + <5(&)) C G, if f € [a,b]. 
Then, it follows that for a (5-fine division Pq = { [ar» i , Xi]; H} of [a, 6], 


*(0 = 


HE /n (&)[«(*») - a(xi-i)],^2 fm(ti){a(xi) - a(xi- 1)] 

< d( Y fn(£i)[a(xi) - a{xi- 1 )], Y f m (£i)[a(xi) - a(xi- i)A 

'‘&e[a,6]\G ?ie[a,i>]\G ' 

+ d (Y fn{£i)[a{xi) - a(xi- 1)], Y fm(£i)[a(xi) - a(xi- 1)]') 

'tan fan ' 


< 


Y D (M£i)Jm(ii))[a(Xi) - a(Xi- 1 )]+ Y fm(£i))[a(Xi) - a(Xi- 1 )] 

£i6[a,6]\G ?;6G 


< e(b — a) + 

‘ £;6G 

< e(b — a) + 3e. 


Y h(£i)[a(xi) - a(xi~ i)] - [ h(t)da + [ h(t)dc 

- ^ J G J G 


Hence, there is an natural number N such that for any n,m > N, we have 
D^F n [a,biF m [a,b^j 

< D ^F n [a, b], Y fn{^i)[a{xi) - a(*i-i)]^ + D ^F m [a, b],Y /m(£i)[a(*i) - a(®»-i)]^ 
+ D (^Y ~ a(xi-i)],Y - a(xi-i)] ^ 


< 3e. 


Thus, F„[a,b] is a Cauchy sequence, and there is an natural number N\ such that for any n > Ah, we have 
D(F n [a,b], A) < e. According to the ( FHS ) integrability of /n 1 (x), there is a 8 N (£) > 0 such that for any 
<5 Ni -fine division P = {[u, v];£} of [a, b], for any n > AHi, we have 


< 


HE fn{0[a(v) - a(u)],F n [a,b] 

D(F n [a,b],F Nl [a,b] \ +D fe M {Q[a(v) - a(u)],F Nl [a, 6] 


+ D [Yfn(t)[a(v) - <*(«)], Y f N i K)[«(v) - <*(«)] 
< 3e. 


This completes the proof. 


□ 
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5 conclusions 

In this paper, we have investigated locally and globally small Riemann sums with respect to a on [a, 6] for 
fuzzy number-valued functions. Also we have stated and proved two main theorems: (1) If a fuzzy number-valued 
functions f(x) is Henstock-Stieltjes integrable with respect to a on [o, b] then f(x) has ( LSRS ) with respect to 
a on [a, 6] and the converse is always true. (2) If a fuzzy number-valued functions f(x) is Henstock-Stieltjes 
integrable with respect to a on [a, b] then f(x) has (GSRS) with respect to a on [a, b] and the converse is always 
true. Finally, by Egorov’s Theorem, we got the dominated convergence theorem for globally small Riemann sums 
(GSRS) with respect to a on [a, 6] for fuzzy-number-valued functions. 
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Abstract 

In this paper we establish some fuzzy differential subordinations regarding the differential operator 
'■ — > An, RIm,\,if( z ) = (1 ~ a)/? m /p) + a:/ ( to, A ,l)f{ z ), where R m is the Ruscheweyli 

derivative,/ (m, A, l) is the multiplier transformation and A n = {/ £ 7/(17), f(z) = z + a n +i z n+1 + . . . , z £ 
17} is the class of normalized analytic functions. We introduce a fuzzy class Rif (a,m, X,l) and by using 
the fuzzy differential subordinations we derive some properties of this class. Also, several fuzzy differential 
subordinations are established regarding the studied differential operator. 

Keywords: fuzzy differential subordination, convex function, fuzzy best dominant, differential operator. 

2010 Mathematical Subject Classification: 30C45, 30A20. 


1 Introduction 

The differential subordination method was introduced and developed by S.S. Miller and P.T. Mocanu. G.I. 
Oros and Gh.Oros in [ 6 ], [7] combine the notions from the complex functions domain with the fuzzy sets theory. 

In this paper we obtain fuzzy differential subordinations regarding the differential operator studied in [4] 
using the methods from [2], [3]. 

Consider 17 = {z £ C : \z\ < 1} the unit disc of the complex plane, 7/(17) the space of holomorphic 

functions in 17, A n = {/ £ 7/(17) : f(z) = z + a n+ \Z n+1 + . . . , z £ 17} and 7 l[a,n] = {/ £ 7/(17) : /p) = 

a + a n z n + a n+ \Z n+1 + . . . , z £ 17} for a £ C and n £ N. The class of normalized convex functions in 17 is 

denoted by K, = j/ £ A n : Re + 1 > 0, 2 £ 1/ j. 

We need the following. 

Definition 1.1 ([6]) Let D C C, Zq £ D be a fixed, point and let the functions /, g £ 7/ ( D ). The function f is 
said to be fuzzy subordinate to g and write f -<jr g or f (z) -<jr g p), if are satisfied the conditions f po) = 9 po) 
and F f{D) f p) < F g{D) g (z), z £ D. 

Definition 1.2 (]7, Definition 2.2]) Let ip : C 3 x 17 — » C and h univalent in U, with ip (a,0;0) = h (0) = a. If 
p is analytic in 17, with p (0) = a and satisfies the fuzzy differential subordination 

7 A( C 3 xC/)V , P( 2 ), zp p) , z 2 p"(z); z) < F h{u) h{z ), 2 £ 17, (1.1) 

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a fuzzy 
dominant of the fuzzy solutions of the fuzzy differential subordination, if F p ^ u - ) p(z) < F q ^ U ' ) q(z), z £ 17, for all 
p satisfying (1.1). A fuzzy dominant q that satisfies Fg^uyq(z) < F q (jj\q(z), z £ 17, for all fuzzy dominants q of 
(1.1) is said to be the fuzzy best dominant of (1.1). 

Lemma 1.1 ([5, Corollary 2.6g.2, p. 66]) Let h £ A n and L[f } p) = G (z) = fn h (t) t* _1 dt, z £ 17. If 

nz n u 

Re + i) > -1, 2 £ 17, then L (/) = G £ AC. 

Lemma 1.2 ([8]) Let h be a convex function with h( 0) = a, and let 7 £ C* be a complex number with Re 7 > 0. 
If p £ 7/ [a, n] with p (0) = a, if) : C 2 x 17 — ► C, ip (p (z ) , zp' ( 2 ) ; 2 ) = p ( 2 ) + ^zp' ( 2 ) an analytic function in U 
and 

F^&xU) (p{z) + ]^ z P P)^ < F hl jj)h(z), z&U, (1.2) 

then F p (uyp(z) < F g ^ U ' ) g(z) < F h ^u^h(z), z £ 17, where g(z) = f 0 h(t)t J / n ~ 1 dt, z £ 17. The function q is 
convex and is the fuzzy best dominant. 
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Lemma 1.3 ([8]) Let g be a convex function in U and let h{z) = g(z) + nazg'(z), z £ U, where a > 0 and n is a 
positive integer. Ifp(z) = g(0)+p n z n +p n +iz n+1 + . . . , z £ U, is holomorphic in U and F p fjj ^ ( p(z ) + azp'(z)) < 
Fh(U)h{z), z £ U, then F p (jj^p(z) < F g ^g(z), z £ U, and this result is sharp. 

We need the following diferential operators. 

Definition 1.3 (Ruscheweyh [9]) For f £ A n , m,n £ N, the operator R m is defined by R m : A n —> A n , 

R°f{z) = f{z),R 1 f{z) = zf(z),... 

(m - 1 ) It' 11 - l f (z) = z (R m f (*))' + mR m f (z) , z £ U. 

Remark 1.1 If f £ A„, f{z) =z + E^„+i a j zj , then R m f (z) = z + Ejln+i a 3 zj > z£U. 

Definition 1.4 ([!]) For f £ A n , m,n £ N, X,l > 0, the operator I (m, X,l) f(z) is defined by the following 
infinite series I (m, A, l) f(z) = z + Y^jLn+i ( a o zj ■ 

Remark 1.2 We have I (0, A, l) f{z) = f(z), (l + 1) I (to + 1, A, l) f(z) = (l + 1 — A) I (to, A, l ) f(z)+Xz ( I (to, A, l) f(z))', 
z£U. 

Definition 1.5 ([4]) Let a,X,l > 0, m,n £ N. Denote by RIffxi the operator given by i?/“ A ; : A n — > A n , 

RI m,\ ,if( z ) = (! - u) Rm f(z) + al (to, A, l) f(z), z £ U. 

Remark 1.3 If f £ A n , f(z) = z + J2p= n +i a jZ j , then 

RI^X ,Ji z ) = z + ET=n + i {« ( 1+ Tr 1)+ O m + (!-«) } a R j ’ Z G U - 

2 Main results 

Using the operator A ; we define the class RIj - ( a , to, A, l) and we study fuzzy subordinations. 

Definition 2.1 The class RIjr {a, to, A, l) contains all the functions f £ A n which satisfy the inequality 

F (Ri^ lf )\u) (*))' > 8* z£U, (2.1) 

where 6 £ (0,1], a, A, l > 0 and to, n £ N. 

Theorem 2.1 RI^(a,m,X,l) is a convex set. 

Proof. Let /i, fi £ RI R (a, to, A, l), /*, (z) = z + YRjL n +i a jkR , k = 1, 2, z £ U. We show that the function 
h (z) = 771/1 ( 2 ) + 772/2 {z) is in the class Rljr ( a , to, A, l) , where 771 and 772 are nonnegative such that 771 +772 = 1. 
Differentiating, we obtain h! (z) = {pifi + 772 / 2 / (z) = p \ /( (z) + 772/2 (z), z £ U, and 

( RI m,x,i h ( 2 )) = ( RI m,x ,1 Rih + M 2 / 2 ) ( 2 )) = Pi (Rim, x,ih ( 2 )) + 92 x ,ih 0)) , so we have also 
,i h )\ u ) (j^^m,X,lh (Z)) = R (jtl" A l (ft 1 f 1 +fi2f2))'(U) ( R ^m,X,l (hlfl + Pzfz) ( z )j = 

F, 


( RI ™,xAnifi+U2f2))'(U) ( RI m,X,lR ( 2 )) + 9-2 (■ RI m,X,lf2 (+)) 




(C) 




Since / 1 , f 2 £ Rij r (a, to , A, l), we have S < F, RI « ^ ifl )'(u) ( RI m,x,iR (+)) < 1 and 
5 < V™ x J2)\u) { RI ^,xyf2 (z))' < l,z £ U. 


Therefore 


< 1 and we obtain that 


S < F^ RIa h)'(u ) (-^m a R ( z < 1, which means that h £ RI R (a, to, A, l ) and Rljr (a, to, A, l ) is a convex 


set. 
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Theorem 2.2 Consider g a convex function in U and h(z) = g {z) + zg' (z ) , with z G U, c > 0. When 
f G RIjr (a, m, A, l) and G ( z ) = fft t c f (t) dt, z € U, then 

F (Ri«' Kl f)\u) ( RI ™,x,J (*))' < F HU)h (z), z G U, (2.2) 

implies F^ RJa gY(u) (^ R ^m x i G ( 2 )) — F g(U)9 ( z )> z € U, and this residt is sharp. 

Proof. Differentiating with respect to z the following relation z c+1 G (z) = (c + 2) J 0 ‘ t c f (t) dt. We obtain 
{c+l)G(z) + zG' (z) = (c + 2) / (z) and (c+ 1) RI^ xl G {z) + z (^RI^ M G ( Z )) = ( c + 2 ) RI m,x,if ( z ) , z&U. 

Differentiating again we get (Riff x l G ( 2 )) + -^.z (^Rlff x l G (zYj = X l f (z)^j , z € U, and the fuzzy 

differential subordination (2.2) becomes 


Fri ™,\,i G ( u ) (^i R ^m,X,l G ( 2 )) + c 2 Z ( R ^m,X,l G ( z )) ^ < F gt jj) ^g (z) + c + ^zg' I 


(*) • ( 2 - 3 ) 


Consider 


p(z) = {RI^ l G(z))' , zGU, (2.4) 

evidently p G U [l,n] and from relation (2.3) we get F p ^ (p(z) + ^ Z P ' (z)) < F g{ y) (g{z) + -^zg' ( 2 )), 

U. 

By using Lemma 1.3 we obtain F^ RJCC gY (u) (^ R ^m x i G (z)) — F g(u)9 ( z ), z G U, and g is the fuzzy best 


z GU. 


dominant. 


Theorem 2.3 Let h (z) = j3 € [0, 1) and c > 0. If A, (>0,m,n£N and I c (/) ( 2 ) = fj t c f (t) dt, 

z G U, then 


RIj: (a, to, A,/) C RIjr ( a,m,X,l ) 


(2.5) 


where ft* = 2ft - 1 + C+VC-W) j* t 


0 t+1 


-dt. 


Proof. A similar proof with Theorem 2.2 for the convex function h get us P p (c/) yp(z) + ~^ 2 z P r ( z )j < 
fh(U)h ( z ) 5 with p (z) defined in (2.4). 

Applying Lemma 1.2 we obtain F i m « x t GY(u) ( RI m,X,i G ( z )) < F g(u) g{z) < F h{u) hftz), where g(z) = 
c t +2 Jq t = 2/? — 1 + C+2)(2-2/ 3} j t jn_ Si nce g j s convex and g (U) is symmetric with 

nz n nz n 

respect to the real axis, we have 

Fi( m ,x,l)G(u ) {I {m, A, l ) G (z))' > min F g{u) g ( 2 ) = F g{u) g (1) (2.6) 

1 * 1=1 


and ft* = g (1) = 2/3 — 1 + ( c + 2 )C 2 h) J x t ^ ^ ^he inclusion (2.5) follows from (2.6). ■ 

Theorem 2.4 Consider g a convex function with g(0) = 1 and h(z) = g(z) + zg'(z), z G U. For A, l > 0, 
to, n G N, / G A n and the fuzzy differential subordination 

F (m^ lf )\u) ( RI m,x,if (*))' < F HU)h (Z), ZG U, (2.7) 

holds, we obtain Frjc, ^ j(u) RIm ’ x ft R ^ < F g ^g(z), z G U, and this result is sharp. 

Proof. For p(z) = RImX ft R ^ i z G U, we have p G R[l,n] and differentiating the relation /?/“ A l f{z) = 

zp(z), z G U, we obtain RIm,x,if( z )) = p( z ) + zp\z ), z G U. 

The fuzzy differential subordination (2.7) becomes P p (j/) (jp{z) + zp'(z)) < F h nj)h(z ) = P s (j/) ( 3 ( 2 ) + zg'(z )) , 
z G U, and applying Lemma 1.3, we deduce F^ Ria ff^u) < F g ^g{z), z G U. ■ 

Theorem 2.5 Let h be a holomorphic function with Re ^1 + ) > —\, z G U, and h(0) = 1. RTien t/ie 

differential subordination 

F (Ri°' XJ f)\u) ( RI ™,x ,if ( Z )Y < W . 2 e U, (2.8) 

holds, where Aft > 0, to, n G N, / G A n , then Fr/q RIm ' x ft R ~' 1 < F q ^q(z), z G U. The function 

q(z) = —V fg h{t)t^- 1 dt is convex and it is the fuzzy best dominant. 
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Proof. Since Re ^1 + > — \, z G U, from Lemma 1.1, we deduce that q ( z ) = — r / 0 ~ h(t)t " 1 dt is 

a convex function and verifies the differential equation associated to the fuzzy differential subordination ( 2 . 8 ) 
q ( 0 ) + zq' ( 0 ) = h ( z ), therefore it is the fuzzy best dominant. 

Keeping p(z ) = , p G 'H[l,n] and differentiating it, we obtain = P ( z ) + zp'(z), 

z G U and (2.8) becomes F p (u) ( p(z ) + zp'(z)) < F h (jj)h{z), z G U. 

By using Lemma 1.3, we deduce F RI & t f(u) nim -f lFd < F q ^ U ' ) q(z), z G U. m 

Example 2.1 Let h (z) = with h (0) = 1, h’ (z) = (1 ~ 2 )2 and h" ( 0 ) = (jyryr ■ 

Since Re (^§) + l) = Re (j=f) = Re = 1+2 }z£e+p* > 0 > ~b the function h is 

convex in U. 

Let f (z) = z — z 2 , z G U. For n = 1, m = 1, l = 1, A = 2, a = we obtain RIf 2 if ( z ) = \Fi l f ( z ) + 

2 

| / (1, 2, 1) f ( 0 ) = \zf (z) + %zf (z) = z — 2z 2 . Then [RIf 2 ,if ( z )j =1 — 4 0 and RIl - 2 fFF = 1 — 20 . Function 


v( z ) = l Jo i4 dt = - 1 + 21n( , 1+z) - 

From Theorem 2.5 we have Fjj (1 — 4 z) < Fu (iqif) , z G U, imply Fu (1 — 2 z) < Fjj 1 + 
0 G U. 


2 ln(l+z) 


Theorem 2.6 Let g be a convex function with g (0) = 1 and h(z) = g ( 0 ) + zg' ( 0 ), 0 G U . When the fuzzy 
differential subordination 


JW) 


( zRI?L,, \ ff ( 0 )^ 

( ) - Fhmk{z) ’ z 


G U 


(2.9) 


holds, for A, l > 0, m, n G N, / G A n , then F RI c A J(JJ) R R ji 1 ' X,l f(z) — F g (jj)g{z), z G U, and this result is 
sharp. 


Proof. Diferentiating p{z) = R R jf 1 ’ x ’ l /^ z )' > we get p‘ 


u z \ — (- rj ^+i.a,;/( z )) ( flJ m+i,A ,;/(*)) , 

uj - Ri° xl f(z) py z > 


p (0) + 0 • p 1 w = • 

In this conditions, relation (2.9) becomes F p (u) (p(^) + zp'(z)) < F h (jj)h(z) = P s (c/) (g(z) + zg\z )) , 0 G U, 
and aplying Lemma 1.3, we obtain Fm« x l f(u) < F g (u)9 ( z ), z G U. m 

Theorem 2.7 For a convex function g, with g( 0) = 1, consider h(z) = g(z) + I g'(z), z G U. The fuzzy 
differential subordination 


F Ri^.x.ifW) 


V^A ,J( Z ) 


) (RI^x,if( z ))'^j <F h{U )h(z), zGU, 


(2.10) 


is satisfied, when a, X,l,5 > 0, to, n G N, / G *4„, and implies the following fuzzy sharp differential subordination 


Pri^W) < F g{u) g ( 0 ), 0 G U. 


Proof. 


•. Differentiating p(z) = ( ^ ) < , z G U, we get 1 ( RI^f{z ))' = *>( 0 ) + 


1 07 /( 0 ), 0 G U. Evidently p G H[ 1, n], and (2.10) becomes (p(z) + j 0 p'( 0 )) < F h ^h{z) = ( 5 ( 2 ) + f ff' ( 2 )) 

0 G U. 

6 


By using Lemma 1.3, we have F RI « Xl f(u) < F g{u) g(z), 0 G U. 


Theorem 2.8 Consider an holomorphic function h which satisfies the inequality Re ^1 + > — \, 0 G U, 

and h( 0) = 1. When the fuzzy differential subordination 

( 5-1 


F, 




I 1 7- 


) (Rl^fiz))'^ <F h{U )h(z), zGU, 


( 2 . 11 ) 


holds, with a, A, l, 5 > 0, to, n G N, / G A n , then F RI c x j(u) < F q ^q(z), z G U, and q(z) 

, ht+\+f- 1 rh 
)o 


So h(t)t» x dt. 
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Proof. Since Re ^1 + 2 € U, from Lemma 1.1, we deduce that q (z) = — + f~ h(t)t ™ 1 dt is 

a convex function and verifies the differential equation asscociated to the fuzzy differential subordination ( 2 . 11 ) 
q ( z ) + hzq' ( 2 ) = ft ( 2 ), therefore it is the fuzzy best dominant. 

Consider p(z) = ^ , z £ U, thenp € R[ 1, n\. Differentiating, we obtain ^ ri ™.xjJ ( + ^ ^ RI “ A t f(z)j = 

p(z)+^zp'(z), z £ U, and the fuzzy differential subordination (2.11) becomes P p ([/) (+ 2 ) + y 27 /( 2 )) < F h (jj)h(z), 

z£U. Aplying Lemma 1.2, we get F RI * f{u) ( RI ™^ lf{z) \ < F q(JJ) q(z) and q(z) = f z h(t)t^~ 1 dt, 2 £ U, 
is the best dominant. ■ 


Theorem 2.9 For a convex function g, with g (0) = 1, define the function h(z) = g (z) + #</ (z), z £ U. If 
a , A ,1,6 > 0, to, n £ N, f £ A n and the fuzzy differential subordination 


Fri Zi,x,i W) 


( z 2 RI°, x J{z) 

V 5 (^“+ 1 ,A,//W ) 2 


^),A+W 2 RI 1 + l,A,l/W 


+2 


<5 + 1 RI m,X,lf ( Z ) 


( 




m+l,A,Z 


f(z) 


< Fh(u)h ( z ) > z G £4 


(2.12) 


holds, then Fo/« ( 2 . RIm - x ’ lR ^ | < F a (mg(z), z £ U, and this result is sharp. 

> y (Ri« +ixl f(z)) J > 


(«C.A.|/(*))' 0 +C. + l, A, ,/( + )' 

TD TCI £ I " TDTOL £ I 


Proof. Differentiating p(z) = z . RIm ’ x ’ lFz \ 2 , we get 

{ RI ™+i,\,i FA) 

n I V f -1 — ,;/(=) , si RI m.\,lA Z ) 

p(A S P ( ) 5 («J“+ llA ,,/(*)) =l + 5 (^“ + i,x, i /(D)" 

The fuzzy differential subordination (2.12) becomes 
-Fp(t/) (?+) + fp'(z)) < Fh{U)K z )F g{U ) (g(z) + §g'(z )) , z £ U, and by using Lemma 1.3, we derive 


R ^.x.ifi 


RI “ 


lf( z 




Theorem 2.10 Let ft fte a holomorphic function with properties Re ^1 + z ^>^ J > ~\, z £ U, and h( 0) = 1. 
The fuzzy differential subordination 


Fri Si,x,i ru ) 


fz 2 R I^J(z) 

•< 

1 

n ( RI ™ + i,x,if(z))' 

\ 6 (^+1,A ,|/W) 2 

R I1,X ,J( Z ) 

R ^m+l,X,lf( Z ) 


+2 


<5 + 1 RI ™,x,J ( z ) 


RI 


771+1, A, Z 


f(z) 


<F h (u)h{z), z £ U, 


(2.13) 


implies the following fuzzy differential subordination F RI a ^ f(u) 
a , A ,1,6 > 0 , to, n £ N, f £ A n , and q(z) = — + fj h(t)t^~ 1 dt. 


R iZ,x,if( z ) \ 

{ R iZ + i ,x,if(*)) 2 J 


< Fg^q ( 2 ), 2 £ U, where 


Proof. Since Re ^1 + > — \, z £ U, from Lemma 1.1, we deduce that q (z) = — + Jf h(t)t * l dt is 

a convex function and verifies the differential equation associated to the fuzzy differential subordination (2.13) 

l , 


q ( 2 ) + \zq' ( 2 ) = ft ( 2 ), therefore it is the fuzzy best dominant. 


Considering p{z) = 2 


RI° 


if( z ) 


(*J£+i ,a,«/(D) 2 
_ „ <5+1 RI Z,x,if(z ) 


P(Z) + IP'( Z ) =2+i^ 


, z £U, p £ +1, n]. Since 

, Z 2 RI ™,\,lf( z ) 


(*C,A ,*/(*))' o(«C+l.*, «/(*))' 

z Dra /(*) 




„A,( /(+ 


RI° 


+ l,X,l 


, z £ U, from 

x ,/(*) 


»+i.x, «/(*)) 5 («+A+i ,x,*/(D) 

(2.13) we have i+c/) (^( 2 ) + fp'( 2 )) < F h{u) h{z), z £ U, and from Lemma 1.2, we obtain A i /(c/) j^ff 2 

F q (u)l(z), z £ U, and the best dominant is <7 ( 2 ) = — + fj h(t)t^~ 1 dt. 


< 
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Theorem 2.11 For a convex function g with g( 0) = 0 define h{z) = g(z) + ^g'(z), z G U. If a, A, l, 5 > 0, 
m.,n GN, f G A n and the fuzzy differential subordination 





(RI^x,if(z))' 


2 3 

( RI m,X,lf ( Z ))" 


1 

<N 


s 

Rln^lf(z) 

y R^,x,if(z) j 

I 

J 


<F h[u) h{z), zGU, (2.14) 


holds, then the following result is sharp F R j^ ^ l f(u) (^z 2 -ffff^—f — F a( u )d (~)> z G U. 

Proof. Considering p(z) = z 2 > we deduce that p G "H[0, 1] and differentiating it, we obtain 


I | # (R^,x,,nc) 2 ,n 

P{Z)-G g p (Z) - Z S RI“ iXtl f(z) + 5 RI m,\,,f(. z ) \ RI Z,X,l /(*) J ’ 

The fuzzy differential subordination becomes F p ([/) (p(z) + § zp'(z )) < F h ^h(z) = F g (u) ( g{z ) + I g'( z )) 
and by using Lemma 1.3, we deduce F RI c * ^ (z 2 ^ff' x ’ lF ^ ^ < F g ^ U ' ) g(z), z G U, and this result is sharp. 


Theorem 2.12 Consider h a holomorphic function with Re ^1 + z ^r^ 'j > — z G U, and h( 0) = 0. If the 
fuzzy differential subordination 

( 2 5 + 2(^,a,i/W)' 

Ri -^ nu) r R^.x.if(z) + 


* 3 

( RI m,X,lf (z))" 

( (ri1,x,J{z))\ 

2 1 


5 

RI^xJ(z) 

y R^,x,if(z) j 


J 


holds, for a, A, l, 6 > 0, m,n G N, f G A n , then F RI « Xl f(u) yz 2 
q(z) = f 0 Z h(t)tn~ 1 dt. 


<F h(U) h(z), zGU, (2.15) 

< F q (jj\q{z), z G U, where 


Proof. Since Re ^1 + > —\, z G U, from Lemma 1.1, we deduce that q (z) = — ^ ff h(t)t " l dt is 

a convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.15) 
q (z) + \zff [z) = h(z), therefore it is the fuzzy best dominant. 

Considering p(z) = z 2 ^t z G U, p G %[0,n]. Differentiating it, we obtain p{z) + | p' (z) = 


K,»,./w)" i 

( K,»,i/w )'\ 2 

R^xJO 1 

^ Ri^.x.ifC) J 


, z G U, and (2.15) becomes F p (c/) (p(z) + ^zp'(z)) < 


5+2 {R^m, A , if ( Z )) I z 3 

s R^xffC) + -5 

F h (u)K z )> ZGU. 

Applying Lemma 1.2, we get Fr/° a j(u) ^ a/™’*’' ^ — F q (u)q{z), z G U, and the best dominant is 
q{z ) = -V f z h(t)t»~ 1 dt. m 

nz n 

Theorem 2.13 Let h(z) = g{z) + zg'(z), z G U , where g is a convex function such that g(0) = 1. When the 
fuzzy differential subordination 


( 


Fri Z,x ffW) 


RF, 


1 - 


\,x,if (z) ■ (RI*,x,J (z) 


A 


V 




< F h (u)h (z ) , zGU 


(2.16) 


J 


holds, for a, A, l > 0, m,n G N, f G A n , then the followinf result is sharp F RI a xi f(u) A '/('))' 

Fg(U)9(z), zGU. 


< 
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Proof. Let p(z) = ^^.x.ilD . We deduce that p £ TL[1, n] and differentiating it, we get ;/(-)) 

p (z) + zp' (z) , z £ U. 

The fuzzy differential subordination becomes P p (f/) (p(z) + zp'(z)) < F h (jj^h{z) = F g ^ (g(z) + zg'(z)) and 
we apply Lemma 1.3 to deduce the following sharp result RI c ^ ^ A '/( ))' ^) — R g(U)9( z )> z £ U. m 

Theorem 2.14 Let h be a holomorphic function with h( 0) = 1 and Re ^1 + J > — z € U. The fuzzy 
differential subordination 


( 


RI l,x 


1 - 


(z) ■ (*)) 




< F h (u)Hz), z £U, 


(2.17) 


induce F RI ^ xif{u) < F q{u) q(z), z £ U, where q(z) = fj h{t)U 1 dt, for a,X,l > 0, 

m, n € N, f £ *4„. 

Proof. Since Re ^1+ z £ U, from Lemma 1.1, we deduce that —V f" h(t)t^~ 1 dt is a 

convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.17) 
q {z) + zq' (z) = h ( z ), therefore it is the fuzzy best dominant. 

Consider p{z) = y-^y j z £U,p € "H[l,n]. Differentiating it, we obtain 1— RIm • = 

p ( z)+zp ’ (z) , z £ U, and the fuzzy differential subordination (2.17) is written P p (c/) {p{z) + zp'(z)) < F h m^h{z), 
Z £U. 

By using Lemma 1.2, we get F RI c ) — F q ^q(z ) , z £ U, and the best dominant is 

q(z) = Jo Ktff^dt. . 


Example 2.2 Let h (z) = 


1 — z 
1 +Z 


a convex 


function in U with h (0) = 1 and Re + 1^ > — 


Let f (z) = z — z 2 , z £ U. For n = 1, m = 1, l = 1, A = 2, a = we obtain Rif 2 if ( z ) = z ~ 2z 2 , z £ U. 

z—2z 2 _ 1-2 z 


Then (RI* 21 f(zj)' = l-4z and (Rl} 21 f(z))" = - 4, 


z(l-4z) 1— 4z ’ 


1 - 


«L 3 2,l/(D- flT3 21 /(z) 


flb 3 2,l/C) 


= 1 - ( *~ 2 *?/!~ 4) = PLe = i / Q z i=fdt = -1 + 


(l-4z) 2 


(l-4z) 2 


Using Theorem 2.14 we obtain F R ^ 8 ^ 1 _^( 2 1 ^ < Fjj , z £ U, induce Fjj ) < F R ^ 

z£U. 


-1 + 


2 ln(l+z) 


Theorem 2.15 Consider h(z) = g(z) + zg'(z), z £ U, where g is a convex function with g( 0) = 1. When the 
fuzzy differential subordination 

Fri^W) ([(RIZ,x,if (*))'] ’ + R C,x,if ( z ) ■ (FC,x,if (*))") < F h(u) h(z), z £ U (2.18) 

holds, for a, A, l > 0, m, n £ N, / £ A„, then the following result is sharp F R ja ,f(u) ^ R ^ m - x - lR ^ 

F g {u)g{z ), z £ U. 


< 


Proof. Let p(z) = 




. We deduce that p £ %[l,n]. 


Differentiating it, we obtain 


(X)) + RI m,\,if ( z ) ■ ( z i) = P ( z ) + z p' (z) , z £ U, and 


the fuzzy differential subordination becomes P p (t 7 ) (p(z) + zp'(z)) < F^u^h^z) = Eg(c/) {g( z ) + zg'(z)) . 

R iZ,x,ifCy( R i“,x,if(Cy 


By using Lemma 1.3, we obtain the following result sharp F R i 
z £ U. m 


,f(u ) 


< F g(u) g{z), 
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Theorem 2.16 For a holomorphic function h which satisfies the inequality Re ^1 + J > z £ U, and 

h{ 0) = 1, the fuzzy differential subordination 

1 2 


RiZ.x.i f( u ) 


(Rim, x, if (z))' “ + RIl,X,lS (z) ■ (Rim, x, if (z))" < F h(u) h(z), z £ U, (2.19) 


fiC.x.i f( z )jRI^,x,if( z ))' 


< F„fjj\q(z), z£U, where q(z) = Jo z h(t)tn 1 dt, and a, X, l > 

nz-r u 


induce F RI « x i f (U ) 

0, to, n G N, / G A n 

Proof. Since Re ^1 + > —\, z £ U, from Lemma 1.1, we deduce that q (z) = -\r ff h(t)t™~ 1 dt is 

a convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.19) 
q {z) + zq' {z) = h (z), therefore it is the fuzzy best dominant. 

Let p(z) = RIrn - x ’‘R^ C R7, t‘,a,</(--)) , z £ U, evidently p G H[l, n], 

( R Im,x,J ( z )) + RIm,x,if(z) ■ ( R Im,x,if (z)) i z G U, and (2.19) means 


We have p {z) + zp' (z) = 

F P (U) (p(z) + zp'(z)) < F h{u) h(z ), z£U. 

Applying Lemma 1.2, we get Fri^ x J(u) 
dominant is q(z) = — fo h(t)t^~ 1 dt. m 


Ri’X.x.JOjRi^x.ifC))' 


< F q ^ U ' ) q(z), z G U, and the best 


1 -Z 


function in U with h (0) = 1 and Re ^ X h'{fz) + l) > — \- 


Example 2.3 Let h (z) = ‘ “ a convex 

2 

Consider f (z) = z — z 2 , z G U . For n = 1, m = 1, l = 1, A = 2, a = we obtain RI^ ; 2 if ( z ) = z ~ 2z 2 7 
zeU. 


/ 2 \ / / 2 \ a RIl, 2 ,lf( z )'\RIl, 2 ,lf( z l 1 ( z — 2 z 2 Vl — 4 z) 

Then (Rif 2 , if (• 2 )J =1-4?, (Rif 2 , if (z)) = -4, A L = ^ F z) = 8 2 2 -6 2 + l, 

r -1 2 

(Rl\, 2 , if (z)) + RII 2 J (z) ■ (RIf xl f (z))” = (1 - 4 2 ) 2 + (z- 2 z 2 ) • (- 4 ) = 24 2 2 - 12z + 1 . 

We have q (z) = | f z y=| dt = -1 + 21n ^+ z) . 

From Theorem 2.16 we obtain F R (2Az 2 — 12z + l) < Fjj (iqif) t z G U, induce Fjj (8z 2 — 6z + l) < 
Fu (~ 1 + 21n( ^ +z) ) , z£U. 

Theorem 2.17 Consider h{z) = g(z) + ffzjj 9 '( z ), z G U, where g is a convex function with g( 0) = 1. If the 
fuzzy differential subordination 


Fri Z.x.,H u ) 


*C + ,. W /M ( (“-..»/ (*))' fsc.xj/w)' 




1 -S 


RIm + l.X.lf(z) S ~ RI°xJ(z) 


< F H u)Hz ), 

(2.20) 


z G U, holds, for a, A, l > 0, 6 G (0, 1), to, n G N, / G A„, then the following result is sharp 
F RI“,xJW) ( ^ +1 ; X ’ i/W • U°, *,/(») )*) ^ F 9 (u) 9 (z), z G U. 

Proof. Let p(z) = . ( R/ „ z |/(z) ) . We deduce that pGH[l,n] and differentiating the function 


p, we obtain 


f z ) 

6 Ri^ + i,x,if( z ) 

f («c+i,A,i/w)' c(Ri^,x,iH z )y\ 

{R^.xjfOj 

1-5 

( RIZ + l.X.lfC) RI m,X,lR z ) i 


= P(*)+ j±sZp'{z),z£U. 


< 


The fuzzy differential subordination means E p (c/) (p(- ) + rhzp'W) < Fh(u)Hz ) = F 9(i 7) (ff(^) + ixjff'tz) 
and by using Lemma 1.3, we obtain the following sharp result F RI c Xl fpu) ^ 

Fg(u)9{z), z £U. m 

Theorem 2.18 Let h be an holomorphic function with h( 0) = 1 and Re ^1 + ^ — b z ^ U.The fuzzy 

differential subordination 


F , 


RI Z.x.i SW) 






1-5 


^ + 1 ,A,i/W S ~ RIm,X,lf(z) 


< F h{u) h(z ), 

(2.21) 
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zeU, induce x ^ < F q{u) q(z), z £ U, where q(z) = fj h(t)V 

for a,X,l>0, 6 £ (0, 1 ) , m, n £ N, / € A n - 

Proof. Since Re (l + z E U, from Lemma 1.1, we deduce that q (z) = fj h(t)t^~ 1 dtt 

is a convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.21) 
q (z) + jz^zq' (z) = h (z), therefore it is the fuzzy best dominant. 


1 dt, 


Consider p{z) = 


Differentiating it, we get ^ 


( «/£.>*,./(*) ) ’ U,p£'H[l,n\. 


( z / 

Rlm+l ,X,lf( Z ) 

( (riz+ 1,*, ./(*))' A RI ™,x ,«/(*))' A 


l — S 

l «^ + l,A ,./(*) «^,A,J /(*) J 


= p(z)+ih z P' (z), 

z £ U, and (2.21) becomes P p (c/) (p(z) + jzzszp'(z)^ < F h ^h(z ), z £ U. 

Aj/ ^ ' ) - F q(u)Q(z), Z £ U, and the best 


From Lemma 1.2, we get F RI a j(u) 


RI° 


dominant is q{z) — ■ 1 1 j a ff h(t)t 


l dt. 
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Abstract 

In this work we study a new operator IR™\ n defined as the Hadamard product of the multiplier transfor- 
mation I (m, A, l ) and Ruscheweyh derivative R n , given by : A — > A, IR™\ n f ( z ) = (I (m, A, l) * R n ) f ( z ) 

and An = {/ € H ( U ) : f (z) = z + a n+ iz n+1 + z £ U} is the class of normalized analytic functions with 
Ai = A. The purpose of this paper is to derive certain subordination and superordination results involving 
the operator IRfp’2 and we establish differential sandwich- type theorems. 

Keywords: analytic functions, differential operator, differential subordination, differential superordination. 

2010 Mathematical Subject Classification: 30C45. 


1 Introduction 

Let H (U) be the class of analytic function in the open unit disc of the complex plane U = {z £ C : \z\ < 1}. 

Let RL (a, n) be the subclass of H ( U ) consisting of functions of the form f(z) = a + a n z n + a n+1 z n+1 + 

Let A n = {/ € T-L{U) : f(z) = z + a n+ \Z n+1 + . . . , z € U} and A = A\. 

Let the functions / and g be analytic in U. We say that the function / is subordinate to g, written f ~< g, 
if there exists a Schwarz function w, analytic in U, with ui(0) = 0 and |ic( 2 :)| < 1, for all z € U, such that 
f(z) = g{w(z )), for all z € U. In particular, if the function g is univalent in U, the above subordination is 
equivalent to /( 0) = g(0) and f(U) C g(U). 

Let ip : C 3 x U — > C and h be an univalent function in U . If p is analytic in U and satisfies the second order 
differential subordination 

ip(p(z), zp'(z), z 2 p''(z); z) -< h(z ), for z £ U, (1.1) 

then p is called a solution of the differential subordination. The univalent function q is called a dominant of 
the solutions of the differential subordination, or more simply a dominant, if p -< q for all p satisfying (1.1). A 
dominant q that satisfies q -< q for all dominants q of (1.1) is said to be the best dominant of (1.1). The best 
dominant is unique up to a rotation of U . 

Let ip : C 2 x U — > C and h analytic in U. If p and ip (p (z) , zp' (z) , z 2 p" (z ) ; z) are univalent and if p satisfies 
the second order differential superordination 

h{z) -< ip(p{z), zp'(z),z 2 p'' (z)\z), z£U, (1.2) 

then p is a solution of the differential superordination (1.2) (if / is subordinate to F, then F is called to be 
superordinate to /). An analytic function q is called a subordinant if q -< p for all p satisfying (1.2). An 
univalent subordinant q that satisfies q -< q for all subordinants q of (1.2) is said to be the best subordinant. 

Miller and Mocanu [6] obtained conditions h. q and ip for which the following implication holds h(z) -< 
ip(p(z), zp'(z),z 2 p" (z)-,z) => q(z) <p{z). 

For two functions f(z) = z + anc ^ d( z ) — z + 12^=2 ^jZ 3 analytic in the open unit disc U, 

the Hadamard product (or convolution) of f (z) and g (z), written as (/ * g) (z) is defined by f (z) * g (z) = 

(/ * 9) (z) = z + £~2 ajbjzi. 

Definition 1.1 [5] For f £ A, m £ NU {0}, A, l > 0, the multiplier transformation I (to, A, l) f(z) is defined by 
the following infinite series I (to, A, l ) f(z) := z + 22^=2 a A • 

Remark 1.1 We have (1 + 1)1 (m + 1, A, l ) f(z) = (l + 1 — A) I (to, A, l ) f(z) + Az (I (to, A, l) f(z))' , z £ U. 
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Remark 1.2 For l = 0, A > 0, the operator D™ = I (to, A, 0) was introduced and studied by Al-Oboudi , which 
reduced to the Salagean differential operator S m = I (m, 1, 0) for A = 1. 

Definition 1.2 (Ruscheweyh [8]) For f € A and n £ N, the Ruscheweyh derivative R n is defined by R n : A — ► 

A, 


R°f(z ) = /(*), R 1 f(z) = zf'(z), ... 

{n + 1) R n+1 f (z) = z (R n f (z))' + nR n f ( 2 ) , z £ U. 

Remark 1.3 If f £ A, f(z) = z + a i zj ’ then Rn / i z ) = z + i)\ t, .i zJ f or Z &U. 

Definition 1.3 ([2]) Let X,l > 0 and n,m € N. Denote by IR : A — > A the operator given by the 
Hadamard product of the multiplier transformation I (to., A, l ) and the Ruscheweyh derivative R n , IR™\ n f (z) = 
( I (ro, A, l) * R n ) f (z ) , for any z £ U and each nonnegative integers m, n. 

Remark 1.4 If f £ A and f(z) = z + £°1 2 a i zj > then IR T} n f ( z ) = z + E^E> ( 1+A ^ + - 1)+i ) ap j , 

z £ U. 

Using simple computation one obtains the next result. 

Proposition 1.1 [l]For m,n £ N and \,l > 0 we have 

(n + 1 ) lR™f +1 f (z) - nlR^f (z) = z (lR?ff (z ))' . (1.3) 

The purpose of this paper is to derive the several subordination and superordination results involving 
a differential operator. Furthermore, we studied the results of Selvaraj and Karthikeyan [10], Shanmugam, 
Ramachandran, Darus and Sivasubramanian [11] and Srivastava and Lasliin [12]. 

In order to prove our subordination and superordination results, we make use of the following known results. 

Definition 1.4 [7] Denote by Q the set of all functions f that are analytic and injective on U\E(f), where 

E (/) = {£ £ dU : lim / ( 2 ) = oo}, and are such that f (Q 0 for (j £ dU\E (/). 

z-K 

Lemma 1.1 [7] Let the function q be univalent in the unit disc U and 8 and <fi be analytic in a domain D 
containing q(U ) with 4>{w) ^ 0 when w £ q(U). Set Q (z) = zq' (z) (f> (q (z)) and h(z) = 9(q(z)) + Q(z). 

Suppose that Q is starlike univalent in U and Re ( Z q(z) ) > 0 f or z € U. 

If p is analytic with p (0) = q (0), p (U) C D and 8 (p ( z)) + zp ’ (z) <f>(p(z)) -< 8 ( q ( z)) + zq ' (z) <p (q ( 2 )) , then 
p(z) -< q ( z ) and q is the best dominant. 

Lemma 1.2 [f] Let the function q be convex univalent in the open unit disc U and v and <f> be analytic in a 
domain D containing q (U). Suppose that Re ( ) > 0 for z £ U and tp ( z ) = zq' (z) <p {q ( 2 )) is starlike 

univalent in U . 

If p(z) £ H [q (0) , 1] fl Q, with p ( U ) C D and v (p (z)) + zp' (z) (p (p ( z )) is univalent in U and v (q (. z )) + 
zq' (z) <fi {q ( 2 )) -< v (p ( 2 )) + zp' ( 2 ) (p {p ( 2 )) , then q(z) -< p ( 2 ) and q is the best subordinant. 


2 Main results 

We begin with the following 

Theorem 2.1 Let £ R{U) and let the function q{z) be analytic and univalent in U such that 

q ( 2 ) 7 ^ 0, for all z £ U. Suppose that is starlike univalent in U. Let 


i 

p l 

for a, £, /3, p £ C, /3 0, z £ U and 


Re(^q(z) + ^q 2 (z) + l + z 


q" (z) q' ( 2 ) 

q( Z ) q ( 2 ) 


> 0 , 


(2.1) 


{a, R, /?; z) := (a-£n + pn 2 ) + (n + 1) (£ - 2 up - (3) 


I R \} n+1 f ( 2 ) 

iKffW 


(2.2) 


1126 


Alb Lupas Alina 1125-1131 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 



(z) 


~£p (n -f- 1 ) 


If q satisfies the following subordination 


+ P(n + 1) 


7 + 2) IR™\ n+2 f (z) - (n + 1) IR™f +1 f 7) 


L \,i 

(n + 1) lR™\ n+1 


f (z) - nlR™] n f (z) 


if™’™ 7> 7 Mi 7 + a + 7? 7) + M 7 7)7 + P- Q ^ 


9 7) 


(2.3) 


for a,(,/3,/iS C, /3 / 0, t/ien 


z(lR™ ;i n f{z)] 

lRZ?f(z) 


+ 9 7) . 


(2.4) 


and q is the best dominant. 

Proof. Let the function p be defined by p(z) := > z £ U, z ^ 0, f £ A. We have p' (z) 

(r, i n (iK:r +1 n*))' , n iRzr +1 HA (^7f/+))' 

IR^^ftz) V IR. m - n f(z) ' IR™\ n f{z) ■ 


By using the identity (1.3), we obtain 


V (7 , . „ 7 + 2) /i?rr +2 / (7-7+1) Ji2£j" +1 / (7 


p(7 


= 7 + 1) 


(n + 1) IR™)" +1 f (z) — nIR™’™ f (z) 


- 7 + 1) 


1*77+77) 
/i?777) ' 


(2.5) 


By setting 9 (■ w ) := a + + pw 2 and cf (w) := £, it can be easily verified that 9 is analytic in C, cf is 

analytic in C\{0} and that <f> (w) / 0, w E C\{0}. 

Also, by letting Q (z) = zqf (z) <f (q (7) = (3^^- and h (z) = 9 {q ( z))+Q (z) = a+fq (. z)+p {q {z)) 2 +p^pP, 
we find that Q (z) is starlike univalent in U. 

We have h! (z) = £q' (z) + 2pq (z) q' (z) + P^ + fiz^- - fiz and = §q(z) + ^q 2 (z) + 1 + 


. 1 (7 
<?(*) 


.. <?'(•-) 
<?(*) 


<?"(*) _ r g'(x) 

Z q(z) 


We deduce that Re = Re (7 + ^ q 2 (z) + 1 + 2 -^ 

By using (2.5), we obtain 

a + fp {z) + p [p (z)) 2 + P^M = (a - fn + pn 2 ) + (n + 1 ) (£ - 2 n/r - /3) 


> 0. 


IR" 


7W 


p 7 + 1) 


2 / 


7b) 


IRTff(z) 


p(z) 

+ P(n + 1) 


IK’xTRz) 


(n+2)IRiy+ 2 f(z)-(n+l)IR™r +1 f(z) 
(n+l)IR™\ n+1 f(z)-nIR™\ n f(z) 

\2 . Qzp'(z) 


zq'(z) 


By using (2.3), we have a + Cp 7) +M 77)) + + a + 7 (7 + P 7 7)) +^7w 

By an appli 
best dominant. 


By an application of Lemma 1.1, we have p (z) -< q (z), z € U, i.e. — < q(z), z £ U and q is the 


Corollary 2.2 Let m, n £ N, A, l > 0. Assume that (2.1) holds. If f £ A and if™)™ 7> 7 Mi 7 + a + £ l+gf + 
p ^ 7j?z ) + ’ / or a;, /3, p, £ £ C, fi zfz 0 , — 1 < B < A < 1, where if™’" is defined in (2.2), then 

^iR™‘ n f{z )^ — ' i+Bz > an d i +Bz * s best dominant. 

Proof. For q (z) = *+b~ ) — l<B<A<lin Theorem 2.1 we get the corollary. ■ 

Corollary 2.3 Let m,n £ N, A, l > 0. Assume that (2.1) holds. If f £ A and if™’" (a, fi, p; z) -< a + 
£ (t 7§) + M (l7f) + i -7 ’ ■C or a )/3, G C, 0 < 7 < 1, p 7 0, where if™’™ is defined in (2.2), then 
~^iR " l ’' n /(-)^ — ^ ( 7 f) > an d (firf) the best dominant. 

Proof. Corollary follows by using Theorem 2.1 for q (z) = ({Tf) > 0 < 7 < 1- ■ 

Theorem 2.4 Let q be analytic and univalent in U such that q{z) ^ 0 and be starlike univalent in U. 

Assume that 

Re (J^q 7) q' (7 + 7) 7 7)^ > 0, for f, p, p £ C, p 0 . ( 2 . 6 ) 
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If f £ A, G H [q (0) , 1] fl Q and ip™’™ ( a > Pi M> z ) * s univalent in U , where ip™’™ (a, (3, P', z) 

defined in (2.2), then 


is as 


a + fq {z) + p ( q (z)) 2 + -< ip™’™ (a, fi, p; z) 


implies 


q (z) ~< 


q{z) 

(«5f/M)' 

/r”;'7W ' 


Z £ U, 


(2.7) 


(2.8) 


and q is the best subordinant. 


Proof. Let the function p be defined by p (z) := ■ f 

j\ z 


’(*) : = ,z£U,z^ 0, f £ A. 

By setting u(w) := a + fw + pw 2 and (p{w) := — it can be easily verified that v is analytic in C, <p is 
analytic in C\{0} and that <p (w) ^ 0, w £ C\{0}. 

Since t(q(=)) = q {z)q(z)[ l +2 ^ q{z)] , it follows that Re = Re q {z) q' (z) + q 2 {z) q' ( 2 )) > 0, for 

a, (3, p £ C, p 0. 

By using (2.5) and (2.7) we obtain a + (q (z) + p {q {z)) 2 + -< a + fp{z) + p{p {z)) 2 + — 


Using Lemma 1.2, we have q(z) -< p (z) = z £ U, and q is the best subordinant. 


p(z) ■ 


Corollary 2.5 Let m,n £ N, X,l > 0. Assume that (2.6) holds. If f £ A, G H [q (0) , 1] fl Q 


and 


+ ?T+sf +M (irsf) + (1 + ( Az)(i+Bz) V’yi" (a, P, Mi ^) , for a, (3, £, p £ C, fi ■£ 0, -1 < B < A < 1, where 

i+az ^ ~( in Z'rn~))' i+Az 

IRZff(z) 


ip™’™ is defined in (2.2), then xqrgf -< ~ z Th^ w jhy~ > and f+sf * s the best subordinant. 


Proof. For q {z) = \\g Z „ , — l<i?<A<lin Theorem 2.4 we get the corollary. 


Corollary 2.6 Let m,n £ N, X,l > 0. Assume that (2.6) holds. If f £ A, G H [q (0) , 1] fl Q 


and 


« + £ (i^f) +M (prf) + -< V’yi" (at,P,P’,z) , for a,0,p,£ £ C, (3 ^ 0, 0 < 7 < 1, where ip™’" is defined 


in (2.2), then (i ±§) 7 -< , and (±±f ) 7 is 


the best subordinant. 


Proof. For q (z) = ) , 0 < 7 < 1 in Theorem 2.4 we get the corollary. ■ 

Combining Theorem 2.1 and Theorem 2.4, we state the following sandwich theorem. 

Theorem 2.7 Let qi and q 2 be analytic and univalent in U such that qi {z) ^ 0 and q 2 {z) 7 ^ 0, for all z £ U, 
with and being starlike univalent. Suppose that q± satisfies (2.1) and <72 satisfies (2.6). If f £ A, 

G H [q (0) , 1] fl Q and ip™’™ (a, (3, p\ z) is as defined in (2.2) univalent in U , then 


a + fqi {z) + p (qi {z)) + 


2 . Pzq[ (z) 


qi i z ) 


-< ipTf ( a ’ P,p]z) <a + £<72 {z) + p {q 2 (z)) + 


2 fizq'2 (z) 


q2(z) 


for a,/3,p,£ £ C, (3 7 ! 0, implies qi(z) <72 (z), and qi and q 2 are respectively the best 


subordinant and the best dominant. 


For <71 (z) = q 2 {z) = jqfpff:, where —l<B 2 <B 1 <A 1 <A 2 <l,we have the following corollary. 


Corollary 2.8 Letm,n £ N 


, X, l > 0. Assume that (2.1) and (2.6) hold. If f £ A, G R [q (0) , 1] fl 


P(A 2 -B 2 )z 


Q anda+£ 1 + B 1 i l+p(^ 1 + B 1 i l'j + (i+1 1 ^)(i+b 1 z) ^ ^A,z ( a > Pi Mi z ) ^ a +£ \Xb% +M ( i+bII) + (i+a 2 z)(i+b 2 z) > 
for a,/3,p,£ £ C, f3 zfi 0, — 1 < B 2 < B\ < A\ < A 2 < 1, where ipT’i ™ is defined in (2.2), then -< 


— — x ^ — — < )tn 2 ! , hence d 1 ! and )tp 2 ! are the best subordinant and the best dominant, respectively. 


iKTH* 


1 +B 2 zi 


1+Bi z 


l+B 2 z 
, 72 


For (71 (z) = (iirf) 7 92 (z) = (l^f) > w h ere 0 < 71 < 72 < 1, we have the following corollary. 
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Corollary 2.9 Let m,n € N, A, l > 0. Assume that (2.1) and (2.6) hold. If f € A, € H [q (0) , 1] D 

Q and a + e(^f) 71 + p (^f)“ * + -< ip^f (a, (3 , p; z) A a + ^(i^f) 72 + A*(t^) 272 + for 

i+zY 1 . YKirnA)' a + 


a, (3, p,f £ C, /3 ^ 0, 0 < 71 < 72 < 1, where ip™’™ is defined in (2.2), then ^ ~< 

'MzV 1 and (i ±A 12 ' 


mzfnz) 


(er. 


hence 


(Si) 


and 


Y-z) 


are the best subordinant and the best dominant, respectively. 


We have also 


Theorem 2.10 Let € H (U ) , / € A, z € U , m,n € N, X,l > 0 and let the function q (z) be convex 

and univalent in U such that q (0) = 1, z £ U . Assume that 

Re 

for a, (3 £ C, (3 ^ 0, z £ U, and 


a + )3 q” 0 ) 
+ z 


(3 


q' (z) 


> 0 , 


IRfT^f (z) 


^m,n+ 2 

Yxf («. # z) ■= P (n + 1) (n + 2 ) ^ 


(2.9) 


(2.10) 


(3(n + 1)^ 


IR 


,m,n+ 1 
A ,1 


/(*)' 


iKff(z) 


+ (a- (3) (n + 1) 


mir vw 
iKffi*) 


If q satisfies the following subordination 

ip\f («, /?; z) < aq (z) + fizq' (z ) . 


for a, (3 £ C, (3 ^ 0, z £ U, then 


and q is the best dominant. 




+ q{z), Z£U, 


( 2 . 11 ) 


(2.12) 


Proof. Let the function p be defined by p(z) := y~, z £ U, z ^ 0, f £ A. The function p is 


analytic in U and p (0) = 1 




iRZm 

By using the identity (1.3), we obtain 

IR™f +2 f(z) 


IRZT1+ 


zp' (z) = (n + 1) (n + 2) 


IRx?f{z) 


-(« + !) 


2 / 1H \ ,1 J \ z ) \ t... . ±1L \ .1 


iR?ff(z) 


- (n+ 1) 


IR 


m,n+ 1 


f(z) 


IR Tff(z) 


(2.13) 


By setting 9 (w) := aw and <f> (w) := (3, it can be easily verified that 8 is analytic in C, (f> is analytic in C\{0} 
and that (p(w) ^ 0, w £ C\{0}. 

Also, by letting Q (z) = zqf (z) (p (q (z)) = (3zq' (z) , we hnd that Q (z) is starlike univalent in U. 

Let h(z) =9 (q (z)) + Q (z) = aq (z) + (3zqf (z). 


We have Re ( Z q(z) ) = Re ( 


a±§_ 


. g"(z) 

' q'(z) 


> 0. 


By using (2.13), we obtain ap (z) + f3zp' (z) = (3 (n + 1) (n + 2) 


IR" 


2 m 


IRffifiz) 


(3 (n + l) 2 


2 ( iRZ;r +1 n *) 


mf+fiz) 


+ (a — (3) (n + 1) 


IR" 


iR?:rf(z) 


an. 


By using (2.11), we have ap (z) + f3zp' (z) -< aq (z) + (3zq' (z) . 

From Lemma 1.1, we have p(z) -< q(z), z £ U, i.e. pAA {f~P — < q (z), z £ U, and q is the best dominant. 

ltl \ ,1 J\ Z ) 


Corollary 2.11 Let q{z) = 
f £ A and if™’™ (a, f3\z)-<a 


z £ U, —l<B<A<l,m,n£N, A, l > 0. Assume that (2.9) holds. If 
T+bI + P(i+Bz)* ’ f or C, /? 7 ^ 0, —1 < B < A < 1, where ip™’™ is defined in 


(2.10), then 


z { IR Z,T f+))' 

IRffHz) 




l+Az 
1+Bz > 


and xqrgf is the best dominant. 
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Proof. For q (z) = firgf 5 — 1 < B < A < 1, in Theorem 2.10 we get the corollary. 


Corollary 2.12 Let q ( z ) = (iirf ) , m, n € N, A, l > 0. Assume that (2.9) holds. If f £ A and ip™’™ (a, /?; z) -< 
a (Sz) uTp (yzf) , for a, ft € C, 0 < 7 < 1, /3 7 ^ 0, where ip™'™ is defined in (2.10), then — < 

; and (l^f) * s ^he best dominant. 

Proof. Corollary follows by using Theorem 2.10 for q ( 2 ) = (izf ) , 0 < 7 < 1. ■ 

Theorem 2.13 Let q be convex and univalent in U such that q(0) = 1. Assume that 


a 


Re 1 ( 2 ) ) > °> for a, /3 eC, (3^ 0 . 


(2.14) 


If f £ A, (/h "* € H [q (0) , 1] n Q and ip™’™ (a, /?; z) is univalent in U , where ip™’™ (a, /?; z) is as defined 
in (2.10), then 

aq(z) + /3zq’ (z) -<ip™} n (a,/3;z) (2.15) 


implies 


and q is the best subordinant. 


q (z) -< 


(«”;"/«)' 

iRzrn-) 


, S £ C, S ^ 0, 2 G u, 


(2.16) 


Proof. Let the function p be defined by p(z) := z £ U, z 7 ^ 0, / £ A. The function p is 

analytic in U and p (0) = 1. 

By setting v (w) := aw and <p ( w ) := (3 it can be easily verified that v is analytic in C, <p is analytic in <C\{0} 
and that (p(w) 7 ^ 0, w € C\{0}. 

Since ^(g(z)) = $9' (z), it follows that Re = R e (f q' ( 2 )) > 0, for a, (3 £ C, /3 ^ 0. 

Now, by using (2.15) we obtain aq(z) + (3zq' (z) -< ap(z) + f3zp' (z ) , z € U. From Lemma 1.2, we have 
q(z) -<p (z) = 1 z £ U, and q is the best subordinant. ■ 

Corollary 2.14 Let q{z) = — l<B<A<l,z£U,m,n£N,X,l>0. Assume that (2. If) holds. 

If f e A, € n ^ (°) ’ n and a I+m + ^ ^\i n , for a, f3 £ C, /3 0, 

— 1 < B < A < 1, where ip™’™ is defined in (2.10), then yijrgf ~< , and is the best subordinant. 

Proof. For q (z) = \Xbz ’ — 1 — B < A < 1, in Theorem 2.13 we get the corollary. ■ 

Corollary 2.15 Let q (z) = (rrf) ,m,n £ N, A, l > 0. Assume that (2. If) holds. If f £ A, ~^iB"‘‘ n f(z)^ e 
H [q (0) , 1] n Q and a ) -< ip™(™ (a, /3; z) , for a, f3 £ C, 0 < 7 < 1, f3 7 ^ 0, where ip™’™ is 


defined in (2.10), then (yirf) 


1 hV.KlM 


-< V , and 

IR x,\ f( z ) 


(m 


is the best subordinant. 


Proof. Corollary follows by using Theorem 2.13 for q ( 2 ) = (izf) , 0 < 7 < 1. ■ 

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem. 

Theorem 2.16 Let q± and 92 be convex and univalent in U such that q\ (z) 7 ^ 0 and q 2 (z) 7 ^ 0, for all z £ U . 
Suppose that qi satisfies (2.9) and 92 satisfies (2.1 f). If f £ A, €W[g(0),l]nQ, and ip™’™ (a, (3\ z) 

is as defined in (2.10) univalent in U, then aq\ ( z) + /3zq[ ( z ) -< ip™’™ ( a,/3-,z ) -< aq 2 (z)+(3zq l 2 ( z ) , for a, (3 £ C, 

(3 7 ^ 0, implies qi (z) -< -< q 2 (z), z £ U, and 91 and 92 are respectively the best subordinant and the 

best dominant. 

For qi (z) = , 92 {z) = where — 1 < B 2 < Bi < A 1 < A 2 < 1, we have the following corollary. 


1 +B 2 z’ 
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Corollary 2.17 Let m, n € N, A, l > 0. Assume that (2.9) and (2.14) hold for q± (z) = and q 2 (z) = 

lEjigffj respectively. If f € A, G H[q (0),1\ CiQ and ^ ( a > A z ) 

a T+^f + ^[t+B B ') 2 ~ ’ 2 G U, for a, (I G C, /3 0, — 1 < B 2 < B\ < A 1 < A 2 < 1, where if™’/ 1 is defined in 


z^KTflA) , i + a 2 

l+Bxz ^ IR™fff{z) 

dominant, respectively. 


(2.2), then -< ' yqrgyf, z G U, hence and j+j^§ are ^e best subordinant and the best 


For qi ( z ) = , qi (z) = (l^f) i where 0 < 71 < 72 < 1, we have the following corollary. 

Corollary 2.18 Let m,n eN, A,1>0. Assume that (2.9) and (2.14) hold for q\ (z) = an d q 2 (z) 

(l^f) , respectively. If f € A, G U [q (0) , 1] nQ and a (i^f ) +q^# (l=f) 


i5f) -< fi" («. /?; *) 


-< a (i±f) + yzy# (l^f) I 2 G P, for a, f3 € C, /? ^ 0, 0 < 71 < 72 < 1, where V , ™i" defined in (2.2), 
_ ~{ IL . L->) — , z G U, hence and (l^f) are ^ e best subordinant and the 


then (f±|) 
best dominant, respectively. 
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equations in the plane with Allee effects. 

V. Hadziabdic 1 ' M. R. S. Kulenovic * 1 2 and E. Pilav 53 
t Division of Mathematics 

Faculty of Mechanical Engineering, University of Sarajevo, Bosnia and Herzegovina 

* Department of Mathematics 

University of Rhode Island, Kingston, Rhode Island 02881-0816, USA 

§ Department of Mathematics 
University of Sarajevo, Sarajevo, Bosnia and Herzegovina 


Abstract. We investigate global dynamics of the following systems of difference equations 

n = 0 , 1 , 2 , . . . 


%n-\-l — 

y n 

a ~t~ x n 



Vn+1 = 

b+y% 


where the parameters a, b are positive numbers and initial conditions xo and yo are arbitrary nonnegative numbers. We 
find all possible dynamical scenario for this system. We show that this system has substantially different behavior than 
the corresponding linear fractional system. 

Keywords. Competitive map, global stable manifold, monotonicity, period-two solution. 

AMS 2010 Mathematics Subject Classification: Primary: 39A10, 39A30 Secondary: 37E99, 37D10 


1 Introduction and Preliminaries 


We investigate global dynamics of the following systems of difference equations 


( vl 

I Xn+l — a+x 2 

1 _ *1 

Vn+1 — b+y 2 


n = 0 , 1 , . . . 


( 1 ) 


where the parameters a, b are positive numbers and initial conditions xo and yo are arbitrary nonnegative numbers. 
System (1) is related to an anti-competitive system considered in [21] 


Xn-t - 1 — 


71 Un 


2/n + l — 


foXr , 


n = 0, 1, ..., 


( 2 ) 


Ai + x n A2 + y n 

where the parameters Ai, 71 , A 2 and /?2 are positive numbers and the initial conditions (*o, Vo) are arbitrary nonnegative 
numbers. In the classification of all linear fractional systems in [3], System (2) was mentioned as system (16, 16). 

The main result on the global behavior of System (2) is summarized in the following theorem, see [21]. 


Theorem 1 (a) If ft 271 — Ai A 2 < 0, then l?o(0,0) is a unique equilibrium and it is globally asymptotically stable. 

(b) If @2 71 — Ai A 2 > 0, then there exist two equilibrium points, namely a repeller Eo and an interior saddle E+. 
There exists a set C C IZ = [0, 00 ) x [0, 00 ) which is invariant subset of the basin of attraction of E+. The set C is 
a graph of a strictly increasing continuous function of the first variable on an interval, and Eo £ C and separates 
IZ into two connected and invariant components, namely 

W_ : = {x € 7 Z\C : 3 y £ C with x ■< se y} , 

W+ : = {x € 7 Z\C : 3 y £ C with y < se *} . 

1 Corresponding author, e-mail: mkulenovic@uri.edu 

2 Partially supported by Maitland P. Simmons Foundation 
3 Partially supported by FMON grant 05-39-3087-18/16 
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which satisfy: 

i) If (xo, 2/o ) 6 W+, then 


lim (x 2 n, y2n) — (oo, 0) and lim (x 2 n +i, V2n+i) = (0, oo) . 

n—> oo n—^oo 

a) if ( zo,i/o ) £ vv_, 

lim (*2n, y2n) — (0, oo) and lim (x 2 n+i, 3/2n+i) = (oo, 0) . 

n— »- oo n—^oo 

(c) If / 3 2 71 — Ai A2 = 0 , then, 

i. So ( 0 , 0 ) is the unique equilibrium, and every point of the positive semiaxes is a period-two point. Orbits of 

period-two solutions consist of the points (x,0) and (0, x), for some x > 0. 

ii. All minimal period-two solutions and the equilibrium are stable but not asymptotically stable. 

iii. There exists a family of strictly increasing curves Co , C x and C x for x > 0 , that emanate from Eo, E x := (*, 0 ) 
and E x := ( 0 , x) respectively, such that the curves are pairwise disjoint, the union of all the curves equals 
R+, and solutions with initial point in Co converge to Eo, solutions with initial point inC x have even-indexed 
terms converging to E x and odd-indexed terms converging to E x , and, solutions with initial point in C x have 
even-indexed terms converging to E x and odd-indexed terms converging to E x . 


As we will show in this paper System ( 1 ) has very different behavior than System ( 2 ), showing that introduction of 
quadratic terms can significantly change behavior of the system. As we will show in Section 4 there are three dynamic 
scenarios for System ( 1 ), each different than one of the three scenarios for System ( 2 ). For example System ( 1 ) always 
possesses the unique period-two solution which substantially effects the global behavior. Second System ( 1 ) exhibits 
the Allee’s effect which is nonexistent in System ( 2 ). Third major difference between two systems lies in the techniques 
of the proof used in two results. While the results about the global stable and unstable manifolds in [ 18 , 19 , 20 ] were 
sufficient for the proofs of global dynamics of System ( 2 ), these results are not effective in the case of System ( 1 ) as the 
eigenvectors which correspond to the period- two solution of System ( 1 ) are parallel to the coordinate axes. Thus we used 
new techniques based on the properties of the basins of attraction of the period-two solution or the points at infinity 
( 0 , 00) and (00, 0 ). Furthermore, we used the real algebraic geometry to prove some basic facts about the local stabilty 
of the equilibrium points and the period-two solutions. Our results show that the introduction of quadratic terms in 
the linear fractional systems of difference equations change substantially their behavior, see [ 2 , 10 ] for similar results. In 
particular, introduction of quadratic terms creates the Allee’s effect and introduces the periodic solutions. 

The rest of this section contains some known results about competitive systems. Section 2 gives some basic facts 
about the global behavior of System ( 1 ). Section 3 presents local stability analysis of the equilibrium solutions and the 
period-two solution. Finally, Section 4 gives complete global dynamics of System ( 1 ). 

A first order system of difference equations 


f X n +1 = f{Xn,Vn) 
\ 3 /ro + l — g ( *n , Vn ) 


n = 0, 1, ..., (*o, yo) € 71 , 


( 3 ) 


where 7 Z C R 2 , (/,<?) : 7 Z — > 7 Z,f,g are continuous functions is competitive if f(x,y) is non-decreasing in x and 
non-increasing in y, and g ( x , y) is non-increasing in x and non-decreasing in y. 

System (3) where the functions / and g have monotonic character opposite of the monotonic character in competitive 
system will be called anti- competitive. In other words (3) is anti-competitive if / (x, y) is non-increasing in x and non- 
decreasing in y, and g ( x , y) is non-decreasing in x and non-increasing in y. 

Consider a partial ordering < on l 2 . Two points v, w £ R 2 are said to be related if v 8 w or w 8 v. Also, a 
strict inequality between points may be defined as v -< w if v X w and v ^ w. A stronger inequality may be defined as 
v = (ni,n 2 ) < w = (wi,w 2 ) if v A w with vi ^ wi and n 2 7^ u> 2 . For u, v in R 2 , the order interval [u, v] is the set of 
all x £ R 2 such that u A x X v. The interior of a set A is deoned as intA. 

A map T on a nonempty set S C R 2 is a continuous function T : S — > S. The map T is monotone if v w implies 
T(v) A T( w) for all v, w £ S, and it is strongly monotone on S if v -< w implies that T(v) <C T(w) for all v, w £ S. The 
map is strictly monotone on 5 if v Y w implies that T(v) -< T( w) for all v,w £ S. Clearly, being related is invariant 
under iteration of a strongly monotone map. 

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the first quadrant, 
i.e. this partial ordering is defined by (*1,3/1) < ne (*2,3/2) if *1 < x 2 and 3/1 < 3/2 and the South-East (SE) ordering 
defined as (*1,3/1) (*2,3/2) if *1 < *2 and 3/1 > 3/2. 

A map T on a nonempty set ScR 2 which is monotone with respect to the North-East ordering is called cooperative 
and a map monotone with respect to the South-East ordering is called competitive. A map T on a nonempty set 
S C R 2 which second iterate T 2 is monotone with respect to the North-East ordering is called anti- cooperative and a 
map which second iterate T 2 is monotone with respect to the South-East ordering is called anti-competitive. A map 
T that corresponds to System (3) is defined as T = ( f,g ). An equilibrium x of anti-competitive system (3) is said to 


2 
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be nonhyperbolic of stable (resp. unstable) type if one of the eigenvalues of the Jacobian matrix evaluated at x is by 
absolute value 1 and the second one is by absolute value less (resp. bigger) than 1. 

Next, we give three results for competitive maps in the plane. There is an extensive literature on competitive 
systems in the plane, see [1, 2, 4, 5, 6, 8, 9, 18, 19, 20, 23] for different examples of planar competitive systems and their 
applications. The following definition is from [24], 

Definition 1 Let S be a nonempty subset of R 2 . A competitive map T : S -+ S is said to satisfy condition (0+) if 
for every x, y in S, T(x) + n e T(y) implies x y, and T is said to satisfy condition (O—) if for every x, y in S, 
T(x) < ne T(y) implies y + ne x. 

The following theorem was proved by de Mottoni-Schiaffino [7] for the Poincare map of a periodic competitive 
Lotka-Volterra system of differential equations. Smith generalized the proof to competitive and cooperative maps [23] . 

Theorem 2 Let S be a nonempty subset of R 2 . If T is a competitive map for which (O+j holds then for all x £ S, 
{T n (x)j is eventually componentwise monotone. If the orbit of x has compact closure, then it converges to a fixed point 
ofT. If instead (O—) holds, then for all x € S, {T 2n } is eventually componentwise monotone. If the orbit of x has 
compact closure in S , then its omega limit set is either a period-two orbit or a fixed point. 

The following result is from [24] , with the domain of the map specialized to be the cartesian product of intervals of 
real numbers. It gives a sufficient condition for conditions (0+) and (O — ). 

Theorem 3 Let TZ C R 2 be the cartesian product of two intervals in R. Let T : 1Z — > 1Z be a C 1 competitive map. If T 
is injective and det Jt{x) > 0 for all x £lZ then T satisfies (O+j. IfT is injective and det Jt(x) < 0 for all x £ TZ then 
T satisfies (O—). 

The following result is a direct consequence of the Trichotomy Theorem of Dancer and Hess, see [11, 19], and is 
helpful for determining the basins of attraction of the equilibrium points. 

Corollary 1 If the nonnegative cone of < is a generalized quadrant in R™, and ifT has no fixed points in [mi,M 2 ] other 
than Mi and U 2 , then the interior of |[mi , M 2 ] is either a subset of the basin of attraction of ui or a subset of the basin of 
attraction of U 2 - 

2 Some Basic Facts 


Let 


Ti(x,y) = 


V 


a + x 2 ’ 

The map T{x,y) associated to system (1) is given by 


T 2 (x,y) = 


b + y 


2 ’ 


T(x,y ) = (T 1 (x,y),T 2 (x,y)) = 


V 


+ x 2 ’ b + y 2 

and the Jacobian matrix of the map T at the point (*, y) is given by: 


(x,y) <= [ 0 , 00) x [ 0 , 00) 


Jr(x,y) = j 

Determinant of the Jacobian matrix (5) is given by 

det J T (x, y) = - 

and the trace of the Jacobian matrix (5) is given by 

trJ T {x, y) = - 


Zxy 2 

' (x' 2 +a ) a 
2x 

y 2 +b 


2y 

x‘ 2 -\-a 

2x 2 y 

W+bW 


Axy(bx 2 + a(y 2 + b)) 
(x 2 + a) 2 (y 2 + b) 2 


2 yx 2 


2 y 2 x 


( y 2 + b) 2 ( x 2 + a) 2 J ' 


The map T 2 is given by T 2 (x, y) = ( F(x , y), G(x , y)), where 

4 


F(x,y) = 


X 


(b + y 2 


(a+x 2 )' 


+ a 


G(x, y) = 


(a + x 2 ) 2 


(b+y 2 ) 2 


( 4 ) 

( 5 ) 

(6) 

( 7 ) 

(8) 


3 
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The Jacobian matrix of T 2 is given as 


where 


A = 




Jt 2 (x, y) = 


B = — 


A B 
C D 


Ax 4 ( x 2 + a) 2 y ( 2y 4 + by 2 + a (x 2 + a) 2 ^ 




2,2 


(j/ 2 + 6) 3 (y 4 + a (x 2 + a) 2 ) 


C = — 


Axy 4 ( y 2 + 6) 2 ((2a; 2 + a) a: 2 + b (y 2 + 6)“^ 


2x2 


(a: 2 + a) 3 (a; 4 + b (y 2 + b) 2 ) 
Determinant of the Jacobian matrix (9) is 
det J T 2 (x, y) = 

where 


, D = 




(a: 2 + a) 2 


(y 2 +bY 


+ b 


A 


(a + x 2 ) (6 + y 2 ) (a (a + x 2 ) 2 + y 4 ) (6 ( b + y 2 ) 2 + x 4 ) “ 


0 ) 


(10) 


( 11 ) 


(12) 


A = 16a: 3 y 3 (a (a + a; 2 )" (fa 3 + a: 4 ) 

+fry 4 (a (a + x 2 )~ + b 2 ^j + 2ab 2 y 2 (a + x 2 )“ + 2 b 2 y 6 + by 8 ^j (a (b + y 2 ) + bx 2 ) . 
The following lemma summarizes some basic facts about System (1). 


Lemma 1 Let ( x„,y n ) := T n (xo, yo) be any solution of System (1). Then 

(i) Assume that xo = 0 and yo > 0. Then the following holds: 

(1.1) X 2 n = 0 and y 2 n-i = 0 for all n € N. 

(1.2) If 0 < yo < \/a 2 b , then 0 < x\ < \f ab 2 and y 2 n +2 < V 2 n for all n £ N. 

(1.3) If yo > y/ a 2 b, then xi > Vab 2 and j/ 2 n < ?/ 2 n +2 for all n € N. 

(ii) Assume that a;o > 0 and yo = 0. Then the following holds 

(11.1) X2n-i = 0 and j/ 2 n = 0 for all n € N. 

(11.2) If 0 < xo < \/ab 2 , then yi < va 2 b and X 2 n +2 < a: 2 n for all n £ N. 

(11.3) If xo > \/ab 2 , then y\ > \J a 2 b and X 2 n < X 2 n +2 for all n £ N. 

(in) For all n > 0 we have x n y n < 1. 


Proof. We prove statement (i.l). Take a:o = 0 and yo > 0. The statement (i) follows from 

a 2 by 0 - yo' 


(0, yo) — T 2 (0, yo) = (0, yo) — (o, 


Vo 

a 2 b 


= 0 


a 2 b 


2 _ yo 3/W2 _ yo - vVi 2 


a a 

and monotonicity of T 2 . Similarly, we prove (ii.l). Proofs of (i.2), (ii.2), (i.3) and (ii.3) are immediate. 

Take Xo,yo E [0, oo) x [0, oo). Let (x n ,y n ) := T n (xo,yo). The proof of the statement (iii) follows from the fact 


^n+l^/n+l 


Vn 


Vn 


a + x 2 b + y 2 a + x 2 b + y 2 


< 1. 


Lemma 2 The map T is injective. 
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Proof. We have to prove that 

T(*i, yi) = T(x 2 ,y 2 ) =>■ *i = x 2 and 3 / 1 = 332 . 

Let * 1 , 3 / 1 , * 2 , 3/2 > 0. Then 

/ 2 2 

T(x 1 , y 1 )-T(x 2 ,V 2 ) = ( 

\ 1*1 

From T(x i, j/i) — T(x 2 , 3 / 2 ) = 0 we have 


22, 2 22 2 22,7.2 1 2 22 

* 23/1 + °3/i ~ *i3/2 ~ a V2 V2 x i + bxi ~ bx 2 — x 2 y 1 


+ a) (*| + a) 


{yi + b) {yt + b ) 


and 

Equation (13) implies that 


2 2 I 2 2 2 2 /-v 

* 23/1 + ay 1 - * 13/2 -03/2=0 


2 2 1 ; 2 j 2 22 

3 / 2*1 + 0*1 - 0*2 - * 23/1 = 0. 


2 _ *f 3/1 + 03/1 - ay\ 

X\ — 


3/1 


Substituting x\ from (15) into equation (14) we have 


(3/i - 3 / 2 ) (3/i + 3 / 2 ) (6*1 + ay\ + a&) 


3/1 


= 0, 


from which it follows that 3/1 = 3 / 2 - Substituting in (15) we have *1 = x 2 . This proves Lemma. 


(13) 

(14) 

(15) 


□ 


Theorem 4 Every bounded solution of System (1) converges to a period-two solution. 

Proof. I 11 view of Lemma 2 the map T associated to System (1) is injective which implies that the map T 2 is also 
injective. Relation (12) implies that determinant of the Jacobian matrix (9) is positive for all * £ (0, 00 ) x (0,oo). By 
using Theorem 3 we have that the condition (O+) is satisfied for the map T 2 ( T 2 is competitive). Theorem 2 implies that 
odd and even subsequences {*2™}Vn (* 2 n+i}V-i, {y 2n }f? =0 , {y 2n+1 }™ = _ 1 of any solution {(x n ,y„)}™ =0 are eventually 
monotonic, from which the proof follows. □ 


3 The local stability of the equilibrium solutions and the period-two 
solution 


The equilibrium points (*, 3 /) of System (1) satisfy equations 

-2 -2 
y _ x _ 

— 2 = x ’ l 1 - 2 = y- 

a + x A b + y z 

By eliminating * from (16) we get 

3 f + 3 by' + 2 ay 6 + 3b 2 y 5 + (4a& — 1)3 / 4 + ( b 3 + a 2 ) y 3 + 2ab 2 y 2 + a 2 by = 0. 
Similarly, we can eliminate variable y from system (16) to obtain 

* 9 + 3a * 7 + 26* 6 + 3a 2 * 5 + (4a6 — l )* 4 + (a 3 + 6 2 ) * 3 + 2a 2 bx 2 + ab 2 x = 0. 


(16) 


(17) 

(18) 


In view of Descartes’ Rule of Signs we obtain that Eq. (18) has zero equilibrium always and either zero, one or two 
positive equilibrium points if 4ab— 1 < 0. By using (16) all its real roots are positive numbers. These equilibrium points 
will be denoted Eq(0,0), E(x,y), Esw(x,y) and Ene(x, y). 


Lemma 3 Let 


Ai = 1866246V 5 + 552966V 3 + 26576646V 2 + 40966V 1 + 16197126V 1 

+ 7546886V 0 - 125006 V° + 107676326V + 552966 10 a 8 - 115504006 s a 8 + 26576646V 

+ 19800006V + 16197126V - 843756V + 186624b 12 a 5 - 125006V (19) 


and 


Then the following holds: 


A 2 = 4a& — 1. 
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a) If A 2 > 0, then equation (18) has one real root and four pairs of conjugate imaginary roots. Consequently, System 
(1) has one equilibrium point .Eo(0,0); 

b) If A 2 < 0, and Ai < 0, then equation (18) has three distinct real roots and three pairs of conjugate imaginary 
roots. Consequently, System (1) has three equilibrium points .Eo(0,0); Esw(x,y ) and Ene{x,v)\ 

c) If A 2 < 0, and Ai > 0, then equation (18) has four pairs of conjugate imaginary roots and one real root. 
Consequently, System (1) has one equilibrium point Eo (0,0); 

d) If A 2 < 0 and Ai = 0 then equation (18) has three pairs of conjugate imaginary roots and one real root of 
multiplicity two and one root of multiplicity one. Consequently, System (1) has two equilibrium points f?o(0,0) 
and E(x, y). 

Proof. Let A be discriminant of 

f(x) = x 9 + 3ax 7 + 2bx 6 + 3a 2 x 5 + (4 ab — l)x 4 + (a 3 + fe 2 ) x 3 + 2 a 2 bx 2 + ab 2 x. 

Then A = a 2 6Ai. The rest of the proof follows from the fact that equation (18) has at most three real roots and Theorem 

5.1 from [13]. □ 


Period-two solution {(4>, 4/), T(4?, satisfies the system 

F($,4') = G(4>, 4>) = 4q 


which is equivalent to 

K* 3 - (k + M(TTW + “))- 0 ' <* s -<“ + t, > a ((i^ + k )) =0 ' (20) 

For $ = 0 we have T = 0 or 4/ = \faTb, and for 4/ = 0 we have 4? = 0 or 4> = f/ab 2 . Hence, we have two minimal 
period-two points Pi ^0, a 2 b)^ and P 2 ^ ab 2 , oj . 

Lemma 4 The period-two solution {Pi, P 2 } is a saddle point with corresponding eigenvectors which are coordinate axes. 


Proof. The proof follows from the fact that J T 2 (Pi) = 


0 0 \ 

0 4 ) ' 


□ 


Lemma 5 Let Cf := {(x,y) : F(x,y) = x} and Cg '■= {{x,y) : G(x,y) = y} be the period-two curves, that is the 
curves which intersection is a period-two solution. Then for all y > \fa?b there exists exactly one xg ( y ) > 0 such that 
G[xG{y),y) = y and for all x > \I ab 2 there exists exactly one yp{x) > 0 such that F{x,yF(x)) = x. Furthermore, xg{]j) 
and yp{x) are continuous functions and x' G {y) > 0, y' F {x) > 0. 


Proof. Since F(x, y) = x and G(x, y) = y if and only if 

— xy 4 ( a 3 + 2a 2 x 2 + ax 4 + fe 2 ) + x (a + x 2 ) 2 ( x 3 — ab 2 ) — 2 abxy 2 ( a + x 2 ) 2 — 2 bxy 6 — xy 8 = 0, 
—x 4 ^a 2 + b (b + y 2 )~^ — (b + y 2 ) 2 (a 2 b — y 3 ) — 2 abx 2 (b + y 2 )“ — 2 ax 6 — x 8 = 0, 


respectively, in view of Descartes’ Rule of Signs we have that for all y > \f a 2 b there exists exactly one xg( y) > 0 
such that C{xG(y),y) = y and for all x > \/ ab 2 there exists exactly one J/f(x) > 0 such that P(x,j/f(x)) = x. Taking 
derivatives of F(x, y) = x with respect to x we get 


From F(x, y) 


x we have that (6 + y 2 y 


v'f{x) 


1 - F' x (x, y) 
F v(x,y) 



, which implies 


4 y 4 (a + 2x 2 ) + 4a (a + x 2 ) 3 
y 4 (a + x 2 ) + a (a + x 2 ) 3 


Since Fy(x,y ) < 0 we get x' F {y) > 0. Taking derivatives of G(x,y ) = y with respect to y we get 


x'civ ) 


1 - G' y {x,y) 
G' x (x, y) 
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From G(x, y ) = y we have that (b + y 2 ) = — , which implies 


(a + cc 2 ) 

G' v {x,y) = 


4xy 


(6 + y 2 ) ( b (b + y 2 ) 2 + x 4 ) 




Since G' x (x, y) < 0 we get x' G {y) > 0. 


□ 


Theorem 5 If T has a period-two solution {(<!>, IF), T(<&, 4/)}, then it is unstable. If in and in, (0 < in < y 2 ) are the 
eigenvalues of J T i (4>, 4>) then yi > 0 and /i 2 > 1. All period-two-solutions are ordered with respect to the North-East 
ordering. 

Proof. Since 

and 

we obtain 

trJ T 2 (<F, > 3 /) = + p 2 > 5. 

The rest of the proof follows from the fact that detJ T 2 (<f>, 4>) = fnp .2 > 0 and Lemma 5. □ 


, 44> 4 (a + 2<F 2 ) + 4a (a + 4? 2 ) 3 

>F) = r - LG i > 1 

1 ’ 4' 4 (a + <F 2 ) + a(a + <F 2 ) 3 




4$ 4/ 


4,7,2 


(ft + 'F 2 ) (b (b + IF 2 ) 2 + <E> 4 ) 


+ 4 > 4, 


Theorem 6 If map T has a minimal period-two point {($ 1 , 4L), T(4>i, \Pi ) } , which is non-hyperbolic, then Dis(p ) = 0, 
where Dis(p) is the discriminant of polynomial 

p{x) := pi 6 x lb +P 15* 15 H hpi* +p 0 , 

where the coefficients pt, i = 0, 16 are given in appendix A. //{(<3?i, 4 / 1 ), 4>i)} and {(4? 2 , 4> 2 ), T(& 2 , ^ 2 )} are two 

period-two points such that T has no other period-two points in [[(4>i, tFi), (<f> 2 , 4i 2 )]] = {(x, y) : (4>i, tFi) < ne (x,y) < ne 
(4? 2 ,4t 2 )}, Dis(f) 0 and Dis(p) ^ 0, then one of them is a saddle point and the other one is repeller. 

Proof. Period-two solution curves Cf = {{x,y) € IZ : F(x, y) = 0} and Cg = {{x,y) £ IZ \ G(x, y) = 0}, where 

I [x, y) = — a b x — 2a bxy — a xy — 2a b x —4 a bx y + a x 

— 2 a 2 x 3 y i — ab 2 x 5 — 2 abx 5 y 2 + 2ax 6 — ax 5 y* — b 2 xy 4 — 2bxy 6 + * 8 — xy 8 , 

Fit \ 2.3 r. 2 . 2 3 2. 5 24 r,i3 2 ..2 23 

G{x,y) — — a b y — 2a b y — a by — a x y — lab x y — 4 ab x y 

— 2abx 2 y 5 — 2ax 6 y — b 3 x 4 y — 2b 2 x 4 y 3 + b 2 y 4 — bx 4 y° + 2by 6 — x 8 — y + y 8 , 

are algebraic curves. By using software Mathematica one can see that the resultant of the polynomials F(x,y) and 
G(x,y) in variable y is given by 

R(F, G) =x 20 ( a + x 2 ) 16 {ab 2 — x 3 ) 

{a 3 x 2 + 2 a 2 bx + 3a 2 x 4 + ab 2 + Aabx 3 + 3 ax 6 + b 2 x 2 + 2 bx 5 + x 8 — x 3 ) p(y) 

=x 19 (a + x 2 ) 16 (ab 2 — x 3 )f{x)p(x). 

The rest of the proof is the same as the proof of Theorem 15 in [10] so we skip it. □ 

It is easy to see that the following holds: 

Lemma 6 The equilibrium point Eq is locally asymptotically stable. 

Let Ci := {(a;, y) : T\(x,y) = *} and C 2 := {(*, 2 /) : T 2 (*, 2 /) = y} be the equilibrium curves, that is the curves which 
intersection is an equilibrium solution. Then for all x > 0 there exist exactly one yi(x) > 0 such that Ti(x,yi(x)) = x 
and exactly one y 2 {x) > 0 such that T 2 (a:, j/ 2 (a:)) = y. Furthermore, it can be seen that yi(x) and y 2 (x) are continuous 
increasing functions. 
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Theorem 7 Assume that Ai < 0 and A 2 < 0. Then there exist two positive equilibrium solutions Esw and Ene and 
the following holds true: 

(i) The equilibrium solution Esw is repeller. 

(ii) The equilibrium solution Eme is a saddle point. 


Proof. The existence of the equilibrium solution follows from Lemma 3. 

(i) Since the map T is anti-competitive then by results in [15], the eigenvalues Ai and A 2 of the Jacobian matrix 
associated to the map T at Esw(x,y) £ int( R+) are real and distinct, and the following holds | A 2 1 < — Ai. By 
using (6), we see that detj T (x,y) = A 1 A 2 < 0, which implies A 2 > 0. Let 

*<*’*>- (9 {)■ <”) 


Taking derivatives of Ti(x, y) = x and 
Vi(x) - y' 2 (x) 


T 2 (x,y) 

_ 1 — e 

- 


y with respect to x in the neighborhood of x, we have 

9 = P(l) = (Ai - 1)(A 2 - 1) 

1 -h f(l-h) f(l-h) ’ 


(22) 


where 

P{ A) = A 2 - (e + /) A + (eh - fg) 

is the characteristic equation of (21). One can see that y'\(x) — y 2 (x) < 0. Since Ai < 0, and / > 0, h < 0, we 
obtain A 2 > 1. In view of | A 2 1 < — Ai we have Ai < — 1 from which the proof follows. 

(ii) Now, we consider the equilibrium point ENE(x,y). Same as in the previous case we have that y[ (x) — y 2 (x) > 0 
which implies that 0 < A 2 < 1. By Theorem 5 we have Af + A§ > 5 from which it follows A? > 4, i.e. Ai < —2. 
This completes the proof. 


□ 


Theorem 8 Assume that A 2 < 0 and Ai = 0. Then there exist one positive equilibrium point E(x,y) which is a 
non-hyperbolic equilibrium point of unstable type. If Ai and \ 2 are the eigenvalues of the Jacobian matrix associated to 
the map T at E(x,y ) £ int( R^_) then Ai < —1 and X 2 = 1. 

Proof. In view of Lemmas 6 and 7 from [1], the curves Cf and Cg intersect tangentially at E(x, y) (i.e. y[ (x) — y' 2 (x) = 0) 
if and only if x is zero of f(x) of multiplicity greater then one. By Lemma 3, a; is a root of f(x ) of multiplicity two. In 
view of 

y((x) - y' 2 (x) = {Xl ~^y 1) = 0, (23) 

we obtain A 2 = 1. Since | A 2 1 < — Ai we have Ai < —1. □ 


4 The global behavior 


Let 1Z = [0, oo) 2 , Cf 


{( x,y ) € TZ ■■ F(x,y) = *}, C G = {(x,y) £ TZ : 
IZ T 2 ( , ) = { (x, y) £ TZ : F(x, y) 


TZ T 2 (+, — ) 
TZ T 2 (+, +) 
TZ T 2(—, +) 


{ (x,y) £ TZ : F(x,y) 
{ (x,y) £ TZ : F(x, y) 
{ (x,y) £ TZ : F(x,y) 


G(x, y) = y} and 

< x, G(x,y ) < y }, 

> x, G(x, y) <y}, 

> x, G(x,y) >y}, 

< x , , G(x,y) > y }. 


By Lemma 5, Cf na Cg are the graphs of continuous strictly increasing functions j/_f and y G , i.e. Cf = { (x, Pf(x)) : 
x > v 7 ab 2 } and Cg = { (x, J/g(*)) : x > 0 }. 

In view of Lemma 4 [15] we have that T(TZ T 2 (+, — )) C 7Z T 2 (— , +) and T(7Z T 2 (— , +)) C 7Z T 2 (+, — ) and T 2 (7Z t2 (— , +)) C 
TZ T 2 (— , +) and T 2 (1Z T 2 (+, — )) C 1Z T 2 (+, — ). Since T 2 is competitive map, by using (iii) of Lemma 1, we obtain 
T 2 (x 0 ,yo) — t (0, 00 ) if (* 0 , 3 / 0 ) € 1 Z T 2 (— , +) and T 2 (x 0 ,yo ) -t ( 00 , 0) if (x 0 ,yo) 6 TZ t 2 (+, -). 


Lemma 7 int[[Pi, P 2 ]] C B(Eq) 
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Proof. If P £ inf [[Pi, P2 ]] then there exist *0 and yo such that 

Pi rise ( 0 ,yo) -<se P Yse (*0,0) rise P 2 - 

Since T 2 is competitive map we have 

Pi Yse T 2 n ( 0 ,y o ) ri se T 2 n (P) - < 3e T 2 n (xo, 0 ) ri se P 2 . 

From Lemma 1 we obtain T 2n ( 0 , y 0) — > Eo and T 2n (x 0, 0 ) — ¥ Eo as n — > 00 from which the proof follows. □ 


4.1 The case A 2 > 0 or (A 2 < 0 and Ai > 0) 

In this case, by Lemma 3 , there exists one equilibrium point, Eo which is locally asymptotically stable and the minimal 
period two solution {Pi, P 2 } which is a saddle point. In this case we have that y F (x) < Vg{x) for x > 0 and 

P* 2 (~,-) = { (x,y) £ 71 : y F {x) < y < y G (x) }, 

7 l T 2 (+, -) = { (x,y) £lZ : y F (x) > y} CB(o o, 0 ), 

Pt 2 (-, +) = { (*, y) £ P : y > ?/g(*) } C S( 0 , oo). 

Let S( 0 , oo) denote the basin of attraction of ( 0 , oo) and B(o o, 0 ) denote the basin of attraction of (oo, 0 ) with respect 
to the map T 2 . 

In view of Theorem 4 and iii) of Lemma 1 it is clear that {T n (*o, j/o) } is either asymptotic to {( 0 ,oo), (oo, 0 )} or 
converges to a period-two solution, for all ( xo,yo ) £ P = [ 0 ,oo) 2 . Let Si denote the boundary of 13 ( 0 , oo) and let S 2 
denote the boundary of Z 3 (oo, 0 ). It is easy to see that Pi £ <Si, P 2 £ S 2 , and Si, £2 C IZ T 2(— ,— ). Similarly as in [ 10 ] it 
follows that P 2 (Si) C Si, T 2 (S 2 ) C S 2 and P(Si) = S2, T(S 2 ) = Si. Further, Si and S2 are the graphs of continuous 
strictly increasing functions. Since Si,S2 C TZ t2 (—, — ), we have, by the uniqueness of the global stable manifold of the 
map T 2 , that W s (Pi) = Si and W S (P 2 ) = S 2 . 

Theorem 9 Assume that A 2 > 0 . Then System ( 1 ) possesses one equilibrium point Po( 0 , 0 ) and one minimal period-two 
solution {Pi , P2}. Equilibrium Eo is locally asymptotically stable and {Pi,P 2 } is a saddle point. Global stable manifold 
W s ({Pi, P2}), which is a union of two continuous increasing curves Si and S 2 , divides the first quadrant such that the 
following holds: 

i) Every initial point (xo, yo) £ P such that (xo,yo) (*o, yo) -Cse (*o, Vo) for some (xo,yo) £ Si and (xo, yo) £ S 2 
is attracted to Eq. 

ii) If (xo,yo) £ P such that (*0,3/0) < se (*o,3/o) for some (xo,yo) £ Si then the subsequence of even-indexed terms 
{(x 2n , y 2 n)} is asymptotic to (0, 00), and the subsequence of odd-indexed terms {(x 2 n +i , y 2 n +i)} is asymptotic to 
(00, 0). 

iii) If (*o,3/o) £ P such that (xo,yo) < se (xo,yo) for some (*0,3/0) £ S2 then the subsequence of even-indexed terms 
{(*2n, 3/2n)} is asymptotic to (00, 0), and the subsequence of odd-indexed terms {(*2n+i, y 2 n +i)} is asymptotic to 
(0, 00). 

See Figure 1 (a) for visual illustration. 

Proof. Since Si is invariant under T 2 and subset of P T 2(— ,— ) we have that if (*0,3/0) £ Si then T 2 n+ 2 (xo, yo) ri ne 
T 2 ”(*o,3/o)- This implies that subsequences {x 2 „} and {y 2n } are decreasing and since they are bounded sequences, they 
are convergent. It must be that T 2 n (xo,yo) — > Pi as n — z 00. By the uniqueness of the global stable manifold of T 2 
we obtain W s (Pi) = Si. Similarly we get W S (P 2 ) = S 2 from which it follows that W 3 ({Pi, P2}) = Si U S 2 . Take 
(*o,2/o) £ P, (*o,3/o) £ Si and (*o,2/o) £ S 2 such that (*o,3/o) (*0,2/0) < se (*o, 3 /o)- By monotonicity of T 2 we 

have T 2 n (xo,jjo) -Cse T 2n (*o, 2/o) <se T 2 n (xo,yo). Since T 2 n (xo,jjo) —> Pi and T 2 n (xo,yo) — > P 2 as n — > 00 and by the 
uniqueness of the global stable manifold we obtain that T 2 n (xo,yo) eventually enters inf [[Pi, P2]] se- So it is enough to 
prove that [[Pi,p2]]se C B(Eo). Indeed, for (*0,3/0) £ int[[Pi, P 2 ]] se there exist \/ab 2 > *0 > 0 and \/a 2 b > yo > 0 
such that ( 0 , 3 /o) ^ S e (*o,2/o) ri ge (* 0 , 0 ). By Lemma 1 we have T 2 n ( 0 ,yo) — > Eo and T 2n (x o, 0 ) — > Eo as n — > 00. By 
monotonicity of T 2 we get T 2n (*o, yo) — > Eo from which the proof follows. By construction of the sets Si and S 2 the 
statements ii) and iii) are valid. □ 
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4.2 The case A 2 < 0 and < 0 

In this case, by Lemma 3, there exist three equilibrium points Eo, Esw and Ene ■ By Lemma 6 Eo is locally asymptotically 
stable and by Theorem 7 Esw is repeller and Ene is a saddle point. If Q 2 {Esw) = {(*,?/) : 0 < * < xsw and y > xsw} 
and Qi{Esw) = {(*,2/) : x > xsw and 0 < y < xsw}, then one can see that Q 2 (Esw ) ^ TZ t 2 (~ ,+) and Qa(Esw) ^ 
E T 2 ( + , — ). 

Let B{ 0, oo) denote the basin of attraction of (0, oo) and B(o o, 0) denote the basin of attraction of (oo, 0) with respect 
to the map T 2 . 

In view of Theorem 4 and iii) of Lemma 1 it is easy to see that {T”(*o, 2/o)} is either asymptotic to (0, oo) or (oo, 0) 
or converges to a period-two solution, for all (* 0 , 2 / 0 ) £ TZ = [0, oo) 2 . Let <Si denote the boundary of B( 0, 00 ) considered 
as a subset of Qs{Esw) and S 2 denote the boundary of B( 00 , 0) considered as a subset of Qo{Esw )• It follows that 
Pi, Esw £ Si and P 2 ,Esw £ S 2 . It is easy to see Si,S 2 C 1Z T 2 {— ,— ), from which, similarly as in [10], it follows that 
T 2 (5 i) C Si, T 2 (S 2 ) C S 2 and T(Si) = S 2 , T(S 2 ) = Si. Further, Si and S 2 are the graphs of continuous strictly 
increasing functions. Since Si,S 2 C 1Z T 2(—,—), we have, by the uniqueness of the global stable manifold of T 2 , that 
W 3 (Pi) = Si and W 3 (P 2 ) = S 2 . 

Lemma 8 B(Eo) = {P £ [0, oo) 2 : P -< se P X se P for P £ Si and P £ S 2 }. 

Proof. Assume that P -< se P -< se P for P £ Si and P £ S 2 . By monotonicity of T we get T 2n {P) -< se T 2n (P) -< se 
T 2n (P). Since T 2n (P) — > P 1 and T 2n (P) — > P 2 as n — > 00 . By the uniqueness of the global stable manifold we have that 
T 2n eventually enters inf [[Pi, P 2 ]]. The rest of the proof follows from Lemma 7. □ 


Lemma 9 Assume that Dis(P) yf 0 . Then System ( 1 ) does not have minimal period-two solution. 

Proof. For contradiction, assume that P is a minimal period-two solution of System (1). It is clear from previous 
discussions that P £ (Qi(Esw) H Qo(Ene)) U Qi(Ene). Furthermore, assume that P £ Qi(Esw) fl Qo{Ene) and T 
has no other minimal period-two solutions in [[Esw, P]]^„ e • Since Esw is a repeller by Lemma 6 we obtain that P 
is a saddle point. The map T 2 satisfy all conditions of Theorem 5 [20], which yields the existence of the global stable 
manifolds W 3 ({P, T(P)}), which is the union of two curves W 3 (P) and W 3 (T(P)). Since W 3 (T(P)) = T(W S (P)) we have 
that these two curves have a common endpoint Esw and there exists minimal period- two solution {P, T(P)} such that 
P ie P ^ne Ene and the curve W 3 (P) has the second endpoint at P while the curve W S (T(P)) has the second endpoint 
at T(P). Furthermore, the minimal period-two solution {P, T(P)} is a repeller. Since all positive period-two solutions 
are ordered with respect to the North-East ordering it must be W S (T(P)) < ne W S (P), i.e. W S (P(P)) C Qs{Esw) 
which is in contradiction to W S (T(P)) C Qi{Esw)- Similarly, we have contradiction if P £ Qi(Ene). Hence, T has no 
minimal period-two solutions. □ 


Theorem 10 Assume that A2 < 0 and Ai < 0. Then System ( 1 ) has three equilibrium solutions Eo -< n e Esw -<ne Ene, 
where Eq is locally asymptotically stable, Esw is a repeller and Ene is a saddle point and the minimal period-two 
solution {Pi , P 2 } which is a saddle point. In this case there exist three invariant continuous curves W s (Ene), W s (Pi), 
W s (p2), which have end point at Esw and they are graphs of increasing functions. Every solution {( x„,y n )} which 
starts below W s (Ene) U W s (Pi) in South-East ordering is asymptotic to (0,oo) and every solution {(* n , 2 / n )} which 
starts above W s (Ene) U W s (P 2 ) in South-East ordering is asymptotic to ( 00 , 0). Every solution {(x n ,y n )} which starts 
below W s (P2) and above W s (Pi) in South-East ordering converges to Eq. The first quadrant of the initial conditions 
= {(*o, 2 /o) : *0 > 0 , 2/0 > 0 } is the union of six disjoint basins of attraction, i.e. 

Qi = B{ 0 , 00) U B(oo, 0 ) U B(Eq) U B({Pi, P>}) U B(E ne ) U B{E sw ), 


where 


B(E SW ) = {E sw }, B(E ne ) = W s (E ne ), 
B( 0 , 00) ={(*,?/) | (x,y) (*o, 2 /o) for some 

B{ 00, 0 ) ={(*,?/) | (*i,?/i) ^ se (*, y) for some 
B{E 0 ) ={(*,2/)|(*l,?/l) Ase (*,//) Ae (*2,2/2) 


i?({Pi,P 2 }) = TV s (Pi)UW s (P2), 

(*o,:yo) £ W s (Pjv,e)U>V 3 (Pi)}, 

(xi,yi) £ W a (E NE ) U W’ s (p 2 )}, 
for some (*1,2/1) £ W 3 (Pi), (* 2 , yi) £ W 3 (P 2 )} 


Proof. The proof which follows from previous discussions and Theorem 5 [20] will be ommited. See Figure 1 (c) for 
visual illustration. □ 
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Figure 1: Visual illustration of (a) Theorem 9 (b) Theorem 11 and (c) Theorem 10. 


4.3 The case A 2 < 0 and = 0 

Let Si and S2 be defined as in the previous case where Esw = Ene = E. In this case, by Lemma 3 , there exist two 
equilibrium points Eq and E. By Lemma 6 we have that Eo is locally asymptotically stable and E is a non-hyperbolic 
equilibrium point of unstable type. Let Si denote the boundary of £>( 0 , oo) considered as a subset of Qi(E) and S2 
denote the boundary of B( 00, 0 ) considered as a subset of Qi(E). It is clear that E £ Si U S2. Furthermore, one can see 
Si,S 2 C TZ T 2(—, — ). Similarly as in [ 10 ], we have that T 2 (Si) C Si, T 2 (S2) C S2 and T(Si) = S2, T(So) = Si. Further, 
Si and S2 are the graphs of continuous strictly increasing functions. 

Theorem 11 Assume that A2 < 0 and Ai = 0 . Then System ( 1 ) possesses two equilibrium solutions Eo and E and one 
minimal period-two solution {Pi, P2}. Equilibrium Eo is locally asymptotically stable, E is non-hyperbolic of unstable type 
and {Pi , P2} is a saddle point. Global stable manifold W s ({Ti, P2}) is the union of two continuous increasing curves Si 
and S2 and the following holds 

i) Every initial point ( xo , yo) € TZ such that (*0,3/0) (*o, Vo) <se (*o, Vo) for some (*0,3/0) £ Si and (* 0 , Vo) £ S2 

is attracted to Eq. 

ii) Every initial point (*o, Vo) E TZ such that (*0,3/0) <C se (xo, yo) -C se ( *0 , Vo) for some (xo,Vo) E Si and ( *0 , Vo) £ S2 
is attracted to E. 

Hi) If (*o, yo) E TZ such that (*o, 1/0) -C se (So, Vo) for some (*o, Vo) E S1US1 then the subsequence of even-indexed terms 
{(*'2n,y2 n)} is asymptotic to ( 0 , 00), and the subsequence of odd-indexed terms {(*271+1,1/271+1)} is asymptotic to 
(00, 0 ). 

iv) If ( *0 , Vo) E 7 Z such that (*0,1/0) <C se (*o, yo) for some (*o, Vo) E S2US2 then the subsequence of even-indexed terms 
{(*2ti, V2n)} is asymptotic to (00, 0 ), and the subsequence of odd-indexed terms {(*271+1,1/271+1)} is asymptotic to 
( 0 , 00). 

See Figure 1 (b) for visual illustration. 

Proof. The proof of the statement i) is the same as the proof of the statement i) of Theorem 9 . Since Si is invariant 
under T 2 and subset of TZ T 2(— , — ) we have that if (*0,1/0) £ Si then T 2n+2 (x 0,1/0) Ane T 2 n (xo,yo). This implies that 
subsequences {*2n} and {1/271} are decreasing and since they are bounded sequences, they are convergent. It must be 
that P 2 "(* 0 , yo) — > E as n — ► 00. Since T is continuous map and E is an equilibrium point we obtain P 2 n+ 1 (*o, yo) — > E 
as n — > 00 and S2 = T(S 1). Similarly we obtain that if (* 0 , J/o) E S2 then P 2 "(* 0 ,i/o) £ S2, T 2 n (xo,yo) — > E as n — > 00. 
Further, T 2 rl+ 1 (xo, yo) £ Si, T 2 n+ 1 (xo, yo) — > E as n — > 00. Take (*0,1/0) £ TZ and (*o,yo) £ Si and (xo,Vo) £ S2 such 
that (*o, jro) « se (*o, 3 /o) <»e (x 0 ,yo). By monotonicity of T 2 we have T 2 n (x 0 ,Vo) < se T 2 n (x 0 ,yo) T 2 n (x 0 ,yo). 
Since T 2 n (x o,Vo) —t E and T 2n (x 0,1/0) — > E as n — > 00 we obtain that T 2 n (xo,yo) — > E, which implies the statement 
ii). The statements iii) and iv) follow by construction of the sets Si and S2. □ 


Remark 1 The major results of this paper, Theorems 9 - 11 , are actually the general results for general anti-competitive 
system ( 3 ). In fact, any anti-competitive system ( 3 ) with same configuration and local stability of the equilibrium and 
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period-two solutions will have the same global dynamics. So System (1) is actually an example of a global dynamics 
described in Theorems 9-11. 


Remark 2 In [22] we consider system 

Xn- 1-1 

i/n+l 

where the parameters a, b are positive numbers and initial conditions xo and yo are arbitrary nonnegative numbers, and 
obtain global dynamics similar to one described in Theorems 9 - 11, with the major difference that Pi and P 2 are saddle 
point equilibrium solutions. Since the eigenvectors of the linearized system at Pi and P 2 are parallel to the coordinate 
axes one can not apply at this time the results from [19, 20] to prove the existence of stable manifolds at these two 
points. However, existence of stable manifolds at these two points can be proved as in Theorems 9 - 11, where these 
two manifolds are obtained as Julia sets of the points ( 00 , 0) and (0, 00 ). Thus all results in [22] are correct with this 
adjustment of the proof. 


a +y„ 


Vr, 

b+x'i, 


n = 0, 1, . . . 


(24) 


A Values of coefficients pi for i = 0, 16. 

pie =a 4 b 4 — 4a 3 b 3 + 6 a 2 b 2 — 4ab + 1 
pie =4 a 3 b J — 12a 2 b 4 + 12ab 3 — 4b 2 

P14 =6 a 2 b 6 — 12 ab° + 7a 5 b 4 + 6b 4 — 20a 4 b 3 + 18a 3 b 2 — 4a 2 b — a 
P 13 =4 ab' — 4 b 6 + 26 a 4 b° — 52 a 3 b 4 + 24 a 2 b 3 + 4ab 2 — 2b 

P 12 =b 8 + 38 a 3 b a — 40 a 2 b° + 21 a 6 b 4 — 10 ab 4 — 40 a 5 b 3 + 12b 3 + 10a 4 b 2 + 8 a 3 b + a' + a 2 
P 11 =28a 2 b 7 - 4 ab 6 + 72 a 5 b 5 - 166 s - 87 a 4 b 4 - 30 a 3 b 3 + 26aV + 4a 6 b + lOab + 7a 5 + 1 
pio =5 a 8 + 35fcV - 406 3 a 6 - 12 &V + 101& 6 a 4 + 326a 4 - 446 s a 3 + 13a 3 - 100&V 
+ llb 8 a + 166 3 a + 4b' + 11 b 2 

Pq =2 b 9 + 76a 3 b 7 + 10 a 2 b 6 + 110a 6 b 5 - 58a6 5 - 68a V - 66 4 - 102a 4 ft 3 
+ 34a 3 6 2 + 18a 7 6 + 28a 2 6 + 21a 6 + 3a 

p 8 =10a 9 + 35b 4 a 8 - 20b 3 a 7 + 2 b 2 a 6 + 145b 6 a 5 + 58 ba 5 - 12b 5 a 4 + 15a 4 - 163bV + 33bV 

- 20b 3 a 2 + 8 b 7 a + 13b 2 a + 8b 6 + 4b 

p^ = 8 ab 9 + b 8 + 104a 4 b' + 16a 3 b 6 + 100a 7 b J — 66 a 2 b° — 22 a 6 b 4 — 33 ab 4 — 66 a 5 b 3 + 29a 4 b 2 
+ 32 a 8 b + 22a 3 b + 22 a 7 + 3a 2 

pe =10a 10 + 21b 4 a 9 - 4b 3 a 8 + 35b 2 a 7 + 120b 6 a 6 + 48ba 6 + 8 b 5 a 5 + 6a 5 - 90b 4 a 4 + 43bV 

- 42b 3 a 3 + 6b 7 a 2 - b 2 a 2 + 16b 6 a + 4ba + 6 10 + 2b 5 + 1 

ps =28 ba 9 + 54b 5 a 8 + 9a 8 + 10b 3 a 6 + 76b 7 a 5 + 16b 2 a 5 + 6 b 6 a 4 + 10ba 4 - 22b 5 a 3 
+ a 3 + 10b 9 a 2 - 37b 4 a 2 + 4b s a - 10b 3 a + b 2 
P4 =5a 14 + 7 b 4 a 10 + 33 b 2 a s + 56 b 6 a 7 + 14ba' + 4b J a 6 + a 6 — 5 b 4 a 5 + 26b 8 a 4 — 18b 3 a 4 
+ 6b 7 a 3 - bV + 14b 6 a 2 + 2 ba 2 + b 10 a - 2 b 5 a + 2b 9 + b 4 
p 3 =12ba 10 + 16b 5 a 9 + a 9 + b 4 a 8 + 20b 3 a 7 + 28b 7 a 6 + 3 b 2 a 6 + 4ba 5 + 2b 5 a 4 
+ 4b 9 a 3 - 9b 4 a 3 + 8 b 8 a 2 - 6 b 3 a 2 - 4b 7 a - 2 b 2 a + b 6 
P2 =a 12 + b 4 a n + llb 2 a 9 + 13b 6 a 8 + 6b 4 a 6 + 6 b 8 a J + 2 b 3 a 5 
+ 6 b 7 a 4 + 3 b 2 a 4 + 3 b 6 a 3 + 2 b 5 a 2 + 2b 9 a — b 4 a + b 8 
pi =2ba 41 + 2b s a 10 + 4b 3 a 8 + 4b 7 a 7 + 4b 4 a 4 + 4b 8 a 3 - 2b 3 a 3 - 2b 7 a 2 
po =ab +2 ao+ao+a 6 + 2 ao+a 6 

References 

[1] S. Basu and O. Merino, On the Behavior of Solutions of a System of Difference Equations, Comm. Appl. 
Nonlinear Anal. 16 (2009), no. 1, 89-101. 


12 

1143 


M. R. S. Kulenovic et al 1132-1144 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


[2] A. Brett and M. R. S. Kulenovic, Two Species Competitive Model with the Allee Effect, Adv. Difference 
Equ., Volume 2014 (2014):307, 28 p. 

[3] E. Camouzis, M. R. S. Kulenovic, G. Ladas, and O. Merino, Rational Systems in the Plane, J. Difference 
Equ. Appl. 15 (2009), 303-323. 

[4] D. Clark and M. R. S. Kulenovic, On a Coupled System of Rational Difference Equations, Comput. Math. 
Appl. 43(2002), 849-867. 

[5] D. Clark, M. R. S. Kulenovic, and J.F. Selgrade, Global Asymptotic Behavior of a Two Dimensional 
Difference Equation Modelling Competition, Nonlinear Anal., TMA 52(2003), 1765-1776. 

[6] J. M. Cushing, S. Levarge, N. Chitnis and S. M. Henson, Some discrete competition models and the 
competitive exclusion principle , J. Difference Equ. Appl. 10(2004), 1139-1152. 

[7] P. deMottoni and A. Schiaffino, Competition systems with periodic coefficients: A geometric approach, J. 
Math. Biol. 11 (1981), 319-335. 

[8] J. E. Franke and A. -A. Yakubu, Mutual exclusion verses coexistence for discrete competitive systems, J. 
Math. Biol. 30 (1991), 161-168. 

[91 J. E. Franke and A. -A. Yakubu, Geometry of exclusion principles in discrete systems, J. Math. Anal. Appl. 
168 (1992), 385-400. 

[10] V. Hadziabdic, M. R. S. Kulenovic and E. Pilav, Dynamics of a two-dimensional competitive system of 
rational difference equations with quadratic terms, Adv. Difference Equ. (2014), 2013:301, 32 p. 

[11] P. Hess, Periodic-parabolic boundary value problems and positivity. Pitman Research Notes in Mathematics 
Series, 247. Longman Scientific & Technical, Harlow; 1991. viii+139 pp. 

[12] M. Hirscli and H. Smith, Monotone dynamical systems. Handbook of differential equations: ordinary dif- 
ferential equations. Vol. II, 239-357, Elsevier B. V., Amsterdam, 2005. 

[13] S. Janson, Resultant and discriminant of polynomials, http://www2.math.uu.se/ svante/ papers/, 2010. 

[14] S. Kalabusic and M. R. S. Kulenovic, Dynamics of Certain Anti-competitive Systems of Rational Difference 
Equations in the Plane, J. Difference Equ. Appl, 17(2011), 1599-1615. 

[15] S. Kalabusic, M. R. S. Kulenovic and E. Pilav, Global Dynamics of Anti-Competitive Systems in the Plane, 
Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal., 20(2013), 477-505 

[16] M. R. S. Kulenovic and G. Ladas, Dynamics of Second Order Rational Difference Equations with Open 
Problems and Conjectures, Chapman and Hall/CRC, Boca Raton, London, 2001. 

[17] M. R. S. Kulenovic and O. Merino, Discrete Dynamical Systems and Difference Equations with Mathemat- 
ica, Chapmanfe Hall/CRC Press, Boca Raton, 2002. 

[18] M. R. S. Kulenovic and O. Merino, Competitive-Exclusion versus Competitive-Coexistence for Systems in 
the Plane, Discrete Contin. Dyn. Syst. Ser. B 6(2006), 1141-1156. 

[19] M. R. S. Kulenovic and O. Merino, Global Bifurcation for Competitive Systems in the Plane, Discrete 
Contin. Dyn. Syst. B 12(2009), 133-149. 

[20] M. R. S. Kulenovic and O. Merino, Invariant Manifolds for Competitive Discrete Systems in the Plane, 
Int. J. of Bifurcations and Chaos, 20(2010), 2471-2486. 

[21] M. R. S. Kulenovic and M. Nurkanovic, Basins of Attraction of an Anti-competitive System of Difference 
Equations in the Plane, Comm. Appl. Nonlinear Anal, 19(2012), 41-53. 

[22] M. R. S. Kulenovic and M. Pilling, Global Dynamics of a Certain Two-dimensional Competitive System 
of Rational Difference Equations with Quadratic Terms, J. Comput. Anal. Appl, 19(2015), 156-166. 

[23] H. L. Smith, Periodic competitive differential equations and the discrete dynamics of competitive maps, J. 
Differential Equations 64 (1986), 165-194. 

[24] H. L. Smith, Planar Competitive and Cooperative Difference Equations,/. Difference Equ. Appl. 3(1998), 
335-357. 


13 

1144 


M. R. S. Kulenovic et al 1132-1144 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Solutions to Periodic Sylvester Matrix Equations Based on Matrices 

Splitting * 

Lingling Lv, Mhaofei Han, *Lei Zhang, § 


Abstract 

New iterative algorithms are introduced to solve periodic Sylvester matrix equations in this paper. The 
iterative algorithms are based on the principle of matrix splitting and gradient iteration method. Detailed 
iterative steps for solving equations are presented and their convergence property are strictly verified. A 
numerical test is employed to prove the correctness and effectiveness of the iterative algorithms. 

Keywords: Periodic Sylvester matrix equations; iterative algorithm; matrix splitting. 


1 Introduction 


Analysis and design of time-varying systems are more charllenging than that of time-invariant dynamic 
systems since their coefficients are changing according to time. Take stability and stabilization for example, 
the stability concepts and criterion for (linear) time- varying systems are very difficult to characterize as they 
generally have no direct relationship with their coefficients (see [18] and [19] for detailed introductions). The 
periodic linear system as a special case of linear time-varying systems is thus important since it helps to 
understand that methods built for time-invariant systems can be generalized to time-varying setting. On the 
other, periodic linear systems also have important applications in engineering since they can be frequently 
used to describe cyclic temporal variation (seasonal or interannual) and to account for the operation of 
multiple processes. For example, Caswell analyzed in [1] the periodic models that must trace the effects of 
parameter changes and they applied the method to periodic system for periodic environments, and Verstraete 
introduced in [13] a picture to analyse the density matrix renormalization group (DMRG) numerical method 
from a quantum information prespective, which leads to a variational formulation of DMRG that allows 
for dramatic improvements in the case of problems with periodic boundary conditions. Therefore, in recent 
years, periodic linear systems have attracted significant attention in the literature. 

Periodic Sylvester matrix equations play a major role in the analysis and design of discrete-time periodic 
linear systems. A general form of the periodic Sylvester matrix equation is as follows 

AtX t + Xt+i B t = Ct , (1) 

and 

AtX t + 1 + X t B t = Ct, (2) 

where the coefficient matrices A t , B t , Ct £ R raX11 , t = 0,1, ••• , are given matrices and X t £ R raxn are 
unknown matrices. These matrices are periodic with period T, i.e. , A t +T = A t , B t +r = B t , Ct+T = Ct and 
X t +T = X t . In [8], Korotyaev showns that it is related with the periodic matrix- valued Jacobi operators. We 
have shown recently that the aboveperiodic Sylvester matrix equation are helpful in the design of periodic 

*This work is supported by the Programs of National Natural Science Foundation of China (Nos. 11501200, U1604148, 
61402149), Innovative Talents of Higher Learning Institutions of Henan (No. 17HASTIT023), China Postdoctoral Science 
Foundation (No. 2016M592285). 
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Luenberger observers [10] and output regulator [11]. For more applications of this class of periodic Sylvester 
matrix equations, see [10], [11] and the refereces therein. 

The (generalized periodic) Sylvester matrix equations were first put forward by Sylvester and applied in 
mathematical control theory. As the development of science and technology, they become more and more 
important. Now many scholars and experts have analyzed the existence and uniqueness of solutions to 
the Sylvester matrix equation. In [12], Sreedhar proposed an elegant and simple method for computing 
the periodic solution of Sylvester matrix equations. In [3], Chen used the matrix sign function to solve 
periodic Sylvester equations. In [16], Zhang offered a finite iterative algorithm for solving the complex 
generalized coupled Sylvester matrix equations. In [2], the author pays attention to solving the Lyapunov 
matrix equations and Sylvester matrix equations in control theory by numerical methods. [4] constructs an 
iterative algorithm to solve the generalized coupled Sylvester matrix equations over reflexive matrices. In 
[9], a comprehensive theory of the matrix linear equation AX + XB = C is presented. In [6], Gu applied 
Jacobi iteration of solving linear equations to solve Sylvester matrix equations. In [5], M Dehglian propose 
two iterative algorithms for finding the Hermitian reflexive and skew-Hermitian solutions of the Sylvester 
matrix equation AX + XB = C. 

Furthermore, it should be pointed that gradient iterative algorithm is attracting more and more researchers. 
Many experts apply it to solve the Sylvester matrix equations and a lot of cases show that it is a better 
way to solve matrix equations. In [17], zhang present a gradient iterative algorithm for solving coupled 
matrix equations based on the hierarchical identification principle. In [14], Li study solutions of general 
matrix equations by using the iterative method and present gradient iterative algorithms by applying the 
hierarchical identification principle. In [7], Hoskins discussed an iterative method for solving the matrix 
equation XA + AY = F and compared it with existing techniques. In [15], an iterative algorithm is 
construct to solve the general coupled matrix equations over reflexive matrix solution. Of course, researchers 
have given numerical examples to demonstrate the correctness of the proposed algorithm. 

However, to the best of our knlowedge, the iterative algorithms for the periodic Sylvester matrix equations 
have not been fully researched in the literature. Therefore, in this paper, we dedicate to give iterative 
algorithms for solving equations (1) and (2). The iterative algorithms are based on the principle of matrix 
splitting and gradient iteration method. Detailed iterative steps for solving equations are presented and 
their convergence property are strictly verified. A numerical test is employed to prove the correctness and 
effectiveness of the iterative algorithms. 

The rest of this paper is arranged in the following ways. In section 2, new iterative algorithms are proposed 
to solve the Sylvester matrix equations and the convergences are validated. In section 3, a numerical example 
is provided to verify the correctness of the iterative algorithm. And in section 4, we draw some conclusions. 


2 Main results 

2.1 Iterative algorithm for equation (1) 

Firstly, for t = 0, 1, • • • , T — 1, define W' t and W' t ’ as 

IF t ' =C t - X t+1 B t (3) 

Wf =C t - A t X t (4) 

Rewrite matrices A t and B t as 

At = at.Inxn + T t , (5) 

Bt = fitJnxn + T t , ( 6 ) 

where at and /3 t are arbitrary constant numbers, I„ xn is the unit matrix and T t , T t are the remaining 
matrices of A t , B t . 

Based on the above division, it is easy to obtain that 

w' t ={a t Inxn+T' t )X t (7) 
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Wt =X t+1 (p t I nxn + T”) (8) 

Construct the following iteration: 

X' t (k) = X t {k - 1 ) + e t a t (C t - X’ t+1 {k - 1 )B t - A t X t (k - 1 )) ( 9 ) 

X'{k) = X”{k - 1) + 9 t fi t (C t - X' t ' +1 (k - 1 )B t - A t x"(k - 1)) (10) 

Where k is iterative step and bigger than 1. 

Further, let 

X' t (k) + X“{k) 

Xt{k) = 



— Xt(k — 1) + -0 t (a t + fit) {Ct — X t+ i{k — 1 )B t — A t X t (k — 1)) 

(11) 

In addition, denote 


Rt(k) = \\X t (k) — X t (k — 1)|| 

(12) 


Algorithm 1 (An iterative algorithm for equation (1)) 

1. Set error upper limit e, freely select initial matrices X t (fi) and X t (0), calculate 

x ,(o)- x;(o)+x;'(°) 

2. Choose parameters of at, fit and 9 t for t = 0,1, ■ ■ ■ , T — 1, calculate 

T - 1 T-l T-l 

A* = ^2 || (It - 2^t[pt t + fit) A t ) || + ^2 || + fit) || ^2 H-^ll) (13) 

i=0 t=0 t=0 


k := 0; 

3. If Xt < 1 for t = 0,1, • • • , T — 1, go to next step; else, return to step 2. 

4- Set k=k + 1, according to (9), (10), (11), compute X t (k); Further more, compute Rt(k) by (12). 
5. If Rt(k) < £, stop; else, go to step 4- 

The convergence of the iterative algorithm will be proved by the following theorem. 


Theorem 1 If equation (1) has solutions Xf and X t shown in (13) is less than 1, the iterative sequence of 
X t (k) generated by Algorithm 1 converges to the true solution X* , which means, for any initial X t (0), there 
is 

lim X t (k) = X* 

k — yoo 

Proof. Define error matrix X t (k)=X t (k) — X), where X* act as the real matrix, X t (k) is the iterative 
solution to k by the algorithm, then 

x t (k) = x t \k)-x; (M) 

x't(k) = x t "(k)-x; ( 15 ) 

We can easily get 

x t (k) = x t (k - 1 ) + l -e t {at + fit)(-X t+ i(k - 1 )B t - A t X t (k - 1 )) ( 16 ) 
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X t '(k) = x"(k - 1) + \o t {a t + 0t)(—X't +1 (k - 1 )B t - A t x"(k - 1)) (17) 

Then, we get 

x' t (k) + r; (k) 

x t(k) = 

— X t (k — 1) + - -9 t (at + f3t)(—X t+ i(fc — 1 )B t — A t X t (k — 1)) 

= x t (k - 1) - ^0 t a t X t+1 (k - 1 )Bt - \ 9tAX t+ i(k - 1 )B t 

— 2®t a tAtXt{k — 1)) — -dtj3tA t X t (k — 1)) 

= (It — 2®t a tAt — -0tPtA t )X t (k — 1 ) — -9 t atX t+ i(k — 1 )B t 

— 2 @tPtXt+i(k — 1 )B t 

= (It ~ 2 ®t(&t + ftt)At)X t (k — 1) — -6 t (a t + /3 t )X t+ i(k — 1 )B t 

Let 

||X t (fc)|| = || (It - x -e t (a t + pt)A t )X t (k - 1) - l -e t (at + Pt)X t+1 (k - l)B t \\ 

< ||(7t — — 9t(°tt + (3t)A t )X t (k — 1)|| + \\-9t(at + Pt)Xt+ i(k — 1)-B t || 

< II Ut - \0t(a t + H t )At)\\\\Xt(k ~ 1)|| + ||^K + &)||||X t+1 (fc - l)||||B t || 

So we can obtain 

E ||*t(*)ll < E IK 7 * - + PMtMMk - 1)11 + II \o t (a t 

t = 0 t=0 

+m\Xt + i(k-m\B t \\ 

T—l T—l T— 1 

- E IK-* 4 — 2^ at + II E _ 1)11 + E II 2^( at 

£=0 £=0 

- (E ii _ 2^ at + ^)^)ii + E II 2^( at 
£=0 £=0 

T—l T—l 

+ A)llEll fi *ll)EW*- 1 )ll 

t= 0 t=0 

According to assumption At < 1, where At are shown in (14), we can obtain that 

T—l T—l T—l T—l 

E ll*t(fc)|| < At E II Xt(k - 1)11 < A t 2 E ll*t(* - 2)11 < • ■ • < A? E 11^(0)11 (18) 

i= 0 t—0 t= 0 i=0 

By controlling parameters of at, (3t , @t to make At < 1. 

When k is towards infinity, 

lim X t (k) = 0 

k—>oo 
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So 


lim X t {k) = X* 


2.2 Iterative algorithm for equation (2) 

On periodic Sylvester matrix equation (2), we can also build an convergent algorithm which is similar to 
Algorithm 1. 

Firstly construct the following iteration: 

x' t (k) = X t (k - 1) + e t a t (c t -X' t (k- 1 )B t - A t x’ t+1 {k - 1)) ( 19 ) 

X'{k) = x"(k - 1) + 9tp t (C t - X''(k - 1 )B t - A t x" +1 (k - 1)) (20) 

Let 

= X t (k — 1 ) + -0 t (a t + fit) (C t — X t (k — 1 )B t — A t X t+ i(k — 1 )) (21) 

Algorithm 2 (An iterative algorithm, for equation (2)) 

1. Set error upper limit e, arbitrary select initial matrices A t (0) and X t (0), calculate Xt(0) as 

MO) . ) 

2. Choose parameters of at, Pt and 9 t for t = 0,1, • • • , T — 1, calculate A t according to (13), and set 

k := 0; 

3. If Xt < 1 for t = 0,1, ■ ■ ■ , T — 1, go to next step; else, return to step 2. 
f. Set k=k + 1, according to (19), (20), (21), compute X t (k). 

5. Compute Rt(k) according to (12). If Rtfk) < e, stop; else, go to step f. 


We can make use of the following theorem to prove the convergence of the iterative algorithm. 


Theorem 2 If equation (2) has solutions X* and A t shown in (13) is less than 1, the iterative sequence of 
X t (k) generated by Algorithm 2 converges to the true solutions Xf , which means, for any initial A t (0), there 
is 


lim X t (k) = X* 


Proof. According to Algorithm 2, we can acquire the following results 

X t (k) = X t (k - 1 ) + l -0 t (a t + Pt)(~X t (k ~ 1 )B t - A t X t+1 (k - 1 )) (22) 

X t \k) = X"(k - 1 ) + \0 t (a t + Pt)(-X t \k - 1 )B t - A t X t ' +1 (k - 1 )) (23) 

Xt(k) = X t (k — 1 ) + -9 t (a t + /3 t )(—X t (k — 1 )B t — A t X t+ \{k — 1 )) (24) 
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Il*t(fc)|| = ||(4 - \e t {a t + pt)A t )X t+1 (k - 1) - ±9 t {at + / 3 t )X t (k - l)B t \\ 

< ||(4 ~ 2^ t ^ at ~ ^ @t)At)Xt+i(k — 1 )|| + || — + fr)Xt{k — 1)7411 

< 11(4 - 2^t( a t + Pt)A t )\\\\X t+1 (k — 1)|| + || - <4 (at + /3t)\\\\X t (k - 1)||||74|| 


Further, let 


E ||*t(*)ll < E IK J * - lo t (a t +p t )A t )\\\\X t+1 (k-l)\\ + ||^,(a t 

t = 0 t = 0 

+ Pt)\\\\X t (k — l)||||Bt|| 


- E II ( J t _ 2^ at + E ll^+ 1 (^ _ 1 )ll + E II 2^ at 

t= o *=o t=o 

T— 1 T— 1 

+A)iiEii^( fc - 1 )iiEii B *n 

£=0 t = 0 

- (E ii ~ 2^ at + Pt)A t )\\ + E ii 

t=o t= o 

T— 1 T— 1 

+A)iiEii B *ii)En^( fe “ 1 )ii 

t=0 t= 0 


According to assumption A* < 1, where A t are shown in (13), we can obtain that 


E 11 won < x t E ii w - i)n < x 2 t e n w - 2)ii < . . . < A t fc e n win 


t—0 


t = 0 


t = 0 


t = 0 


When k is towards infinity and A < 1, we can obtain 


lim X t (k) = 0 

k—¥ oo 


(25) 


So 


lim X t {k) = X* 

k — yoo 


3 A numerical example 


In this section, we will give an example to illustrate the correctness and effectiveness of the iterative algorithm. 

Example 1 In this example, we consider the following periodic Sylvester matrix equation with T = 3: 

A t X t + X t+1 B t = Ct 


For given matrices 


A 0 — 

2.1 

-1.0 

0.8 

1.3 

i Ai — 

3.2 

0.9 

B 0 = 

' 0.5 
0.3 

-0.2 ' 
1.0 

,B 1 = 

' 1.1 
0.3 

Co = 

' 12.2 

10.6 

,Ci = 

' 25.6 

0.6 

7.4 

1.2 



-0.4 

1.0 

21.4 

15.1 



5.2 

2.8 

-3.1 

5.3 

' 2.1 

-1.6 

0.7 

2.5 


37.4 30.2 
1.6 24.4 
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Set the corresponding parameters as follows: 

0 Q = 0.22, a 0 = 1, /3o = 1 
0! = 0.44, oq = 1, Si = 0 
0 2 = 0.44, a 2 = 0, fa = 1 


e = 0.0000001 

By applying the iterative algorithm given in Algorithm 1 with -Yo(0) = Xi(0) = ^ 2 ( 0 ) = 10~ 6 1(2), we can 
compute the sequences X 0 (k) , Xi(k) and X 2 (k) and finally obtain the convergent solution as 

* _ [ 2.2792084 2.1443643 ' 

A ° “ [ -0.0053164232 2.8578095 

* _ T 3.8959794 3.0173837 ' 

Al " [ 0.91457065 4.3687527 

* _ T 3.7974423 2.1832934 ' 

A2 “ [ 1.8076325 3.3274102 

In order to demonstrate the convergent effectiveness, we define the relative iteration error as 


m = 




EL'o 1 ll^W - x; 


y T ~ 1 

Z^t= 0 


XT 


The varying trajectory of relative iteration error with the time is shown in 1. It is cleared that S(k) decreases 
quickly and converges to zero as k increases. 



Figure 1: The changed trend of relative error 


4 Conclusions 


In this paper, we introduce a new iterative algorithm to solve a kind of periodic Sylvester matrix equation. 
The iterative algorithm is proven to converge the exact solutions in finite iteration steps without round-off 
errors. Finally, we give a numerical example to check the convergence and performance of the iterative 
algorithm. 
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FOURIER SERIES OF SUMS OF PRODUCTS OF EULER AND 
GENOCCHI FUNCTIONS AND THEIR APPLICATIONS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , DMITRY V. DOLGY 3 , AND JIN- WOO PARK 4 ’* 


Abstract. We study three types of sums of products of Euler and Genocchi 
functions and derive Fourier series expansions for them. Further, we will be 
able to express each of those functions in terms of Bernoulli functions. 


1. Introduction 


The Genocchi polynomials G m (x) are given by the generating function 

oy. °° j.m 

~T—- 7 eXt = G m(x)— (see [1-5, 7, 11]). 

e t _l_ 1 l — j m! 

771—0 

The first few Genocchi polynomials are as follows: 

G 0 (x) = 0, G\(x) = 1, G 2 (x) = 2x - 1, 

Gs(x) = 3x 2 — 3a;, G 4 (a;) = 4a; 3 — 6a; 2 + 1, 

G 5 (x) = 5x 4 — 10a; 3 + 5a;, G 6 (x) = 6x 5 — 15a; 4 + 15a; 2 — 3, 
G 7 ( x) = 7x 6 - 21a; 5 + 35a; 3 - 21a;. 

The Euler polynomials E m (x) are defined by the generating function 

2 °° ym 

TTye 1 * = ^ E m ( x) — , (see [2-4, 6-8, 10]). 
e 1 + 1 ml 

rri—0 

When x = 0, E m ( 0) = E m are called the Euler numbers. 

From the relation G m (x) = mE m _\(x) (m > 1), we have 

deg G m { x) = m— 1 (m > 1), G rn = m£ m _i (m > 1), 

G 0 = 0, Gi = 1, G 2m+ i = 0 (m > 1), and G 2m ^ 0 (to > 1). 


Moreover, 


— G m (a;) = mG m -i{x), (to. > 1), 
ax 

G m (x + 1) + G m (x) = 2mx rn ~ 1 , (to > 0). 


From these, we have 


G m (l) + G m (0) — 2(5 TOi i, (?n > 0), 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 

Key words and phrases. Fourier series, Euler polynomial, Euler function, Genocchi polynomial, 
Genocchi function. 

* Corresponding author. 
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Fourier series of sums of products of Euler and Genocchi functions 

r 1 l 

/ G m {x)dx = — — r (G m +i(l) -G m +i(0)) 

Jo m + 1 

( — G m +i(0) + 5 mi o) 


m + 1 


0, 

2 


TO + 1 


for to. even, 
G m +i, for to odd. 


For any real number x, let 

< x >= x — \_x\ G [0, 1) 
denote the fractional part of x. 


Let B m {x) denote the Bernoulli polynomials given by -J—^e tx = X)m=o — r- 

Then we recall the following about Bernoulli functions B m (< x >): 

(a) for to > 2, 

°°^ ^2ninx 

B m (< x >) = —ml V — — — — , 

( 27 Tin ) 171 

n— — oo v 7 

n^O 

(b) for to = 1, 


- E 

n=—o o 
n^O 


^2 Tzinx 

2tt in 


B i(< x >), for x ^ Z, 

0, for x GZ. 


Fourier series expansion of higher-order Bernoulli functions were treated in the 
recent paper [9] . Here we will study three types of sums of products of Euler and 
Genocchi functions and derive Fourier series expansions for them. Further, we will 
be able to express each of those functions in terms of Bernoulli functions. 


2. Sums of products of Euler and Genocchi functions of the first 

type 


Let 

m— 1 

a m ( x ) = ^2 E k (x)G m - k (x), (to, > 2). 

k—0 

Note that deg a m (x) = m — 1. Then we will consider the function 

m— 1 

a m {< x >) = ^2 E k (< x >)G m - k {< x >), (to > 2) 
k — 0 

defined on (— 00 , 00 ), which is periodic with period 1. 

The Fourier series of a m (< x >) is 


OO 


E /1 ( m ) „27rma; 

A n e 


n =— 00 
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3 


where 


= [ OLm{< X >)e 
Jo 


—2 , Kinx 


dx 


i(x)e 


v dx. 


to 


To proceed further, we need the following 

771— 1 


a\x) = ^2 (kE k -i(x)G m - k (x) + ( m - k)E k (x)G m - k -i(x)) 

k = 0 

771—1 771 — 2 

= E kE k - 1 (x)G m -k{x) + y^(m- k)E k (x)G m - k -i(x) 

fc= 1 k—0 

771 — 2 771—2 

= + 0 E k(z)G m -i-k(x) + *22 ( TO ~ k)E k (x)G m -i- k (x) 


k—0 k = 0 

771—2 


=(?n + 1) ^ E k (x)G m - i_fc(x) 

fe =0 

=(?n + l)a TO _i(x). 

So, a' m (x) = (to + l)a m _i(a;). From this, 
^m+1 (*t) \ 


m + 2 


(*r) 7 


f 1 1 

Jo to. + 2 


and 


771—1 

a m (l) - a m (0) = (^fc(l)G m _ fc (l) - E k G m - k ) 

k = 0 

771—1 

= ^ ^ (( Ek H- 25o, fe) ( Gm—k + EkGm—k) 

k=0 

771—1 

= ^ ^ ( 2EkSm—i,k 2<5o,/c Gm—k H- 4J^ ? o^7ti— i,fc) 
fc=0 

= 2E m -i 2G m + 4(5 m _ io 
= — 2 {E m _ i + G m ) 

= - 2 (to + 


Recall that 

So 


-E 2 n = 0 (n > 1) , T/ 2 n— l 0 (n > 1), and E 0 = 1. 

a m (0) = a(l) <t=> to = 2n + 1 (n > 1). 
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4 Fourier series of sums of products of Euler and Genocchi functions 

Also, 


r 1 1 

/ a m (x)dx = — (—2 (to + 2 )E m ) 

Jo m + 2 


— — 2 E m . 


Now, we are going to determine the Fourier coefficients 

Case 1: n/0. 


__ 


i(x)e 


c dx 


= - ^ — — [a m (a;)e 


— 2-7rma:1 ' , 1 

0 27rm 


a' m {x)e-' 2mnx dx 


1 , /.\ m+1 

0 V ( a 7Tl(l) _ a 7Tl(0)) H — ; 

27rzn 27rin 


/ a m _i(x)e 
Jo 


c (ia; 


m + 1 * (m—l) 


2nin 


-A& 


2 (to + 1) 


2mn 


Em— l 


m + 1 ( jn^ A {m- 2) , 


27rin \ 27rm 


2m 

2'Kin 


E, 


m—2 


2(m + 1) 
2nin 


E, 


m—l 


(m + 1) 2 . (m— 2 ) , 2(m + 1 )a, 

(27Tin^ 2 n (O/rron^k 


— ' (27t in) k 


m—k 


(m+l) TO _i ^ 2(m + l)fe Z7 , 

% -l t^m-k 


(2tt in) r 


~ (27rin) k 


_ 2(m + l)/c 

“ A. {2Kin) k m ~ kl 


where e 2mnx dx = 0. 

Case 2: n = 0. 

4"° = f a m (x)dx = —2E m . 

Jo 

a m (< x >), (m > 2) is piecewise C°° . Moreover, a m {< x >) is continuous for 
all odd integers > 3 and is discontinuous with jump discontinuities at integers for 
all even integers > 2. 

Assume the first that m is an odd integer > 3 . Then a m (0) = a m ( 1). a m (< x >) 
is piecewise C °° , and continuous. So the Fourier series of a m (< x >) converges 
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5 


uniformly to a m (< x >), and 


oo / m— 1 


i(< X>)=~ 2 E m + ^ S 


n——oo \ k—1 
n^O 


2 (m + l)fc 
(27 t in) k 


rp inx 

X'm — k e 


m — 1 


k= 1 
m— 1 


= - 2E m - 2 Y ( m + 1 ) E m _ k —k\ Y 


= - 2 E m - 2 Y 


k 

m + 1 


00 g27r inx 


n=—oo 

riy£ 0 


(27T in) k 


Bm—kB k (<^ X > ) 2(m. V)E m —i 


k = 2 

_Bi(< a; >), for a; ^ Z, 

0, for 


Now, we can state our first theorem. 


Theorem 2.1. Let m 6e an odd integer > 3. TTien we have the following. 


(i) SfcLo 1 E k(< x >)G m - k (< x >) has the Fourier series expansion 


m— 1 




k—0 


= — 2 EL 


oo / m— 1 

E E 

n——oo \ k—1 
n^O 


‘2{rn + 1 )fc | 2-Kinx 

X'vn—k I £ 5 


(ii) 


(2mri) k 

for all x G (— 00 , 00 ). Eere the convergence is uniform. 


^ ^ X >)G^77T,_fc (<C X >) 


k—0 


= - 2E m - 2 Y 


k—2 


in + 1 

k 


Bm—kB k (<^ X >). 


Here B k (< x >) is the Bernoulli function. 


Assume next that m is an even integer > 2. Then a m (0) ^ a m (l). Hence a m (< 
x >) is piecewise C°°, and discontinuous with jump discontinuities at integers. 
The Fourier series of a m (< x >) converges pointwise to a m (< x >), for x ft Z, and 
converges to 

y (c*Tn(0) + OTn(l)) 

=a m (0) - (?n + 1 ).E to _i 

m— 1 

— 'y ( BkGm—k (to. -I- l')E m — i, 

fc =0 

for x £ Z. Hence we have the following theorem. 


Theorem 2.2. Let m he an even integer > 2. TTien we have the following. 
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Fourier series of sums of products of Euler and Genocchi functions 


(i) 


oo 

~ 2 E m + 


n =— oo 
n^O 



2 (to + l)fc 

(27r in) fc 



g 2ninx 


f I2T=0 E k(< X >)G m _fc(< a: >), for x <£ Z, 
1 DTE E kG m -k - (to + for x G Z. 


(ii) 


Here the convergence is pointwise. 


m / i i \ 

- 2E m - 2 ^ ^ J E m _ k B k {< x >) 

m— 1 

= ^ £/(< x >)Gm-k{< X >), for x £ Z; 

k—0 


m—i. / a. -]\ 

- 2E m J E m-kB k {< x >) 

m— 1 

= ^ E k Gm-k - (to + 1)-E m — 1 , /or 

fc= o 

.Here B k (< x >) is t/ie Bernoulli function. 


3. Sums of products of Euler and Genocchi functions of the second 

type 


Let 

m— 1 ^ 

Pm(x) = Y 777 —E k (x)G m - k (x), (m > 2). 

/c!(ra — k)\ 

Then we will consider the function 

m— 1 ^ 

/3 m (< x>)=Y 777 —E k (< X >)G m - k (< x >), (m > 2) 

/77^ k!(to — /cj! 


defined on (—00,00), which is periodic with period 1. 
The Fourier series of /3 m (< x >) is 


E 4 


m) Jl'Kinx 


where 

4 m) - [ /?m(< ^ >)e- 2 """dx 
Jo 

p m (x)e~ 2 * inx dx. 
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To proceed further, we need to observe the following. 

m— 1 

Pm 0) = E 


k = 0 
m— 1 


k\(m — k)\ 

1 

iti ( fc - !) ! ( m - k V- 


k TTh k 

Ek~l{x^)G m —k{x') T TT7 TT~.Ek{x')G rn — k — l{x') 


k\(m — k)\ 

m — 2 


= E 


E k _ 1 (x)G m - k (x) + ^2 


1 


m—2 


= E frirm-i + E 


k = 0 

m—2 


k\(m — k — 1)! 

1 


Ek{x)Gm — k—l{%) 


k = 0 
m—2 


= 2 E 


fc =0 


/d(m — 1 — k)\ 

1 

k\(m — 1 — fc)! 


k=0 


k\(m —! — &)! 


E k (x)G m -i-k(x) 


Ek {x'jGm—i — kix) 


— 2/dm— i (x). 

So 0' m (x) = 2/3 m _i(x), and from this we obtain 

'/WiC^Y 


= 0m{x). 


Thus 


and 


f 1 1 

J 0 m (x)dx = - (/3 m+ i(l) - /3 m+ i(0)) , 


0m{ 1) - 0m (0) 


m— 1 


= E 

/c— 0 
m— 1 

= E 

k = 0 
m— 1 

= E 

k - 0 


1 


fc!(m — &)! 
1 

/c!(?n — A:)! 
1 

k\(m — /c)! 


(B fc (l)G m _fc(l) - E k G m . k ) 

(( E k T 2(5fc j o)( Gm—k T 2(5 m — l,fc) EkGm—k ) 
( ^EkSm—i^k 2(5 k ,oGm—k + 4l5fc,0^m-l,fc) 


2£ m -i 2G m 4 5 

771—1,0 


( to — 1 )! to ! to ! 

2-E'm— i 2mE m -i 

(to — 1)! to! 

4 £■ 

(m — 1) ! 


So, 


Also, 


/?m(0)=/3m(l)^£m-l=0 

•£=> to = 2n + 1 (n > 1). 

f 1 1 

/ 0 m (x)dx =- (0 m+ i(l) — /3 m+ i(0)) 
do 2 


— ;E m . 

m\ 
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Now, we are ready to determine the Fourier coefficients 
Case 1 : n ± 0. 

B = f p m {x)e~ 2 * inx dx 

Jo 






0 27 rin 


P'm(x) 


dx 


~ ~ W —r~ (/3m (1) “ Pm{ 0)) + 

Zmn Zmn . 




2tt in 


o(m-l) , 
J - J n. 1 


2tt in(m — 1)! 


Em— 1 


— ( + 


27 rin \ 27rm 


27 rin 


^ m - 2) + E 


2ir in(m — 2)\ 
2 fc+1 


Em-2 


2'Kin(m — 1)! 


Em— 1 


fc=l 


(27rzn) fc (m — fc)! 


Em — l 


m-1 m— 1 0 fc+l 

5(1) + V - - E 

n (2mn) k (m—k)\ m 

= \ 2fc+1 F 

(27 nn) k (m — k)\ m k ' 

where = Jq e~ 2nmx dx = 0. 

Case 2 : n = 0. 

B ( 0 m) = [ /3 m (x)dx = -—E m . 

Jo m\ 

Pm{< x >), (m > 2) is piecewise C°° . Moreover, /3 m (< x >) is continuous for 
all odd integers > 3 and discontinuous with jump discontinuities at integers for all 
even integers > 2. 

Assume first that m is an odd integer > 3. Then /3 m (0) = /3 m (l). /3 m (< x >) 
is piecewise C°° , and continuous. So the Fourier series of /3 m (< x >) converges 
uniformly to fi m (< x >), and 



/ 3 m (< x >) 


2 

m\ 


E m + 


2 E 

n =— oo 
n^0 



2 k 

( 2mn) k (m 



g 2-Kinx 


r£ m - 

ml 



g 2irinx 

( 2nin) k 


c\ c\ Eft 1 / \ 

- -T^m -^E 2 1 7. ) Em-kB k {< X >) 

m! m! ' V /c / 

k=2 v 7 

4 f #1 (<#>), for x ^ Z, 

- (STuj!^- 1 X { 0. forxeZ. 


We can now state our first theorem. 
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Theorem 3.1. Let m be an odd integer > 3 . Then we have the following. 

(i) 

m— 1 


E 

k = 0 


1 


k\{m — fc)! 




has the Fourier series expansion 


1 


g «(„, - t)! E * (< 1 >)G ”-‘ (< 1 >( 


oo / m— 1 


~ n / m+2 E E 


Em—k I ^ 


(ii) 


(: 2'Kin) k (m — k)V 
for all x £ (— 00 , 00 ). Here the convergence is uniform. 


n——oo \k — 1 
n^O 


m — 1 ^ 

E k \ ( m -fc)E fc(< * >)Gm ” fc(< * >) 

/c— 0 v ' 

^ ~ 771 1 / \ 

= - E E m --V2 1 ' E m _ k B k {< x >) 

ml ml z — ' V fc / 

k = 2 v 7 

Here B k (< x >) is He Bernoulli function. 

Assume next that m is an even integer > 2. Then /3 m (0) g /3 m (l). Hence /3 m (< 
x >) is piecewise C°°, and discontinuous with jump discontinuities at integers. 
The Fourier series of (3 m (< x >) converges pointwise to /3 m (< x >), for x Z, and 
converges to 

X (/3m(0) + /3 m (l)) = /?m(0) — T E m - 1 

2 (m — 1)1 

m-i x 2 

= / 777 7~r.E k G m - k — - —E m —i, 

f^ Q k\(m—k)\ (m — 1 )! 

for x £Z. 

Now, we can state our second theorem. 


Theorem 3.2. Let m be an even integer > 2 . Then we have the following. 

(i) 

00 /m - 1 \ 


m! Ero + 2 E ( E 


n——oo \k— 1 
n^O 


( 2nin) k (m — k)l 


Em—k I ^ 


EfcLo fciE-fcli ^fcW^-fcW’ forxi z, 
Sfc =0 k\(m-k)\EkGm-k — E m -i, for x G Z. 


Here He convergence is pointwise. 
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(ii) 


~ m— 1 

- —'Em - -T V 2 fc ( 7 ) E m _ k B k {< X >) 

777.1 777.' L ' \ k" / 


ml ml z — ' V A; 

fc=i 


m— 1 


i 


= E 777 — ~ — i\\Ek{< x >)G m _ fc (< x >), for x £ Z; 
k!(to — «)! 


0 m— 1 

2 \ - / TO 


T^m 7 V 2 fc , E m _ k B k (< x >) 

m! m! \ k / 

fe= 2 

m— 1 

= E 


1 2 

Ek Gui—k 7 — £7 m _i, for x G Z. 


fc =0 


fc!(m — fc)! 


(to — 1)! 


.Here B k (< x >) zs ifte Bernoulli function. 


4. Sums of products of Euler and Genocchi functions of the third 

type 

Let 7 m{x) = Y?k=i k(m-k) Ek ( x )Gm-k{x), (to > 3). Then we will consider the 
function 


7m(< X>) = 


m— 1 

E 

*;= i 


k(m — k ) 


E k (< x x >) 


defined on (— 00 , 00 ), which is periodic with period 1. 
The Fourier series of 7 m (< x >) is 


E 


£f(m) ^ 2ninx 


where 


= [ 7 m (< * >)e~ 2mnx dx 

Jo 


= / 7 m{x)e~ Imnx dx. 
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To proceed further, we need to note the following. 


m— 1 


{kE k _i(x)G m -k(x) + (to - k)E k (x)G m - k -i(x)} 


Ejfe( m _jfe) 

m— 1 ^ ul—a ^ 

T^k— kip^) “1“ ^ ^ T Ek {x)Gm— k— 1 (*^) 

m — k" z ' A- 


m—2 


k = 1 
m—2 


= E 


TO — fc 
1 


km 


-E k (x)G m - 1 - k (x) + ^2 -rEk{x)Gm- i- k (x) 


k — 0 fc=l 

m—2 


m—2 


m — 


-j (~*m— 1(^) “1“ ^ ^ 7 Ekix^Gm— 1 — k(%) ^ ^ 7 Ek (#)G>n— 1— k (%) 

1 TTl 1 rv rv 

’ - fc=l 

Ek (E)G m— 1— k (%) 


fc=l 


m—2 


= — — -G m _i(x) + (to - 1) jP 

m — z — ' 


TO — 1 
1 


k(m — 1 — fc) 
G m _i(x) + (to - l) 7 m _i(x). 


TO — 1 

So j'm(x) = ^-[G ra - i(x) + (to — l) 7 m _i(x), and from this, we have 


1 


— 7 m +i(x) - 


1 


to(to + 1) 


^m+l(*^) ) ) — TmO*')* 


Since G m _j-i(l) T G m _|_i(0) — 2(5 mj oi 


to(to + 1) 


Gm+l (x) 


r 1 i r 

/ 7 m(x)dx = — 7 m+l(x) - 
do ™ L 

= — 7m+l (1) - 7m+l(0) — — (G m _|_i(l) - G m+ i(0)) N ) 

to \ m(m +1) / 


TO 


— ( Tm.+i(l) Tm+i(0) H- 


m(m + 1) 


G 


m+1 I j 


and 


7/t — JL -j 

7m(l) - 7m(0) = V tv V7 (Efc(l)G m _ fc (l) - E k G m _ k ) 

k=1 fc V m “ k ) 


m— 1 


= E 


i 


— J k(m — k ) 
1 

fc ( TO “ fc ) 


k 

m— 1 


= E 


(( E k 2(5^ 5 o) ( Gm—k -T- 25 m _i,fc) E k G m - k ) 


2E m _i 

to — 1 


So 


7m (0) = 7m(l) <*=>• £ m - 1 = 0 

•<=>■ to = 2 n +1, (n > 1). 
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Also, 


/ 7 m{x)dx = 
Jo 


2 E m 2 

to m(m + 1) m+1 


1 

TO 

.1 / 2ff m | 2£„ 

TO V TO TO 


= 0 . 


Now, we are going to determine the Fourier coefficients Ch 
Case 1 : n ^ 0. 


Ci m) = [ lm{x)e-^ inx dx 

Jo 


= ~ [7m(»)e 

Z7Tin 


1 


—2-Kinx~\ 

J 0 2n in 


l' m {x)e~ 2nirlx dx 


1 


~ 2tt m (7m(1) 7m(0))+ 2mnJ 0 lm-1 

= ~ W (7m(1) " 7m(0)) + 2ro^- 1) 7 0 


G m _i(ar) + (to - l) 7 m _i(x) ^ e 


—2irinx 


f G m .r{x)e-^ inx dx 

Jo 


+ “ C lm-i{x)e~ 2mnx dx 

2mn J o 


2-EVn-l 


- $ _l VI 

2mn(m — 1) ' 2mn(m — 1) m 2-7rm ra 


where = J2k=i 
/■l 


_ ^rn- 2 ( m -i) k _ 1 G tn - k and, for l > 2, 

(2mn) k 5 ’ — 


Gi(x)e~ 2 * inx dx = i ^ fc=1 


Z 2-^=1 (2irin) k ’ 101 r u ; 

for n = 0. 


i+1 ’ 


Continuing our argument, we have 


= VI lr<(m-i) I 2A m _i 2 

27rm ra 2'nin{m — 1) 2nin(m—l) m 

to- 1 (m- 2 (m _ 2) 2E m _ 2 2 

-CA + ^ — — ^T < I > rn _i 


27rm \ 27rin 

_j_ ZEm-i 


2tt in(m — 2 ) 27 t in(m — 2 ) 


<1> 


2'Kin(m — 1) 27t m(m — 1) 

= (TO - 1)2 ^(m-2) , y- 2(TO - l)j— 1 2(TO - l)j-l 

(27t in) 2 11 ^ {2mn)J{m - j) m J 1 ' 


j=i 


(l 2mri)J(rn — j) 




dx 


(m — 1)! (2) y- 2 (to — l)j — 1 F \ - 2(to - l)j — 1 

r )/TTin\ rn ~‘^ n < J ( e ?.'Trin.')3 ( m — m j / j (O/Trin^J (m. — i 


m—2 


(2 


{2mn)J{m — j) m J J (27r in)J(m — j) m J +1 


(m — 1)! , \ - 2 (to— l)j_i ^ , \ ^ 2 (to— 1)j — 1 


3 = 
m—2 


h + E 


(27t in) m 1 (27rm) J ’(m — j) 


E m -j + 


— ( (27T in)J(m — j) 


^m—j+l 1 
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where c£ 2) = fj(z - \)e~ 2 * inx dx = 

Here we note that 


y (2n iri)i(m — j) m_J+1 

_ 2(m — l)j_i (m — j)k-iG m -j-k+i 

E—/ (9.1 Tin\j(m — E-/ 


7 = 1 V ' V fe=l 


(27r m) fe 


m — 2 m— j — 1 

= E E 

i=i fe=i 

~ m— 2 m— 1 


2(w - l)j+fc-2 
(27 t in)i +k {in — j) m ~i~ k+1 

(m ) s - 1 


G m _ 


m ' (27 t in) s (m— j) 

3=1 s=3 + 1 V 7 V 

2 NT- (m) s _l „ NT- 1 


m— s+1 


_ / v /o • \ c s+1 / 

m z ' (Z7Tin) s * — ' m — i 

— ° v ' i=i J 


s=2 
m— 1 


2 \ ' (m) s G m _ s+ i zj \ 

— mv H ™-i - H m-s )■ 


m *■ — ' (27T?'n) s to — s + 1 

S= 1 v 7 


Thus 


(j(m) __ _ 


(to - 1)!_ + _2_ y, 2 (m) a 
— 1 rn E—/ 


(2mn) 


m (27rin) s (m — s) 

s= 1 v 7 x 7 


E 


m— 1 


2 \ - (to) s G m _ s+ i (JJ tj \ 

„ / > CO • \, I 1 \Hm— 1 tlm—s) 

to ' (2mn) s m — s + 1 

(to - 1)! _2_ ’y [m) s 

(27 rm) m_1 ™ 


m (2'Kin) s (m — s) 

S=1 v 7 x 7 


E 


m — 2 


2 \ ' (to) s G m _ s+ i (JJ zr \ 

m , 1 l 33 ™- 1 n m-s) 


(2irin) s m — s + 1 

S — l v 7 

(to — 1)! ,2yjm) 

(27rm) m_1 m 1 m •“= 


(to — 1)! 

3Tf-“m-l ~ -U 


to z — ' (27 t in) s 1 to — s + 1 

S = 1 x 7 v 


(27rin) m 1 

Gm— s+1 


(H-m— 1 Hm—s) + 


E 


Case 2 : n = 0. 

C r o m) = [ 7 m(x)dx = 0. 

7 m (< x >), (to > 2) is piecewise G°°. Moreover, 7 m (< x >) is continuous for all 
odd integers > 3, and discontinuous with jump discontinuities at integers for all 
even integers > 2 . 

Assume first that to is an odd integer > 3. Then 7 m (0) = 7 m (l). 7 m (< x >) 
is piecewise G°°, and continuous. So the Fourier series of 7 m (< x >) converges 
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uniformly to 7 m (< x >), and 

, . ^ / (m — 1)! „ 

7 m(< x >) — / y S H m — 1 


n——oo 

n^O 


(2mn) r 


o m_2 

to 2 -— ' (2irin) s V m — s + 1 

S— 1 v N 


®m-s+l ( tj t r \ . Em—s 

\-H-m-l — -tlm-s) H 


=H m -i —(to — 1)! ^ 


00 g 2-ninx 


m—2 


--E 

m z ' 


n =— oo 
n^O 


G m - 


(27 Tin) m 1 


m— s+1 


T (flm-i - tfm-d + ) -a! V 

1 m — s / z ' 


m — 5 + 


00 ^I'Kinx 


TL— — 00 
Tly^O 


(27rm) s 


m ' 


ra\ / G m _ 


m— s+1 


X B a(<a:> )-^=±>J for ^ Z ’ 


TO — 1 

Now, we can state our first theorem. 


m — s + 1 
for a 

for ifZ. 


(Hm— 1 Hm-s) -f- 


m — s 


Theorem 4.1. Let to 6e an odd integer > 3. T/ien we have the following. 

(i) 


m— 1 


l 


V "—rrE k {< X >)G m - k {< X >) 

fc=l fc l TO ~ 

/ias t/ie Fourier series expansion 

m— 1 ^ 

^ ^ "T7 7T /c ( ^ ^ ) 

fe=1 

v / (w ~ 1 ) ! ft 

2—t I /9Tri»)im-l m 1 


n =— oo 
n^O 


(2nin) 


2 y- (to) s / G m _ s+ l 

+ ™ Z_v rd^m-i - 

TO (27T77r) s V TO — S + 1 

S— 1 v 7 x 


(ii) 

m— 1 

E 

k = i 


m — s 

for all x G (— 00 , 00 ). i/ere £/ie convergence is uniform. 


1 


k(m — k) 


% ^ > )G rn _fc(<C x >) 


m—2 


— — % ^ > ) ^ ^ 

m L — ' 


s— 2 


G m _ s+ i 
m — s + 1 


(H m — 1 H m — S ^ + 


Byn.—s 


B s (< x >). 


i/ere -B s (< x >) is i/ie Bernoulli function. 
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Assume next that m is an even integer > 4. Then 7 m (0) ^ 7 m (l). Hence 
7 m (< x >) is piecewise C°° and discontinuous with jump discontinuities at integers. 
The Fourier series of 7 m (< x >) converges pointwise to 7 m (< x >), for x £ Z, and 
converges to 

^(7m(0) +7m(l)) = 7m(0) - Em ~ l 
2 m— 1 

m — 2 ^ 

= / , 77 jrEkGm-k, 

J kym. — k) 

for x £ Z. Now, we can state our second theorem. 


Theorem 4.2. Let m 6e an even integer > 4. TTien we /iaxe f/ie following. 

(i) 

V r n 


n =— 00 
n^O 


(27rin) m 1 


2 (m ) 6 


-- V 

m z — ^ 


G m - 


m— s+1 

to ( 2 Trin) s \m. — s + 1 

S=1 x 7 x 

■>m— 1 1 

n- 

■>777 — 2 1 


(Hm— 1 Hm—s) -b 


m — S 


Jl'Kinx 


EfcLl fc(m L -fc) £: fc( < ^ >)Gm-fc(< X >), /or X (f Z, 


(ii) 


Z^fc=l k(m-k) rjk ^ rm ~ k ’ 

Here the convergence is pointwise. 


for i€Z. 


m— 1 


--V 

m z — ' 


m— 1 


G m _ s+ 1 . \ | Em—s 

—r\Xl m - 1 — tL m _ s ) H 

TO — S + 1 TO — S 


_B S (< X >) 


' 1 

= Y 77 77^fc(< X >)G m _fe(< x >), for x Z; 

fc=1 k \ m k ) 


m ‘ ^ 


s=2 


m\ ( G m _ 


m— s+1 
TO — S + 1 


(H^m— 1 Hm—s) + 


H s (< X >) 


= £ 


7^ k(m — k ) 


E k G m—k •> for x£Z. 
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M A J ORIZ ATION PROPERTIES FOR CERTAIN 
FAMILIES OF ANALYTIC FUNCTIONS IN THE UNIT 

DISK 

ADEL A. ATTIYA, M. F. YASSEN, AND MAHER I. ABDELHAFIZ 


Abstract. The main object of this paper is to introduce the rna- 
jorization properties for certain families of analytic functions asso- 
ciated with generalized Srivastava-Attiya operator in the unit disk. 
Also, some applications of our results are discussed which give a 
number of new results. 


1. Introduction 

Let A(p ) denote the class of functions f(z ) of the from 


(1.1) f(z ) = z p + a k+ P z k+P , 

k= 1 

which are analytic in the open unit disk U = {z G C : \z\ < 1}. Also, 
let A = A(l). 

Definition 1.1. Let f and F be analytic functions in U, f is said to 
be majorized by F in U (see [15], [18],), written f <C F, z eU, if there 
exists a function ip, analytic in U such that 

(1.2) \f{ z )\ < 1 an d f(z) = p(z)F(z) (z G U). 

Noting that the concept of majorization is closely related to the concept 
of quasi-subordination between analytic functions ( see [18 ] ). 


Definition 1.2. Let f andF be analytic functions. The function f is 
said to be subordinate to F , written f -< F, if there exists a function 
w analytic in U with w(0) = 0 and |w(z)| < 1, and such that f(z) = 
g(w(z)),in particular, if F is univalent, then f -< F if and only if 
/( 0) = F(0) and /( U) C F{ U) . 


2010 Mathematics Subject Classification. 30C45. 
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A general Hurwitz-Lerch Zeta function ( l } (z. s, b ) defined by ( cf ., e.g., 
[20, P. 121 et seq.]) 


°0 fc 

(L3) <t{z ’ s ’ b) “Ejrhr 

k = o v ’ 

(b G C\Zq , Zq = Z" U {0} = {0, —1, —2,... }, s G C when z G 
U, Re(s) > 1 when \z\ = 1 ). 

Many authors studied and invistagated various properties of <f>(z, s, b), 
see e.g. [2], [6], [5], [7], [8], [14], [10], [11], [19], [21], [22] and [17]. 

Now, let us define, the operator J sb (/) which has been introduced 
by Srivastava and Attiya [19] 


(1-4) Js, b (f)(*) = Gs,b(z)*f(z) 

(ze U; / G A; be C\Zq ; s G C) 

where 

(1.5) G s , b (z ) = (l + by[<Hz,s,b)-b~ s ] 
and * denotes the Hadamard product . 

Moreover, Attiya and Hakami [2] defined the function G S)b ,t by 

(1.6) G Sjb}t = 1 + (t + 6) s z<&(z, s, 1 + t + b) 

(z G U; b G C\Z 0 j s G C| t G M.) , 

we denote by 


Js, b (f) ■■ A(p) — A(p), 

Attiya and Hakami [2] defined the operator by : 

(1-7) fifi(f)(z) = *G aM *f(z) 

(z G U; / G A(p); b G C\Zq ; sGC; t G M ) , 

where * denotes the Hadamard product 
Noting that 
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(1.8) YL(/)W = v + E (rTrb)”' 1 '--- 1 -'' 2 ‘ + ” ( ‘ € u) 

we note that 


( 1 - 9 ) J s \(f) = J s P b {f) , 

where J s p b (f ) introduced by Liu [13] . 

The operator Jf b {f) generalizes many operators e.g., Srivastava and 
Attiya operator [19], Liu operator [13], Alexander operator [1], Libera 
operator [12], Bernardi operator [4] and Jung-Kim-Srivastava integral 
operator [9]. 


Now, we begin by the following lemma due to Attiya and Hakami 

[ 21 - 


Lemma 1.1. Let f(z ) G A(p), then 

(1.10) z {Js+i, b /(*)) =(t + b)JlJ(z) - ( t + b - p)Js +1 , b f(z), 

{z G U; b G C\Zq ; sGC; IgK) 


Definition 1.3. A function f(z) G A(p) is said to be in the class 
S:;UA, B, C) if it satisfies 


( 1 . 11 ) 




((■y + i,) |n+1) ww) 

(Y,‘ + i, t ) < ” ) (/)(*) 


— p + n 


1 + Az 
l + Bz' 


where n G N 0 = {0, 1, — 1 < B < A < 1, ( G C* := C \ {0}, s G 
C, t G M and b G C \ Zq . 

We note that 5^ b 1 (A, B, 1 — a) = b a (A, B) the class which in- 
troduced by Kutbi and Attiya [10], ,S'_, b 1 (1. ? — 1, 1 — a) the well known 
class of starlike function of order a. Also, using special cases of n, b , p, t, A, B , ( we 
have many various classes associated with Alexander operator, Libera 
operator, Bernardi and Jung-Kim-Srivastava operator. 


Also, we define the following classes: 

a) s:;i P (-i,i,c) = s: : uc). 

( 2 ) s: : i P (-i,i,i) =s: : i P . 

(3) S^ p (A,B, 0 =A n /(A,B, C). 

(4) SS:^(AS,C) =Tf(A,5,C). 

( 5 ) ^o,’ 7 ,p(A 5, C) =£&(A,B, C) (7 real ; 7 > -1 ) 
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(6) S:i p (A,B, 0 =I%(A,B,Q (a real ; t > 0) 

2. Main Results 

To introduce our results, we need the following lemma which can be 
proved by using Lemma 1.1 and induction . 

Lemma 2.1. Let f(z ) G A(p), then 
( 2 . 1 ) 

2 (Yi +1 , t ) l ” +1) (/)(*) = (t + b) (/)(*) -(t + n + b-p) (J,* +I . i ,) < " ) (/)(z) 

(n G No, z G U; b G C\Zq; sgC; IgK) 

We begin by proving the following main result. 

Theorem 2.1. Let the function g(z) G S™ b (A,B,Q> if 

(2.2) .ySL/)M < (lEO), 

then 


(2.3) |(Y,‘ + i, t ) l ” ) (/)W < |(Y,‘ +1 , 4 )'"'(9)W (14 <ro), 

where f(z) G A(p) and r 0 = r 0 ((,b, A, B) is the positive root and the 
smallest of the equation 

(2.4) 

r 3 \((A-B)+{t+b)B\-[\t + b\+2\B\]r 2 -[\i(A-B)+(t+b)B\+2]r+\t + b\ = 0, 
(-1 < B < A < 1,C G C*, s G C ,b G C\Z Q,t G M), 

Proof. Since g(z ) G S™f p (A, B,(), then (1.11) gives 

' ( STt R” + 1 ) 


(n) 


(2.5) 


1 

1 + c 


(g)(z, 


p + n \ = 


1 T A OjiyZ) 

1 + B u>(z) ’ 


(YLiT’Ww 

where cv(z) is analytic in U with 

cu(0) = 0 and \oj(z)\ <1 (z E HJ). 

From (2.5), we get 

(2.6) 

z {i^s+i,b) (p — n) + [(p — n)B + C(R — B)\u(z) 


{jur ^){z) 

by using Lemma 2.1 and (2.6), we get 
(2.7) 


1 + B cv(z) 


[JU h ) {n) (g)(z) 


< 


(t + 6)[1 + \B\\z\. 


(t + b) — |((vl — B) + (t + &)-B||z| 


(JlA n] (g)(z) 
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Since (j? +1>6 ) (n) (/)(*)) is majorized by (j f s+l b ) <n) (, g)(z ), in U, there- 
fore, the equation (2.2), gives 

(2.8) (Y,‘+1.I,) ( “ ) (/) W) = WO (A‘ + ,,(,) < “ ) (0(0, 

where |<p(z)| < 1. Differentiating (2.8) with respect to z , we have the 
following relation: 

(2.9) 

z (W+ih , " +1) (/HO) = V(0 WW+M 2 ) (A‘ + i, t ) (n+1) (0(0- 

Using (2.1) in the above equation, we get 


(2.10) 


(Ah'”’ COW) = ABA (A'+D™ («)W + WO (A’,*) 1 ”' (0(0 


V(*) 


(n) 


An) 


(t + 6) 

since ip G P satisfies the inequality (See, e.g., Nehari [16]) 

(2-11) 10(01 <UW, («D). 


and making use of (2.7) and (2.11) in(2.10), it yields 

( 2 . 1 . 2 ) 


1-M*)I 2 [1 + 1 

\B\ 

\ z W\ z 


1 - 

\z\ 

I 2 |t + 6|-|C(^- 

-B) + (t + b)B\\z\ 


Wh'+owi- 


(YA+COCO i < 

M*)l + 

Setting 

\z\ = r and \(p(z)\ — 77 (0 < rj < 1 ) 

this gives us the following inequality 
(2.13) 

rtlW/OL M/ I /-7t lb) 


(Ji b y n> (mi < 


(1 - r 2 ) [| t + b | - |C(A - 5) + (t + 6 )S|r] 


W (*)(*) I > 


where 

(2.14) 

$( 77 ) = — r(l+|i 7 |r) 77 2 +(l— r 2 ) [|t + 6 | — |£(ol — B) + (t + 6 )S|r] r]+r(l+\B\r), 


the function $( 77 ) takes the maximum value at 77 = 1 , with tq = 
ro(A,B,s,b,t ) where r 0 is the smallest positive root of (2.4). More- 
over, if 0 < 77 < r'o(A B, s, b , i) then the function 4 /( 77 ) defined by 

4 /( 77 ) = -o r (l+|i?|o-)77 2 +(l-o- 2 ) [|t + 6| — |((ff. - 5) + (t + 6)B|(j] 77+cr(l4-|5|cr), 

is an increasing function on the interval [0,1], therefore 

(2.15) 4 /( 77 ) < * (1) = (1 - cr 2 )[\t + b\ - \C(A - B) + (t + b)B\a], 
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(0 < 77 < 1; 0 < cr < ro(A, B, s, b)). 

Hence putting rj = 1, in (2.14), we conclude that (2.3) of Theorem 2.1 
holds true for 

M < r 0 = r 0 (A,B,s,b), 

where r o is the smallest positive root of equation (2.4). This completes 
the proof of Theorem 2.1. □ 

Remark 2.1. Putting t = 1 in Theorem 2.1, we have the result due to 
Attiya and Yassen [3]. 

Putting A = 1 and B — — 1 in Theorem 2.1, we have the following 
result. 


Corollary 2.1. Let the function g(z) E Sf^ p ((), if 

(2.16) (J,‘ + i, t ) ( ” > (/)W«(Y.' + ,, 1 ,) < " ) (9)W. (zeU), 

then 

(2.17) i {juA"’ (f)(z ) i < i (auA n) Em (Li < to), 

where f(z) E A(p ) and r 0 given by 

m-^/m 2 -i\b+t\\2(-b-t\ . _j_ b+t 

2\2(—b—t] > S T 2 

\J l+|6+t|(2+|f;+t|)-l ^ ’ 

) S — 9 


(2.18) 


r o = 


2+|6+i| ’ ^ 2 

m = 2 + \b + t\ + |2^ — b — t\ , ( E C*, s E C and b E C \ Zq ). 

Letting A — 1, B — —1 and f — 1 in Theorem 2.1, we get the 
following property. 

Corollary 2.2. Let the function g(z) E Sf'l p , if 

(2.19) (J,' + i, t ) l ” ) (/)W«(Y.' + i, 1 ,) < " ) (9)W. (zeU), 

then 

(2.20) 


(AW'”’ </)(z)i < i Em (izi < to), 


(n) 


where f(z) E A(p ) and r 0 given by 

m— m 2 —4\b+t\\2—b—t\ 


( 2 . 2 !) 


r 0 = 


2 | 2 — 6 — 1 1 

l, 6 = 2 — t 


, b ± 2 - t 


m = 2 + \b + t\ + |2 — b — t\ , s E C and b E C \ Z 0 ). 

Letting s — b — 0, in Theorem 2.1, we have the following corollary. 
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Corollary 2.3. Let the function g(z ) G A^fA, f?, (), if 

(2.22) (^) < ” I (/)W«(A') < ” , ( S )W, (z e U), 
then 

(2.23) | (A*)'"' (/)(*) | < | (A’) 1 ”’ ( 9 )W| (L| < r„), 

where f(z) G Afp) and r 0 = r o(C, A B) is the smallest positive root of 
the equation 

(2.24) r 3 \((A-B)+Bt\-{\t\+2\B\\r 2 -[\((A-B)+Bt\+2}r + \t\ =0, 

(-1 < B < A < 1,C G C*), 


If we put s = 0 and b = l,in Theorem 2.1, then we have the following 
result. 

Corollary 2.4. Let g(z) G Cf^fA^A), If 

(2.25) (4) <n| (/)D«(c‘) ( ” ) ( 9 )L), ( Z 6 U), 

then 

(2.26) | (C‘) (n) (f)(z)\ < | (£‘) W ( 9 ) M| (L| < r„), 

where f(z) G y1(p) and r 0 = r 0 (C, A f?) is the smallest positive root of 
the equation 

(2.27) 

r 3 \((A-B)+(t+l)B\-[\l + t\+2\B\\r 2 -[\((A-B)+(l+t)B\+2]r+\l + t\ = 0, 

(-1 < B < A < 1,( G C*). 

Putting s = 0 and b = 7 > —t in Theorem 2.1, we get the following 
corollary. 

Corollary 2.5. Let the function g{z) G £™(A, BA)> If 

(2.28) (£' iP ) , " , (/)L)«(Cy ( " , ( 9 )L), (zeD, 7>-l), 
then 

(2.29) | (£*,„) <” 1 (/)(*) | < | (pj (n> (g)(z) | (LI < r„), 

where f(z) G A(p) and r 0 = r 0 (C, b, A, B) is the smallest positive root 
of the equation 

(2.30) 

r 3 \((A—B)+(t+AB\ — [t+'y+2\B\\r 2 —[\((A—B) + (t+AB\+2}r +{t + 7 ) = 0, 
(-1 < B < A < 1 > 7 > -1, ( G C*, s G C), 
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Putting s — (7 (cr; real, a > 0) and b = 1 in Theorem 2.1, we get the 
following corollary. 

Corollary 2.6. Let the function g(z ) G X"(*4, B, (), if 

(2.31) (2J, P ) < ” ) (/)(*) « (g)(z), (z 6 U; a > 0), 

then 

(2.32) | (f)(z)\ < | KA (n) ( 9 )(*)| (|*| < r„), 

where f(z) G Afp) and r 0 = r 0 (C, A B) is the smallest, positive root of 
the equation 

r 3 \({A-B)+(t+l)B\-{\l + f|+2|i?|]r 2 — [|C(Al— P?)+(l+f)i?|+2]r+|l + 1| = 0, 
(-1 < B < A < 1,C G C*,s G C). 


Acknowledgement. This research was funded by the Deanship of 
Scientific Research, Hail University, Hail, under research no. SM14010. 

References 

[1] J.W. Alexander, Functions which map the interior of the unit circle upon 
simple region, Annals of Math. 17(1915), 12-22. 

[2] A. A. Attiya and A. Hakarni, Some subordination results associated with gen- 
eralized Srivastava-Attiya operator, Adv. Difference Equ. 2013, 2013:105, 14 

pp. 

[3] A. A. Attiya and M.F. Yassen, Majorization for some classes of analytic func- 
tions assocated with the Srivastava-Attiya operator, Filomat 30:7 (2016), 2067 
2074. 

[4] S.D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. 
Soc. 135(1969), 429-449. 

[5] N.E. Cho, I.H. Kim and H.M. Srivastava, Sandwich-type theorems for multi- 
valent functions associated with the Srivastava-Attiya operator, Appl. Math. 
Comput. 217 (2010), no. 2, 918-928. 

[6] J. Choi, D.S. Jang and H.M. Srivastava, A generalization of the Hurwitz-Lerclr 
Zeta function, Integral Transforms Spec. Funct. 19(2008), no. 1-2, 65-79. 

[7] C. Ferreira and J.L. Lopez, Asymptotic expansions of the Hurwitz-Lerch zeta 
function, J. Math. Anal. Appl. 298(2004), 210-224. 

[8] P.L. Gupta, R.C. Gupta, S. Ong and H.M. Srivastava, A class of Hurwitz-Lerch 
zeta distributions and their applications in reliability, Appl. Math. Comput. 
196 (2008), no. 2, 521-531. 

[9] J.B. Jung, Y.C. Kim and H.M. Srivastava, The Hardy space of analytic func- 
tions associated with certain one-parameter families of integral operator, J. 
Math. Anal. Appl. 176(1993), 138-147. 


1176 


ADEL A. ATTIYA etal 1169-1177 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


MAJORIZATION PROPERTIES FOR CERTAIN FAMILIES... 9 

[10] M.A. Kutbi and A. A. Attiya, Differential subordination result with the 
Srivastava-Attiya integral operator, J. Inequal. Appl. 2010(2010), 1-10. 

[11] M.A. Kutbi and A. A. Attiya, Differential subordination results for certain 
integrodifferential operator and it’s applications, Abs. Appl. Anal., 2012(2012), 
13 pp. 

[12] R.J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. 
Soc. 16(1965), 755-758. 

[13] Jin-Lin Liu, Subordinations for certain multivalent analytic functions asso- 
ciated with the generalized Srivastava-Attiya operator, Integral Transforms 
Spec. Funct.19 (2008), no. 11-12, 893-901. 

[14] Q.M. Luo and H.M. Srivastava, Some generalizations of the Apostol-Bernoulli 
and Apostol-Euler polynomials, J. Math. Anal. Appl. 308(2005), 290-302. 

[151 T. H. MacGreogor, Maiorization by univalent functions, Duke Math. J. 
34(1967), 95-102. 

[16] Z. Nehari, Conformal Mapping, MacGra-Hill Book Company, New York, 
Toronto and London (1955). 

[17] S. Owa and A. A. Attiya, An application of differential subordinations to the 
class of certain analytic functions, Taiwanese J. Math., 13(2009), no. 2A, 369- 
375. 

[18] G. Schober, Univalent Functions: Selected Topics, Springer- Verlag, Berlin, 
Heidelberg, New York, 1975. 

[19] H.M. Srivastava and A. A. Attiya, An integral operator associated with the 
Hurwitz-Lerch zeta function and differential subordination, Integral Trans- 
forms Spec. Funct. 18 (2007), no. 3-4, 207-216. 

[20] H.M. Srivastava and J. Choi, Series Associated with the Zeta and Related 
Functions, Kluwer Academic Publishers, Dordrecht, 2001. 

[21] H.M. Srivastava, D. Raducanu, and G.S. Salagean, A new class of general- 
ized close-to-starlike functions defined by the Srivastava-Attiya operator, Acta 
Math. Sin. (Engl. Ser.) 29 (2013), no. 5, 833-840. 

[22] H.M. Srivastava, R.K. Saxena, T.K. Pogany and R. Saxena, Integral and com- 
putational representations of the extended Hurwitz-Lerch zeta function, Inte- 
gral Transforms Spec. Funct. 22 (2011) 487 506. 

Department of Mathematics, College of Science, University of Hail, 
Hail, Saudi Arabia, 
and, 

Department of Mathematics, Faculty of Science, University of Man- 
soura, Mansoura, Egypt 

E-mail address: aattiyOmans . edu . eg 

Department of Mathematics, Faculty of Science, Damietta Univer- 
sity, New Damietta, 34517, Egypt 

Current address: Department of Mathematics, Faculty of Sciences and Human- 
ities Aflaj, Prince Sattarn bin Abdulaziz University, Kingdom of Saudi Arabia 

E-mail address: mansouralieg@yahoo.com 

Department of Mathematics, Faculty of Science, Zagazig Univer- 
sity, Zagazig, Egypt 

E-mail address: maherabdelhafiz@yahoo.com 


1177 


ADEL A. ATTIYA etal 1169-1177 



1178 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 25, NO. 6, 2018 


Global existence and blow-up of solutions to strongly damped wave equations with nonlinear 
degenerate damping and source terms, Donghao Li, Hongwei Zhang, and Xianwen Zhang, 999 

Compact and matrix operators on the space \C,—l\ k , G. Canan Hazar Giileq and M. Ali 
Sarigol, 1014 

On value distribution of meromorphic solutions of a certain second order difference equations, 
Yun Fei Du, Min Feng Chen, and Zong Sheng Gao, 1025 

Catalan Numbers, k-Gamma and k-Beta Functions, and Parametric Integrals, Feng Qi, Abdullah 
Akkurt, and Huseyin Yildirim, 1036 

Generalized von Neumann-Jordan and James Constants for Quasi-Banach Spaces, Waqas 
Nazeer, Qaisar Mehmood, Shin Min Kang, and Absar U1 Haq, 1043 

Shared-values of meromorphic functions on annuli, Si Jun Tao, Hong-Yan Xu, and Zhao-Jun 
Wu, 1053 

On the Henstock-Pettis Integral for Fuzzy Number Valued Functions, Yabin Shao, Zengtai 
Gong, and Yuping Lian, 1067 

Some Inequalities for Riemann Diamond Integrals on Time Scales, Xuexiao You, Dafang Zhao, 
Wei Liu, and Guoju Ye, 1081 

Continuity and continuous homogeneous selections of set-valued metric generalized inverse in 
Banach spaces, Shaoqiang Shang and Yunan Cui, 1094 

Locally and globally small Riemann sums and 

Henstock-Stieltjes integral of fuzzy-number-valued functions, Muawya Elsheikh Hamid, 
Luoshan Xu, and Zengtai Gong, 1107 

A note on special fuzzy differential subordinations using multiplier transformation and 
Ruschewehy derivative, Alb Lupas Alina, 1116 


About some differential sandwich theorems involving a multiplier transformation and 
Ruscheweyh derivative, Alb Lupas Alina, 1125 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 25, NO. 6, 2018 

(continued) 

Global stability of a quadratic anti-competitive system of rational difference equations in the 
plane with Allee effects, V. Hadziabdic, M. R. S. Kulenovicz, and E. Pilav, 1132 

Solutions to Periodic Sylvester Matrix Equations Based on Matrices Splitting, Lingling Lv, 
Chaofei Han, and Lei Zhang, 1145 

Fourier series of sums of products of Euler and Genocchi functions and their applications, 
Taekyun Kim, Dae San Kim, Dmitry V. Dolgy, and Jin-Woo Park, 1153 

Majorization properties for certain families of analytic functions in the unit disk, Adel A. Attiya, 
M. F. Yassen, and Maher I. Abdelhafiz, 1169 



Volume 25, Number 7 November 30, 2018 

ISSN:1521-1398 PRINT, 1572-9206 ONLINE 



Journal of 
Computational 
Analysis and 
Applications 


EUDOXUS PRESS, LLC 




Journal of Computational Analysis and Applications 
ISSNno.’s: 1521-1398 PRINT, 1572-9206 ONLINE 
SCOPE OF THE JOURNAL 
An international publication of Eudoxus Press, LLC 
(sixteen times annually) 

Editor in Chief: George Anastassiou 
Department of Mathematical Sciences, 

University of Memphis, Memphis, TN 38152-3240, U.S.A 
ganastss@memphis.edu 

http://www.msci.memphis.edu/~ganastss/jocaaa 

The main purpose of "J. Computational Analysis and Applications" 
is to publish high quality research articles from all subareas of 
Computational Mathematical Analysis and its many potential 
applications and connections to other areas of Mathematical 
Sciences. Any paper whose approach and proofs are computational, using 
methods from Mathematical Analysis in the broadest sense is suitable 
and welcome for consideration in our journal, except from Applied 
Numerical Analysis articles. Also plain word articles without formulas and 
proofs are excluded. The list of possibly connected 
mathematical areas with this publication includes, but is not 
restricted to: Applied Analysis, Applied Functional Analysis, 

Approximation Theory, Asymptotic Analysis, Difference Equations, 

Differential Equations, Partial Differential Equations, Fourier 
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 

Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
Numerical Functional Analysis, Potential Theory, Probability Theory, 

Real and Complex Analysis, Signal Analysis, Special Functions, 

Splines, Stochastic Analysis, Stochastic Processes, Summability, 

Tomography, Wavelets, any combination of the above, e.t.c. 

"J. Computational Analysis and Applications" is a 
peer-reviewed Journal. See the instructions for preparation and submission 
of articles to JoCAAA. Assistant to the Editor: 
Dr.Razvan Mezei, mezei_razvan§yahoo . com, Madison, WI, USA. 

Journal of Computational Analysis and Applications(JoCAAA) is published by 

EUDOXUS PRESS, LLC, 1424 Beaver Trail 

Drive, Cordova, TN38016, USA, anastassioug@yahoo.com 

http://www.eudoxuspress.com. Annual Subscription Prices:For USA and 

Canada, Institutional: Print $800, Electronic OPEN ACCESS. Individual: Print $400. For 

any other part of the world add $150 more(handling and postages) to the above prices for 

Print. No credit card payments. 

Copyright©2018 by Eudoxus Press, LLC, all rights reserved.JoCAAA is printed in USA. 

JoCAAA is reviewed and abstracted by AMS Mathematical 
Reviews, MATHSCI, and Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JoCAAA and in 
any form and by any means without the written permission of the publisher.lt is only 
allowed to educators to Xerox articles for educational purposes.The publisher assumes no 
responsibility for the content of published papers. 


1182 



Editorial Board 

Associate Editors of Journal of Computational Analysis and Applications 


Francesco Altomare 

Dipartimento di Matematica 
Universita' di Bari 
Via E.Orabona, 4 
70125 Bari, ITALY 
Tel+39- 080 -5442690 office 
+39-080-3944046 home 
+39-080-5963612 Fax 
altomare@dm . uniba . it 
Approximation Theory, Functional 
Analysis, Semigroups and Partial 
Differential Equations, Positive 
Operators . 

Ravi P . Agarwal 

Department of Mathematics 
Texas A&M University - Kingsville 
700 University Blvd . 

Kingsville, TX 78363-8202 
tel: 361-593-2600 
Agarwal@tamuk . edu 

Differential Equations, Difference 
Equations, Inequalities 

George A. Anastassiou 

Department of Mathematical Sciences 

The University of Memphis 

Memphis, TN 38152, U.S. A 

Tel. 901-678-3144 

e-mail: ganastss@memphis.edu 

Approximation Theory, Real 

Analysis, 

Wavelets, Neural Networks, 
Probability, Inequalities. 

J . Marshall Ash 

Department of Mathematics 
De Paul University 
2219 North Kenmore Ave . 

Chicago, IL 60614-3504 
773-325-4216 

e-mail: mash@math.depaul.edu 
Real and Harmonic Analysis 

Dumitru Baleanu 

Department of Mathematics and 
Computer Sciences, 

Cankaya University, Faculty of Art 
and Sciences, 

06530 Balgat, Ankara, 

Turkey, dumitru@cankaya.edu.tr 


Fractional Differential Equations 
Nonlinear Analysis, Fractional 
Dynamics 

Carlo Bardaro 

Dipartimento di Matematica e 
Informatica 
Universita di Perugia 
Via Vanvitelli 1 
06123 Perugia, ITALY 
TEL+390755853822 
+390755855034 
FAX+3907 55855024 
E-mail carlo.bardaro@unipg.it 
Web site: 

http : //www. unipg . it/~bardaro/ 
Functional Analysis and 
Approximation Theory, Signal 
Analysis, Measure Theory, Real 
Analysis . 

Martin Bohner 

Department of Mathematics and 
Statistics, Missouri S&T 
Rolla, MO 65409-0020, USA 
bohner@mst . edu 
web . mst . edu/~bohner 
Difference equations, differential 
equations, dynamic equations on 
time scale, applications in 
economics, finance, biology. 

Jerry L. Bona 

Department of Mathematics 
The University of Illinois at 
Chicago 

851 S. Morgan St. CS 249 
Chicago, IL 60601 
e-mail : bona@math . uic . edu 
Partial Differential Equations, 
Fluid Dynamics 

Luis A. Caffarelli 

Department of Mathematics 
The University of Texas at Austin 
Austin, Texas 78712-1082 
512-471-3160 

e-mail: caffarel@math.utexas.edu 
Partial Differential Equations 

George Cybenko 

Thayer School of Engineering 


1183 



Dartmouth College 
8000 Cummings Hall, 

Hanover, NH 03755-8000 
603-646-3843 (X 3546 Seer.) 
e-mail : george . cybenko@dartmouth . edu 
Approximation Theory and Neural 
Networks 

Sever S. Dragomir 

School of Computer Science and 
Mathematics, Victoria University, 

PO Box 14428, 

Melbourne City, 

MC 8001, AUSTRALIA 

Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 

sever . dragomir@vu . edu . au 

Inequalities, Functional Analysis, 

Numerical Analysis, Approximations, 

Information Theory, Stochastics. 

Oktay Duman 

TOBB University of Economics and 
Technology, 

Department of Mathematics, TR- 
06530, 

Ankara, Turkey, 
oduman@etu . edu . tr 
Classical Approximation Theory, 
Summability Theory, Statistical 
Convergence and its Applications 

Saber N. Elaydi 

Department Of Mathematics 
Trinity University 
715 Stadium Dr. 

San Antonio, TX 78212-7200 
210-736-8246 

e-mail: selaydi@trinity.edu 
Ordinary Differential Equations, 
Difference Equations 


J .A. Goldstein 

Department of Mathematical Sciences 

The University of Memphis 

Memphis, TN 38152 

901-678-3130 

jgoldste@memphis . edu 

Partial Differential Equations, 

Semigroups of Operators 

H. H. Gonska 

Department of Mathematics 
University of Duisburg 
Duisburg, D-47048 
Germany 


011-49-203-379-3542 
e-mail: heiner.gonska@uni-due.de 
Approximation Theory, Computer 
Aided Geometric Design 

John R. Graef 

Department of Mathematics 
University of Tennessee at 
Chattanooga 

Chattanooga, TN 37304 USA 
John-Graef@utc . edu 
Ordinary and functional 
differential equations, difference 
equations, impulsive systems, 
differential inclusions, dynamic 
equations on time scales, control 
theory and their applications 

Weimin Han 

Department of Mathematics 
University of Iowa 
Iowa City, IA 52242-1419 
319-335-0770 

e-mail: whan@math.uiowa.edu 
Numerical analysis, Finite element 
method. Numerical PDE, Variational 
inequalities. Computational 
mechanics 

Tian-Xiao He 

Department of Mathematics and 
Computer Science 

P.O. Box 2900, Illinois Wesleyan 
University 

Bloomington, IL 61702-2900, USA 
Tel (309)556-3089 
Fax (309)556-3864 
the@iwu . edu 

Approximations, Wavelet, 
Integration Theory, Numerical 
Analysis, Analytic Combinatorics 

Margareta Heilmann 

Faculty of Mathematics and Natural 
Sciences, University of Wuppertal 
GauGstraBe 20 

D-42119 Wuppertal, Germany, 
heilmann@math . uni-wuppertal . de 
Approximation Theory (Positive 
Linear Operators) 

Xing-Biao Hu 

Institute of Computational 
Mathematics 

AMSS, Chinese Academy of Sciences 
Beijing, 100190, CHINA 
hxb@lsec .cc.ac.cn 


1184 



Computational Mathematics 

Jong Kyu Kim 

Department of Mathematics 
Kyungnam University 
Masan Kyungnam, 631-701, Korea 
Tel 82- (55) -249-2211 
Fax 82- (55) -243-8609 
jongkyuk@kyungnam . ac . kr 
Nonlinear Functional Analysis, 
Variational Inequalities, Nonlinear 
Ergodic Theory, ODE, PDE, 

Functional Equations. 

Robert Kozma 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 
rkozma@memphis . edu 
Neural Networks, Reproducing Kernel 
Hilbert Spaces, 

Neural Percolation Theory 

Mustafa Kulenovic 

Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881, USA 
kulenm@math . uri . edu 
Differential and Difference 
Equations 

Irena Lasiecka 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 

Analysis, lasiecka@memphis.edu 

Burkhard Lenze 

Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 
D-44047 Dortmund, Germany 
e-mail: lenze@fh-dortmund.de 
Real Networks, Fourier Analysis, 
Approximation Theory 

Hrushikesh N. Mhaskar 

Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 

e-mail: hmhaska@gmail.com 
Orthogonal Polynomials, 
Approximation Theory, Splines, 
Wavelets, Neural Networks 


Ram N. Mohapatra 

Department of Mathematics 
University of Central Florida 
Orlando, FL 32816-1364 
tel. 407-823-5080 
ram . mohapatra@ucf . edu 
Real and Complex Analysis, 
Approximation Th . , Fourier 
Analysis, Fuzzy Sets and Systems 

Gaston M. N'Guerekata 

Department of Mathematics 

Morgan State University 

Baltimore, MD 21251, USA 

tel: 1-443-885-4373 

Fax 1-443-885-8216 

Gaston . N ' Guerekata@morgan . edu 

nguerekata@aol . com 

Nonlinear Evolution Equations, 

Abstract Harmonic Analysis, 

Fractional Differential Equations, 

Almost Periodicity & Almost 

Automorphy 

M.Zuhair Nashed 

Department Of Mathematics 
University of Central Florida 
PO Box 161364 
Orlando, FL 32816-1364 
e-mail: znashed@mail.ucf.edu 
Inverse and Ill-Posed problems, 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 

Mubenga N. Nkashama 

Department OF Mathematics 
University of Alabama at Birmingham 
Birmingham, AL 35294-1170 
205-934-2154 

e-mail: nkashama@math.uab.edu 
Ordinary Differential Equations, 
Partial Differential Equations 

Vassilis Papanicolaou 

Department of Mathematics 
National Technical University of 
Athens 

Zografou campus, 157 80 

Athens, Greece 

tel: : +30(210) 772 1722 

Fax +30(210) 772 1775 

papanico@math .ntua.gr 

Partial Differential Equations, 

Probability 


1185 



Choonkil Park 

Department of Mathematics 
Hanyang University 
Seoul 133-791 

S. Korea, baak@hanyang . ac . kr 
Functional Equations 

Svetlozar (Zari) Rachev, 

Professor of Finance, College of 
Business, and Director of 
Quantitative Finance Program, 
Department of Applied Mathematics & 
Statistics 

Stonybrook University 

312 Harriman Hall, Stony Brook, NY 

11794-3775 

tel: +1-631-632-1998, 
svetlozar . rachev@stonybrook . edu 

Alexander G. Ramm 

Mathematics Department 
Kansas State University 
Manhattan, KS 66506-2602 
e-mail: ramm@math.ksu.edu 
Inverse and Ill-posed Problems, 
Scattering Theory, Operator Theory, 
Theoretical Numerical Analysis, 

Wave Propagation, Signal Processing 
and Tomography 

Tomasz Rychlik 

Polish Academy of Sciences 
Instytut Matematyczny PAN 
00-956 Warszawa, skr. poczt. 21 

ul. Sniadeckich 8 

Poland 

trychlik@impan . pi 
Mathematical Statistics, 
Probabilistic Inequalities 

Boris Shekhtman 

Department of Mathematics 
University of South Florida 
Tampa, FL 33620, USA 
Tel 813-974-9710 
shekhtma@usf . edu 
Approximation Theory, Banach 
spaces, Classical Analysis 

T. E. Simos 

Department of Computer 

Science and Technology 

Faculty of Sciences and Technology 

University of Peloponnese 

GR-221 00 Tripolis, Greece 

Postal Address: 

26 Menelaou St . 


Anfithea - Paleon Faliron 
GR-175 64 Athens, Greece 
tsimos@mail . ariadne- t . gr 
Numerical Analysis 

H. M. Srivastava 

Department of Mathematics and 
Statistics 

University of Victoria 

Victoria, British Columbia V8W 3R4 

Canada 

tel. 250-472-5313; office, 250-477- 
6960 home, fax 250-721-8962 
harimsri@math . uvic . ca 
Real and Complex Analysis, 
Fractional Calculus and Appl., 
Integral Equations and Transforms, 
Higher Transcendental Functions and 
Appl . , q-Series and q-Polynomials, 
Analytic Number Th . 

I. P. Stavroulakis 

Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@cc . uoi . gr 
Differential Equations 
Phone +3-065-109-8283 

Manfred Tasche 

Department of Mathematics 
University of Rostock 
D-18051 Rostock, Germany 
manf red . tasche@mathematik . uni- 
rostock . de 

Numerical Fourier Analysis, Fourier 
Analysis, Harmonic Analysis, Signal 
Analysis, Spectral Methods, 
Wavelets, Splines, Approximation 
Theory 

Roberto Triggiani 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 

Analysis, rtrggani@memphis.edu 


Juan J. Trujillo 

University of La Laguna 
Departamento de Analisis Matematico 
C/Astr . Fco . Sanchez s/n 
38271. LaLaguna. Tenerife. 

SPAIN 

Tel/Fax 34-922-318209 
Juan . T rujillo@ull . es 


1186 



Fractional: Differential Equations- 
Operators-Fourier Transforms, 
Special functions, Approximations, 
and Applications 

Ram Verma 

International Publications 
1200 Dallas Drive #824 Denton, 

TX 76205, USA 

Verma99@msn . com 

Applied Nonlinear Analysis, 

Numerical Analysis, Variational 

Inequalities, Optimization Theory, 

Computational Mathematics, Operator 

Theory 

Xiang Ming Yu 

Department of Mathematical Sciences 
Southwest Missouri State University 
Springfield, MO 65804-0094 
417-836-5931 

xmy944f@missouristate . edu 
Classical Approximation Theory, 
Wavelets 

Lotfi A. Zadeh 

Professor in the Graduate School 
and Director, Computer Initiative, 
Soft Computing (BISC) 

Computer Science Division 
University of California at 
Berkeley 

Berkeley, CA 94720 

Office: 510-642-4959 

Sec: 510-642-8271 

Home: 510-526-2569 

FAX: 510-642-1712 

zadeh@cs . berkeley . edu 

Fuzzyness, Artificial Intelligence, 

Natural language processing, Fuzzy 

logic 

Richard A. Zalik 

Department of Mathematics 
Auburn University 
Auburn University, AL 36849-5310 
USA. 

Tel 334-844-6557 office 
678-642-8703 home 
Fax 334-844-6555 
zalik@auburn . edu 
Approximation Theory, Chebychev 
Systems, Wavelet Theory 

Ahmed I . Zayed 

Department of Mathematical Sciences 
DePaul University 


2320 N. Kenmore Ave . 

Chicago, IL 60614-3250 
773-325-7808 

e-mail: azayed@condor.depaul.edu 
Shannon sampling theory, Harmonic 
analysis and wavelets, Special 
functions and orthogonal 
polynomials, Integral transforms 

Ding-Xuan Zhou 

Department Of Mathematics 
City University of Hong Kong 
83 Tat Chee Avenue 
Kowloon, Hong Kong 
852-2788 9708, Fax : 852 - 2788 8561 
e-mail: mazhou@cityu . edu . hk 
Approximation Theory, Spline 
functions, Wavelets 

Xin-long Zhou 

Fachbereich Mathematik, Fachgebiet 
Informatik 

Gerhard-Mercator-Universitat 

Duisburg 

Lotharstr . 65, D-47048 Duisburg, 
Germany 

e-mail :Xz hou@inf or mat ik . uni- 
duisburg . de 

Fourier Analysis, Computer-Aided 
Geometric Design, Computational 
Complexity, Multivariate 
Approximation Theory, Approximation 
and Interpolation Theory 

Jessada Tariboon 

Department of Mathematics, 

King Mongkut's University of 
Technology N. Bangkok 
1518 Pracharat 1 Rd., Wongsawang, 
Bangsue, Bangkok, Thailand 10800 
jessada.t@sci.kmutnb.ac.th. Time scales, 
Differential/Difference Equations, 
Fractional Differential Equations 


1187 


Instructions to Contributors 
Journal of Computational Analysis and Applications 

An international publication of Eudoxus Press, LLC, of TN. 


Editor in Chief: George Anastassiou 

Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152-3240, U.S.A. 


1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 

Prof. George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA. 

Tel. 901.678.3144 

e-mail: ganastss@memphis.edu 

Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 

Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 


2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(1/2 )xll inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 

3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers, if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright, which previously 
was assumed to be implicit in the act of submitting a manuscript,^ necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 


1188 


4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 

5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 

The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) . 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second- Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 
initials of first and middle name, last name of author(s) 
title of article, 


1189 



name of publication, volume number, inclusive pages, and year of publication. 
Authors should follow these examples: 

Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 

Contribution to a Book 


3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp. 483-495. 

11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit via email Latex and PDF files 
of the revised manuscript, including the final one. 

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage . 

No galleys will be sent and the contact author will receive one (1) electronic copy of 
the journal issue in which the article appears. 


15. This journal will consider for publication only papers that contain proofs for 
their listed results. 


1190 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


On some applications of differential subordinations 

Loriana Andrei, Vasile-Aurel Caus 

University of Oradea, Department of Mathematics and Computer Science 
Universitatdi 1, 410087, Oradea, Romania 
lor i _ andrei @yahoo . com , vcaus@uoradea.ro 


Abstract 

The purpose of the presented paper is to derive several properties and characteristics of analytic functions, 
by applying the differential subordination techniques. Several consequences of the results stated here are also 
pointed out. 

Key words: analytic functions; univalent functions; starlike functions; convex functions; differential sub- 
ordination; best dominant. 

2010 Mathematics Subject Classifications: 30C45 


1 Introduction 

Let A be the class of analytic functions which are analytic in the open unit disk U = {z : \z\ < 1}, of the form 

OO 

f(z ) = z + ajz\ z € U. (1.1) 

1=2 

By S we denote the subclass of A consisting of univalent functions. 

Principle of Subordination (see [6]): If / and g are two analytic functions in U, we say that / is subordinate to g, 
written as / A g, if there exists a Schwarz function w analytic in U, with 'uj(O) = 0 and |u>(z)| < 1, such that 
f(z) = g(w(z)), for all z £ U. In particular, if the function g is univalent in U, the above subordination is 
equivalent to /( 0) = g(0) and /([/) C g{U). 

Important results in the theory of differential subordinations were elaborated by Miller and Mocanu in ([6]) and 

([5])- 

Definition 1.1 [6] Denote by Q the set of all functions q that are analytic and injective on U\E(q), where 
E ( q ) = {C G dU : lirng (z) = oo}, and are such that q' ^ 0, for f £ dU\E (q). 

If q £ Q, then A = q ( U ) is a simply connected domain. 

In 1915, J. Alexander (see [1]) introduced the class of starlike functions defined as: 

V (z) 


s* = j/ e A : Re | I >0, z £U 

Let S* denote the class of starlike univalent functions of order a, 0 < a < 1, defined as: 

V (Z) 


S* (a) = < f £ A: Re 


/(*) 


> a, z £ U, 0<a<l 


( 1 . 2 ) 


(1.3) 


A function / (z) £ A is said to be close-to-convex if there exists a function g(z) = z + in S* such that 

V 


Re 


9(z) 


> 0, for all z £ U. 


(1.4) 


This class of functions f (z) £ A with the condition (1.4) is denoted by K and called the class of close-to-convex 
functions. The class K was introduced by Kaplan [3], who showed that all close-to-convex functions are 
univalent. A function / (z) £ A is said to belongs to the class K (a) of close-to-convex functions of order a in U, 
if g(z) £ S* (a) and satisfy 


1 
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Re 


zf (*) 

9{z) 


> a, for all z £ U, 0 < a < 1. 


(1.5) 


In the present investigation, we will obtain different properties of ~gff , for / € A, given by (1.1) and g(z) = 

z + 2 ^ j Z’’ i R by using differential subordination. Many studies of the classes involving were appeared 

in the literature (see [2]). Several authors obtained several applications in the geometric functions theory by using 
differential subordination (see [4], [8], [7], [11], [9], [10], [12]). Also, sufficient conditions for close-to-convex and 
close-to-convex of order a of a function f £ A are obtained. Some consequences of the main results are mentioned. 
The following lemmas will be required in order to prove our main results. 


Lemma 1.1 [6] Let the function q be univalent in the unit disk U and 6 and <f> be analytic in a domain D containing 
q ( U ) with 4> ( w ) 7^ 0, when w £ q (U). Set Q (z) = zq' (z) (f> ( q {z)) and h(z) = 0 (q (z)) + Q(z). Suppose that 
1. Q is starlike univalent in the unit disk U 


and 

2 - Re (w)= Re 


e '(<z(z)) I 
<Kq(z)) ' 


If p is analytic in U, with p(0) 


zQ'(z) 

Q{z) 


> 0, for z € U . 


= q (0), p (U) C D and 


9 {p {z)) + zp' (z) <f> (p (z)) -< 6 (q {z)) + zq (z) (f {q (2:)) = h(z), 


( 1 . 6 ) 


then p(z) -< q (z) and q is the best dominant of (1-6). 


Lemma 1.2 [6] Let the function q £ Q, with q (0) = a and letp(z) = a + a n z n + ... be analytic in U with p{z) 7^ a 
and n > 1. If p is not subordinate to q, then there exist points zq = roe l6 ° £ U and Co £ dU\E (q) and an m > 
n > 1, for which p (U ro ) C q ( U ), 


(3) Re 


(1) p(z 0 ) = 
(2) ZoP'Oo) = 
ZoP" (Ao) 


P' (z 0 ) 


+ 1 


<?(Co)> 

m( 0 q' (Co) . 
Co<z"(Co) 


> mRe 


Q' (Co 


+ 1 


(1.7) 

( 1 . 8 ) 

(1.9) 


2 Main results 

Theorem 2.1 Let f(z ) = z + a 2 Z 2 + ... and g{z) = z + b 2 z 2 + ... be analytic functions in U, with f (0) = g (0) = 0, 
g(z) £ S*, with g(z) 7^ zf (2) and 


Re 


2 U'{z)f 

f'{z)g'{z) — f" (. z)g{z ) 


zf'M 
(z) 


z£U. 


( 2 . 1 ) 


Then f £ K . 

Proof. At the begining let us note that / £ K 

Re 


is equivalent with the condition 

zf (z) 


g{z) 


>0, z£U. 


Let 

z f ( z') 

p{z)- " ,7 = 1 +P1Z +P2Z 2 + Z£U, 
g{z) 

with p{z) 7^ 1, and let 

q (2) = j— ) = 1 + qxz + q 2 z 2 + . . . , z £ U, 

with q (0) = 1. 

So, A = q ( U ) = {w : R.ew > 0} and E (q) = {1}, and q £ Q. 

We have to prove that Re {p (2)} > 0, for all z £ U. 


( 2 . 2 ) 


(2.3) 


(2.4) 


2 
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This condition is equivalent with 


From (2.3), perforin calculations, we obtain: 


P{z)<q{z), z £ U. 


2 (/'(*)) 


zf (z) p W p + Z P ( 2 ) 


f(z)g'(z)-f'(z)g(z) g{z ) 
Let suppose that (2.5) does not hold, i.e. 


P (z) - zp (z) 


, , , , , 1 + 2 TT 

p(z) A q{z) = , zeU. 

Hence from Lemma (1.2), there exists a point Zo G L and a point ( 0 £ &U\ {1} , | Co l = 1> such that 

P (zo) = q (Co) ; Zop' (zo) = rnC, 0 q' (C 0 ) , for some m > 1, 
and 


Re [ p{z)\ > 0, for all z £ U\ Zo \ . 


This implies that 


Re [ p(z 0 )\ = Re 


1 + Co 


so, we can take p(zo) on the form 
By (2.4) and (2.9), we have 


.1-Co. 
p(zo) := iy, y e R- 


= o, 


Co = q 1 (p(zo)) = 


p(zq) - 1 _ iy - 1 _ y 2 + 2^-1 
p{zo) + 1 iy + 1 i + y 2 


From (2.4) and (2.10), we get 


g'(C ) = 2 = ( 1 + V 2 ) 

0 (1-Co) 2 4(1 -iy) 


2 

"2 ' 


We obtain 

Therefore, we have 

Re 

Re 


zop' (z 0 ) = m( 0 q' (C 0 ) = -y (l + y 2 ) , for some m > 1. 


2(/'(zo)) 2 

zf (z 0 ) 

— Rp 

p(zo) 

1 

o 

cs 

+ 

O 

f'(zo)g'(zo ) - f'(z 0 )g(z 0 ) 

S(z 0 ) 

IVc 

p{z 0 ) - zp (z 0 ) 


iy [iy - f (i + y 2 )] 


ty+f(l + y 2 ) 


my 2 (l + y 2 ) 


T(i + y 2 ) +r 


< 0, for j/ € R and m > 1, 


which contradicts the condition (2.1) from the hypothesis of the theorem, therefore p + g, i.e. 


Re 


z/ (z) 
5(z) 


>0, z eU, 


and the proof is complete. 


(2.5) 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 


Theorem 2.2 Let f(z ) = z + a 2 z 2 + ... and g{z) = z + b 2 z 2 + ... be analytic functions in U , with f (0) = g (0) = 0, 
g(z) € S* , with g(z) f z f (z) and let 0 < g < 1. If 


2(/'(z)) 2 


then 


z/' (z) 

f'(z)g'(z) - f"{z)g{z) g (z) 

, zf (z) 


— 1 |< p, z G U, 


9 (z) 


- 1 | < p, z G U. 


(2.13) 

(2.14) 


3 
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Proof. Let 

z f ( z') 

P ( 2 ) = T~V~ = 1 + PlZ + P2Z 2 + ..., Z G U. 

g(z) 

Taking account (2.15), the conditions (2.13) and (2.14) can be rewritten as 

p ( 2 ) | p ( 2 ) + zpi ( 2 )] 

- 1 |< M =H P{z) - 1 l< Pi 


p ( 2 ) - zp {z) 

with p{z) ^ 1, and let 

q(z) — 1 + /X2, with q (0) = 1. 

We have A = q ( U ) = {w :| co — 1 |< p} , E (q) = 0 and q £ Q. 

The relation \p(z) — 1 \ < p, is equivalent to 

p(z)-<q(z), z € U. 

Let suppose that (2.18) does not hold, i.e. 

p (z) -ft q (z) = 1 + nz, z G U. 

From Lemma (1.2), there exists a point Zq € U and a point £ 0 G dXJ, such that 

p(z 0 ) = <7 (Co) ; zop' ( 20 ) = mC 0 q' (Co) , f° r some m > 1, 

and 


This implies that 

so, we can take p(zo) on the form 

We have 


p{z)~ 1 |< Hi for all 2 G U\ Zo \ . 

I p(zo) - 1 |=| q (Co) - 1 1= Pi 

p(zo) := 1 + H e1,e 1 9 G K. 


Co-9 1 ip(zo)) = 


p(zo) - 1 AO 


So, 


Therefore, we have 


P 

A6 


Zqp' (zq) = m( 0 q' (Co) = m(ie l6 , for some m > 1. 
p(z 0 ) [p(2o) + zp ( 20 ) 


= P 


p(zo) - zp ( 20 ) 

1 + 2m + (1 + to) H el6 


- 1 1 = 1 Pe 


w 


1 + H e ’ 9 + mpA + 2 to 


i0 


1 + n elB ~ mpe 16 
for some to > 1. 


1 + (1 — to) hP W 

We will prove that the last expression is greater or equal to /i, that is equivalent with 

1 + 2 to + (1 + to ) 


1 + (1 — to) /u.e' 


id 


> 1, 2Gt/, 


or 


| 1 + 2to + (1 + to) | 2 >| 1 + (1 — to) /re 10 | 2 , 2 G U. 

The last inequality is equivalent to 

/i 2 + (m + 2) h cos d + TO+l>/i 2 — (to + 2) /.i + to + 1 > 0, z £ U, 
or 

(/x — 1) [/x — (m + 1)] > 0, 2 G U. 

The above inequality holds for every to > 1 and 0 < /x < 1. 

This contradicts with the condition (2.13) from the hypothesis of the theorem, therefore p -< q. 
So, | p ( 2 ) — 1 |< h an d the proof of the theorem is complete. 


(2.15) 

(2.16) 

(2.17) 

(2.18) 


(2.19) 

( 2 . 20 ) 
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Theorem 2.3 Let the function q (2) be analytic and univalent in U such that q (0) = 1 and q ( z ) ^ 0, for all 
z £ U and satisfies 

zq" (z) zq' (z) 


Re 


1 + 


>0, z £ U. 


q’{z) q(z) J 

If f,g £ A with f (0) = /' (0) - 1 = g (0) = g' (0) - 1 = 0, g{z) £ S* and 

zf " (z) zg' (z) , zq' (z) 


1 + 


-< 


then 


f (z) g(z) q(z) 
zf (z) 


= h(z), 


9{z) 


-<q(z), z£U, 


( 2 . 21 ) 

(2.22) 

(2.23) 


and q(z) is the best dominant of (2.22). 
Proof. Let the function p be defined by 


, ^ zf (z) 

P (Z) '■= — ww-, Z£U, 

9 \ z ) 


(2.24) 


where f,g £ A with / (0) = f (0) — 1 = g (0) = g' (0) — 1 = 0, g(z) £ S*. The function p is analytic in U and 
p(0) = 1. 

Differentiating this function with respect to g, we get 

7 r! M = -1'^) , Ff"(z) _ Z 2 f'(z)g'(z) rr 

~P W g(z) g(z) g 2 (z) ’ 

By setting 9 (w) := 0 and cf> (w) := — , it can be easily verified that f> is analytic in a domain D = C\{0}, which 
contains q ( U ) and f> (w) 7 ^ 0, where w £ q ( U ) . 

Also, by letting Q (z) = zq' (z) (f> (q (z)) = w e find that Q (z) is starlike in U, since 

> 0 . 


Re 


zQ'(z) 

QU) 


= Re 


i 1 zq"(z) zq'(z) 
1 + q’(z) q(z) 


For the function h(z) =9 (q (z)) + Q (z) = Z g^ > , we have Re 
Therefore, the conditions of Lemma 1.1 are met and we find that, if 


zh' (z) 

w 


= Re 


Q{z) 


> 0 . 


^ =0{p (2)) + zp’ (2) <j> {p (2)) -<: ~ q , z £ U, 


p(z ) 


then 


zf(z) 

g(z) 


9{z) 


= p{z) <q{z), z £ U, 


(2.25) 

(2.26) 


and q is the best dominant of (2.22). And the proof is complete. 

Corollary 2.4 Let f,g £ A with f (0) = /' (0) — 1 = g (0) = g' (0) — 1 = 0, g(z) £ S* and 0 < n < 1. If 


then 


zf(z) 
9 ( 2 ) 


Z9 ' {z) ~< 9 z - hi (2) 

g (2) l + gz 

(2.27) 

1 -|- fAZ) z G U , 

(2.28) 


and 1 + gz is the best dominant of (2.27). Furthermore 

, zf(z) 


g(z) 


— 1 l< Ab z£U, 


(2.29) 


and this result is sharp. 

Proof. Let the function q(z) := 1 + gz, z £ U, 0 < g < 1, satisfies all the conditions of Theorem 2 . 3 . 

So, 

hi (2) = Q (2) = zq' (2) (j) (q (2)) = ~ q ^ ^ : . ( 2 . 30 ) 

Q j i. 1 [JiZ 
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From (2.30), we find that the subordinations (2.22) and (2.30) are equivalent. 
Hence, it follows directly from Theorem 2.3 that 


zf (z) 
g(z) 


-< 1 + pz, z £ U, 


(2.31) 


and 1 + pz is the best dominant of (2.27). 

Now, let us assume that the subordination (2.27) and inequality 


hold, i.e. 


I zf'(z) 
' 9(z) 

zf (z) 
9(z) 


— 1 |< p x , z £ U, 0 < p l < 1, 


-< 1 + HiZ, z £ U, 0 < p 1 < 1. 


(2.32) 


(2.33) 


But the function 1 + pz is the best dominant of (2.27), meaning that 1 + pz -< 1 + fi±z, i.e. p -< /i-, . 

Therefore the conclusion is sharp, i.e. in the inequality (2.29) p cannot be replaced by a smaller number such 
that the implication holds. This completes the proof of the corollary. 

Remark 2.1 It is easy to verify that for 0 < p < 1, hi (z) = fff is an open disk with center c = hl F)+hi( U _ 
1+M 2 1-11 = -yz^ 2 , and radius r = h\{l) — c= For p = 1, h\ ( U ) = {x + iy : x < 1, y £ M}. 

Therefore, the above corollary can be rewritten as: 

Corollary 2.5 Let f,g £ A with f (0) = /' (0) — 1 = g (0) = g' (0) — 1 = 0, g(z) £ S* and 0 < p < 1. 

(i) If 0 < g < 1 and 


then 


. zf" (z) zg' (z) pr p TT 

1 + ft < \ FY + i 2 i 2’ z e ^ 

/ (z) g{z) 1 - p 2 1 - p 2 
, zf(z) 


g{z) 


- 1 | < p, Z £ U. 


(2.34) 


(2.35) 


This residt is sharp, i.e. the radius of the open disk from the conclusion is the smallest possible so that the 
corresponding implication holds. 

(n) If 

zf" (z) zg ' (z) 


Re 


1 + 


then 


f (z) 9 {z) 

, ffM 

1 g(z) 


<1, z £U, 

- 1 l< 1. 


(2.36) 

(2.37) 


and these conclusions are sharp. 

From Corrolary 2.4 and Corrolary 2.5 we obtain the following result: 

Corollary 2.6 Let f,g £ A with f (0) = /' (0) - 1 = g (0) = g' (0) - 1 = 0, g(z) £ S* and 0 < C < \ • If 

zf" (z) zg 1 (z) 

1 H , - |< £, for all z £ U, 


then 


Proof. Let = I- 1 - 
Then 


f'(z) g{z) 




g(z) 


i-C 


Z£U. 


1+Z -¥TT- ZJ TY l< C =T^’ for all z £ U. 
f (z) g (z) 1 - L " 


1 + p 


(2.38) 

(2.39) 

(2.40) 
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If 0 < C < o , then 0 < /x < 1. We have 


j? ^\<HH z aU 

+ f'(z) g(z) + l-g 2 1-M 2 !< l + /z’ ’ 


zr (*) v (*) m 2 | l l 2 _ l ZGU 

+ f'(z) g{z) + l-/i 2 ^ 1 + M 1-/J 2 1 -m 2 ’ 


From Corrolary 2.5, we get 


If £ = \ , then n = 1. We have 


, et /. 

9 ( z ) 1-C 


i + i TM ora i l2€ 

/' ( 2 ) 9 (z) 


From Corrolary 2.5, we get 


Re[l + ^Cffi-^l<l, >eu. 
[ f'(Z) g{z) J 


zf (z) 


— 1 1< 1 , zgU, 


and the proof is complete. 

Corollary 2.7 If f,g £ A with f (0) = /' (0) - 1 = g (0) = g' (0) - 1 = 0, g{z) £ S*. If 


zf"(z) zg'(z) t 2z 

Hz) 9(z) 1 - : 


-< . " 2 =h(z), 

1 — Z z 


then f £ K. 


Proof. Let q (z) = = 1 + QiZ + ..., with q (0) = 1 satisfies the conditions of Theorem 2.3. 

We have 

h(z)=0(q(z)) + Q(z) = ^ ZGU. (2.48) 

9 \ z ) 

So, 

h {z) = 2 ~ 2 , zGU. (2.49) 

1 — z z 

From (2.49), we find that the subordinations (2.22) and (2.47) are equivalent. Therefore, it follows directly from 
Theorem 2.3 that 

( 2 . 50 ) 

g[z ) 1 z 

and is the best dominant of (2.47). 

Since the subordination (2.22) is equivalent with the condition 

ReKMl>0, zzV, 

g(z) 

we get that / € K, which completes the proof. 


Corollary 2.8 Let f,g £ A with f (0) = f (0) — 1 = g (0) = g' (0) — 1 = 0, g(z) £ S* and 0 < a < 1. If 

zf" (z) _ zgf (z) 2z(l-a) 

+ f'(z) g(z) ^ (l-z)[l + (l-2a)zY ^ ’ 


then f £ K (a). 
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Proof. For 0 < a < 1 and z € U, setting q (z) = = 1 + qi z + ..., with q (0) = 1 in Theorem 2.3, we 

obtain 


Re 


1 + 


We have 


zq" (z) _ zq' (Y) l = 
q' (z) q(z) [l — z ' 1 + (1 — 2 a) z 

zq' (z) 2z (1 — a) 


- 1 


>0, z eU. 


h (z) = 


, zGU. 


q{z) (1 - z) [1 + (1 - 2a) z}' 

Hence, the hypotheses of Theorem 2.3 are satisfied. Therefore, it follows directly from Theorem 2.3 that 

zf ( z ) 1 + (1 — 2a) z 


9(z) 


i.e. 


-< 


Re 


1-2 


Zf (z) 

9{z) 


z £ U, 0 < a < 1 , 


> a, 2 GU, 


(2.52) 


i.e. / € K (a), and the proof is now complete. 
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DUALISTIC CONTRACTIONS OF RATIONAL TYPE AND FIXED 

POINT THEOREMS 

MUHAMMAD NAZAM, MUHAMMAD ARSHAD, AND CHOONKIL PARK* 

Abstract. In this paper, we introduce a dualistic contraction of rational type and use it 
to obtain some new fixed point results in dualistic partial metric spaces for dominating and 
dominated mappings. These results extend various comparable results existing in literature 
from set of positive real numbers to set of real numbers. Moreover, we give an example 
that shows the usefulness and effectiveness of these results among corresponding fixed point 
theorems established in partial metric spaces (nonnegative real numbers). 


Keywords: fixed point; dualistic partial metric; dualistic contraction of rational type. 

AMS 2010 Subject Classification: 47H10; 54H25. 

1. Introduction and preliminaries 

In [7], Matthews introduced the concept of partial metric space as a suitable mathemat- 
ical tool for program verification and proved an analogue of Banach fixed point theorem in 
complete partial metric spaces. Fixed point theorems in complete partial metric spaces have 
been investigated in [3, 4, 11, 12, 14], O’Neill [10] introduced the concept of dualistic partial 
metric, which is more general than partial metric and established a robust relationship be- 
tween dualistic partial metric and quasi metric. In [13], Oltra and Valero presented a Banach 
fixed point theorem on complete dualistic partial metric spaces. Following Oltra and Valero, 
Nazam et al. [2, 8] established some fixed point results in dualistic partial metric spaces. 

In this paper, we shall extend the following two fixed point theorems from nonnegative 
real numbers to real numbers to the theorems from partial metric spaces to dualistic partial 
metric spaces. 

Harjani et al. [5] extended Banach’s fixed point principle as follows: 

Theorem 1. Let M be a complete ordered metric space and T : M — >• M be a continuous and 
nondecreasing rational type contraction mapping. Then T has a unique fixed point m* E M. 
Moreover, the Picard iterative sequence {T n (j)}neN converges to m* for every j £ M. 

Isik and Tukroglu [6] established an ordered partial metric space version of Theorem 1, 
stated below. 

Theorem 2. Let M be a complete ordered partial metric space and T : M — > M be a 
continuous and nondecreasing rational type contraction mapping. Then T has a unique fixed 
point m* £ M. Moreover, the Picard iterative sequence {T"(j)} n eN converges to m* for every 
j £ M. 

We need some mathematical concepts of dualistic partial metric space and results to make 
this paper self sufficient. 

Throughout, in this paper, the letters M[j~, M and N will represent the set of nonnegative 
real numbers, set of real numbers and set of natural numbers, respectively. 

Definition 1. [1] 


14 Corresponding author. 
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M. NAZAM, M. ARSHAD, AND C. PARK 

(1) Let M be a nonempty set and T : M — > M be a self mapping. A point rn* G M is 
called a fixed point of T if m* = T(m*). 

(2) Let ( M , be an ordered set and T : M — > M be a self mapping defined on M 
satisfying the property j A T(j) for all j G M. Then T is called a dominating 
mapping. 

(3) Let (M, be an ordered set and T : M — > M be a self mapping defined on M 
satisfying the property T(j ) A j for all j G M. Then T is called a dominated mapping. 

According to O’Neill, a dualistic partial metric can be defined as follow: 

Definition 2. [10] Let M be a nonempty set. A function D : M x M — > M is called a dualistic 
partial metric if for any j. k, l G M, the following conditions hold: 

(Di) j = k 44 D(j,j) = D(k, k ) = D(j, k). 

(D 2 ) D(j,j)<D(j,k). 

(D 3 ) D(j,k) = D(k,j). 

(D 4 ) D(j,l)<D(j,k) + D(k,l)-D(k,k). 

We observe that, as in the metric case, if D is a dualistic partial metric then D(j,k) = 0 
implies j = k. In case D(j, k ) G Mq" for all j. k G M, then I? is a partial metric on M. If 
(M, D) is a dualistic partial metric space, then the function do : M x M — > Mq" defined by 

d-D (j> k) = D{j , k) - D(j,j), 

is a quasi metric on M such that t(D) = r{do)- In this case, d s D (j, k) = m&x{do(j- k ), do(k, j)\ 
defines a metric on M. 

Remark 1 . It is obvious that every partial metric is a dualistic partial metric but the converse 
is not true. To support this comment, define D v : M x R — > M by 

D'Aj, k) = j V k = sup{j, k} V j,ke M. 

It is easy to check that Z? v is a dualistic partial metric. Note that Dy is not a partial metric, 
since _D V (— 1, —2) = — 1 ^ Mq\ Nevertheless, the restriction of Dy to Mq", Dvl^r, is a partial 
metric. 

Definition 3. [2] Let M be a nonempty set. Then (M, A, D) is said to be an ordered dualistic 
partial metric space if 

(i) (M, is a partially ordered set. 

(ii) (M, D) is a dualistic partial metric space. 

Example 1. If (M, A, d) is an ordered metric space and c G M is an arbitrary constant, then 
D c : M x M M given by 

Dc(j, k) = d(j, k ) + c, 

defines an ordered dualistic partial metric on M and (M, A, D c ) is an ordered dualistic partial 
metric space. 

Following [10], each dualistic partial metric D on M generates a Tq topology t(D) on M. 
The elements of the topology t(D) are open balls of the form {Bo(j, e) : j G M,e > 0}, 
where Bo{j,e) = {k G M : D(j,k) < e + D(j,j)}. A sequence {j n }neN in ( M,D ) converges 
to a point j G M if and only if D(j,j ) = lim n ^. oc D(j,j n ). 

Definition 4. [8] Let (M, D) be a dualistic partial metric space. 

(1) A sequence {j n }neN in ( M,D ) is called a Cauchy sequence if 
limn^^oo D(j n ,j m ) exists and is finite. 
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(2) A dualistic partial metric space (M, D) is said to be complete if every Cauchy sequence 
{jnjneN in M converges, with respect to t(D), to a point j £ M such that D(j,j) = 

Uni n,m—yoo D (jn ■ jrn ) • 

The following lemma will be helpful in the sequel. 

Lemma 1. [8, 9] 

(1) A dualistic partial metric ( M,D ) is complete if and only if the metric space ( M,d s D ) 
is complete. 

(2) A sequence {j n }neN M converges to a point j £ M, with respect to r(d s D ) if and 
only if lim n _ 5 . oc D(j, j n ) = D(j,j ) = lim )W0C D(j n , j m ). 

(3) If lim n ^ oc j n = v such that D{y,v) = 0, then lim^oo D(j n , k) = D(v,k ) for every 
k £ M. 

Motivated by the results presented by Isik and Tukroglu [6] and Valero [9], we present a 
new fixed point theorem in an ordered dualistic partial metric space for both dominating and 
dominated mappings. 


2. Main results 


We begin with the following definition. 


Definition 5. Let ( M , A, D ) be a complete ordered dualistic partial metric space. A mapping 
T : M -A M is said to be a dualistic contraction of rational type if 


|D(T(j),T(A:))|<a 


D{jiT{j)) • D(k,T(k)) 
D(j,k ) 


+ P\D(j, k)\ 


(2.1) 


holds for all comparable elements j. k £ M and 0 < a + (3 < 1. 


Theorem 3. Let (Af, A, D) be a complete ordered dualistic partial metric space. Suppose that 
T : M M is a mapping such that 

(1) T is a dualistic contraction of rational type; 

(2) T is a dominating mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, D(m* ,m*) = 0. 


Proof. Let j o be an initial point in M and j n = T (j n - i ) be an iterative sequence. If there 
exists a positive integer r such that j r + i = j r , then j r is the fixed point of T and it completes 
the proof. If j n j n+ \ for any n £ N, then since T is dominating, j n A T(j n ) for all n £ N. 
Therefore, 

jo A j 1 A j '2 A . 7.3 A • • • ^ jn A jn+ 1 
Now since j n A j n+ \, by (2.1), we have 


\D{jni jn+l) | 


|-^(jn)jn+l)| a \D(j n , jn+l) \ 

(1 - a)\D(j n , j n+l )\ 

I D(jn , jn+l ) 


< 

< 

< 

< 

< 


\D(T(j n ^),T(j n ))\ 

D(jn-hjn) ' D{jni jn+l) 

a D(j n -l,jn) 

a \D(jm jn+l) | T j3\D{j n —i, 
P\D{j n -i,jn)\, 
P\D{j n -i,j n )\, 

(-r-)\D(jn-uh)\- 
l — a 


■ +P\ D(j 

jn) | > 


n— 1) jn ) | 
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If 7 = 


Thus 


P 


1 — a 


then 0 < 7 < 1 and we have 


\D(jm Jn+l)| ^ n f\D(jn— 1 1 jn) | • 


\D(jn,jn+l)\ < 'y\D(j n -i,j n )\ < 7 2 |- D (in-2, jn-l)\ < ' < nf n \D(jo, jl)\- 

Since j n -< j n , for each n € N, by ( 2 . 1 ), we have 

\D{jn,jn)\ = \D(T{jn-l),TUn-l))\ < ~ ^ , + PWn-1 , jn-l) \ 

z me • m f <x\D(jn- l,jn)\ 2 , 

< TVVTT : 77 + P 

l D(j„-i,jn— i)r 


Indeed, 


D{jn— 1 • jn) 


D(jn—li jn— 1)“ 


< (a + / 3 )|D(j n _i, i 7 n _i)|. 
= 1. Thus we obtain that 


|^n,jn)|<(a + /3) n | J D(jo,J 0 )|. ( 2 . 2 ) 

Now we show that {j n } is a Cauchy sequence in (Af, d s D ). Note that djj(j n , jn+\) = D{j n ,jn+ 1 ) — 
D(j n ,jn ), that is, d D (j n , j n+ i) +D(j n ,j n ) = D(j n ,j n+ i) < \D(j n ,j n+l )\. Thus we have 


dD(jn,jn+l) + D(j n ,j n ) < 7 ’Wo,jl)|, 

dD{jn,jn+ 1) ^ 7 TOo,jl)| + |r>(in,jn)| 

< 7 n |^(io,ji)| + (a + /3) n |T>(jo,j 0 )|. 

Continuing this way, we obtain that 

rfz?(jn+fc-l,j'n+fc) < 7 n+fe - 1 |D(jo,Ji)| + (a + /3) n+fe ~ 1 |L>(j 0 ,jo)|. 

Now 

dD{jm jn+k) 5; djj{j n , j n +\) T J n _|_2) T ' ' ' T djj {jn+k— 1 1 jn+k) 

< {7 n + 7 n+1 + --- + 7 n+fc ~ 1 }|^Oo,ii)| 

+ {(a + /?)" + (a + /3)" +1 + ••• + (« + /3) n+fc - 1 }| J DOo,jo)|. 

Thus, for n + k = m > n, 

l n (a + BY 

dD(jn,jm ) < 7 \D(j 0 , jl)\ + 7 7 ^ J D ( jo , jo) \ ■ 

1-7 1 — (a + p) 

Similarly, we have 

(a + B) n 

dD{jm,jn ) < |^(j'l,io)| + 7 ]——^\D(jodo)\- 

1-7 1 — (a + p) 

Taking limit as n,m -> 00 , we have 

lim d D (j m ,j n ) = 0= lim d D (j n ,j m ) and hence lirn d s D (j m ,j n ) = 0. 

n,m— >00 n,m— >oo n,m— >00 

Thus {jn} is a Cauchy sequence in ( M,d s D ). Since ( M,D ) is a complete dualistic partial 
metric space, by Lemma 1, the metric space (Af, d s D ) is also complete. Therefore, there exists 
m* G M such that liirp^oo d s D (j n , rn*) = 0. Again from Lemma 1, we have 

lim d s D (j n ,m*) = 0 <*=>• D(m*,m*)= lim D(j n ,m*) = lim D(j m ,j n ). 

n— » oo n— >oo n,m — >oo 
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Now lim n , m^oo d D (jm, jn) = 0 implies that lim n)m _>.oo[-D(jrn, j n ) - D(j n , j n )\ = 0 and hence 
lim n< m-+oo D(j n ,j m ) = linin^oo D (j n ,j n ). By (2.2), we have lim n ^. 00 D(j n ,j n ) = 0. Conse- 
quently, lim ri)m _ ) . 0O D(j n ,j m ) = 0 and {j n } is a Cauchy sequence in (M, D). Thus 


D(m*,m*) = lim D(j n ,m *) = 0. (2.3) 

n— >oo 

Now doijn* ,T(m*)) = D(m*,T(m*)) — = D(m* ,T(m*)) implies that 

D(m* ,T(m*)) > 0. Since T is continuous, for a given e > 0, there exists a 5 > 0 such that 
T(Bf)(m* , 5)) C B£>(T(m*),e). Since lim, woo D(j n +\, rn*) = D(m*,m*) = 0, there exists an 
r£N such that D(j n ,m*) < D(m*,m*) + 6 for all n > r, and so {j n } C Bc>(m*,5) for all 
n > r. This implies that T(j n ) G T(B£>(m* ,5) C Br){T(m*),e) and so D(T(j n ),T(m*)) < 
D(T(m*), T(m*)) + e for all n> r. Now for any e > 0, we know that 

-e + D(T(m*),T(m*)) < D(T(m*),T(m*)) < D(j n+1 ,T(m *)), 

which implies that 

\D(j n +i,T(m*)) - D(T(m*),T(m*))\ < e. 

That is, D(T(m*), T(m*)) = lim ra _ 5 . oc D(j n+ 1 , T(m*)). The uniqueness of limit in M implies 
lim D(j n+1 ,T(m*)) = D (Tim*), Tim*)) = D(m*,T(m*)). (2.4) 

n— >oo 

Finally, we have D(T(m*),m*) = lim n _ ) . 00 D(T(j n ),j n ) = lim^oo D(j n+1 ,j n ) = 0. This 
shows that D(m* ,T(m*)) = 0. So from (2.3) and (2.4) we deduce that 

D(m* ,T(m*)) = D(T(m*),T(m*)) = D(m*,m*). 

This leads us to conclude that rn* = T(m*) and hence rn* is a fixed point of T. □ 

In order to prove the uniqueness of fixed point of a mapping T in the above theorem, we 
give the following theorem. 

Theorem 4. Let ( M , ^,D) be a complete ordered dualistic partial metric space and T : M — > 
M be a mapping which satisfies all the conditions of Theorem 3. Then T has a unique fixed 
point provided that for each fixed point m * , n* of T, there exists u G M which is comparable 
to both m* and n* . 

Proof. From Theorem 3, it follows that the set of fixed points of T is nonempty. 

Assume that n* is another fixed point of T, that is, n* = T(n*). 


Case I: rn* and n* are comparable. 
In this case, we have 


\D(m* ,n*)\ = 

< 


< 


\D(T(m*),T(n*))\ 

| D(m* ,T(m*)) ■ D(n* ,T(n*)) 


a 


a 


D(m*,n*) 

D(m*,m*) ■ D(n* ,n*) 


+ fi\D(m* ,n*)\ 


D(m*,n* 


+ (3\D(m* ,n*)\. 


That is, (1 — fi)\D(m* ,n*)\ < 0 which implies that \D(m* ,n*)\ < 0 and hence D(m*,n*) = 
0 = D(m*,m*) = D(n*,n*). So m* is a unique fixed point of T. 


Case II: m* and n* are incomparable. 

In this case, there exists oj which is comparable to both m*, n* . Without any loss of generality, 
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we assume that rn* u and n* ^ oj. Since T is dominating, m* -< T(uj) and n* T(u>) imply 
that rn* ■< T n ^ l (u) and n* ■< T n_1 (w). Thus 


\D(m* ,T n (uj))\ 


D(T n ~ 1 (m*) ,T n (m*)) ■ D{T n ~ l {u), T n (uj)) 
~ a D(T n ~ 1 (m*),T n - 1 (u!)) 

+ P\D(T n -\m*),T n -\u))\, 


which implies that \D(m* ,T n (uj))\ < /3\D(m* ,T n 1 (w))|. Thus lim n _>.oo D(m*, T n (u)) = 0. 
Similarly, lim rwoc D(n*,T n ( ui)) = 0. Moreover, by D 4 , 

D(n*,m*) < D(n* ,T n (uj)) + D(T n (uj),m*) — D(T n (uj),T n (uj)) 

< D(n* ,T n {uj)) + D(T n (uj),m*) - D{T n {u), m*) - D(m*, T n (u)) + D(m*, m*). 


Letting n -A 00 , we obtain that D(n*,m*) < 0 but do{m* , m*) = D(n*,m*) — D(n*,n*) 
implies that D(n*,m*) > 0. Hence D(n*,m*) = 0 which gives that n* = m* . □ 


We provide an example to explain the above result. 

Example 2. Let M = M 2 . Define D v : M x M — > M by D v (j, k) = j\ V ki, where j = (ji, j'2) 
and k = (k\, A^). Note that (M, D v ) is a complete dualistic partial metric space. Let T : M — > 
M be given by 

T(j) = e l D v(i,i)l for a ii j € m. 

In M, we define the relation ^ in the following way: 

j h k if and only if j\ > k\, where j = (ji, J 2 ) and k = (k\, k^)- 

Clearly, y is a partial order on M and T is a continuous, dominating mapping with respect 
to y and satisfies the contractive condition (2.1). 

Remark 2. Since every partial metric is a dualistic partial metric D with D(j, k) £ Mq" for 
all j, k £ M, Theorem 3 is an extension of Theorem 2. 

There arises the following natural question: 

Whether the contractive condition (2.1) in the statement of Theorem 3 can be replaced by 
the contractive condition in Theorem 2? 


The following example provides a negative answer to the above question. 


Example 3. Define the mapping Tq : M — > M by 


Clearly, for any j , k £ 
satisfied 


Mj) = 

and a = 0.1 and (3 


if j > 1 
if j = -5 

0.09, the following contractive condition is 


n frr ( rr n \\ / aD v{j,T 0 (j)) ■ D v (k,T 0 (k)) 

Dv{To(j),T 0 (k)) < , . tv H pD w (j,k), 

D v {j,k) 

where D\, is a complete dualistic partial metric on M. Here T has no fixed point. Thus a fixed 
point free mapping satisfies the contractive condition of Theorem 2. On the other hand, for 
a = 0.1 and (3 = 0.09, we have 

0.5 = \D V (~,~)\ = |D v (To(-5),To(-5))| 


> 0.455 = 


aD v (- 5, T 0 (-5)) • D(- 5, T 0 (-5)) 


D v (-5,-5) 

Thus the contractive condition (2.1) of Theorem 3 does not hold. 


+ /3|D V (— 5, — 5)|. 
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In next theorem, we show that the conclusion of Theorem 3 remains the same if the conti- 
nuity of the mapping T is replaced with the following condition: 

(H): If {j n } is a nondecreasing sequence in M such that j n -» v, then j n ^ v for all n 6 N. 
For dominated mappings, the following condition will be needed: 

(Q): If {jn} is a nonincreasing sequence in M such that j n -A v, then j n y v for all n E N. 

Theorem 5. Let (M, D ) be a complete ordered dualistic partial metric space. Suppose that 
T : M -A M is a mapping such that 

(1) T is a dualistic contraction of rational type; 

(2) T is a dominating mapping; 

(3) (H) holds. 

Then T has a fixed point m* . Moreover, D(m*,m*) = 0. 

Proof. By the arguments similar to those in the proof of Theorem 3, we obtain that {j n } is 
a nondecreasing sequence in M such that j n -A m*. By (H), we have j n P rn* . Since T is a 
dominating mapping, we have j n P T{m *) and 

m* P T[m*). (2.5) 

From the proof of Theorem 3, we deduce that {T n {m*)} is a nondecreasing sequence. Suppose 
that lirri n ^ +0O T n (m*) = // for some // G M . Now j n P m* implies j n P T n (m*) for all n > 1. 
Thus we have 

j n P m* P T(m*) P T n {m* ) n> 1. 

From (2.1), we have 


\D(j n+ 1 ,T n+ 1 (m*))\ 


< 


\D(T(j n ),T(T n (m*)))\ 
aD{j n ,j n+ i) • D(T n \m*),T n+ \m*)) 
D(j n , T n (m*)) 


+ f!\D(j n ,T n (m*))\. 


Taking limit as n —> +oo, we obtain that 


\D{m*,n)\ < (3\D(m* , n)\, 

which implies that rn* = p. Thus lim ri ,_ ? . +0O T n (rn * ) = p implies that lim n ^ +oc T n (m*) = rn* . 
Hence 

T(m*)Pm*. (2.6) 

From (2.5) and (2.6), it follows that m* = T(m*). □ 


Now we present some important consequences of our results. 


Corollary 1. Let (M,P,D) be a complete ordered dualistic partial metric space. Suppose 
that T : M M is a mapping such that 

(1) T is a dualistic contraction of rational type with f3 = 0/ 

(2) T is a dominating mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, D(rn* ,m*) = 0. 

Corollary 2. Let (M,P,D) be a complete ordered dualistic partial metric space. Suppose 
that T : M —t M is a mapping such that 

(1) T is a dualistic contraction of rational type with f3 = 0/ 

(2) T is a dominating mapping; 

(3) (H) holds. 

Then T has a fixed point m* . Moreover, D(rn* ,m*) = 0. 
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Corollary 3. Let be a complete ordered dualistic partial metric space. Suppose 

that T : M — »• M is a mapping such that 

(1) T is a dualistic contraction of rational type with a = 0; 

(2) T is a dominating mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, D{m*,m*) = 0. 

Corollary 4. Let (M,P,D) be a complete ordered dualistic partial metric space. Suppose 
that T : M M is a mapping such that 

(1) T is a dualistic contraction of rational type with a = 0; 

(2) T is a dominating mapping; 

(3) (H) holds. 

Then T has a fixed point m* . Moreover, D(m*,m*) = 0. 

For dominated mappings, we present the following results. 

Theorem 6. Let ( M , ■<, D) be a complete ordered dualistic partial metric space. Suppose that 
T : M -Y M is a mapping such that 

(1) T is a dualistic contraction of rational type; 

(2) T is a dominated mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, D(m*,m*) = 0. 

Proof. Let jo £ M be an initial element and j n = T(j n _i) for all n > 1. If there exists a 
positive integer r such that j r+ \ = j r then j r = T(j r ), and so we are done. Suppose that 
jn ~f~ jn+i for all n £ N. Since T is a dominated mapping, jo >; T(jo) = ji, and ji >; T(ji) 
implies ji y and j 2 y T(j 2 ) implies j 2 j 3 - Continuing in the similar way, we get 

jo jl hj2hj3t---h jn P jn + 1 jn+2 ' ' ' • 

The remaining part of the proof follows from the proof of Theorem 3. □ 


The following example shall illustrate Theorem 6. 

Example 4. Let M = M 2 . Define D v : M X M M by D v (j, k) = j\ V k\ , where j = (ji , j 2 ) 
and k = {k \ , k-fi. Note that (M, Dy) is a complete dualistic partial metric space. Let T : M — > 
M be given by 

T(j) = - 2 for all jeM. 

In M, we define the relation ^ in the following way: 


j h k if and only if j\ > k\, where j = ( ji , j 2 ) and k = (k\, k 2 ). 

Clearly, ^ is a partial order on M and T is a continuous, dominated mapping with respect 
to Moreover, T(— 1,0) y (—1,0). We shall show that for all j,k £ M, the contractive 
condition (2.1) is satisfied. For this, note that 


D v (T(j),T(A:))| = 
|D v (j,T(j))| = 

\D v (k,T(k))\ = 


n i j k 
^ vl 2’2 


M) 

■{ 

31 

2 

jl 

( k\ 

r 

ki 

[k,-] 

= 

2 

V 2 J 

1 

k\ 


for all ji > k \ , 

if ji < 0 
if ji > 0, 

if k\ < 0 
if k\ > 0, 


and \D\j (j, k)\ 


|ji| for all ji > ki. 
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Now for a = -, fi = If j\ < 0. k\ < 0, then 
o z 


\D v (T(j),T(k))\ <a 


D v (j,T(j)) ■ D v (k,T(k )) 


Dy (j, k) 

holds for all j k if and only if 6|ji| < \ki\ + 6|ji|. 


+ (3\D\/(j, i 


If j l > 0, k\ > 0, then the contractive condition 

I D v (j,T(j)) ■ D v (k,T(k)) 


\D v (T(j),T(k))\<a 


Dy(j, k) 


+ P\Dy{j, I 


holds for all j k if and only if j\ < |Aq + j\ . 


Finally, if j\ > 0, k\ < 0, then 


Dy(T(j),T(k))\<a 


DyU,T{j)) ■ Dy(k,T(k)) 
Dy(j,k) 


+ P\Dy(j, k) I 


holds for all j y k if and only if 3j\ < |fci| + 3j±. Thus all the conditions of Theorem 5 are 
satisfied. Moreover, (0, 0) is a fixed point of T. 


Theorem 7. Let (Af, D) be a complete ordered dualistic partial metric space. Suppose that 
T : M -A M is a mapping such that 

(1) T is a dualistic contraction of rational type; 

(2) T is a dominated mapping; 

(3) (Q) holds. 

Then T has a fixed point m* . Moreover, = 0. 


The proof can be obtained by the proofs of Theorems 5 and 6. Some consequences of 
Theorems 6 and 7 are given below. 


Corollary 5. Let be a complete ordered dualistic partial metric space. Suppose 

that T : M — >■ M is a mapping such that 

(1) T is a dualistic contraction of rational type with fi = 0/ 

(2) T is a dominated mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, = 0. 

Corollary 6. Let be a complete ordered dualistic partial metric space. Suppose 

that T : M — >• M is a mapping such that 

(1) T is a dualistic contraction of rational type with fi = 0/ 

(2) T is a dominated mapping; 

(3) (Q) holds. 

Then T has a fixed point rn* . Moreover, = 0. 

Corollary 7. Let be a complete ordered dualistic partial metric space. Suppose 

that T : M — »• M is a mapping such that 

(1) T is a dualistic contraction of rational type with a = 0; 

(2) T is a dominated mapping; 

(3) T is a continuous mapping. 

Then T has a fixed point m* . Moreover, = 0. 
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Corollary 8. Let be a complete ordered dualistic partial metric space. Suppose 

that T : M — l M is a mapping such that 

(1) T is a dualistic contraction of rational type with a = 0; 

(2) T is a dominated mapping; 

(3) (Q) holds. 

Then T has a fixed point m* . Moreover, D{m*,m*) = 0. 
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HOMOMORPHISMS AND DERIVATIONS IN PROPER LIE 

CQ*- ALGEBRAS 

CHOONKIL PARK, G. ZAMANI ESKANDANI*, GEORGE A. ANASTASSIOU AND DONG YUN SHIN* 

Abstract. In this paper, we investigate homomorphisms in proper Lie C<5*-algebras and 
derivations on proper Lie CQ * -algebras associated with the following Pexiderized functional 
equation 

f(x + y) = fo{x) + h{y). 

Moreover, we prove the Hyers-Ulam stability of homomorphisms in proper Lie CQ * -algebras 
and of derivations on proper Lie CQ*-algebras. 


1. Introduction and preliminaries 


Ulam [24] gave a talk before the Mathematics Club of the University of Wisconsin in 
which he discussed a number of unsolved problems. Among these was the following question 
concerning the stability of homomorphisms. 

Let (Gi,*) be a group and let (G 2 ,o,d) be a metric group with the metric d(-,-). Given 
e > 0, does there exist a 5(e) >0 such that if a mapping h : G\ — > G 2 satisfies the inequality 

d(h(x * y), h(x) o h(y)) < 5 

for all x,y 6 G\, then there is a homomorphism H : G\ — > G 2 with 

d(h(x), H(x)) < e 

for all x £ G\! 

Hyers [10] considered the case of approximately additive mappings / : E — > E' , where E 
and E' are Banach spaces and / satisfies Hyers inequality 

II f(x + y) - f(x) - f(y) || < e 


for all x, y G E. It was shown that the limit 


L(x ) 


lim 

n — >00 


/( 2 n x) 
2 n 


exists for all x £ E and that L : E -A E' is the unique additive mapping satisfying 


11 / 0*0 - L ( x )\\ < e - 

Rassias [16] provided a generalization of Hyers’ Theorem which allows the Cauchy differ- 
ence to be unbounded. See [18, 19, 20, 21, 22] for more information on functional equations 
and their stability. 

Let A be a linear space and Aq is a =t=-algebra contained in A as a subspace. We say that 
A is a quasi ^-algebra over Ao if 

(i) the right and left multiplications of an element of A and an element of Ao are defined 
and linear; 
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(ii) x\(x 2 a) = {x\X 2 )a, ( ax\)x 2 = a(x 1 X 2 ) and 21 ( 0 x 2 ) = ( 210)22 for all 21,22 £ Ao and 
all o £ A, 

(in) an involution *, which extends the involution of Ao, is defined in A with the property 
( ab )* = b*a* whenever the multiplication is defined. 

A quasi *-algebra (A, Ao) is said to be a locally convex quasi *-algebra if in A a locally 
convex topology r is defined such that 

(i) the involution is continuous and the multiplications are separately continuous; 

(ii) Ao is dense in A[r]. 

Throughout this paper, we suppose that a locally convex quasi ^-algebra (A, Ao) is com- 
plete. For an overview on partial *-algebra and related topics we refer to [1], 

In a series of papers [2, 4, 5, 6] many authors have considered a special class of quasi 
♦-algebras, called proper CQ*- algebras, which arise as completions of C*-algebras. They can 
be introduced in the following way: 

Let A be a Banach module over the C -algebra Ao with involution * and (7*-norm || . ||q 
such that Ao C A. We say that (A, Ao) is a proper CQ*-algebra if 

(i) Ao is dense in A with respect to its norm || . ||; 

(ii) (ab)* = b* a* whenever the multiplication is defined; 

(***) II V ||o= sup aeA ,\\a\\<i II ay || for all y £ A 0 . 

Definition 1.1. A proper CQ*-algebra (A, Ao), endowed with the Lie product 

zx — xz 

z ' I i = ^— 

for all 2 £ A and all z £ Ao, is called a proper Lie CQ* -algebra. 

Definition 1.2. Let (A, Ao) and (B,Bq) be proper Lie CQ*-algebras. 

(i) A C-linear mapping H : A — > B is called a proper Lie CQ*-algebra homomorphism 
if H(z) £ Bo and H([z,x\) = [H(z),H(x)] for all z £ Ao and all 2 £ A. 

(ii) A C-linear mapping 5 : Aq — > A is called a Lie derivation if 

<H[z,z]) = [5(z),x] + [z,5(x)\ 


for all x, z € Ao (see [12]). 

Park and Rassias [14] investigated homomorphisms in proper JC'Q*-triples and derivations 
on proper JCQ* -triples. Park [15] investigated homomorphisms in proper CQ*-ternary 
algebras and derivations on proper C*Q*-ternary algebras. Najati and Park [11] investigated 
homomorphisms in quasi-Banach algebras associated to the Pexiderized Cauchy function 
equation. 

In this paper, we investigate homomorphisms in proper Lie C*Q*-algebras and derivations 
on proper Lie CQ*-algebras associated with the following Pexiderized functional equation 

f(x + y) = fo(x) + fi(y). 

This is applied to investigate homomorphisms in proper Lie C'Q*-algebras. 

Throughout this paper, assume that k is a fixed positive integer. 

This paper is organized as follows: In Sections 2 and 3, we investigate homomorphisms in 
proper Lie CQ*-algebras and derivations in proper Lie CQ*-algebras. 

In Sections 4 and 5, we prove the Hyers-Ulam stability of homomorphisms in proper Lie 
CQ*-algebras and stability of derivations on proper Lie CQ*-algebras. 
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2. Homomorphism in proper Lie CQ*-algebra 

Throughout this section, assume that (A, Ao) is a proper Lie CQ*-algebica with C'*-norm 
|| . ||a 0 and norm || . ||_a, and that (B, Bq ) is a proper Lie CQ*- algebras with C*-norm || . ||# 0 
and norm |j . ||s. 

Theorem 2.1. Let p : Aq x A — y [0, +oo) be a mapping such that 

lim — ip(2 n w,x) = 0 (2.1) 

n— >oo 2 n V K 

for all w G Aq and all x G A, and let f, fo, fi : A — y B be mappings with /( 0) = 0 and 
f(w), /o(0) £ Bo for all w G Aq and 


II hf(x) - f 0 (y) - fi(z)\\ B <|| kf( — II b, 


(2.2) 


II f([w,x\) - [fo(w), fi(x)]\\ B < <p(w,x) (2.3) 

for all n G T 1 := {/a G C : \p\ = 1}, all w G Ao and all x,y,z G A. Then the mapping 
f : A — y B is a proper Lie CQ* -algebra homomorphism. Moreover, 

f{x) = / 0 (0) - f 0 (x) = /i(0) - fi(x) 

for all x G A. 

Proof. Letting fi = 1, y = —x and z = 0 in (2.2), we get 

fix) = fo(~x) - /o(0) 

for all x G A. So fo(w) G Bo for all w G Ao. Similarly, we have 

fix ) = hi~x) - /i(0) 

for all x G A. By (2.2), we have 

II fix + y)~ fix) - fiy)\\ B < II fix + i /) - foi-x) - fii~y)\\ B = 0 
for all x,y G A. So the mapping / : A — y B is additive. Letting y = —/ax, and z = 0 in 
(2.2), we get 

hfix) = foi-px) + /i(0) = fi/xx) 

for all x G A. By the same reasoning as in the proof of [13, Theorem 2.1], the mapping 
/ : A — y B is C-linear. By (2.1) and (2.3), we have 

ll/(K*l) - [/(<»), /Mills = jim L||/(2 "Ki]) - [/o(2”«i),/i(i)]||b 

< lim LLLA = o 

n— >oo 2 n 

for all w G Ao and all x G A. So 

fi[w,x . |) = [f(w),fix)] 

for all w G Aq and all x G A. 

Therefore, the mapping / : A — y B is a proper Lie CQ*- algebra homomorphism, as 
desired. □ 

Remark 2.2. We can formulate a similar theorem if we replace the condition (2.1) by 

1 


lim — (p(w,2 n x) = 0 

n - loo 2 n v 7 


for all w G Aq and all iGA 
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Corollary 2.3. Let 0,ro,ri be non-negative real numbers such that rj £ [0,1) for some 
0 < j < 1 and let f, /o, /i : A — >■ B be mappings with /( 0) = 0 and f(w), /o(0) £ Bq for all 
w £ Aq and satisfying (2.2) and 

H/O, x]) - [/oM,/i(s)]||b < ^IMIaIMIa 

for all w £ Aq and all x £ A (by putting ||.||^ = 1). Then the mapping f : A — > B is a 
proper Lie CQ* -algebra homomorphism. Moreover, 

f(x) = /o(0) - fo(x) = /i(0) - fi(x) 


for all x £ A. 

Proof. The proof follows from Theorem 2.1. □ 

Corollary 2.4. Let Q,ro,r\ be non-negative real numbers such that rj £ [0,1) for some 
0 < j < 1 and let /, /o, f\ : A — > B be mappings with /( 0) = 0 and f(w), /o(0) £ Bq for all 
w £ Ao and satisfying (2.2) and 

ll/(K®]) - [/oH,/i(x)]|| s < 0 (HIa° o + IMIa) 

for all w £ Aq and all x £ A (by putting ||.||^ = 1). Then the mapping f : A — >■ B is a 
proper Lie CQ* -algebra homomorphism. Moreover, 

f{x) = /o(0) - f 0 (x) = /i(0) - fi(x) 


for all x £ A. 

Proof. The proof follows from Theorem 2.1. □ 


3. Derivations on proper Lie CQ*-algebras 

Throughout this section, assume that ( A , Aq) is a proper Lie CQ*-algebra with C*-norm 
|| . \\a 0 and norm || . ||^. 

Theorem 3.1. Let (p : Aq x Aq — > [0, +oo) be a mapping such that 

= 0 ( 3 - X ) 

for all iv o, w\ £ Aq and let /, /o, /i : Aq — )• A be mappings with /( 0) = 0 and f(w ), /o(0) £ 
Aq for all w £ Aq and 

\\pf{w) - /oOo) - fi(wi)\\A <|| kf{ ^ W + ^ 0 + Wl ) || A) 

II /([igo, YGi]) + [/o(wo),wi] + (w 0 ,fi(wi)] \\a < (p{w 0 ,w i) (3.2) 

and all w,wq,w\ £ Aq. Then the mapping f : Aq — > A is a Lie derivation. 

f(x) = /o(0) - fo(x) = /i(0) - fi(x) 


for all /i £ T 1 
Moreover, 

for all x £ Aq. 
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Proof. By the same reasoning as in the proof of Theorem 2.1, the mapping / : Ao — > A is 
C-linear and f(x) = /o(0) — fo(x) = /i(0) — fi(x) for all x G Aq. By (3.1) and (3.2), we have 

||/([uj 0 ,«h]) - [f(w 0 ),wi] - [w 0 ,f(w i)]||a 
= n^o^^ 2n ^ W0,Wl ^ + [/o(2 n ^o),I^l] + [2 n Ul 0 , fl{wi)]\\ A 
< lim ~<p(2 n w 0 ,wi) = 0 

n — >-oo 2 n 

for all wq,w\ G Aq. So 

f{[w 0 ,w i]) = [f(w 0 ),wi] + [w 0 ,f(wi)] 

for all wq,w\ G Aq. Therefore, the mapping / : Aq — > A is a Lie derivation, as desired. □ 
Remark 3.2. We can formulate a similar theorem if we replace the condition (3.1) by 

Ijm ^(i«o,2 n iiii) = 0 

n— >oo 2 n 

for all iuq, w\ G Aq. 

Corollary 3.3. Let 9,ro,r\ be non-negative real numbers such that rj G [0,1) for some 
0 < j < 1 and let f,fo,fi ■ A — > B be mappings with /( 0) = 0,f(w), /o(0) G Ao for all 
w G .Ao and satisfying (3.2) such that 

\\f([w 0 ,wi}) + [/o(ia 0 ), u’i] + [w 0 , fi{wi)]\\ A < ddlwoll^ + ||ah|lA 0 ) 

for all wo , nil G Ao (by putting ||.||^ = 1). Then the mapping f : Ao — > A is a Lie derivation. 
Moreover, 

f(x) = /o(0) - fo(x) = /i(0) - fi(x) 

for all x G Ao- 

Proof. The proof follows from Theorem 3.1. □ 

Corollary 3.4. Let 9,ro,r\ be non-negative real numbers such that rj G [0,1) for some 
0 < j < 1 and let /, /o,/i : A — > B be mappings with /( 0) = 0 and satisfying (3.2) such 
that 

\\f([w 0 ,wi]) + [/o(wo),wi] + K,/i(^i)]|| a < ^IK^oIIXU^iIIao 

for all wo, w\ G Ao (by putting ||.||^ = 1). Then the mapping f : Ao — > A is a Lie derivation. 
Moreover, 

f(x) = /o(0) - fo{x) = /i(0) - /i(x) 

for all x G Ao- 

Proof. The proof follows from Theorem 3.1. □ 

4. Stability of homomorphism in proper Lie CQ*-algebras 

Using an idea of Gavruta [7], we prove the Hyers-Ulam stability of homomorphisms in 
proper Lie CQ*-algebras. 

Theorem 4.1. Let (p : A x A — > [0, +oo) be a mapping such that tp( 0, 0) = 0 and 

lim —<p(2 n x,2 n y) = 0, (4.1) 

1H OO 2 n ’ V ' 
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oo 

(fix) 2 * x ) + vK 2 ^, 0) + ¥>(0, 2*x)j < oo (4.2) 

i = o A 

for all x, y G A and let /, fo, fi : A B be mappings with /( 0) = 0 and f(w), fo(w), fi(w) G 
L?o /or all w G Ty such that 

\\f(fj,x + ny ) - m/o(z) - M/i(y)lls < <p(x,y), (4.3) 


||/(u >0 + itq) - /o(wo) - /i(^i)||s 0 < ^(w 0 ,uii), (4.4) 

||/([™o,x]) - [/o(u>o),/i(x)]||b < <^(w 0 ,a;) (4.5) 

/or all pi G T 1 , all wo,wi G Ao and all x,y £ A. Then there exists a unique proper Lie 
CQ* -algebra homomorphism H : A — >• B such that 

II /(*) - #(®)||b < ^0), 

ll/o(x)-/o(0) - H(x)\\ b < \t{x) + <p(x,0), ( 4 - 6 ) 

||/i(*)-/i(0) - H(x)\\ b < ^<p(x) + ip( 0,x) 

for all x G A. 

Proof. Letting y = 0 and pi = 1 in (4.3), we get 

\\f(x) - fo(x) - /l (COH b < <^(x,0) (4.7) 

Similarly, we get 

11/(2/) - /i(y) - /o(0)||b < <p(0,y) (4-8) 

for all x,y G A. Using (4.7) and (4.8), we get 

\\f(px + py)-iaf(x)~nf(y)\\ B <^(x,y) (4.9) 

where 

V>(x, y) := <p(x, y ) + <^(x, 0) + ip{ 0, y) 
for all pi G T 1 and all x, y E A Letting x = y and pi = 1 in (4.9), we get 

II / (2x) - 2 /(x)||b < ^(x, x) (4.10) 

Replacing x by 2 n x in (4.10) and dividing both sides of (4.10) by 2 n+1 , we get 

/(2 n+1 x) /(2 w x) if(2 n x, 2 n x) 

2 n + 1 2 n b “ 2 n+1 ' 

for all xGi and all non-negative integers n. By (4.11), we have 


(4.11) 


/(2 n+1 x) /( 2 m x)i ^ 1 A V»(2 i x,2 i x) 

9n+l 9m | ^ — 2 ^ ^ 92 


(4.12) 


for all x G A and all non- negative integers n and m with n > m. Thus we conclude from 
(4.2) and (4.12) that the sequence {^/(2 n x)} is Cauchy in B for all x G A. Since B is 
complete, the sequence {^f(2 n x)j converges in B for all x G A. So one can define the 
mapping H : A — > B by 


H(x) := lim — /( 2 n x) = lim — fA2 n x) (i = 0, 1) 
V ' n-Kx> 2 n V n-X > o 2 n K 


(4.13) 
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for all x £ A. Letting m = 0 and passing the limit when n — > oo in (4.12), we get (4.6). It 
follows from (4.1), (4.3) and (4.13) that 


H(/ix + ny) - p,H(x) - pH(y) 

1 


B 


f{2 n y,x + 2 n yy) - yf 0 (2 n x) - yfi(2 n y) 


= lim — 

n— >oo 2 n 

< lim f’V'X'ry) = Q 

n— >oo 2 n 


B 


for all /iGT 1 and all x,y £ A. Hence 

H(nx + fiy) = nH(x) + nH(y) 

for all /iGl 1 and all x,y £ A. By the same reasoning as in the proof of [13, Theorem 2.1], 
the mapping H : A -A B is C-linear. It follows from (4.4) and (4.13) that H(w) £ Bq for all 
w £ Aq. It follows from (4.1), (4.5) and (4.13) that 

11 # ([“,*]) - [H(« 0 ,ff(x)]|| B < Jgn, 5 ^||/( 4 ’*[«’> iE ]) “ |/o( 2 ”w),/i( 2 ”x)]|| b 

< lim y(2 ’ V - 2 " X) = 0 

n— >oo 4 n 

for all w £ Ho and all x £ A. Hence 

H([w,x]) = [H(w),H(x)] 

for all w £ Ho and all x £ A. So H : A — > B is a proper Lie C'Q*-algebra homomorphism. 
Now, we show that H : A — > B is unique. Let T : A — > B be another proper Lie CQ*- 
algebra homomorphism satisfying (4.6). It follows from (4.2), (4.6) and (4.13) that 

II H(x) - r(x)|| B = n lim l||/( 2 »x) - T( 2 ”x)|| b 

£ l lis . = 0 


for all x £ A. So H = T. 


□ 


Corollary 4.2. Let 0,ro,r\ be non-negative real numbers such that 0 < ro,ri < 1 and let 
/,/o,/i : A — > B be mappings with /( 0) = 0 and f(w),fo(w),fi(w) £ Bq for all w £ Ho 
and 


in 1 

U L 


\\f(yx + yy) - nf 0 {x) - nfi(y)\\ B < 0(|M|^° -+ 

\\f( w o + w i) - /0O0) - /i(wi)||bo < ^GNIIa + IHIIa)’ 


ll/(K,*]) - < 0(IM2 + \\x\\ r 2) 

for all y £ T 1 7 all wq,w\ £ Ho and all x,y £ H (by putting ||.||^ = 1). Then there exists a 
unique proper Lie CQ* -algebra homomorphism H : A — > B such that 

II ll r ° II || r l 

\\f(x)~H(x)\\ B <2(^A_ + f^)e 

II 1 1 r 0 II 1 1 7*1 

||/ i ( z )-/ i (0) - H(x)\\ b < 2 ( J _ ^ + 2 - 2 r ^ 6 + ^ = °’ ^ 

for all x £ H. 

Proof. The proof follows from Theorem 4.1. □ 
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Corollary 4.3. Let 9,ro,ri be non-negative real numbers such that A := ro + n < 1 and let 
/, /o,/i : A — > B be mappings with /( 0) = 0 and f(w),fo(w),fi(w) G Bq for all w G Aq 
and 


\\f(fix + ny) ~nf 0 (x) - nfi{y)\\ B < 0||®|IaIIj/IIa> 

Wfiwo + wi) - /o(w’o) - fi{m)\\B 0 < OWwoW^WwiW 1 ^, 

II f([wo,x]) - [fo{wo), h(x)]\\ B < d 1 1 Wq 1 1 ^4 1 1 1 1 

for all n G T 1 , all wq,w\ G Aq and all x,y G A (by putting ||.||^ = 1). Then there exists a 
unique proper Lie CQ* -algebra homomorphism H : A — > B such that 

II fix) - H(x)\\ b < 2 _f ||a?|| a> 

II /»(*) - /i( 0 ) - H(x)\\ b < 2 2A ||a || a (* = !) 


/or all x G A. 

Proof. The proof follows from Theorem 4.1. □ 

For ?’o = n = 0, we have the following theorem: 

Theorem 4.4. Let 6 be non-negative real number and let /, fo,fi : A — >• B be mappings 
such that f(w ), fo(w), fi(w) G .Bo /or all w G vlo and 

\\f{px + /xy) - /x/o(z) - pfi{y)\\ B < 0, 


\\f(wo + wi) - fo(w 0 ) - /i(ioi)||b 0 < 0, 


II f([wo,x]) - [Mw 0 )Ji(x)]\\b < 0 

for all n G T 1 , all iuq,wi G Aq and all x,y G A. Then there exists a unique proper Lie 
CQ* -algebra homomorphism H : A — > B such that 

11/0*0 — H{x)\\ b < 30 + M, 

\\fo(x) + /i(0) — H(x)\\ b < AO + M, 

II /i 0*0 + /o(0) — H(x)\\ b < 49 + M 
for all x G A, where M = ||/ 0 (0) + /i(0)|| B . 

Proof. The proof is similar to the proof of Theorem 4.1. □ 
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5. Stability of derivation on proper Lie C(3*-algebras 

We prove the Hyers-Ulam stability of derivations on proper Lie C(3*-algebras. 

Theorem 5.1. Let ip \ AqX Aq — > [0,+oo) be a mapping satisfying (4-1) and (4-%) for all 
x,y G Aq such that 99 ( 0 , 0 ) = 0 and let /, /o,/i : To — )• A be mappings with /( 0) = 0 and 
f(w), fo(w), fi(w) G Aq for all w £ Aq such that 

II /(/rui 0 + nw{) - fifo(wo) - nfi(wi)\\A 0 < <p(w 0 ,wi), 

||/([^o, IDl]) - [/o(lt>o),Wl] - [wo, fl{m)]\\ A < (p(w 0 ,Wi) (5.1) 

for all fi G T 1 and all wq,w\ G To- Then there exists a unique Lie derivation 5 : To — > A 
such that 

II f{x) - 5 {x)\\ a < ^(®), 

\\fo(x)-f 0 (0) - S(x)\\a < ^p{x) + <p(x,0), (5.2) 

||/i(*)-/i(0) - S(x)\\ A < ^<p(x) + <p(0,x) 

for all x & Aq. 

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a unique C- linear 
mapping 6 : Aq — > A satisfying (5.2). The mapping <5 : To — > A is defined by 

S(w) := lim — f(2 n w) = lim — fi(2 n w) (i = 0, 1) (5.3) 

v ' n->oo 2 n moo 2" U K K 

for all w G To and 6(w) G To for all w G To- It follows from (4.1), (5.1) and (5.3) that 
||5([u; 0 ,ipi]) - [$(wo),wi] ~ [wo,d(wi)]|| A 

= lh A ill - [fo(2 n wo),2 n wi] - [2 n u> 0 , f±(2 n wi)] || A 

n—t oo 4: • ri 

< ]im y (2^„,2-V.) =() 

n— >oo 4 n 

for all wq,w\ G To- So 

<5([u; 0 ,u;i]) = [<5(w 0 ), wi] + [to 0 , <5(toi)] 

for all wq . w\ G To- Hence the mapping 5 : To — > A is a unique Lie derivation satisfying 
(5.2). ' □ 

Corollary 5.2. Let 9, ro,ri be non-negative real numbers such that 0 < ro,ri < 1 and let 
f,fo,fi : T 0 -» T be mappings with /( 0) = 0 and f (w) , f 0 (w) , fi(w) G T 0 for all w G T 0 
such that 

Wfipwo + yun) - pf 0 (wo) -/x/i(wi)|U 0 < ^(IhollX + IHIIaq)’ 

|| f([wo,m\) ~ [/o(^o),wi] - [w 0 ,/i(wi)]|| A < 6»(||n; 0 |||4 0 0 + ||wi||^ 0 ) 

for all fi G T 1 and all wq,w\ G To (by putting ||.||^ = 1). Then there exists a unique Lie 
derivation 5 : To — > A such that 

II || r 0 II || r l 

ll/M - «WIL < 2(|^ + |^)«, 

II I! 7 " 0 II I! 7 " 1 

ll/i(*)-/i(0) - <5(*)IU < 2 ( 2 _ 4°o + 2 - 2°i ) g + 0 INIao (* = °> !) 
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for all x G Aq. 

Proof. The proof follows from Theorem 5.1. □ 

Corollary 5.3. Let 0,ro,n be non-negative real numbers such that 0 < A < 1 and let 
f, /o, /i : A 0 — > A be mappings with /( 0) = 0 and f(w), fo(w), fi(w) G A 0 for all w G A 0 
such that 

\\f(jiw 0 + fiwi) - iafo(w 0 ) - nfi(wi)\\ Ao < 

||/(N), m]) - [/oOo),u>i] - [w 0 , fi{wi)]\\ A < ^IK^oIIXII^iIIao 

for all p, G T 1 and all wq,w\ G Ao(by putting ||.||^ = 1). Then there exists a unique Lie 
derivation 5 : Aq — > A such that 

11/0*0 - <J(®)|U < 2 

II /»(*) - M 0) - <5(x)|U < 2 _f 2A l|ag||^o (® = °> !) 

/or all x & Aq. 

Proof. The proof follows from Theorem 5.1. □ 

For ?’o = ri = 0, we have the following theorem: 

Theorem 5.4. Let 6 be non-negative real number and let f, /o, /i : Aq — > A be mappings 
and f(w), fo(w), fi(w) G Aq for all w G Aq and 

Wfiinvo + nw{) - nfo(w 0 ) - nfi(wi)\\A 0 < 0 , 

||/(K,^i]) - [/o(«*o),/i(«*i)]|U < 0 

for all fiGT 1 and all wq,wi G Aq. Then there exists a unique Lie derivation 6 : A — > B 
such that 

11/0*0 - <J(aj)|U <3 6 + M, 

\\fo(x) + /i(0) - 5(x)||a <4 9 + M, 

\\fi( x ) + /o(0) - <5(x)|U <4 9 + M 
for all x G Aq, where M = ||/ 0 (0) + /i(0)||a- 

Proof. The proof is similar to Theorem 5.1. □ 
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WOVEN FRAMES IN HILBERT C*-MODULES 

FATEMEH GHOBADZADEH, ABBAS NAJATI, GEORGE A. ANASTASSIOU AND CHOONKIL PARK* 

Abstract. In this paper we introduce woven frames in Hilbert ^‘-modules. We then investigate 
some properties of woven frames and prove some results. For a given frame {c/?;};g/ in a Hilbert C*- 
module U, we obtain some conditions on a perturbed family {ipjiei of U which imply that {< Pi}iei 
and {ipi}i£i are woven. 


1. Introduction 


1.1. Hilbert C'-modules. Let A be a (7*-algebra. A pre-Hilbert A-module is a complex vector 
space U which is also a left A- module equipped with an A-valued inner product U x U — > A 

such that 

(1) ( x , x) ^ 0, x 6 U, 

(2) (x, x) = 0 x = 0, x €E U, 

(3) (ax + fiy, z) = a{x, z) + f3(y, z ) , a, ft G C and x, y, z € U, 

(4) (ax, y) = a(x, y), x,y 6 U,a G A, 

(5) (x,y) = (y,x)*, x,yeU. 

It is easy to see that scalar multiplication and the left A-module structure of a pre-Hilbert A-nrodule 
U are compatible in the sense that 

(A a)x = a(\x) = A (ax), A G C, a G A, x € U. 

For x G U, we set ||x|| = ||(x, x)\\^ . It is well known that U is a normed space with ||.|| (see [10]). 
If JJ is complete with norm ||.||, it is called a Hilbert A-module or a Hilbert C'*-nrodule over A. We 
are especially interested in finitely and countably generated C'*-modules over unital C'*-algebras A. 
A Hilbert A-module JJ is called countably generated if there exists a countable set {xi : i G 1} C U 
such that U equals the closed linear span of the set {aiXi : i € I, ai € A}. A Hilbert A-module U 
is finitely generated if there exists a finite set {xi,X 2 ,--- ,x m } C U such that each x G U can be 
expressed as an A-linear combination of {x\,X 2 , ■ ■ ■ , x m }. 

For a unital C*-algebra A, let £ 2 (A) = {{a*}?^ C A : a » a i converges in norm in A}. The 

pointwise operations 


{<hh=i + {bi}Zi ■= + &*}*=!, a{ ai }™ 1 := {aa,}^ 


and the inner product 

OO 

({«,},“„ IMSi) := E ^ 

1=1 

turn l 2 (A) into a Hilbert A-module. The sequence where e, takes value 1^ at i and Oyj 

everywhere else, is an orthonormal basis for l 2 (A) and it is called the standard orthonormal basis. 


2010 Mathematics Subject Classification. Primary: 41A58; Secondry: 42C15. 

Key words and phrases, weaving frame, perturbation, Hilbert C*-module, woven frame. 
‘Corresponding author. 
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For Hilbert H-modules U and V. a map T : U -A V is called bounded A-linear if 
T ( \x + y) = A T(x) + T(y), T{ax ) = aT(x), A G C, x, y G U, a £ A, 

and if 

||T|| := sup j||T(x)|| : x G U, ||x|| ^ l| < oo. 

For Hilbert C*-modules U and V, a map T : U — > V is called adjointable if there is a map 
T* : V -A U such that 

(Tx,y) = (x,T*y), x£U,y£V. 

We denote by L (U,V) the set of all adjointable maps from U to V. It is easy to show that every 
T G L(C7, V ) is M-linear and bounded. In fact L (U, V) is a Banach space with respect to the operator 
norm. Moreover, L (U, U ) is a C*-algebra and we will denote it by L (U) [10]. In spite of the fact that 
every (linear) bounded operator in Hilbert space is adjointable, not all bounded linear operators on 
Hilbert (7*-modules are adjointable, since Riesz representation theorem for continuous functionals in 
Hilbert spaces does not hold for general Hilbert C*-modules (see [7]). 

Proposition 1.1. [10] Let U be a Hilbert A-module and let T be a bounded A-linear operator on U. 
Then the following conditions are equivalent: 

(1) T is a positive element ofL(U). 

(2) (Tx,x) ^ 0 for all x G U. 

Proposition 1.2. Let be the standard orthonormal basis of ( 2 (A). For a C N, we define 

P a : £ 2 (A) -A f(A) by P<j(Ylill a i e i) = J2iea a i e i- Then P ° is an adjointable projection onto 

spam{ei}i(i a . 

Proof. We have P 2 = P a , and so P a is a projection. We show that P a is adjointable and P* = P a - 
For this, let a = aiei, b = ^i e i € £ 2 (A). Then 

OO OO 

(P CT a, b) = (^2 aiei, X bjef) = X(°* e o X bjef) 

i£cr j= 1 iEcr j= 1 

OO 

= X( aie *’^ e i) = X^X a j e j, bjcf) 

i£cr i£cr j = 1 

oo 

= <X<W>XW = { a,P a b ). 

j= 1 i£cr 

This completes the proof. □ 

1.2. Frames in Hilbert CT-modules. The concept of frame for a separable Hilbert space H was 
introduced by Duffin and Schaeffer [4], and it was defined as a finite or countable sequence 
in H such that there exist constants A, B > 0 satisfying 

A||x|| 2 < X II ( x iVi ) II 2 < B \\ x \\ 2 , X G H. 
iei 

Frames for Hilbert spaces have natural analogues for Hilbert C*-modules. Frames for Hilbert C*- 
modules were introduced by Frank and Larson [7]. Hilbert (7*-module frames are generalization of 
Hilbert space frames. A frame for a countably (or finitely) generated Hilbert C'-module U is a 
sequence {</?*}*£/ (-1 is a finite or countable subset of N) in U for which there are constants A, B > 0 
such that _ 

A(x,x) ^ y^fx,pi)(ipj,x) ^ B(x,x), xeU. (1.1) 

iei 
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We consider standard frames for which JT gJ (x, (pf) (</?*, x) converges in norm for every x G U. The 
constants A, B are called the lower and upper frame bounds, respectively. If only the second inequality 
in (1.1) is satisfied, we say that is a Bessel sequence with a Bessel bound B. A frame 

is called a tight frame if we can choose A = B and a Parseval frame (or normalized tight frame ) if 
A = B = 1. 

Frank and Larson [7] showed that standard frames always exist in a countably (or finitely) gen- 
erated Hilbert C'*-module over a unital C*-algebra. Li [11] showed that every infinite-dimensional 
commutative unital (7*-algebra has a Hilbert CT-module admitting no frames. Many related concepts 
of frames in Hilbert spaces such as g-frame, perturbation of frames and Riesz bases and stability of 
g- frames were introduced and investigated in Hilbert C'*-module spaces [5, 6, 8, 9, 14, 15]. 

In this paper we introduce the concept of woven frames and investigate whose relation with per- 
turbation of frames in Hilbert ^-modules. 

Arambasic proved the following result which states that the condition (1.1) from the definition of 
standard frames can be replaced with a weaker one. 

Theorem 1.3. [1] Let A be a C* -algebra, U a countably generated Hilbert A-module, and 
a sequence in U such that ]>T gi -(x, </?,)(</?,, x) converges in norm for every x G U. Then {<£g}j e / is a 
standard frame for U if and only if there are constants C,D > 0 such that 

C||x|| 2 ^ || ^(x, x) < L>||x|| 2 , x G U. 

iei 

Let be a standard frame for a Hilbert ^-module U . We define the synthesis operator 

T : ( a (A) — > U by T({aj}i e /) = Yliei^Ti- ^ is we ^ known that T is adjointable and its adjoint 
T* : U -A f 2 (A) which is called the analysis operator fulfills T*x = {(x,^)}i e /. By composing T 
and T*, we obtain the frame operator S : U — >• U which is given by 

Sx = TT*x = x , x G U. 

iei 

The frame operator is positive, invertible, and is the unique operator in L (17) such that the recon- 
struction formula _ 

X = y ^(x,S- 1 ipi)<p i = y^(x,y?i)5~Vi, 

iel i£l 

holds for all x G U. It is easy to see that the sequences {S'^ 1 <£g}j e / and are frames for U . 

The frame is said to be the canonical dual frame of {<£g}j g / and the frame is 

said to be the canonical Parseval frame of {<fi} iei [7]- 

Theorem 1.4. [1] Let A be a C* -algebra, U a countably generated Hilbert A-modide, {tpijiei a 
sequence in U , and 9x = {(x, (fii)}i£i for x € U . The following statements are mutually equivalent: 

(1) {Vi} ici is a standard frame for U. 

(2) 6 e L {UA 2 (A)) and 9 is bounded below with respect to norm, i.e., there is m > 0 such that 
\\9x\\ ^ m||x|| for all x G U. 

(3) 9 G L (U,£ 2 (A)) and 9 is bounded below with respect to the inner product, i.e., there is m! > 0 
such that (6x, 9x) ^ m! (x, x) for all x G U . 

(4) 9 G L (U,£ 2 (A)) and 9* is surjective. 

Theorem 1.5. [1] Let A be a C* -algebra, V and W countably generated Hilbert A-modules, and 
T G L(V, W) surjective. If {fi : i G 1} is a standard frame for V with frame bounds C and D, then 
{Tipi : i G 1} is a standard frame for W with frame bounds ^tt *) -ty an( ^ T)||T|| 2 . 

For the converse, we have the following. 
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Proposition 1.6. Let be a frame for U and P be an adjointable operator on U such that 

{Ppi} i£i is a frame for U. Then P is a surjective operator. 

Proof. Let S be the frame operator of {ipi}i £ j. Then 

^2(x,P(pi)P(pi = P | '^2(P*x,(pi)(fi j = PSP* (x), x £ U. 

iei Vie/ J 

So PSP* is the frame operator of {P(pi}i£j. Since PSP* is invertible, we infer that P is surjective. □ 

Definition 1.7. A frame for a Hilbert A-module U is said to be a (standard) Riesz basis for 

U if it satisfies 

(i) tpi A 0 for alii G I; 

{ii) if a jTj = 0 f° r { a j : j G J} C A and J C I, then every summand ajxj is equal to zero. 
We need the following lemmas to obtain optimal frame bounds. 

Lemma 1.8. [12] Let a,b be positive elements of a unital C* -algebra A. If a ^ b, then 0^6 1 ^ a 1 . 
Lemma 1.9. [13] Let T be a bounded and A-linear map on Hilbert A-module U. Then 

||T|| = inf{JO : (Tx,Tx) ^ K(x,x), x G U}. 

In the rest of paper we suppose that A is a unital C*-algebra and U is a countably or finitely 
generated Hilbert A-module. 

Theorem 1.10. Let {ipi}i £ i be a frame for U with lower and upper frame bounds A and B, respec- 
tively. Let S be the frame operator of Then 

(1) is a frame with lower and upper frame bounds B and A” 1 , respectively. 

(2) The optimal frame bounds A, B for {v?i}ie/ are given by 

A=||5- 1 ||- 1 , B = \\S\\. 

Proof. (1) Since S' -1 is an adjointable and invertible operator, by Theorem 1.5, {S~ 1 ipi}i^j is a 
frame for U . We show that L> -1 and A~ 1 are frame bounds of Since Aid ^ S ^ 

Bid, we have B _1 Id ^ S ^ A~ l Id by Lemma 1.8. This means B~ 1 (x,x) ^ (S~ 1 x,x) ^ 
A^ 1 (x,x) for all x G U. 

On the other hand, for every x & U we have 

y^fx, S~ 1 ipi)(S~ 1 ip i , x) = y^{S~ l x,ip i ){^i,S~ 1 x) = {SS~ l x,S~ l x) = (5 _1 x,x). 
is/ i£l 

Therefore, 

B~ l {x,x) ^ y^ix, S~ 1 <pi}(S~ 1 ifi, x) ^ A~ l {x, x), x G U. 
iei 

(2) It is clear that (S^x, S^x) ^ B(x,x) for all x G U. By Lemma 1.9, we have 
|| £2 1| = infjlO : (S*x, Sz) ^ K(x, x) , x G U}. 

So Ills'll = || S' 2 S' 2 1| = || S 2 1| 2 is the optimal upper frame bound for {^i}«e/ 

11511 = 115553 1| = || 55 || 2 = B. 

For the optimal lower frame bound, since the frame operator of {£ -1 <£>j}j e / is 5 -1 , we get 
||5 _1 || is the optimal upper frame bound for {5 _1 <£>j}j e /. Thus II5” 1 !! -1 is the optimal lower 
frame bound for { 

This completes the proof. □ 
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Proposition 1.11. Let be a Bessel sequence in U and S : U -A U be given by 

Sx = ^{x, x £ U. 

iei 

If there exists a constant A > 0 such that 

IISx’H ^ A||ai||, x £ U, (1.2) 

then {(fijici is a frame for U with lower frame bound A. 

Proof. We define the operator T : ( a (A) -A U by T({aj}i e /) = Yliei a iPi- Since {tpi}i£i is a Bessel 
sequence in U, T is well defined, adjointable, and S = TT* . By (1.2), we have 

A 

\\T*x\\ > — ^|-||x||, xEU. 

Hence by Theorem 1.4, {</?*}«£/ is a frame for U. Therefore S is invertible and ||S ,_1 || ^ A~ l . 
Since the optimal lower frame bound for {<p>i}i£i is ||<S' _1 || _1 , we get A is a lower frame bound for 
Wi}i£l- □ 

If Wi} is a frame for U with lower bound A and frame operator S, then 

US’xll = sup \\{Sx,y)\\^ T^-r\\{Sx,x)\\^ A\\x\\,, x€U\{0}. 

IMI=i INI 

Therefore, ||Sx|| ^ H||x|| for all x £ U. 


2. Woven frames 


The concept of woven frames for Hilbert spaces was introduced in [2]. 

In this section we introduce woven frames for finitely or countably generated Hilbert (7*-modules. 
We use the notation [m] = {1, ..., m} in the rest of the paper for m £ N. 


Definition 2 


.1. A family j . ^ ^ of frames for U is called woven if there exist universal 

constants 0 < A < B < oo such that for every partition {a j}j^[M] °f I, the family {(pij ,je[M] is a 
frame for U with lower and upper frame bounds A and B, respectively. Each family ,je[M\ 

is called a weaving. 

To verify that a family of frames is woven, it is enough to check that there exists a universal lower 
frame bound, since every weaving automatically has a universal upper frame bound. 

Proposition 2.2. If < {<fij}iei f is a family of Bessel sequences with bounds Bj for j £ [M], 
I J je[M] 

then every weaving is a Bessel sequence with Bessel bound Bj. 

Proof. For every partition {<Xj}j£[M\ of I and every x £ U, we have 

M M M 

EE <*» Pij) (<Pij > x ) < Wi> (Wi > *} < B i x ) ■ 

j = 1 i£<7j 3= 1 *67 j = 1 

So V ; U | Bj is a Bessel bound for every weaving. □ 

By Theorem 1.5 and Proposition 1.6, we get the following. 


Proposition 2.3. Let 


j 6 [M\ 


be a woven family of frames for U and P : U — > U be an 


adjointable operator. Then j are woven frames if and only if P is surjective. 
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Corollary 2.4. Let an d be two woven frames. We can always assume that one of 

this two woven frames is Parseval. 

Proof. Let S be the frame operator of { • Then by Proposition 2.3, and 

are woven frames, where {S~ 2 <p i J i£ j is a Parseval frame. □ 

In the following proposition, we assume that Z(A) = {a G A : ab = ba,Mb G A}. 

Proposition 2.5. Let and {ifi}iei be woven frames for Hilbert A-module U with universal 

lower and upper bounds A,B, respectively. Assume that {oi}j e / and are sequences in Z(A) 

such that 0 < C1_a ^ a*at ^ D 1^ and 0 < CIa ^ b*bi ^ D 1^ for all i G I. Then and 

{biil>i}i£i are woven frames for U with universal lower and upper bounds AC and BD, respectively. 

Proof. Let a C / and x G U. Then 

y ^(x,anpi)(ai<pi,x) + y^ j (x,b i 'i/>i}(biij>i,x} 

iEcr i£cr c 

= 22 a i ( x , Vi)ai{Vi, x) + 22 b* (x, ifi)bi{ifi, x ) 

i£cr i£cr c 

= '52 a * ai ( x , l Pi)(<Pi, x ) + 22 b ibi{ x ,ipi){^i,x)- 

iEcr i£cr c 

The last equality implies that 

AC(x,x) < y ^(x,ai<pi}(aiipi,x} + 22( x ’bii>i)(bi'tpi,x) < BD(x,x). 

i£cr i(fiG c 

Thus two frames {o n (p t }i^r and are woven. □ 

In the following result the commutativity of coefficients is not necessary. 

Corollary 2.6. Let {ipi}i£i and {V'ijie/ be woven frames for U with universal lower and upper 
bounds A,B, respectively. Assume that {Aj}j e / and are sequences in C such that 0 < C ^ 

|Aj| 2 ^ D < oo and 0 < C ^ \ni\ 2 ^ D < oo for all i G I. Then {\i<fi}i£i and are woven 

frames for U with universal lower and upper bounds AC and BD, respectively. 

Proposition 2.7. Assume that and { ipi}i£j are woven frames. If J C I such that 

and are Bessel sequences, then {}fii}iei and {'ftjtei are woven. 

Proof. By Proposition 2.2, it is enough to show that there is a universal lower bound. Let a C I and 
x G U. Then 

A(x, x) ^ E (x,ipi){<pi,x) + 22 (X’^i&’X) ^ 22( x ’ ipi ')( ipi ’ x ') + 22^ x, ^^ i,x ^- 

iGcrfl J iGa c nJ iEa iGa c 

This completes the proof. □ 

The next result shows that we can remove some vectors from woven frames. 

Proposition 2.8. Let and {ipifiti be woven frames for U with universal lower and upper 

frame bounds A and B, respectively. If J C I and there exists 0 < D < A such that 

y ^(x,ipi)(ipi,x) < D(x,x), xeU, 
i£j 

then {Pi}i£(i\j) and {V ; i}ie(/\J) are woven frames for U with universal lower and upper frame bounds 
A — D and B, respectively. 
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Proof. Suppose that cr C ( I\J ). Then 

^2(x,ipi)(ipi,x) + X {x,A){A,x) ^ ^2 (x,<pi)(<pi, x) + X {x,A){^i,x) 

ie(I\J)\<T iGcrUJ i£(I\J)\a 

A B(x, x), 


iSLcr 


and 


Y( x 'Vi){Vi,x) + Y (Xi^iAiX) 

*e(A J)V 


2E0- 


c 

□ 


= ( X] (X’VdiVi’X) ~ Y( X 'Vi){Vii X ) ) + X (x,lfi)(lfi,x) 

ViScrUJ iSJ / iS(/\J)\c 

/ (vl - D)(x,x) 

for all i 6 P. So A — L> and B are lower and upper weaving bounds as desired. If we set a = J' 
(respectively a = 0), then {<^i}ie(/\J) (respectively {V ; i}ie(/\J)) is a frame for U. 

Since every frame is woven with itself, we have the following. 

Corollary 2.9. Let {<Pi}i£i be a frame with lower frame bound A for U . If J C I and there exists 
0 < D < A such that 

Y( x iPi)(Pi> x ) ^ D(x,x), xeU, 
i£j 

then {pi}i£i\j is a frame with lower frame bound A — D. 

In the next example, we show that if a frame is woven with a Riesz basis, it may be not a Riesz 
basis. However in Hilbert spaces a Riesz basis only is woven with a Riesz basis and it cannot be 
woven with a frame which is not a Riesz basis [2]. 

Example 2.10. Let l°° be the set of all bounded complex-valued sequences. If the multiplication is 
defined pointwise and the involution is defined by conjugate, then A = l°° will be a C*-algebra with 
supremum norm. Let U = Co be the set of all sequences converging to zero. For any u = , v = 

G U and € A, we define 

(U,V) = UV* = 1, 1 = 

Then U is a Hilbert H-module. Obviously, {ej}igpp where e* takes value 1 at i and 0 everywhere else, 
is an orthonormal basis of U. Now let Xi = e t for each i, and 


Vi = 


e\ + e 2 if i = 1,2 


if*/ 1,2. 

Then {xjligp} is a Riesz basis that is woven with {yi}i but {*/i}jgN is not a Riesz basis. 


3. Perturbation and woven frames 

In this section we show that under some conditions frames that are perturbation of each other are 
woven. 

Theorem 3.1. [8] Let U be a finitely or countably generated Hilbert A-module over a unital C*- 
algebra A, and {ipi}i£i be a frame for U with frame bounds A and B. Suppose that {V’ijie/ a 
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sequence of U and that there exist Ai,A 2 > 0 such that max{Ai + ^>-^ 2 } < 1- Then {V’ijie/ is 
also a frame for U with frame bounds 


(1 - \i)VA ~ fi 
1 + A 2 


(1 + Xi)Vb + /r 
1 — A 2 


if one of the following conditions is fulfilled for any finite sequence {ctj}™ =1 C A and all x 6 U: 

1 1 

n 2 n 2 

YAxm - ipi)^ - ipi,x) ^ Ai y ^( x ,ipi)(ipi, x ) 

i=l i = 1 

1 

n 2 

+ A 2 +/a \\x\\; 


Y a i(Ti - V’i) < Al +-^2 +h Yj aia *i 

i=l i=l i = 1 i=l 

We show that if {</?*}«£/ and have the above perturbations, then they may be woven frames. 

Theorem 3.2. Let {<Pi}i£i be a frame for U with frame bounds A, B and be a sequence in 

U . If for all sequences {di}i£l £ ! 2 (A) 

1 

2 

Y a i(Ti - V’i) ^ Al +-^2 +M Yj aia *i > (3-1) 


- f>i)(<Pi - ipi,x) < Ai y ^{ x ,wi){tpi,x) 


+ A 2 y^(ar,V>i)(V>i,x) +/x||x| 


/or some Ai, A 2 , t 1 > 0 swc/i that max{Ai + -^=, A 2 } < 1 and 


U-/B + + fY + 11 + ^ (Yet 


(1 + AijV^B + /t 

1 — A 2 


^ a < T, 


f/ien {'i/’jjjg/ is a frame for U , and two frames and {(pi}i<=i are woven. 

Proof. By Theorem 3.1, {i/>i}i£i is a frame for U with bounds 


(1 — \i)\fA — g 1 
1 + A 2 


(1 + Xi)'/B + /i 

1 — A 2 


Suppose that a C I and P a : i 2 (A) -A i 2 (A) denotes the projection described in Proposition 1.2. 
Let T,R be the synthesis operators for the frames and {V’i}*e/> respectively. We define 

T a: R a : I 2 (A) -A U by T a = TP a and R a = RP a ■ It is clear that 

Tr ({Ui}i£/) — TP<j ({o-j} i£l) — " QiPii 
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and 




iEcr 


Since ||Po-|| ^ 1, we have \\T a — R a \\ ^ || T — i?||, ||T CT || ^ ||T|| and ||i? CT || ^ ||i?||. Also the inequalities 
in (3.1) and (3.2) become 

||T - fl|| < X,VB + A2 <l±M^±ii + 

1 — A2 


and 


T* - B-|| < A 1 VB + A 2 (1 + ) l)x f + '‘ 

1 — M 


+ + 


For every x E U, we have 

^2{x, ipi)tpi - ^( x , 1pi)lpi 


i£a 


i£a 


< 


|T ct t;x - R a R*x II 

ICW - To-i?*)®!! + \\{T a R* - R a R*)x || 
1^11117^-^1111*11 + 11^-^1111^*1111x1 
|T||||T-i2||||*|| + ||T-i2||||i2||||*|| 
|T-i2||(||r|| + ||il||)||*|| 


< (A 1 YB + A 2 (1 + ) 1 ))| 5+f ‘ + A .) (||T|| + ||J2||)||x|| 

< ( A 1 YB + A 2 (1 + ) 1 )'( 5+f ‘ +^ ( yb + (1+ ) 1 )'( 5 + 




LX 


^ o||x||. 


Therefore, 



+ y ^{x,ipi)<pi 

— 

^2(x,(pi)ipi + 1 

y^(x, ~ y^(x, (pi)^ | 


iGcr c 


iei 

\i£<r iGcr J 




j 2{x,<Pi)<Pi 


iei 


^2(x,^i)A - ^2{x,ipi)<pi 


i£cr 


i€.o 


> A||x|| - 


E(x, V’*)^ - 


iEcr 


iE<r 


^ A||x|| — a||x|| = (A — or) ||x|| 

for all x G U. So by Proposition 1.11, and {V’ijie/ are woven under the perturbations (3.1) 

and (3.2). □ 

Theorem 3.3. Let {</2i}ie/ an d {f>ij}iei be frames with bounds A, B and Aj , Bj for j = 1, ..., n — 1, 
respectively. Suppose that A £ (0, 1) such that A (\/B + y/Bj) ^ a /or all j = 1, ... , n — 1, where 
(n — l)a < A . If 

| - ipjj) < A||{ai} ie /||, j = 1, . . . , n — 1 (3.3) 

iei 
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for all {at}i£i G £ 2 {A), then {(pijiei and {V’ijlie/ f or j = 1 — 1 are woven frames with bounds 

A — (n — 1 )a and B + Bj- 

Proof. Suppose that P a : £ 2 (A) £ 2 {A) denotes the projection (with respect to a C I) described 

in Proposition 1.2. Let T and Tj be the synthesis operators for the frames and {'fijjiaU 

respectively. Let a U {a 3 }”= / be an arbitrary partition of I. We define 


T a = TPv, Tj = TjP aj , j = 1 , . . . , n - 1. 


It follows from (3.3) that 
For every x & U, we have 


\\T-Tj\\ < A. 


and 


Hence 


Therefore, 


n— 1 


EE 

j = 1 Vieo-j 


2GcTt 


n— 1 




j=l 

n—1 


< E W - TtjTJj WII, 


j=l 


n— 1 


Eiii’y'i'Wi’) 


J = 1 


n— 1 


n— 1 


< E II T bTL 0 * ) - Tj aj T*. (x) || + E 11^. ^.(x) - T aj T*.(c 


3 = 1 
n— 1 


i=i 


n— 1 




<Eii T iiiii T - r jiiii x ii+Eii r ini T - r J 

i=i i=i 

n— 1 

<E>(^ + V^)II 

i=i 

^ (n — l)a||x||. 


n— 1 / 

EE (x,^ij)ipij - ^2{x,ipi)<fi 
j= 1 \itCTj iecrj 


n—1 

EE (x, + E^> 


il 


x 


^ (n — l)a||x| 


iGcr 


n—1 


E<x, ¥*>¥>< + EE (x^ij^ij ~ ^(x,Pi)Pi 

j = i Veoj 


iei 


i£cTj 


> 




iei 


n—1 


EE (x^ijWij ~ ^2{x,tpi)<pi 

j = i \ie<Tj 


iecr.j 


^ H||x|| — (n — l)a||x|| = [H — (n — l)a]||x| 
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for all x G U . So by Proposition 1.11, we get the result. □ 

Proposition 3.4. Let be a frame for U with frame bounds A,B and be a sequence 

in U . Let Ai, A 2 , n > 0 such that max{Ai + A 2 } < 1 and 


Ai \J~B + A2 


(1 + + [i 

1 — A 2 


+ H < Va. 


If 


YXx^j - ifi)(tpi - ifi,x) 


iei 


A Ai 


+ A 2 


iei 

Yi x ^i)^ x ) 


i£l 


(3.4) 


+ p\\ x \\, 


or 




i&I 


A Ai 


X ) Uiipi 


iei 


+ A 2 




iei 


+ h 


E 

iei 


UiQji 


(3.5) 


for all x G U and all {aj}j € I 2 (A), then is a frame and it is woven with 

Proof. It follows from Theorem 3.2 that is a frame for U. We only show that {ifi}i£l is woven 

with Suppose that a C /. If the inequality (3.4) holds, then we have 


i£cr i£cr c 


1 

2 


= \\{( x ,Vi)}iea U {{x^i)} ie(T c\\ 

= || {{x,Wi)}i &a U {{x,Wi) - (x,<pi - lfi)}i & aA\ 

= \\{( x ,Pi)}i£i - {{x,Vi - ^i)}i€aX\ 

> ||{(*,^)}i 6 /|| - ||{(a:,¥’i - A)}iea 4 

> Va\\x\\ - L Vb + x 2 (l±LhA±t + A 

VA - (a 1 /b + a 2 (1 + ) 1>% ( 5 + '‘ + m N 

V 1 - a 2 


for all x € U. 

If the inequality (3.5) holds, then T : 1 2 {A) -V U given by T({aj}i) = Yliei a t(‘-Pi~' > h) is well defined 
and bounded with ||T|| ^ Ai \J~B + A 2 + 1 1 - It is easy to see T*(x) = {(x, ipi — ipi)}iei 
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for all x £ U . Therefore, 


(Pi) (tpi, x) + ( x , V’i) (ipi, x) 


i£<j 


i£a c 


= \\{{x,Vi)}ie<? U {{x,rpi)} iea c\\ 

= || {(x,ipi)} ie(T U {(x,<pi) - (x,ipi - A)}ie<rc\ 

= \\{{x,ipi)} ieI - {(x,ipi - A)}ie<?4 
> ||{(x,^)} ie ;|| - \\{{x,<fi - A)}iea c \\ 
>YI||x||-||r*||||i|| 

Va- (a, Yb + a A 1 ^'^ 

for all x € U. Hence {<pi}i e i and {V’ijie/ are woven by Proposition 1.11. 


x 


□ 


Corollary 3.5. Let be a frame for U with bounds A,B, and let be a sequence in U. 

If there exists a constant R < A such that 

^2(x,Lpi - ipi)(l>i ~ ipi,x) 

iei 

then is a frame for U and {f'ijiei Is woven with {</?* }iev - 


^ .R 1 1 x 1 1 2 , x £ U, 


Lemma 3.6. [3] Let X be a Banach space and let T : X -A X be a linear operator. Assume that 
there exist constants Xi, X -2 £ [0, 1) such that 

|| Tx — x || ^ Ai || x || + A 2 ||Tx||, x £ X. 


Then T is a bounded and invertible operator on X , and 


1 ~ Aj 

1 + A 2 


x 1 1 ^ ||Tx|| ^ 


1 + Ai 
1 — A 2 


1 — A 2 
1 + Ai 


IT^xII £ 


1 + A 2 
1 — Ai 


x 


x £ A. 


Theorem 3.7. Let {ipi}i£i be a frame for U with frame bounds A,B and let T : U — »• U be an 
adjointable operator. Assume that X\, X 2 £ [0, 1) such that \f~B{ X\ + A 2 IITH) < \[A. If ||T — Id\\ < 
X\ + A 2 ||T||, then {<Pi}i£i and {T<pi}i £ j are woven. 


Proof. By Lemma 3.6, T is invertible and we get that is a frame for U. For every a C I 

and for every x £ U, we have 

1 

2 

= \\{{x,(fi)} i£(T U {(x,T(fi)} i£<r c\\ 

= ||{(x,v?i)}ie<7 U {(x, <pi) - (( Id-T*)x,tpi)} i£a c\\ 

= \\{{x,Vi)}ieI ~ {({Id — T*)x, ipi)}i£rrc || 

^ ||{(®,¥>i)}ie/|| - \\{{( Id ~ T*)x,<pi)} iea c\\ 

^ y/A\\x\\ - y/B\\(Id - T*)x\\ 

> (VA-VB\\Id-T*\\)\\x\\ 

> {y/A- VB(Xi + A 2 ||T||))||x||. 

So by Theorem 1.3, we get the result. □ 


5>,<^,x) + (x, Tipi)(Tipi, x) 

i£cr i£a c 
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Corollary 3.8. Let be a frame for U with frame bounds A,B and let T : U -A U be an 

adjointable operator. If || Id — T\\ 2 < a with a < then and are woven. 


Remark 3.9. Corollary 3.8 can be generalized to a finite number of invertible operators, and in this 


case we assume that the sum over all j of \\Id — Tj 


is less than 



Corollary 3.10. Let {y>i}i&i be a frame with frame bounds A,B and frame operator S. If ^ < 2, 
then is woven with { and if ^ ^ (y/2 + l) 2 , then {<f>i}i£i is woven with 


2y Lab q-1 

VA+s/B b 


Vi} 


iei ■ 
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Abstract 


In this paper we investigate the asymptotic behavior of the solutions and the 
global attractivity of the equilibrium point of the following rational difference 
equation which was conjectured in ([6], Conjecture 5.170.1), 


%n-\-l 


a + fdx n + JX n - 1 
Cx n - 1 + Dx n -2 ’ 


n = 0, 1, • • • , 


( 1 ) 


with positive parametres a, /3, 7, C, D and with arbitrary positive initial con- 
ditions X_ 2 , x -i, x o- 

Key Words : Difference equation, equilibrium point, locally asymptotically 
stable, global attractor. 

Mathematics Subject Classification : 39A10 


1 Introduction and Preliminaries 

Recently it is very interesting to investigate the asymptotic behavior of solu- 
tions of a rational difference equations and there has been a lot of interest in 
studying the global attractivity of their equilibrium points. One of the reasons 
is that difference equations have been applied in several mathematical models in 
biology, economics, genetics, physiology, ecology, physics etc. See, for example, 
[ 1 ], [ 2 ], [ 3 ], [ 4 ] , [ 5 ], [ 8 ]. 

We begin by introducing some basic definitions and some theorems needed in 
the sequel. For details, see [ 7 ], [ 9 ]. Firstly, we investigate the local asymptotic 
stability of the equilibrium of the normalized form of Eq.(l) and then we study 
the global attractor of the equilibrium point of this rational difference equation. 
Finally, some numerical examples are presented to verify our theoretical results 
and graphed by Matlrematica. 

Let I be some interval of real numbers and let / : I k+1 — > / be a continuously 
differentiable function. A difference equation of order (fc + 1) is an equation of 
the form 

x n+l — f ( x m x n— l) * ? x n—k) , rl — 0,1,***. (2) 

A solution of Eq.(2) is a sequence {x n }fjL_ k that satisfies Eq.(2) for all n > 
—k. As a special case of Eq.(2), for every set of initial conditions Xq, X-i,X-2 G 
I, the third order difference equation 

*Tn + 1 ./ (, x n > x n— 1 5 x n— 2 ) ? IT — 0,1,***, (3) 

has a unique solution {x n }jfL_ 2 . 
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Definition 1 A solution of Eq. (2) that is constant for all n > —k is called an 
equilibrium, solution of Eq. (2). If 

x n = x, for all n > —k 

is an equilibrium solution of Eq. (2), then x is called an equilibrium point, or 
simply an equilibrium of Eq. (2). 

So a point x £ I is called an equilibrium point of Eq.(2) if 

x = f , x ) , 


that is, 


is a solution of Eq.(2). 


x n = x for n > —k 


Definition 2 (Stability) Let x an equilibrium point of Eq.(2). 


(a) An equilibrium point x of Eq. (2) is called locally stable if, for every e > 0; 

there exists S > 0 such that if {x n }% L_ fc is a solution of Eq.(2) with 

| x-k - x\ + \xi-k -x\-\ V\x 0 -x\ < S, 

then 

\x n — x\ < e, for all n > —k. 

(b) An equilibrium point x of Eq. (2) is called locally asymptotically stable if, it 

is locally stable, and if in addition there exists 7 > 0 such that if {x n }^L_ k 
is a solution of Eq.(2) with 


I X-k -x\ + \x-k+i -x\-\ h |x 0 - x\ <7, 


then we have 


lim x n = x. 


(c) Tin equilibrium point x of Eq.(2) is called a global attractor if, for every 
solution {x n }^fL_ k of Eq.(2), we have 


lim x n = x. 


(d) An equilibrium point x of Eq. (2) is called globally asymptotically stable if it 

is locally stable, and a global attractor. 

(e) Tin equilibrium point x of Eq. (2) is called unstable if it is not locally stable. 
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Now we present some important results and definitions which will be useful 
for our investigation. 

Suppose that the function / is continuously differentiable in some open 
neighborhood of an equilibrium point x. Let 


df 

Qi = 

OUi 


for i = 0, 1, • • ■ ,k 


denote the partial derivative of f(u ,uf) with respect to u,; evaluated 
at the equilibrium point x of Eq.(2) 


Definition 3 The equation 


z n + 1 = qoZn + qiZn -1 H 1" <?fc^n-fc , Tl = 0, 1, • • * , (4) 

is called the linearized equation of Eq. (2) about the equilibrium point x, and the 
equation 

\ k+1 - q 0 X k q k - iA - q k = 0 (5) 

is called the characteristic equation of Eq.(f) about x. 

Theorem 4 (Clark Theorem) ([6], p.6) Assume that qo,qi,—,qk are real 
numbers such that 

M + \qi\ d — + \qk\ < l- 
Then all roots of Eq. (5) lie inside the unit disk. 

We give the following theorems without proofs. The Linearized Stability 
Theorem , is very useful in determining the local stability character of the equi- 
librium point x of Eq.(2) 

Theorem 5 (The Linearized Stability Theorem) ([6], p.5) Assume that 
the function f is a continuously differentiable function defined on some open 
neighborhood of an equilibrium point x. Then the following statements are true: 

(a) When all the roots of Eq. (5) have absolute value less than one, then the 

equilibrium point x of Eq.(2) is locally asymptotically stable. 

(b) If at least one root of Eq. (5) has absolute value greater than one, then the 

equilibrium point x of Eq.(2) is unstable. 

2 Local Stability Analysis 

In this section we investigate the local asymptotic stability of the positive equi- 
librium x of the normalized form of Eq.(l). 

Lemma 6 


3 
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(a) Eq. (1) can be written in the normalized form 

a + /3x n + x n ~i 


^n+1 — 


*71-1 + Dx n _ 2 


n = 0,1 


) 1 


( 6 ) 


with positive parameters a, /?, D and with arbitrary positive initial condi- 
tions X- 2 X- 1 XQ. 

(b) Positive equilibrium point of Eq. (6) is 

_ {0 + 1) + \/(/3 + l) 2 + 4a (1 + D) 

X= 2(1 + D) ’ 

(c) The linearized equation of Eq. (6) about its positive equilibrium x is 

0 


Zn -\- 1 


(1 + D)x n (1 + D) 


x- 1 D 

-Z n - 1 + ———Z n - 2 = 0. 


1 + D 


Proof. 

(a) The Eq.(l) which by the change of variables 

_ 7 „ 

Xn 

reduces to the difference equation 

a + (3x n + x n -i 


^n+1 — 


X n -1 + Dx n - 2 


n = 0,1,- ■ 


where 


aC 0 D 

0:=-, D := — . 
7 G 


(b) The positive equilibrium points of Eq.(6) are the non- negative solutions of 
the equation 

_ a + fix + x 


or equivalently 


x = _ 

x + Dx 

(1 + D) x 2 — (1 + 0)x — a = 0. 
Hence, one can easily obtain the solutions of Eq.(7) are 


1 + /3+ v'(l + /3) 2 +4a(l + D) 
2(1 + D) 


(7) 


( 8 ) 


and 


1 + 0- y/{l + 0) 2 +4a(l + D) 
2(1 + D) 


So, the positive equilibrium point of Eq.(6) is unique and is given by (8). 
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(c) Now, let I be some interval of real numbers and let 

/ : / x I x I -» I 

be a continuously differentiable function such that / is defined by 

a + f3x n + x n -\ 


f {Xm X n —l, X n ^2) — 


X n -1 + Dx n - 2 


Thus, we obtain that 

df = 


/ 3 -(x n - 1 + PXn-2] 

L (*Tn — 1 + Dx n - 2 ) 2 J 
/3.(x + Dx) /3x(l + D) /3 


qo = w—(x,x,x) = 

OXn 


(x, x , x) 


2 (1 + D ) 2 x 2 (1 + D ) 2 x(l + D) 


df , ^ 

qi = (x,x,x) = 

ox n _i 


(x n -l + PXn-2) - (a + px n + x n _i) 
(X n -1 + Dx n _ 2 ) 2 


(x, X, x) 


'■ + Dx — x.{x + Dx) (x + Dx)( 1 — x) 1 — x 


and 


x 2 (l + D ) 2 


df , A 

q 2 = 7 . (x,x,x) = 

dx n _ 2 




(1 + D ) 2 x(l + D)' 


-(a + px n + x„_i ).D 


(x, X, x) 


(x n —i + Dx n - 2 ) 2 
— (a + px + x).D — x.(x + Dx).D — D 

(x + Dx ) 2 (x + Dx ) 2 1 + D 

If x denotes an equilibrium point of Eq.( 6 ), then the linearized equation 
associated with Eq.( 6 ) about the equilibrium point x is 


Z n + 1 = qoZ n + qiZ n - 1+ q 2 z n - 2 


or 


^n+ 1 


£ 

(1 + D)x 


-2-n + 


X — 1 

{l + D)x Z ‘ 


D 


1 + D 


:Z n .— 2 = 0. 


(9) 


Lemma 7 

when 


The positive equilihirium x of Eq. (6) is locally asymptotically stable 


(1 + P) 2 (D ~ 1) 

4 


< a 


and 


< 1. 


Proof. From Theorem 4 it follows that all roots of the characteristic equa- 
tion of Eq.(9) lie in an open disc |A| < 1, if 


M + |gi| + M < l. 


5 
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This implies that 


Hence 


_l 

(1 + D)x 


1 — x 

(1 + D)x 


-D 
1 + D 


< 1 . 


(3 |1 — x\ Dx 

(1 + D)x + (1 + D)x + (1 + D)x 
(3 + Dx + |1 — x\ 
\l-x\ 


|l-*l 


< 1 

< (1 + D)x 

< x + Dx — (3 — Dx 

< x — /3 


and so we have two following two cases to consider. 
Case I : Since 


1 — x < x — /3 


we have 


l+l 

2 


< x. 


1+/3 ^ (13 + 1) + y/{p + l) 2 + 4a(l + D) 
2 < 2(1 + D) 

(1 + P) 2 (D — 1) ^ 

4 <“• 

Case II : Since 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


it follows that 


— x + /3 < 1 — x 

( 3 < 1 . 


3 Main Result 

In this section we are concerned with the global attractor of Eq.(6). The fol- 
lowing two theorems will be needed in the main result of this paper. 

Theorem 8 ([ 10 ], p.205) Let [■ a,b ] be an interval of real numbers and assume 
that 

f : [a, b] x [a, b\ x [a, b\ — » [a, b] 
is a continuous function satisfying the following properties: 

(a) f(x,y,z) is non- decreasing in x for each y and z £ [a, b] and is non- 
increasing in y and z for each x £ [a, b] of its arguments; 


6 
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(b) If (m, M ) € [a, b\ x [a, b] is a solution of the system 

M = f(M,m,m) and m= f(m,M,M), 


then m = M . 

Then Eq.(3) has a unique equilibrium x € [a, 6] and every solution of Eq.(3) 
converges to x. 

Theorem 9 ([ 10 ], p.202) Let [a, b] be an interval of real numbers and assume 
that 

f : [a, b\ x [a, b\ x [a, b\ — S> [a, b] 
is a continuous function satisfying the following properties: 

(a) f(x,y,z) is non- decreasing in x and y € [a, b] for each z £ [a,b], and is 

non-increasing in z £ [a, b] for each x and y £ [a, b] 

(b) If (m, M) £ [a, b\ x [a, b] is a solution of the system 

to = / (to, to, M) and M = f (M, M, to) , 


then to = M. 


Then Eq.(3) has a unique equilibrium x £ [a, 6] and every solution of Eq.(3) 
converges to x. 


We are now in a position to give the main result of this work. 

Lemma 10 The equilibrium point x is a global attractor of Eq. (6) if one of the 
following statements holds: 


(i) Dw < a + /3u and ft ^ 1, 


(14) 


(it) Dw > a + ftu and D > 1, 


(ft + l) 2 (D — 1) 


(15) 


Proof. Let a and ft be real numbers and assume that g : [a, ft} 3 — > [a, ft] 
function defined by 


g (u, v, w) 


a + ftu + v 
v + Dw 


is a 


Then it follows that 


dg ( u , v, w) 
du 

dg ( u , v , w) 
dv 

dg ( u , v, w) 
dw 


ft 

v + Dw ’ 


Dw — a — ftu 
(■ v + Dw) 2 


— (a + ftu + v)D 
[v + Dw) 2 
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We consider two cases : 

Case I : If Dw < a + /3u then we can easily see that the function g (u, v, w) 
is increasing in u and decreasing in v,w. 

Suppose that (m, M) is a solution of the system M = g(M, m, m) and m = 
g(m, M, M) then from (6), we see that 

, , a + f3M + m a + /3m + M 

M = , m= . 

to + Dm M + DM 


Since 


we have 


Aim + DMm — fSM — m — a = 0 
Mm + DMm — (3 to — M — a = 0 

(to — M)(/3 — 1) = 0 


When /3 ^ 1, we have 


M = TO 


which the result follows. 

It follows from Theorem 8 that x is global attractor of Eq.(6) and then the 
proof is complete. 

Case II : If Dw > a+fiu, then we can easily see that the function g (u, v, w) 
is increasing in u,v and decreasing in w. 

Suppose that (m,AI) is a solution of the system M = g(M, AI,m) and m = 
g(m,m, M). Then from (6), we see that 

, , a + j3M + M a + /3m + to 

M = , to = . 

M + Dm m + DAI 


Since 

M 2 + DMm. - M(/3 + 1) - a = 0 
to 2 + DMm — m((3 + 1) — a = 0 

we have 

(to — M)((to + M) — (/3 + 1)) = 0 

with simple calculations. Now if m + M ^ f3 + 1, then M = to. On the other 
hand if to + M = (3 + 1 then m and M satisfy the equation 

to 2 + Dm ((3 + 1 — to) = a + /3m + m 


and so 

to 2 (1 — D) + (/3 + 1) (D — 1) to — a = 0. 
The discriminant of the Eq.(16) 


A 


[(/3+l)(D~l)] 2 + 4(l-D)a 
(D- 1) [(/3 + 1) 2 (D- 1) — 4a 


(16) 
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is negative when 

D > 1 and ((3 + l) 2 (D — 1) < 4 a 

then we have 

M = m 

which the result follows. 

It follows from Theorem 9 that x is global attractor of Eq.(6) and then the 
proof is complete. ■ 


4 Numerical Examples 


In this section we give some numerical examples to support our theoretical 
discussion which was mentioned in the previous section. 


Example 11 Consider the equation x n+ \ = 


1 -P 3a;,! -P 2x ra _i 


with initial con- 


2x n — 1 -|- X n —2 

ditions X-2 = 0.1 , X-\ = 0.2, Xq = 0.4 to verify our theoretical results. (See 
Fig. 1) 



Figure 1: Plot of the difference equation x n+ i 


l+3a: 7l +2 x n — i 
2x n -l+Xn-2 


Example 12 Consider the equation x n+ \ = " — - — - — — with initial con- 

X n —1 “P (0.1) X n —2 

ditions X -2 = 20 , X-\ = 1/3, xq = 0.1 to verify our theoretical results. (See 
Fig. 2) 
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Figure 2: Plot of the difference equation x n+ \ 


0.5+2rc ri +a; Tl _i 

X n -l+(0.l)Xn-2 
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Abstract: In this paper, we introduce a notion of hybrid pair (/, T), which is a*-admissible with 
respect to rj for generalized multivalued Geraghty U-contraction mappings and obtain coincidence and 
common fixed point results for such mappings. We provide some examples to support our results and 
give applications to dynamic programming and integral equations. Our results provide extension as well 
as substantial generalizations and improvements of several well known results in the existing comparable 
literature. 


1 Introduction and preliminaries 


Let (A, d) be a metric space. Let CB(X) ( CL(X )) be the family of all nonempty closed and bounded 
(nonempty closed) subsets of X. For A,B £ CL(X), define 

E a ,b = {£ > 0 : A C N e (B), B C N e (A)}. 

The Hausdorff metric H on CL(X) induced by metric d is given as: 

Let f : X — > X and T : X — > CL(X). A hybrid pair If, T) is said to satisfy a ranqe inclusion 
condition if /(A) C T(A). 

A point x in X is called a fixed point of T if x £ Tx. The set of all fixed points of T is denoted by 
F(T). Furthermore, a point a; in A is called a coincidence point of f and T if fx £ Tx. The set of all 
such points is denoted by C(f,T). If for some point x in A, we have x = fx £ Tx, then a point x is 
called a common fixed point of / and T. We denote the set of all common fixed points of / and T by 
F{f,T). A mapping T : A — > CL(X) is said to be continuous at p G A if for any sequence {x n } in A 
with lim d(x n ,p) = 0, we have lim H(Tx n ,Tp) = 0. 

n—too n—to o 

Definition 1.1 [28] Let a : X x A — > [0, oo). A self mapping T on X is said to be a-admissible if for 
any x,y £ A, a(x,y) > 1 implies that a(Tx,Ty) > 1. 

Hussain et al. [17] introduced the notion of a*-admissible mappings as follows: 


Definition 1.2 [17] Let a,rj : A x A — ► [0, oo) be two functions where ij is bounded. A mapping 
T : X — > 2 a is called a^-admissible with respect to p if a{x, y) > p(x, y ) implies a^{Tx, Ty) > 77 * (Tx, Ty), 
x, y £ X, where a* (A, B) = inf {a(x, y) : x £ A, y £ Bj and 77 * (A, B) = sup {p(x, y) : x £ A, y £ B}. 

°2010 Mathematics Subject Classification: 46S40; 47H10; 54H25. 

‘’Keywords: a-admissible; coincidence point; Geraghty F-con tract. ion; integral equation, dynamic programming. 
‘Corresponding authors. 
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If y(x,y) = 1 for all x,y € X, then the above definition reduces to [17, Definition 4.1]. 

In Definition 1.2, if a(x,y) = 1 for all x,y £ X, then T is called an ? 7 *-subadmissible mapping. 

We extend Definition 1.2 to hybrid pair of mappings as follows: 

Definition 1.3 Let f : X — ► X, T : X — > CL(X), and a,y : X x X — > [0,oo) be two functions where y 
is bounded. We say that the hybrid pair (/, T) is a*-admissible with respect to y if a(fx , fy) > y(fx , fy) 
implies a*(Tx,Ty) > y*(Tx,Ty), x,y € X, where 

a* (A, B) = inf { a(fx , fy) : fx € A, fy £ B} and y * {A, B) = sup {y (fx, fy) : fx £ A, fy £ Bj . 

Definition 1.4 Let f,T : X X and a,y : X x X — > [0, +oo). We say that the pair (f,T) is an 
a-admissible mapping with respect to y if a(fx, fy) > ( fx,fy ) implies a(Tx,Ty) > y{Tx,Ty), x,y £ X. 

In 1973, Geraglity [14] studied most interesting generalization of Banach contraction principle. 

Theorem 1.5 [14] Let (X,d) be a metric space. Let T : X — > X be a self mapping. Suppose that there 
exists (3 £ fi such that for all x, y £ X, 

d(Tx,Ty) < /3 (d(x, y)) d(x, y), 

then S has a fixed unique point p £ X and {T n x} converges to p for each x £ X. 

We denote by D the family of all functions /? : [0, +oo) — > [0, 1) such that, for any bounded sequence 
{t n } of positive reals, (3(t n ) -A 1 implies t n 0. 

For more discussion on Geraghty contraction mappings, we refer to [22, 23] and references therein. 
Berinde and Berinde [12] extended the notion of weak contraction mappings as follows: 

Definition 1.6 [12, 13] A mapping T : X — > CL(X) is called a multivalued weak contraction if there 
exist two constants 8 £ (0, 1) and L > 0 such that 

H(Tx,Ty) < 6d(x,y) + Ld(y,Tx) 


holds for all x, y in X. 

The following definition of a generalized multivalued ( 8 , L)-strict almost contraction mapping is due 
to Berinde and Pacurar [13]. 

Definition 1.7 [13] A mapping T : X — > CL(X) is called a generalized multivalued ( 8 1 L)-strict almost 
contraction mapping if there exist two constants 8 £ (0, 1) and L > 0 such that 

H(Tx, Ty) < 8d(x,y) + Lmin{d{y,Tx),d(x,Ty),d(x,Tx),d{y,Ty)} 

holds for all x, y in X. 

We have the following fixed point theorem given in [13]. 

Theorem 1.8 Let {X,d) be a complete metric space and T : X — > CL(X) a generalized multivalued 
(6, L)-strict almost contraction mapping. Then F(T) ^ 0. Moreover, for any p € F(T), T is continuous 
at p. 

Kamran [21] extended the notion of a multivalued weak contraction mapping to a hybrid pair {/, T} 
of single valued mapping / and multivalued mapping T. For more discussion on multivalued mappings, 
we refer to [4, 15] and references therein. 

Definition 1.9 Let ( X , d) be a metric space and f a self map on X. A multivalued mapping T : X — > 
CL{X) is called a generalized multivalued ( f,8,L)-weak contraction mapping if there exist two constants 
8 £ (0, 1) and L > 0 such that 

H(Tx,Ty) < 8d(fx, fy) + Ld(fy, Tx) 


holds for all x, y in X. 
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Abbas [1] extended the above definition as follows. 

Definition 1.10 [1] Let (X,d) be a metric space and f a self mapping on X . A multivalued mapping 
T : X — ► CL(X) is called a generalized multivalued (/, 8, L)-almost contraction mapping if there exist two 
constants 8 € (0, 1) and L > 0 such that 

H(Tx, Ty) < 8M(x, y) + LN(x , y) 


holds for all x, y in X, where 

M(x, y) = max{d{fx,fy),d{fx,Tx),d{fy,Ty), d (f x,Ty ' ) + d (flLTx) ^ 

N(x,y) = mm{d(fx,Tx),d{fy,Ty),d(fx,Ty),d(fy,Tx)}. 

Let F be the collection of all mappings F : M + — > R which satisfy the following conditions: 

(Cl) F is strictly increasing, that is, for all a,/3 G M + such that a < (3 => F(a) < F(/3)\ 

(C 2) For every sequence {a„} nS N of positive numbers lim a n = 0 if and only if lim F(a n ) = — oo; 

n—too n—>o o 

(C 3) There exists k € (0, 1) such that lim a k F(a) = 0. 

a— >-0+ 

Wardowski [32] introduced the following concept of C-contraction mappings. 

Definition 1.11 [32] Let (X, d) be a metric space. A self mapping f on X is said to be an F -contraction 
on X if there exists r > 0 such that 

d(fx, fy) > 0 => t + F(d(fx , fy)) < F(d( x, y)) 

for all x, y G X, where F G F ■ 

Remark 1.12 [32] Every F -contraction mapping is continuous. 

Abbas et al. [2] extended the concept of C-contraction mapping and obtained common fixed point 
results. They employed their results to obtain fixed points of a generalized nonexpansive mappings on 
star shaped subsets of normed linear spaces. Recently, Minak [24] proved some fixed point results for 
Ciric type generalized C-contractions on complete metric spaces. 

Sgroi and Vetro [29] proved the following result to obtain fixed point of multivalued mappings as a 
generalization of Nadler’s Theorem [25]. 

Theorem 1.13 [29] Let (X,d) be a complete metric space and T : X — ► CL(X ) a multivalued mapping. 
Assume that there exist F G F and t G M+ such that 

2 r + F(H (Tx, Ty)) < F(ad(x, y) + f3d(x, Tx) + 7 d(y, Ty) + 6d(x, Ty) + Ld(y , Tx)) 

for all x, y G X, with Tx ^ Ty , where a, jd, 7, 6, L > 0, a + (3 + 7 + 25 = 1 and 7 7^ 1. Then T has a fixed 
point. 

Acar et al. [3] proved the following result. 

Theorem 1.14 [3] Let (X,d) be a complete metric space and T : X — > K(X) ( i.e compact subsets of 
X ). Assume that there exist an F G F and r G R+ such that for any x, y G X, we have 

H(Tx, Ty) > 0 => r + F{H{Tx , Ty)) < F{M(x, y)), 


where 

M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty), d ^ x ' Ty ^ ^ d ^L Tl ) y 
Then T has a fixed point ifT or F is continuous, 

Recently, Altun et al. [6] proved the following result. 
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Theorem 1.15 [6] Let (X,d) be a complete metric space and T : X — > CB(X). Assume that there exist 
an F £ F and t, X £ R + such that for any x, y £ X, we have 

H(Tx,Ty) > 0 implies that r + F(H(Tx, Ty )) < F(d(x, y ) + A d(y, Tx)). 


Then the mapping T is a multivalued weakly Picard operator. 

For the definition of multivalued weakly Picard operator and the related results, we refer to [12]. 

Definition 1.16 Let f be a self mapping on a metric space X and T : X — > CL{X) a multivalued 
mapping. Then T is called a generalized multivalued (/, L)-almost F -contraction mapping if there exist 
F £ F and t £ R+ and L > 0 such that 

2 r + F(H(Tx, Ty)) < F(M(x, y) + LN(x, y)) (1) 

for all x,y in X with Tx 7 ^ Ty and 

M(x,y) = max{d(fx,fy),d(fx,Tx),d(fy,Ty), + d (flL T - 1 ) ^ 

N(x,y) = mm{d(fx,Tx),d(fy,Ty),d(fx,Ty),d(fy,Tx)}). 

Remark 1.17 Take F(x) = In x in Definition 1.16. Then (1) becomes 

2 r + In (F[{Tx,Ty)) < In (M(x,y) + LN(x,y), 


that is, 


H(Tx,Ty)) < e 2r M(x,y) + e 2r LN(x,y) 
= 8 1 M(x,y) + L 1 N{x,y), 


where 8 1 = e 2t £ (0,1) and L i = e 2t L > 0. Thus we obtain the generalized multivalued (/, 6 *i,Li)- 
almost contraction mapping [ 1 ]. 

Remark 1.18 Take a = /3 = 'y=—,5= — =L. Note that a + /3 + 7 + 2 6 = 1. Then the contraction 

4 8 

condition in Theorem 1.13 becomes 

2 t + F(H(Tx,T V )) < F (4 (d(x, y) + (d(x, Tx) + d(y, Ty)) + Ty) + d{y ' Tx) 

< F Q (4M(a;,t/))j = F ((M(x, y) + 0N(x, y))) 
for all x, y £ X with Tx 7 ^ Ty. Thus, for L = 0 and f = lx, 



M(x,y) = max{d(fx,fy),d(fx,Tx),d(fy,Ty), d ^ x ' Ty ^ + Tj )_ ^ 

N(x,y) = min {d(fx,fy),d(fx,Tx),d{fy,Ty)}, 


and the contraction condition in Theorem 1.14 is an ( f,0)-almost F -contraction, a special case of gener- 
alized multivalued (/, L)-almost F -contraction (for L = 0 and t = 2 t\). 


Now, we give the following definition. 


Definition 1.19 Let f and T be a pair of self mappings on a metric space X. Suppose that a, rj : XxX — > 
[0, 00 ) and fd : [0, + 00 ) — > [0, 1) be three functions. Then T is called a Geraghty F -contraction with respect 
to y if for any x,y £ X with a(Tx,Ty) > y(Tx,Ty), Tx 7 ^ Ty, we have 

2 r + F(d(Tx, Ty)) < F(/3 (M(x, y)) M(x, y)), 

where 

M(x, y) = ma x{d(fx,fy),d{fx,Tx),d{fy,Ty), Ty ^ y d ^ V ' — - }, 

for F £ F , P £ LI and t £ R+. 
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Definition 1.20 Let f be a self mapping on a metric space X and T : X — > CL(X) a midtivalued 
mapping. Suppose that a,y : X x X — > [0, oo) and /3 : [0, +oo) — > [0,1) be three functions. Then T 
is called a generalized multivalued Geraghty F -contraction with respect to r/ if for any x,y £ X with 
r)*(Tx,Ty) < a*(Tx,Ty) and Tx Ty, we have 

2 r + F(H(Tx , Ty)) < F(p (M(x, y)) M(x, y)), 


where 

M(x, y) = ma,x{d(fx,fy),d(fx,Tx),d(fy,Ty), d ^ 2,T!J ) + d (fy,T.i) } 
for F £ F , /3 £ fl and r £ R + . 

Definition 1.21 [20] Let f : X — >■ X and T : X — > CL{X) a multivalued mapping. The pair ( f,T ) 
is called (a) commuting if Tfx = fTx for all x £ X (b) weakly compatible if they commute at their 
coincidence points, that is, fTx = Tfx whenever x G C(f,T). 

The mapping / is called T-weakly commuting at x € X if f 2 x € Tfx If a hybrid pair (/, T) is weakly 
compatible at x G C(f,T), then / is T-weakly commuting at x and hence f n {x) £ C(f,T). However, 
the converse is not true in general. For detailed discussion on the above mentioned notions and their 
implications, we refer to [5, 16, 18, 19, 20, 30, 31] and references therein. 


2 Main results 

Throughout this section, we assume that the mapping F is right continuous. 

Now we state our main result. 

Theorem 2.1 Let f be a self mapping on a metric space (X,d) and T : X — > CL(X) a midtivalued 
mapping with T(X) C f{X) satisfying the following assertions: 

(i) the pair ( /, T ) is an a*-admissible mapping with respect to rj; 

(ii) T is a generalized multivalued Geraghty F -contraction with respect to rj; 

(iii) there exists Xq,x\ € X such that f x\ G Tx o and a(fxo,fx\) > rj(fxo,fxi); 

(iv) if {fx n } is a sequence in f(X) such that a(fx n ,fx n + 1 ) > r](fx n ,fx n + 1 ) for all n £ N and 
fx n -> fu* , then a(fx n , f ii*) > rj(fx n , f u*) for all n £ N. 

IfT(X) is complete, then C(f,T) ^ f> provided that F is continuous. Moreover, F(f,T) ^ 0 if one 
of the following conditions holds: 

(a) for some x G C(f,T) with f is T-weakly commuting at x, f 2 x = fx; 

(b) f(C(f,T)) is a singleton subset of C(f,T). 

Proof. We first note that, by Definition 1.16, F[(Tx,Ty) < oo for all x,y £ X. Now we shall show that 
C(/, T) 0. Let Xq and Xi be given points in X such that fx\ G Tx o and a(fx o, fx i) > r]{fxo, f x\). If 
FL{Txq,Txi) = 0, then Txq = Tx i and so X\ G C(f,T). Assume that H(Txo,Tx\) > 0. Since F is right 
continuous, there exists h > 1 such that 

F(hH(Tx 0 ,T Xl )) < F(H(Txq,Txi)) + t. 

Then d{fx\,Tx\) < FI(Txo,Txi), and hence there exists y± £ Tx\ such that 

d(fxi,y i) < hH(Txo,Txi). 

Pick an element X 2 in X such that fx 2 = y\. Then the above inequality becomes 

d(fx!,fx 2 ) < h.H(Tx 0 ,Tx 1 ). 

If fx 1 = fx 2 , then fx 1 G Tx\. In this case X\ becomes a coincidence point of / and T and the proof is 
finished. 
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Assume that fx i ^ fx 2 , that is, d{fx\ 1 fx 2 ) > 0. Since F is strictly increasing, we obtain 

F(d(f Xl ,fx 2 )) <F(hH(Tx 0 , T Xl )) < F(H(Tx 0 ,T Xl )) + r. 

Since (/, T) is an a*-admissible mapping with respect to 77 , a(/xo,/xi) > rj(fxo,fxi) implies that 
a*(Txo,Txi) > r]*(Txo, Tx 1 ). Since T is a generalized multivalued Geraghty F — contraction with respect 
to 77 , we have 


F(d(fx 1 ,fx 2 )) < 
< 


< 


< 


F{H(Txq, Txi)) + t 

F(/3 (M(x 0 ,x 1 ))M(x 0 ,x 1 )) -2 r + r 

F(j3 (max{d{fxo,fx 1 ),d{fxo,Tx 0 ),d(fx 1 ,Tx 1 ), d ^ :L ° 1 1 ^ d ^' 1 1 - Tj ' 0 ^ 

x max{d(fxo,fxi),d(fxo,Tx 0 ),d(fx 1 ,Tx 1 ), d ^ x °' Txi ^ + Tl ^ }) _ T 

F(j3 ^max{d(/x 0 ,/xi),d(/x 0 ,/xi),d(/xi,/x 2 ), d ^ x °' it d ^' 1 1 1 1 1 }^j 

x max{d(/x 0 , fx 1 ), d(fx 0 , fx 1 ), d(fx 1 ,fx 2 ), d ilf c ^lI x: A + d (fj- c /■' 1 ) }) _ T 

F(/3 (max.{d(fx 0 ,fx 1 ),d(fx 1 ,fx 2 ), d ^ x °'^ 1 ^ 

x max{d(fx 0 ,fxi),d(fx 1 ,fx 2 ), d (f x °’f Xl ) _ T 

F(/3 (max{d(/xo, f xi) , d(f xi, f x 2 )}) max{d(/x 0 , fxi), d(fxi, fx 2 )}) - r. 


Suppose that d(/xi,/x 2 ) d(fxo,fxi). Then we obtain 


F(d{fx 2 , /xi)) < F(/3 (d{fx 1 ,fx 2 )) d{fxi,fx 2 ) - t. 


Since /3 G fi, we have 

F(d{fx 2 , /xi)) < F(d(fxi,fx 2 )) - r, 

which implies r < 0, a contradiction. Hence d(fxi,fx 2 ) < d(fxo,fx\) and so 

T + F(d(fx 2 , /xi)) < F(/3 (d(fxo, fxi)) d(fx 0 , fx 1 )}. 

Note that a(/xi,/x 2 ) > a*(Tx 0 ,Txi) > 77 *(Tx 0 ,Txi) > r](fxi,fx 2 ). That is, a{fx 1: fx 2 ) > r?(/xi,/x 2 ) 
which further implies that a*(Txi,Tx 2 ) > rj*(Txi,Tx 2 ). If H(Txi,Tx 2 ) = 0, then Txi = Tx 2 and so 
x 2 G C(f,T). Assume that H(Txi,Tx 2 ) >0. Since A is right continuous, there exists h > 1 such that 

F{hH(Tx u Tx 2 )) < F(H(Txi,Tx 2 )) + r. 

Then d(fx 2 ,Tx 2 ) < H(Txi,Tx 2 ), and hence there exists y 2 G Tx 2 such that 

d(fx 2 ,y 2 ) < hH(Txi,Tx 2 ). 


Pick an element X 3 in X such that fx 3 = y 2 . Then the above inequality becomes 


d(fx 2 ,fx 3 ) < hH(Txi,Tx 2 ). 


If fx 2 = fx 3 , then /x 2 G Tx 2 . In this case x 2 becomes a coincidence point of / and T and the proof is 
finished. 

Assume that fx 2 7 ^ fx 3 , that is, d{fx 2l fx 3 ) > 0. Since F is strictly increasing, we obtain 
F(d(fx 2 ,fx 3 )) < F(hH(T Xl ,Tx 2 )) <F(H{Tx u Tx 2 ))+t. 
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Now a*(Txi,Tx2) > r] at {Txi,Tx 2 ) implies that 

F(d(fx 2 ,fx 3 )) < F(H(Tx 1 ,Tx 2 )) +t. 

< F(/3 (M(xi,x 2 )) M(x 1 ,x 2 )) -2 t + t 

= F(/3 ^max{d(fx 1 ,fx 2 ),d(fx 1 ,Tx 1 ),d(fx 2 ,Tx 2 ), 11 Tl 2 1 + d ^ J 2 " — 1 ^ 

x max{d(fxi, fx 2 ),d(fxi,Tx 1 ),d(fx2,Tx 2 ), d ^ XllTx2 > + d (f 2 2,Ti 1 ) ^ _ ^ 

< F(/3 (max.{d(fx 1 ,fx 2 ), d(fxi,fx 2 ), d(fx 2 , fx 3 ), d ^ Xl '^ :L ^ + d ^ 12 ' f A 2 ) }^j 

x max{d(f Xi, fx 2 ), d{fx ll fx 2 ) 1 d(fx 2 , fx 3 ), d ^ X 1 ’ - y < ^ C 2 - — } ) - r 

< F (/3 (ma,x{d(fx 1 ,fx 2 ),d(fx2jx 3 ), d ^ Xl '^ 2 ^ + r/ (/ J 2- /■* ■?) 

x max{d(/^i, fx 2 ), d{fx 2l fx 3 ), 1 f X2 2 + ^ J 2 ’ }) - T 

= F (/3 {max{d{fx 1 ,fx2),d(fx2,fx 3 )})max{d(fx 1 Jx 2 ),d(fx2,fx 3 )) - r. 

Thus we have 

t + F(d(fx 3 , /x 2 )) < F(d(fx 1 ,fx 2 )). 

Note that a(fx 2 ,fx 3 ) > a*(Tx ll Tx 2 ) > r) t {Tx 1 ,Tx 2 ) > v(fx 2 ,fx 3 ). That is, a(fx 2 ,fx 3 ) > rj(fx 2 ,fx 3) 
which further implies that a*(Tx2,Tx 3 ) > r]*(Tx 2 , Tx 3). By continuing this process, we obtain a sequence 
{/x„} C /(X) such that fx n e Tx n -i, 

a(fx n - i,fx n ) > r](fxn-i,fxn) implies that a*(Tar n _i,Ta: n ) > r]*(Tx n _i,Tx n ) 
and we have 

F{d(fx n , fx n+ 1)) < F(H(Tx n _i,Tx n )) + r 

< F (/3 ^max{d(/x ra _i, fx n ), d(f x n _i,Tx n _i), d(f x n , Tx n ), d (f Xn ~ 1 ’ TXn ') + rf (/ J »■ »-i) ^ 

x max{d(fx n -i,fx n ),d(fx n -i,Tx n -i), d(fx n ,Tx n ), d (f Xn ~ 1 ' T:i ») + r - ? »-i) _ r 

< F (/3 ^max{d(/x n _i, fx n ),d(fx n -!, fx n ), d(fx n , fx n+1 ), d (f Xn ~ 1 'f Xn + 1 } + »■ /- l » ) }^j 

r >/ <■ f \ f f \ a! t f \ d(fx n —\,fx n +i)-{-d(fx n ,fx n ),. 

x max{d(/x n _i, }x n ), a(jx n -i, jx n ), d(fx n , jx n+1 ), }) - r 

^ 77 ./ o ( fjtf f \ r l( f f \ d (f X n—hf X n)d-d(fx n ,fx n +i) \ 

< F(p lmax{d(jx n -i,jx n ),d(jx n ,jx n+ i), } 1 

x max{d(jx n - 1 ,}x n ),d(}x n , jx n+1 ), }) - r 

= F(/3 (max{d(fx n -i,fx n ),d(fx n ,fx n+ i)})max{d(fx n - 1 ,fx n ),d{fx n ,fx n+1 )}) - r 

and 

r + F(d(fx n , fx n+ 1)) < F(/3 (ma x{d(fx n ^i,fx n ),d(fx n , fx n+ 1)}) max{d(/x„_x, fx n ), d(fx n , fx n+ 1)}) 
for all n £ N. Since F is strictly increasing, we have 

d(fx n , fx n+ 1) < /3 (max{d(/x n _i, fx n ), d(fx n , /x„+i)}) max{d(/x n _i, fx n ), d(fx n , fx n+1 )}. 

If 

max{d(fx n - 1 ,fx n ),d(fx n ,fx n+ i) = d(fx n ,fx n+ 1) 
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for some n, then 


d(fx n ,fx n+ 1) < d(fx n ,fx n+ 1), 
which is a contradiction since f 3 £ Q and hence we have 

d(fx n , fx n+ i) < d(fx n -i,fx n ). 


Consequently, 

t + F(d(fx n , fx n+ 1)) < F(d(fx n -\, fx n )) 
for all neM. Thus we obtain that 

F(d(fx n ,fx n+ 1)) < F(d(fx n -i, fx n )) — t 

< F(d(fx n -2,fx n -i)) - 2r 


< F(d(fx 0 ,fxi))-riT. 

Taking limit as n — > oo, we have lim F(d (fx n , fx n +i)) = — oo. By (C 2 ), lim d(fx n ,fx n +i) = 0 . By 

n—too n—t oo 

(C 3 ), there exists an r € ( 0 , 1 ) such that 

lim {d(fx n ,fx n+ i)Y F(d{fx ni fx n+ i)) = -oo. 

n—too 

Hence it follows that 

{d (fx n , fx n+ i)} r F(d (fx n , fx n+ 1)) - {d (fx n , fx n+1 )} r F {d (fx 0 , fx i)) 

< d ( fx n , fx n+1 ) r [F (d (fx 0 , fx i) - nr)] - d (x n , x n+1 ) r F (d (fx 0 , fx i)) 

= -nr [d ( fx n , /a:„+i)] r < 0. 

Taking limit as n tends to oo, we obtain that lim n {d ( fx n , /xn+i)}' = 0 , i.e. , lim nfl r d (fx n , fx n . |_i) = 

n— >■ oo n—to o 

0 . This implies that Y^=\d{fx n , fx n+ \) is convergent and hence the sequence {/x n } n >i is a Cauchy 
sequence in T(X) C T{X). Since T(X) is complete, there exists p £ T(X) such that lim fx n = p. Now 

n— >■ oo 

T(X) C f(X) implies that there exists u* in X such that fu* = p. Since {fx n } is a sequence in f(X) 
such that a(fx n ,fx n+ i) > r)(fx n ,fx n + 1) for all n e N and fx n -> fu*, a{fx n ,fu*) > rj{fx n ,fu*) 
for all n £ N. Since the hybrid pair (/, T) is a*-admissible with respect to 77, we have a*(Tx n ,Tu*) > 
p*(Tx n ,Tu*), which implies that 

2 t + F(d(fx n+ 1 ,Tu*)) < 2t + F(H(Tx n ,Tu*)) 

< F(P (M(x n ,u*)) M(x n ,u*) 


for all n £ N by the contractive condition. 

Next suppose that F is continuous. Then 

lim d(fx n , 

n—> 00 


Tu *) = d{fu*,Tu*). 


( 2 ) 


Note that 


d{fu*,Tu*) < M(x n ,u*) = max d(fx n ,fu*),d(fx n ,Tx n ),d(fu*,Tu*), 


d(fx n , Tu*) + d(fu*,Tx n ) 


< max d(fx n ,fu*),d{fx n ,fx n+ 1 ),d{fu*,Tu*), 


d(fx n ,Tu*) + d(fu*,fx n+ i) \ 


Taking limit as n — > 00, we obtain that 

lim M(x n ,u*) = d{fu* ,Tu*). 


( 3 ) 
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Since (3 £ fi, it follows from (2), (3) and the continuity of F that 

2r + F(d(fu*,Tu*)) < F(d{fu* ,Tu*)). 
that is, d(fu*,Tu*) = 0 and thus fu* £ Tu*. 

Now let (a) hold, that is, for x € C(f,T), f is T-weakly commuting at x. So we get f 2 x € Tfx. By 
the given hypothesis, fx = f 2 x and hence fx = f 2 x £ Tfx. Consequently, fx £ F(f,T). 

Let (b) hold. Since f(C(f,T)) = {a;} and x € C(f,T), x = fx £ Tx. Thus F(f,T) 7 ^ 0. ■ 


Example 2.2 Let X = [l,oo) be the usual metric space. Define f : X — > X, a,r) : X x X — 7 [0, oo), 
/3 : [0, Too) — > [0,1) and T : X — 7 CL(X) by fx = x 2 , Tx = [x + 2, oo) for all x £ X, a(x,y) = 


e xv if x, y > 0 
0 otherwise. 


t V{x,y) = | C 0 ot h e r^ S e. ’ ^ = i+T» where T = ln and -F(t) = ln(i) 

for all t > 0. TVote that T(X) = T(X) = [3, oo) and a(fx,fy) > rj(fx,fy) imply that a*(Tx,Ty) > 
rp,(Tx,Ty) for all x,y £ X with Tx Ty (equivalently, x y) and we have 


2t + F(H(Tx, Ty)) < F ((3 (M(x, y)) M(x, y)) . 


Thus all the conditions of Theorem 2.1 are satisfied. 

If we take rj(x,y) = 1 in Theorem 2.1, then we have the following result. 

Theorem 2.3 Let f be a self mapping on a metric space (X, d) and T : X — >• CL(X) a multivalued 
mapping with T(X) C f(X) satisfying the following assertions: 

(i) the pair ( f,T ) is an a*-admissible mapping; 

(ii) T is a generalized multivalued Geraghty F -contraction; 

(iii) there exists Xq,Xi € X such that fx i £ Tx o and a(fxo,fxi) > 1; 

(iv) if {fx n } is a sequence in f(X) such that a(fx n , fx n + 1 ) > 1 for all n £ N and fx n — > fu* , then 
a(fx n , fu*) > 1 for all n £ N. 

IfT(X) is complete, then C(f,T) 7 ^ </> provided that F is continuous. Moreover, F(f,T) 7 ^ 0 if one 
of the following conditions holds: 

(a) for some x £ C(f,T) with f is T-weakly commuting at x, f 2 x = fx; 

(b) f(C(f,T)) is a singleton subset of C(f,T). 


Corollary 2.4 Let f and T be a self mapping on a metric space (X,d) such that T(X) = f(X). Suppose 
that 

(i) the pair (/, T) is an a-admissible mapping with respect to 77/ 

(ii) T is a Geraghty F -contraction with respect to 77 ; 

(iii) there exists Xq,Xi £ X such that fx 1 = Tx 0 and a(fxo,fxi) > r/(fxo,fxi); 

(iv) if {fx n } is a sequence in f(X) such that a(fx n ,fx n +i) > r](fx n ,fx n +i) for all n £ N and 
fx n -Y fu*, then a(fx n , f u*) > r)(fx n , f u*) for all n £ N. 

IfT(X) is complete, then C(f,T) 7 ^ <j> provided that F is continuous. Moreover, F(f,T) 7 ^ 0 if f and 
T commute at their coincidence point. 


Proof. If we take X = CL(X) in Theorem 2.1, then we obtain the required result. ■ 


3 Applications 

In this section, we obtain the existence and uniqueness of common solution of: (/) system of functional 
equations arising in dynamical programing problems and (II) system of integral equations. 

(I) Application in dynamic programming 
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Decision space and a state space are two basic components of dynamic programming problems. State 
space is a set of states including initial states, action states and transitional states. So a state space is 
set of parameters representing different states. A decision space is the set of possible actions that can be 
taken to solve the problem. These general settings allow us to formulate many problems in mathematical 
optimization and computer programming. In particular, the problem of dynamic programming related 
to multistage process reduces to the problem of solving functional equations 

P( x) = s\xp{g(x,y) + Gi(x,y,p(£(x,y)))}, for x&W, (4) 

veD 

q{x) = sup{g'(x,y) + G 2 {x,y,q(£(x,y)))}, for x G IT, (5) 

yen 

where U and V are Banach spaces, W C U and D C V and 

£ : W x D — >W 
g, g' : W x D — > R 
Gi,G 2 : WxDxR — » R 
P : R+ -» [0, 1) . 

For more discussions and results on dynamic programming problems, we refer to [8, 9, 10, 11, 27] and 
references mentioned therein. Suppose that W and D are the state and decision spaces, respectively. We 
aim to give the existence and uniqueness of common and bounded solution of functional equations given 
in (4) and (5). Let B(W) denote the set of all bounded real valued functions on W. For an arbitrary 
h G B(W), define ||/i|| = sup x£VK \h(x)\ . Then (B(W), ||-||) is a Banach space endowed with the metric d 
given by 

d(h, k ) = sup | h(x) — k(x) | . 
xew 

Suppose that the following conditions hold: 

(Gl) Gi,G 2 ,<7 and g' are bounded. 

(G2) For x G W, h G B(W) and b > 0, define 

Kh{ x) = swp yeD {g(x,y) + Gi(x, y, h(£(x, y)))}, (6) 

Jh(x) = sup yeD {g r (x, y ) + G 2 {x, y, h(£(x, y)))}. (7) 

Moreover, assume that there exist r > 0 and L > 0 such that for every (x, y) € W x D, h, k € B(W) and 
t € W imply 

|Gi. (ar, y, h(t)) — Gi(x, y, k(t))\ < e~ 2r [p (M(h, k))M(h, fc)], (8) 

where 

M((/i, k)) = ma x{d(Jh, Jk), d(Jk, Kk),d(Jh , Kh), — — - — — - ^ — — — }. 

(G3) For any h G B(W), there exists k G B(W ) such that Kh{x) = Jk(x) for x G W. 

(G4) There exists h G B(W) such that Kh(x) = Jh( x) implies that JKh( x) = KJh(x). 

(G5) There exist a,g : B(W) x B(W ) —¥ R + such that a( Jh\, Jh 2 ) > g{Jh\, Jh 2 ). 

Theorem 3.1 Assume that the conditions (Gl) — (G5) are satisfied. If J(B(W)) is a closed convex 
subspace of B(W), then the functional equations (4) and (5) have a unique, common and bounded solution. 

Proof. Note that (B(W),d) is a complete metric space. By (Gl), ./, K are self-mappings of B(W) and 
each element is mapped into a singleton set. The condition (G3) implies that K(B(W)) C J(B(W)) is 
satisfied. It follows from (G4) that J and K commute at their coincidence points. Let A be an arbitrary 
positive number and h\,h 2 G B(W). Choose x G W and y\,y 2 G D such that 


Khj < g{x,yj) + G\{x, yj,hj(xj) + A, 


(9) 
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where Xj = £(x ,Dj), j = 1,2. Further, from (6) and (7), we have 

Kh i > g(x,y 2 ) + Gi(x,y 2 ,hi(x 2 )), 

Kh 2 > g(x,yi) + Gi(x,yi, h 2 (x\)). (10) 

Then (9) and (10) together with (8) imply that 

Khi(x) — Kh 2 {x) < Gi{x,yi,h\{x\)) - Gi(x,yi t h 2 (x 2 )) + A 

< \G 1 (x,yi,hi(x 1 )) - Gi(x,yi,h 2 (x 2 ))\ +X 

< e~ 2T (/3(M(h,k))M(h,k)) + A. (11) 

Then (8) and (9) together with (7) imply that 

Kh 2 (x) - Khi(x) < Gi(x,yt,h 2 (x 2 )) - Gi(x,yi,hi(xi)) 

< \G 1 {x,y 1 ,h 1 (x 1 )) - G 1 (x,y 1 ,h 2 (x 2 ))\ 

< e~ 2T (/3(M(h,k))M(h,k)). (12) 

From (11) and (12), we have 

\Khi(x) - Kh 2 (x)\ < e~ 2T ((3(M(h,k))M(h,k)). (13) 

The inequality (13) implies 


d(Kh u Kh 2 ) < e~ 2T [{(3 { M(h , k)) M{h, k))}. 

Since a(Jhi(x), Jh 2 {x)) > rj(Jhi(x), Jh 2 {x)) implies that a(Khi(x), Kh 2 (x)) > y{Kh\(x), Kh 2 {x)) and 
so we have 

2 t + ln[d(Khi(x) - Kh 2 (x))] < ln[(/3 (M (h(t) , jfe(t))) M(h(t),k(t)))]. 

Therefore, by Corollary 2.4, the pair ( K,J ) has a common fixed point h* , that is, h*{x) is a unique, 
bounded and common solution of (4) and (5). ■ 

(II) Application of integral equations 

Now we discuss an application of fixed point theorem, proved in the previous section, to solve the 
system of Volterra type integral equations. Such system is given by the following equations: 

t 

u(t) = J Ki(t, 5, u(s))ds + g(t), (14) 

o 

t 

w (t) = J K 2 (t, s, w(s))ds + f(t). (15) 

o 

for t £ [0, a], where a > 0. We find the solution of the system (14) and (15). Let C([0,a],R) be 
the space of all continuous functions defined on [0, a]. For u £ C([0, a],R), define supremum norm as: 
|M| t = sup {u(t)e~ T ^ t }, where r > 0. Let C([0, a],K) be endowed with the metric 

te[0,a] 


d T (u,v)= sup \\ \u(t) - v(t)\ e T(t)t ||r 

££[0,a] 

for all u, v £ C([0,a],M). With these setting C([0, a],R, || • || T ) becomes a Banach space. 

Now we prove the following theorem to ensure the existence of solution of system of integral equations. 
For more details on such applications, we refer the reader to [7, 26]. 
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Theorem 3.2 Assume the following conditions are satisfied: 

(i) Ki, K 2 : [0, a] x [0, a] x ffi. — > R. and f, g : [0, a] — > ffi. are continuous; 

(ii) Define 


l 

Tuft) = J K\{t, s,u(s))ds + g(t), 
o 

t 

Suft ) = J K 2 (t,s,u(s))ds + f(t). 


Suppose a, p : [0, a] x [0, a] — > R + , ft : [0, a] — > [0, 1). Then there exist t > 1 and L > 0 such that 

\Ki(t, s, u) - K 2 (t, s, v)| < re _2r [/? ( Mfu , v)) Mfu, t>)] 
for all t,s £ [0, a] and u,v € (7([0, a], K), where 


M(u,v) = max{|S , M(i) — 5i>(t)| , IS'f(i) — Tv(t)\ , \Su(t) — Tuft) \ 


| Su{t) - Tv(t) \ + | Sv(t) - Tuft) | 


}; 


(iii) There exists u £ (7([0, a],R) such that Tuft) = Su(t) implies TSuft) = STuft). 
Then the system of the integral equations (14) and (15) has a solution. 

Proof. Define the mapping a, r] : [0, a] x [0, a] — » M + by 

e uv if u, v £ [0, a] 


, , i u w. lu. ii, . , . f e u v if u, v £ [0, a] 

a M = \ 0, otherwise and d(u, v) = | 0> otherwise . 

Then afu, v) > rj(u,v) and so a(Su,Sv) > rj(Su,Sv). By the assumption (iii), 

t 

\Tuft) — Tv(t)\ = J \Ki(t,s,u(s) - K 2 (t,s,v(s)))\ds 
o 

t 

< J re~ 2T ([fi (Mfu, v)) Mfu, v)]e~ TS )e TS ds 
o 

t 

< J Te~ 2r \\fi {M(u,v)) M(u,v)\\ T e TS ds 
o 

t 

< re~ 2T \\l3 (M(u,v)) M(u,v)\\ T J e TS ds 


< re ~ T \\/3 (M(u,v)) M(u,v)\\ r -e 

T 

< e _2r || ft ( Mfu , v)) M (u, u)|| T e Tt , 


which implies 
That is, 
and 


\Tuft) — Tv(t)\ e Tt < e 2t \\/3 (M(u,v)) M(u,v)\\ T . 

|| Tuft) -Tv(t)\\r < e~ 2r \\fi (M(u,v)) M(u,v)\\ T 
afSu, Sv) > rj(Su,Sv) implies a(Tu,Tv) > rj(Tu,Tv) 


and so we have 

2 r + In || Tuff) — Tv(t)\\ T < In ||/3 (Mfu, v)) Mfu, f)|| r - 

So all the conditions of Corollary 2.4 are satisfied. Hence the system of integral equations (14) and (15) 
has a unique common solution. ■ 
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a-^-GERAGHTY CONTRACTIONS IN GENERALIZED METRIC SPACES VIA 

NEW FUNCTIONS 

ARSLAN HOJAT ANSARI, CHOONKIL PARK, ANIL KUMAR, GEORGE A. ANASTASSIOU, 

AND SUNG JIN LEE* 


Abstract. In this paper, we introduce the class of Q-h-E-i/i-Greaghty contractions where the pair 
(F, h) is up class of type I and establish several fixed point theorems for this newly introduced class. 
Our results extend some recent results of Asadi et al. [1] as well as other corresponding results. 


1. Introduction 

Banach contraction principle is one of the most pivotal results of fixed point theory. Since this 
principle plays a very crucial role in solving various kinds of nonlinear equations, it has been extended 
in several possible ways. Geraghty [3] generalized the Banach contraction mapping principle by 
introducing the class of auxiliary function in the following way: 

Let F # denote all functions (3 : [0, oo) -A [0, 1) which satisfy the condition: 

lim (3{t n ) = 1 implies lint t n = 0. 

n—¥ oo n— >oo 

By using the function (3 6 F#, Geraghty [3] proved the following remarkable theorem. 

Theorem 1.1. [3] Let (X. d) be a complete metric space and T : X -A X be an operator. Suppose 
that there exists (3 : [0, oo) -A [0, 1) satisfying the condition 

(3(t n ) -A 1 implies t„ -A 0 
If T satisfies the following inequality 

d(Tx, Ty) < (3(d(x, y))d(x, y) (1.1) 

for all x,y G X , then T has a unique fixed point 

Recently, Samet et al. [8] introduced the class of a-ifi contractive mappings and established several 
fixed point theorems for such mappings in the set up of complete metric space which generalized 
and extend the Banach contraction principle as well as many other well known fixed point theorems 
existing in the literature. Branciari [2] replaces the triangle inequality in the metric space with the 
quadrilateral inequality and introduced a new space called generalized metric space or rectangular 
metric space. He extended the Banach contraction principle to this newly defined space. Very 
recently, Asadi et al. [1] utilized the concept of Geraghty [3] and Samet et al. [8] and introduced 
the notion of a-?/>-Greaghty contractions in the context of generalized metric space and extended 
several well known contractions existing in the literature. For more information, see [9, 10]. 

In the present work, we extend the notion a-i/^-Geraghty contractions announced by Asadi et 
al. [1] by introducing the class of a-h-F-fi - Geraghty contractions and investigate the existence and 
uniqueness of fixed points for this newly introduced class in the setting of generalized metric space. 

2010 Mathematics Subject Classification. 46T99, 47H10, 54H25. 

Key words and phrases, fixed point theorem; generalized metric space; a-fi contraction. 
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Before going to the main work, we recall some useful definitions and auxiliary results that will 
be needed in the sequel. Throughout this paper, N and M denote the set of natural numbers and 
the set of real numbers, respectively. 

Definition 1.2. [2] Let X be a nonempty set and let d : X x X — > [0,oo] satisfy the following 
conditions for all x, y E X and all distinct u, v E X each of which is different from x and y : 

(1) d(x, y) = 0 if and only if x = y 

(2) d(x, y) = d(y, x) (1.2) 

(3) d(x, y) < d(x, u) + d(u, v) + d(v, y) 

Then the pair (X, d) is called a generalized metric space and abbreviated as GMS. Every metric 
space is GMS but the converse need not be true (see [1, Example 39]). 

Given a generalized metric d on X and e > 0, we call Bd( x,e) = {y E X\ d(x,y) < e} as e-ball 
centered at x. It is to be noted that a GMS becomes a topological space, when a subset U of X 
is said to be open if to each a E U, there exists a positive number e a such that Bd(a,e a ) C U. 
The concepts of convergence, Cauchy sequence, completeness and continuity on a GMS are defined 
below. 


Definition 1.3. Let (X. d) be a generalized metric space. 

(1) A sequence {x n } in (X,d) is GMS convergent to a limit x if and only if d(x n ,x) -A 0 as 
n -A oo. 

(2) A sequence {x n } in (X, d) is GMS Cauchy if and only if for every e > 0 there exists a positive 
integer N(e) such that d(x n ,x m ) < e for all n> m> N(e). 

(3) A space (X, d) is called complete if every GMS Cauchy sequence in X is GMS convergent. 

(4) A mapping T : (X, d) -A (X, d) is continuous if for any sequence {x n } in X such that 
d(x n , x) — > 0 as n — > oo, we have d(Tx n , Tx) — > 0 as n A oo. 


It is to be noted that any generalized metric space need not be complete, neither the respective 
topology needs to be Hausdorff and a convergent sequence in GMS need not be Cauchy. 


Lemma 1.4. [4] Let (X,d) be a generalized metric space and let {x n } be a Cauchy sequence in X 
such that x rn / x n whenever m / n. Then {x n } can converge to at most one point. 

Lemma 1.5. [4] Let (X,d) be a generalized metric space and let { x n } be a sequence in X with 
distinct elements (x n ^ x m for n / m). Suppose that d(x n ,x n+ 1 ) and d(x ni x n+ 2 ) tend to 0 as 
n -A oo and that { x n } is not a Cauchy sequence. Then there exist e > 0 and two sequences { mk } 
and {nfc} of positive integers such that nk > > k and the following four sequences 

d(x„ lk , x nk ), d(x mk ,x nk+1 ), d{x mk l , x nk ), d(x mk _ 1 , x nk+1 ) (1-3) 

tend to e as k — > oo. 


Proposition 1.6. [7] Suppose that {x n } is a Cauchy sequence in a GMS (X, d) with liiUn-^oo d(x n , u ) = 
0, where u € X. Then lim n _ ) . 0O d(x n , z) = d{u, z) for all z G X . 

Samet et al. [8] introduced the notion of a-admissible mappings as follows. 

Definition 1.7. Let X be a nonempty set, and let T : X -a X and a : X x X — > [0, oo) be 

mappings. Then T is called a-admissible if for all x, y £ X, we have 

ot{x,y) > 1 a(Tx,Ty) > 1. (1.4) 

Recently, Karapinar et al. [5] defined the notion of triangular a-admissible mappings as follows. 

Definition 1.8. Let X be a nonempty set, and let T : X — > X and a : X x X -A M be mappings. 

Then T is called triangular a-admissible if 
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(1) x,y £ X, a(x,y) > 1 =>• a(Tx,Ty) > 1; 

(2) x,y,z £ X, a(x,z ) > 1 and a(y,z) > 1 => a(x,y) > 1. 

Lemma 1.9. [5] Let T : X -A X be a triangular a- admissible map. Assume that there exists x\ £ X 
such that a(xi,Tx\ ) > 1. Define a sequence {x n } by x n+ \ = Tx n . Then we have a(x n ,x m ) > 1 for 
all m,n £ N with n < m. 

Now we recall the following class of auxiliary functions (or altering distance functions) (see [6]) 
which will be used densely in the sequel: Let 'h denote the class of the functions : [0, oo) -A [0, oo) 
which satisfy the following conditions: 

(a) if is nondecreasing; 

( b ) if is continuous; 

(c) fi(t) = 0 <tA t = 0. 


2. Main results 

Definition 2.1. A function h : R + x -A M is of subclass of type I if it is continuous and satisfies 
the following: 

for y, z £ M + , y > 1 h(l, z) < h(y , z). 

Example 2.2. The following functions h : M + X M + — > M are of subclass of type I. For y,z £ M + , 

(1) h(y,z) = (z + l) y ,l > 1; 

(2) h(y,z) = (y + l) z ,l > 1; 

(3) h(y,z) = yz ; 

(4) h(y,z) = {±±*)z-, 

(5) h(y,z) = y k z; 

(6) h(y,z) = z- 

(7) h(y,z) = ^-z; 

n 

(8) h(y,z) = (^pr)^; 

n 

(9) h(y,z) = (^ r + ir,l> 1. 

Definition 2.3. Let F : M + x — > M be a function. We say that the pair (F. h ) is a upclass of 

type I if F is continuous, h is a function of subclass of type / and the following hold: 

(1) for 0 < s < 1, t £ M + =£> F(s,t) < F(l,t); 

(2) for z,s,t £ M + if h( 1, z) < F(s, t) => z < st. 

Example 2.4. The following functions h : X M + -A M are of upclass of type I. For x, y, z,s,t £ 

R+, 

(1) h(y, z) = (z + l) y , l > 1, F(s, t ) = st + Z; 

(2) h(y, z) = (xy + l) z , l > 1, F(s, t) = (1 + l ) st ; 

(3) h(y,z) = yz,F(s,t) = st; 

(4) h(y,z) = (±fp / -)z,F(s,t) = st; 

(5) h{y,z) = y k z,F(s,t) = t; 

(6) h(y,z) = z,F(s,t )) = st; 

(7) h(y,z) = {^L ) z ,F(s,t ) = st; 

n 

y] yi 

(8) h(y,z) = {i^L r )z,F(s,t) = st; 

n 

(9) h(y, Z ) = (*=£ r + l)*,l > 1, F (s, t) = (1 + l) st . 
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We start to this section with the following definition. 

Definition 2.5. Let (X, d) be a generalized metric space and let a : X x X — > M be a function. A 
map T : X -A X is called an a-h-F-if- Geraghty contraction type map if there exists (3 £ F& such 
that for all x, y £ X, 


h(a(x,y),ip(d(Tx,Ty ))) < F(/3(ifd(x,y)),if(d(x,y))), (2.1) 

where ip G. \ 1/ and the pair (F. li) is a upclass of type I. 

Theorem 2.6. Let ( X , d) be a complete generalized metric space, a : X x X — > M a function, and 
let T : X -A X be a map. Suppose that the following conditions are satisfied: 

(1) T is an ot-h-F-if -Geraghty contraction type map; 

(2) T is triangular a-admissible; 

(3) there exists xo £ X such that a(xo,Txo ) > 1 and a(xo,T 2 xo) > 1: 

(4) T is continuous. 

Then T has a fixed point x* £ X and {T n x o} converges to x* . 

Proof. By (3), from xo £ X , construct the sequence {x n } as x n+ \ = Tx n , n £ N. If x n = x n+ \ for 
some n £ N U {0}, then x* = x n is a fixed point of T. Assume further that x n / x n+ \ for each 
n £ N U {0}. Since T is triangular a-admissible, it follows from (3) that 

a(xi, X2) = a(xi, Tx’i) > 1 and a(xi, X3) = a(xi, T 2 xi) > 1. 

By Lemma 1.9, we have 

a(x n ,x n+ i)>l and a(x n , x n+ 2 ) > 1. (2.2) 

for all n £ N. Notice that we also find a(x n , x n+m ) > 1 for each m, n £ N. 


Now we shall prove that lim n _ ) . 0O d(x n ,x n + 1 ) = 0. By taking x = x n _i and y = x n in (2.1) and 
regarding (2.2), we get that 


h(l,ip(d(x n ,x n+ i))) 

if(d(x n ,x n+ i)) 


< h(a(x n -i, x n ), ip(d(Tx n -i, Tx n ))) 

< F(P('if(d(x n -i, x n ))),'ip(d(x n -i, x n ))) 

< P('ip(d(x n -i,x n ))),ip(d(x n -i,x n )) < if(d(x n -i,x n )) 


(2.3) 


for each n £ N. 

Since if is nondecreasing, we conclude from (2.3) that 

d(x n , x n+ i) <C d{x n — i,x n ) 


for each n £ N. Thus we conclude that the sequence {d{x n , x n+ i )} is nonnegative and nonincreasing. 
As a result, there exists r > 0 such that linin^oo d(x n , x n+ i) = r. We claim that r = 0. Suppose, 
on the contrary, that r > 0. Then, on account of (2.3), we get that 


ip(d(x n ,x n+ 1 )) 
ijj(d(x n - i,x n )) 


< P(ip(d(x n - i,x n ))) < 1, 


which yields that limn-^oo j3(ip(d(x n , x n +i))) = 1. We obtain 


lirn ip(d(x n ,x n+ 1 )) = 0, (2.4) 

n — >00 


due to the fact that fi £ F&. On the other hand, the continuity of if together with (2.4) yield that 


r = lim d(x n ,x n+ i) = 0. 

n — >00 


(2.5) 
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Analogously, we shall prove that lim n _ > . 0O d{x n , x n+2 ) = 0. By substituting x = x n -\ and y = x n+ \ 
in (2.1) and taking (2.2) into account, we find that 

h(l,ip(d(x n ,x n+2 ))) < h(a(x n -i,x n+ i),i/}(d(Tx n -i,Tx n+ i)) 

< F(P(ip(d(x n -i,x n+ i))),'i/}(d(x n -i,x n+ i))) (2.6) 

4’(d(x n ,x n+ 2 )) < P(i/}(d(x n -i,x n+ i)))'ip(d(x n -i,x n+ i)) < ip(d(x n -i,x n+ i)) 

for each n £ N. Since ip is nondecreasing, we conclude from (2.6) that 


d(x n , Xn+2) < d(x n -i,x n+ 1 ) 


for each n 6 N. Thus we observe that the sequence {d(x n -i, x n+ i)} is nonnegative and nonincreas- 
ing. Consequently, there exists r > 0 such that lim n _ ) . 0O d(x n -i, x n+ \) = r. We assert that r = 0. 
Suppose, on the contrary, that r > 0. Then, by regarding (2.6), we get that 


ip(d(x n , x n+2 )) 


< /3(il>(d(x n - i,x n+ i))) < 1, 


which implies that lim r; 


ip(d(x n -i,x n+ i)) 
o /3('i/j(d(x n -i, x n+ i))) = 1. We obtain 


lim ip(d(x n -i,x n+ 1 )) = 0, (2.7) 

n— >oo 


due to the fact that /3 6 F#. On the other hand, the continuity of ip together with (2.7) yield that 

r= lim d(x n -i,x n+ i) = 0 = lim d(x n ,x n+2 ). (2.8) 

n— > oo n — ^oo 

Suppose that x n = x m for some m, n G N, m < n. Then 
ip(d(x m ,x m+ 1 )) = ip(d(x n , x n+ i)) 

< /3(ip(d(x n -i,x n )))ip(d(x n -i,x n )) 

< ip(d(x n - i,x n )) 

< 'ip n ~ m {d(x m ,x m+ 1 )) 

< ip(d( %m+ 1))> 

a contradiction. Hence all elements of the sequence {x n } are distinct. 

We are ready to prove that {x n } is a Cauchy sequence in (X, d ). Suppose, on the contrary, that 
we have 

e = lim sup d(x n , x rn ) > 0. (2-9) 

m,n— >oo 

Regarding the quadrilateral inequality, we need to examine two possible cases: 

Case 1. Suppose k = n — m is odd, where k > 1. Then we have 

d(x n ,Xm ) < d(x n ,x n+ l ) + d{x n+ \ , X m +l) + d(x m +l , X m ) 

— d{x n i x n+1 ) + d(Tx n , Tx m ) T d(x m -|_i, ic m ), (2.10) 


which is equivalent to 

d(x n ,x m ) d{x n , x n _|_i) d(x m - |_i,x m ) T d(Tx n , Tx m ) 


( 2 . 11 ) 


Since T is triangular a-admissible, by applying ip, we get that 

ip(d(x n ,Xm) - d(x n ,ain+i) - d(x m+ i , ,x m )) < ip(d(T x n ,Tx m )) 

and 

/i(l, ip(d(Tx n , Txm))) < h(a(x n , x m ),ip(d(Tx n ,Tx m ))) 

< F(/3(ip (d(x n , x m ))) , ip (d(x n , x m ))) = 
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ip( d(Tx n , Txm))) < /3(ip (d(x n , x m ))) , ip (d(x n , x m )) . (2.12) 

Letting m, n — > oo, we deduce that 

lim ip(d(x n ,x m ) - d(x n ,x n+1 ) - d(x m+1 ,x m )) < lim /3(ip (d(x n , x m ))) lim ip (d(x m , x n )) . 

m,n— >■ oo m,n— >• oo 771 , 71 — >oo 

So, by using (2.5), (2.9) and the continuity of ip, we get 

1< lim j3{ip (d(x n ,x m ))) , 

m,n— >oo 

which implies that lim (3(ip (d(x n ,x m ))) = 1. Consequently, we get lim d(x n ,x m ) = 0, which 

m,n— >• oo m,n— >oo 

is a contradiction. 

Case 2. Suppose k = n — m is even, where k > 1. So we have 

d{Xni %m) d(x n , X n _|_ 2 ) “I - d(x n -i r 2 , X m + 2 ) H - d(x m _|_ 2 , 31 m ) 

— d{x n , x n - 1 - 2 ) “I - d(Tx n -\-\, T’xjyj-i-i) -L d(x m j r 2 ,x ri P), (2.13) 

that can be written as 

d(x n ,x m ) d(x n ,x n - (- 2 ) d{x m j r 2 , 3Jm) — d(Tx n -\.\ , Tx m -\-\ ) . (2.14) 

Due to the fact that T is triangular a- admissible, by applying ip, we obtain that 

ip{ K d{x n ,x m ) d{x n ,x n - (- 2 ) d(x m _|_ 2 , 3?m)) iii ^(d(Tx n+ i,Ts m+ i)) 

and 

h(l, ^(d(rx n+ i,Ti m+ i))) < /i(a(x n+ i, x m+ i), ^(^Tsn+i, Tr m+ i))) 

< F(/3(V> (d(x„+i,x m+ i))) , ip (d(x n+ i,x m+ i))) => 

^(d(Tx n+ i,Tx m+ i)) < /3('0(d(x n+ i,ai m+ i)))'0(d(x„ + i,x m+ i)) . (2.15) 

Letting m, n — >• 00 , we find that 

lim ip(d(x n , x m )—d{x n , x n + 2 )—d(x m + 2 , Xm)) < lim /3(V> (d(x n +i, x m +i))) lim ip (d(x n+ i, x m +\)) 

m,n— >-oo m,n^oo m,n— >• oo 

So, by using (2.8), (2.9) and the continuity of ip, we observe 

1< lim fd(ip{d(x n+ i,x m+ i))), 

m,n — >00 

which implies that lim /3(ip (d{x n+ \, x m +i))) = 1. Thus we conclude that lim d(x n+ i, x m+ i) = 

m,n — >00 m,n— >-oo 

0, which is a contradiction. 

From Case 1 and Case 2, we conclude that {x n } is a Cauchy sequence. Since ( X , d) is a complete 
generalized metric space, there exists x* 6 X such that lim d(x n ,x *) = 0. Since T is continuous, 

n— >oo 

we have 

lim d(Tx n ,x*) = lim d{x n+ \,Tx*) = 0. 

n — >00 n — >00 

By Lemma 1.4, we have that Tx* = x*. □ 

It is also possible to remove the continuity of the mapping T by replacing it with a weaker 
condition: 

Definition 2.7. Let ( X , d) be a complete generalized metric space, «:lxl-ila function and 
let T : X — > X be a map. We say that the sequence { x n } is a-regular if the following condition is 
satisfied: 

If {x n } is a sequence in X such that a(x n ,x n + 1 ) > 1 for all n and x n — > x G X as n — X + 00 , then 
there exists a subsequence { x n ( fc )} of { x n } such that a(x n ^,x) > 1 for all k. 
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Theorem 2.8. Let (X,d) be a complete generalized metric space, a : X x X — > M a function and 
let T : X -A X be a map. Suppose that the following conditions are satisfied: 

(1) T is an a-h-F -if- Geraghty contraction type map; 

(2) T is triangular a-admissible; 

(3) there exists xo £ X such that a(xo,Txo ) > 1 and a(xo,T 2 xo) > 1; 

(4) either T is continuous or {x n } is a-regular. 

Then T has a fixed point x* £ X and {T n x o} converges to x*. 

Proof. Following the proof of Theorem 2.6, we know that the sequence {x n }, defined by x n+ \ = Tx n 
for all n > 0, converges to some x* £ X. From (2.2) and the assumption (4) of the theorem, there 
exists a subsequence {x n (fc)} °f {x n } such that a(x n t^,x*) > 1. Applying (2.1), for all k, we get 
that 

h(l,ip(d(x n (k)+i,Tx*))) < h(a(x n ^,x*),i/}(d(Tx n ^,Tx*)) 

< F{/3(i>(d(x n ^,x*))),ip(d(x n ^,x*))) 

^(d(xn(k)+i,Tx*)) < P{ip{d(x n ^,x*)))ip(d(x n ^,x*)) < ip(d(x n ^,x*)). (2.16) 

Letting k -A oo in (2.16), we have 

lim ip(d(x n ^ +1 ,Tx*)) < 0. 

fc-»oo 

Therefore, in view of Proposition 1.6, we obtain x* = Tx* . □ 

Now we introduce the notion of generalized a-h-F-ip- Geraghty contraction. 

Definition 2.9. Let (A, d) be a generalized metric space and let a : X x 1 A R be a function. A 
map T : X -A X is called an a-Zi-F 1 - ^-Geraghty contraction type map if there exists (3 £ F& such 
that for all x, y £ X, 

h(a(x,y)Md(Tx,Ty))) < F{^{M{x,y))^{M{x,y))), (2.17) 

where M(x,y ) = max{d(x,y),d(x,Tx),d(y,Ty)}, e 'F and the pair (F,h) is a upclass of type /. 

Theorem 2.10. Let (A, d) be a complete generalized metric space, a : A x A — y M a function and 
let T : X —x A be a map. Suppose that the following conditions are satisfied: 

(1) T is a generalized a-h-F -ip -Geraghty contraction type map; 

(2) T is triangular a-admissible; 

(3) there exists xq £ A such that a(xo,Txo) > 1 and a(xo,T 2 xo) > 1; 

(4) T is continuous. 

Then T has a fixed point x* £ A and {T n x o} converges to x* . 

Proof. By (3), from xo £ A, construct the sequence {x n } as x n+ i = Tx n , n £ N. If x n = x n+ \ for 
some n £ N U {0}, then x* = x n is a fixed point of T. Assume further that x n / x n+ i for each 
n £ N U {0}. Since T is triangular a-admissible, it follows from (3) that 

a(xi,X 2 ) = a(xi,Txi) > 1 and a(xi,X 3 ) = a(xi,T 2 xi) > 1 

and so by induction, we get 

a(x n ,x n+ i)>l and a(x n ,x n+2 )>l ( 2 -18) 
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for n G N. And we also find a(x n , x n+m ) > 1 for each m, n E N. 

Therefore, by (2.17) 

h(l,ip(d(x n ,x n+ i))) < h(a(x n -i,x n ),ip(d(Tx n -i,Tx n ))) 

< F(P(ip(M(x n -i,x n ))),ip(M(x n -i,x n ))) =>• 
i>(d(x n ,x n+ i)) < P(lp(M(x n -l,Xn)))lp(M(x n -l,Xn)) <ip(M(x n -i,x n )) (2.19) 
for each n > 1, where 

M(x n - i,x n ) = max.{d(x n -i,x n ),d(x n -i,x n ),d(x n ,x n+ i)} = max.{d(x n -i,x n ),d(x n ,x n+ i)}. 

( 2 . 20 ) 


If max.{d(x n -i,x n ),d(x n ,x n+ i)} = d(x n ,x n+ 1 ), then by (2.19), we get 

ip(d(x n ,x n+ 1 )) < ip(d(x n ,x n+ i)), 

which is a contradiction. Hence max{d(x n _i, x n ), d(x n , x n+ i)} = d(x n - i,x n ) and (2.19) gives 

ip(d(x n ,x n+ i)) < ip(d(x n -i,x n )), for all n G N. ( 2 -21) 

This yields that, for each n G N, 


d(x n , X n -y- 1 ) < d(x n — l,X n ). 


( 2 . 22 ) 


Thus we conclude that the sequence {d(x n ,x n + 1 )} is nonnegative and nonincreasing. As a result, 
there exists t > 0 such that lim^oo d(x n , x n+ \ ) = t. We claim that t = 0. Suppose, on the contrary, 
that t > 0. Then, on account of (2.19), we get that 


ip(d(x n ,x n + 1 )) 
ip(M(x n - i,x n )) 


< P(ip(M(x n -i,x n ))) < 1, 


which yields that \im n ^oo P{'^{d(x n ,x n +i))) = 1. We obtain 


lirn ip(d(x n ,x n+ i)) = 0, (2.23) 

n—¥ oo 


due to the fact that /3 € F On the other hand, the continuity of ip together with (2.23) yield that 

lim d(x n ,x n+ 1 ) = 0. (2.24) 

n— > oo 

Now we shall show 


lim d(x n ,x n+ 2 ) = 0. 

n—¥ oo 


(2.25) 


Regarding (2.17) and (2.18), we find that 

h(l,ip(d(x n ,x n + 2 ))) < h(a(x n -i, x n+ i)ip(d(Tx n -i, Tx n+ \)) 

< F(/3(ip(M (x n -i,x n+ i))),ip(M (x n _i, x n+ i))) 


i ip(d(x n ,x n+2 ))) < P(ip(M(x n -i,x n+ i)))ip(M(x n -i,x n+ i))) < ip(M(x n -i,x n+ i)) (2.26) 

for all n £ N, where 

M(x n -i, x n+ i) = max{d(x n _i, x n+ i), d(x n -i, Tx n -i), d(x n+1 , Tx n+1 )} 

= max.{d(x n -i,x n+ i),d(x n -i,x n ),d(x n+ i,x n+2 )}. (2.27) 

In view of (2.22), we obtain 

M(x n - i,x n +i) = max{d(x n -i,x n+ i),d(x n -i,x n )}. 

Define a n = d(x n ,x n + 2 ) and b n = d(x n ,x n+ 1 ). Then, taking (2.26) into account, we get 

ip(a n ) < ip (max{a„_ 1 , 6 n _ 1 } ) . 
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(2.28) 

'7i— 1 1 bn— 1 } • 

(2.29) 


a-iji - GERA G HTY CONTRACTIONS IN GENERALIZED METRIC SPACES 
This yields that, for each n G N, 

a n < ma 

By (2.22), we have 

b n < ma 

Therefore, 

ma x{a n ,b n } < max{a n _i, 6 n _i} 

for all n € N. Thus the sequence max{a n , b n } is nonegative and nonincreasing and so it converges 
to some r > 0. Clearly, by (2.24), 

lim d(x n ,x n+ 2 ) = lim a n = lim rriax{a n , b n \ = r. 

n— >00 n— >00 n— >oo 

Now we will show that r = 0. If r > 0, then in view of (2.26), we have 

ip(d(x n ,x n+ 2 )) . . , , . 

— — yr < PW(M(x n - i,x n+ i))) < 1, 

which yields that lim, woo /3(^(M(x n _i, x n+ i))) = 1- We obtain 

lim V>(M(x n _ i,x n+ i)) = 0, (2.30) 

n— >00 

due to the fact that (3 € F & . On the other hand, the continuity of together with (2.30) yield that 
ip(r) = lim max{a n _i,6 n _i}) = lim i/>(max{a n _i, 6 n _i}) = 0, 

n— >00 n— )-oo 

which is a contradiction and hence r = 0. 

Suppose that x n = x m for some m, n G N, m < n. Then 

ip(d(x m ,x m+ i)) = ip(d(x n ,x n +i)) 

< f3(il)(M (x n -i, x n )))ip(M (x n -i, x n )) 

< ip(d(x n - i,x n )) 

< 'ip n ~ m (d(x m ,x rn+ 1 )) 

< *Tm+ 1 ) ) i 

a contradiction. Hence all elements of the sequence {x n } are distinct. 

In order to prove that {x n } is a Cauchy sequence in (X. ri), suppose that it is not. Then by 
Lemma 1.5, using (2.24) and (2.25), we assert that there exist e > 0 and two sequences {m^} and 
{nk} of positive integers such that > rrik > k and the sequences (1.3) tend to e as k -A 00 . By 
substituting x = x mk and y = x nk+1 in (2.17) and taking (2.18) into account, we obtain 

/^(l, '4 > {d(x mk , x Uk+1 ))) < h(a{x w-h-l 1 Xrik ),ip(d(Tx mk _ 1 ,Tx nk ))) 

— F(f3(ijj(M(x mk _ 1 ,x nk ))),'ip(M(x mk _ 1 ,x nk ))). (2-31) 

On the other hand, we have 

M{.x mk _ 1 ,x nk ) = max{d(x mk _ 1 , x nk ), d(x mk _ 1 ,Tx mk _ 1 ), d(x nk ,Tx nk )} 

— max{d(x mfc _ 1 , x nk ) , d(x mk _ 1 , x mk ) , d{x nk , inj. +1 )} 

and hence 


lim i/j( M( x mk _ 1 ,x nk )) =ip(e). 

k — ^00 


(2.32) 

(2.33) 


From (2.31), we have 


i/j{d(xm k ,x nk+1 )) 

il>( M (x mk _ 1 ,x nk )) 


< ^(lA(M(ai mfc _ 1 ,x„ fc ))) < 1. 
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Letting k -A oo, we get 

lim P(i/)(M(x mk ^,x nk ))) = 1. 

K—¥ OO 

Thus linifc_ s . 0 0 'tp(M(x mk _ 1 ,x nk )) = 0 and so (2.33) gives ip(e) = 0, which is a contradiction. There- 
fore, {x n } is a Cauchy sequence. Since ( X , d) is a complete generalized metric space, there exists 
x* € X such that lim d(x n ,x*) = 0. Since T is continuous, we have 

n— >■ oo 

lim d{Tx n ,x*) = lim d(x n +i,Tx*) = 0. 

n— >oo n— >oo 

By Lemma 1.4, we get that Tx* = x* . □ 

Theorem 2.11. Let {X, d) be a complete generalized metric space, a : X x X -A M a function and 
let T : X — > X be a map. Suppose that the following conditions are satisfied: 

(1) T is a generalized a-h-F-if-Geraghty contraction type map; 

(2) T is triangular a-admissible; 

(3) there exists x$ E X such that a(xo,Txo) > 1 and a(xo,T 2 xo ) > 1; 

(4) { x n } is a-regular. 

Then T has a fixed point x* 6 X and {T n x o} converges to x* . 

Proof. Following the proof of Theorem 2.10, we know that the sequence {x n }, defined by x n+ \ = Tx n 
for all n > 0, converges to some x* E X. Now we shall show that Tx* = x* . Suppose, on the 
contrary, that Tx* x* , i.e,, d(x*,Tx*) > 0. Since x n is a-regular, from (2.18), there exists a 
subsequence { x n (*.)} of { x n } such that a(x n ^,x*) > 1. Applying (2.17), for all k, we get that 

h(l,if{d(x n(<k ) +1 ,Tx*))) < h(a(x n{k) ,x*),ip(d(Tx nW ,Tx*))) 

< F{P{^{M{x n {k),x*))),^{M{x n ^,x*))), (2.34) 


where M(x n ^,x*) = ma x{d(x n ^ k) ,x*),d(x n{k) ,Tx n ^),d(x*,Tx*)}. 

Letting k — > oo in (2.34), we have 

lim if{d(x n(k)+l ,Tx*)) < if(d(x* ,Tx*)). 

n— >oo v y 

In view of Proposition 1.6, we get a contradiction and hence x* = Tx* . □ 

For the uniqueness of a fixed point of a-^-Geraghty contractive mapping, we will consider the 
following condition. 

Condition (U): For all x,y E F(T), we have a(x,y ) > 1, where F(T) denotes the set of fixed 
points of T. 

Theorem 2.12. If the condition ( U ) is added to the hypothesis of Theorem 2.6 (respectively, The- 
orem 2.8), then we obtain that u is the unique fixed point of T . 

Proof. We will show that u is a unique fixed point of T. Let v be another fixed point of T with 
v u. By hypothesis (U), 

1 < a(u,v ) = a(Tu,Tv). 

Now, using (2.5), we have 

h(l,'fi(d(u,v))) < h(a(u,v),if(d(Tu,Tv ))) 

< F(/3(fi(d(u, v))),ip(d(u, v))) 

if(d{u, v)) < /3(ip(d(u,v)))ip(d(u,v)) < fi(d{u,v)), 

which is a contradiction. Hence u = v. □ 


1267 


ARSLAN HOJAT ANSARI etal 1258-1269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


a-i/’-GERAGHTY CONTRACTIONS IN GENERALIZED METRIC SPACES 

Theorem 2.13. If the condition (U) is added to the hypothesis of Theorem 2.10 (respectively, 
Theorem 2.11), then we obtain that u is the unique fixed point of T . 

Proof. Let v be another fixed point of T with h/m, Then by the assumption (£/), 

1 < a(u,v ) = a(Tu,Tv). 

Now, using (2.17), we have 

h(l,if(d(u,v))) < h(a(u,v),if(d(Tu,Tv ))) 


where 

Therefore, 


ip(d(u,v))) < (5(if(M(u,v)))'f>{M{u,v)) < ip(M(u,v)), 
M(u , v) = max{d(w, v), d(u , Tu ), d(v, Tv)}. 
${d(u,v)) < if(d(u,v)), 


which is a contradiction. Hence u = v. 


□ 


Now we give a useful example. 


Example 2.14. Let X = AU B, where A = and B = [|,1], Define the function 

d : X x X — >• M as follows: 


d 

d 

d 



d(x, x) 


d(x, y) 


1 

2 ’ 



1 

5* 



0 for all x G A, 


d(y , x) for all x,y G A 


1 

6’ 


and d(x,y) = \x — y |, whenever (x G A, y G B) or (x G B, y G H) or (x,y G H). It is easy to check 
that ( X , d) is a generalized metric space. Let T : X — >• X be a mapping defined by 


{ 2x+l 

f +2 

and the function a : X x X [ 0, oo) defined by 


if x G B 
otherwise 


a(x, y) 


1 if x, y G B 
0 otherwise. 


Define (5(f) = Using routine calculation it is easy to check that T is an a-h-F -i/i-Geraghty 

contraction for h(y,z ) = yz, F(s,t ) = st and if(f) = t. For xq = |, we have a(xo,Txo) > 1 and 
a [xq,T 2 xq) > 1. Using the definition of the maps a and T, we observe that a(x,y) > 1 => 
a(Tx,Ty) > 1 for all x,y G X and also a(x,z) > 1 and a(y, z) > 1 ==> a(x,y) > 1 and so T is 
triangular a-admissible. Moreover, if { x n } is a sequence in X such that a{x n ,x n+ \) > 1 for all n 
with x n — > x as n — > oo, then the definition of a gives x n G B for each n. Since B is closed, it 
follows that iGB, Thus a(x n ,x) = 1 for each n and hence the sequence { x n } is a-regular. So all 


1268 


ARSLAN HOJAT ANSARI etal 1258-1269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


A. H. ANSARI, C. PARK, A. KUMAR, G. A. ANASTASSIOU, AND S. LEE 

the hypotheses of Theorem 2.8 are satisfied and therefore T has a fixed point. Here x = 1 is such a 
fixed point. 

Remark 2.15. If the self map T is an ct-i/;- Geraghty contraction type map (see [1]), then T is an 
a-h-F-'ijj- Geraghty contraction type map for h(y,z ) = yz and F(s,t) = st. Therefore the results of 
Asadi et al. [1] can be obtained as a particular case of our results. 
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Absract In this paper, we investigate the oscillation of the following nth-order 
nonlinear dynamic equation 

k 

(r(t)$ 7 (a n _i(i)(a n _ 2 (i)(- • • {a 1 (t)x A (t)) A ■ ■ • ) A ) A ) A +^ qi(t)® ai (x(5i(t))) = 0 

i = 0 

on a time scale T with n > 2. We obtain some new oscillation criteria of the 
above equation. 

Keywords: Oscillation; Dynamic equation; Time scale 

Mathematics Subject Classification 2010: 34N05, 34K11, 39A21 

1. Introduction 

In this paper, we study the following nth-order nonlinear dynamic equation 

k 

(r (f )<f> 7 (a n _i (t) (a n _ 2 (f) (■ • • (ai(f)x A (f)) A • • • ) A ) A ) A + qi(t)® ai (x(5i(t))) = 0, (1.1) 

i=0 

on a time scale T satisfying infT = to an d supT = oo, where n,k G N= {1,2, •••} with 
n > 2 and 7, ctj > 0, i = 0, 1, 2, • • • , k, are ratios of odd numbers, qi(t) € C r d{ T, [0, 00 )) and 
qi(t) ^ 0, i = 0, 1, 2, ■ ■ ■ , k. And we also assume the following conditions are satisfied: 

(HI) <h p (n) = \u\ p ~ 1 u for any p > 0. 
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(H2) There is an integer m G [1, k) such that 

Oi\ 7 Ot2 ^ 1 “ ^ 7 — 7 ^ 1 ^ ‘ 1 1 ^ ®-k' 

(H3) cij(t) G C r rf(T, (0, oo)), 1 < j < n — 1, r(t ) G CV^TT, (0, oo)) satisfying 

Y 00 1 

-At = oo. 


Jto T 1 /T'(t)a„_ 1 (t) 

(H4) (5*(t) G CVd(T,T) such that c) A (f) > 0 and lim 5i(t) = oo. 

t — »oo 

Write 


Si(t) = 


x(t), 


l = 0, 


ai{t)Sf^ 1 (t), 1 < l < n — 1 . 


Then (1.1) reduces to the equation 


( 1 . 2 ) 


(r(t)$ 7 (5 n _i(t))) A + J^«(i)$ai(® (&(*))) = 0. 


(1.3) 


i = 0 


Few decades, much attention has been paid to various dynamic equations, see [1-5]. In 
recent years, there has been more interest in obtaining conditions for oscillation of solutions 
of dynamic equations on time scales, see [6-10]. Erbe et al. [1] researched the oscillation of 
the equation 

x A ™ (t) + p(t)x a (cr(t)) = 0, t G T, 

where a > 1 is a ratio of odd numbers; and Jia et al. [2] investigated oscillation for the linear 
equation 

x A " (t) +p(t)x(t) = 0, t G T. 

On a general time scale T. Recently, Zhang et al.[3] established the oscillation criteria for 
the equation 


(r(t)$ 7 (x A ” i (f)) A + ^g i (f)4> Qi (x((5i(t))) = 0, 


(1.4) 


i = 0 


where 7 , c^, Si(t) is the same as ( 1 . 1 ). 

The purpose of this paper is to generalize results in [3] to more general equation and 
obtain some new oscillation criteria of ( 1 . 1 ). 


2. Preliminary results 

Lemma 2.1^ Assume (1.2) holds. Then there exist r/,; G (0, 1), i = 1, • • • , k, such that 

k k 

ami = 7 and y r]i = 1. 


□ 


i = 1 


i — 1 
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Lemma 2 . 2 M Assume that 



= oo, 


1 < i < n-2, 


( 2 . 1 ) 


and 1 < m < n — 2. Then, 

(1) liminft-Kxj S m {t ) > 0 implies lim^oo Si(t) = +oo, 0 < i < m — 1; 

(2) limsup^QQ S m (t) < 0 implies lim*-^ Si(t) = — oo, 0 < i < m — 1. □ 

Lemma 2.3 Assume (2.1) holds, and suppose that x(t) > 0 and (r(t)$ 7 (S' n _i(t))) A < 0 for 

t > to- Then there exist an integer m G [0, n — 1] with m + n — 1 even and a sufficiently large 

T G T such that, for any t > T, 


(1) (—l) m+l Si(t) >0, m < i < n — 1; 


(2) S'j(f) > 0, 1 < % < m — 1, when m > 1. 


Proof First we claim that 5 n _i(f) > 0 for t > to- Otherwise, there exists some t\ > to such 
that 5 n _i(ti) < 0. By (1.3) and (HI), r(t)S^_ 1 (t) is strictly decreasing on [to,oo)T- It follows 

j, 

that (t)(—S n -i(t)) is positive and strictly increasing on [ti,oo)f. Thus, 


S n -2(t ) 


Sn-2(t\) 


[ f rr(.s)(-5 n _i(.s)) 


Hi 


n(s)a n _i(s) 


As 


< 5 n _ 2 (ti) - n'(t 1 )(-5 n _i(ti)) f 1 As. 

r~< (s)a n _i(s) 

By (H3), we have lim^oo S' n _ 2 (t) = — oo. From Lemma 2.2, we get lim^oo So(f) = — oo, 
i.e., limj-^oo x(t) = — oo, which contradicts the fact that x(t) > 0 for t > to- Consequently, 
S n -i(t ) > 0 for t > to- Then we get two cases as follows: 

(i) Si(t) >0, 0 < i < n — 1; 

(ii) there exists an integer j € [1, n — 2] such that *Sy (t) < 0. 

For case (ii), let m be the smallest integer m G [0, n — 1] with m + n — 1 even such that 
(— l) m+ *5j(t) > 0 for t > to and m < i < n — 1. Note that 5 A _ 1 (t) = > 0 for t > to- 

So, when m > 1, we have that either S m -i(t) < 0 for t > to or there is t 2 G T such that 
> Sm-lfa) > 0 for t e> f 2 • 

If S m -i(t) < 0 for t > to, then using the above arguments similar to the case of S n -i(t) < 
0, we have S m - 2 (t) > 0 for t > to, which is a contradiction to the definition of m. 

If S m -i(t) > S m -i(t 2 ) > 0 for t > t 2 , then from (1) of Lemma 2.2 we have lim^oo Si(t) = 
oo for 0 < i < m — 1. This completes the proof. □ 


Lemma 2.4 Assume that (2.1) holds and one of the following two conditions is satisfied: 

/-OO ^ 

/ ^g,:(s)As = oo (2.2) 


'to 


i = 0 
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or 


(L°°E iU«(«i)Aui) 


As / a n - 2 (u 2 ) 


A u 2 = 


oo. 


(2.3) 


>t 0 l\Ju 2 r~i (s)a ra _i(s) 

Let x(f) be an eventually positive solution of Eq. (1.3). Then there exists T € T such that, 
for any t >T, (r(t)$^(S n -i(t))) A < 0, and the following statements hold: 

(1) when n is even, 

Sj(t)> 0, j = 1,2, - - ■ ,n-l. (2.4) 


(2) when n is odd, either (2.4) holds or Hindoo x(t) = 0. 

Proof Let x(t ) be an eventually positive solution of Eq. (1.3), then by (H4), we may assume 
that x(t) > 0 and x(5i(t)) > 0 (i = 0, 1, • • • , k) for t > to- By Eq. (1.3) and (HI), we have 


(r(t)<f> 7 (5 n _i(t))) A = (r(t)(S n -i(t)y) A <0, t> t 0 . 


From Lemma 2.3, there exists t± £ T such that 


Sj(t) > 0 for t > t\ and j € [1, m — 1], (2-5) 

(— 1 ) m+ ^Sj(t) > 0 for t>t\ and j G [ m,n — 1]. (2.6) 

When n is even, by Lemma 2.3, m must be an odd number. By (2.5), x A (t) = > 0. 

Hence, lim^oo x(t) exists, and it’s positive or limj^. 00 x(t) = oo. In this case, we will show 
that m = n — 1. Otherwise, the odd integer m < n — 3. Now (2.6) implies that, for any 
t > ti, 

S n - 2 (t) < 0 and S n - 3 (t ) > 0. 

Note that there exist T >t\ and a > 0 such that x(t) > a and x(5i(t)) > a (i = 0, 1, • ■ ■ , k) 
for t > T. Taking b := mino<i<fc{a a *}, we have 

k k 

(r(t)(5 n _!(t)n A < -J>(*)a ai < -&X> (*)• (2-7) 

i=0 i = 0 

If (2.2) holds, integrating (2.7) from T to t with t > T, we obtain that 

t k 

r(t)(S n -i(t)y < r(T)(S n -i(T)y - b f ^ qi(s)As ->■ -oo, as t ->• oo, 

^ T i = 0 

which contradicts the fact that S n -i(t) > 0 for t G [ti,oo)T- Hence, (2.4) holds. If (2.3) 
holds, integrating (2.7) from t to u\ with T < t < u\, we obtain that 

/ ui h r u i 

qi(s)As >b y qi(s)As. 
i = 0 Jt i=0 
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Taking u\ — > oo, we have 

,icr £?.«»(») 


-Sn-lCO > b~ 


r 7 (t) 


/•uo 

(t) / 


i=0 


Since S n - 2 (t) < 0, integrating (2.8) from t to u 2 with T < t < U 2 , we have 

-S n -2(t) > S n - 2 (U2 ) - S„_ 2 (t) > r (/t Ei= 0 gi( u l) AM l) 7 ASj 

Jt n(s)a n _i(s) 

Taking u 2 — )• 00 , we have 

^ r7(s)o n _i(s) 

Since 5 n _ 3 (t) > 0, integrating (2.9) from T to t with t >T, we get 


S n _ 3 (T) > -5 n _ 3 (t)+S n _ 3 (T) > 6r J 
Let t — »• 00 , we obtain 

r°° (JT eLo^mau) 


rr(s)a n _i(s) 


( 2 . 8 ) 


(2.9) 


^r/ roo (f oo E k i(ui)Aui) - 

— 1 As / a n -2(u 2 ) 


Au 2 


r 7 (s)a n _i(s) 


As / a n - 2 (u2 ) 


A'u 2 < 6 7 S n -z(T) < 00 , 


which contradicts (2.3). Hence, m = n — 1 and (2.4) holds. 

When n is odd, by Lemma 2.3, m must be even. From (2.5) and (2.6), either x^(t) > 0 
or x^(t) < 0 hold, which implies lim^ 0O x(t) = c > 0. If c > 0, we claim that m = n — 1. 
Otherwise, m < n — 3. Similar as above, we can arrive a contradiction. This completes the 
proof. □ 


In the sequel, for any n € N and t, T E T with t > T, we define /3k (t, T) as follows: 
Pi(t,T)= f ~~wt~ As, * = 1, 2, - - - , /c, 

JT a n-i{S ) 

where Po(t,T) = 

Lemma 2.5 Suppose that (2.1) and either (2.2) or (2.3) hold. Let x(f) be an eventually 
positive solution of Eq. (1.3) satisfied (2.4). Then there exists I 6 T such that, for t E [T, oo)t, 

-S'i(i) > r7(t)S n _i(t)/3 n _ 2 (f,T) and x(t) > r~i (t)S n -i(t)/3 n -i(t,T). 
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Proof By the hypothesis and (H4), there exists T 6 [fo,oo)T such that x(t ) > 0, x(5i(t)) > 0 

It 

(i = 0, 1, • • ■ , k) and (2.4) hold for t >T. It’s easy to see, from Lemma 2.4, that r y (t)S n -i(t) 
is decreasing on [T, oo)t- From (2.4), we have 


cn + 

fSn-M 

Jt a n-l{S) 

(T) + 

rz{s)S n - 1( 


It r z (s)a„_i(. 


-As 


C t ) / -T- 

JT r 7 


l 


> r-r(t)S n - 1 

ri(s)a n - i(s) 
= ry(t)S n -i(t)Pi(t,T). 


-As 


Integrating above inequality from T to t for t >T, we have 

rt S n . 2 (s) 


Sn- 3 (t ) = S n -s(T) + f 

T(t)S n -l(t) j 


T a n-2(s ) 


As 


> r 1 




As 


It a n-2\S) 


By induction, we can show that 


Si{t) > (t)S n -i(t)/ 3 n - 2 (t,T),x(t) > r~< (t)S n -i(t)/ 3 n -i(t,T)- 


This completes the proof. □ 

7+1 

Lemma 2 . 6 Let g(y) = By — Ay~^~ , where A, B and y are positive numbers. Then g{y) 
attains its maximum value on [ 0 , oo) at y* = ( ^ 4 + ) 7 > aR d 


max yiy) = g{y*) 
y e[0,oo) 


VY BY+l 

(7 + 1)7+* A'T 


□ 


3. Main Results 

For the convenience of presentation, we give some notations. Write D = {(1,s)gT 2 : t > 
s > 0}, for any z G C} d { T, (0, 00 )), we denote 

"H = {H(t, s ) G C^ d (D, [0, 00 )) : H A (t, s) < 0 and H(t, s) = 0 iff t = s}, 

C(t, s ) = H A {t, s)z a (s) + H(t , s)z A (s), 
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and 

C + (t, s ) = ma s)z a (s) + H(t, s)z A (s), 0}, 
where H(t,s ) G H and £+(s) = max{z A (s), 0}. 


Theorem 3.1 Suppose that (2.1) and either (2.2) or (2.3) hold, and r/,; (i = 1, • • • , k) are 
defined as in Lemma 2.1. Assume that for sufficiently large T £ T, one of the following 
conditions is satisfied: 

(Cl) either 

/•OO 

/ Q(s)As = oo, 

Jt 

or 


/*oo roc 

/ Q(s)As < oo and limsup^_ 1 (5(f),T) / Q(s ) A 
Jt t—¥ oo Jt 


s > 1, 


(C2) there is a function z G (TC( T, (0,oo)) such that 


lirnsup / 

£—>•00 Jt 


t r z A (s) 


Q(s)z(s) - 


(C3) there is a function 2: G Cy d (T, (0,oo)) such that 

1 a]'(s)(2 A (s))T ' +1 


As = 00, 


lirnsup / 
£—>00 Jt 


Q(s)z(s ) - 


(7 +1)7+1 z 7 (s)/3 7_ 2((5(s)iT)((5 A (s))7 j 
(C4) there are a function 2: G C^ d ( T, (0, 00)) and H G 'H such that 

1 


As = 


00, 


li “™ P S(t,T) J T L 


L7(t, s)Q(s)2:(s) 


“lWC+^^s) 


As = 


00 


s)( 7 + l)7+i27(s)^_ 2 (h(s), T)(<5 A (s))7j ' 

where Q(f) = <70 (i) + ]li=i (jliJ 1 Qi(t)) Vl an< l 5{t) = min{+ Si(t), i = 0, 1, 2, • • • ,k}. Then 

(i) every solution of Eg. (1.3) either oscillates or tends to zero as t — > 00 when n is odd, 

(ii) every solution of Eq.{ 1.3) is oscillatory when n is even. 


Proof Assume that Eq.{ 1.3) has a nonoscillatory solution x(t). Without loss of generality, 
we may suppose that x(t) is eventually positive. Then, Lemma 2.4 and Lemma 2.5 hold, 
and by (H4), there exists a sufficiently large T G T such that x(t) > 0 and x(5i(t)) > 0 (i = 
0, 1, • • • , k) for t > T. 

When n is odd, from Lemma 2.4, we have that (2.4) holds or linp_ s . oc x(t) = 0. If (2.4) 
holds, Eq. (1.3) reduces to 

k 

(r(t)(S n ^(t)y) A + J2Qi(t> ai m)) = 0. (3.1) 

i= 0 
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We consider four parts corresponding conditions (C1)-(C4). 

Part 1: Suppose that (Cl) holds. 

Write = r(t)(5 n _i(t)) 7 , then ip(t) > 0 and 'ip A (t) + — 0 for 

t >T. So we have ij) A (t) < 0 and lirn^oo i/j(t) = b > 0. Put at = rj^ 1 qi(t)x ai (5(t)) , by the 
arithmetic-geometric mean inequality [11], we get 

k k 

Y, nm > a f and a* > 0. 

i= 1 i = 1 


So we have 


y qi (t)x a *m) > qo (t)x^m) + ( 3 . 2 ) 

i = 0 

Consequently, 

ip A (t) + Q(t)x 1 (5(t)) < 0. (3.3) 

Integrating (3.3) from t to oo, we have 

/ OO 

(3(s)x 7 (<5(s))As < 0. 

If f t °° Q(s)As = oo, using (2.4), we can arrive a contradiction. If f t °° Q(s)As < oo, then 

roo poo 

^(5(t)) > V’W > / <5(s)x 7 (d(s))A.s > x' y (5(t)) / Q(s)As. 

Jt Jt 

From Lemma 2.5, we have 

/ OO 

Q(s)As < 1, 

which contradicts to (Cl). Therefore, every solution of Eq. (1.3) either oscillates or tends to 
zero as t — > oo. 

Part 2: Suppose that (C2) holds. 

Define 

-tf-hW Y 

(3.4) 


z(t)?’(t)(5 n _i(t)) 7 

w(t) = v y v L , t > T. 


^m) ’ 

We get w(t) >0 immediately. From Lemma 2.5, we have 


w 


■<*> = (r(*)(«^wr) 4 (i) + (rltX^W^'f^)' 
= (V(f)(Sn-i(*)) 7> 


\x^(S(t))J 

z A (t)x^(5(t)) - z(t)(x 7 (5(t))) A 


x 7 (<5(f))x 7 ((S CT (f)) 
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+ z(t) 




< 


z$(t)(r(t)(S n - 1 (t)) 7 ) a 


-z{t) 


E -=0 


x 7 (S a (t)) v ' x 7 (8{t)) 

_ ( r (t)(Sn-l(t)) 7 ) a z(t)(x^(d~(t))) A 
x 7 (S(t)x 7 (S cr (t))) 

Noting that x A (t) = > 0. When 7 > 1, by Keller’s chain rule, we have 


(x 7 (t)) A = 7 


IJ 0 


(x(t) + hyi{t)x A (t)) 7 1 dh 


x A (t) 


(3.5) 


> 7 x A (t) f ((1 — h)x{t) + hx(t)) 7 l dh = 'yx 7 1 (t)x A (t). 

Jo 

So (x 7 (5(t))) A > 7 X 7-1 (5(t))(x(5(t))) A . It’s easy to see, from (H4), that 8 A (t) > 0 for t € T. 
Hence, from [12, Theorem 1.93], we have 


(x 7 (S(t))) A > 'yx 7 1 (S(t))x A (8(t))8 A (t) > 0 . 


(3.6) 


When 0 < 7 < 1, 

(x 7 (t)) A > 7 x A (t) f ((1 — h)x a (t ) + hx a {t)) 7 ~ l dh = 7 (x a (t)) 7 ^ 1 x A (t) . 

Jo 

So (x 7 (S(t))) A > 'yx 7-1 (5 a (t))(x(5(t))) A . From [12, Theorem 1.93], we have 

(x 7 (5 (t))) A > 'yx 7 ~ 1 (5 a (t))x A (5(t))5 A (t) > 0. (3.7) 

Noting that r(t) > 0. From (3.6) and (3.7), we get 

(r{t)Sl_ 1 {t)) a z(t)(x 7 (5(t))) A 

x 7 (8(t))x 7 (5 C7 (t)) 

Since (r(t)S^_i{t)) A < 0 , 5(t ) <t< cr(t) and 8 a (t) < cr(t), we have 

< ^(O^-iO^))- (3-8) 

and 

’•Mt)|s;. 1 («(l)) < r(r(t))S7 1 (^(t)). (3.9) 

Hence, from (3.2), (3.9), Lemma 2.5 and x A (t) > 0, we have 

Z A (+) 

“' i(i)s - z( ‘ W(t, + rab)' 
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Integrating the above inequality from T to t for t > T, we get 

As < w(T) — w(t ) < w(T). 


f ‘ Uww - 


^_!(^(S),T) 

Taking the limsup on both sides as t — >• oo, we obtain a contradiction to (C2). Therefore, 
every solution of Eq.( 1.3) either oscillates or tends to zero as t -7 oo. 

Part 3: Suppose that (C3) holds. 

When 7 > 1, from (2.4), (3.5) and (3.6), we have 

z+(t) 


w (t) < - z(t)Q(t ) 


T(t)< 




»"(() - (r(t)S7,(‘))' 


. z(t)'yx A (5(t))5 A (t) 
xT'+^d+f)) ' 


(3.10) 


Since x A (t) = from (3.8) we get 

7+1 | 1 

r z(t)jx A (S(t))8 A (t) -{ r a {t )) i S^_i{t) z(t)jx A (S(t))8 A (t) 


-{r(t)Sl_ 1 (t)) e 


x , y+ 1 (S a (t)) 


.XT + 1 (+(f)) r i (a(t))S n - 1 (a(t)) 


- 7 +I i 1 

-jr a {t)) t - S^_!(t) z(t)'yx A (5(t))5 A (t) 
x^ +1 (8 a (t)) r i (8(t))S n -i(8(t)) 
z{t)"f/3 n -2(t,T)8 A (t) 2+1 


< 


< - 


7+1 

ai(t)z 2 (a(t)) 


-w 2 (cr(t)). 


Then 


w A (t) < -z(t)Q(t) + ^yW+t) ~ (<r(t)). (3.11) 


7+1 

ai(t)z 2 ( a(t )) 


When 0 < 7 < 1, by (3.2), (3.5) and (3.7), we have 

~ A (t) 

W A (t) < —z(t)Q(t) + -^yW+f) - 


,z{t)^{x{5 a {t))) 1 1 x A (d(t))S A (t) 


Then, by (3.8) and Lemma 2.5, we have 


-+(*)+!_!(*)) 

7+1 


,+f)7(x(<5 CT (t))) 7 + A (d(t))d A (t) 


< 


< - 


x^(8(t))(x(8 a (t))p 

-(r+f))^^^) +f) 7 x A (,5(f)+ A (f) 
x' y (S(t))x(8 a (t)) r y ( 0 -(^) 5 n _ 1 ( C r(t)) 

-(^(^^^-lW +f)7x- A +(f)+ A (t) 
x+<S(f))x(<S+f)) r T(,5(i))5 n _i(<5(t)) 

ai(t)z 7 (cr(t)) 
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It follows that 


A/ \ z+(t) . z(t) r Y/3 n -2(t,T)d A (t) i+l 

w A (t) < —z(t)Q(t) + -£rjrw a {t) - {> io i 

z W ai(t)z i (<r(i)) 


(3.12) 


Let 


B= Z M, 




7+1 

ai(t)z i (a(t)) 


Then, by Lemma 2.6 and (3.12), for all t > T, 
w A (t) < —z(t)Q(t) + 


a?(t)(2+(t)) 7+1 


(7 + 1) 7+1 z^t)^ n _ 2 (t,T)(6 A W 


Integrating the above inequality from T to t for t > T, we get 


rt r 


z(s)Q(s) - 


1 


aj{s){z^{s)y +1 


(7 + 1 ) 7+1 z+s)/3 7 _ 2 (s,T)(<5 A (s))T'_ 


As < w(T) — u;(i) < w(T). 


By taking the limsup on both sides as t -4 00 , we obtain a contradiction to (C3). Therefore, 
every solution of .Eg. (1.3) either oscillates or tends to zero as t -7 00 . 

Part 4: Suppose that (C4) holds. 

From (3.11) and (3.12), we have that for H € % and t>T 


f H(t,s)z(s)Q(s ) As < — f H(t, s)w a (s)As + f H(t,s)w a (s) 

Jt Jt Jt 


4(f) 

z r7 (s) 


As 




7+1 

ai(s)z t- (<r(s)) 


< H(t,T)w(T) + J* 


+ H[t,s) 


4(f) 

z CT (s) 


w ff (s)As 


< 


_ /* g(t , s) *(»h&-2 W«), T)sHl As 

•I 71 ai(s)z 7 (er(s)) 

H(t,T)w{T) + J [C+(t, s)]ir' T (s)As 


-f T H(t,s) AlAzAWIlAfl ,„4 f , W) a „. 


7+1 

ai(s)z 7 (a(s)) 


Let 


v r< u \ a zju ^(s)y/3 n - 2 (<5(s),T)<5 A (s) a 

B = C+{t,s), A = H(t,s ) y+r , y = w(s). 

ai (s)z 1 (a (s)) 
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By Lemma 2.6, for all t > T, 

rt 


H(t, s)z(s)Q(s)As < H(t,T)w(T ) 


+ 


[C+(t, s)]T' +1 (z° r (s))T' +1 a]'(s) 


T ^_ 2 (<5( a ),T)((jA( s ))7fr7(t, S )( 7+ 1)7+1 Z 7( S ) 


As, 


i.e., 


w(T) > 


1 


rt r 


H(t,T)J T 


H(t , s)z(s)Q(s) 

[C'+(t,s)]T' +1 a]'(s) 


As. 


Pl_ 2 (8(^T)(S A (s)rH^t, s)( 7 + lyr+^OOj' 

Taking the limsup on both sides as f — > oo, we obtain a contradiction to (C4). Therefore, 
every solution of .Eg. (1.3) either oscillates or tends to zero as t — > oo. 

When n is even. From Lemma 2.4, (2.4) holds. Similar to above four parts, we can show 
that every solution of Eg. (1.3) is oscillatory. This completes the proof. □ 


Theorem 3.2 Let 7 > 1. Suppose that (2.1) and either (2.2) or (2.3) hold. For sufficiently 
large T G T and z G C^ d (T, (0, 00 )), one of the following two conditions is satisfied: 


rt r 


(I) limsup 

t — ^OO 


z(s)Q(s) - 


ai(s)(z A (s)f 


4^P*(6(s),T)z(s)5 A (s)\ 
(II) there exists H G % such that 


As = 


00, 


7 P W7T) J T l 


H(t , s)z(s)Q(s) - 


ai(s)C 2 (t, s) 


4 1 z(s)5 A (s)(3*(8(s),T)H(t,s)\ 


As = 


00, 


where /3*(t,T) = T)j3 n - 2 {t, T). Then 

(i) every solution of Eg. (1.3) either oscillates or tends to zero as t — >• 00 when n is odd, 

(ii) every solution of Eg. (1.3) is oscillatory when n is even. 


Proof Assume that Eg. (1.3) has a non-oscillatory solution x(t). Without loss of generality, 
we may suppose that x(t) is eventually positive. Then, Lemma 2.4 and Lemma 2.5 hold, and 
by (H4) there exists a sufficiently large T G [to, 00) such that x(t) > 0 and x(Si(t )) > 0 (i = 
0, 1, • • • , k) for t > T. 

When n is odd, from Lemma 2.4 we see that (2.4) holds or lim^oo x(t) = 0. If (2.4) 
holds, we separate the rest of the proof into two parts. 

Part one: Suppose that (I) holds. 

Define w(t) as in (5.4). Because x(t) > 0, a(t) > t, by (3.2), (3.5) and (3.6), we get that 




Z°(t) 


x'r(5 a (t))x^(5(t)) 
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zA ( t )...ou\ ziDix 1 1 (S(t))x A (8(t))6 A (t) 2 


- ~ z[t)m + Fw ’ w ’ (t) - 


W 


From (3.8) and Lemma 2.4, we get 


A/j.\ ^ z ( t ) sA ( t ) xl x A (S(t)) , <x/^2 


wit) < z(t)Q(t)+ (^(t))2 r((r(t ) ) s n _ l(i(t)) 

< -WOW + $§»"(*) - s ^|j i / ! -W0,D(«'W)*. 

By completing the square for w a {t) on the right-hand side, we have 

iu A (t) < —z(t)Q(t) + ai(t)( ^ ( * ))2 

[ ) ~ W 4 7 /P(5(t), l>(f)<5 A (f) ' 

Integrating the above inequality from T to t for t > T, we get 




It L 


z(s)Q(s) - 


oi(s)(2 A (s)) 5 


4 7 /?*(<S(s),:Z>(s)<5 a (s) 


As < it;(T) — u;(f) < w(T). 


Taking the limsup on both sides as as t — > oo, we obtain a contradiction to (I). Therefore, 
every solution of .Eg. (1.3) either oscillates or tends to zero as t —*■ oo. 

Part two: Suppose that (II) holds. 

The proof is similar to Part 4 of Theorem 3.1 and Part one of Theorem 3.2. 

When n is even. From Lemma 2.4, (2.4) holds. Similarly, we can show that every solution 
of Eg. (1.3) is oscillatory. The proof is completed. □ 


4. Examples 

Example 4.1 Consider the equation 

(t _1 4>i (S n (t))) A + (x(t + 1)) + t~ 2 4>!9 (x(t — 1)) + f^ 3< bi (x(t + 2)) = 0, leT 

where S n (t) satisfies Eg. (1.3), a*(t) = t ~ 1 (1 < i < n), T = [2 ,oo)r. Here, we have 

(1) n > 2, 7 = a 0 = 4, ai = ^, a 2 = §; 

(2) r(t) = t- 1 , q 0 (t) = t~ i, qi(t) = t~ 2 , q 2 (t ) = f 3 ; 

(3) (5o(t) = t + 1, <5i(t) = t — 1 and d(f) = t — 1. 

Clearly, 

/*oo /‘OO 

/ 1 / / x ry At = / t 3 At = oo, 

Jto r l h(t)a n (t) J 2 


1 


/to 


a.j(t) 


A t= t At = oo, 1 < ?' < n, 
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hence (H1)-(H4) hold. Note that 


^go(s)As = / + s -2 + s _3 J As > / s~2As = oo 


^ z i = 0 z 

i.e. , (2.2) holds. Let r/i = ^ 3 , 7/2 = §§• Then 171,772 satisfies Lemma 2.1. With z(t) = 
see that for sufficiently large T e T, 

* r 1 a7(s)(zf (s))^ 1 


linrsup / 
t — ^00 Jt 


Qis)z(s) - 


(7 + ir +1 ^W«-2Ws).r)(« A (s)rJ 


As 


s 2 + ( 36s 


2_ , or , 1 
-2\ 36 / JO 3 \ 36 


35 


As 


= lim sup / 
t — 00 Jt 

f l -I A 

> lim sup / 5 2 A 5 = oc. 
t— >00 Jt 

Hence, the condition (C3) of Theorem 3.1 is satisfied. 

By Theorem 3.1, every solution of Eg. (1.3) either oscillates or tends to zero as t 
when n is odd and oscillatory when n is even. 

Example 4.2 Consider the equation 

(t$ 2 (S n (t))y A + $ 2 (*(f)) + 2 <S> 3 (x{t - 1)) + 3t~ 3 <5>i (x(t + 2)) = 0, fS T 

where S n (t ) satisfies Eg. (1.3), T = [1,oo)r, a*(t) = f _4 (l <i<n). Here, we have 

(1) n > 2, k = 2, 7 = ao = 3, a\ = 3, <Y 2 = §; 

(2) r(t) = t, g 0 (f ) = 1, gi(t) = 2, g 2 (f) = 3f~ 3 ; 

(3) 5o(t) = t, Si(t ) = t — 1, £ 2(0 = t + 2 and 4'(f) = f — 1. 

Clearly, 


/*OC 2 /»oo ^ 

/ 1 / / x — vyAf = / f5At = oo, 

lt 0 r l h(t)a n {t) Ji 


f 

Jtn 


1 


/to a *(^) 

hence (H1)-(H4) hold. Note that 


At = J t 4 A t = 00 , (1 < i < n) 


(nto«(«)Au) 


(s)a n _r(s) 

/■°° (/°°(1 + 2 + 37t _3 )Au)5 


As / a„_ 2 (n) 


s 2 s — 4 


As /n 


-4 


An 


An 


> 


oc / roc (JT(3 u~ 3 )Au)^ 


s 2 S 


— 4 


As | n 4 An 


14 


1 we 
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> 


s 2 As v^Av = oo, 


i.e. , (2.3) holds. Let rji = |, r? 2 = §• Then 771 , 772 satisfies Lemma 2.1. With z(t) = 1 we see 
that for sufficiently large T £ T, 


limsup [ Q(s)As = limsup f 


i/3 

1 + (3 x 2)3 x 3s 


2 

-31 3 


As = 


00. 


t — >00 JT t — >00 JT 

Hence, the condition (I) of Theorem 3.2 is satisfied. By Theorem 3.2, every solution of 
Eq.( 1.3) either oscillates or tends to zero as t — > 00 when n is odd and is oscillatory when n 
is even. □ 
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Abstract: Let n, k be positive integers satisfying n > 2k + 4, a ^ 0 be a complex 
number, and let A be a family of functions meromorphic in a domain D, if for each / G A, 
f n + af^ and g n + ag share b, and all zeros have multiplicity at least k + 1, then A is 
normal in D. 

Keywords: meromorphic function; normal family; shared value. 

1. Introduction and results 

In this paper, we denote by C the whole complex plane. Let / be a meromorphic 
function in a domain D C C. For a G C, set Ef(a) = {z G D : f(z ) = a}. We say that 
two meromorphic functions / and g share the value a provided that Ef(a) = E g (a) in D. 
When a = oo the zeros of f — a means the poles of /. 

Let J- a family of meromorphic functions defined on D C C. A is said to be normal 
on D, in the sense of Montel, if for any sequence fj G A there exists a subsequence f nj 
converges spherically locally uniformly on A, to a meromorphic function or oo (see [1], 

[2], [3])- 

According to Bloch’s principle, every condition which reduces a meromorphic function 
in the plane C to a constant, makes a family of meromorphic functions in a domain D 
normal. It is also more interesting to find normality criteria from the point of view of 
shared values. In this area, Schwick[4] first proved an interesting result that a family 

*Xuan Zuxing is the corresponding author and he is supported in part by Information Processing 
Academic Subject of BUU. 
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of meromorphic functions in a domain is normal if in which every function shares three 
distinct finite complex numbers with its first derivatives. And later, Sun [5] proved that a 
family of meromorphic functions in a domain is normal if in which each pair of functions 
share three fixed distinct values, which is an improvement of the famous Montel’s Normal 
Criterion [6] by the idea of shared values. More results about normality criteria concerning 
shared values can be found, for instance, in [7-9] and so on. 

In 2008, Zhang[10] proved 

Theorem A. (see [10]). let J- be a family of functions meromorphic in a domain F>, n 
be a positive integer and a, b be two constants such that a ^ 0, oo and b ^ oo. If n > 4 
and for each / and g in J f — af n and g' — ag n share the value b, then T is normal in 
D. 

In this paper, we replace f by f^ k> in Theorem A and obtain the following theorem. 
Theorem 1. Let n, k be a positive integers satisfying n > 2k + 4, a ^ 0, oo and b ^ oo 
be complex numbers, and let T be a family of functions meromorphic in a domain D. If 
for each /, g e J 7 , / n + a/ ( ' fc ) and g n -\-ag^ share b, and all zeros have multiplicity at least 
k T 1, then T is normal in D. 

Example: Let : |^| < 1} and T = {/„,} where 

fn(z) = — ^=, ze D, n= 1, 2, 3, ... . 
nyz 

Clearly /" + So for each pair m, n, f" + f n and /" + fj n share 0 in D, but 

T is not normal at the point z = 0 since — > oo(n — > oo). This example 

show that Theorem 1 is not valid if / doesn’t satisfy that all zeros have multiplicity at 
least k + 1. 

2. Lemmas 

In this section, we present some lemmas which will be needed in the sequel. 

Lemma 2.1 ([8]). Let J- be a family of functions meromorphic on the unit disc, all of 
whose zeros have multiplicity at least k, and suppose that there exists A > 1 such that 
|/( fc )(-)| < whenever f(z) = 0. Then if T is not normal, there exist, for each 0 < a < k, 

a) a number 0 < r < 1; 

b) points z n , \z n \ < r; 

c) functions f n G F; and 

d) positive numbers p n — * 0 

such that p~ a f n (z n + p n £) = <?„(£) — * g(£) lacally uniformly with respect to the spherical 
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metric, where g is a nonconstant meromorphic function on C, all of whose zeros have 
multiplicity at least k, such that <^(£) < <^(0) = kA + 1. In particular, g has order at 
most two; and, in case g is an entire function, it is of exponential type. 

Lemma 2.2 [11] Let / be a meromorphic function, then we have 

T(r, /) < N(r, f ) + N(r, j) + N(r, J~Z~[) ~ N ( r '> Jj) + s i r , f), (2-1) 


where 


f f' 

S{r, /) = 2m(r , —) + m(r, — — ) + log \ 


192/ (0)(/ (0) — 1) 


Lemma 2.3 Let / be a transcendental meromorphic function, n and k be two integers 
and n > 2k + 4, and all zeros of / are of multiplicity greater than k + 1, then f n + af ^ 
assumes every finite complex value b infinitely often. 

Proof: Let ip( z ) = a ^/n(tj~ 6 , anf l suppose that ip( z ) = —1 has only finite number of 
roots. Then by Lemma 2.2 we have 

T(r, ip) < N(r , if) + N(r, ±) + N(r, ^-y) + S(r, if). (2.2) 

Now the poles of ip(z) occur only at zeros of f(z ), and those poles which are not simul- 
taneously zeros of af ^ — ft have multiplicity at least n. Zeros of ip(z) can occur only at 
zeros of af ^ — b which are not poles of f(z). Thus 

N(r, ip) + N(r, < - N(r , ip) + N(r, — -) + N(r, f ) 

ip n af w — b 

< ~T{r, if) + T(r, /<*>) + F(r, /). (2.3) 

n 

By the hrst fundamental theorem, we have 

N(r,iP) + N(r,h < -T{r,iP) +T{r, f) + (k + l)N{r, f) + S{r, f) 
i p n 

< -ffTpr , ip) + (k + 2 )T(r, f) + S(r, /). (2.4) 

Take (2.4) into (2.1), we have 

(1 - 1 )T(r, V>) < (k + 2)T(r, /) + S(r, /). (2.5) 

On the other hand, 

/Tf f{k) — h 

nT(r,f) = T{r, f n ) — T(r, 1 ) 

< T(r,/«) + T(r,^) + 0( 1) 

< (k + l)T^f)+T(r,iP) + S(r,f), 
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that is 

(n - k - 1 )T(r, f) < T(r, ij>) + S(r, /). (2.6) 

Combining (3.5) and (3.6) we obtain 

(l-i)T(r,^) < [ k + 2 +0(l)]r(r,V) (2.7) 

77/ 77/ K 1 

which contradicts with the condition n > 2k + 4. 

Thus we proved Lemma 2.3. 

Lemma 2.4 Let / be a nonconstant rational function, n and k be two integers and 
n > 2k + 4, and all zeros of / are of multiplicity greater than k + 1, then f n + af^ has 
at least two distinct zeros. 

Proof: Case 1. If f n + af^ has no zeros, it is easy to see that / is not a polynomial, 
then / is rational function but not a polynomial. 

Let / = (z _ ziri(z _ z ^m 2 ... (z _ zt)mt = §, f {k) = g-. We denote p = degP , and q = degQ , 
then degQi = q + kt, degPi = p + k(t — 1). 

f n + a/ (fc) = l>n Q'+" P 'Q\ (2.8) 

Q n Qi 

deg(P n Qi) — np + q + kt , deg(PiQ n ) = p + k{t — 1) + ?rg. 

If p > q, then np + g + kt — (p + k(t — 1) + nq ) = (n — l)(p — q) + k > 0, that is 
deg(P n Q\) > deg(PiQ n )\ lfp<q, since n > 2/c + 4, then np + q + kt — (p + k(t — 1) +nq) = 
(n — 1 )(p — q) + k < 0, that is deg{P n Q 1 ) < deg(PiQ n ), thus f n + af ^ have zeros, which 
is a contradiction. 

Case 2. f n + afdd has only one distinct zero zo. 

If / is a polynomial, then f n + af^ = A(z — Zq) 1 . From the condition that all zeros 
of / are of multiplicity greater than k + 1, we can deduce that z 0 is the only zero of /, so 
/ = b(z — z 0 ) m , m > k + 1, where b is a constant and m is a positive integer. 


/d) _ fr m ( m — 1) • • • ^ k + l)(z — ^ 0 ) m ^ (2.9) 

and 

f n + af (k) = A n (z - ^ 0 ) nZ + c(z - ^ 0 ) m ' fc = (z - ^ 0 ) m ' fc [4l(^ - ^ 0 )^' m+fc + C], (2.10) 


thus f n + a/^9 has two distinct zeros, contradiction. 

So / is a non-polynomial rational function, then we can assume that 

A(z - z 0 ) m 


m = 


Z 1 


mi 


z 2 ) 


nz . 


Z~ Z s 


( 2. H ) 
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where A is a constant, and s is a positive integer. By integration (2.4) we get 

,( fc ) = {z ~ z 0 ) m ~ k g(z) 

(z — Zi) ni+1 (z — z 2 ) n2+1 ■ ■ ■ (z — z s ) ns+1 ’ 

From (2.11) and (2.12) we obtain 

A n (z - z 0 ) nm + a(z - z 0 ) m ~ k g(z)(z - ■ ■ ■ ( z - Zi )("-i)".-* 


( 2 . 12 ) 


f n + afW = 


(z — z i) ni (z — z 2 ) n2 • ■ ■ (z — z s ) ns 
(z - Zo) m ~ k [A n (z - z 0 ) nrn ~m+k + ag( z )(z - 


(z - z^-^s-k 


(z - Zi) ni (z - z 2 ) n2 ■■■(z- z s y 

On the other hand, since f n + af ^ has only one zero, we have 

fn , a Hk) = Cjz-ZoY 

(z — Zi) m (z — z 2 ) n2 ■ ■ ■ (z — Z s ) Hs 

Combining (2.13) and (2.14) we have 

C(z-zo) l = (z-zo) m - k gi(z), 


.(2.13) 


(2.14) 


where gi(z) = A n (z — z 0 ) nm ~ m+k + ag(z)(z — Zl )^ n ~^ ni ~ k ■ ■ ■ (z — z s )^ n ~^ ns ~ k . If / > m — k , 
then gi(z) has a zero zo, which is impossible. If l — m — k, gi(z) = C, that is A n (z — 
z 0 ) nm ~m+ k + ag(z)(z — Zi y n ~ 1 ' )ni ~ k ■ ■ ■ (z — Zs y n ~ 1 ' )ns ~ k = C, thus nm — m + k = (n — 1)IV, 
where N — n\ + n 2 + ■ ■ • + n s , thus (n — 1)(N — m) = k, which is impossible since 
n >2k + 4. 

The proof of Lemma 2.4 is completed. 


3. The Proof of Theorem 1 


We may assume that D — A, the unit disc. Suppose that F is not normal on A. Then 

k 

by Lenunal, we can find fj G F,Zj G A, and pj — * 0 + such that gj(£) = Pn _1 fj( z j + 
Pj£) converges locally uniformly with respect to the sphericity metric to a nonconstant 
meromorphic function g on C, all of whose zeros have multiplicity at least k, which satisfies 
gKO — 5^(0) = kA + 1, in particular, g has order at most two. 

On every compact subset of C we have 

pflf" + “/f - &] = 9”«) + (f) S ”K) + aP\t). (3.1) 


If <?”(£) + ag^ijL) = 0, then 9 has no poles and g is not a polynomial, thus g is a 
transcendental entire function. From g n { £) + ag( k \£) e 0 we obtain g” -1 = -a^-, by 
the first fundamental theorem we have 


(n — 1 )T(r, 9) = (n — l)m(r, 9) = m(r, 9” x ) 

5 


g{k) 

m(r , —a ) 

9 


S(r,g ), 
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since n > 2k + 4, we obtain T(r,g ) = S(r,g), which is a contradiction, thus <? n (£) + 

ag (k \0 # 0. 

By Lemma 2.3 and Lemma 2.4 we obtain that g n + ag ^ has at least two distinct 
zeros. 

Next we prove that g n + ag ^ has only one distinct zero. 

Let £o and £q be two distinct zeros of g n + ag^ k \ We choose a small <5 > 0 such that 
d 1 nd 2 = 0, where D 1 = £ G C : |f - f 0 | < S and D 2 = £ G C : |f - < 5. 

From (3.1), Hurwitz’s theorem implied that there exist points G D i and G D 2 
such that for sufficiently large j 

fjX z i + Pj€j) + a fj k \ z j + Pjij) = b, 

fj( z i + + a,fj k \zj + Pj£*) = b. 

By the assumption of Theorem 1, we see that for each f m G F 

fm( Z j + Pj€j) + a fm\ Z j + P?£.j) = b, 

fni( Z j + Pj£j) + a fm\ Z j + Pj^jO = b. 

Fix m and let j oo, we have Zj + pj£j — > z 0 , and zj + Pj£* — * 2 0 , arid 

/™W+a/<f>W=6. 

Since the zeros of e — h have no accumulation points, we deduce that Zj+pj^j — Zq 
and % + /x,£* = z 0 , for sufficiently large j. Hence £,■ = £* = (zq — Zj)/pj, which contradicts 
the fact that £,■ G h|, G D 2 and D\ fl D 2 = 0. 

Thus we complete the proof of Theorem 1. 
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A general iterative algorithm for solving a class of variational 
inequalities over the common fixed points set of a finite family of 
nonexpansive mappings in Banach spaces 
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Abstract In this paper, we introduce a general iterative algorithm for finding a common element of 
the set of common fixed points of an finite family of nonexpansive mappings and the set of solutions of 
class of variational inequalities in uniformly convex and g-uniformly smooth Banach space. We prove 
that the sequence generated by the iterative algorithm converges strongly to the unique solution of the 
variational inequality under suitable conditions. Our result improves and extends the recent results 
announced by many others. 

Keywords Strong convergence, Fixed point, nonexpansive mapping, Variational inequality, Banach 
space. 

Mathematics Subject Classification(2010) 47H09; 47H10. 

1. Introduction 

Throughout this paper, we denote by X and X* a real Banach space and the dual space 
of X, respectively. Let C be a subset of X and T be a mapping. We denote the fixed points 
of T by F(T) = {x £ C : Tx = x} and denote — > and — 1 by strong and weak convergence, 
respectively. Let q > 1 be a real number. 

A Banach space X is said to be strictly convex, if whenever x and y are not colinear, then 

\\x + y\\<\\x\\ + \\y\\. 

The modulus of convexity of X is defined by 

= inf jl — \{x + y) ■ IMUMI < 1, Ik -2/11 > ej 

for all e £ [0, 2]. X is said to be uniformly convex if <5x(0) = 0, and Sx(e) > 0 for all 0 < e < 2. 
It is known that every uniformly convex Banach space is strictly convex and reflexive(see [1]). 
Let S(X) = {xGX:||x||=l}. Then the norm of X is said to be Gateaux differentiable if 

Hm \\x + ty\\ - ||x|| 
t — >-0 t 

exists for each x, y £ S(X). In this case, X is said to be smooth. Let px : [0, oo) — > [0, oo) be 
the modulus of smoothness of X defined by 

Px(t) = sup j^(||x + y|| + ||x — 2 /||) - 1 : x £ S(X), ||y|| < f j . 

* Corresponding author. 

E-mail addresses: youxuexiao@126.com(Xuexiao You), dafangzhao@163.com (Dafang Zhao), 
huchangl004@aliyun.com(Changsong Hu). 
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A Banach space X is said to be uniformly smooth if 


Px(t) 
t 


0 as t — ^ 0. A Banach space 


X is said to be gr-uniformly smooth^ > 1), if there exists a fixed constant c > 0 such that 
p x (t) < ct q . It is easy to see that X is g-uniformly smooth, then q < 2 and X is uniformly 


smooth. The(generalized)duality mapping J q : X 


->A'“ 


is defined by 


J q (x ) = |a;* G X* : ( x,x *) 


= z 


\\x = ur 


-}■ 


Vx G X, 


where (•,•} denote the duality pairing between X and X*. In particular, J = Ji is called the 
normalized duality mapping and J q (x) = ||a;|| <? 2 J 2 {x) for x ^ 0. If X is a Hilbert space, 
then J = I where I is the identity mapping. Further, we have the following properties of the 
generalized duality mapping J q : 

(1) J q {x) = \\x\\ q ~ 2 J 2 (x) for all x G X with x ^ 0. 

(2) J q (tx) = t q ~ 1 J q (x) for all x G X and t G [0, oo). 

(3) J q (—x) = —J q (x) for all x G X. 

It is well-known that if X is smooth, then J q is single- valued, which is denoted by j q . The 
duality mapping J q from a smooth Banach space X into X* is said to be weakly sequentially 
continuous generalized duality mapping if for all { x n } C X with x n — *■ x implies J q (x n ) — J q (x). 


Definition 1.1 A mapping T : C — > X is said to be: 

(1) L-Lipschitzian if there exists a constant L > 0 such that 

\\Tx-Ty\\ < L\\x -y\\ , \/x,y €C. (1.1) 

If 0 < L < 1, then T is a contraction and if L = 1, then T is a nonexpansive mapping. 

(2) a-strongly accretive if there exists j q (x — y) G J q (x — y ) and a constant a > 0 such that 

(Ax — Ay,j q (x — y)) > a\\x-y\\ q , Mx,y £ C. (1.2) 

Remark 1.2 If X := H is a real Hilbert space, accretive and strongly accretive mappings co- 
incide with monotone and strongly monotone mappings, respectively. 


Recall that the normal Manns iterative algorithm was introduced by Mann [1] in 1953. Since 
then, construction of fixed points for nonexpansive mappings and strict pseudo-contractions via 
the normal Manns iterative algorithm has extensively investigated by many authors (see, e.g. 
[ 2 - 8 ]). 

variational inequality theory has emerged as an important tool in studying a wide class 
of obstacle, unilateral, free, moving, equilibrium problems arising in several branches of pure 
and applied sciences in a unified and general framework. Several numerical methods have been 
developed for solving variational inequalities and related optimization problems, see [9-14,25-28] 
and the references therein. 

In 2010, Tian [11] introduced the general steepest-descent method 

Xri+i — fx n pf(x n ) T ( I pa n F)Tx n ,Wn ^ 0, (1-3) 

where F is an L-Lipschitzian and ry-strongly monotone operator. Under certain approximate 
conditions, the sequence {a;„} generated by (1.51 converges strongly to a fixed point of T, which 
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solves the variational inequality: 

(( pf — fiF)x* ,x — x*) < 0, Va: € Fix{T). 

Recently, Zhang et al. [12] proposed the following iterative algorithm: 

Xk+i = aklV{x k ) + (I~ mkF)Tx ■ ■■T^(x k ),\/k > 0, (1.4) 

where V is a L-Lipschitzian mapping, and F is a Lipschitzian and strongly monotone mapping, 

Ti := (1 - F k )I + ftTi. 

{Ti}iL i is a finite family of nonexpansive mappings of F[. They obtained that under some 
approximate assumptions on the operators and parameters, the sequence {£/,.} generated by 
(1.6) converges strongly to the unique solution of the variational inequality: 

N 

((/llF — 'yV)x* , (x — x*)) > 0,Vx € C = |^| Fix(Tj). 

i = 1 

On the other hand, Ceng et al. [16] investigated implicit and explicit iterative schemes for 
finding the fixed points of a nonexpansive mapping T on a nonempty, closed and convex subset 
C in a real Hilbert space H as follows: 

x t = Pc[t"fVx t + (I - tfj,F)Tx t \ (1.5) 

and 

x n +i = Pc[a-njVx n + (/ - a n nF)Tx n ],\/n > 0, (1.6) 

where V is a L-Lipschitzian mapping and F is a K-Lipschitzian and ^-strongly monotone op- 
erator. Then they proved that under some approximate assumptions on the operators and 
parameters, the sequences generated by (1.7) and (1.8) converge strongly to the unique solution 
of the variational inequality 

((nF - ^V)x* ,x - x*) > 0, Va: G Fix(T). (1.7) 

Pongsakorn et al. [17] introduced the following iterative process: 

x n +i = PnXn + (1 - Pn)Pc{atnlSx n + (I - a n F)Tx n \,\/n > 1, (1.8) 

where Pc is a metric projection from F[ onto C, {a n }, {(3„} are sequences in (0, 1), S : C — > H is 
a Lipschitzian mapping, F : C — > FI is an invertible positive linear operator, and T : C — > C is a 
nonexpansive mapping. Then they proved strong convergence theorems under different control 
conditions on {a n } and {/3 n }, the sequence {x n } generated by (1.10) converges to a fixed point 
of T, which is a unique solution of some variational inequalities. 

The following questions naturally arise in connection with above results: 

Question 1. Can theorem of Zhang et al. [12] be extended from a real Hilbert space to a 
general Banach space? such as ^-uniformly smooth Banach space. 

Question 2. Can we extend the iterative scheme of algorithm (1.6) to a more general iterative 
scheme? 


3 


1295 


Xuexiao You et al 1293-1306 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


The purpose of this paper is to give the affirmative answers to these questions mentioned 
above, motivated by Tian [11], Zhang et al. [12], Ceng et al. [16] and Pongsakorn et al. 
[17], we introduce a general iterative method. Under some suitable assumptions, we prove the 
strong convergence theorems of such iterative scheme in (/-uniformly smooth Banach space which 
admits a weakly sequentially continuous generalized duality mapping. The results presented in 
this article extend and generalize the corresponding results announced by many others in the 
literature. 

2. Preliminaries 

Let C and D be nonempty subsets of a Banach space X such that C is nonempty closed 
convex and D C C, then a mapping Q : C — > D is sunny provided Q(x + t(x — Q(x))) = Q(x ) 
for all x e C and t > 0, whenever x + t(x — Q( x)) € C. A mapping Q : C — > D is retraction 
if Qx = x for all x £ D. Furthermore, Q is a sunny nonexpansive retraction from C onto D if 
Q is a retraction from C onto D which is also sunny and nonexpansive. It is well known that if 
X := H is a real Hilbert space, then a sunny nonexpansive retraction Qq is coincident with the 
metric projection from X onto C. 

A subset D of C is called of a sunny nonexpansive retraction of C if there exists a sunny 
nonexpansive retraction from C onto D. 

In order to prove our main results, we need the following lemmas. 

Lemma 2.1 ([15]). Let 1 < p < oo, q € (1, 2], r > 0 be given. 

(i) If X is uniformly convex, then there exists a continuous, strictly increasing and convex 
function ip : [0, oo) — > [0, oo) with cp(0) = 0 such that 

II Ac + (1 - A)j/|| p < A||a;|| p + (1 - A)||?/|| p - W p {X)y(\\x - y||), x,y G © r , 0 < A < 1, 

where W p { A) = A p (l — A) + (1 — A) P A, *8 r = {z £ X : ||,z|| < r}. 

(ii) Let X be a, real (/-uniformly smooth Banach space, then there exists a constant C q > 0 such 
that 

II* + y\\ q < Ikf + q ( y,jqX ) + C q \\y\\ q 

for all x, y € X. 

Lemma 2.2 ([21]). Assume [a„] is a sequence of nonnegative real numbers satisfying the 
property 

&n+ 1 — (1 Tn)^n A 

where { 7 „} is a sequence in (0, 1) and S n is a sequence such that 

OO 

(*) E 7n = OO, 
n = 0 

oo 

(ii) limsup ^ < 0 or J2 kn| < °°- 

n— xx> ^ n n = 1 

Then lim a„ = 0. 

n-v oo 

Lemma 2.3 ([7]). Let C be a nonempty convex subset of a real uniformly convex Banach space 
X and T : C — > X be a nonexpansive mapping with F(T) ^ 0. Then I — T is demiclosed at zero. 
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Lemma 2.4 ([20]). Let C C X be a nonempty set. T : C — > X is said to be a-averaged 
mapping if there exists some number a £ (0, 1) such that 

T = (1 -a)I + aS 

for some nonexpansive mapping S. 

( i ) The composite of finitely many averaged mappings is averaged. In particular, if Tf is ou- 
averaged and T 2 is a 2 -averaged, where a\, a 2 £ (0, 1), then both T 1 T 2 and T 2 T 1 are a-averaged, 
where a = a\ + a.2 — ol\Q.2- 

( ii ) If the mapping are averaged and have a common fixed point, then 

N 

n F(T i ) = F(T 1 ---T N ). 

i=l 

In particular, if N = 2, we have F(Ti) f| F(T 2 ) = F(T{T 2 ) = F(T 2 Ti). 

Lemma 2.5 ([21], p.63). Let q > 1. Then the following inequality holds: 

, 1 0 — 1 . 1 

ab < -a q A bi- 1 

q q 

for arbitrary positive real numbers a, b. 

Lemma 2.6 ([22]). Let C be a nonempty closed convex subset of a real q-uniformly smooth 
Banach space X. Let V : C — ► X be a /c-Lipschitz and ^-strongly accretive operator with con- 
stants k,r] > 0. Let 0 < n < (- q and r = ^(77 — Cq ^ q — — ). Then for t £ (0,min{l, i}), 
the mapping S : C — >• X define by S := (/ — tfiV) is a contraction with a constant 1 — tr. 

Lemma 2.7 ([23]). Let C be a nonempty closed convex subset of a real smooth Banach space 
X. Let C be a nonempty subset of C. Let Qc '■ C — » C be a retraction, and let j, j q be 
the normalized duality mapping and generalized duality mapping on X , respectively. Then the 
following are equivalent: 

(i) Qc is sunny and nonexpensive; 

(ii) WQcx - Qcy \\ 2 < (x - y,j(Qcx - Qcy )) , Vx,y£C ; 

(in) (x — Qcx,j(y — Qcx)) < 0, \/x£C,y£C; 

(iv) (x - Q c x, j q (y - Q c x)) < 0, Va; £ C,y £C. 

3. Main results 

Let C be a nonempty, closed and convex subset of a real ^-uniformly smooth Banach space 
X. Let Qc be a sunny nonexpansive retraction from X onto C. Let F : C -Y X be a L- 
Lipschitz and 77 -strongly accretive operator, V : C — > X be a-Lipschitzian mapping and T be 
a nonexpansive mapping such that F(T) ^ 0. Let 0 < \x < ■: J ', 0 < 7 a < r with 

r = n(rj — Cqtl q L )■ For each t £ (0,min {l^ we define the mapping St : C — > C by 
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StX := Qc[t^Vx + (I — tyF)Tx\, \/x £ C. 

It is easy to see that S t is a contraction. Indeed, in terms of Lemma 2.6, we have 

II <S t a; - S t y\\ = \\Qc[tjVx + (I-tyF)Tx] - Qc[tlVy + (/ - tyF)Ty]\\ 

< || [t'l'V x + (I — tyF)Tx\ — [t'yVy + (I — tyF)Ty]\\ 

< tj \\Vx - Vy\\ + || (/ — tyF)Tx - (/ - tyF)Ty\\ 

< t^a ||x - y\\ + (1 - tr) ||ar - y\\ 

= (! - t{r- 7a)) ||x - y|| . 

Hence, S t has a unique fixed point, denoted by x t , which uniquely solve the fixed point equation 

x t = Qc[tjVx t + (I - tyF)Tx t ]. (3.1) 


Lemma 3.1 Let C be a nonempty, closed and convex subset of a real uniformly convex and 
(/-uniformly smooth Banach space X which admits a weakly sequentially continuous generalized 
duality mapping j q from x into X* . Let Qc be a sunny nonexpansive retraction. Let F : C —> X 
be a L-Lipschitz and 77-strongly accretive operator, V : C — > X be a-Lipschitzian mapping and 
T : C — > C be a nonexpansive mapping such that F(T) ^ 0. Let 0 < y < and 

0 < 7 a < t with r = y(r] — Cq ^ L ). For each t £ (0, minjl, *}), let {z t } defined by (3.1), 
then {x t } converges strongly to x* £ F(T) as t — » 0, which x* is the unique solution of the 
variational inequality 


(( 7 H - yF)x*,j q (x - x*)) <0, \/x £ F(T). 


Proof. We observe that 


Cqyi- 1 ^ 

— > 0 <t=> y < r] 

q q 

( Cq^LI 
I) — 


< m 


t < yy. 


(3.2) 


(3.3) 


It follows that 


0 < 7 a < r < ////. 


(3.4) 


First, we show the uniqueness of solution of the variational inequality (3.2). Suppose that x , 
x* are solutions of (3.2), then 

(( 1 V-yF)x*,j q (x-x*))<0, \/x £ F(T). (3.5) 

and 

(( 1 V-yF)x,j q (x-g))< 0, Wx£F(T). (3.6) 
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Adding up (3.5) and (3.6), we have 

0 > ({fJ,F - 7 V)x - (fiF - 7 V)x*,j q (x - x*)) 

= n(Fx - Fx * , j q (x - x*)) -^{Vx- Vx*,j q (x - x*)) 

> fj,T)\\x — a;* || 9 — 7a||x — x*\\ q 

> (ny — 7a)||x — x*|| 9 . 

Therefore, x — x* and the uniqueness is proved. Below we use x* to denote the unique solution 
of (3.2). 

We observe that {x t } is bounded. Indeed, taking x £ F(T), then, we have 

\\x t - i’H < I^Vay + (/ - t)iF)Txt - i|| 

= Wt^Vxt — fiFx) + (/ — t/j,F)Tx t — (/ — tyF)x || 

< tj \\Vx t - Vx\\ + t HqVi - nFx || + (1 - tr) || Tx t - i|| 

< (1 — f(r — 7 a)) ||ay — x|| +t H 7 W a; — )lFx || . 

therefore, ||ay — x|| < , so are {Vx t } and {FTx t }- 

By the definition of { 37 }, we have 

||ay - Tay|| = IIQc^T^t + {I ~ tfj,F)Tx t - Q c Tx t \\\ 

< H^Vay + (/ - t)xF)Txt - Tx t ] || 

= t H 7 W a: t — fj,FTxt\\ — r 0 as t — > 0. (3.7) 

Next, we prove that x t — > x as t — > 0. 

Setting y t = t"fVx t + (/ — tyF)Tx t , we obtain x t = QcUt- Assume that {t n } C (0, 1) is a 
sequence such that t n — > 0 as n — > 00 . Since {ay} is bounded and X is reflexive, there exists a 
subsequence {ay n } of {ay} such that x t . n — ^ x. 
we claim ||ay n — x|| — > 0. 

||ay m “ x\\ q = (xt m - x,jq(xt m - x)) 

= ( Qcyt m - yt m + yt m - x,j q {x tm - x)) 

< (t m 'l Vx tm + (/ - t m )lF)Tx trn - x,j q {x tm - x)) 

= (■ tm{lVx tm - yFx) + (/ - t m nF)Tx tm - {I - t m nF)x,j q (x tm - x)) 

= tm ( 7 Vx tm - fj,Fx,j q (x tm - x)) + ((/ - t ml xF)Tx tm - (J - t m nF)x,j q {x tm - x)) 

< t m (jV ay m - y,Fx,j q { x tm - x)) + (1 - i m T)||ay m - i|| 9 . 

Thus, we have 

||ay m - x\\ q < - {^Vx tm - fiFx, j q {xt m - x)) 

T 

= - ( 7 {Vx tm - Vx) + ( 7 Vx - yFx),j q { x tm - i)) 

T 

< - 7 a||a; tm - i|| 9 + - {'jVx - yFx,j q { x tm - x)) 

T T 
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which implies that 

\\x tn - x\\ q < — 1 — ('yVx - fiFx,j q {x t - x)) . (3.8) 

T — 7(Y 

By (3.8), we get that ||ar tn — x|| — > 0. From (3.7), (3.8) and Lemma 2.3, we have x € F(T). 
Next, we show that x* solves the variational inequality (3.2). Since 

x t = Qcyt = Qcyt -yt + yt, 

we derive that 

{yF - ' yV)x t = j-( Qcyt -yt)~j{I- T)x t + y{Fx t - FTx t ). (3.9) 

Note that I — T is accretive(i.e.((/ — T)x — (/ — T)y,j q (x — y)) > 0, for all x,y G C). For all 
z G F(T), it follows from (3.9) and Lemma 2.7 that 

((nF - 7 V)xt,j q (x t -z)) = j ( Qcyt - yt,jq{Qcyt - z)) - i ((/ - T)x t - (I - T)z,j q (x t - z)) 

+ y{Fx t - FTx t ,j q (x t - z)) 

< y (Fx t - FTxt,j q (x t - z)) 

< y || Fx t - FTx t \\ \\x t - z\\ 9-1 

<\\x t -Tx t \\M (3.10) 

where M = sup j/xL||a; t — z|| 9_1 |, where t € (0,min {l, ^}). 

Now replacing t in (3.10) with t n and taking the limit as n —> 00, we noticing that 
x tn — Tx tn — > x — Tx = 0 for x G F(T), we obtain ({yF — jV)x — (yF — 7 V)x,j q (x — z)) < 0. 
That is, x G F(T) is the solution of variational inequality (3.2). Consequently, x = x* by 
uniqueness. Therefore Xt — > x* as t — > 0. This completes the proof. □ 


Theorem 3.2 Let C be a nonempty, closed and convex subset of a real uniform convex and 
^-uniformly smooth Banach space X which admits a weakly sequentially continuous generalized 
duality mapping j q from X into X* . Let Qc be a sunny nonexpansive retraction. Let F : C — > X 
be a L-Lipschitz and ?y-strongly accretive operator, V : C — > X be a-Lipschitzian mapping and 

N N 

: C — > C be a finite family of nonexpansive mappings such that = f) F{Si) ^ 0. 

2=1 

Dehne T* := (1 — f3 k )I + /3' l k Si, where f}\ G (a, b) C (0, 1). For arbitrarily given x 0 G X and 
0 < y < let {xk} be the sequence generated iteratively by : 

x k +i = PkXk + (1 ^ Pk)Qc[aklVx k + (I - ya k F)T^ ■ ■ -T^x k ], VA: > 0 (3.11) 

where 0 < 7a < r with r = y(r] — Cq> ' - L ). Assume that {a*;} C (0,1) and {/3k} C [0,1) 
satisfying the following conditions: 

OO 

(?) lim a.k = 0 and ]T) ak = 00; 

fc-200 fc=i 

OO OO 

(m) E \/3k+i - Pk | < OO, limsup/? fe < 1 and X] l a fc+i - ajfe| < 00 ; 

k=l n—>oo fc=l 

00 

M E \PUi ~Pi\ < °°- 

fc =i 8 
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Then the sequence {x k } converges strongly to the unique solution x* of the variational inequality: 

{(-yV - nF)x*,j q (x-x*)) < 0,Va; G ft. (3.12) 

Proof. Set y k = Qc[&nlVx k + (/ - pa k F)T % ■ ■ ■ Tfx k ], then 

Xk+i = /3kX k + (1 - Pk)Vk- (3.13) 

Since our methods easily deduce the general case, we prove theorem 3.2 for N = 2. The proof 
is divided into five steps. 

Step 1. First we show that {x k } is bounded. Indeed, taking some p € ft, from (3.13) and 
Lemma 2.6, we have 

II Vk ~p\\ = || Qc[oiklVx k + (I - na k F)T$T^Xk\ - Qc(p) || 

< ||a fe 7 Vx k + (I - p,a k F)T$T^Xk -p|| 

= \\{I ~ pa k F)T%T^x k - (I - fia k F)p + a k (jVx k - 7 Vp) + a k {lVp - pFp ) || 

< ||(/- pa k F)T$TiX k - (/ - pa k F)p\\ + a k || 7 Vx k - 'yV p\\ + a k W'yVp - pFp\\ 

< (1 - a k T) \\x k - p\\ + ak'ya \\x k - p || + a k W'yVp - pFp\\ 

< [1 - a k (T - ja)] \\x k - p\\ + a k || 7 Vp - pFp\\ . 

Also, it follows that 

\\x k +i ~ p\\ = || P k x k + (1 - Pk)Vk - P\\ 

= || /3 k {x k - p) + (1 - p k )(y k - p ) || 

< p k || x k - p|| + (i - /?fc) | \yk - p|| 

< Pk II X k — p|| + (1 - P k )[l - «fc(r - 7 a)] ||ar fe — p|| + (1 - /3 k )a k W'yVp - pFp\\ 

= [1 - afc(l - Pk)(x - lot)} || x k - p|| + a fe (l - P k ) || 7 Vp - pFp\\ 

= [1 - a fc (l - P k ){r - 7 a)] || x k — p|| + a fe (l - p k ){r - 7 a) ^ Vp — fjFp ^ . 

T — 7 a 

By induction, we have 

\\x k +i — pH < max | ||£Co — p|| , Vp — F Fp ^ } ,Vfc > 0 . 

T — 7 a J 

Hence {x k } is bounded. So are {T^T^Xk)} , {FT^T^Xk)} and {F(a:fe)}. 

Step 2 . We claim that 


lim ||x fe+ i - XkW = 0. 

k—> 00 


9 
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We note that 
\\yk+i - yk || 

= 1 1 Qc [otk+i'yV Xk+\ + (I- na k+1 F)T* +1 T* :+1 x k+1 } - Q c [a k ^Vx k + (I - fia k F)T%T?x k \ || 

< || [a k+ll Vx k+1 + (I - ya k+1 F)T* +1 T? +1 x k+1 } - [a kl Vx k + (J - na k F)T*T*x k ] || 

< \\a k+ll {Vx k+1 - Vx k )\\ + ||(7 - iia k+1 F)T* +1 T? +1 x k+1 -(I- y ia k+1 F)T*T?x k \\ 

+ || («fc+i - a k )("/Vx k - yiFT^T^ x k )\\ 

< 07+17 a ||x fc+ i - x k \\ + (1 - a k+1 T)[\\x k +i - x k \\ + \\T% +1 TxX k - T$T^x k |[ 

+ ||7f +1 a* - T?x k \\] + \a k+1 - a k \ ■ M 1 

= [1 - a k+ i (r - 7 a)} \\x k+1 - x k \\ + [(1 - a k+1 T)[\\T^ +1 T^x k - T$T?x k \\ 

+ \\T? +1 x k - T?x k \\] + \a k+1 - a k \ ■ M l (3.14) 

where M\ is a fixed constant satisfying 

Mx > sup{||7Va; fe - nFT$Tfx k \\}. 

k> 1 

It follows from (3.13) and (3.14) that 

II 27+2 - a7 + i || = \\/3 k+1 x k+1 + (1 - P k+ i)y k+ i - /3 k x k - (1 - Pk)y k || 

= \\(3 k+ i(x k+ i - x k ) + (1 - f3 k+1 )(y k+1 - y k ) + {P k +\ - /3 k ){ x k - y k ) || 

< /3 k+ 1 Haifc+i - ajfcH + (1 - /3 k + i) \\yk+i - y k \\ + \/3 k +i - /3 k \ \\x k - y fc || 

< f3 k+ 1 Haifc+i - 37 1| + (1 - /3 k + 1) [1 - 07+1 (t - 7«)] \\x k +i - x k \\ 

+ (1 - a fc+ ir)(l - /3 fc+ i)[||T 2 fc+1 T 1 fc x fe - T 2 fc T?x k \\ + || T* +1 x k - T?x k \\] 

+ (1 — Pk+l) | Ofc — CKfe — 1 1 • Ml + \Pk+l — Pk\ ■ M 2 

< [1 - Ofc+i(l - Ac+iX'r - 7«)] \\x k +i - 3711 + (1 - (3 k + i)(l - at k+1 T) 

[\\T$ +1 T?x k - T2T?x k \\ + || T* +1 37 - T?x k ||] 

+ (1 - Pk+i) \a k - ajt-rl • M\ + |&+i - &| • M 2 (3.15) 

where M 2 > sup{ ||3ife — j/jt||}, then (3.5) reduces to the following: 
k> 1 

||aife +2 - 27 + 1 II < (1 - 7fc) ||3Jfe + i - 3Jfe|| + S k . 

where 7 fc = o fc+ i(l - /3 k+ i )(r - 7a), 4 = (1 - /?fc+i)(l - Ofc + ir)[|jT 2 ' +1 T 1 fc a: fc - 3J fe || + 
||Xi fc+1 3r fc - Tfx k ||] + (1 - 4c+i) |a fc - a fc _i| • Mi + |/3 fe+1 - /3 fc | • M 2 . It is easily seen that 

OO 

'Yh'ik = 00. 

k—1 

Note that 

I 7'f' ' '37 - Xfai fe || = ||(1 - Pl +1 )x k +Pl +1 Sxx k - (1 - P k )x k + Pj,SiX k \\ 

= \\(Pk+i -Pl){SiX k - 37 )|| 

< |^fc+i - Afc| (Il'S'i^fcH + IkfcH). (3.16) 

10 
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Similarly, 

|| T* +1 T?x k - T*T*x k || < \P k +i - Pl\ (II^T^H + \\T?x k \\). 
From condition (iii), (3.16) and (3.17), we get that 

OO OO 

^ || 7f +1 z fc - T?x k \\ <oo,J2 \\T% +1 Tfx k - T*T?x k \\ < oo. 


k = 1 


k = 1 


Then we have that ^ |(5^| < oo. Therefore, from Lemma 2.2, it follows that 

n = 1 


Step 3. We show that 


lim ||x fc+ i - x k \\ = 0. 

k—> oo 


lim x k - T^x k =0. 

k—^oo 


(3.17) 


(3.18) 


(3.19) 


Since 


|| x k ~ 2/fcll < ||£Cfe - Xfe + i|| + | q - y k || 

< ||£Cfe - Xfe + i|| + Ph \\x k -y k II , 


that is, 


|aifc - Vk || < 


1 


1-/3 k 


II x k - x k +i\\ ■ 


It follows from (ii) and (3.19) that 


lim ||xfc -y k || = 0. 

k—too 


By (i), we have 

| life - T$T?x k || = ||P c [a fc7 ^ + (/ - ya k F)T%T*x k \ - P c T*T*x k \ 

< \\aklVxk + (/ - ya k F)T^x k - T$T?x k \\ 

< a k || 7 Vxfc — yFT^TiXkW — > 0 as k — > oo. 

Moreover, we observe that 

|| x k - T%T?Xk\\ < \\x k - 2/ fe || + \\y k ~ T*T?x k \\ , 

it follows from (3.20), (3.21) and (3.22) that 


lim x k -T$T?x k =0. 

k—¥ oo 


Step 4. We will show that 


limsup ((7V - yF)x*,j q {x k - x*)) < 0, 

k—¥ oo 


(3.20) 


(3.21) 

(3.22) 

(3.23) 

(3.24) 


where x* is the unique solution of (3.12). To show this, we take a subsequence {x kj } of {x k } 
such that 

lim sup (('yV - yF)x* , j q (x k - x*)} = lim (('yV - yF)x* , j q {x k . - x*)) . 

k — ¥00 jq j—>oo 
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Without loss of generality, we may further assume that x kj —*■ x as j — > oo due to reflexivity 
of the Banach space X and boundness of {x k }. Since {B k } is bounded for i = 1,2, we can 
assume that — > Bio as j — > oo where 0 < a < Bio < b < 1 for i = 1, 2. Define T^° — 
(1 — file) I + BloSi(i = 1,2). From Lemma 2.4, we have 

F ( T oo T oo) = n F {T^) = F{Si) n F(S 2 ). 


Note that 

Hence, we deduce that 


Tpx-T^x 


< 


-%> 


(11^11 + INI)- 


lim sup 

i->°°xeD 


T J x-T°°x 


= 0, 


where D is an arbitrary bounded subset of X. Combine (3.23) and (3.25), we obtain 


(3.25) 


x kj - T™TB°x kj 


< 


h h ■ 

^ kj ± 2 - 1 1 


r.yi f x kj - TB i ' x kj 


T2°T*’x kj - T?T?x kj 


< 

rrikj rjik-j 

X kj T 2 Ti Xkj 

+ sup 

T^x-T^x 

+ sup 

T^x-T^x 



x£D' 


x&D' 



where D' is a bounded subset including {T^ 3 x k } and D" is a bounded subset including {x kj }. 
Hence lim \\x k — TB°TB°x k II = 0. From Lemma 2.3, we have x £ F(TB°TB°). Since Banach 
space X has a weakly sequentially continuous generalized duality mapping j q : X -Y X * , we 
obtain that 


limsup ((yV - yF)x * , j q (y k - x*)) = lim sup (( 7 ^ - yF)x* , j q (x k - x*)) 

k—>o o k — yoo 

= lim ((yV - yF)x*,j q { x kj ~ x*)) 

3^,00 

= ((lV - yF)x* ,j q (x - x*)) < 0. 

Step 5. Finally we show that x k — > x* as k — > oo. 

Set y k = Qcu k for all k > 0, where u k = a k yVx k + (/ — yakF^^T^Xk- From Lemma 2.7, we 
have 

II Uk - x*\\ q = (Qcu k - x* ,j q (Q c u k - x*)) 

= ( Qc'Uk - u k ,j q (Q c u k - x*)} + (u k - x*,j q (Q c u k - x*)} 

< ( Uk - X*,j q (y k - x*)) 

= (oik'jV. x k + (I - lxa k F)T^T^x k - x*,j q (y k - x*)) 

= a k y (Vx k - Vx*,j q (y k - x*)) + a k (yVx* - yFx*,j q (y k - x*)) 

+ ((/ - ya k F)T$T^x k - (/ - ya k F)x*,j q {y k - x*)) 

< a k ay ||x fc - x*|| \\y k - x*|| 9_1 + a k (yVx* - yFx*,j q (y k - x*)) 

+ (1 - a k r ) ||x fc - x*|| || y k - x*|| 9_1 

= [1 - a k {r - ay)} \\x k - x*|| \\y k - x *|| 9_1 + a k (yV(x*) - y F(x*),j q {y k - x*)) 

= [1 - a k (r - a 7 )](-||x fc - x*\\ q + - — 1 ||y fc - x*|| 9 ) + a k (yV{x*) - yF(x*),j q (y k - x*)) , 

9 9 12 
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which implies that 

II Dk - x*\\ 9 < [1 - a k (r - a^))}\\x k - x*\\ q + qa k - y F(x*),j q (y k - x*)) . (3.26) 

Again from (3.26) and Lemma 2.1, we obtain 
\\x k +i - x*\\ q = || /3 k Xk + (1 - Pk)Vk - x*\\ q 
= || Pk(x k - x*) + (1 - Pk)(yk - £*)|| 9 

< Pk\\ x k - x*\\ q + (1 - /3 k )\\yk ~ z*|| 9 

< /3 k \\xk - x*\\ q + (1 - Pk)[ 1 - a k (r - aj)]\\x k - a;*|| 9 + qa k { 1 - fi k ) {lV(x*) - /. iF(x*),j q (y k - x*)) 

< [1 - a k (l - /3fe)(r - a 7 )]||x fc - x*\\ q + qa k { 1 - j3 k ) ( , jV(x*) - ij,F(x*), j q (y k - x*)) , (3.27) 

Put a k = a k {l - /3 fe )(r- a 7 ) and 4 = go fc (l - /3 k ) {jV(x*) - yF(x*), j q {y k - x*)), thus (3.27) 
reduce to the following: 

\\x k+ i - a ;* || 9 < (1 - afe)||xfc - x*\\ q + S k . (3.28) 

Apply Lemma 2.2 to (3.28), we obtain x k — > x* as k — > 00 . This completes the proof. □ 

Remark 3.3 Theorem 3.2 extend and generalize Theorem 3.2 of Pongsakorn et al. [17] in the 
following aspects: 

(i) From a real Hilbert space to a real g-uniformly smooth Banach space which admits a 
weakly sequentially continuous generalized duality mapping. 

(ii) From an invertible positive linear operator F : C — > H to the Lipschitzian and strongly 
accretive operator F : C — >■ X. 

(iii) From nonexpansive mapping T : C — > C to a finite family of nonexpansive mappings. 
Remark 3.4 Compared with the known results in the literature, our results are very different 
from Theorem 3.1 of Zhang et al. [12] in the following aspects: 

(i) Theorem 3.2 extends and improves Theorem 3.1 of Zhang et al. [12] from real Hilbert 
space to a real ^-uniformly smooth Banach space which admits a weakly sequentially continuous 
generalized duality mapping. 

(ii) We generalize the iteration process in theorem 3.1 of Zhang et al. [12]. 
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FOURIER SERIES OF FUNCTIONS ASSOCIATED WITH 
POLY-BERNOULLI POLYNOMIALS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , GWAN-WOO JANG 3 , AND JONGKYUM KWON 4 ’* 


Abstract. In this paper, we consider three types of functions associated with 
poly-Bernoulli functions and derive their Fourier series expansions. In addi- 
tion, we will express each of them in terms of Bernoulli functions. 


1. Introduction 

As is well known, the Bernoulli polynomials B m (x) are given by the generating 
function 

t °° -pm 

~r~- i eXt = , (see [4,14,16,19]). (1.1) 

e z — 1 z ' ml 

771=0 

For any integer r, the poly-Bernoulli polynomials ( x ) of index r are given by 

the generating function 

Ll r(l-e- t ) e x t = (see [2,3,8,10,13,20]), (1.2) 

e z — 1 z ' ml 

m— 0 

where Li r (x) = y)”_ 1 : ' m is the ?’th polylogarithmic function for r > 1, and a 
rational function for r < 0. 

We observe here that 

^-{Li r+ i(x)) = -Li r (x). 
ax x 

We need to note the following as to the poly-Bernoulli polynomials: 

= mB^jfi), (m > 1), 

B«(x) = B m (x),BP(x) = 1,b£>(*) = x m , 

Bm = ^,o,B^ +1 )(l) - B,^ +1 )(0) = B«_ 15 (m > 1). 

For any real number x, let 

< x >= x — [x\ €. [0, 1) 

denote the fractional part of x. 

Fourier series expansion of higher-order Bernoulli functions were treated in the 
recent paper [15]. Here we will study three types of functions associated with poly- 
Bernoulli functions and derive their Fourier series expansions. In addition, we will 
express each of them in terms of Bernoulli functions. 

2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, poly-Bernoulli polynomial, poly-Bernoulli function. 

* corresponding author. 


(1.3) 

(1.4) 

(1.5) 

(1.6) 
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2 Fourier series of functions associated with poly-Bernoulli polynomials 

(1) a m (< x>) = Er=o +1) « x>) <x (m > 1); 

(2) f3 m (< x>)= Er= 0 fc!(m 1 -fc)! B i r+1) ( < x>) <x > m ~ k , (to > 1); 

(3) 7 m(< a: >) = EftE fc(r? !-fc) B [ r+1) (< ® >) < % > m ~ k , (to > 2). 

For elementary facts about Fourier analysis, the reader may refer to any book (for 
example, see [1,17,21]). 

As to 7m (< x >), we note that the next polynomial identity follows immedi- 
ately from Theorems 4.1 and 4.2, which is in turn derived from the Fourier series 
expansion of 7 m (< x >): 


m — 1 


E 




k[m — k) 


%—k 




where Hi = Ej=i J are the harmonic numbers and 




Bf M) 

k(l - k ) 


i - i 

E 

*:= i 


B 


(r) 

fc-1 


k{l-k)' 


The obvious polynomial identities can be derived also for a m (< x >) and /3 m (< 
a: >) from Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is re- 
markable that from the Fourier series expansion of the function El-Li k(m-k) Bk(< 
x >)B m _k{< x >) we can derive the Faber-Pandharipande-Zagier identity (see 
[6,9,11,12]) and the Miki’s identity (see [5,7,9,11,12,18]). 


2. The function a m (< x >) 
For integers r, in with to > 1, we let 

m 

a m (x) = Y J ^k +1 \x)x m - k . 

k = 0 

Now, we consider the function 


a m (<x>) = ^B[; r+1) (<;r>) < x > m ~ k , (to > 1), 
fc= o 

defined on (— 00 , 00 ), which is periodic with period 1. 

The Fourier series of a m {< x >) is 


OO 


E /I ( m ) ^277 inx 

A n e 


n =— 00 


( 2 . 1 ) 
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where 


T. Kim, D. S. Kim, G. W. Jang, J. Kwon 


A^= [ a m {<x>)e- 2mnx dx 

Jo 


^e-^^dx. 


Before proceeding any further, we need to observe the following. 

m 

<*M = E (* B + (m- k)B£ +1 \x)x m - k ~ 1 ) 


= E ABt + i 1} (*)*”*"* + E ( m - 

k = 1 k = 0 

m — 1 m — 1 

- E ( fc + i)Bi r+1) (^)® m_1 ' fe + E ( m - *) B L r+1) (*)* m_1 ' 


= (m + l)EBi r+1) (*)* ro " 1_fc 

k—0 

= (to + l)a m _i(a;). 


From this, we see that 


to + 2 




f 1 1 

/ a m (x)dx = — (a m+ i(l) - a m +i(0)) . 

Jo to + 2 


For to. > 1, we put 


A m — ^771(1) ^ 77 i( 0 ) 


m 

EK +1 ’(D-b 


(H-1) a 
& u m,k 


=Br i) (i>+£ B r i (u-£ B r , 'W 


= 1 + 


m 


= E B 1 + ” + E B A 


Then a m (l) = a m (0) •<=>• A m = 0, and 


f 1 1 

/ a m (x)dx = — A m+ i. 

Jo to. + 2 
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4 Fourier series of functions associated with poly-Bernoulli polynomials 

We are now ready to determine the Fourier coefficients A^ . 

Case 1 0. 


A ( n m) = / a m (x)e 
Jo 

1 


—2ninx 


dx 


27 vin L 


(x)t 


1 


J o 27 rin , 


*mO)' 


~'" x dx 


1 , m + 1 

— — „ . (ct!m(l) ' <T m (0)) + 


2n in 

m+1 


2irin 




C 2ninx dx 




-A. 


27rm ” 27rin 

m + 1 / m 

27rm \27rm n 2irin ± ) 2 tt in 

2 




_ ( m + 1)2 ,(m- 2) _ y^ (rn. + l)j-_ 1 
(27rm^ 2 n ^ 


3 = 1 


(27rm)-? 


^m— j-\-l 


(2.7) 


(m + 1)! (0) (m + l)j — 1 . 

(27rm) m ™ (27rm) J m J+1 

_ 1 yy (m + 2)j 

?n + 2-^ {2mn)J m J+1 ’ 
a=i 

where = f* e~ 2mnx dx = 0. 

Case 2 : n = 0. 

/*1 1 

= / a m (x)dx = — A m+ i. (2.8) 

Jo m + / 


Here we recall the following facts about Bernoulli functions B. m (< x >) : 
(a) for m > 2, 


Bm ( + X > ) 


-m! ]T 

TI — — 00 

n^O 


g27r inx 

( 2'Kin) m 


(2.9) 


(b) for m = 1, 


- £ 

71— — 00 

n^0 


g2ninx 

2n in 


B i(< a; >), for x ^ Z, 
0, for ieZ. 


( 2 . 10 ) 


a m (< x >), (m > 1) is piecewise C°°. Moreover, a m (< a; >) is continuous for 
those positive integers m with A m = 0 and discontinuous with jump discontinuities 
at integers for those positive integers m with A m ^ 0. 

Assume first that m is a positive integer with A m = 0. Then a m (l) = a m (0). 
Hence a m (< x >) is piecewise C°°, and continuous. Thus the Fourier series of 
a m (< x >) converges uniformly to a m (< x >), and 
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i(< x >) = 


1 A m+ i 4- Y. 

1 to + 2 z — * (27 Tiny 

7 = 1 v 7 


TO + 2 


n=—o o 

Tly^O 


1 1 m 

. H - . r) / , . 

m + 2 ra + 2 ' V 7 

i=i x 


m + 2 


A m _ j+1 


E 


00 g2ninx 


n =— 00 
n^O 


(27 liny 


1 


to + 2 
”t“ A m Y 


1 ^ (m + 2\ . _ , , 

+ m + 2 E ( j J A m-j+lBj{< X >) 


A m _j_i 

in. -f- z 

7=2 

i?i(< a; >), for x ^Z, 
0, for x GZ. 


( 2 . 11 ) 


Now, we can state our first result. 

Theorem 2.1. For each positive integer l, let 


a ^ee'+e^ 

fc =0 fc =0 

Assume that A m = 0 7 for a positive integer m. Then we have the following. 
(a) ELo 4 r+1) ( < x >) < a; > m fc /ias t/ie Fourier series expansion 

m 

XX r+1) « *>)<*>" 


1,—k 


k—0 


l 


-A. 


m+1 


\ ^ | 1 (to + 2 )j 

^ 1 m + 2 {2mny m_J+1 

"n^0° ' J_1 


TO + 2 

for all x € (— 00 , 00 ), where the convergence is uniform. 


(b) B k +1 \< x>)<x > m ~ k 

k = 0 

1 A 1 

— r^A m+1 H — - 

m + 2 m + 2 


. 2 )a,„ . j r .iISj{< x >), 

7=2 V J 7 


for all x G (— 00 , 00 ), where Bj(< x >) is t/ie Bernoulli function. 


Assume next that ?tt. is a positive integer with A m ^ 0. Then a m (l) ^ a m (0). 
Hence a m (< x >) is piecewise C°°, and discontinuous with jump discontinuities at 
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6 Fourier series of functions associated with poly-Bernoulli polynomials 

integers. The Fourier series of a m {< x >) converges pointwise to a m (< x >), for 
x £ Z, and converges to 

2 ( Q; m(0) + Q! m ( 1)) = a m (0 ) + — A m , 

for x € Z. 

Next, we can state the second result. 

Theorem 2.2. For each positive integer l, let 

a, = £b<' +1 > + £b!>>. 

fc=0 k—0 

Assume that A m ^ 0 7 for a positive integer m. Then we have the following. 


( a ) , 0 ^m+l 

m + z 

oo 

+ E 

n =— oo 
n^O 

£5T=o - B fe r+1) (< x>) <x > m ~ k , for x£7L , 
B^ +1 ) + iA m , for x £ Z. 


, v 1 A 1 / m + 2\ 

(b) ^T2 Am+1 + ^+2E ( j * >) 

J=1 

m 

= ^ Bi, r+1) (< x >) < x > m ~ k , for X(£Z-, 



1 

TO + 2 


E 

i=i 


(to + 2)j 

(! 2mri)i 


A™_ 


j+i 


1 a 1 A /to. + 2\ A 

, 0 Arn+i + , o / . ( • ) A m _j_|_i-Bj(< a; >) 

to. + 2 to + 2 ' V ] ) 

j = 2 v J 7 

= Bm +1 ' + E m , /or xez. 


3. The fuction /3 m (< x >) 

Let /? m (x) = Efclo fci(m— fc)i B ir +1) {x)x m '— k , (to > 1). 

Before proceeding further, we need to observe the following. 
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7 


P'm( x ) = E 




fc =0 
m — k 
k\{m — k) 


k\(m — k)\ 

B k-l' x '' 


t-j (r+1) /c 

(k — 1 Wr 


k 

m — 1 

+ E 


— ' (k — l)!(m — k)\ 


k—0 
m— 1 


k\(m — 1 — k)\ k 


B^ + 1 \x)x m ~ k - 1 


= 2 V — - — B^ +1 \x)x n 

k\{m — 1 — k)\ k 


-1 -k 


and 


= 2/3 m - 1 {x). 

From this, we obtain _ p m (x), 


/3 m (x)dx= ^/3 m+ i(l) - /J m+ i(0)). 


(3-1) 


(3-2) 


For m > 1, we have 

n m =/3 m ( i)-/3m(0) 

= V 1 B (r+1) ili - — B (r+1) 

^k\{m-k)\ k y ' to! m 


k — 0 

1 

m\ k\(m — k)l 


m 1 i 

E 1 B (r+1) i1i - — R 

k\(m — k)\ k { 1 to! 


O+i) 


= i r + E 

m\ l—* 


1 (b^ + bWj-Ib^ 1 ) 


ml k!(m — k)\ 


= E 


B 


O+i) 


k\(m — k)\ k k\{m — k)\ 


E 


B 


0 ) 




Then /3 m (l) = /3 m (0) fi m = 0. 
Also, 


f 1 1 

/ / 3 m (x)dx = -O m+ i. 
Jo + 


(3-3) 


Now, we are going to consider the function 


*(< x >) = E 


1 


k—0 


k\(m — k)\ 


- k\ i Bfc 


0 + 1 ) 


(<x>)<x > m ~ k , (m > 1), 


defined on (— 00 , 00 ), which is periodic with period 1. 
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Fourier series of functions associated with poly-Bernoulli polynomials 

The Fourier series of (3 m (< x >) is 


E * 


n— — oo 


(m) ^2ninx 


where 


B '<"*) = f 1 (3 m {< X >)e~ 2mnx dx = f 1 p m (x)e~ 2 ™ x dx. 

Jo Jo 

Next, we want to determine the Fourier coefficients B Y ■ 

Case l:n/0. 

B^ = [ Pm(x)e~ 2 ™ X dx 
Jo 


1 


2irin L' 


Pm(x)e- 2 * inx 


l 1 1 


J o 27rin . 


P'mix) 


2 ~'" x dx 


— UmO) -Pm(0)) + — f ^ m _ x (x)e- 2 ^ nX dx 

Tin V / 7 nn J o 


2-7T in 
2 


2nin 

2 ( 2 jgC"-2) \ 1 

27t in V 27t in n 2irin m J 2 tt i 


g(m-l) _ 


2mn 


-f L 


2k in 

V2t Tin) 71 ^ 

j=i 


2i nn 




2J~ 


(2,Kin)j 




2-7 - 1 

' (2Kin)j 
7 = 1 V ' 


( 27rm ) B " 0) E 


= -E 


2-? 


-1 


. Qrn. — 


' (2tt in) 
j = i v J 

where Bn' 1 = e~ 2mnx dx = 0. 


m—j + li 


(3-4) 


Case 2: n = 0. 


/*1 1 

Bo m) = J Pm(x)dx = -H m+1 . (3.5) 

/3 m (< a; >), (m > 1) is piecewise C 00 . Moreover, /3 m (< a: >) is continuous for 
those positive integers m with Q m = 0 and discontinuous with jump discontinuities 
at integers for those positive integers m with Q m ^ 0. 

Assume first that m is a positive integer with fl m = 0. Then /3 m ( 1) = /3 m (0). 
Hence /3 m (< x >) is piecewise C°°, and continuous. Thus the Fourier series of 
/3 m (< x >) converges uniformly to /3 m (< x >), and 
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9 


Pm(< % >) 


— 2 ^m+l 


oo y m 2^-1 


E (-E 


TL— — 00 j 

n^O 
2 J 


— ^ (2 7riny 


- ^m— j+1 ) 6 


= - ^rn +1 + ^m— J +1 x 

7 — 1 *'* 


00 g 2ninx 


n——oo 
riy£ 0 


(27r inf 


(3-6) 


1 ™ 2 J " 1 

= ~ On+i + y ^ 77 Q m —j _)_ 1 ( < x >) 
J=2 J - 


2 


I Bi(< x >), for x £ Z, 
^ 0, for x GZ. 

Now, we can state our first result. 


Theorem 3.1. For each positive integer l, let 

Assume that fl m = 0, for a positive integer to. Then we have the following. 
( a ) YAk=o k\(m-k)\ -^fc" +1 ^ (<- x >) < x > m_fc has the Fourier series expansion 


A rM 

^ k\{l-k)\ k ~ v 


V ... 1 ... b£ + 1 \< x>)<x> 

^k\(m-k)\ k v ' 


m—k 


k = 0 


oo / m 2J-1 


— 2 ^m+l 


E (-E 


j + 1 I ^ 


Jl-Kinx 


(3.7) 


n=— oo 7 - 

n^O 


' (27r in) 

j=i v ' 

for all x G (— 00 , 00 ), where the convergence is uniform. 

m m 2 j_! 

<t>) E t ,(„,- t ', 4 r+1)( < » » < * >"-‘= 5 «™+i+E (< * >). 

fc =0 b j =2 

/or all x G (— 00 , 00 ), where Bj{< x >) «s </ie Bernoulli function. 

Assume next that to is a positive integer with fi m 7 ^ 0. Then, /3 m (l) 7 ^ /3 m { 0). 
Hence /3 m (< x >) is piecewise C 00 and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of /3 m (< x >) converges pointwise to /3 m (< x >), 
for x Z, and converges to 

* (/+(0) + /3 m (l)) = /3 m (0) + = ^A +1) + * + 

for igZ. 

Now, we can state our second result. 

Theorem 3.2. For each positive integer l, let 


(3.8) 


/-I 


= E 


1 


_ Ml 5t 


,(r+l) 


/c — 0 


k!(l-k)l 


E 

fe=i 


1 ^ 




k!(l — k)\ 
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10 Fourier series of functions associated with poly-Bernoulli polynomials 

Assume that fl m ^ 0, for a positive integer m. Then we have the following. 


(a) 


(b) 


1 

2 


^m+1 


oo 

E 

n=—o o 
n^O 


/ m 2 j ~ l \ 
3 = 1 V ' 


2ninx 


'Er.osraiB < ; +1) (< x>j<x>" 


I,— fc 


/or x ^Z, 
/or x GZ. 


^ 2^ _1 

n^m+l + E f ■ i ^m— i+i Bj{< x >) 

j=i 

m 1 

= E t!(m-H! B ^ 1>(<X>)<X>m-> . /or ^ Z; 

2 2-? -1 

— ft m +l + ^ ^ — ^rn— j + 1 (<C X >) 

3= 2 

= for X G Z. 

m! z 


4. The function 7 m (< x >) 


Let7m(ai) = Er=i 1 fe(^ B i’’ +1) ( a; ) a;m ( TO > 2 )- 


m— 1 


v m (*) = E 

m — 2 m— 1 


k—0 

1 


fc=l 


1 


TO — 1 
m—2 


E 

fe=i 


m — 1 — k 


B^ +1 \x)x m -^ k + -L^B^Wx) 




fe=i 


1 


m—2 


TO — 1 
1 

TO — 1 

Thus, 


+ Ed'M) + (m - 1) £ 


fc=l 


(x m 1 + B^+Uz)) + (to - l)7m-i(z). 

7™^) = fffZTi( xm ~ 1 + B m-i ) ( a; )) + (m- l)7 m -.!(x). 


(4.1) 
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From this, we obtain 

(—(im+lix) , 1 ' B^+P(x) 1 i^ ro+1 )) =7 m(x). 

\m\ m[m + 1) m(?n+l) /J 


7 m{x)d: 


lx 


mi m(m + 1) ^ 

7m+l(0) 


X) 


m 


1 x m+i 
m(m + 1) 

' ^7m+l (1) 


1 


' ( D( r +1) /I \ 

m(m + 1) V m+1 '' 


i 1 

o 




m(m +1)7 

1 


, ,.n+l(l) 7m+l(0) 

m V 


For m > 2, we let 


^ g( r ) ^ N 

m(m + 1) m m(m + 1) > 


Then, 

and 


A m — A m (r) — 7m( 1) 7m(0) 

m— 1 

- v B (r+1) m 

~^k(m-k) k 

m— 1 

= E 

k=l 
m— 1 

= y — h > — — - — 

k(m — A:) A;(ra — A;) 

'Tm(l) = Tm(0) < ^ > = 0, 


[\ m {x)dx = - fw - — B« - * ) • 

7 0 m \ m(m+ 1) m(rn+l)/ 

We are going to consider 


7m (< a; >) = E 


fc=l 


A;(m — A;) 


Bfc r+1) (< x >) < x > m_fe , 


defined on (— 00 , 00 ), which is periodic with period 1. 
The Fourier series of 7 m (< x >) is 


(m) ^2ninx 


where 


E C n 

n=— 00 

= ( lm{<x>)e~ 2 * inx dx= / 7 m {x)e-** inx dx. 

Jo Jo 


11 


(4.2) 


1 

(er 11 

+ bL7) 

(4.3) 

k(m — fc) 


Br> 

m— 1 

4- V - 

bS2, 



(4.4) 

(4.5) 

(4.6) 


(4.7) 


(4.8) 
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Fourier series of functions associated with poly-Bernoulli polynomials 


Now, we want to determine the Fourier coefficients Cn . 
Case l:n/0. We can easily show that, for l > 1, 


B 


j r+1) (x)e~ 2ninx dx 

l (Ofc-1 Ti( r ) 


- EUi \ r J k (< x >), for n ^ 0, 


1 p»(r) 
.1+11 ’ 


for n = 0, 


(4.9) 


x l e -2-rrinx 


dx 


for n 0, 


1 for n = 0. 


. £ + 1 


(4.10) 


By using (4.9) and (4.10), we can obtain the following recursive relation. 


cL m) = f j m (x)e- 2 * mx dx 

Jo 


1 


2mn L 

1 

2mn 


lm{x)e~ 2winx 


1 


/ f „\„-2ninx 


J o 2k in , 




dx 


— (7m(l) - 7m(0)) 

Kin \ / 

+ ^ f ((™ - ^m-i{x) + + B^\\x)))e-^ inx dx (4.11) 




B ( n r l t\\x)e~ 27rinx 


dx 


1 


2irin(m — 1) J Q 


to — 1 


d 


m— 1) 


2-Kin 
where, for m > 2, 


^,m—l^—2ninx 


Arr, - 


dx 


2-Kin 


©m - 


2Kin(m — 1 ) 2Kin(m — 1 ) 




m-1 R (r+1) m- 1 R (r) 

A m = 7to( 1) - 7m (0) = TTZ~bS + E 


k(m — k) k(m — fc) ’ 


m— 1 


e = at: Tim b 1 

m " ^ (2nin) k 
fc=i v ' 


k- 
m— 1 


= E 


fe=i 


(to l)fc— l p(r) 
( 2nin) k 

(TO. - l)fc_i 

(2nin) k 


(4.12) 


From the relation (4.11), we can get an expression for C„ 
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C( m ) = — I $ I 

2-Kin " 2k in m 27rm(?7i — 1) m 2Kin{m — 1) 


TO — 1 / TO — 2 c ( m -2) 

in V 2Kin n 


1 


2k in 


A m — 1 


1 


2Kin{m — 2) 


2mn 

1 A m 1 <f> m 1 0 r 

27 vin 171 2irin{m — 1) m 2tt in(m — 1) r 


1 


2Trin(m — 2) 


©m— 1 


_ (w - 1)2 r { m -2) ST ( m ~ 1 )j~l a \ ^ ( TO ~ 1 )j~l ^ 

(2mn) 2 n E 1 (2 Kin)j m ~j+ 1 2-^ {2mn)j (to — j) m_J+1 


-E 

3 = 1 


(W - l)j_i 

(! 2Kin)i{m — j) 


3 = 1 
©m— j + 1 


(to- 1 )! al "y- (to v-^ ('» ' *)i 1 * 

r " E [ 2 ziii)i x> " -■ E <1> ' 


(27rin) 


i=i 


y-J ( 2Kiny(m — j ) 


-E 

j=i 

where 


(to - l)j-l 

(2Kin)j(m — j) 


• \ ©m— j + l> 


f "/i(x)e~ 2 ' Kinx dx = 0. 

Jo 


1 0 

Before proceeding further, we note the following: 

771— 1 


(?n - !)j_ i 

^ (2Kin)j{m — j) 


E 




m— J+l 


m -1 1 m-J . 1 \ 

_ 1 (m - l)j + fc-2 g(r) 

E—/ rn — -? E-/ 


m — j ' (27rmV+ fc 

j=i J fe=i v 7 

m— 1 


m—j—k 


1 (to - l)s— 2 -p(r 


= V V — — 

2^ m-j E (2,Kin) s m ~ s 

j—t J S—j+l v > 


1 y- (to) s H m — i H m — S g( r ) 

to. -E (2,Kin) a m — s + 1 m ” 

S=1 v 7 

Putting everything altogether, we obtain 


‘-.7+1 


(4-13) 

(4.14) 


(4.15) 


^ ) = - 1 E 7 ^%(A m - s+ i + ELy (B W 5+ i)). 

to (2Kin) s \ m — s + 1 / 

S=1 V 7 


(4.16) 


Case 2: n = 0. 


E m) = [ lm{x)dx = — (A m+1 - 
Jo m \ 


-B< r) - 


m(m + 1) m m(m + 1) / 


(4.17) 
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Fourier series of functions associated with poly-Bernoulli polynomials 


7 m {< x >), (to > 2) is piecewise C°° . Moreover, 7 m (< x >) is continuous for 
those positive integers in > 2 with A m = 0 and discontinuous with jump disconti- 
nuities at integers for those positive integers > 2 with A m ^ 0. 

Assume first that A m = 0. Then 7 +I) = 7 m ( 0 ). Hence 7 m (< a; >) is piecewise 
C °° , and continuous. Thus the Fourier series of 7 m (< x >) converges uniformly to 
7 m(< x >), and 


7 m(< a; >) 

1 


m 

OO 


A. 


m+1 


m(m + 1) 
(m) 


b^ - 




(27rin) s 

n=—o o s— 1 

n^O 


= — ( A 
m 


1 


^m+1 


-BL r) - 


i) 


Hm—l Bm— s /rt(r) 

m-s + 1 


1 


1) 


m(m + 1 ) m m(m + 1 ) 


m / \ 

-W m V 

m \ s J \ 


Ayn— s + l + 


Hm— 1 Hm—s /|i>( 


m — s + 1 


(B.£L + 1)) 


00 g 2-Kinx 


x - 


( ^ (27rin) s ) 


n =— 00 
n^O 


= - I A 
m 


1 


m+1 


-B< r) - 


1 


m(m + 1) m m(m + 1) 
H-m — 1 


- E ( A - S+ 1 + gm ~ 1 + 1)U(< x » 

“ \ s J \ m — s + 1 / 

s— 2 v 7 


+ A m x 

m / \ 

: k 


Bi(< a; >), for x £ Z, 
0, for a: G Z 


s=0 


+ A m X 


A m — 5+1 + 


Hm.— I Um- 


z m— 1 
TO — S + 


z P(b£ ) -, + i))b 8 (<*>) 


Bi(< x >), for a; ^ Z, 
0, for x £ Z. 


(4.18) 


Now, we are ready to state our first result. 
Theorem 4.1. For each integer l > 2, let 


A ,= 


B 


i - 1 

E — 

k 


(r+1) 


/-I 

\ ' 


B 


(r) 

k-1 


■ri Ki-k) tiW-ky 


with Aj = 0 . 
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m 1 1 zr pjB ( j! +1 '*(< x >) < x > m k has the Fourier series expansion 


Assume that A m = 0, for an integer m > 2. Then we have the following 
(a) v 171 ^ 1 1 R (] 

W zZfc= 1 k(m—k) ~°k 
771— 1 

E/ TJZZ. u\ JJ k 


k = 1 


k(m — k) 


B^ +1 \< x >) < x > m ~ k 


= — I A 


1 


i-ra+1 


-B< r) - 


(to + 1) m m(m + 1) 


- E f 1 E (wi + ( b^ s + d)) 

\m (27nn) s V m — s + 1 // 

n =— oo s— 1 

n^O 

/or all x £ (— 00 , 00 ), where the convergence is uniform. 

(b) 


a— 1 


E 




k(m — jfe) fc 


4" +1) (< * >) < x > 


m—k 


= -f. ("*) (V ,+1 + Hm -‘ + x >), 

TO ' \ 8 J \ TO, — S+1 / 

s— 0 x 7 

/or all x £ (— 00 , 00 ), where B^{< x >) is the Bernoulli function. 

Assume next that to is a positive integer > 2, with A m ^ 0. Then, 7 m (l) 7 ^ 
7 m ( 0 ). Hence 7 m (< x >) is piecewise C 00 , and discontinuous with jump disconti- 
nuities at integers. Thus the Fourier series of 7 m (< x >) convergence pointwise to 
7 m (< x >), for x Z, and converges to 

2 (7m ( 0 ) + 7m(l)) = 7m(0) + — A m = — A m , 

for x € Z. 

Next, we can state the second result. 

Theorem 4.2. For eac/i integer l > 2, Zei 

/ — I r>(r+l) 1— 1 f>( r ) 

A = V 4 . V 

with Ai = 0. 

Assume that A m ^ 0, /or f/ie an integer to > 2. FTien we /tore Zfte following. 

(a) 

1 G 1 1 

— I A m _|_i 


m(m + 1) 

( to .) 


B - 


cxj in / \ 

/ 1 (to.) 5 / 

^ \m (27T in) s V 

S = 1 x 7 


m(m + 1) 

Hm— 1 Hqji—s . 


77— — OO 
71^0 


A m - S +1 + 


m — s + 


pw,+i) 


f EL/ fe+E) S fe +1) (< x >) < x > m k , for x £ Z, 


lA 

O lv 77l') 


for x £ Z. 
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Fourier series of functions associated with poly-Bernoulli polynomials 


(b) 


■t m / \ 


i -A-ra— s+l H - 


H-m— 1 Hm—s / o ( t ) 


_ , . . . . v m— s+1 ' . 1 

m \ s J \ m — s + 1 


= E rJ-rX +1, « * » < * for * i Z; 


(*£?-. + 1>)b.«*>) 


fc=l 


k(m — k) 


1 E ( m ) ( A — +i + Hm ~ 1 fr 8 (gff-, + i))b 8 (< x >) 

m \ s J \ m — 5 + 1 / 

s— 0 x 7 
«#1 


= -A m , /or ieZ. 
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Abstract 

In this paper, we discuss the existence of a fixed point of a self-mapping T on a Menger PM- 
space under two constraint inequalities with respect to two partial orders under two kinds 
of contractive conditions and obtain some new fixed point results. We then present several 
useful consequences of our main results. We also give examples to show the validity of our 
main results. 

Keywords: Menger PM-space; fixed point; constraint inequalities; partial order; implicit 
contraction 

2010 Mathematics Subject Classification : 47H10; 46S50; 47S50 


1 Introduction and preliminaries 


In 1942, Menger introduced the concept of a probabilistic metric space which give birth to a new 
branch called probabilistic analysis [l]-[2] . The theory of PM-spaces and its applications has attracted 
much attention since then and fixed point theory for nonlinear operators in the setting of PM-spaces 
was studied by many authors [3]- [11]. 

The research on the existence of fixed points for mappings in a metric space equipped with a 
partial order was initiated by Turinici [12]. Ran and Reurings [13] obtained fixed point results for 
continuous monotone operators in a partially ordered metric space and applied them to study the 
existence of positive solutions to certain classes of nonlinear matrix equations. The results in [13] were 
generalized by many authors from different aspects (see e.g. [14]- [17] ) . On the other hand, the fixed 
point problems for mappings in partially ordered Menger PM-spaces were also extensively studied (see 
e.g. [18]- [21] ) . 

Let (X, SX , A) be a Menger PM-space and X be endowed with two partial orders rR and ^ 2 - 
Consider five self-mappings T, A, B,C, D : X — >• X. In this paper, we are interested in the following 
problem: Find x € X, such that 

{ x = Tx, 

Ax rR Bx, (1.1) 

Cx <2 Dx. 


In [22], Jleli and Samet considered the existence of solutions to (1.1) in the framework of metric 
spaces. They introduced the concepts of d-regularity and ( A , B , C, D, ^ 2 )-stability, and obtained a 

fixed point result which guaranteed the existence of a fixed point of T under two constraint inequalities. 
In [23], Ansari et al. argued that the result of Jleli and Samet holds by assuming that only A and 
B are continuous (or only C and D are continuous), and proved that (1.1) has a unique solution. 
Moreover, they considered the existence of solutions to (1.1) under a certain implicit contraction by 
introducing a more general class of functions. 

Mo whom correspondence should be addressed. Email: wuzhaoqi_conquer@163.com 

Mhis work is supported by the Natural Science Foundation of China (11461045,11361042,11461043), the Natural Sci- 
ence Foundation of Jiangxi Province of China (20142BAB211016,20132BAB201001,20161BAB201009), and the Scientific 
Program of the Provincial Education Department of Jiangxi (GJJ150008). 
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In this paper, we will discuss the existence of a fixed point of a self-mapping T in the setting of 
Menger PM-spaces under two constraint inequalities with respect to two partial orders and obtain a 
new fixed point result, which extends the main results of [22] and [23] from metric spaces to Menger 
PM-spaces. As a consequence, we derive some corollaries of our main result. Also, some examples are 
given to show the validity of the new results. 

We now recall some basic definitions in the theory of Menger PM-spaces. 

A mapping F : R — > M + is called a distribution function if it is nondecreasing left-continuous with 
supF(f) = 1 and inf F(t) = 0. 

teR 


We will denote by Q) the set of all distribution functions while H will always denote the specific 
distribution function defined by 


m = { 


0, 

1, 


t < 0, 
t > 0. 


Definition 1.1 [5] A mapping A : [0, 1] x [0, 1] — » [0, 1] is called a triangular norm (for short, a 
t-norm) if the following conditions are satisfied: A(a, 1) = a; A(a, b) = A (6, a); A(a, c) > A (b,d) for 
a > b, c > d;A(a, A (6, c)) = A(A(a, 6), c). 

A typical example of a t-norm is A m ,; n which is defined by A m j n (a, b ) = min{a, b} for all a, b € [0, 1]. 

Definition 1.2[5] A triplet (X,J?,A) is called a Menger probabilistic metric space (for short, a 
Menger PM-space) if X is a nonempty set, A is a t-norm and & is a mapping from X x X into 
satisfying the following conditions (we denote &{x,y) by F x _ y ): 

(PM-1) F XtV ( 0) = 0; 

(PM-2) F xy {t) = H(t) for all t € M if and only if x = y; 

(PM-3) F XiV (t ) = Fy tX (t) for all tel; 

(PM-4) F XiV (t + s) > A (F XjZ (t), F Ziy (s)) for all x,y, z G X and t, s > 0. 

Remark 1.1[5] If a Menger PM-space (X,JF,A) satisfies the condition sup A (t, t) = 1, then 

0<t<l 

( X , #■, A) is a Hausdorff topological space in the (e, A)-topology i.e., the family of sets {U x (e, A) : 
e > 0, A € (0, l]}(x € X) is a basis of neighborhoods of a point x for where U x (e, A) = {y € X : 

Fx,y( e ) > 1 — ^)} • 

By virtue of the topology ST , a sequence { x n } is said to be ^-convergent to x E X(we write 
ST 

x n — >• x(n — >• oo)) if for any given e > 0 and A € (0,1], there exists a positive integer N = N(e, A) 
such that F x x (e) > 1 — A whenever n > N, which is equivalent to lim F Xn x (t) = 1 for all t > 0; 

{x n } is called a ^-Cauchy sequence in ( X , A) if for any given e > 0 and A € (0, 1], there exists a 
positive integer N = N(e, A) such that F Xri , Xm (e) > 1 — A whenever n. rn > N\ (X,&,A) is said to 
be ^-complete if each i^-Cauchy sequence in X is ^-convergent in X. It is worth noting that in a 

Menger PM-space, lim x n = x implies that x n — >• x(n — >• oo). 

n— >• cx) 

Remark 1.2 [5] Let (A', d) be a metric space and & : X x X — >• ^ be defined by 

&(x,y)(t) = F XjV (t ) = R(t - d(x,y)),Vx,y € X and t > 0. (1.2) 

Then (X , ^ , A m i n ) is a ^-complete Menger PM-space induced by (X,d). 

The following definitions and notations will be needed in the sequel. 

Definition 1.3 Let (A, J^", A) be a Menger PM-space and A be partial order on X. A is called 
F -regular , if for any sequences {a n }, {fr n } C X, we have 

lim F an a (t) = lim Fy n b(t) = 1 , Vt > 0, and a n A b n for all n € N => a ^ b, 
where (a, b) € X x X. 
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Definition 1.4 Let X be a nonempty set endowed with two partial orders Pi and p2- Let 
T, A, B, C, D : X — >• X be five self-mappings. The mapping T is called (A, B, C, D, Pi, < 2 ) -stable, if 
the following condition is satisfied: 

x £ X, Ax Pi Bx =>• CTx <2 DTx. 


Denote by T the set of functions ip : [0, 1] 
(01 ) ip is lower semi-continuous; 

(ip 2) ip(t) = 0 if and only if t = 1. 

Denote by the set of functions (p : [0, 1] - 

(01 ) 0 is lower semi-continuous; 

(02) 0(i) = 1 if and only if t = 1. 


[0, 1] satisfying the following conditions: 


[l,oo) satisfying the following conditions: 


2 Main results 


We are now ready to state and prove our main results. 

Theorem 2.1 Let ( X , & , A) be a ^-complete Menger PM-space endowed with two partial orders 
Pi and and T, A, B,C, D : X — > X be self-mappings. Suppose that the following conditions are 
satisfied: 

(i) -<i is F-regular, i = 1,2; 

(ii) A and B are ^-continuous or C and D are ^-continuous; 

(iii) there exists xq £ X, such that Axq Pi Bx 0; 

(iv) T is (A, B,C, D,A 1, p2)-stable; 

(v) T is (C, D , A, B , P2, Pi)-stable; 

(vi) there exists ip £ such that 

Ax Pi Bx, Cy P 2 Dy = => F Tx ,T y (t ) > F Xjy (t) + ip(F Xjy (t)),Vt > 0. 

Then the sequence {T n x 0} converges to some x* £ X , which is a solution to (1.1). Moreover, x* is 
the unique solution to (1.1). 

Proof. By (iii), there exists xo £ X such that Ax 0 Pi Bx 0. Construct a sequence {x n } C X by 

x n = T n x 0 , n = 0, 1,2, — . 

By (iv), we have CTx 0 P2 DTx 0, that is, Cx 1 P2 Dx\. Thus, we get Ax 0 Pi Bx 0 and Cx\ P2 Dx\. 
By (v), we have ATx \ Pi BTx 1, that is, Ax 2 Pi Bx 2. Again, by (iv), we obtain CTx 2 P2 DTx 2, 
that is, Cx 3 P2 Dx’ 3. Thus, we get Ax2 Pi Bx 2 and (17x3 P2 DX3. Continuing this process, we obtain 

Ax 2 n Pi Bx 2 n and Cx 2n + 1 ^2 Dx 2ra +1, n = 0 , 1 , 2, • • • . (2.1) 


By (2.1) and (vi), we have 


Fn 


%n -\- 1 i^n 


(t) = F Txn ,Tx n -i(t) > Fx n ,x n ^(t) + V’(^wn- 1 (0)>vt > 0,n = 1,2, ■ 


(2.2) 


which yields that 


F 


*^n+ 1 5 


(*) > Fx^^yt > Q,n = 1,2, ■ 


Thus, {Tx„, + i..x„(7)} is an increasing sequence of positive numbers for each t > 0. Therefore, there 
exists some r(t) £ [0, 1], such that 


lim Fn 


*^n+ 1 1'F'n 


(i t ) = r(t),Vt > 0. 


(2.3) 
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By (2.2), we have 

lirninf F x Xn (t) > liminf (F Xn ,* n _ 1 (t) + (*)))> 

n— > oo n— > oo 

Using (2.3) and (^i), we obtain 

r(t) > r(t) + ip(r(t)), Vi > 0, 

which implies that ip(r(t)) = 0 ,Vt > 0. By (^ 2 ), we get r(i) = 1, Vi > 0, i.e., 

lim F* Xn (i) = 1, Vi > 0. (2.4) 

ft— »• OO ^ 

We now show that {.x n } is a ^-Cauchy sequence in ( X , JF, A). Suppose that this is not true. Then 
there exists eo > 0 and Ao E (0, 1], for which we can find two sequences of positive integers { rrik } and 
{rifc}, such that for all positive integers k, we have 

n(k) > m(k) > k, F XmW , Xn(k) (e 0 ) < 1 - A 0 , ^^^(eo) > 1 - A 0 . (2.5) 

For any 5 E (0, eo), we have 

J Fx n{k) — 1 ’ X n(k) (^) ) ‘ 

Letting fc — >• oo, by (2.4), we have 

^““f Fx m(k)i x n(k) (^o) > A (liminf ^(k) ,*„(*)-! ( £ 0 “ <*) , 1) = 1™“* ^X m(fc) ,*„(*)_! («0 “ <*) • 


Letting 5 — >• 0, by the left-continuity of the distribution function and (2.5), we obtain 

‘fc^-exT " X m(k), x n(k) Fx m(k), x n(k)~ 


1 - Ao > liminf F Xrnlk ^ Xnlk) (e 0 ) > liminf F Xm(h) , x t (e 0 ) > 1 - A 0 , 


which implies that 


F Xm W ,x nW ( e o) = 1 - A 0 . 


(2.6) 


On the other hand, for any 5 G (0, eo), we have 

(eo - 5) ’ ■^^n(fc) 5*£n(fc) + l (*)) 


and 


(^o) — (^ x m(k) 5*^n(fc) + l (eo - 5) 

’ ■^^n(fc) + l 5*^n(fc) (*))■ 

Letting fc — > oo, by (2.4), (2.6) and the left-continuity of the distribution function, we have 




(e 0 ) > 1 - Ao and 1 - A 0 > liminf i ? Xm(fc) , ;Cn(fc)+1 (e 0 ), 


which implies that 


liminf F, * (e 0 ) = 1 - A 0 . 

«— >• OO v ' V ' 


(2.7) 


Similarly, for any 5 G (0, eo), we have 

(eo - <5) (5)) 


and 


(eo-<J) > Fx m(k)-l, x m(k) m 
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Letting k — >• oo, by (2.4), (2.6) and the left-continuity of the distribution function, we have 

> 1 - A 0 and 1 - A 0 > hminf (e 0 ), 

which implies that 


l f\ ir x nW ,* mW _ 1 (eo) = 1 - A 0 . 
Also, for any <5 € (0, eo), we have 


(2.8) 


(eo - 5) (^)) 


and 


(60 - 5) (*))• 

Letting k oo, we can similarly obtain 

^) + i^ )+1 ( e o) = 1 - V 

Note that for all k, there exists a positive integer 0 < i(k) < 1 such that 

n(fe) — m(k) + i(k ) = 1(2). 

By (2.1), for all k > 1, we have 

Ax n (k) —i and 722 ^^m(fc)_i(fc) 


(2.9) 


or 


A%m(k)—i(k) —1 BXm(k)—i(k) Cx n (j^ 1^2 DXn(k)' 

Then from (vi), we have 

-^ r ^n ( fc),' r *m(fc)-i(fc)(^) — ^n(fc)i^m(fc)-<(fc)(^) + V’C^XnCfc) ,X m (k)-i(k) (0)> ^ € Z + and t > 0, 

that is, 

■^®n(fc)+l>Xm(fc)-t(fc)+l(*) — ^«(k)i + ^(^«(*) ,X m (h)-i(,k) (*)) > ^ € all< ^ ^ > 0- (2-10) 

Set 

Ti := {fc > l|i(fc) = 0} and T 2 := {& > l|i(fc) = 1}. 

Now consider the following two cases. 

• Case 1. Ti is a countably infinite set. By (2.10), we get 

-^n(fc) + l.^m(i ! ) + l( e o) — ^Xn(fc)>Xm(fc)( e °) + '^(•^n(fc).^m(fc)( e o))>^ £ ^1 ) 

which yields that 




(e 0 ) > hminf(F (e 0 ) +^(^ nW ,x mW (e 0 ))) 


k—>oo 


Combining (2.6), (2.9) and ( 1 / 4 ), we obtain 

1 — Ao > 1 — Ao + ^(l — Ao), 

which implies that ?/>(l — Ao) = 0. By (^> 2 ), we get Ao = 0, which is in contradiction with Ao > 0. 
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• Case 2. Ti is a finite set. In this case, T 2 must be a countably infinite set. By (2.10), we get 

^®»(fc)+l> x m(k)( e o) — Fx n (k), x m(.k)- l( e °) + ^(-^TiW^raW-l^o));^ £ ^2, 
which yields that 

F *n(k)+l,Xrn(k)( e °) > ( F *n( fc ) ,*m(fc)-l M + ^{ F X n(k) ,X m(fe) _i M)) • 

Combining (2.7), (2.8) and (ipi), we obtain 

1 — Ao > 1 — Ao + ^(l — Ao), 

which implies that i/>( 1 — Ao) = 0. By (i/^), we get Ao = 0, which is in contradiction with Ao > 0. 

Therefore, we deduce that {x n } is a ^-Cauchy sequence in Since (X, J^",A) is 3T - 

complete, there exists x* € X , such that x n — >• x*(n — >• oo), i.e., 

lim F XnjX *(t ) = 1 ,Vt > 0. (2.11) 


On the other hand, by (2.1), we have 

Ax 2 n Ai Bx 2 n, n = 0, 1, 2, • • • . 

Suppose hrst that A and B are ^-continuous, by (2.11), we have Ax 2 n Ax*(n —>■ oo) and 

Of 

Bx 2 n — > Bx*(n — >• oo), i.e., 

lim F Ax2 Ax *(t) = lim F Bx 2 n ,Bx*{t) = l,Vt > 0. 


Since is F-regular, we get 

Ax* Ai Bx*. (2.12) 

On the other hand, by (2.1), (2.12) and condition (vi), for all t > 0 and any 6 € (0, t), we obtain 

Ftx* ,X* (i) A A(Ftx* ,Tx 2n +l (t ~~ ^)> B X2n+ 2,X* (^)) 

— ^(-^x*,x 2 n-i-i — A) + ip(F x * t x 2n+ i (t — <^)), F X2n+2tX » (<5)), n = 0, 1, 2, • • ■ . 

Therefore, we get 

FTx*, x *(t) > A(lim inf F x * X2 +1 (t - 6) + ip(F x * x (t - 5)), lim inf F x x * (6)), n = 0, 1,2, • • • . 

•n — Vrvo 1 1 n — Vrvi 1 


Using (V’l), (^ 2 ) and (2.11), we obtain 

F Tx *,x*(t ) > A(1 + ip(l), 1) = A(l, 1) = 1, Vt > 0, 

which implies that 

Tx* = x*. (2.13) 

Now, since T is (A, B, C, D, Ai, A 2 )-stable, from (2.12), we get 

CTx* A DTx* , 

which implies from (2.13) that 

Cx* A Dx*. (2.14) 

As a consequence, it follows from (2.12), (2.13) and (2.14) that x* € X is a solution to (1.1). 
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Suppose now that y* E A is another solution to (1.1), that is, 

Ty* = y * , Ay* Ai By*,Cy* Dy*, and F x * yj *(t 0 ) < 1 for some t 0 > 0. 


By condition (vi) and (if ) 2 ), we obtain 


F x *,y* (^o) — Ftx* ,Ty*{t o) F x *,y*(to) A ^(^F x * } y* (t o)) ^ F x * } y*(t o), 


which is a contradiction. Therefore, x* is the unique solution to (1.1). 

If we require only the ^-continuity of C and D by condition (ii), we can also deduce the conclusions 
using similar arguments. This completes the proof. 

Example 2.1 Let X = M be the set of all real numbers equipped with the standard order <• 
Take Ai=A 2 =<. Let X be endowed with the standard metric d(x,y ) = \x — y |, ( x,y ) elxl and 
JE : X x X —x ^ is defined by (1.2). Then (A, J£", A m * n ) is a ^-complete Menger PM-space induced 
by (A, d ) . Let T : X — »• A" be defined by 


Tx 


f — 1, ifx < 0, 
\2, ifx > 0, 


and A, B, C, D : A — > X be defined by 

Ax = 2x 2 , Bx = 6x, Cx = 2, 


fO, ifx < 2, 
(x, ifx > 2. 


It is obvious that is E-regular, i = 1, 2. Moreover, A and B are ^-continuous. Also, for xo = 1, 
we have Axo = 2 < 6 = Bx q. If for some x € A, we have Ax < Bx, then 0 < x < 3, which yields 
CTx = 2 < 3 = D3 = DTx. So T is (A, B , C, D , Ai, A 2 )-stable. If for some x € A, we have Cx < Dx, 
then x > 2, which yields ATx = A3 = 18 = B3 = BTx. So T is (C, D, A, B, A 1; A 2 )-stable. Note 
that for any (x, y) E A x A, we have 

Ax < Bx, Cy < Dy => (x, y) E [0, 3] x [2, oo) (Tx, Ty) = (3, 3). 

T herefore 

Ax Bx, Cy A 2 Dy = => F TXtTy {t) = 1 > T^f) + i/;(F x> y(t)),\/t > 0, 

where il>(x) = 1 — x for x E [0, 1]. By Theorem 2.1, (1.1) has a unique solution, which is x* = 3. On the 
other hand, observe that D is not ^-continuous. So we don’t need A,B,C,D are all t^-continuous 
to guarantee the existence of the solution. 

Remark 2.1 Note that although the conditions of Theorem 2.1 are sufficient to guarantee the 
existence of a unique solution to (1.1), T need not have a unique fixed point, as the above example 
shows (in fact, the mapping T has two fixed points —2 and 3). 

Denote by L the class of all functions / : [0, 1] x [1, oo) — >• M satisfying 

(Li) / is ^-continuous; 

(L 2 ) f(a, b ) > a, Va E [0, 1] and b E [1, oo); 

(L 3 ) a E [0, 1], b E [1, oo), /(a, b) = a => b = 1; 

(L 4 ) Va € [0, 1], bi > b 2 => f(a, h) > f(a , b 2 ). 

We give the second main result of this paper by utilizing this new class of functions. 

Theorem 2.2 Let (A, jE , A) be a t^-complete Menger PM-space endowed with two partial orders 
Ai and A 2 , and T, A, B,C, D : X — >• A be self-mappings. Suppose that the following conditions are 
satisfied: 

(i) <i is T-regular, i = 1,2; 
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(ii) A and B are ^-continuous or C and D are ^-continuous; 

(iii) there exists xo G X, such that Axq Ai Bx o; 

(iv) T is (A, B,C, D,^ i, A 2 )-stable; 

(v) T is (C, D, A , B , , Ai)-stable; 

(vi) there exists <p G and / G L such that 


Ax Bx, Cy ^2 Dy = => F TX)Ty {t ) > f(F X)y (t),^(F x ^ y (t))),\/t > 0. 

Then the sequence {T n x o} converges to some x* G X, which is a solution to (1.1). Moreover, x* is 
the unique solution to (1.1). 

Proof. By (iii), there exists xo G X such that Axo Bx o- Construct a sequence {x n } C X by 

x n = T n x 0 , n = 0, 1, 2, • • • . 

By similar arguments in the proof of Theorem 2.1, we obtain (2.1). 

By (2.1) and (vi), we have 


F, 


^n+1 i&n 


it) — ^Tx n ,Tx n -i(t) F f{F Xn , Xn _ 1 (t),<l>(F XnjXn _ 1 (t))),'Vt > 0, n — 1,2, 


(2.15) 


which by (L 2 ) yields that 

F Xn+ i, Xn (t) F F Xn , Xn _ 1 (t), it > 0 , n = 1 , 2 , ■ ■ ■ . 

Thus, {F Xn+1 . Xn (t)} is an increasing sequence of positive numbers for each f > 0. Therefore, there 
exists some p(t ) G [0, 1], such that 

Ihn F Xn+UXn {t) = pit), 'it > 0. (2.16) 


By the properties of / and (p, we obtain 


which yields that 


pit) > fipit), <f>ipit))) > pit), 
f (pit), (Pipit))) =pit). 


Hence, by (Li), we get (j>(pit)) 


1, Vi > 0, and thus p(t) = 1 ,it > 0, that is, 
lim VwnW = l,Vi > 0. 


(2.17) 


We now show that {x n } is a ^-Cauchy sequence in (X, & , A). Suppose that this is not true. Then 
there exists eo > 0 and Ao G (0, 1], for which we can find two sequences of positive integers {rrik} and 
{n^}, such that for all positive integers k, (2.5) holds. By similar arguments in the proof of Theorem 
2.1, (2.6) — (2.9) hold. 

Note that for all k, there exists a positive integer 0 < i(fc) < 1 such that 

n(fc) — mik ) + *(&) = 1(2). 


Similarly, by (2.1) and (vi), we have 


^ i^^nik) ,'^m(k)— i(k) it) ^Pi^Z 


n(k) i't'm(k)—i(k) 


it))), ik € Z + and t > 0. (2.18) 


Set 


Ti := {A’ > 1| i(k) = 0} and T 2 := {fc > 1| i(k) = 1}. 
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Now consider the following two cases. 

• Case 1. Ti is a countably infinite set. By (2.18), we get 

^^'7l(fc) + l)*rm(fc) + l (^o) — / ^(^Ti(fc)^m(^) (^o)))’ ^ ^ Cl, 

which yields that 

( £ o) > liminf f{F Xn(k)}Xrn(k) (e 0 ), 0(D Mfc) ,x m(fc) (e 0 ))). 

Combining (2.6), (2.9) and the properties of / and q i», we obtain 

1 — Ao > /(I — Ao, 0(1 — Ao)) > 1 — Ao, 

which implies that 

/(l — Ao, 0(1 — Ao)) = 1 — Ao- 

Again, by (L 3 ) and ( 02 ), we get Ao = 0, which is in contradiction with Ao > 0. 

• Case 2. I'd is a finite set. In this case, 10 must be a countably infinite set. By (2.18), we get 

(^0) — f (Fx n (k') ,% T n(k) — l (^0) 1 $(F Xn (^ (^o) )) "> ^ ^ ^ ^2 , 

which yields that 

F *n(fc)+ 1 .* m( fc)( e °) ^ 1 ™ i c 2 f + ^ F ^n (k ),Xm (k) - 1( £ 0)))- 

Combining (2.7), (2.8) and (0i), we also obtain 

1 — Ao > /(I - Ao, 0(1 — Ao)) > 1 — Ao- 

It follows from the properties of / and 0 that Ao = 0, which is a contradiction. 

Therefore, we deduce that { x n } is a ^-Cauchy sequence in Since (X,^,A) is 3T - 

Of 

complete, there exists x* G X , such that x n — >• x*(?r — >• oo), i.e., 

lira F x x *(t) = 1 ,Vt > 0. (2.19) 

n— > oo 

We only consider the case when A and B are ^-continuous (the proof is similar when C and D 
are ^-continuous). By (2.19), we have 

lim F Ax 2 n ,Ax*(t ) = lim F Bx 2 n ,Bx*(t ) = l,Vt > 0. 
n— > oo n— >• oo 

Since Ai is F-regular, noting that ( 2 . 1 ) holds, we get 

Ax* Ai 5x*. ( 2 . 20 ) 

On the other hand, by ( 2 . 1 ), ( 2 . 12 ) and condition (vi), for all t > 0 and any S € (0, t), we obtain 

Ftx*,X* (t) 0 A(FTx*,Tx 2 n+l (t — 3)> F X2n+ 2 , X * (3)) 

— ^(f (F X *,X 2n+l ~ 3) 1 < l ) (Fx*,X 2n+l ~ ^)))> F X 2 n+ 2 ,X* (<^))> 71 = 0,1, 2, ••• . 

By (2.19) and the properties of / and q i>, we obtain 

F T x*, x *(t) > A(/(l, 0(1)), 1 ) = /( 1 , 0(1)) = /(l, 1 ) > 1, Vi > 0, 
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which implies that 

Tx* = x*. (2.21) 

Now, since T is (A, B, C, D, Ai, A 2 )-stable, from (2.20), we get 

CTx* A DTx *, 

which implies from (2.21) that 

Cx* A Dx*. (2.22) 

As a consequence, it follows from (2.20), (2.21) and (2.22) that x* € A' is a solution to (1.1). 

Suppose now that y* € X is another solution to (1.1), that is, 

Ty* = y * , Ay* Ai By*,Cy* A 2 Dy* , and F x * jy *(t 0 ) < 1 for some t 0 > 0. 

By condition (vi) and (fa), we obtain 

F X *,y*(to ) = FTx*,Ty*(to ) > f (F x * >y * (to) , (j)(F x * , y * (to))) > F x *, y *(to), 

which yields that 

f (Fx* ,y* (to) ] ^(Fx* ,y* (to))) = F x *^ y *(to)- 

By (L3) and (fa), we get F x * jV *(to) = 1, which is a contradiction. Therefore, x* is the unique solution 
to (1.1). This completes the proof. 


3 Some consequences 


Setting A 1= ^ 2 =^, C = B and D 
such that 


A, problem (1.1) becomes the following one: Find x € X, 


(x = Tx , 
(Ax = Bx, 


(3.1) 


where T,A,B: A — » AT are given self-mappings and (A, A) is a Menger PM-space endowed with 
a partial order A. 

Letting Ai=A 2 =A, C = B and D = A, we can obtain the following corollary from Theorem 2.2. 

Corollary 3.1 Let (A, A) be a ^-complete Menger PM-space endowed with a partial order 
A, and T, A, B : X — >• X be self-mappings. Suppose that the following conditions are satisfied: 

(i) A is T-regular; 

(ii) A and B are ^-continuous; 

(iii) there exists xo E A, such that Ax 0 Ar Bx 0; 

(iv) x € -A, Ax A Bx =>- BTx A ATx; 

(v) x € A', Bx A Ax => ATx A BTx ; 

(vi) there exists <j) € and / E L such that 


Ax A Bx, By A 2 Ay =>- F TX)Ty (t) > f(F x>y (t), (f>(F Xjy (t))),Vt > 0. 

Then the sequence {T n xo} converges to some x* € A, which is a solution to (3.1). Moreover, x* is 
the unique solution to (3.1). 

Next, we provide an example to show the validity of Corollary 3.1. 

Example 3.1 Let X = {(6, 2), (2, 2), (8, 2), (5, 2), (5, 3)} C M 2 and A be the partial order on X 
defined by 

(xi, yi), (x2, 2/2) € X, (xi,yi) A (x 2 ,y2) xi < x 2 , yi < V2- 
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Let X be endowed with the metric d defined by 

d((x i,yi), (x 2 ,y 2 )) = V( x i - x 2 ) 2 + (yi - y 2 ) 2 , for x = (x 1 ,yi),y = (x 2 ,y 2 ) G X. 


Let & : X x X — >• be defined by (1.2). Then it follows from Remark 1.2 that (X, .'F . A m j n ) is a 

^-complete Menger PM-space. 

Let T, A, B : X ^ X be the mappings defined by 


'T( 6,2) = (6,2), 
T(2,2) = (8,2), 
< T( 8,2) = (5,2), 
T(5,2) = (6,2), 
T(5,3) = (2,2), 


'4(6,2) = (6,2), 
4(2,2) = (4,2), 
< X(8,2) = (3,2), 
4(5, 2) = (7, 2), 
4(5, 3) = (4, 3), 


and 


'5(6,2) 
5(2,2) 
< 5(8,2) 
5(5,2) 
[5(5,3) 


( 6 , 2 ), 

(5.2) , 

( 2 . 2 ) , 
( 8 , 2 ), 
( 6 , 2 ). 


It is obvious that 


and 


u G X, uABu^uG {(6, 2), (2, 2), (2, 2)} 

v G X, Bv A u v G {(6, 2), (8, 2)}. 

By the above definitions, it is easy to check that 

u G X, Xu R Bu => BTu A ATu 


and 


v G X, Bv A Av => ATv A BTv. 

Now, let (u, v) G X x X satisfies Xu P Bu and Bv A Av. Then we have 
(u, u) € {((6, 2), (6, 2)), ((6, 2), (8, 2)), ((2, 2), (6, 2)), ((2, 2), (8, 2)), ((5, 2), (6, 2)), ((5, 2), (8, 2))}. 


For (u, v ) = ((6, 2), (6, 2)), we have 

FTu,Tv(t ) = H(t - d(Tu,Tv )) = H(t) = 1 > 1 • </>(!) = F UjV (t) ■ </>(F UjV (t)),Vt > 0. 


For (u, v) = ((6, 2), (8, 2)), we have 

F Tu ,Tv(t) = H(t - d(Tu,Tv)) = H(t - 1) > H(t - 2) • </>(H{t - 2)) = F u , v (t) • </>{F UjV (t)), Vt > 0. 
For (u, v) = ((2, 2), (6, 2)), we have 

F Tu ,Tv(t) = H(t - d(Tu,Tv)) = H(t - 2) > H(t - 4) ■ </>(5(t - 4)) = F u>v (t) • </>{F u>v (t)), Vt > 0. 
For (u, v) = ((2, 2), (8, 2)), we have 

F Tu M t ) = H ( t - d ( T u,Tv)) = H(t-3) >H(t-6))-<t>{H(t-6)) = F u , v (t)-<l>(F UtV (t)),Vt>0. 
For (u, u) = ((5, 2), (6, 2)), we have 

Ftu,Tv( t) = Hit - d(Tu, Tv)) = H{t) = 1 > Hit - 1) ■ 0(5(f - 1)) = F u>v (t) ■ <KF u>v (t)), Vt > 0. 
For (u, v) = ((5, 2), (8, 2)), we have 

Fru,Tvit) = Hit - d(Tu,Tv)) = H(t - 1) > Hit - 3) • (j>{H{t - 3)) = F UjV (t) ■ (f>(F U:V {t)),Vt > 0. 
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Then we have 


Au A Bu,Bv A Av =^> F TUjTv {t) > f(F UjV (t),ip(F U!V (t))),Vt > 0, 

where f(a,b ) = a ■ b, Va E [0,1] and b € [l,oo). Therefore, all the conditions of Corollary 3.1 are 
satisfied and thus (3.1) has a unique solution. In fact, we observe that x* = (6,2) is the unique 
solution to (3.1). We would like to point out that there exists to = 3 > 0, such that 


-^T(6,2),T(5,3) (^o) — H(to ~ 4) — 0 < 1 — H (t 0 — y/2) — ^(6,2), (5, 3) (^o)i 


which shows that T is not a 513-contraction on (A, J^", A). 


Furthermore, setting A = lx in (3.1), where lx denotes the identity mapping on X , we get another 
problem: Find i£l, such that 


x = Tx, 
x = Bx, 


(3.2) 


where T, B : X — >• X are given self-mappings and ( X , & , A) is a Menger PM-space endowed with a 
partial order A- This problem is to find a common fixed point of two self- mappings on a partially 
ordered Menger PM-space. 

Taking A = lx in Corollary 3.1, we obtain the following result immediately. 

Corollary 3.2 Let (A, FT , A) be a ^-complete Menger PM-space endowed with a partial order 
A, and T, B : X — >• X be self- mappings. Suppose that the following conditions are satisfied: 

(i) A is E-regular; 

(ii) B is ^-continuous; 

(iii) there exists xo € X, such that xo Ai Bx o; 

(iv) x E X, x A Bx =>■ BTx A Tx; 

(v) x E X, Bx A x =>■ Tx A BTx ; 

(vi) there exists cj) E and / E L such that 


x A Bx, By A y = =>■ F TXiTy (t ) > f{F x>y (t),(f)(F Xi y(t))),Vt > 0. 

Then the sequence {T n xo} converges to some x* € X , which is a solution to (3.2). Moreover, x* is 
the unique solution to (3.2). 

Furthermore, by taking B = T in Corollary 3.2, we obtain a fixed point theorem of a self-mapping 
T on a partially ordered Menger PM-space. 
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Fixed Point Theorems for several types of Meir-Keeler 
contraction mappings in M s — metric spaces 
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Abstract: In this paper, we first introduce several types of Meir-Keeler contractive mappings 
in the structure of Afg— metric spaces. Then we study some existence and uniqueness fixed point 
theorems for these types of MKC mappings in M s — metric spaces via Gupta-Saxena type contraction 
and other fraction version type contractions. Also, we extend and improve very recent results in fixed 
point theory. 

MSC: 47H10;54H25 

Keywords: Fixed point; Meir-Keeler contraction mappings; M s — metric space 

1. Introduction and Preliminaries 

In 2014, Nabil [1] established an extension of S'-metric spaces to partial S-metric spaces and pointed 
out that every S'-metric space is a partial S-metric space. Also, they obtained some fixed point results 
under certain contractive principle in partial S — metric spaces. Recently, Nabil et al. [2] have extended 
the concept of a partial S — metric space to the concept of an M s — metric space. They gave a more 
general extension of almost any metric space with three dimensions and that is not by defining the 
self ’’distance” in a metric as in partial metric spaces, but they assumed that is not necessary that 
the self ’’distance” is less than the value of the metric among three distinct elements. 

In 1969, Meir and Keeler [3] established a fixed point theorem in a metric space (A, d) for mappings 
satisfying the condition that for each e > 0 there exists 6(e) >0 such that 

e < d(x, y) < e + S implies d(Tx,Ty) < e, (1) 

Vx, j/ £ X. This condition is called the Meri-Keeler contractive (MKC, for short) type condition. 
Since then, many authors extended and improved this condition and established fixed point results 
for new generalized MKC mappings, see [4]- [7]. 

In this paper, we establish some of the fixed point theorem for some types of MKC mappings in 
AL —metric spaces. Also, we extend and improve very recent results in fixed point theory. 

Next, we remind the reader of some definitions, notions, lemmas which are useful in the sequel. 
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Now, we present the definition of an M s - metric space, but first we introduce the following notations 
which are useful in the sequel: 

(!) =min {m 3 (x,x,x),m s (y,y,y),m s (z, z, z)}\ 

( 2 ) A t, s> , =ma x{m 3 (x,x,x),m s (y,y,y),m s {z,z,z)}. 

Definition 1.1. [2] An M s -metric on a nonempty set A is a function m s : A 3 i— >• K + that satisfies 
the following conditions: for Vx, y,z,t £ A, 

(m s l) m s (x,x,x) = m s (y,y,y) = m a (z,z,z) = m s (x,y,z ) if and only if x = y = z; 

(m s 2) m Sx y z < m s (x,y,z); 

(m s 3) m s (x, x, y) = m s (y, y, x); 

(m s 4) (m s ( x,y,z )- m Sx y z ) < (m s (x,x,t)~ m Sxxt ) + (m 8 (y, y,t)~ m Syyt ) + (m s (z,z,t)- m Szzt ) . 
Then the pair (A ,m s ) is called an M s -metric space. 

Immediate examples of such M s — metric space are: 

(1) Let A = [0, oo ) and m s : A 3 >->• K+ be a mapping defined by 

m s (x, y, z) = max{x, y, z} - min{x, y, z], 

for Vx, y, z £ X. Then m s is an Ms-metric on A. 

(2) Let A be a nonempty set and d be the ordinary metric on A. Define mapping m s : A 3 i — > [0, oo) 
by 

m s (x, y, z) = d(x, y) + d(x, z ) + d(y, z), 

for Vx, y, z £ X. Then m s is an M s -metric on A. 

(3) Let A = {1, 2, 3} and define a mapping m s on A by 

m s (l, 2, 3) = 6, m s ( 1, 1, 2) = m s ( 2, 2, 1) = 10, 
m s (l, 1,3) = m s ( 3,3,1) = m s ( 2,2,3) = m s ( 3,3,2) = 7, 
m s ( 2,2, 2) = 9, m s ( 3,3, 3) = 5, m«(l,l,l) = 8. 

Then m s is an M s -metric on A. 

Remark 1.1. If m s is an M s -metric on a nonempty set A, then two mappings rrdf . rn* : A 3 i— >• R + 
defined by 

< (x, y, z) = m s (x, y, z) - 2 m Sx y z + M Sx y z 

and 

*, , J m s (x,y,z) -m Sx , x ^ y ± z, 

m s (x, y, z) = < 

[0, x = y = z = 0, 

for all x,y,z £ X are two ordinary S'-metrics on A. In fact, if m™(x, y, z) = 0, then we have 

m s {x, y 1 z) =2 m Sx y z - M Sx y z . 

But, from the equation defined above and (m s 2), it follows that 

= M Sa ,_ yi2 = m s (x, x, x) = m s (y, y, y) = m s (z, z , 2 :). 
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So, by the equation above, we have that m a (x,y,z) = m s (x,x,x) = m s (y,y,y) = m s (z,z,z) and so 
x = y = z. We can get the inequality property in the definition of an S-metric from Lemma 1.1 (7) 
and (m s 4). 


Lemma 1.1. Let (X,m s ) be an M s -metric space. Then, for all x,y,z,t £ X , 

(1) m s (x,y,y) < m a (x,x,y); 

(2) m s (x,y,x) < 2m s (x,x,y); 

(3) m s (x,y,z) - m Sxyz < (m s (x,x,z) - m Sxxz ) + (m s (y,y,z) - m Syy J; 

(4) m s (x, y, z) - m Sxyz < (m s (x,x,y) - m Sxxy ) + ( m a (z,z,y ) - m Szzy )-, 

(5) m s (x, y, z) - m Sx y z < (m, s (y, y,x) - m Sy y x ) + (m s (z,z,x) - m Sz z x )\ 

(6) m s (x,y,z)-m Sx y z < | [(rn s (x,x,z)-m Sx x z ) + (m s (z,z,y)-rn Sz z y ) + (m s (y,y,x)-rn Sy y x )]; 


(7) (M s , 


— m. 


J < (M a , 


— m. 


t ) + (M s . 


(M s 


«)■ 


Proof. (l)-(7) can be directly obtained from Definition 1.1. 


□ 


2. Topology for M s — metric 

It is clear that each A/ s -metric m s on X generates a topology T ms on X. The set 

{B ms (x,e) : x £ X, e > 0}, 

where 

B ms (x,e) := {y £ X : m s (x,x,y) - m Sxxy < e}, 
for \/x £ X and e > 0, forms a base of T ms . 

Definition 2.1. Let (X,m s ) be an M s -metric space. Then: 

(1) A sequence { x n } in X is said to be convergent to a point x if 

lim (m s (x n , x n , x) - m s x ) = 0. 

n—> oo H 1 ' 711 

(2) A sequence {x n } in X is called an M s -Cauchy sequence if 

lim (m s (x n ,x n ,x m )-m s ), lim (M s - m s ) 

n,m—t oo n,m—> oo 

exist and finite. 

(3) An M s -metric space is said to be complete if every m s -Cauchy sequence {x n } in X converges, 
with respect to T ms , to a point x £ X such that 

lim (m s (x n , x n ,x) - m s ) = 0, lim (M s - m s ) = 0. 

n—> oo n—> oo 

Lemma 2.1. Let (X,m s ) be an M s -metric space. Then: 

(1) {x n } is an Af s -Cauchy sequence in (X, m s ) if and only if it is an S'-Cauchy sequence in the 
S'-metric space (X,mf). 
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(2) An M s -metric space (X, m s ) is complete if and only if the S'-metric space (X, m“) is complete. 
Furthermore, 

lim mf(x n , x n , x) = 0 

n— >■ oo 

=> lim (rn a (x n , x n , x) m Sa . J = 0, lim (M a - rn s , ,) = 0. 

Proof. It is obviously follows from the definitions of M s -Cauchy sequence, M s -completeness, S'-Caucliy 
sequence and S'-completeness. □ 

Meanwhile, the above assertions are true for to*. 

Lemma 2.2. Assume that x n — > x and y n — > y as n — > oo in an Ms-metric space (X,m s ). Then: 
lim m s (x n ,x n ,y n ) - m Sxn Xn yn = m s (x,x,y) - rn Sxxy . 


Proof. We have 


< 


\(m a (x n ,x n ,y n ) — m s Xn ,x n ,y„) ~ {m s (x,x,y)-m SxX:V )\ 
2\m s (x n ,x n ,x) - m Sxn Xn J + 2\m s (y n ,y n ,y) - m Syn yn y 


□ 


From Lemma 2.2, we can deduce the following lemma: 

Lemma 2.3. Assume that x n — > x as n — > oo in an Ms-metric space (X,m s ). Then: 

lim m s {x n ,x n ,y) - m s = m a (x,x,y) - m Sx x , 

n— >-oo n ' n,y ’ 

VyGX. 

Lemma 2.4. Assume that x n — > x and x n — > y as n — > oo in an Ms-metric space (X,m a ). Then: 
m s (x, x, y) = m Sx x ■ Furthermore, if m s (x, x, x) = m s (y , y, y), then x = y. 

Proof. By Lemma 2.2, we have 

0= lim m a (x n ,x n ,x n ) - m s = m s (x,x,y) - m Sx x . 

n—>o o ’ 

□ 

Lemma 2.5. Let {x n } be a sequence in Ms-metric space ( X,m s ) such that there exists r € [0,1) 
such that 


xn a (x n +\ , x n +\ , Xjfj G rm s {x n , x n , x n — i) , (2) 

for Vn G N. Then we have 

(1) lim m s {x n ,x n ,x n -i) = 0. 

n—¥ oo 

(2) lim m s (x n , x n , x„) = 0. 

n—> oo 

(3) lim m s = 0. 

n,m— >• oo 

(4) {a: n } is an M,— Cauchy sequence. 
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Proof. From the equation (2), we have 

m s {x n ,x n ,x n -i) < rm s (x n -i,x n -i,x n - 2 ) < r 2 m s (x n - 2 ,x n - 2 ,x n - 3 ) <■■■ < r n m s (x 1 ,xi,x 0 ) 
and so lim m s (x n ,x n ,x n - 1 ) = 0, which implies that (A) holds. From (m s 2) and (1), we have 

n—too 

lim m s < lim m s (x n ,x n ,x n -i) = 0, 

n—>o o 71-1 n—> oo 

that is, (2) holds. Clearly, (3) and (4) hold. □ 


Theorem 2.1. The topology r ms is not Hausdorff. 


Proof. Let x,y,z £ X be such that a := m s (x, x, x) < m s (z , z, z) = < b := m s (y , y, y) with 

6 fc 

2 < 2 < TOs ( y ’ =b } r = 2m s (x, x,y)-a-b> 0, 

max{m s (i, x, z),m B (z, z, y)} < (2 m s (x,x,y) - k)-. 

r 

Without loss of generality, we assume that, for each e > 0, e < r. Now, we need to prove that the 
intersection of the following neighborhoods is not empty: 

U x = {z £ X : m s (x, x, z) - m Sxxz < e}, V y = {z £ X : m s (y, y, z) - m Sy y z < e}. 

To prove z £ U x , we have 

m s (x,x,z) < (2 m s (x, x, y) - k) - , 

r 

m s (x,x,z)—m s < (2m s (x, x, y) — k) a 

’ ’ r 

< (2m s (x,x,y) — k — a)- 

r 

< (2 m s (x,x,y) — a — b)- 

r 

= e, 

and, for any z £ V y , we also have 

'm s (y,y,z)< (2 m s (x,x,y) - k)^, 


m s (y,y,z) - m Sy y 


< (2m s (x,x,y) - k)^ - 

< (2m s (x,x,y) — k)- — 

= (2m s (x, x,y) — k — 

< (2 m s (x,x,y) - a- b)- 

r 


So, we can find x,y £ X such that, for all nonempty neighborhoods U x of x and V y of y, U x C\V y ^ 0. 
This completes the proof. □ 
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3. Main Results 

The following definition is new version of definition in [3] for an M s — metric space. 

Definition 3.1. A Meir-Keeler mapping is a mapping T : X H I on an M s — metric space (X,m s ) 
such that 

Ve > 0 35(e) > 0 such that \/x, y G Xe < m 3 (x, x, y) < e + 5(e) implies m s (Tx, Tx, Ty) < e. (3) 

Theorem 3.1. Let ( X,m a ) be a complete M s — metric space and let T be a mapping from X into 
itself satisfying the following condition: 

Ve > 0 35(e) > 0 such that Vx, y G Xe < m s (x, x, y) < e + 5(e) => m s (Tx, Tx, Ty) < e. 

Then, T has a unique fixed point x* € X. Moreover, for all x € X the sequence {T n (x)} converges 
to x*. 

Proof. It is easy to check that T is a strict contractive mapping, i.e. , 

x^y^> m s {Tx, Tx , Ty) < m s (x, x, y). (4) 

Let Xq G X and define the sequence {x n } by x n = T n (xo),n £ N. So we have 

m s (x n ,x n ,x n „x) = m s (Tx n _i,Tx n _i,Tx n _2) < m s {x n _ 1 , x n _i, x n _ 2 ), Vn G N. (5) 

So the sequence {m s (x n , x n , x n -i)} is bounded below and decreasing. 

Then, there exists r > 0 such that 

lim m s (x n , x n , x n -\) = lim m s (x n - i,x n -i,x n ) = r. 

n—>o o n—¥ oo 

Next, we will show that r = 0. If r > 0, therefore, m s (x n ,x n ,x n - 1 ) > r, for Vn G N. 

On the other hand, for r > 0, by the hypothesis that T is MKC mapping, there exists 5(r) > 0 such 
that 

r < m s (x n - 1 ,x n -i,x n - 2 ) <r + S(r) => m s (Tx n - 1 ,Tx n - ll Tx n - 2 ) = m s (x n , x n , x„_i) < r, 
which implies that it is a contradiction. Hence, r = 0. Then, we have that 

lim m s (x n ,x n ,x n - 1 ) = lim m s (x n - i,x n -i,x n ) = 0. (6) 

n—>o o n—>o o 

and 

lim mm{m s (x n -i,x n -i, x n -i),m s (x n ,x n ,x n )} = lim m Sx < lim m s (x n , x n , x n _i) = 0. (7) 

n—>o o n—>o o 71-1 n—>o o 

And then, we also have that 

lim m s = 0 and lim M s = 0. (8) 

, 0 x m ,Xm , x n , , x m ,Xn \ / 

m,n— >• 00 m,n—>o o 

Next, we claim that lim m s (x m ,x m ,x n ) = 0, that is 

m,n— >00 

for every e > 0, there exists N G N, such that 

m s (xi,xi,xi +k ) < e, (9) 
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for all l > N and k £ N. 

For Ve > 0. 

By (7), we can choose N\ G N such that for all to, n > Ni, 


m s Xm , Xm , Xn < ( 10 ) 

Since {m s (x n - i,x n -i,x n } converges to 0, as n oo, for every 6 > 0, there exists N 2 € N such that 

£ 

m s (x n -i,x n -i,x n ) < \/n> N 2 + l. (11) 

Choose S such as <5 < e. We will prove (8) by using mathematic induction on k. 

For k = 1, (8) becomes that 

m s (xi,xi,xi + 1 ) <|<|<e, 


and clearly holds for all l > N 2 + 1, due to (11) and the choice of S. 
Assume that the inequality (9) holds for some k = m, that is 


5 e 

m s {xi,xi,xi +m ) <-<-<e, 


for VZ > N 2 + 1. 

For k = in + 1, we have to show that m s (xi, Xi, x*+ m ) < e, for some l > N. 
Take N = max{7Vi, N 2 + 1}. For all l > N, we have that 


TO S (Xi , X [ , X [- ) 

< ( m s (xi,xi,xi +m ) - i^s xi , xi , xi+rri ) + (m s (xi,xi,xi +m ) - m Sxi , xl , xl+m ) 

+ (m s (xi+ m , Xi+m , Xi+m- |-i) — m s . l+ml , 1+mlI | +m+1 ) + m s xi , xi , xi+m 
— 2to s (x^, X/, X/_j_ m ) + TO s (x/_j_ m , X/_(_ m _j_i) T r ffl j s xl ' Xl ' Xl+m 



e. 


Hence, (9) holds for k = m + 1. 

Therefore, the claim is true. 

So by (8) and lim m s (x m ,x m ,x n ) = 0, we see that the sequence {x n } is a Cauchy sequence and 

m,n—t oo 

by completeness of X, x n — > x* in to s for some x* € X, that is 

lim (m s (x n ,x n ,x*) - m s a ,») = °- ( 12 ) 

n— >oo 71 ’ n ’ 

But TO Sa . x — > 0, as n -A oo, due to m s (x n ,x n ,x n ) 0. So m s (x n , x n , x*) — > 0, as n — » oo . 

Thus, by the hypothesis, we have that m s (Tx n ,Tx n ,Tx*) < m s (x n ,x n ,x*) — > 0, as n — > oo. Hence, 
by (m s 2), we have that 


m ST% TiiiiTi , < m s (Tx n , Tx n ,Tx*) -> 0. 

Therefore, — >■ Tx*, as n — > oo. 

Equation (6) implies that m s (x n ,x n ,Tx n ) 0, as n — > oo. Since to Sx Tx -> 0, as n -> oo, by 
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Lemma 2.2, we get m s (x * , x * , Tx * ) = m Sx , x , Tx , . 

On the other hand, by Lemma 2.2 and 

Tx n - 1 = x n — > x* and x„+i = Tx n —> Tx * , 

we have 

0 = lim (m s (x n ,x n ,Tx n ) - m s ) 

n—¥OC> n, n, n 

= lim (m a (x n , x n , x n+1 ) - m a ) 

n—>o o 

= m s (x ,x ,x ) - m Sx , x , tI , x , 

= m s (Tx* ,Tx* ,Tx*) — m Sx , x , Tx , . 

Thus, m s (x*,x*,x*) = m Sx ^ x , Tx , = m s (Tx* ,Tx* ,Tx*). 

And since 

m s (x*, x* , Tx*) = m s (Tx * , Tx * , x * ) = m Sx , x , Tx , = m s (x*,x*,x*) = m s (Tx* ,Tx* ,Tx *) , 
then, by Lemma 2.4, we have that x* = Tx* . 

Uniqueness by the contraction (4) is clear. □ 


Next, we establish a fixed point theorem for a MKC mapping in M a — metric space via Gupta- 
Saxena type contraction. 

Put 


C{x,x,y) = m a (x,x,y) 


(1 + m a (x,x,Tx))m s (y,y,Ty) 
1 +m a (x,x,y) 


m s (x,x,Tx)m s (y,y,Ty) 
m a (x, x, y) 


Theorem 3.2. Let (X, rn s ) be a complete A/,— metric space and let T be a continuous mapping from 
X into itself satisfying the following condition: 

Ve > 0 35(e) > 0 such that \/x, y € Xe < kC(x, x, y) < e + 5(e) => m s (Tx, Tx, Ty) < e, (13) 
for some 0 < k < |. 

Then, T has a unique fixed point x* £ X. Moreover, for all x £ X the sequence {T n { x)} converges 
to x* . 


Proof. From definition of C(x,x,y), it follows that T is a strict contraction, i.e. , 

x ^ y => m s (Tx, Tx,Ty) < kC(x, x, y). 

Let Xq £ X and define the sequence { x n } by x n = T n (xo),n £ N. So we have 

(1 A TO .5 ( X n —\ , X n — i , X n ))TO s ( X n , X n , X n _|_i ) 


(14) 


C{x n —\ , X n —\ , Xn) TO S (x n — 1 , X n —i , Xn) A 

A 


1 ATO s (x„_i,x n _i,x„) 
TO 5 ( X n — i , X n — i , X n )?7l s ( X n , X n , ) 


TO S ( X n — i , X n —i , Xji) 

m s ( x n — i , , Xn) A 2?n s ( x n , x n , x n +\ ) , 
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and 


Wls , £ n _|_i ) — nT s (Tx n —i 1 Tx n —i,Tx n ') 

G kC{x n —\ , x n —\ , x n ) 

— k (rn s ( x n — i , x n — i , ) T ‘2m. s ( x n , , x^-t- i ) ) • 

Therefore, 


m s (x n ,x n ,x n+ 1 ) < rm. s {x n -i,x n -i,x n ), 


where r = G [0, 1) by the choice of k. Now, by Lemma 2.5, {x n } is a Cauchy sequence, and by 
completeness of X, Tx n -\ = x n — » x* as n — > 00 in ?n s for some x* € X. Since T is a continuous 
mapping, so x n = Tx n - 1 Tx* as n — > 00 in m s . By Lemma 2.4, we find 


and 


m s (x* ,x* ,Tx*) = m ax , fX .' Tx ., 


0 = lim (m s (x n , x n ,Tx n ) — m s Tx ) 

n—t 00 

/ * * rTi * \ 

= m s (x ,x ,Tx )-m Sx , x , Tic , 

= m s (Tx* ,Tx* ,Tx*) — m Sx , x , T;c , . 

By Lemma 2.2, we have that 

m s (x* ,x* ,Tx*) = m Sx ,' X ,' Tx , = m s { x*,x*,x*) = m s (Tx*,Tx*,Tx*). 

Then, by Lemma 2.4, we have that x* = Tx* . 

Uniqueness by the contraction (14) is clear. □ 

Theorem 3.3. Let (X,m a ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function ip(t) : [0, 00 ) 1 — »• [0, 00 ) satisfying the following conditions: 

(1) y>(0) = 0 and t > 0 => ip(t) > 0; 

(2) ip is nondecreasing and right continuous; 

(3) for every e > 0, there exists S > 0 such that 

e < ip{kC{x,x,y)) < e + <5=P cp(m 3 (Tx,Tx,Ty)) < e, (15) 

for some 0 < k < ^ and for all x, y G X with x ^ y. 

Then, (13) is satisfied. 

Proof. Fix e > 0, so <p(e) > 0. By (15) there exists S > 0 such that 

\/x,y G X,x £ y,ip(e) < <p(kC(x,x,y)) < ip(e) + <5 => ip(m s (Tx,Tx,Ty)) < <p(e). 

In view of the fact that tp is right continuous, then there exists 5' > 0 such that 

ip{e + 6) < ip(e) + 8’ . 
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Now, for x, y £ X with x ^ y and fixed 

e < kC (x,x,y) < e + <5, 

Since ip is a nondecreasing mapping, we have 

<p(e) < ip(kC(x, x, y)) < <p{e + 8) < ip(e) + 8' . 


So we get 


ip(m s (Tx,Tx,Ty)) < ip(e), 

which implies that m s (Tx,Tx,Ty) < e, i.e. , (13) is satisfied. 


□ 


Corollary 3.1. Let (X,m s ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function h(t) : [0, oo) >->• [0, oo) is a locally integrable satisfying the 
following conditions: 

(1) h(s)ds > 0 for all t > 0; 

(2) for every e > 0 there exists 8 > 0 such that 

^ rC{x,x,y) ^ r^m a (Tx,Tx,Ty) ^ 

— e < / h(s)ds < — e + 8 => / h(s)ds < — e, 

k Jo k Jo k 

for some 0 < k < | and for all x,u £ X with x ^ y. 

Then (13) is satisfied. 


Proof. Defining ip(t) in Theorem 3.3 by ip(t) = / 0 * h(s)ds, then we can draw the conclusion. 


□ 


Next, we establish a fixed point theorems for a MKC mapping in M s — metric spaces via other 
fractional type contractions. 


Put 


M A (x,y,z) = m 8 (x,y,z) 


m s (x, Tx, Tx)m a (y,Ty , Ty)m a (z,Tz, Tz) 
m s (x, y, z)m s (Tx, Ty, Tz) 


m s (x, Tx, Tx)m a (y,Ty , Ty)m a (z,Tz,Tz) 
m s (x, y, z) 2 


Theorem 3.4. Let (X, m s ) be a complete M s — metric space and let T be a continuous mapping from 
X into itself satisfying the following condition: 


Ve > 0 35(e) > 0 such that Var, y,z £ Xe < kM A {x , y,z) < e + 5(e) => m s (T x, Ty, Tz) < e. (16) 
for some 0 < k < 

Then, T has a unique fixed point x* £ X. Moreover, for all x £ X the sequence {T n ( x)} converges 
to x*. 


Proof. From definition of M A (x,y,z), it follows that T is a strict contraction, i.e., 

x^yi^z^ m s (Tx, Ty,Tz) < kM A (x,y,z). 


(17) 
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Let xq £ X and define the sequence {x n } by x n = T n (xo),n £ N. So we have 


Ma (x n ~ i , x n —i , x n ) — 


< 

+ 


1TI S (x n _i , X n — i , Xn) “b 


m s (x n -i,x n ,x n ) 2 m s (x n , *^n+ 1 1 *^n+l ) 

^s(*£n— 1? *^n— 1? *^n? *^n+l) 


TTls (%n— 1 1 %ni %n) *^n+l 7 ^n+l) 

'^s (*^n— 1 5 1 5 

17 1? *^n) ^s(^m *^n+l) 


m s (x n _i,x n _i,x n ) H- 


Tft'siXn— 1? I? *^ri7 *^n+l) 


'^s {p^n— 1 5 *^n) ^s(^ni ^n+l) 


(*^n— 1 5 %n— 1 ? *^n)^ 
m s (x n _i,x n _i,x n ) + 2m s (x m *T n , 


(” < ”&yLerranal.l(l)) 


and 


IXls (*Tn? *T n , X n _(_i ) — 7}T s (Tx n —i,Tx n —i,Tx n ) 

£ kM^ {x n — 1 , x n —\ , x n ) 

£ k (m s ( x n — 1 , x n — 1 , ) T 2m s ( x n , , x n -\. 1 ) ) • 

Therefore, 


m s (x n ,x n ,x n+1 ) < rm s (x n -i,x n -i,x n ), 

where r = j^k e IP; 1) by the choice of k. Now, by Lemma 2.5, {x n } is a Cauchy sequence, and by 
completeness of X, Tx n _i = x n — > x* as n — P oo in m s for some x* £ X. Since T is a continuous 
mapping, so x n = Tx n -i — > Tx* as n — > oo in m s . By Lemma 2.4, we find 


and 


m s (x*,x*,Tx*) = m Sx , x ,' Tx ,, 


0 = lim (m s (x n , x n , Tx n ) — m Sx Tx ) 

n—> oo 

= m s {x*,x*,Tx*)-m Sx , x , Tx , 

= m s (Tx*,Tx*,Tx*)-m Sx , x , Tx ,. 

By Lemma 2.2, we have that 

m s ( x , x , 1 x ) = m Sa: „ x , Tx , = m s ( x ,x ,x ) = m s (l x , 1 x , 1 x ). 

Then, by Lemma 2.4, we have that x* = Tx* . 

Uniqueness by the contraction (17) is clear. □ 


Put 


M b {x, y, z) = m s (x, y, z) + 


(1 + m s (x,x,Tx))m s {y 1 y,Ty) 


1 + m s (x,y,z) 

(1 +m. s (y, y 1 Ty))m. s (z,z,Tz) m s {x , x, Tx)m. s {y, y, Ty)m. s {z , z,Tz) 
1 + m 3 (x,y,z) m s (x, y, z) 2 


Theorem 3.5. Let (X, to, s ) be a complete A/,— metric space and let T be a continuous mapping from 
X into itself satisfying the following condition: 


Ve > 0 3<5(e) > 0 such that \/x, y, z £ Xe < kM B {x, y, z) < e + (5(e) => m s (Tx, Ty, Tz) < e. (18) 
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for some 0 < k < 

Then, T has a unique fixed point x* £ X. Moreover, for all x £ X the sequence {T n { x)} converges 
to x*. 


Proof. From definition of M B (x,y,z), it follows that T is a strict contraction, i.e., 

x^y^z=> m s (Tx, Ty, Tz) < kM B {x,y,z). 

Let Xg £ X and define the sequence {x n } by x n = T n (xo),n £ N. So we have 


(19) 


Mb (.X'n—l , ^n— 1 j *Tn) — 77l s (x n _i, X n —h Xn) T 


(1 + m s (x„_i,x n _i,x„))m s (x n _i,x„_ 1 ,x„) 


1 T m s (x n _i , x n —\ , x n ) 

(1 T m s (x n _i , x n — i , x n ))m s [x n , x n , x n ^i ) m s [x n — i,x n _i,x n ) jn s {x ni x ri 


1 +m s (x„_i,x n _i,x„) 
2(m 5 (x n _i, x n _i, x n ) T m s (x n , x n , x n +i )), 


s(*Tn— li %n—li *Tn)^ 


and 


(x n , x n , x n _(_i ) m, s {Tx n —\ 1 Tx n —\,Tx n ) 

£ kM B (x n —i , x n —\ , x n ) 

< 2/c(?77. s {x n — x , x n — i , x n ) -h rn s {x n , x n , x n + 1 ))- 

Therefore, 


717 s (x n , %m *Tn+l) ^ T?7l 5 (x n _i, X n _i, X n ), 

where r = € [0, 1) by the choice of k. 

Then, the conclusion we can directly obtain by using the similar arguments to the proof of Theorem 
3.4. □ 

Replacing C(x, x, y) by M, \{x, y, z) or M B {x, y , z) in Theorem 3.3 and Corollary 3.1, we can obtain 
the following theorem and corollary. 

Theorem 3.6. Let (X,m s ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function c p(t) : [0, oo) >->• [0, oo) satisfying the following conditions: 

(1) t^(0) = 0 and t, > 0 =t- ip(t) > 0; 

(2) ip is nondecreasing and right continuous; 

(3) for every e > 0, there exists 5 > 0 such that 

e < ip(kMA{x, x, y)) < e + 5 =>■ ip(m s (Tx,Tx , Ty)) < e, 

for some 0 < k < | and for all x,y,z £ X with x ^ y ^ z. 

Then, (16) is satisfied. 

Theorem 3.7. Let (X,m s ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function p(t) : [0, oo) i— >■ [0, oo) satisfying the following conditions: 

(1) <p(0) = 0 and t > 0 => ip(t) > 0; 

(2) p is nondecreasing and right continuous; 


5 *Tn+ 1 ) 
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(3) for every e > 0, there exists 5 > 0 such that 

e < c p(kM B (x,x,y )) < e + 8 => ip(m s (Tx,Tx,Ty)) < e, 

for some 0 < k < | and for all x,y,z G X with x y ^ z. 

Then, (18) is satisfied. 

Corollary 3.2. Let (X,m s ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function h(t) : [0, oo) >->• [0, oo) is a locally integrable satisfying the 
following conditions: 

(1) Jp h(s)ds > 0 for all t > 0; 

(2) for every e > 0 there exists 5 > 0 such that 

Y rM A (x,y,z) y r\m a {Tx,Ty,Tz) ^ 

— e < / h(s)ds < — e + 5 => / h(s)ds < — e, 

fc Jo k Jo ™ 

for some 0 < k < | and for all x, u £ X with x ^ y ^ z. 

Then (16) is satisfied. 

Corollary 3.3. Let (X,m s ) be an M s — metric space and let T be a self-mapping defined on X. 
Assume that there exists a function h(t) : [0, oo) >->• [0, oo) is a locally integrable satisfying the 
following conditions: 

(1) Jo h(s)ds > 0 for all t > 0; 

(2) for every e > 0 there exists 6 > 0 such that 

Y rM B (x,y,z) ^ r\m a (Tx,Ty,Ti) 

— e < / h(s)ds < — e + S =>• / h(s)ds < — e, 

k Jq k J o /c 

for some 0 < k < | and for all x, u £ X with x ^ y ^ z. 

Then (18) is satisfied. 

We are now in a position to define two new types of Meir-Keeler contractions on M s — metric spaces, 
say type A and type B. 

Definition 3.2. Let (X,m s ) ba an M s — metric space. A self-mapping T : X H- X is said to be a 
Meir-Keeler contraction mapping of type A if for every e > 0 there exists 6(e) > 0 such that 

e < M(x, y) < e + 6(e) implies m s (Tx,Tx,Ty) < e, (20) 

where M(x,y) = min {m s (x,x,y),m s (x,x,Tx),m s (y,y,Ty)}, for all x,y £ X. 

Definition 3.3. Let (X,m s ) ba an M s — metric space. A self-mapping T : X H- X is said to be a 
Meir-Keeler contraction mapping of type B if for every e > 0 there exists A(e) > 0 such that 

e < N(x, y) < e + 6(e) implies m s (Tx,Tx,Ty) < e, (21) 

where N(x,y) = min {m s (x,x,y), \[m s (x,x,Tx) + m s (y, y, Ty)]}, for all x,y G X. 
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Remark 3.1. (1) Suppose that T : X K >• X is a Meir-Keeler contraction mapping of type A (respec- 
tively, type B). Then 


m s (Tx,Tx,Ty) < M(x,y) (respectively, N(x,y)), 
for all x, y £ X with x ^ y. 

(2) It is readily verified that M(x, y) < N(x, y) for all x, y € X, where M(x, y), N(x, y) are defined 
in Definition 3.2 and Definition 3.3. 

Theorem 3.8. Let (X,m s ) be a complete M a — metric space and let T be a mapping from X into 
itself satisfying the following condition: 

Ve > 0 35(e) > 0 such that Vx,y £ Xe < M(x,y) < e + 5(e) => m s (Tx,Tx,Ty) < e, (22) 
where M(x,y) = min {m s (x,x,y),m s (x,x,Tx),m s (y,y,Ty)}. 

Then, T has a unique fixed point x* € X. Moreover, for all x £ X the sequence {T n (x)} converges 
to x*. 

Proof. It is readily verified that T is a strict contractive mapping, i.e., 

x ± y => m s (Tx,Tx,Ty) < M(x,y), (23) 

where M(x,y ) = min {m s (x,x,y),m s (x,x,Tx),m s (y,y,Ty)}. 

Let xo € X and define the sequence {x n } by x n = T n (xo),n € N. So we have 

rri s (x n , x n , x n — i ) vfi s (Tx n —\,Tx n —\,Tx n — 2 ) Y AI (x n —\, x n — 2 ). 

where M(x n - i,x n - 2 ) = mm{m s (x n - 1 ,x n -i,x n - 2 ),m s (x n - ll x n -i,x n ),m s (x n - 2 ,x n - 2 ,x n -i)}. 

In what follows, we examine three cases. 

Casel. Assume that M(x n -i, x n - 2 ) = m s (x n -i,x n -i 1 x n - 2 ). Then (22) becomes that 
e < m s (x n -i, x n -i, x n - 2 ) < e + 5=> m s ( x n ,x n ,x n -i) < e. 

Therefore, we deduce that 

rri's (x n , x n , x n —i ) ^ e ^ m s (x n — \,x n —\,x n — 2 ), 

for all n £ N. That is {m s (x n ,x n ,x n - 1 )} is a bounded below and decreasing, and it converges to 
some r > 0. To show that r = 0, we assume the contrary that r > 0. Then we must have 

0 < r < m s (x n ,x n ,x n -i), \/n £ N. 

On the other hand, for r > 0, by the hypothesis that T is MKC mapping of type A, there exists 
5(r) > 0 such that 

r < m s (x n _i,x n _i,x n _ 2 ) <r + S(r) => m s (Tx n _i, Tx„_i, Tx n _ 2 ) = rn s (x n , x n , x„_i) < r, 
which is a contradiction. Hence, r = 0. Therefore, we get 

lim vr s (x n ,x n ,x n _i) = lim m s (x n _ \,x n _x,x n ) = 0. (24) 

71 — OO 71—fOO 
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Case2. Assume that M(x n _\, x n _ 2 ) = m s (a; n _i,x ri _i,a; n ). Then (22) becomes that 
e ^ x n —\ , x n ) e T (5 n~i s {^x n , x^_(-i) <0 e. 

Therefore, we deduce that 

fn s (xn, x n , x n -\) < e < m s (x„_i,a; n _i,a; n _ 2 ), 

for all n € N. That is {m s (x n ,x n ,x n + 1 )} is a bounded below and decreasing, and it converges to 
some L > 0. In fact, the limit L of this sequence is 0, which can be shown by mimicking the proof of 
(24) done above. 

Case3. Assume that M(x n _i,x n _ 2 ) = m s (ai n _ 2 , x n _ 2 , £„_i). Then (22) becomes that 
e < m s (x n _ 2 , x n ~ 2 , x n ~i) < e + 6 => m s (ar„_i, ar n _i, a;„) < e. 

Therefore, we deduce that 

m s (x n -i, x n -i, x n ) < e < m s (x n - 2 ,x n - 2 ,x n -i), 

for all n £ N. As in two cases above, the sequence {m s (x n - i,x n -i,x n )} is a bounded below and 
decreasing, hence it converges to 0. 

As a result, we see all three cases, the sequence {m s (x n ,x n ,x n - 1 )} converges to 0. 

Form (21), we get that 

lim mm{m s (x n -i,x n -i,x n -i),m s (x n ,x n ,x n )} = lim m Sx < lim m s (x n , x n , £„_i) = 0. (25) 

n—too n—to o 71-1 n—>o o 

and 

lim to s = 0 and lim M s =0. (26) 

, 0 Xm ,Xm , x r, , °x: rn ,Xm ,x-n \ / 

m,n— »• oo m,n—>c o 

Using similar arguments as in proof of Theorem 3.1, it can be shown that 

lim m s (x m ,x m ,x n ) = 0. 

m,n—> oo 

So, by (26) and lim m s (x m ,x m ,x n ) = 0, we get that the sequence {x„} is a Cauchy sequence and 

m,n—>o o 

by completeness of X, — ► x* in m s for some x* £ X, that is 

lim (m s (x n ,x n ,x*) — m s _„) = 0. 

n—too n ' 71 ’ 

But rn Sx ^ x , — > 0, as n — > oo, due to m s (x n ,x n ,x n ) — > 0. So m s (x n ,x n ,x*) — » 0, as n — > oo . 

Thus, by the hypothesis, we have that m s (Tx n ,Tx n ,Tx*) < M(x n ,x*) — > 0, as n — > oo. Hence, by 
(m s 2), we have that 

< m s (Tx n ,Tx n ,Tx*) -> 0. 

Therefore, Tx n — > Tx*, as n — > oo. 

Equation (24) implies that m s (x n ,x n ,Tx n ) — » 0, as n — > oo. Since m Sxn x Txn — > 0, as n —> oo, by 
Lemma 2.2, we get m s (x * , x * , Tx * ) = m Sx , x , Ta .* . 

On the other hand, by Lemma 2.2 and 

Tx n - 1 = ai n — > x* and x n +i = Tx n — ► Tx * , 
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we have 


0 = lim (m s (x n ,x n ,Tx n ) — m s Tx ) 

n—^oo 

= lim (m s (x n , x n , x n+ i) - m s T ) 

n—too 

= m s (x*,x*,x*) - m Sx , x , Tx , 

= m s (Tx*,Tx*,Tx*) - m Sx . Tx , . 

Thus, m s (x*,x*,x*) = m».,. = m s (Tx* ,Tx* ,Tx*). 

And since 

in s {x* , x* , Tx*) = m s (Tx* , Tx* , x* ) = to S x , x » Tx , = m s (x*,x*,x*) = m s (Tx* ,Tx* ,Tx*), 
then, by Lemma 2.4, we have that x* = Tx*. 

Uniqueness by the contraction (23) is clear. □ 

In what follows, we present an existence and uniqueness theorem for fixed point of Meir-Keeler 
contraction of type B. Taking Remark 3.1 into account, we observe that the proof of this is similar 
to the proof of Theorem 3.8. 

Theorem 3.9. Let (X,m s ) be a complete M s — metric space and let T be a mapping from X into 
itself satisfying the following condition: 

Ve > 0 35(e) > 0 such that Vx, y £ Xe < N(x, y) < e + 5(e) => m s (Tx, Tx, Ty) < e, (27) 
where N(x,y) = min {m s (x,x,y), \[m s {x,x,Tx) + m s (y,y,Ty)]}. 

Then, T has a unique fixed point x* € X. Moreover, for all x € X the sequence {T n (x)} converges 
to x*. 
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Tender and naive weak closure operations on lower .BC/i -semilattices 
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Abstract. The notion of tender and naive weak closure operation is introduced, and their relations and properties 
are investigated. Using a weak closure operation “cl” and an ideal A of a lower .BCA-semilattice X with the 
greatest element 1, a new ideal K of X containing the ideal A cl of X is established. Using this ideal K, a new 
function 

cl t :1{X)^1(X), A i->- K 

is given, and related properties are considered. We show that if “cl” is a tender (resp., naive) weak closure 
operation on 1(A), then so are “clt” and “elf' . 


1. Introduction 

In [2], Bordbar et al. introduced a weak closure operation, which is more general form than 
closure operation, on ideals of B CK -algebras, and investigated related properties. Regarding 
weak closure operation, they defined finite type and (strong) quasi-primeness, and investigated 
related properties. They also discussed positive implicative (resp., commutative and implicative) 
weak closure operations, and provided several examples to illustrate notions and properties. 

In this paper, we introduce the notion of tender and naive weak closure operation, and investi- 
gate their relations and properties. Using a weak closure operation “d” and an ideal A of a lower 
BCK -semilattice X with the greatest element 1, we construct a new ideal K of X containing 
the ideal A cl of X. Using this ideal K, we define a new function 

d t : 1(X) -> I(X), A K 

and investigate related properties. We show that if “c/” is a tender (resp., naive) weak closure 
operation on I(X), then so are u df and “c//\ 

2. Preliminaries 

°2010 Mathematics Subject Classification: 06F35; 03G25. 

°Keywords: zeromeet element; meet ideal; relative annihilator; (finite type, tender, naive) weak closure 
operation. 
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°E-mail: bordbar.aimirh@gmail.com (H. Bordbar); sunshine@dongguk.edu (S. S. Ahn); 

szsong@jejunu.ac.kr (S. Z. Song); skywine@gmail.com (Y. B. Jun) 
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Hasliem Bordbar, Sun Shin Ahn, Seok-Zun Song and Young Bae Jun 

A B CK/BCI- algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (. X ; *, 0) of type (2, 0) is called a BC I -algebra if it satisfies the following conditions 

(I) (Vx, y, z E X ) (((x *y) * (x * z)) * (z * y) = 0), 

(II) (Vx, y E A") ((x *(x*y))*y = 0), 

(III) (Vx E X) (x * x = 0), 

(IV) (Vx, y E X ) (x *y = 0, y * x = 0 x = y). 

If a fid-algebra X satisfies the following identity 

(V) (Vx E X) (0*x = 0), 
then X is called a BCK-algebra. 

Any fidi /fid-algebra X satisfies the following conditions 
(al) (Vx E X) (x * 0 = x), 

(a2) (Vx, y,z E X) (x < y x*z<y*z, z*y<z*x), 

(a3) (Vx, y, z E X) ((x * y) * z = (x * z) * y), 

(a4) (Vx, y,z E X) ((x * z) * (y * z) < x * y) 

where x < y if and only if x * y = 0. A BCK- algebra X is called a lower B C K -semilattice (see 
[6]) if X is a lower semilattice with respect to the BCK -order. 

A subset A of a BC K/ BCI- algebra X is called an ideal of X (see [6]) if it satisfies 

0 G A, (2.1) 

(Vx G X) (Vy E A) (x * y E A =>■ x G A) . (2.2) 

Note that every ideal A of a fidi /fid-algebra X satisfies the following implication (see [6]). 

(Vx, y E X) (x < y, y E A =>- x G A) . (2.3) 

For any subset A of X, the ideal generated by A is defined to be the intersection of all ideals of 
X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated 
ideal of X (see [6]). 

Let Z(X) and Ij(X) be a set of all ideals of X and a set of all finitely generated ideals of X, 
respectively. 

We refer the reader to the books [5, 6] for further information regarding fidi /fid-algebras. 

3. Tender and naive weak closure operations 

In what follows, let X be a lower fidi -semilattice unless otherwise specified. For any a, b E X, 
denote by a A b the greatest lower bound of a and b. 

Definition 3.1 ([2]). An element x of X is called a zeromeet element of X if the condition 

(3j/GA\{0})(xAy = 0) 
is valid. Otherwise, x is called a non-zeromeet element of X. 
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Denote by Z( X) the set of all zeromeet elements of X , that is, 

Z(X) = {x G X | x A y = 0 for some nonzero element y & X}. 

Obviously, 0 G Z( X) and if X has the greatest element 1, then 1 G X \ Z(X). 

Lemma 3.2 ([2]). For any x,y £ X , if x,y £ Z(X), then x Ay ^ Z (X) , that is, the set X\Z(X) 
is closed under the operation A. 

Definition 3.3 ([4]). For any nonempty subsets A and B of X, we denote 

A A B : = ({a A b | a G A , b G B}) 

which is called the meet ideal of X generated by A and B. In this case, we say that the operation 
“A” is a meet operation. If A = {a}, then {a} A B is denoted by a A B. Also, if B — {6}, then 
A A {6} is denoted by A A b. 

Definition 3.4 ([3]). For any nonempty subsets A and B of X , we define a set 

(A : A B) := {a: G X \ x A B C A} 

whenever x A B exists for all x G X, and it is called the relative annihilator of B with respect to 
A. 

Lemma 3.5 ([3]). If A and B are ideals of a lower BCK -semilattice X, then the relative anni- 
hilator ( A : A B ) of B with respect to A is an ideal of X . 

Definition 3.6 ([2]). A mapping cl : X(X) — > X(X) is called a weak closure operation on X(X) 
if the following conditions are valid. 

(VA G X(X)) (A C cl (A)) , (3.1) 

(VA, B G X(X)) (ACB A cl (A) C d(B)) . (3.2) 

If a weak closure operation cl : X(X) — » X(X) satisfies the condition 

(VA G X(X)) (cl (cl (A)) = cl (A)) , (3.3) 

then we say that “ cl ” is a closure operation on X(X) (see [1]). In what follows, we use A cl instead 
of cl (A). 

For non- zeromeet elements a and b of X and A G X(X), we consider two ideals 

((a A A) d : A (b)) and A cl , 

and investigate their relations where “c/” is a weak closure operation on X(X). In the following 
example, we will check that there are following relations: 

(1) ((a A A) cl : A (b)) C A d for some A G X(X) and some non-zeromeet elements a and b of 

X, 

(2) ((a A A) cl : A (b)) D A d for some A G X(X) and some non-zeromeet elements a and b of 

X, 

(3) They have no inclusion relation, that is, 
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((a A A) d : A ( b » £ A cl and ((a A A) cl : A ( b )) ^ A cl 
for some A e Z(A) and some non-zeromeet elements a and b of A. 

Example 3.7. Consider a lower BC K-semil at ti ce X = {0,1, 2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


We have 6 ideals of X, and they are A 0 = {0}, A\ = {0,1}, A 2 = { 0 , 1 , 2 }, A 3 = {0,1, 2, 3}, 
A 4 = { 0 , 1,2,4} and A 5 = X. Define a mapping cl : Z(A) — > Z(A) by Af = A 4 , Af = A 2 , 
A 2 = A 2 , Af = A 5 , Af = A 5 and Af = A 5 . Then “cl” is a weak closure operation on T(X). For 
non-zeromeet elements 1 and 3 of A", we have 

((1 A A 3 ) d : A (3)) = (A 2 : a {0, 1, 2, 3}) = {0, 1, 2, 4 } = A 4 C A 5 = Af. 

Example 3.8. Consider a lower BC K-semil at ti ce X = {0,1, 2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

2 

2 

1 

0 

0 

0 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


We have 5 ideals of A", and they are A 0 = {0}, A 4 = {0, 1, 2}, A 2 = {0, 1, 2, 3}, A 3 = {0, 1, 2,4} 
and A 4 = X. Define a mapping cl : Z( X) — > X{X) by Af = A 0l Af = A 2 , Af = A 4 , Af = A 4 
and Af = A 4 . Then “cl” is a weak closure operation on Z( A). For non-zeromeet elements 1 and 
2 of A, we have 

((2 A A 4 ) d : A (1)) = (A 2 : a {0, 1, 2}) = {0, 1, 2, 3, 4} = A D A 2 = Af. 

Example 3.9. Let X = {0, 1, 2, 3, 4} be a lower BC K-semil at t i ce which is given in Example 3.7. 
If we define a mapping cl : Z(A) — > Z(A) by Aq = A 0 , Af = A 2 , Af = A 2 , Af = A 5 , Af = A 4 , 
Af = A 5 . Then “cl” is a weak closure operation on Z(A). For non-zeromeet elements 3 and 4, 
we have 

((3 A A 4 ) d : A (4)) = (A 2 : a {0, 1, 2, 4}) = {0,1, 2, 3} = A 3 
and Af = A 4 . Therefore 

((3 A A 4 ) d : A (4)) g A 4 and ((3 A A 4 ) d : A (4)) ^ Af 
We consider the equality of ((a A A) d : A ( 6 )) and A d , that is, 

((a A A) d : A (b)) = A d . (3.4) 
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Proposition 3.10. If X has the greatest element 1, then every weak closure operation “cl” on 
Z(A) satisfies the equality (3.4) for some A e Z(A) and non-zeromeet elements a and b of X . 

Proof. The ideals A = {0} and a non-zeromeet element 6 = 1 satisfy the equality (3.4) for all 
non-zeromeet element a of X. □ 

The following example shows that the converse of Proposition 3.10 is not true in general. 

Example 3.11. Consider a lower HCTT-semilattice X = {0, 1,2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

2 

2 

2 

0 

2 

0 

3 

3 

3 

3 

0 

0 

4 

4 

4 

4 

4 

0 


Note that 4 is the greatest element and there are 6 ideals of X, that is, A 0 = {0}, A\ = {0, 1}, 
A 2 = {0, 1, 2}, A 3 = {0, 1, 3}, A 4 = {0, 1, 2, 3} and A 5 = X. Define a mapping cl : 1(A) — > Z(A) 
by Af = A 0 , Af = A 3 , Af = A 2 , Af = A 4 , Af = A 5 and Af = A 5 . Note that 0 is the only 
zeromeet element of X. For non-zeromeet elements 2 and 3 of X, we have (3 A Af) cl = Af = A 3 . 
Hence 

((3 A Af) d : A (2)) = (A 3 : a A 2 ) = {0, 1, 3} = A 3 = Af. 

Therefore “ cl ” satisfies the equality (3.4) for ideal A 4 and non-zeromeet elements 2 and 3 of X. 
But “ cl ” is not a weak closure operation because 4i C d 2 , but 

Af = A 3 £A 2 = Af. 

Definition 3.12. A weak closure operation “ cl ” on I(X) is said to be 

• tender if for any A e X(X) and any non-zeromeet elements a and 6 of X, the equality 
(3.4) is valid, 

• naive if for any A e I(X) there exist non-zeromeet elements a and 6 of X such that the 
equality (3.4) is valid. 

Example 3.13. Consider a lower HCTT-semilattice X = {0, 1,2,3} with the following Cayley 
table. 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

2 

2 

2 

0 

0 

3 

3 

3 

3 

0 


We have 5 ideals of A", and they are A 0 = {0}, A\ = {0,1}, A 2 = {0,2}, A 3 = {0,1,2}, and 
A 4 = X. Note that 3 is only the non-zeromeet element of X. Define a mapping cl : 1(A) — > 1(A) 
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by Af = A 0 , Af = A 3 , Af = A 3 , Af = A 3 and Af = A 4 . Then “cl” is a weak closure operation 
on X(X) and 

(3 A A 0 ) d : A (3)) = (Af : A (3)) = (A 0 : A (3)) = A 0 = Af , 

(3 A A 3 ) d : A (3)) = (Af : A (3)) = (A 3 : A (3)) = A 3 = Af, 

(3 A A 2 ) c * : A (3)) = (Af : A (3)) = (A 3 : A (3)) = A 3 = Af , 

(3 A A 3 ) d : A (3)) = (Af : A (3)) = (A 3 : A (3)) = A 3 = Af , 

(3 A A 4 ) c/ : a (3)) = (Af : A (3)) = (A 4 : A (3)) = A 4 = Af . 

Therefore “cl” is a tender weak closure operation on X(X). Also, it is a naive weak closure 
operation on I(X). 

Obviously, every tender weak closure operation is a native weak closure operation. But the 
converse is not true in general as seen in the following example. 

Example 3.14. Consider a lower HC'A'-semilattice X = {0, 1,2,3} with the following Cayley 
table. 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

2 

2 

1 

0 

1 

3 

3 

3 

3 

0 


We have 3 ideals of X, and they are A 0 = {0}, A 4 = (0, 1, 2} and A 2 = X. Define a mapping 
cl : X(X) -A X(X) by Af = Af = A 4 and Af = A 2 . We can easily check that “ cl ” is a naive 
weak closure operation on X(X). But, it is not a tender weak closure operation on Z( X). In fact, 
we know that there are two non-zeromeet elements 2 and 3. Thus 

((3 A A 4 ) d : A (2)) = (Af : A (2)) = (A, : A A 4 ) = X ± A 4 = Af. 

Definition 3.15 ([2]). Given a (weak) closure operation “cl” onZ(X), we define a new operation 
cl f : T(X) -A I(X) by 

(VA G I(X)) (A df = U {B cl | B C A, 5 G Z^X)}) , (3.5) 

where Xf(X) is the set of all finitely generated ideals of X. 

Definition 3.16 ([2]). A (weak) closure operation “ cl ” on X(X) is said to be of finite type if the 
following assertion is valid. 

(VA G X(X)) (A cl = A clf ) . (3.6) 

Theorem 3.17. If “cl” is a tender weak closure operation on X(X), then 

((a A A) df : A (b)) C A df . (3.7) 

for all A G X(X) and every non-zeromeet elements a and b of X . 
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Proof. Suppose that “cl” is a tender weak closure operation on 1(A). Let A E 1(A) and consider 
non-zeromeet elements a and b of X. If x G ((a A A) d f : A ( b )), then x A (b) C (a A A) d f and so 
x A zG (a A A) cl f for all z G (b). Thus there exists a finitely generated ideal B of X such that 
B C a A A and x A z E B cl . Since 

B = {xi,x 2 , ■■■ ,x n ) 

for some ay, x 2 , • • ■ ,x n G A", it follows that ay G a A A and so that ay = a A ay for a* G A and 
% G {1, 2, • • • , n}. Thus 

R = (a A ai, a A a 2 , • • • , a A a n ). 

Now put C = (ai, a 2 , • • • , a n ). Then CCA. If x E B, then 

(• • • ((x * (a A a i)) * (a A a 2 )) *•••)* (a A a n ) = 0. (3.8) 

Since ay, a 2 , • • • ,a n EC, we have 

a A a* G {a A c | c G C} for i = 1, 2, • • • , n. 

Since a A C = ({a A c | c G C}), it follows from (3.8) that x E a AC. Thus B C a AC, and hence 
x A z E B cl C (a A C) cl which means that x E ((a A C) cl : A z). Since z is an arbitrary element of 
(b), we have 

x E ((a A C) cl : A (b)) = C cl . 

Since C is a finitely generated ideal of X which is contained in A, we have x E A d f . Therefore 
((a A A) df : A (b)) C A df . □ 

If the condition “tender” in Theorem 3.17 is omitted, then Theorem 3.17 is not true as seen in 
the following example. 

Example 3.18. Consider the lower RC'A-semilattice X and the weak closure operation “c/” on 
1(A) as in Example 3.14. Then “c/” is a naive weak closure operation but it is not tender. In 
fact, for ideal A i and 2, 3 G X \ Z( A), we have 

((3 A Ai) df = U {B d | B C 3 A A U B G X/(A)} = A x . 

Thus ((3 A Ai) d f : A (2)) = (Ai : A Af) = X. But, 

Af f = U {B d \ BCA 1 ,BEl f (X)} = A 1 . 

Therefore ((3 A Ai) d f : A (2)) = X ^ A 1 = A^\ that is, the condition (3.7) is not true. 

Remark 3.19. Example 3.18 also shows that the condition (3.7) does not hold whenever we use 
a naive weak closure operation instead of a tender weak closure operation on 1(A). 

Lemma 3.20 ([3]). If A is an ideal of X , then ( A : A A") = A and ( A : A A) = A. 

Theorem 3.21. Suppose that X has the greatest element 1. If “cl” is a naive weak closure 
operation onl(X), then so is “elf”. 
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Proof. Note that if “cl” is a weak closure operation on X(X), then so is “cl/’ (see [1, Lemma 
4.1]). Suppose that A is an ideal of X. Since 1 A A = A and (1) = X, it follows from Lemma 
3.20 that 

A cl f = ((1 A A) cl f : A (1)). 

Therefore “cl/’ is naive weak closure operation on X(X). □ 

Corollary 3.22. Suppose that X has the greatest element 1. If “cl” is a tender weak closure 
operation onX(X), then “elf” is a naive weak closure operation onX(X). 

Corollary 3.23. Suppose that X has the greatest demerit 1. If “cl” is a naive weak closure 
operation on L( X), then 

(WL e X(X))(3a, beX\ Z(X)) (((a A A) d f : A ( b )) = A cl f ) . 

Lemma 3.24 ([5]). Every commutative BC K -algebra X satisfies the identity: 

(Vx, y,z E X) (( x A y) * (x A z) = (x A y) * z) . 

Theorem 3.25. In a commutative BCK -algebra X with the greatest element 1, if “cl” is a 
tender weak closure operation on X(X), then so is “elf”. 

Proof. Suppose that “ cl ” is a tender weak closure operation on X(X). Note that if “ cl ” is a weak 
closure operation on X(X), then so is “cl/’ (see [1, Lemma 4.1]). For any A E X(X ), if x E A cl f , 
then there exists B E X f(X) such that B C A and x E B cl . Since “cl” is a tender weak closure 
operation, we have 

B d = ((a A B) cl : A (b)) 

for every elements a,b E X \ Z(X). Thus x E ((a A B) cl : A (b)) which means that 

x A (b) C (a A B) cl . 

Now we will show that a A B C C where C = {a A Xi, a A x 2 , • ■ • , a A x n ). Let p E a A B. Then 
p = a A q for some q E B. Since B is finitely generated, we have 

(• • • ((q * xi) * x 2 ) * ■ ■ ■ ) * x n — 0 

for some X\,X 2 1 • • • , x n E X. It follows from Lemma 3.24 and (a3) that 

((a A q) * (a A Xi)) * (a A x 2 ) = (( a A q) * x/) * (a A xf) 

= ((a A q) * (a A x 2 )) * X\ 

= ((a A q) * x 2 ) * X\ 

= ((a A q) * Xi) * x 2 
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and so from Lemma 3.24 and (a3) again that 

(((a A q) * (a A Xi)) * (a A x 2 )) * (a A x 3 ) 

= (((a A q) * X\) * X 2 ) * (a A x 3 ) 

= (((a A q) * (a A x 3 )) * Xi) * x 2 
= (((a A q) * x 3 ) * Xi) * x 2 
= (((a A q) * xi) * x 2 ) * x 3 . 

By the mathematical induction, we conclude that 

(• • • (((a A g) * (a A xi)) * (a A x 2 )) *•••)* (a A x„) 

= (•••(((« A g) * xi) * x 2 ) *•••)* x n- 

The inequality a A q < q implies from (a2) that 

(• • • (((a A g) * xi) * x 2 ) *■■■)* x n < (• • • ((g * xi) * x 2 ) *•••)* x n = 0 

which implies that 

0 = (• • • (((a A q) * xi) * x 2 ) *■■■)* x n 
= (• • • (((a A g) * (a A xi)) * (a A x 2 )) *•••)* (a A x n ). 

Hence p = a A g G C, and so a A B C C. Thus 

xA (6) C (o A B) d C C cl . 

Since C is a finitely generated ideal of A" which is contained in a A A, it follows that x A (b) C (a A 

H) c h, that is, x G ((aAA) cl f : A ( b )). Thus A cl f C ((aAA) cl f : A (6)). Now let x G ((aAH) c h : A ( b )). 

Then x A (b) C (a A H) c h, and so there exists H G 1f{X) such that B C a A A and x A z E B cl 


for every zG (6). Hence 

x G ((1 A B) cl : A (6)). 

Since “cl” is a tender weak closure operation on I(X), we have ((1 A B) d : A ( b )) = B cl and 
x G Since B G Tf{X) and B C a A A C A, we get x G A df . Therefore 

A clf = ((o A 4) cl/ : A (b)). (3.10) 

Consequently we know that “df” is a tender weak closure operation on I(X). □ 

Lemma 3.26 ([3]). For any nonempty subsets A, B x and B 2 of X , we have 

B\ C B 2 =A [A : A B 2 ) C [A : A Bf). (3-11) 

Lemma 3.27 ([3]). For any ideal A of X , we have 

(Vx, y G X) (x < y =» x A A C y A A) . (3-12) 
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Theorem 3.28. Assume that X has the greatest element 1. For every weak closure operation 
“cl” on F(X) and every ideal A of X , let 

K : = U{((a A A) cl : A (&» \a,beX\ Z{X)}. (3.13) 

Then K is an ideal of X containing A cl . 

Proof. Suppose that A is an ideal of X. Then ((a A A) cl : A ( b )) is an ideal of X for every 
a,b G X\ Z( X) by Definition 3.3 and Lemma 3.5. Hence it is clear that 0 G K. Let x, y G X be 
such that x G K and y * x G K. Then there exist a±, 02 , 61 , b- 2 E X \ Z(X) such that 

x G ((ai A A) d : A (bi)) and y*xE ((a 2 A A) d : A (b 2 )). 

Thus x A (bi) C (ai A A) d and (y*x) A (b 2 ) C (a 2 A A) d . Since a* < 1 for i = 1, 2, it follows from 
Lemma 3.27 that ajAdClAd = d for i = 1, 2. Hence 

(a* A A) d c (1 A A) d 

for i — 1,2, which implies that x A ( 61 ) C (1 A A) d and (y * x) A (& 2 ) ^ (1 A A) d . Therefore 
x G ((lAH) d : A ( 61 )) and y*x G ((lAH) d : A (b 2 )). Note that {b\Ab 2 ) C {bf) and (b\Ab 2 ) C (b 2 ), 
and so 

((lAH) d : A (bi)) C ((1 A A) d : A (b, A b 2 )) 

and 

((lAH) d : A ( 6 2 ))C((lAH) d : A (h A b 2 )). 

Therefore 

x G ((1 A H) d : A (. b\ A b 2 )) 

and 

y*x G ((1 A H) d : A (&! A 62 )). 

It follows that y G ((1 A H) d : A (61 A b 2 )). Since X \ Z(X) is closed under the operation A by 
Lemma 3.2, then b\ A b- 2 E X \ Z( X). Therefore y G K and K is an ideal of X. Obviously 
A d C K. □ 

Assume that X has the greatest element 1 and define a new function 

cl t : 1(X) — >• I(X), A ^ K (3.14) 

where K is the ideal in Theorem 3.28. 

Theorem 3.29. Assume that X has the greatest element 1. If “cl” is a weak closure operation 
on I( X), then so is the function “cl t ” in (3.14). 
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Proof. Let “cl" be a weak closure operation on I(X). For any ideal A of X, we have 

A C A cl = ((1 A A) cl : A (1)) C A dt . 

Let A and B be ideals of X. Then 

ACB=>aAACaAB=>(aA A) cl C (a A B) cl 
=>((aAA) d : A (b)) C ((a A B) d : A ( b », 

and so A dt C B dt . Therefore “clt” is a weak closure operation on I(X). □ 

Theorem 3.30. Assume that X has the greatest element 1. If “cl” is a finite type weak closure 
operation onl(X), then so is the function “cl t ” in (3.14). 

Proof. Assume that “cl” is a finite type weak closure operation on I(X). Then “cl t " is a weak 
closure operation on I(X) by Theorem 3.29. For any ideal A of X, if x G A dt then there exist 
non-zeromeet elements a and b of X such that 

x G ((a A A) d : A (b)). 

Thus x A (b) C (a A A) d , and so x A z G (a A A) d for every element z G (b). Since “c/” is of 
finite type, there exists a finitely generated ideal B such that B C a A A and xAtG B d . On the 
other hand, we know that B C a A C for some finite generated ideal C of X since B is finitely 
generated. Thus x A z G B d implies that x A z G (a A C) d , that is, x G ((a A C) d : A z). Since 
z G ( b ), it follows that 

x G ((a A C) d : A (6)) 

and so that x G C dt . Therefore A dt C yb dt b. Obviously, A^f c A dt and therefore A dt is a 
hnite type weak closure operation on Z(A"). □ 

Theorem 3.31. Assume that X has the greatest element 1. If “cl” is a naive weak closure 
operation onl(X), then so is the function “clt” in (3.14). 

Proof. Suppose that “cl” is a naive weak closure operation on I(X). Then “cl" is a weak 
closure operation on I{X) by Theorem 3.29. For any A G P(X), if x G A dt , then there exists 
a,b £ X \ Z( X) such that x G ((a A A) d : A ( b )). Thus 

x A (b) C (a A A) d . 

Since a A A G X(X) and “c/ ,: is naive, there exists p,q G X \ Z(AT) such that 

(a A A) d — ((p A (a A A)) d : A (q)). 

Hence x A (b) C ((p A (a A A)) d : A (g)). Also 

((pA(aAA)) d : A (g)) C (a A A)) d K 
Therefore x G ((a A A) d * : A (6)). 
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Hashem Bordbar, Sun Shin Ahn, Seok-Zun Song and Young Bae Jun 

Conversely, suppose that x G ((a A A) clt : A ( b )). Then x A z G (a A A) cli for every z G ( b ), and 
so there exist p,q G X \ Z(X) such that 

x Aze ((p A (a A A)) d : A (g)). 

Hence x A (b) A ( q ) C ((p A a) A A) d . Also (b A q) C (6) A (g). Therefore 

x A (b A q) C ((pAa) A A) d 

which means that 

a: G (((p A a) A A) cl : A (6 A g)). 

Since X \ Z(X) is closed under the operation A by Lemma 3.2, we have p A a, 6 A g G X \ Z(X) 
and therefore a; G A dt . Consequently, “cZ t ” is a naive weak closure operation on I(X). □ 

Theorem 3.32. Assume that X has the greatest element 1. If “cl” is a tender weak closure 
operation onl(X), then so is the function “cl t ” in (3.14). 

Proof. It is similar to the proof of Theorem 3.31. □ 
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Abstract 

In the paper, the authors present some functional inequalities for the generalized error 
function. Concretely speaking, the authors present several inequalities of the generalized error 
function in terms of the arithmetic, logarithmic, and exponential means, find monotonicity, con- 
vexity, and concavity of the generalized error function, and, consequently, derive two Griinbaum 
type and Turan type inequalities. 
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1 Introduction 

It is well known that the error function erf (a;) is defined by 

2 r x 2 

erf (a;) = —j= / dt, x £ R. 
id Jo 

The function erf (a;) has numerous applications in statistics, probability, partial differential equa- 
tions, and so on. It is not difficult to directly verify that erf(a:) is odd on (— 00 , 00 ), convex 
on (—oo,0), concave on [0, 00 ), strictly increasing on R, and erf(O) = 0. Moreover, the limit 
lim^^oo erf (a;) = 1 can be found in [1, 12, 17, 18, 23, 28] and the closely related references therein. 
In 1955, Chu [13] established a double inequality 

\f 1 — e~ ax2 < erf (a:) < \/l — e~ bx2 , 

where 0 < a < 1 and b > £ for x > 0. Later, Cao et al. [12, 17] obtained the double inequality 

7 < erf(n) < — . ^ =■ 

^1 + (9tt/ 16 - l)/(n 2 ) " y/1 - 3/(4n 2 ) 
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for n £ N and derived the probability integral /“e x2 d x = See also related texts in [18, 
p. 31]. In 1968, Mitrinovic and Weinacht [21] obtained 

erf(x) + erf(y) < erf(x + y) + erf(x) erf(y), x, y > 0. 


In 2003 and 2009, Alzer [2, 3] proved for all x > y > 0 the sharp double inequalities 

erf^M-erf^)) 2 n ^ erf (x erf {y)) ^ i 

r ^ erf (y + erf(x)) < ^ erf(yerf(x)) “ ' 

For p > 0 and x £ (0, oo), the generalized error function erf p (a;) is defined by 


erfp(x) = 


r(i /p) 


e * P d t, 


where F(z) for -fl(z) > 0 stands for the classical Euler gamma function. It is easy to see that 
erf 2 (x) = erf(x). By an easy computation, we can see that erf p (x) is odd on (— 00 , 00 ), convex on 
(—oo,0), concave on [0, 00 ), strictly increasing on R, erf p (0) = 0, and lim^^oo erf p (x) = 1. 

In 1997, Alzer [5] established the double inequality 


r (i + £) (1 - e~ b n 1/P < J Q X e- tP dt < r(l + (1 - e~ axP ) 


1 /p 


where 


a = 1 and b = 


F( 1 + - 
P 


0 < p < 1; 


r( 1 + - 

p 


and 6=1, p > 1 

are best possible constants. In 1999, Qi and Guo [26, Theorem 1] proved that 


-p 


x > 0, 


xe~^” < 


dt <± {l+e - xP ) 


( 1 . 1 ) 


for p € (0, 1] and x £ (0, 00 ); if p > 1 and 0 < x < (l — ^)^ P , the double inequality (1.1) reverses. 
In 1999, Qi et al [25, 27] constructed 


r r/2 


sin x sin xdx < 


e x clx< 


e r - 1 

t 


1-e" 4 

dt < 


dt > 


1 — e 


dt > 


e 4 dt > 


1 - e~ x 

e x ~ - 1 


3 (x + l) 2 ’ J 0 


e dt < 


where a > 1. There are more results on erf p in the papers [8, 16, 20, 22, 24, 25, 27] and the closely 
related references therein. 

For two distinct positive numbers x and y , the arithmetic, geometric, harmonic, logarithmic, 
exponential means and the power mean of order t £ M. are respectively defined by A(x,y) = pp, 


G{x,y) = y/xy, H{x,y) = A{1/ l A/y) , and 


L(x,y) = 


x-y 

In x — In y' 


I(x,y) = -r- 

e \yy 


1 /(x-y) 


M t (x,y) = 


x* +y t ' 1/4 
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Recently, several mathematicians began to study inequalities for the error function erf(a;) with 
respect to all kinds of means, including the arithmetic mean, harmonic mean, and the power mean. 
See the papers [4, 14, 15] and the closely related references therein. 

Let / : J C (0, oo ) (0, oo) be continuous. Let M and N be means defined above. If 

f(M{x,y)) | N(f(x),f(y)) 

for all x,y £ J, we call / MN- convex (or MN- concave, respectively). 

In 2007, Anderson et al [6] studied the generalized convexity (or concavity, respectively) with 
respect to general means. In 2010, Baricz [7] presented that if f is differentiable, then it is (a,b)- 
convex (or (a, 5)-concave, respectively) on J if and only if ^jr=£j^y is increasing (or decreasing, 
respectively). We observe that the (1, l)-convexity means the AA-convexity, the (1, 0)-convexity is 
the AG-convexity, and the (0, 0)-convexity implies GG-convexity. It is easy to see that a function 
/ : J C (0, oo) — > (0, oo) is said to be geometrically convex if it is convex with respect to the 
geometric mean, that is, the inequality f(x x y 1 ~ x ) < [,f{x)] x [f(y)] 1 ~ x holds for all x,y > 0 and 
A £ (0,1); if the above inequality is reversed, the function / is called geometrically concave. We 
note that a differentiable function / is geometrically convex (or concave, respectively) if and only 
if X fff is increasing (or decreasing, respectively). 

The first aim of this paper is to present several inequalities of the generalized error function 
erf p (a;) in terms of the arithmetic, logarithmic, and exponential means A(a, b), L{a,b) and /(a, b). 
The second aim is to find monotonicity, convexity, and concavity of the generalized error function 
erfp(ai) and, consequently, derive two Griinbaum type and Turan type inequalities. 

Our main results can be stated as following theorems. 

Theorem 1.1. For all p £ (0, oo) and x,y £ (0, oo), we have 

L(erf p (x),erf p (y)) < erf p (L(x,y)) and l(erf p (x),erf p (y)) < erf p (A(x,y)). 

Theorem 1.2. For all p £ [l,oo) and x,y £ (0, oo), we have 

L^x^ 1 erf p {x),y p ~ l erf p {y)) < L p ~ 1 (x, y) erf p (L(x,y)) 


and 

I (x^ 1 erf p(x), y p ~ 1 erf p (y)) < A p ~ 1 (x,y)erf p (A(x,y)). 

Theorem 1.3. Let x,y,z £ (0, oo) such that z 2 = x 2 + y 2 . Then we have the Griinbaum type 
inequality 

1 + erfp(z 2 ) > erfp(a; 2 ) + erf p (y 2 ). 

Theorem 1.4. For all p £ (0, oo), the function x <— > a^an^a; decreasing in x £ (0, oo), 

where arctan p (a;) is defined by arctan p a; = fg dt. Consequently, we have 


— arctaiij, x < erf p (a;) < 

7Tp 


P 

r(i tv) 


arctan p x. 


where A- and r(i/ P ) are ^ es t P oss ible constants. 


1368 


Li Yin et al 1366-1372 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Theorem 1.5. For all x £ (0, oo) fixed, the function p K > erf p (x) is strictly logarithmically concave 
in p £ (0, jjj-), where xq = 1.461632... is the only positive root of the digamma function ip(x). 
Consequently, the Turan type inequality 

erfp(x) > erf p _i(x)erf p+ i(x) 

is valid for all p £ (0, A.) and x £ ( 0 , oo). 


2 Lemmas 

In order to prove our main results, we need the following lemmas. 

Lemma 2.1 ([10, Theorem 1, p. 138]). Let f : J C (0, oo) — » (0, oo). 

1. If f is increasing and logarithmically convex ( or logarithmically concave, respectively) , then 
it is LL-convex (or concave, respectively) ; 

2. If f is increasing and logarithmically convex (or logarithmically concave, respectively) , then 
it is AL-convex (or concave, respectively). 

Lemma 2.2 ([11, Theorem 1, p. 6]). Let f : J C (0, oo) — » (0, oo). If f(x) is continuously 
differentiable, increasing, and logarithmically convex (or logarithmically concave, respectively), then 

I(f(x),f(y))>f(I(x,y)) and I(f(x),f(y))<f(A(x,y)). 

Lemma 2.3 ([29, Example 152, p. 124]). If f(x) and g(x) are convex functions on (0, oo) such 
that fi(x) > 0, f- 2 (x) > 0, and /i(0) = / 2 ( 0 ) = 0, then fA x )h(. x ) a i so convex on (0,oo). 

Lemma 2.4 ([9, Lemma 3, p. 246]). Let f : (a, oo) -A- R for a > 0 and g(x) = be increasing 

on (a, oo). Then h(x) = f(x 2 ) satisfies the Griinbaum type inequality 

1 + h(z) > h(x) + h(y) (2.1) 

for x,y > a and z 2 = x 2 + y 2 . If g(x) is decreasing, then the inequality (2.1) is reversed. 

Lemma 2.5 ([19, Lemma 3.2, p. 523]). Let f(x),g(x) be continuous on [a, b\, differentiable on 
(a,b), g'(x) 0 on (a,b), and f(a) = g(a) = 0 or f(b) = g(b) = 0. If is increasing (or 

decreasing, respectively) on (a,b), then the ratio is also increasing (or decreasing, respectively) 
on (a, b). 


3 Proofs of main results 

Now we are in a position to prove our main results. 
Proof of Theorem 1.1. A simple computation yields 

P 


erf' (x) = 


r(i/p) 


> 0 and 


erf - w = -FITT) 


B p - 1 e- xP < 0. 


Hence, the function erf p (x) is strictly increasing and concave on (0, oo). Since the concavity implies 
the logarithmic concavity, considering Lemmas 2.1 and 2.2, Theorem 1.1 is thus proved. □ 
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Proof of Theorem 1.2. Considering Lemmas 2.1 and 2.2, it suffices to prove that x p *erf p (x) is 
strictly increasing and concave on (0, oo). This follows readily from a simple computation 

[x p_1 erfp(a;)] , = x p ~ 2 [(p — 1) erf p (x) + xerf p (x)] > 0. 

On the other hand, the function fi(x) = x p and f 2 {x) = — erf p (x) are convex on (0, oo) and 
/i(0) = / 2 (0) = 0. Making use of Lemma 2.3 reveals that — x p ~ 4 erf p (x) is also convex on (0, oo). 
So, the function x p ~ 4 erf p (x) is strictly increasing and concave on (0, oo). The proof of Theorem 1.2 
is complete. □ 

Proof of Theorem 1.3. By virtue of Lemma 2.4, we only need to prove that the function Cltp ^ — - 
is strictly increasing on (0,oo). A direct computation results in 


erf p (x) — 1 

• _ 1 

X 

X 2 


r(i tv) 


e x ” — erf p (x) + 1 


d(x) 


and g'(x) = — 


r(i/p)‘ 


< o. 


Accordingly, the function g{x) is strictly decreasing on (0, oo). Therefore, from the inequality 
g{x) > lim^-^oo g{x) = 0, Theorem 1.3 follows immediately. □ 

Proof of Theorem l.f. For proving the monotonicity of , we denote gi(x) = erf p (x) and 

g- 2 (x) = arctan p x. Then </i(0) = 52 ( 0 ) = 0 and 


g’i(x) 

g'2 ( x ) 


P 

r(i/p) 


(1 + x p )e~ x ' 


A 


P 

m/p) 


q{x). 


By a direct differentiation, it follows that q'{x) = —px 2p 1 e xP < 0 which implies that the function 
q(x) is strictly decreasing on (0, 00 ). By Lemma 2.5, we complete the required proof. □ 

Proof of Theorem 1.5. Let t £ (0, x) and x £ (0, 00 ) be fixed. Define the function 


a(p) = In 


p e~ tP 


m/p) 


In p — In 



-t p . 


By a direct computation, we have 


a' {p) 


1 

P 



tTlnt and a"(p) 



— t p In 2 t < 0. 

P 4 \PJ 


Therefore, the function a(p) is strictly logarithmically concave. By the fact that integrating pre- 
serves the monotonicity and logarithmic concavity, it follows that the function p 1 — > erf p (x) is strictly 
logarithmically concave in p £ (0, ^). □ 
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Abstract 

This paper establishes a number of Kantorovich type integral inequal- 
ities involving tensor products of continuous fields of positive operators 
parametrized by a locally compact Hausdorff space. Such integrals appear 
as Bochner integrals with respect to a finite Radon measure on that space. 
Kantorovich type inequalities in which the operator product are replaced 
by an operator mean are also investigated. 

Keywords: continuous field of operators, Bochner integral, tensor product, 
operator mean, operator monotone function 

Mathematics Subject Classifications 2010: 26D15, 46G10, 47A63, 47A64, 
47A80. 

1 Introduction 

One of well-known analytic inequalities is the classical Kantorovich inequality 
[10], which states that for real numbers a* and Wi such that 0 < a ^ cu ^ 6 and 
^ 0 for all 1 ^ ^ n, we have 


E 

u=i 


Widi 



( a + b ) 2 

4 ab 


E 

Ki= 1 


Wj 


(l.i) 


This inequality can be regarded as a reverse version of weighted arithmetic- 
harmonic mean inequality. Applications of this inequality arise in convergence 
analysis for numerical methods and statistics. Various generalizations, varia- 
tions, refinements and equivalences of this inequality in several settings have 
been investigated. Let us focus on an integral version of (1.1): 
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Theorem 1.1 (see e.g. [4]). Let J be a real interval equipped with a probability 
measure p. For any continuous function f : J — > R. such that Range(/) C [a, 6] 
for some a,b > 0, it holds that 


fdp 





( 1 . 2 ) 


Over the years, Kantorovich type inequalities were obtained in the contexts 
of matrices and operators, see e.g. [5, 7, 12, 14] and references therein. A 
matrix analogue of the inequality (1.1) involving Hadamard product (entry wise 
product, denoted by ©) is given as follows. 


Theorem 1.2 ([13], Theorem 2.2). For each i = 1,2, ...,n, let Ai and Wj be 
positive definite matrices of the same size such that 0 < a/ ^ A, ^ bl. Then 


i—l 


W? Ai Wf © > W? A ~ 1 Wf © 


b 2 


i—l 


2 ab 


WiQ 


E 

i = 1 


Wi 


(1.3) 


Note that the constant bound (a 2 + b 2 )/(2ab) of the matrix case (1.3) is 
slightly different to that of scalar case (a 2 + b 2 )/{Aab) in (1.1) and (1.2). The 
inequality (1.3) can be viewed as a reverse of the Fiedler’s inequality 

A o A -1 ^ / 


which holds for any positive definite matrix A (see [6]). Kantorovich type in- 
equality in which the operator product is replaced by an operator mean was 
considered in [15, 17]. 

In this paper, we establish certain integral inequalities of Kantorovich type 
for continuous fields of positive operators on a Hilbert space. The inequalities 
(1.1) and (1.2) are generalized in many ways in terms of Bochner integrals of 
operator- valued functions defined on a locally compact Hausdorff space equipped 
with a finite Radon measure. Instead of the Hadamard product in Theorem 1.2, 
we consider the (Hilbert) tensor product and Kubo-Ando operator mean. Our 
results include discrete inequalities as special cases. 

This paper consists of four sections. Section 2 provides fundamental facts 
about continuous fields of operators and its integrability. Section 3 deals with 
Kantorovich type integral inequalities involving tensor products of continuous 
fields of operators. In Section 4, we recall Kubo-Ando theory of operator means 
and then derive Kantorovich type inequalities involving operator means. 


2 Continuous field of operators and Bochner in- 
tegrability 

Throughout, let 'H be a complex Hilbert space. Denote by ‘B('H) and f S('H) + 
the C*-algebra of all bounded linear operators on TL and its positive cone, re- 
spectively. Let A and A+ be a unital C*-subalgebra of 23 ("H) and its positive 
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cone, respectively. Capital letters always denote operators on a Hilbert space. 
In particular, / denotes the identity operator, where the underlying space is 
clear from the context. The spectrum of an operator A is expressed as Sp(A). 
As usual, the operator norm of an operator A is denoted by ||A||. For selfadjoint 
elements A, B £ A, the expression A ^ B indicates that B — A is a positive 
element, while A > 0 means that A is positive and invertible. 

Let us denote the supremum norm of a real-valued function / defined on a 
set E by \\f\\oo,E- The symbol ||-||i denotes the L'-norm on a given set, which 
is clear from the context. 

The next lemma asserts the continuity of the map A H »• f(A). Here, f(A) is 
the continuous functional calculus of / on Sp(A). 

Lemma 2.1. Let A be a nonempty compact subset of C and let f : A — > C 
be a continuous function. Let A be the subset of A consisting of all operators 
whose spectra are contained in A. Then the map sending A € A to f(A) € A is 
continuous. 

Proof. Let e > 0. Weierstrass’ approximation theorem guarantees the existence 
of a polynomial p such that 

||/-p||oo,A < |- 

Since the map X i-»- p(X) is continuous on A. there is a positive constant S such 
that ||p(A) — p(B) || < | whenever ||A — B\\ < S. For any operators A, B £ A 
such that || A — B\\ < <5, we have 

\\f(A)-f(B)\\ < \\f(A)-p(A)\\ + \\p(A)-p{B)\\ + \\p(B)-f(B)\\ 

= 11 / - P\\oo,a(A) + M A ) - P( B )\\ + 11 / - P\\oo,*(B) 

< ll/-p||oo,A + \\p{A) -p(B)\\ + ||/ p||oo,A 

< e. 

Note that the above equality holds since the Gelfand transform / i-»- f(A) is an 
isometry. Therefore the map A H > f(A) is continuous. □ 

From now on, let 17 be a locally compact Hausdorff space. Equip O with a 
Radon measure p, i.e., p is a Borel measure on fl that is finite on all compact 
subsets, outer regular on all Borel subsets, and inner regular on all open subsets. 
A family (A t ) t6 o of operators in A is said to be a continuous field of operators 
if the parametrization t <— > A t is continuous on Q. If we further assume the 
Lebesgue integrability of the function t i — > ||A t ||, then the Bodmer integral 
f n A t dp(t) is well-defined as the element in A satisfying 


[ A t dp(t)\ = [ <j>(A t ) dp(t) 

\J n / Jn 

for every </> in the norm dual of A (see e.g. [16]). Let C(I7;A + ) be the set of 
all continuous fields(A t ) t6 Q such that A t £ A + for all t £ fl. If we want to 
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specify that Sp(A t ) C J, for some subset J C [0,oo), we shall use the notation 
C(fi;A+,J). 

The next lemma is useful for integrating any vector-valued function on a 
finite measure space. 

Lemma 2.2 (see e.g. [1], Theorem 11.44). Let (X, ||-||x) be a Banach space, 
and let (T, v) be a finite measure space. Suppose that f : T — > X is a measurable 
function (here, X is equipped with the Borel a-algebra). Then f is Bochner 
integrable if and only if its norm function ||/|| is Lebesgue integrable, i.e., 

J ll/ll dv < oo. 


Here, ||/|| is defined by ||/||(x) = ||/(x)|| x for any x G X. 

In what follows, suppose that /.t is a finite Radon measure on f 2. The inte- 
grability of a real-valued function is always in the sense of Lebesgue. 

Proposition 2.3. Let A be a nonempty compact subset of C and let f : A — > C 
be a continuous function. Let (A t ) te n be a continuous field of normal operators 
in A whose spectra are contained in A. Let (W t )ton be a field in C(fl;A + ). 
Suppose that the function t. H > ||Wi|| is integrable on f L Then we can form the 
Bochner integral 


[ W? f{A t )w} dp(f). (2.1) 

Jn 

In addition, if f is nonnegative on A, then the operator (2.1) is positive. 

Proof. By Lemma 2.2, it suffices to prove the integrability of the norm function 
1 1 

t i->- || W t 2 f(A t )W t 2 1| . Since t >->• A t is continuous, the map t >->• f(A t ) is 

11 

continuous by Lemma 2.1, and hence so is the map t >->• W t 2 f(A t )W 2 . Thus 


\W 2 f(A t )W 2 \\d^t) < / \\W 2 \\-\\f(A t )\\.\\W 2 \\dn(t) 

Jn 




3,Sp (A t ) ■ II Wt II 3 dfj.(t) 


< / ||/||oc,A * ||Wi|| rf/z(t) 

Jn 


=,a / \\W t \\ dp(t) 


< oo. 


Now, suppose /(A) C [0, oo). The spectral mapping theorem implies that 
f(A t ) is a positive element for all t £ 11. Therefore the resulting integral (2.1) 
is positive. □ 
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Remark 2.4. For convenience, we may assume that 17 is a compact Hausdorff 
space. In this case, any Radon measure on 17 is always finite and hence every 
continuous field (X t ) te n of operators is automatically Bochner integrable. In- 
deed, its norm function t i-*- ||X t || is bounded and, thus, integrable. It follows 
that the map t. K > X t is Bochner integrable by Lemma 2.2. 

Lemma 2.5 (see e.g. [1], Lemma 11.45). Let X and Y be Banach spaces and 
let (r, v) be a measure space. Suppose that a function f : T — > X is Bochner 
integrable. If T : X — > Y be a bounded linear operator, then the composition 
T o f is also Bochner integrable and 


J^Tof)dv = T^fdv 

The next proposition will be useful in later discussions. 

Proposition 2.6. Let (A t )t^n be a bounded continuous field of operators in A. 
For any X £ A, we have 


/ A t dp(f)<g)X = / (A t ® X) 

Jn Jn 

X ® f A t dp(t) = j {X ® A t ) dp(t). 
J £1 J Q 


(2.2) 

(2.3) 


Proof. By Lemma 2.2, the map i i — x ^4 t is Bochner integrable on 17 since it is 
continuous and bounded. Note that the maps T i— >■ T ® X and T i — > X ® T are 
bounded linear operators from *8 (fH) to < 8('H ® B). It follows from Lemma 2.5 
that the maps t i — > A t ® X and t i— >• X ® A t are Bochner integrable on 17, and 
the properties (2.2) and (2.3) hold. □ 


3 Integral inequalities of Kantorovich type for 
tensor products of operators 

In this section, we derive operators integral inequalities of Kantorovich type in 
which the operator product is given by the tensor product. From now on, let 
a, b be constants such that 0 < a < b. For each A, B G ®("H), we denote 

A® S B = ^(4®B + 50i). 

Recall that the tensor power A® 2 is defined to be A ® A. 

Lemma 3.1. The minimum constant k for which the inequality 

A®B~ 1 + A~ 1 ®B < kl. (3.1) 

holds for all positive elements A, B £ A whose spectra are contained in [a, b] is 
determined by k = ( a 2 + b 2 )/(ab). Here, I denotes the identity onH®'H. 
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Proof. Since Sp(A),Sp(.B) C [a, 6], we have 

Sp(A0B~ 1 ) = {xy : x € Sp(A),y G Sp(B^ 1 )} 

= { xz : x € Sp(A),z G Sp(B)} 

C [a/b,b/a]. 

Note also that (A 0 B ~ 1 )~ 1 = A -1 ®> B. Let us denote by r(-) the spectral 
radius of an operator. Spectral mapping theorem now implies that 

|| A 0 B~ x + A -1 0 B\\ = r{A 0 B~ x + A~ x 0 B) 

= sup{A + A” 1 : A G Sp(A 0 B~ 1 )} 

< sup{A + A -1 : A G [a/b, 6/a]} 
a 2 + b 2 
ab 

Thus, we arrive at inequality (3.1). The constant (a 2 + b 2 )/{ab ) cannot be 
improved since the case A = al-u and B = bln is reduced to the scalar case. □ 


The following theorem is an integral inequality of Kantorovich type. 

Theorem 3.2. Let (A t ) te o be a field mC(0;A + , [a,b]). Let {W t )te n be a field 
in C(f2; A + ) such that the function 1 H > \\W t \\ is integrable on Cl. Then 

J W?A t W. j dn(t)0 s W^A^W} dfi(t) < W t d/x(t)j . (3.2) 

Moreover, the constant ( a 2 + b 2 )/(2ab) is best possible. 

Proof. For convenience, let us denote 


X = [ W t 2 A t W t ? dfj(t) and Y = [ W t * A^W^ dy{f) . 

JQ if! 

By Proposition 2.3 with A = [a, b\, the operators X,Y and J n W t d/j,(t) are 
well-defined and positive via putting f(x) = x, fix) = 1/x, and f{x) = 1, 
respectively. Using properties (2.2) and (2.3) in Proposition 2.6, we obtain 


X0Y 



Q 2 


w}Af x w}0 J W?A~ x Wr 2 dn{r)j dp{t) 

(w?AtW? 0W?Af x W?') dn(r)dn(t). 


Similarly, we have 


Y0X 



(ll'/Mt" Mr,-’ 0W?A r W^ dn{r)dn{t). 
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It follows that 


2{X ® s Y) = JJ (w?A t W? 0 W?A~ l W? + W?Af x w} ® W? A r W?) d^{r) dn{t) 

= [ [ (W t <8 w r )5 ( 8 ) A~ x + ( 8 ) ^4 r ) (W t (8 W r )^ d/z(r) d/x(t). 

J Jn 2 


Lemma 3.1 together with Proposition 2.6 imply that 


x® s y < 



(W t 0 W r ) dn(r) d/j,{t) 
W r d/i(r)'] ® Wt d/i(f) 


2 ab 


/ W t d/i(t)® / W ( d/j,(t). 
In Jn 


Therefore, we arrive at (3.2). The best possibility of the constant (a 2 + 6 2 )/(2a6) 
also comes from Lemma 3.1. □ 


The next result is an integral inequality of Kantorovich type in which the 
weights are scalars. 

Corollary 3.3. Let (A t )te n be afield mC(fl;A + , [a, b}). Letw : Cl — » [0, oo) be 
a continuous integrable function. Then 


[ w(t)A t d/j,(t) ® s [ w(t)A t 1 dn(t) < Q + & ||w|| 2 /. (3.3) 

Jn Jn 

Proof. From Theorem 3.2, put Wt = w(t)I for each t £ Cl. □ 

Corollary 3.4. Let (A t )ten and (l?t)te n be fields in C(Cl;A + ) such that 

i) Sp(A t ) C [a, b] C (0, oo) for each t £ Cl, 

ii) the function 1 1 -»- ||l?t|| is integrable on Cl, and 
Hi) A t B t = B t A t for each t £ Cl. 

Then 


j A t B t dn(t) ® a J A t 1 B t dn{t) < a ^ ^ B t dfj,(t)j I. (3.4) 


Proof. From Theorem 3.2, put Wt = B t for each t £ Cl. □ 

Corollary 3.5. Let f,<f> : Cl —> [0, oo) be continuous functions. Assume that 
Range(/) C [a, b] C (0, oo) and is integrable with J n (f>dfj, — 1. Then 


Wh < 


a 2 + U 2 1 
2 ab U/fWfi 
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Proof. From Corollary 3.4, put A = C. Note that f n {4>/ f) d p >0. □ 

Theorem 3.2 can be extended in the following way: 

Theorem 3.6. Let (A t ) te n be a filed inC(Ll\A + , [a, b]). Let {W t )ten be a field 
in C(fl;A + ) such that the function t i->- ||Wt|| is integrable on LI. Let f be a 
continuous real-valued function defined on [a, b] U [1/6,1/a] such that 

(i) f(x)f{ l/x) < 1 for all x € [a, 6], 

(ii) /([a, 6]) c [a, 6] or /([a, 6]) C [1/6,1/a]. 

Then 

Cl i Cl i 2 _i_ l2 / C \ 

l Wfi f{A t )Wfi dfi{t) ® s j Wfi f(Af l )Wfi dfi(t) < W t dn(t)j . 

(3.5) 

Proof. Since Sp(A^ 1 ) C [1/6,1/a] for each t, the function t i-»- W t 2 f(Af 1 )W t 2 
is Boclmer integrable by Proposition 2.3. The assumption also implies that 

f(Af') < ./(A,)” 1 


for each t G 0. The inequality (3.5) now follows from Theorem 3.2. Note that 
the constant (a 2 + 6 2 )/(2a6) is not affected. □ 

Theorem 3.6 is reduced to Theorem 3.2 by setting f(x) = x or f{x) = l/x. 

Corollary 3.7. Let 0 < a < b. Consider three continuous functions : Q — > 
[a, 6], g : [a, 6] — > (0, oo) and f : [a, b] U [1/6, 1/a] — > R. Suppose that 

(i) f(x)f( l/x) ^ 1 for all x G [a, 6], 

(ii) /([a, 6]) C [a, 6] or /([a, 6]) C [1/6,1/a]. 

Then we have the bound 


IK/sWIli < 


IIWII! 


2ab ll(/ 0 ^)(5°^)lli 

Proof. It is a special case of Theorem 3.6 when A = C. 


□ 


4 Kantorovich type integral inequalities involv- 
ing operator means 

In this section, we establish integral analogues of Kantorovich inequality in- 
volving operator means. First of all, we recall some fundamental facts about 
operator means [11]; see also [9, Ch. 5]. 
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Definition 4.1. A binary operation a : < 8('H) + x — > ( S('H) + is called a 

connection if the following conditions hold for all A,B,C,D £ *B('H) + : 

(i) (joint) monotonicity: A ^ C, B ^ D =>■ AaB ^ C a D 

(ii) transformer inequality: C(Aa B)C < (CAC) a (CBC) 

(iii) (joint) continuity from above: for any sequences (A„), ( B n ) in < B('H) + , if 
A n j. A and B n j, B, then A n a B. n j. A a B. Here, X n J. X indicates that 
( X n ) is a decreasing sequence converging strongly to X. 

It follows that every connection a satisfies the following properties: 

X(Aa B)X = (XAX)cr(XBX), (4.1) 

(A + B)cr(C + D) > (AaC) + (BoD) (4.2) 

for all A,B,C,D ^ 0 and X > 0. A mean is a connection a with idempotent 
property A a A = A for all A ^ 0. 

Recall also that a continuous function / : [0, oo) — >• R. is said to be operator 
monotone if the condition 0 ^ A ^ B implies f(A) ^ Such / is said to 

be super-multiplicative if f(xy) ^ f(x)f(y) for all x, y ^ 0. 

Proposition 4.2 ([11]). There is a one-to-one correspondence between operator 
connections and operator monotone functions from [0, oo) to itself such that 

f(A) = I a A, AeQ3CH) + . (4.3) 

Moreover, a is an operator mean if and only if f{ 1) = 1. 

Such f in this proposition is called the representing function of a. Every 
operator connection a admits an integral representation (see e.g. [3]) 

AaB = [ A\ t Bdv(t), A,Hg®(-H)+ 

Jo 

for some finite Radon measure v on the interval [0,1]. Here, ! ( denotes the 
t- weighted harmonic mean. Hence if A, B £ A + , then AaB £ A + since the 
integral is a limit of finite sums. 

Lemma 4.3 ([2]). For any operator connection a and A,B £ Q3("H) + , we have 

\\AaB\\^\\A\\a\\B\\. 

Here, a on the right hand side is the induced connection on [0, oo) defined by 
(aab)I = al abl for any a,b £ [0, oo) . 

Lemma 4.4. Let a be an operator connection with associated super-multiplicative 
operator-monotone function. Then for all positive operators A, B,C, D, we have 

(. A a C) ® s (BaD)^ {A B) a (i C ® s D). (4.4) 
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Proof. By a continuity argument using the monotonicity and the continuity from 
above of a connection, we may assume that A,B > 0. Putting X = A~ 2 CA~ 2 
and Y = B~z DB ~^ , we have from properties (4.1) and (4.3) that 


(. AaC)®(BaD) = (A® B)i[{I ct X) ® (7ctF)](A ® B)5 
= (A ® B) 3 [/(X) ® /(F)] (A ® S) s 
< {A ® B)5 [/(X ® F)](A ® i3)s 
= (A® £)5[/cr(X®F)](A®.B)5 
= (A® B)a{C ® D). 


Now, using property (4.2) yields 


(Act C) ® (B a D) + (B a D) ® (A a C ) 

< {A ® B) ct (C ® £>) + (B ® A) ct (L> ® C) 

< [(A ® £) + (B ® A)] ct [(C ® D) + (D ® C)) . □ 


The following result can be regarded as a Kantorovich type integral inequal- 
ity concerning an operator mean. 


Theorem 4.5. Let {A t ) te Q be a filed mC(fl;A+, [a, b}). Let (W t ) te o be a field 
in C(fl;A + ) such that the function t 1 — > ||Wt|| is integrable on f 2. Let a be a 
mean associated with a super-multiplicative representing function. Then 


Wfi (A t ct B t )Wfi dp(t) 




/ W 2 {A^aB^)W 2 dp{t) 

Jn 

1 2 + b 2 C r X®2 


2ab 


W t dp{t) 


'n 


(4.5) 


Proof. The upper semicontinuity of ct, and the continuity of the maps t <— > A t 

and t B t together imply the measurability of the map t i-»- A t aB t . Note 

that ||A t CT.B t || ^ b by the monotonicity and the idempotency of ct, and the 

11 

norm estimation in Lemma 4.3. It follows that the map 1 1 — > W t 2 (A t ct B t )W t 2 is 
Bochner integrable by Lemma 2.2. Similarly, the map 1 1 — > W t 2 (A/ 1 ct Bfi )W t 2 

10 


1394 


Chansangiam 1385-1397 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


is Bochner integrable. Now, we have 

r W } (. A t aB t )W 7 dfj,(i) ® s [ w} {Af 1 a Bfi x )Wfi dp(t) 


Jn 


f (wfiAtWfi aWfiBtWj) dn(t)® B j (w* A^w} aWj B^W?) dp(t) 
(since a satisfies the transformer inequality) 


sS 




W t * A t W t * dn(t) a [ W t * B t W t * dp(t) 

Jn 

[ Wt'A^'Wt* dn(t)a [ W t * B^Wt* dn(t) 

Jn Jn 


Un 


W t * A t W t * dn{t) > 


< 


2 + b 2 
2 ab 
2 + b 2 
2 ab 


W t * B t W t * dn(t) 
02 




W^B-'W^d^t) 


C \ 2 | t 2 / p 

J n Wt dn{t) J a ^ Wt dp{t) 


02 


Wt dp(t) 


02 


(by (4.2)) 

(by Lennna 4.4) 
(by Theorem 3.2) 
□ 


Theorem 4.5 is reduced to Theorem 3.2 by putting A t = B t for all t £ Cl. 

Corollary 4.6. Let ( A t ) te n and (B t ) te q be two fields in C(f2; A+, [a, 6]). Let 
w : Cl — ^ [0, oo) be an integrable continuous function. Let a be an operator mean 
associated with a super-multiplicative representing function. Then 


[ w(t){A t a B t )dp(f) ® s [ w(t){A t 1 aB t 1 )dp(t) < - + & 
Jn Jn 2ao 

Proof. From Theorem 4.5, put Wt = w(t)I for all t £ Cl. 


Ml \I- (4-6) 


□ 


Theorem 4.7. Let 0 < a < 1 ^ b. Let ( A t )ten be afield inC( f2;A + , [a, &]). Let 
( W t )ten be a field in C(Cl; A + ) such that the function t >->• ||W t || is integrable. 
For any super-multiplicative operator-monotone function f : [0, oo) — > [0, oo) 
such that /( 1) = 1, we have 


Wfi f(A t )Wfi d M (t)® s / W t 


i f( A i 1 )Wfi 


dp(t) < 


2 ab 


\ 


02 


Wt dp(t) 


(4.7) 


Proof. Proposition 4.2 guarantees the existence of an operator mean cr such that 
f(A) = I a A for all A ^ 0. The inequality (4.7) now follows from Theorem 4.5 
by considering I crA t instead of A t a B t . □ 
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Corollary 4.8. Let 0 < a < 1 < b and a £ [—1, 1]. Let (A t )ten be a field in 
; A + , [a, b\), and let (B t )t^n be a field inC(Ll,; A + ) such that A t B t = B t A t 
for each t £ Cl. Then 

J I AfB t dn(t) ® s J Af a B t dfi(t) < ° ^ fy B t dn{t)\ . (4.8) 

Proof. It suffices to assume that a G [0,1]. The famous Lowner- Heinz states 
that the function f(x) = x a is operator monotone (see e.g. [9, Clr.4]). Note 
that / is also super-multiplicative and /( 1) = 1. The inequality 4.8 now follows 
by replacing W t by B t in Theorem 4.7. □ 


The case A = C in Corollary 4.8 reads as follows. 


Corollary 4.9. Let 0 < a ^ 1 < b and a £ [—1,1]. Let (j> : Cl — > [a, b] and 
<7 : ST — x (0, oo ) be continuous functions. We have 


ll# a ||i < 


a 2 + b 2 \\g\\j 
2 ab \\gfi- a \\i 


The next result is a generalization of Theorem 1.2 in the context of operators 
in which the constant bound is given by (a 2 + b 2 )/{2ab). 


Corollary 4.10. Let (A t ) te n be a field inC(Cl; A + , [a, 6]). If /z(f2) = 1, then 

02 

A t dfi{t) \ 

In 


J ^ A 2 d/x(t) ® s I < a ^ ^ A d/i(f) 


(4.9) 


Proof. From Corollary 4.8, put a = 1 and A t = B t for all t £ Cl. 


□ 


Remark 4.11. Discrete versions for all results in this paper can be obtained 
by putting 9 to be a finite space endowed with the counting measure. For 
example, a discrete version of Theorem 4.5 is as follows: For each i = 1, 2, . . . , n, 
let A, and Bi be operators in A + whose spectra are contained in [a, b\, and let 
Wi £ A + . Let a be an operator mean associated with a super-multiplicative 
operator-monotone function. Then 


w} (A: cr Bi)w} ® s w} (Af 1 a Bfi l )w} < 


a 2 + b 2 
2 ab 
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Abstract. The notion of characteristic fuzzy sets is introduced. Using this notion, 
conditions for a subset of BCK/BCI - algebra to be a subalgebra are discussed. The 
notion of conditional fuzzy subalgebras is introduced, and several properties are investi- 
gated. Given a subalgebra of BCK/BCI- algebras, conditions for the characteristic fuzzy 
set to be a conditional fuzzy subalgebra of several types are provided. 


1. Introduction 

The notions of “membership” and “quasicoincidence” of fuzzy points and fuzzy sets 
were introduced by Pu and Liu in [13]. The idea of quasi-coincidence of a fuzzy point 
with a fuzzy set, played a vital role to generate some different types of fuzzy subgroups, 
called (a, (3 )- fuzzy subgroups, introduced by Bhakat and Das [1]. In particular, (e, e V q )- 
fuzzy subgroup is an important and useful generalization of Rosenfeld’s fuzzy subgroup. 
Recently, these notions are applied to several algebraic structures, for example, near rings 
(see [2]), hypernear-rings (see [3]), hemirings (see [4]), lattices (see [9]), pseudo-RL alge- 
bras (see [15]), and RL-algebras (see [16]) etc. In BCK/BCI- algebras, many research 
articles have been published on (a, (3 )- fuzzy subalgebras (see [6], [7], [8], [11], [12] and 
[14]) which is an important and useful generalization of the well-known concepts, called 
fuzzy subalgebras. 

In this paper, we define characteristic fuzzy sets, as a generalization of crisp character- 
istic function, and conditional fuzzy subalgebra. Using this notion, we discuss conditions 
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for a subset of B CK / BCI- algebra to be a subalgebra. Given a subalgebra of BCK/BCI- 
algebras, we provide conditions for the characteristic fuzzy set to be a conditional (G,g)- 
fnzzy subalgebra, a conditional (g, G)-fuzzy subalgebra, a conditional (g, g)-fuzzy sub- 
algebra, a conditional (G, G Ag)-fuzzy subalgebra, and a conditional (g, G Ag)-fuzzy 
subalgebra. 


2. Preliminaries 

By a BC I -algebra we mean an algebra (. X , *, 0) of type (2, 0) satisfying the axioms: 

(al) ((x * y) * (x * z)) * (z * y) = 0, 

(a2) (x * (x * y)) * y = 0, 

(a3) x * x = 0, 

(a4) x*y = y*x = 0 =>■ x — y, 

for all x,y,z G X. We can define a partial ordering < by x < y if and only if x * y — 0. If 
a BCI- algebra X satisfies the axiom 

(a5) 0 * x = 0 for all x G A", 

then we say that X is a BC K -algebra. A nonempty subset A of a BCK/BCI- algebra X 
is called a subalgebra of X if x * y G S for all x,y G S. We refer the reader to the books 
[5] and [10] for further information regarding BCK/BCI- algebras. 

A fuzzy set y in a set X of the form 


riv) : = 


t G (0, 1] if y = x, 
0 if y^ x , 


is said to be a fuzzy point with support x and value t and is denoted by x t . 


For a fuzzy point x t and a fuzzy set y in a set X, Pu and Liu [13] introduced the 
symbol x t ay, where a G { G , g,G Vg,G Ag}. To say that x t G y (resp. x t q y), we 
mean y(x) > t (resp. y(x) + t > 1), and in this case, x t is said to belong to (resp. be 
quasi- coincident with ) a fuzzy set y. To say that x t G V g y (resp. x t G Ag y), we mean 
x t G y or x t q y (resp. x t G y and x t q y). To say that x t a y, we mean x t ay does not hold, 
where a G { G , g, G V g , G A g }. 

A fuzzy set y in a BCK/BCI- algebra X is called a fuzzy subalgebra of A" if it satisfies: 
(2.1) y(x * y) > min {y(x),y(y)} 

for all x, y G X. 
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A fuzzy set // in X is said to be an (a, (3) -fuzzy subalgebra of X, where 
cc, /3 G (G, g,GVg,GAg} and a ^ G A q , if it satisfies the following condition: 

(2.2) x tl an,y t2 an => (x * y) min{tut2} /3 y. 

for all x, y G A" and ti, t 2 G (0, 1]. 


Lemma 2.1 ([7]). A fuzzy set y in X is an (g, G V q)-fuzzy subalgebra of X if and only 
if it satisfies: 

(2.3) (Var, y G X) (y(x * y) > min {y(x),y(y), 0.5}) . 


3. Characteristic fuzzy sets 

In what follows, let X denote a B C Kj BCI - algebra and e, S G [0, 1] with e > S unless 
otherwise specified. 


For a non-empty subset S of A", define a characteristic fuzzy set yg' S ^ in X as follows: 


(M), 

Ts 1 


x) 


£ if x G S, 

6 otherwise. 


In particular, the characteristic fuzzy set y^ in X with £ 
acteristic function \s of S in X. 


1 and <5 = 0 is the char- 


Theorem 3.1. For any non-empty subset S of X, the following are equivalent: 

(1) S is a subalgebra of X . 

(2) The characteristic fuzzy set y^’ 5 ^ is a fuzzy subalgebra of X. 

Proof. Assume that A is a subalgebra of X and let x, y G X. If x, y G S, then x * y G S 
and so 

y ( s' 8 \x *y) = £ = min [y ( g’ 5 \x), /4) ,<5) (y) } • 

If x ^ S or y ^ S, then y^’ 6 " 1 (x) = 5 or y^’ 5 ' 1 (y) = 6. Hence 

Ts' 5 \ x *y)>$ = min { yf ' 5 \ x )^s’ 5) (j/)}- 
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Therefore is a fuzzy subalgebra of X. 

Conversely, suppose that (2) is valid. Let x,y G S. Then /j,g ,5 \x ) = e and fjg’ s \y) = e. 
It follows that fJ*g’ S \ x *y) > min y ( g’ 5 \y)'^ = £■ Thus x *y G S, and therefore 

S' is a subalgebra of X. □ 


Theorem 3.2. If S is a subalgebra of X, then the characteristic fuzzy set /j,g' S ^ is an 
(G, G V q) -fuzzy subalgebra of X . 

Proof. Assume that S is a subalgebra of X. For any x, y G X, if x, y G S, then x * y G S 
and so 

Ps’ 5 \x*y) =£> min ^y^’ S \x), y,g’ S \y), 0.5 j . 

If x S or y S, then yg’ 5 \x) = 5 or /j,g’ s \y) = 5. Hence 

Ps’ S \ x *y) >$> min | fi { g’ S \x),yf S \y),0.5^ . 

It follows from Lemma 2.1 that is an (e, G V q ) -fuzzy subalgebra of X. □ 

The converse of Theorem 3.2 is not true in general as seen in the following example. 


Example 3.3. Let X = {0, a, b, c, d } be a BCK - algebra with the following Cayley table: 


* 

0 

a 

b 

c 

d 

0 

0 

0 

0 

0 

0 

a 

a 

0 

0 

0 

0 

b 

b 

b 

0 

0 

0 

c 

c 

c 

b 

0 

0 

d 

d 

d 

c 

b 

0 


For a subset S = { 0 , c, d} of X, consider a characteristic fuzzy set fig’ 6 ' 1 in X with £ = 0.7 
and 6 = 0 . 5 . Then is an (e, e V q )-fuzzy subalgebra of X , but S is not a subalgebra 
of X since d * c — b ^ S. 

Theorem 3.4. Assume that e < 0.5. If the characteristic fuzzy set fig’ 5 ' 1 is an (e, G V q )- 
fuzzy subalgebra of X then S is a subalgebra of X . 
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Proof. Let x,y G S. Then fig ,5 \x) = £ = fj,g’ S \y). Using Lemma 2.1, we have 

fj's’ s) ( x *y) > {v { s’ s \ x )^s ,s \y)i°- 5 } = {u0.5} = e, 
and so x * y G S. Therefore S' is a subalgebra of X. □ 

Corollary 3.5. A non-em.pty subset S of X is a subalgebra of X if and only if the 
characteristic function xs of S is an (6,6 V q)- fuzzy subalgebra of X. 

Proof. Clearly, we can find the necessity by taking e — 1 and 5 = 0 in Theorem3.2. 

Conversely, suppose that the characteristic function \s of S' is an (G,G V q ) -fuzzy 
subalgebra of X. Let x,y G S'. Then xs(x) = 1 = Xs(y), which implies from (2.3) that 

Xs( x *y)> miri{y s (x), xs(y), 0-5} = min{l, 0.5} = 0.5. 

Hence x * y G S', and therefore S’ is a subalgebra of X. □ 

Theorem 3.6. For a subset S of X , let pg’ 8 ^ is an (g, q)-fuzzy subalgebra of X . If 5 < 0.5 
or e + 8 < 1, then S is a subalgebra of X. 

Proof. Let x,y G S' and assume that 5 < 0.5. Then fig’ S \x) = £ > 5 and yg' 8 \y) = £ > 5, 
that is, Xs G Pg' 8 ' 1 and ys G yg ,5 ' > . Hence (x * y)$ = (x * t/) m in{< 5 , 5 } Q l^s’ S \ which implies 
that fig’ S \x * y) + 6 > 1. Since 5 < 0,5, it follows that fig’ S \x * y) > 1 — 5 > S. Thus 
Pg’ S \ x * y) = £ and x * y G S'. Therefore S' is a subalgebra of X. 

Now, suppose that £ + 5 < 1. Then /ig' 5 \x) = £ = y\ g’ S \y ), and so x £ G and 

y e G Us’ 6 '* ■ H ence ( x * y)e — (x * |/)min{£,e} q hs’ S \ which implies that y^g’ 5 \x *y) + £ > 1. 
Therefore fig ,5 \x*y) > l — £ > 5, and thus yg' 5 \x*y ) = £, that is, x*y G S'. Consequently, 
S' is a subalgebra of X. □ 

Theorem 3.7. Let £ > 0.5. If the characteristic fuzzy set / 2 g' S ' > is a ( q , &)-fuzzy subalgebra 
of X, then S is a subalgebra of X . 

Proof. Let x,y G S'. Then fig’ 5 \x) = £ = lig’ S \y), which implies that 

Hg’ 6 \ x ) + £ = £ + £>1 and Hs’ 5 \y) + £ = £ + £>1, 

that is, x e q/j,g' 8 ' > and y e q/Jg’ S \ Since fig’ 8 ' 1 is a (q, g) - fuzzy subalgebra of X, it follows 
that (x * y) £ — (x * y)min{e,e} G hs ^ and so that y'g 8 \x * y) = £, that is, x * y G S'. 
Therefore S is a subalgebra of X. □ 

Theorem 3.8. Assume that £ > 0.5 and £ + 5 < 1. If the characteristic fuzzy set /j.g ,5 ' > is 
a (q,q) -fuzzy subalgebra of X, then S is a subalgebra of X . 
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Proof. Let x,y E S. Then /Xg’ 8 \x) = £ = fJg’ S \y), which implies that 

Hg’ S \x ) + £ = £ + £>1 and lXg’ 8 \y) +£ = £ + £> 1, 

that is, x £ q /Xg’ 5 '* and y e q /x^’ 8 ^. Since fig ’ 8 ' 1 is a (q, g) -fuzzy subalgebra of X, it follows that 
(. x*y) £ = (x*y) m ] n [ £t£ j q Us’ 6 " 1 ■ Hence /Xg’ 5 \x*y) > l—£ > 6, and therefore fig ,5 \x*y) = e. 
This proves that x * y E S, and S' is a subalgebra of X. □ 

Theorem 3.9. Assume that £ + <5 < 1. If the characteristic fuzzy set fXg’ 5 '* is an (e, 
€ A q) -fuzzy subalgebra of X, then S is a subalgebra of X. 

Proof. Assume that e + 5 < 1 and the characteristic fuzzy set /Xg’ 8 ' 1 is an (e, e A q )- 
fuzzy subalgebra of X. Let x,y E S. Then /Xg ,8 \x) = £ = Hg’ S \y), and so x £ E fig’ 5 ' 1 and 
y £ E y { g' S) . Hence (x*y) £ = (x*y) m in { £ , £ } 6A qjx ( s £,S) , that is, (x*y) £ = (x*y) min{£:£} E y { g' S) 
and (x * y) £ — (x * y) m in{£, £ } Q ■ Hence /Xg ,5 \x * y) > £ and /Xg ,S \x * y) + £ > 1. If 
Hg’ S \x * y) > £, then /Xg' 8 \x * y) = £ and thus x * y E S'. If /Xg ,8 \x * y) + £ > 1, then 
Hg’ S \x *y) > 1 — £ > 5 and so fXg’ S \x *y) — £, which shows that x * y E S. Therefore S' 
is a subalgebra of X. □ 


Theorem 3.10. Assume that £ > 0.5 and £ + 6 < 1 . If the characteristic fuzzy set /ig' S ' > is 
a (q,EAq ) -fuzzy subalgebra or a (q, GV q) -fuzzy subalgebra of X , then S is a subalgebra 
ofX. 

Proof. Let x,y E S. Then /Xg’ 8 \x ) = £ = fJg’ S \y), which implies that 

Hg’ S \x ) + £ = £ + £>1 and /Xg' 8 \y) +£ = £ + £> 1, 
that is, x £ q /Xg' 8 ' 1 and y £ q /Xg' 8) . If fig’ 8 ' 1 is a (q,EAq )-fuzzy subalgebra of X , then 

(x * y) e = {x* y) mi „{ £ , £ } EAq /xg’ 8) , 

that is, fi^g' S \x * y) > £ and fig’ 5 \x * y) + £ > 1 . If /Xg ,8 \x * y) > £, then x * y E S. If 
Hg’ 5 \x *y) + £ > 1, then yg’ 8 \x *y) > 1 — £ > 5 and so /x^g' S \x *y) — £. Thus x *y E S', 
and therefore S' is a subalgebra of X. 

If fXg’ 8 '* is a (q, E V q )-fuzzy subalgebra of X , then (x * y) £ — (x * y) m i n { £ , £ } G V q /Xg ,8 \ 
and so that (x * y) £ E fig' 8 " 1 or (x * y) £ q/x < g' 8 ^. If (x * y) £ E /Xg ,S \ then /Xg ,S \x * y) = £ 
and so x * y E S. If {x * y) £ q /Xg ,S \ then /Xg’ 5 \x * y) + £ > 1. Since £ + S < 1, it follows 
that /Xg’ 5 ' 1 (x * y) > 1 — £ > 5 and so that /Xg’ 8 ' 1 (x * y) = e. Thus x * y E S. Therefore S' is 
a subalgebra of X. □ 
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Lemma 3.11. We have the following relations among the types o/(g, GVg), (eVg,e), 
(eVg,g), (eVg, 6Ag), and (eVg, GVg): 

(e,evg) 


(3.1) 


(eVg,6Vg) 


(evg,e) «- -• (GVg,GAg| ;==* (evg,g) 

Combining Lemma 3.11 and Theorem 3.4, we have the following corollary. 

Corollary 3.12. Assume that e < 0.5. If the characteristic fuzzy set pg’ 6 ' 1 is any one of 
an (a, (3) -fuzzy subalgebra of X with (a, (3) G {(G V q , G), (G V q , G A q ), (G V q , G V q )}, 
£/ien S is a subalgebra of X . 

Theorem 3.13. Assume that e + 8 < 1. If the characteristic fuzzy set pg’ 5 ^ is a (g V q , 
q)-fuzzy subalgebra of X, then S is a subalgebra of X . 

Proof. If S is not a subalgebra of X, then there exists a, b G S such that a *b S. Thus 
Hg ,5 \d) = e = Hg’ S \b) and /j,g’ s \a * b) = 5. Hence a e G p.g’ 5 ' 1 and b £ G p^g’^, which 
imply that a £ G V q pg ,S ^ and b £ G V q Pg’ S \ Since p g’ S \a *b) + £ — 8 + e< 1, we have 
(a * b) £ qng ,s \ This is a contradiction, and so S' is a subalgebra of X. □ 

4. Conditional (a, / d)-FuzzY subalgebras 
W e begin with a definition. 

Definition 4.1. Let IZ := {p G (0, 1] | p has relations to e and/or 5} . A characteristic 
fuzzy set pg’^ in X is called an IZ- conditional (a, /3) -fuzzy subalgebra of X, where a, G 
{G, g,GVg,GAg} and a ^ G A q . if it satisfies the following condition: 

(4.1) (Vx, y G X) (Vpi, p 2 e 7^) ^ Pl a/xJ’ 5) , y P2 ap ( g ,S) => (x * y) min{puP2} p p ( g’ 5) ^ . 
Example 4.2. (1) Let X = {0, 1, 2, 3, 4} be a set with the following Cayley table: 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

2 

0 

3 

3 

1 

3 

0 

3 

4 

4 

4 

2 

4 

0 
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Then X is a BCK- algebra (see [10]). If we take 7 7 = {p G (0,1] | 0.3 < p < 0.7}, 
then Hg’ 5 ' 1 with S := {0,2,4} is an 77-conditional (g, G A g ) -fuzzy subalgebra of A" where 
5 = 0.2 and e = 0.7. 

(2) For a fixed element a of a BCI- algebra X, let 

S {x G X | a * (a * x) — x}. 

For 6 = 0.3 and e = 0.6, if we consider 77 1 = {p G (0, 1] | p > 0.4} then p g' 6 ' 1 is an 
77i-conditional (G,g)-fuzzy subalgebra of X. If we take 772 = {p G (0, 1] | p < 0.6} then 
f/g' ,)} is an 772-conditional (g, G)-fuzzy subalgebra of X. 

(3) Let X = {0, 1, 2, a, b} be a set with the following Cayley table: 


* 

0 

1 

2 

a 

b 

0 

0 

0 

0 

a 

a 

1 

1 

0 

1 

a 

a 

2 

2 

2 

0 

a 

a 

a 

a 

a 

a 

0 

0 

b 

b 

a 

b 

1 

0 


Then X is a BCI- algebra (see [5, 10]). Consider 77 = {p G (0, 1] | 0.3 < p < 0.9}, Then 
/jg' 6 ' 1 with S := {0,1,2} is an 77-conditional (q, g)-fuzzy subalgebra of X where 6 = 0.1 
and £ — 0.7. 

(4) Let X be a 77C/-algebra and let S := {x * a \ x G A"} for a fixed element a G X. 
Consider 77 = {p G (0, 1] | 0.3 < p < 0.7}. Then fig' 5 ' 1 is an 77-conditional (q, G A q )-fuzzy 
subalgebra of X with 5 = 0.1 and e — 0.7. 

Theorem 4.3. Let IZ := {p G (0, 1] | p > 5 and e + p > 1} . If S is a subalgebra of X , 
then /ag’ 5 ' 1 is an IZ- conditional (G, q)-fuzzy subalgebra of X. 

Proof. Let x, y G X and pi, p 2 G 77 be such that x pi a pg’ 6 " 1 and y P2 a pg’ 6 ^ . Then pg' 5 \x) > 
pi > 6 and pg’ 5 '* (■ y ) > p 2 > d, which imply that x,y G S. Thus x * y G S, and so 
Pg’ 5 \x * y) = e. Hence 

p [ g' S \x *y)+ min- {p!,p 2 } = £ + min{pi,p 2 } > 1, 

that is, (x *y) m i n { PuP2 y q Pg ,S \ Therefore pg' 6 ^ is an 77-conditional (G,g)-fuzzy subalgebra 
of X. □ 
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If we take e — 1 and 6 = 0 in Theorems 3.6 and 4.3, then we have the following corollary. 

Corollary 4.4. A non-empty subset S of X is a subalgebra of X if and only if the 
characteristic function xs of S is an (e, q)-fuzzy subalgebra of X . 

Theorem 4.5. Let 1Z := {p E (0, 1] | e > p and 5 < 1 — p} . If S is a subalgebra of X, 
then pg’ 5 ' 1 is an IZ- conditional ( q , E ) -fuzzy subalgebra of X. 

Proof. Let x, y E X and pi, p 2 E IZ be such that x Pl q pg’ 5 ' 1 and y P2 q p^’^ ■ Then pg ,5 \x) + 
Pi > 1 and Ps’ S \y) + p 2 > 1, which imply that pg’ S \x) > 1 — p\ > 5 and pg’ 5 \u ) > 

1 — P 2 > d. Hence pg’ S \x) = £ = p^’ S \y), and so x, y E S. Since S' is a subalgebra of X, 

we have x*y E S. Thus pg ,5 \x*y) = £ > min{p 1 ,p 2 }, and hence (x*y) m i n {pi ,p 2 } e hs’ 5 '* • 
Therefore p^' 6 ' 1 is an ^-conditional (q, e)-fuzzy subalgebra of X. □ 

If we take £ — 1 and 6 = 0 in Theorems 3.7 and 4.5, then we have the following corollary. 

Corollary 4.6. A non-empty subset S of X is a subalgebra of X if and only if the 
characteristic function \s of S is a (q, E ) -fuzzy subalgebra of X . 

Theorem 4.7. Let IZ := {p E (0, 1] | 5 < 1 — p < s} . If S is a subalgebra of X, then the 
characteristic fuzzy set p^’ 5 ^ is an IZ- conditional (q,q) -fuzzy subalgebra of X. 

Proof. Let x,y E X and pi, p 2 E IZ be such that x pi q pg' 6 ' 1 and y P2 q pg’ 6 ^ . Then pg’ 6 \x) + 
pi > 1 and Ps’ S \y) + p -2 > 1, which imply that p^g' S \x) > 1 — p\ > 5 and pg’ S \y ) > 

1 — p 2 > d. It follows that pg’ 6 ' 1 (x) = £ — pg’ 5 ' 1 (y) and so that x,y E S. Since S’ is a 

subalgebra of X, we have x * y E S and so pg (x *y) = e. Thus 

p ( g' S) (x *y)+ min {p 1 ,p 2 } = e + min{pi,p 2 } > 1, 

that is, {x * y)min{pi,p 2 } Q Ls' 6 ' 1 ■ This shows that pg' 5 ^ is a (q, g)-fuzzy subalgebra of X. □ 

If we take £ — 1 and 6 = 0 in Theorems 3.8 and 4.7, then we have the following corollary. 

Corollary 4.8. A non-empty subset S of X is a subalgebra of X if and only if the 
characteristic function xs of S is a (q,q) -fuzzy subalgebra of X . 

Since the (q, E V q )-fuzzy subalgebra is induced by a (q, e)-fuzzy subalgebra or a (q, q)- 
fuzzy subalgebra, we have the following corollary by using Theorems 4.5 and 4.7. 

Corollary 4.9. Let IZ be any one of 

{p E (0, 1] | 5 < 1 — p < e} and {p E (0, 1] \ £ > p mid 5 < 1 — p} . 

If S is a subalgebra of X, then the characteristic fuzzy set p^' 5 ' 1 is an IZ- conditional 
(q, E V q ) -fuzzy subalgebra of X . 
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10 G. Muhiuddin and Shuaa Aldhafeeri 

Theorem 4.10. Let := {p G (0, 1] | <5 < p < s and 1 — p < e} . If S is a subalgebra of 
X, then the characteristic fuzzy set pg' 5 ' 1 is an IZ- conditional (g, G A q ) -fuzzy subalgebra 
ofX. 

Proof. Let x,y G X and pi,p 2 G 1Z be such that x pi G Pg' 6 ' 1 and x P2 G Pg’ 6 " 1 ■ Then 
Ps' S \x) > pi > 5 and pg’ 5 \y) > p 2 > 8, which imply that pg' S \x) — £ — pg’ S \y). Hence 
x,y G S. Since S' is a subalgebra of X , we have x * y g S. Hence pg’ S \x * y) = £ > 
min{pi,p 2 }, i.e., (x * y) min{puP2} G p ( g' 5) . Now, 

Ps’ 6 \x *y) + minjpi, p 2 } = £ + min{pi, p 2 } > 1 

and so (x*y) min{puP2} q Pg ,S) ■ Therefore (x *y) min{puP2} G AgpJ ,<5) , and consequently p^ ,<5) 
is an (g, G A q ) -fuzzy subalgebra of A". □ 

If we take e — 1 and <5 = 0 in Theorems 3.9 and 4.10, then we have the following 
corollary. 

Corollary 4.11. A non-empty subset S of X is a subalgebra of X if and only if the 
characteristic function \g of S is an (g, G A q )-fuzzy subalgebra of X . 

Theorem 4.12. Let 7Z := {p G (0, 1] | e > p and e + p>l>5 + p}. If S is a subalgebra 
of X, then the characteristic fuzzy set pg' 6 ' 1 is an IZ- conditional (q, G A q) -fuzzy subalgebra 
ofX. 

Proof. Let x, y G X and pi, p 2 G IZ be such that x Pl q pg' 6 ' 1 and y P2 q pg’ 6 ^ . Then pg’ S \x) + 
Pi > 1 and Pg ,5 \y) + p 2 > 1, which imply that pg’ S \x) > 1 — pi > 6 and Pg’ 5 \y) > 
1 — P 2 > d. Hence pg ,5 \x) = e = Pg’ 5 \y ), and so x, y G S. Since S is a subalgebra of X , 
we have x * y G S and thus 

Ps' 5 \x *y) = £> min{pi,p 2 }, 

that is, {x*y) min{puP2} G p { g’ 6) . Now, p i g’ S \x*y) + min{pi, p 2 } = s + minjp!, p 2 } > 1, and 
so (x * y) m in{ PuP2 } q Pg' S) . Hence (x * p) min { Pl ,p 2 } G A q Pg ,5 \ and pg’ 5] is a (q, G A q )-fuzzy 
subalgebra of X. □ 

If we take £ — 1 and <5 = 0 in Theorems 3.10 and 4.12, then we have the following 
corollary. 

Corollary 4.13. A non-empty subset S of X is a subalgebra of X if and only if the 
characteristic function \g of S is an (q, G A q ) -fuzzy subalgebra of X . 

Before ending our research, we pose an open question. 

Question. Given a subalgebra S of X, when will the characteristic fuzzy set pg in X 
be a 
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(1) conditional (eVg, e) -fuzzy subalgebra of X ? 

(2) conditional (eV q , q)- fuzzy subalgebra of X? 

(3) conditional (e V q , G V q) -fuzzy subalgebra of X ? 

(4) conditional (eVg,e A q) -fuzzy subalgebra of X ? 

5. Conclusion 

we have introduced the notions of characteristic fuzzy sets, as a generalization of crisp 
characteristic function, and conditional fuzzy subalgebra. Using this notion, we have 
discussed conditions for a subset of BCK/BCI - algebra to be a subalgebra. Given a sub- 
algebra of B CK/BCI- algebras, we have provided conditions for the characteristic fuzzy 
set to be a conditional (G,g)-fuzzy subalgebra, a conditional (q, e) -fuzzy subalgebra, a 
conditional (q,q )~ fuzzy subalgebra, a conditional (e, GAg )- fuzzy subalgebra, and a con- 
ditional (g,GAg )-fuzzy subalgebra. 

On the basis of these results, we will apply the notions of characteristic fuzzy sets and 
conditional fuzzy substructures to ideal and filter theory in several algebraic structures, 
for example, BCK/BCI- algebras, MU-algebras, RL-algebras, MTL- algebras, residuated 
lattices, i?o-algebras, lattice implication algebras, UQ-algebras etc. 
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1 Introduction and preliminaries 

In 2000, Hitzler and Seda [4] presented the concept of dislocated metric 
space and generalized the well-known Banach contraction mapping principle 
in complete dislocated metric spaces. In recent years, the study of dislocated 
metric spaces has always attracted interest of researchers; see, for instance, 
[1-3, 5-8, 10-16] and the references cited therein. One of the main reasons 
for this lies in the fact that dislocated metric spaces play very important 
roles not only in topology but also in other branches of science involving 
mathematics especially in logic programming and electronics engineering. 

In the present paper, we prove some common fixed point theorems in the 
setting of dislocated metric spaces for two pairs of weakly compatible self 
mappings which generalize, extend, and improve related results reported in 
the literature. We need the following auxiliary definitions and results. 

Definition 1.1 [j\ Let X be a nonempty set and let d : X x X — > [0, oo) be 
a function satisfying the following conditions: 

(ci) d(£,rj) = for all £,r] e X; 

(C2) d(£,r}) = d{r],f) = 0 implies that f = rj; 

(c 3 ) d(i, r 7) < d(£, C) + d( C, rj) for all f, rj, C G X. 

Then d is called dislocated metric (or d-metric) on X. The nonempty set X 
together with d-metric, i.e., (, X,d ), is called a dislocated metric space. 

Definition 1.2 [f\ A sequence {£,„} in a d-metric space (X,d) is called 
Cauchy sequence if for given e > 0, there exists an no € N such that 
d(£m, £n) < e for all m, n > n 0 . 

Definition 1.3 [Jj\ A sequence {^ n } in a d-metric space ( X,d ) converges 
with respect to d (or in d) if there exists a £ e X such that 

lim d(£ n ,€) = 0. 

n —> 00 

In this case, ( is called a limit of sequence {£ n } and we write ( n £ as 
n — > 00. 

Definition 1.4 [Ij\ A d-metric space ( X , d) is called complete if every Cauchy 
sequence in it is convergent with respect to d. 


2 


1411 


Peiguang Wang et al 1410-1424 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Definition 1.5 [If Let (X,d) be a d-metric space. A mapping T : X — > X 
is called contraction if there exists a A G [0, 1) such that d(Tf, Trf) < A d(£, g) 
for all E X . 

Lemma 1.6 [11] Let (X,d) be a d-metric space. If g : X — >• X is a contrac- 
tion function, then (g n (£o)} is a Cauchy sequence for each £ 0 G X. 

Lemma 1.7 [If Limits in a d-metric space are unique. 

Definition 1.8 [9] Let A and S be mappings from a metric space (X, d) into 
itself. Then, A and S are said to be weakly compatible if they commute at 
their coincident points; that is, A£ = S£ for some £ G X yields ASf = SAl f 

Theorem 1.9 [If Let (X,d) be a complete dislocated metric space and let 
T : X — > X be a contraction mapping. Then, T has a unique fixed point. 

Remark 1.10 [3] It is easy to verify that in a d-metric space, the following 
statements hold. 

(i) A subsequence of a Cauchy sequence in d-metric space is a Cauchy se- 
quence. 

(ii) A Cauchy sequence in d-metric space with a convergent subsequence is 
also convergent. 

(in) Limits of a convergent sequence are unique. 

(iv) A d-metric d is continuous, i.e., and r] n — » rj imply that 

d(£,n, Vn) -» d(^,r)) as n ->■ oo. 

2 Main results 

In this section, we prove some fixed point theorems in d-metric spaces. 

Theorem 2.1 Let (X, d) be a complete dislocated metric space. Assume that 
A, B, S,T : X — > X are continuous self mappings satisfying the conditions: 

(i) T(X) C A(X) and S(X) C B(X); 

(ii) the pairs (S,A) and ( T,B ) are weakly compatible; 

(in) d(S£,Trf) < a 1 [d(Af > ,Tg) + d(Brj,S£)] + a 2 [d(Br],Trj) + d(A£,S£)] + 
asd(A£, Brj) + a^[d(A^, S£) + d(A£, Trj)\ + a^[d(A^, Bg) + d(Brj , Tr ) )] for all 
fpgEX, where ai,a 2 , a 3 , 04 , 05 > 0 and 0 < 4a 1 + 2a 2 + 03 + 804 + 2 as < 1. 
Then A, B, S, and T have a unique common fixed point. 
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Proof. Define two sequences { } and {r] n } by 

V2n ■= B^2n+ 1 = S£ 2 n and r hn+\ '■= A£ 2n +2 = T£ 2n +1 for U = 0, 1, 2, ... . 


If rj2n = r)2n+i for some n, then B&n+i = T£ 2 n +i. Therefore, £ 2n+ i is a 
coincident point of B and T. Also, if r/ 2n +i = 77 2n+2 for some n, then A £ 2n+ 2 = 
S£,2n+2- Hence, ^ 2n+2 is a coincidence point of A and S. Suppose now that 
r/ 2n 7^ r/ 2n+ 1 for all n. Then, we conclude that 


d(f]2m h2n+l) 


= d(S6n,7W) 

< ai[d(A6n,T6n+i) + d(B£ 2n+ i, < S'^ 2n )] 

+a 2 [d(B£ 2n+ i, T£ 2n+ i) + d,(AC, 2n , S^ 2n )] 

+a,3d(A£ 2n , B£ 2n+ 1) + a 4 [d(A£ 2n , S£ 2n ) + d(A£ 2n , T£ 2n +i)] 

+as[<i(A£ 2n , H^ 2n+ i) + d(H^ 2n+ i, T^ 2n+ i)] 

< ai [d(r7 2n _i, ?/ 2 „+i) + d(rj 2n , 7? 2n )] 

+a2[d('72n, '72n+l) + ^(^2^-1, ^n)] 

+ 03 ^( 772 , 1 - 1 , rj 2n ) + a 4 [d(r] 2n -i,r) 2n ) + d(r/ 2n _i, r/ 2n+ i)] 
+ a 5[^(h2n-l) V2n) + d(r] 2n , ?7 2 „+l)] 

< ai [d(r 7 2n _i, r} 2n ) + d(rj 2n , rj 2n+1 ) 

+d(r] 2n _i, r] 2n ) + d('i] 2n , 't] 2n+ i)] 

+a 2 [d(?7 2n , 772n+l) + d('/72n-l, h2n)] + 03^(^271-1, V2n) 
+a 4 [d(rj 2n ^ 1 ,r] 2n ) + d(r/ 2 n-i, r] 2 n) + d(rj 2n , rj 2n+l )} 
+ a 5[^('h2n-l, V2n) + d(r] 2n , ’^n+l)} 

— (2 cp + a 2 + 03 + 2a4 + a.5)d(?/ 2n -i, V 2 n) 

+ (2ai + a 2 + a4 + d 5 )d(r] 2 n ,r] 2 n+ i). 


Therefore, we get 


d{rj 2 n, V 2 n+i) < 


2 a, i + a 2 + 03 + 2a 4 + a, 5 
1 — (2a,! + a 2 + 0,4 + 05) 


d{j)2n—\i d2n) • 


Let 


Then 


2a 1 + a 2 + 03 + 2a 4 + a 5 
1 — (2ai + a 2 + 04 + a 5) 

d(rin, Vn+i) < hd(r} n -i, 7 } n ) 
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Similarly, we have 

d(r] n -i,r] n ) < hd{r] n - 2 , r]n-i)- 
Continuing this process, we obtain 

d(rj n ,rj n+ 1 ) < h n d (rj 0 ,rji)- 

Now, for any m, n satisfying m > n, using triangle inequality, we get 

d(r) n , rj m ) < d(rj n , rj n+ 1 ) + d(rj n+1 ,rj n+2 ) H h d(rj m - 1 , rj m ) 

< h n d(r ) 0 , r/i) + h n+1 d{r] Q , rj i) H f /r m_1 d(-/7 0 , rj i) 

< {h n + h n+1 + h n+2 + • • • )d(77o, 77i) 

h n 

= Y^h d<yV 0,r 7i)‘ 

Since h E [0, 1), h n — > 0 as n — >• oo, which shows that {p n } is a Cauchy 
sequence in the complete dislocated metric space (X,d). Hence, there exists 
a point p E X such that lim^oo rj n = p and 

lim S^ 2n = lim B£ 2n + i = lim T£ 2n + i = lim H£ 2n+2 = P- 

n— >■ oo n— > oo n— >-oo n— > oo 

Since T(X) c H(A’), there exists a point v E X such that p = Hu. Therefore, 

d(Sv,p ) = d(S'u,T^ 2 n+i) 

< oi[d(Hu,T^ 2n+1 ) + d(S^2n+i,-S , u)] 

+a 2 [d(5^2n+i, ^ 2 n+i) + d(Av, S'u)] 

+a 3 d(Hu, S'u) + a 4 [d(Hu, S'u) + d(Au, T&n+i)] 
+a§[d(Av, B^ 2 n+l) + rf(-E?£ 2 n+l> T£ 2n+1 )]. 

Taking n — > oo, we get 

d(Sv,p ) < a 4 [(i(p,p) + d(p, S'u)] + a 2 [d(p,p) + d(p, S'u)] 

+a 3 d(p, S'u) + a 4 [d(p, S'u) + d(p,p)] + a 5 [d(p,p) + d(p,p)] 

< (2ai + 2o 2 + 2a 4 + 4o5)d(p, S'u) + (a 4 + a 2 + a 3 + a 4 )d(p, S'u) 
— (3a 4 T 3 c 2 -f- o 3 T 3n 4 T 4ci5)d(p, Su), 

which is a contradiction, and so S'u = Av = p. Again, since S(X) C -B(A), 
there exists a point u E X such that p = Bu. We claim now that p = Tu. If 
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p Tu, then 

d(p,Tu ) = d(Sv,Tu ) 

< ai[d(Av, Tu ) + d(Bu , Sn)] + a 2 [d(Bu, Tu ) + d(Av, Su)] 
+a 3 d(Av, Bu ) + a 4 [d{Av, Sv) + d(Av, Tu)} 

+a 5 [d{Av, Bu) + d(Bu , Tu)} 

= a>i[d{p,Tu) + d{p,p)\ + a 2 [d(p,Tu) + d{p,p)} + a 3 d{p,p) 
+a 4 [d(p,p) + d(p, Tu)} + a 5 [d(p,p) + d(p, Tu)} 

( '-\t! i -)- 3a 2 + 2a 3 -I - 3a 4 3ci^)d(j ) , Tu ), 

which is a contradiction, and thus p = Tu. Hence, we have = Hn = 
Tu = Bu = p. Since (S, A) are weakly compatible, SAv = ASv implies that 
Sp = Ap. Next, we show that p is the hxed point of S. If Sp ^ p, then 

d{Sp.,p) = d{Sp,Tu) 

< ai[d(Ap, Tu) + d(Bu, S'p)] + a 2 [d(Bu, Tu) + d(Ap, Sp)] 
+a 3 d(Ap, Bu) + a 4 [d(Hp, Sp) + d(Ap, Tu)} 

Sa^d^Ap, Bu) + d(Bu,Tu)\ 

= ai[d(Sp,p) +d(p,Sp )] +a 2 [d(p,p) +d(Sp,Sp )] +a 3 d(Sp,p) 
+a 4 [d(Sp, Sp) + d(Sp,p)\ + a 5 [d(Sp,p) + d(p,p)\ 

< (2a 4 + 4a 2 + a 3 + 3a 4 + 3 a 5 )d(Sp,p), 

which is a contradiction, and so Sp = p. This yields Ap = Sp = p. Again, 
(T, B) are weakly compatible, and hence TBu = BTu implies that Tp = Bp. 
Now, we show that p is the hxed point of T. If Tp ^ p, then 

d(p, Tp) = d(Sp, Tp) 

< ai[d(Ap,Tp) + d(Bp, Sp)} + a 2 [d(Bp,Tp) + d(Ap,Sp)} 
+a 3 d(Ap , Sp) + a 4 [d(Ap, Sp) + d(Ap, Tp)} 

+a 5 [d(Ap, Bp) + d(Bp, Tp)} 

= ai[d(p,Tp) + d(Tp,p)\ + a 2 [d(Tp,Tp) + d(p,p)} 

+a 3 d(p , Tp) + a 4 [d(p, Tp) + d(p, Tp)} 

+a 5 [d(p, Tp) + d{Tp, Tp)} 

< (2a 4 + 4a 2 + a 3 + 2a 4 + 3a 5 )d(p, Tp), 
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which is a contradiction, and hence p = Tp. Therefore, we have Ap = Bp = 
Sp = Tp = p, which shows that p is the common fixed point of the self 
mappings A, B , S, and T. 

Uniqueness. Suppose that v ^ u are two common fixed points of the 
mappings A, B, S, and T . Then, we have 

d(v,u ) = d(Sv,Tu ) 

< ai[d(Av, Tu ) + d(Bu , Sv)] + a 2 [d(Bu, Tu ) + d(Av, ST)] 
+a 3 d(Av, Bu ) + a 4 [d(Ay, Sv) + d(Av,Tu )] 

+as[d(Av, Bu) + d(Bu , Tu)] 

= a\ [d(v, u) + d(u, v)] + a 2 [rf(u, u) + d(u, u)] + a 3 d(v, u) 
+a 4 [d(u, v) + d(v , «)] + 05 [d(v, u) + d(u, u)] 

T (2o 4 T 4n 2 T 03 T 3o 4 T 805 )dfv, u ), 

which is a contradiction, and therefore v = u. The proof is complete. □ 

Letting A = B = I (an identity mapping), we can derive the following 
result from Theorem 2.1. 

Corollary 2.2 Let (X,d) be a complete dislocated metric space. If S,T : 
X — >■ X are continuous self mappings satisfying 

d(S£, Tp) < ai[d(£, Trj) + d(p,S£)\ + a 2 [d(r],Trj) + d{£,S£)] + a 3 d(£,p) 
+a 4 [d(^, S£) + d(£, Trj)] + a 5 [d(f , p) + d(r 7 , Tp)} 

for all £, p e X , where a 4 , a 2 , a 3 , a 4 , a 5 > 0 and 0 < 4ai+2a 2 +a 3 +3a 4 +2a 5 < 
1, then S and T have a unique common fixed point. 

If a 4 = 05 = 0 and S = T, then Corollary 2.2 reduces to the following 
result obtained by Isufati [ 6 ]. 

Corollary 2.3 Let (X, d) be a complete dislocated metric space. IfT : X — > 
X is a continuous self mapping satisfying 

d(T£,Tr 7 ) < ai[d(£,Tr]) + d(p,T£)] + a 2 [d(p,Tp) + d(f,Tf)] + a 3 dffpi 7 ) 

for all £, 77 G X, where a 4 , a 2 , a 3 > 0 and 0 < 4o 4 + 2 a 2 + a 3 < 1, i/ien T has 
a unique fixed point. 
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Letting a 4 = a 5 = 0 in Theorem 2.1, we get the following result reported 
by Panthi and Jha [11]. 

Corollary 2.4 Let(X,d) be a complete dislocated metric space. If A, B, S,T : 
X — > X are continuous self mappings satisfying the conditions: 

(i) T(X) C A(X) and S(X) C B(X); 

(ii) the pairs (S,A) and (' T,B ) are weakly compatible ; 

(in) d,(Sf,Ti ]) < ai[d(A£,Tr]) + d(Bi],Sf)} + a 2 [d(Bg, Tig) + d(A£,Sf)} + 
a^dfAj, Brj) for all £, rj e X , where a 4 , a 2 , 03 > 0 and 0 < 4 a 4 + 2a 2 + 03 < 1, 
then A, B, S, and T have a unique common fixed point. 

Remark 2.5 Our results improve those obtained by Aage and Salunke [1, 2], 
Jha and Panthi [7], Jha et al. [8], Rao and Rangaswamy [12], and Shrivas- 
tava et al. [If]. 

3 Further results without any continuity re- 
quirement 

In this section, we prove some fixed point theorems without any continuity 
requirement in d- metric spaces. 

Theorem 3.1 Let (X, d) be a complete dislocated metric space. Suppose that 
A, B, S,T : X — > X are self mappings satisfying the conditions: 

(i) T(X) C A(X) and S(X ) C B(X); 

(ii) the pairs (S,A) and (T,B) are weakly compatible; 

(in) d(Sf,Tg) < ai[d(A£,Ti]) + d(Btj,Sf)} + a 2 [d(Bg, Tg) + d(A£,Sf)} + 
a^d(Aj, Bg) + a 4 [d(A£, Sf) + d(Af, Trj)] + a 5 [d(A£, Brj) + d(Brj , Trjj] for all 
£, rj G X , where a 4 , a 2 , a 3 , a 4 , a 5 > 0 and 0 < 4a 1 + 2 a 2 + a 3 + 3a 4 + 2a 5 < 1, 
then A, B, S, and T have a unique common fixed point. 

Proof. Let £0 £ X be arbitrary. Choose C e X such that Bf 4 = Sfo- 
Again, choose f 2 £ X such that A£ 2 = Tf 4 . Continuing this process, choose 
in e A such that Sf 2n = Bf 2n+1 and Tj 2n+X = Aj 2n + 2 for n = 0, 1, 2 , . . .. To 
simplify, we consider the sequence {77^} which is defined by r/ 2n := Sf 2n and 
r/ 2n+ 1 := Tf 2n+ i for n = 0,1,2,.... Next, we claim that {rj n } is a Cauchy 
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sequence. Indeed, for n > 1 , we have 

d{j]2ni ^]2n+l) d(S^2m T^n+l) 

< ai [d(A^ n ,T^ n+1 ) + d(B^2n+l, S&n)] 

+a,2[d(A^2m S&n) + d(B£ 2 n+li ^2n+l)] 

-\-a^d{A^2ni B&n+l) + 0 4 [d(A£2n, S^2n) + d(A^2n, T^n+l)] 
+a5[d(A^2n) 5^2?i+l) + d(S^2n+l) ^2n+l)] 

< ai [d(l72n-l, h2n+l) + d(^ 2 n, 7?2n)] 

+a 2 [rf(r/2n-l, V 2 n) + d{r) 2 n, V 2 n+l)} 

+a 3 d(r] 2 n-l, rj 2 n) + r} 2 n) + d(r] 2 n-l, V 2 n+l)] 

+ a b[d(r]2n-li r l2n) + ^(^2n> h2n+l)] 

< 01 [d(?72r ) .-l, h2n) + d(r) 2n, V2n+l) 

+d(r] 2m V2n+l) + d(rj2 n +l, T)2 In)] 

+02[^(^2n-l) V2n) + d(l] 2ni V2n+l)\ + a 3^(^2n-l) V2n) 
+a 4 [d(rj 2 n-i,ri 2 n) + d(r) 2n - 1 , V 2 n) + d(rj 2n , V 2 n+i)] 
+0'5[d(V2n-l, V2n) + d(r) 2ni V2n+l)\ 

= (a 4 + 02 + 03 + 2 o 4 + Cl^d^n-i, r) 2 n) 

+ (3ai + 02 + 04 + 05 )d(? 72 n, ^ 2 n+l)- 

Hence, we conclude that 


d(r)2n,V2n+i) < hd(r) 2n -i , V2n) , 


where 


h 


d\ + 02 + 03 + 2a 4 + 0 5 .q 

1 — ( 3 a 4 + 02 + o 4 + 05) 


This implies that {r/ n } is a Cauchy sequence in A. Then, by Remark 1 . 10 , 
{ S <^2n } ; {^ 6 n+i}, {T£ 2 n + 1}, and {A^n+2} are also Cauchy sequences. As- 
sume that S £ is a complete subspace of X, the sequence {S^n} converges to 
some Sa such that a G X. So, {r/ n }, {R^n+i}, {T'&n+i}, and {A£ 2n + 2} also 
converge to 5 a. Since 5 A C HA, there exists tx v G X such that Sa = Bv. 
We show that Bv = Tv. In fact, we have 


d(S^2n,Tv) < ai[d{A^2n,Tv) + d(Bv,S^2n)] 

+a2[d(A^2n; S^n) + d(Bv , Tv)] 

+a 3 d(A^2n, Bv) + a 4 [d(A^2n, 5 £ 2 n) + d(A^2n, Tv)] 
+a 5 [d(A^2n, Bv) + d(Bv, Tv)]. 
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Letting n — > oo, we get 

d(Bv,Tv) < ai[d(Bv,Tv) + d(Bv, Bv)} + a 2 [d{Bv, Bv) + d(Bv,Tv)] 
+a 3 d(Bv, Bv) + a 4 [d(i?u, Bv) + d(Bv , Tv)] 

+a^[d(Bv, Bv) + d(Bv , Tv)] 

(o 4 T o 2 T o 3 u 4 T a 5 )d(Bv, Bv) 

T(oi ~f" 0-2 ~\~ c ?'4 “l - a 5 )d(Bv, Tv) 

< (3ai + 3a 2 + 2a 3 + 3a 4 + 3as )d(Bv, Tv). 

Therefore, d{Bv,Tv) = 0, which implies that Tv = Bv. Since TX C AX, 
there exists a u G X such that Tv = Au. We show that Su = Au. Indeed, 
we have 

d(Su,Au) = d{Su,Tv) 

< a\[d{Au, Tv) + d(Bv, Sm)] + a 2 [d(AM, Su) + d(Bv , Tv)] 
+a 3 d(Au, Bv) + a 4 [d(Au, Su) + d(Au, Tv)] 

+a 5 [d(Au, Bv) + d(Bv , Tv)] 

< a\[d(Au, Au) + d(Au, Su,)] + a 2 [d(Au, Su) + d{Au , Au)] 
+a 3 d(Au, Au) + a 4 [d(Au, Su) + d(Au, Au)] 

+as[d(Au, Au) + d(Au, Am)] 

< a 4 [d{Au, Su) + d(Su, Au) + d{Au , S'u)] 

+a 2 [d(Au, Su) + d{Au, Su) + d(Su, Am)] 

+a 3 [d(Au, Su) + d(Su, Au)] 

+a 4 [d(Au, Su) + d(Au, Su) + d(Su, Am)] 

+a 5 [d(Au, Su) + d(Su, Au) + d(Au, Su) + d(Su, Au)] 

— (3a 4 T 3a 2 T 2o 3 T 3o 4 T 4o5)d(AM, Su). 

Hence, d(Su,Au) = 0, which yields Am = Su, and so Bv = Tv = Au = 
Su. By virtue of the fact that (S, A) are weakly compatible, we deduce 
that ASu = SAu, which yields AAu = ASu = SAu = SSu. The weak 
compatibility of B and T implies that BTv = TBv, from which it follows 
that BBv = BTv = TBv = TTv. Let us show that Bv is a fixed point of T. 
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In fact, we have 

d(Bv, TBv) = d(Su,TBv ) 

< ai[d(Au,TBv) + d(BBv, Su)] 

+a 2 [d(Au, Su) + d(BBv , TBv)] 

+a 3 d(Au, BBv) + a 4 [d(Au, Su) + d(Au, TBv)] 
-\-a 3 [d{Au, BBv) + d(BBv,TBv )] 

< a\ [d(Bv, T Bv) + d(T Bv, Bv)] 

+a 2 [d(Bv, Bv) + d(TBv , TBv)] 

+a 3 d(Bv, TBv) + a 4 [d(Bn, Bv) + d(Bv, TBv)] 
+a, 5 [d(Bv,TBv) + d(TBv, TBv)] 

< 2 aid(Bv, TBv) + a 2 [d(Bv, TBv) + d(TBv, Bv) 
+d(TBv, Bv) + d(Bv,TBv )] + a 3 d(Bv, TBv) 
+a 4 [d(Bv,TBv) + d(TBv, Bv) + d(Bv, TBv)] 
+a 5 [d(Bv,TBv) + d(TBv, Bv) + d(Bv, TBv)] 

— (2 d\ T 4ci 2 T c . 3 -|- 3a 4 H - 3a§)d(Bv ,T Bv) , 

which yields d(Bv,TBv) = 0, and so TBv = Bv. Therefore, Bn is a fixed 
point of T. It follows that BBv = TBv = Bv, which implies that Bv is also 
a fixed point of B. On the other hand, we get 

d{SBv, Bv) = d{SBv, TBv) 

< ai[d(ABv,TBv) + d(BBv , SBv)] + a 2 [d{ABv , SBv) 
+d(BBv, TBv)] + a 3 d(ABv, BBv) + a^[d{ABv, SBv) 
+d(ABv,TBv )] + a$[d(ABv, BBv) + d(BBv,TBv)] 

< ai[d(Bv, Bv) + d(Bv, SBv)] + a 2 [d(SBv, Bv) 

+d(Bv, SBv)] + a 3 d(Bv , Bv) + a 4 [d(Bn, Bv) 

+d(Bv, Bv)] + aa[d(Bv, Bv) + d(Bv , Bn)] 

< ai[d(Bn, BBn) + d(SBv , Bv) + d(Bv, SBv)] 

+a 2 [d(S Bv , -Bn) + d(Bv , BBn)] + a 3 [d(Bn, BBn) 
+d(BBn, Bn)] + a 4 [d(Bn, BBn) + d(SBv , Bv) 

+d(Bv , BBn) + d{SBv , Bn)] + a 5 [d(Bn, BBn) 

+d(BBn, Bn) + d(Bv , BBn) + d{SBv , Bn)] 

— (3a 4 T 2a 2 T 203 T 4o 4 T 4 ct 5 )d(BBn, Bv), 
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which implies that d(Bv, SBv) = 0, and hence SBv = Bv. Therefore, Bv is 
a fixed point of S. It follows that ABv = SBv = Bv, which shows that Bv 
is also a fixed point of A. Then Bv is a common fixed point of A, B, S, and 
T. 

Uniqueness. Let w,u G X be two fixed points such that Aw = Bw = 
Sw = Tw and Au = Bu = Su = Tu. If d(w, u) ^ 0, then 

d(w,u) = d(Sw,Tu ) 

< ai[d(Aw, Tu) + d(Bu, S'w)] + a 2 [d(Bu, Tu) + d(Aw, S'w)] 

+ 03 d(Aw, Bu) + a^dfAw, Sw) + d(Aw, Tu)} 

+a^[d(Aw, Bu) + d(Bu, Tu)} 

= ai[d{w, u) + d[u, w)] + a 2 [d{u, u) + d{w, w)] + a 3 d{w, u) 
+a<i[d(w, w) + d[w, u)} + a§[d{w, u) + d[u , «)] 

+ ( 2 + 4q , 2 + 03 + 3a 4 + 3cLx,)d(w , u), 

which is a contradiction. Hence, d{v, u) = 0, which implies that v = u. The 
proof is complete. □ 

Remark 3.2 One can derive from Theorem 3.1 a number of fixed point the- 
orems for self mappings A, B, S, and T. For example, we have the following 
result by letting a 4 = a 5 = 0. 

Corollary 3.3 Let(X,d) be a complete dislocated metric space. If A, B , S,T : 
X — > X are self mappings satisfying the conditions: 

(i) T(X) C A(X) and S(X) C B(X); 

(ii) the pairs ( S,A ) and ( T,B ) are weakly compatible; 

(in) d(Sf,Tg) < ai[d(A^,Ti]) + d(Br],S£)} + a 2 [d(Bg, Tg) + d(A£,Sf)} + 
a^dfA^, Big) for all £, rj e X , where a.\,a 2 , a 3 > 0 and 0 < 4a 4 + 2 a 2 + a 3 < 1, 
then A, B, S, arid T have a unique common fixed point. 

Remark 3.4 Our results generalize, extend, and improve those obtained by 
Bennani et al. [5]. 

4 Examples 

The following examples illustrate theoretical results obtained in the previous 
sections. 
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Example 4.1 Assume that X = [0,1], d is a usual metric, and define the 
mappings A, B, S, and T by 

M = Z, = ^ Si = 0 , and 


Let 






and a .5 


1 

34 


Then A, B, S, and T satisfy all assumptions of Theorem 2.1. As a matter 
of fact, 0 E X is the unique common fixed point of the mappings A, B, S, 
and T. 


Example 4.2 Let X = [0, 1], d(£,r 7 ) = |£| + \r]\, and define the mappings A, 
B, S, and T by 


Af = f, Bf = f, Sf - 0. and Tf 


i 

6 ' 


Set 





and a .5 


1 

40' 


Then A, B, S, and T satisfy all assumptions of Theorem 3.1. In fact, 0 G X 
is the unique common fixed point of the mappings A, B, S , and T. 
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QUADRATIC //-FUNCTIONAL INEQUALITIES IN NON-ARCHIMEDEAN 

BANACH SPACES 

SUNGSIK YUN 


Abstract. In this paper, we solve the quadratic //-functional inequalities 

II f(x + y) + f(x -y)~ 2 f(x) - 2f(y)\\ 

'x + y 
2 

where p is a fixed non- Archimedean number with |p| < |2|, and 

' x + y 


< 


P ( 4/ 


+ f(x-y)~ 2 f(x) - 2/(2/) 


4/ — + / ( x - y) - 2 f( x ) - 2 f(y) 


< II p(f(x + y) + f{x -y)- 2/Or) - 2f(y))\\, 


( 0 . 1 ) 


( 0 . 2 ) 


where p is a fixed non- Archimedean number with \p\ < 1. 

Furthermore, we prove the Hyers-Ulam stability of the quadratic p-functional inequalities 
(0.1) and (0.2) in non- Archimedean Banach spaces. 


1. Introduction and preliminaries 

A valuation is a function | ■ | from a field K into [0, oo) such that 0 is the unique element 
having the 0 valuation, \r,s\ = |r| • s and the triangle inequality holds, i.e., 

|r + s\ < |r| + |s|, Vr, s G K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of M and 
C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. 
If the triangle inequality is replaced by 

|r + s\ < max{|r|, |s|}, Vr, s G K, 

then the function | • | is called a non- Archimedean valuation, and the field is called a non- 
Archimedean field. Clearly 1 1 1 = | — 1 1 = 1 and |n| < 1 for all n G N. A trivial example of 
a non- Archimedean valuation is the function | • | taking everything except for 0 into 1 and 
| 0 | = 0 . 

Throughout this paper, we assume that the base field is a non-Archimedean field, hence 
call it simply a field. 

Definition 1.1. ([8]) Let X be a vector space over a field K with a non-Archimedean 
valuation | • |. A function || • || : X — >■ [0, oo) is said to be a non-Archimedean norm , if it 
satisfies the following conditions: 

(i) ||a;|| = 0 if and only if x = 0; 

(ii) ||rx|| = | r 1 1 1 ar 1 1 (r G K,x G A); 

2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 
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S. YUN 


(iii) the strong triangle inequality 

11^ + y\\ < max{||z||, \\y\\}, Vx,y e X 
holds. Then (. X , || • ||) is called a non- Archimedean normed space. 

Definition 1.2. (i) Let {a: n } be a sequence in a non-Archimedean normed space X. Then 
the sequence {, x n } is called Cauchy if for a given e > 0 there is a positive integer N such that 

1 1 X n X m || Ci & 

for all n,m > N. 

(ii) Let {x n } be a sequence in a non-Archimedean normed space X. Then the sequence 
{. x n } is called convergent if for a given e > 0 there are a positive integer N and an x G X 
such that 

ll^n — x|| < s 

for all n > N . Then we call x e X a limit of the sequence {a: n }, and denote by lim^oo x n = x. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X 
is called a non-Archimedean Banach space. 

The stability problem of functional equations originated from a question of Ulam [18] con- 
cerning the stability of group homomorphisms. The functional equation f(x+y) = f{x)+f(y) 
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to 
be an additive mapping. Hyers [7] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings 
and by Rassias [11] for linear mappings by considering an unbounded Cauchy difference. 
A generalization of the Rassias theorem was obtained by Gavruta [6] by replacing the un- 
bounded Cauchy difference by a general control function in the spirit of Rassias’ approach. 

The functional equation / = |/(x) + \f{y) is called the Jensen equation. 

The functional equation f(x+y)+f(x—y) = 2f(x)+2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [17] 
for mappings / : E\ — >• i?2, where E\ is a normed space and E 2 is a Banach space. Cholewa 
[5] noticed that the theorem of Skof is still true if the relevant domain Ei is replaced by an 

Abelian group. The functional equation 2/ + 2 = f(x) + f(y) is called a Jensen 

type quadratic equation. The stability problems of various functional equations have been 
extensively investigated by a number of authors (see [1, 3, 4, 9, 10, 12, 13, 14, 15, 16, 19, 20]). 

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.1) in non-Archimedean Banach spaces. 

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.2) in non-Archimedean Banach spaces. 

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is 
a non-Archimedean Banach space. Let |2| 7^ 1. 

2. Quadratic p-functional inequality (0.1) in non-Archimedean normed 

spaces 

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |2|. 
In this section, we solve the quadratic p-functional inequality (0.1) in non-Archimedean 
normed spaces. 
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QUADRATIC p-FUNCTIONAL INEQUALITIES 
Lemma 2.1. If a mapping f : G —>Y satisfies 

II f(x + y)+ f(x - y) - 2/0) - 2/0)|| (2.1) 

< P (*f ^ + / {x - y) - 2/0) - 2/0)) 

for all x,y E G, then f : G —$■ Y is quadratic. 

Proof. Assume that / : G — » Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get ||2/(0)|| < |p|||/(0)||. So /( 0) = 0. 

Letting y — x in (2.1), we get \\f(2x) — 4/(x)|| < 0 and so /( 2x) = 4 f(x) for all x E G. 

Thus 

01) = i (2 - 2) 

for all x E G. 

It follows from (2.1) and (2.2) that 

11/0 + y) + /(® - y) - 2/0) - 2/0)11 

< P ( 4 / (^y^) + / 0 - J/) - 2/0) - 2/0)) 

= |p|||/(a; + J/) + /(a:-y) -2/0) — 2/0)|| 

and so 

/0 + 0 + /0 - y ) = 2/0) + 2/0) 

for all ,x, y E G. □ 

Now, we prove the Hyers-Ulam stability of the quadratic p- functional inequality (2.1) in 
non- Archimedean Banach spaces. 

Theorem 2.2. Let r < 2 and 6 be nonnegative real numbers and let f : X — y Y be a mapping 
satisfying 

11/0 + 0 + f(x-y) -2/0) -2/0)|| < P ( 4 / (^y^) + / 0 - - 2 /0) - 2/0)) 

+ 0(IM| r + Nn (2-3) 

for all x,y E X . Then there exists a unique quadratic mapping Q : X — > Y such that 

\\f(x) -Q(x)\\ < ^ r 9\\x\\ r (2.4) 

for all x E X . 

Proof. Letting x = y = 0 in (2.3), we get ||/(0)|| < |p|||2/(0)||. So /( 0) = 0. 

Letting y — x in (2.3), we get 

11/(2®) - 4/0)|| <20||x|| r (2.5) 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (2.6) that the 
sequence (4 n /(^)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{4 n f (■§:)} converges. So one can define the mapping Q : X — > Y by 

Q(x ) := lim 4 n /( — ) 

v ' n->oo J K 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (2.6), we get (2.4). 

It follows from (2.3) that 


II Q(x + y) + Q(x - y) - 2 Q(x) - 2Q(y)\\ 


= lim |4| r 


/ 


x + y 


+ f 


x-y 


- 2 / 


- 2 / 


< lim |4| n |p| 


4/ 


x + y 
2 n+1 


+ / ( 


x -y 

2 n 


2 / 


x 

2 n 


y 

2 n 

2 / 


+ lim !^(||x|r + ||y|| 

n— >oo 2 \ nr K 


= \P\ 


4 Q 


x + y 


+ Q(x ~ y) - 2 Q(x) - 2 Q(y) 


for all x, y G X. So 

II Q(x + y) + Q(x -y)- 2Q(x) - 2Q(y)\\ < 


P [ 4Q 


x + y 


+ Q(x - y) - 2Q(x) - 2Q(y) 


for all a:,|/Gl. By Lemma 2.1, the mapping h : X — » y is quadratic. 

Now, let T : X Y be another quadratic mapping satisfying (2.4). Then we have 


||Q(x) -T(x)\\ = 
< max 


x 


4^ - — 4 9 T ( — 


x 


2i 


4 9 Q Lr -4V - 


2« 

x 


29 


X 


29 


4 9 T - -4 «/ - 


x 


29 


< 


|2|(r-2)g+i 


;^lkir, 


which tends to zero as q — » oo for all x G A". So we can conclude that Q(x) = T(x) for 
all x G X. This proves the uniqueness of Q. Thus the mapping Q : X — » F is a unique 
quadratic mapping satisfying (2.4). □ 


Theorem 2.3. Let r > 2 and 9 be positive real numbers, and let f : X — y Y be a mapping 
satisfying (2.3). Then there exists a unique quadratic mapping Q : X — >• Y such that 

||/(x)-Q(x)||<^||x|r 

for all x G X. 
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Proof. It follows from (2.5) that 

f( x ) - \f( 2x ) <^MI r 

for all x E X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


3. Quadratic p-functional inequality (0.2) 

Throughout this section, assume that p is a fixed non- Archimedean number with |p| < 1. 
In this section, we solve the quadratic p-functional inequality (0.2) in non-Archimedean 
norrned spaces. 

Lemma 3.1. If a mapping f : G —>Y satisfies 

4/ + / (^ - 1/) - 2 /(^) - 2/(l/) (3-1) 

< II p(f(x + y) + f(x -y)~ 2 f(x) - 2f(y))\\ 
for all x,y E G, then f : G —>Y is quadratic. 

Proof. Assume that / : G — > Y satisfies (3.1). 

Letting x = y = 0 in (3.1), we get ||/(0)|| < |p|||2/(0)||. So /( 0) = 0. 

Letting y — 0 in (3.1), we get 4/ — f(x) < 0 and so 

4/ (|) = f( x ) (3.2) 

for all x E G. 

It follows from (3.1) and (3.2) that 

II fix + y) + f(x y) ~ 2 f(x) - 2/(y/) || 

= (^y^) + f ( x ~ y) ~ 2 /(ai) - 2f(y) 

< \p\\\f(x + y) + f(x-y) ~2 f(x) — 2f(y)\\ 

and so 

f(x + y) + f(x - y) = 2 f(x) + 2 f(y) 

for all x,y E G. □ 

Now, we prove the Hyers-Ulam stability of the quadratic p-functional inequality (3.1) in 
non-Archimedean Banach spaces. 

Theorem 3.2. Let r < 2 and 9 be nonnegative real numbers, and let f : X — > Y be a 
mapping satisfying 

4/ ("?) +f( x ~y)- 2 f( x ) ~ 2 f(y) - \\p(f( x +y) + f( x -y)- 2 f( x )- 2 f(y))\\ 

+ <?(iwr+iiyin ( 3 . 3 ) 

for all x,y E X . Then there exists a unique quadratic mapping Q : X — > Y such that 


for all x E X. 


II S(x) -QWII < o\\x 


(3.4) 
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Proof. Letting x = y = 0 in (3.3), we get ||2/(0)|| < |p|||/(0)||. So /( 0) = 0. 
Letting y — 0 in (3.3), we get 


4/ ( 5 ) - /M 


< 9\\x\ 


for all x G X. So 




x 


4 m f ( — ) 

\2 m J 


(3.5) 

(3.6) 


< max 


4 7 


4 l+1 f 


= max||4| i /(^)-4/ 
r | 4 |J | 4 | m -i 


x 

2*+i 


<m-l 


< max 


1 2 1 rl ’ ’ |2| r ( m— 1) 


2 1+i 


, . - - , I4I"*- 1 

e 


f ( 2 ^ 1 ) - 4 ”V 


2 m 


|2|4-2); 


X 


for all nonnegative integers m and l with m > l and all x G X. It follows from (3.6) that the 
sequence {4 n /( Jr)} is a Cauchy sequence for all x G A". Since Y is complete, the sequence 
{4 n /(|r)} converges. So one can define the mapping Q : AT — >■ Y by 




Q (x) := lim 4 n /( — ) 

> n^oo J y 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > 00 in (3.6), we get (3.4). 
The rest of the proof is similar to the proof of Theorem 2.2. □ 


Theorem 3.3. Let r > 2 and 6 be positive real numbers, and let f : X — y Y be a mapping 
satisfying (3.3). Then there exists a unique quadratic mapping Q : X — > Y such that 

ll/W-QWIIsY^W (3.7) 

for all x G X. 

Proof. It follows from (3.5) that 


f(x) ~ |/( 2x) 


\2\ r 9 

< 4A— | fr 


|4| 


for all x G X. Hence 


j/( 27) - A/( 2"x) 


2 max {|f/( 2i d-i^i C 2 ' +1 d 


= max 


< max 


|4|* 

|2| r/ 


/ (2 l x) - -f (2 l+1 x) 


4* 

1 2 1 r(m— 1) 


4m- J 

1 


|4| 


m— 1 


I / (2 m_1 x) - -/ (2™*) 

/ ( 2 ™-^) 


4 / (2 m 7i) 


1 4 P+1 ’ ’ |4|(m-l)+l 


i 2 r«wr = ]2jlS?5ii='i 


(3.8) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (3.8) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
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{ ^/( 2 n x)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim — /( 2 n x) 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.8), we get (3.7). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 
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Abstract 

We introduce a new inversion free variant of the basic fixed point iteration method for obtaining a 
maximal positive definite solution of the nonlinear matrix equation X + A*X~ 1 A = I with A normal. 
It has fewer operations and matrix-matrix multiplications than the existing algorithms. We derive con- 
vergence conditions for the iteration and some numerical results to illustrate the behavior of the new 
algorithm. 

AMS classification: 15A24; 65F10; 65F35 

Key words: Nonlinear matrix equation; Hermitian positive definite solution; Fixed point iteration 
method; Convergence rate. 


1 Introduction 

Consider the nonlinear matrix equation 

A + A*X~ x A = I, (1.1) 

where A is ail n x n complex normal matrix and / the identity matrix. Here A* stands for the conjugate 
transpose of A. 

Nonlinear matrix equation (1.1) has many applications. It often arises in control theory, dynamic pro- 
gramming, ladder networks, stochastic filtering, statistics, and etc.; see [1,3-11,14-23] and the references 
therein. It is well known that A is a solution of (1.1) if and only if it solves 

X = I — A* (I — A*X~ 1 A)~ 1 A. 

Assuming that A is invertible, we can write the above equation as 

A = F*(R + X~ 1 )~ 1 F + J, 

where F = A~* A and R = —A~*A~ 1 . This is a special case of the discrete algebraic Riccati equation 

A - F*(R + X~ 1 )~ 1 F -1 = 0, 

*E-mail address: gzzdm2008ai63.com. 
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where 1 = 1* and R = R* is invertible. For more details about the discrete algebraic Riccati equation, we 
refer to [2, 13]. 

In [17], Zhan proposed the following inversion free iteration 

f X n+1 = I - A*Y n A , 

Ml : + 

1 Y n+ 1 = Y n (2I - X n Y n ), 


starting from Xq = Yq = I. 

In [11], Guo and Lancaster proposed the following inversion free iteration 


Y n+1 =Y n (2I-X n Y n ), 
X n+1 = 1- A*Y n+1 A , 


starting from X 0 = Y 0 = I. 

When A is a nonsingular matrix, Monsalve and Raydan proposed in [16] the following inversion free 
iteration 

f X 0 = AA*, 

M3: l 

\ X n+1 = 2X n - X n A~*(I - X n )A~ x X n , n = 0, 1, . . . 

to solve the minimal solution. The maximal solution of (1.1) can be obtained through X + = I — Y_, where 
F_ is the minimal solution of the dual equation Y + AY~ 1 A* = I. M3 generates a Hermitian sequence of 
X n . The implementation of iteration M3 involves three matrix- matrix multiplications per iteration and the 
inverse operation of A at the beginning only. 

In [8], El-Sayed and Al-Dbiban proposed an algorithm that avoids the matrix inversion for every iteration, 
called an inversion free variant of the basic fixed point iteration. 


Y n+ 1 = (/ - X n )Y n + /, 
X n+ \ = 1- A*Y n+l A, 


starting from X 0 = Y 0 = I. 

It is important to notice that Ml and M2 generate a Hermitian sequence and require four matrix-matrix 
multiplications per iteration, while M4 requires three matrix-matrix multiplications per iteration but does 
not generate a Hermitian sequence. If A is a normal matrix, we will prove that M4 generates a Hermitian 
sequence. And we propose the following algorithm. 


M 5 : 


Y 0 = I, 

Y n+1 = (AY n )*(AY n )+I, n = 0,1,.... 


The algorithm indicated by M5 is an inverse-free iterative method. Notice that it only requires to compute 
X = I — A*Y A at the end of the process, and only needs two matrix-matrix multiplications per iteration. 
Therefore it is clearly inexpensive. By an inductive argument, it is also worth noticing that in M5, Y n is a 
Hermitian matrix for all n. 

The following notations will be used throughout the paper. Let C nxn be the set of nxn complex matrices. 
The notation B > 0 (B > 0) means that B is a Hermitian positive semi-definite (definite) matrix. Moreover, 
B > C(B > C) is used as a different notation for B — C > 0(B — C > 0). This induces a partial ordering on 
the Hermitian matrices. The symbols p{A) and ||A|| denote the spectral radius and the spectral norm of a 
square matrix A, respectively. 


2 Conditions for the Existence of Solutions 

The following lemmas are needed for our purpose. 

Lemma 2.1. For Algorithm if A is normal, then 

AX n = X n A, AY n = Y n A , 
A*X n = X n A*, A*Y n = Y n A* 

for n = 0,1,.... 
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Proof. Since Y 1 = Y 0 = Xq = /, 


AY 0 = Y 0 A , AY\ = Y-\A, AA 0 = A 0 A. 


Because 

X 1 =I- A*Y ± A = 1 - A* A, 

Y 2 = (I- X 1 )Y 1 + 1 = A* A + I, 

and AA* = A* A, 

AY 2 = A(A*A + I) = (A* A + 1) A = Y 2 A. 

That is, AY n = Y n A is true for n=0, 1, 2. So, assume that AY n = Y n A is true for n = k. Now we prove that 
AY n = Y n A when n = k + 1. In fact 

AY k+1 = A((I - X k )Y k + I) = AA*Y k AY k + A = Y k+1 A. 

This completes the induction for n = k + 1. Therefore, 

AY n = Y n A 


for n = 0, 1, 2, We also have 

VlX n+1 = A(I - A*Y n+1 A) = A- A*Y n+1 AA + A = X n+1 A 

for n = 1,2,.. .. The proof of A*X n = X n A* and A*Y n = Y n A* are similar to that of AX n = X n A and 
AY n = Y n A , respectively. □ 

Lemma 2.2. If A is normal, then Algorithm Mf generates a Hermitian sequence. 

Proof. Since Y\ = Yq = Xq = /, Y\, Yq, and X$ are Hermitian. Assume that Y n is Hermitian for n = k. 
Then 

Y k * + 1 = ((/ - X k )Y k + /)* = ( A*Y k AY k + /)* = Y k A*Y k A + I. 

If A is a normal matrix, then according to Lemma 2.1, 

Y k * +1 = A*Y k AY k +1 = Y k+1 . 

This completes the induction for n = k + 1. Since X n = I — A*Y n A, 

X* = I — A*Y*A = I - A*Y n A = X n 

for n = 1,2,.... This completes the proof. □ 

Lemma 2.3. For Algorithm Mf, if A is normal , then {X n ,Y n , X n+ i,Y n+ i} is a commuting family, n = 
0,1,2,.... 

Proof. Since Y\ =Y {} = Xq = /, X\ = I— A* A, it is easy to check that {A' 0 , Yq, X\, Yi} is a commuting family. 
Now we prove that {X n , Y n , X n+ \, Y n+ 1 } is a commuting family for n = 1,2, Since X n = I — A*Y n A, 

Y n+1 = (I - X n )Y n + 1 = A*Y n AY n + I. 

According to Lemma 2.1, 

Y n+1 Y n = (A*Y n AY n + I)Y n 
= A*Y n AY n Y n + Y n 

= Y n A*Y n AY n +Y n ( ' } 

YvX TI + 1 7 
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and 

Y n+1 X n+1 = Y n+ i(I - A*Y n+1 A) 

= Y n+1 - Y n+1 A*Y n+1 A 
= Y n+1 - A*Y n+1 AY n+1 
= An+iin+i- 

This implies that Y n X n = X n Y n for n = 1,2,.. .. From (2.1) and Lemma 2.1, 

Y n+1 X n =Y n+1 (I - A*Y n A) 

= Y n+1 - Y n+1 A*Y n A 
= Y n+1 - A*Y n AY n+1 
— X n Y n + 1, 

and 

X n+1 Y n = (I - A*Y n+1 A)Y n 
= Y n - A*Y n+1 AY n 
= Y n - Y n A*Y n+1 A 
= Y n X n + 1 . 

It follows from (2.2) and Lemma 2.1 that 

X n+1 X n = (/ - A*Y n+1 A)X n 
= X n - A*Y n+1 AX n 
= X n - X n A*Y n+1 A 

— X n X n +i . 

This completes the proof. 

Lemma 2.4. If0<M<N,0<P<Q, and {M, N, P , Q} is a commuting family, then 

MP < NQ. 

Proof. Since M, N, P, Q are positive definite matrices, and {M, N , P, Q} is a commuting family. By Theorem 

2.5.5 in [12], there is a unitary U such that 

U* MU = A, U*NU = ft, U*PU = S, U* MU = T, 


( 2 . 2 ) 


where A, ft, S, and T are diagonal. Since M, N, P, Q are positive definite matrices, A, ft, S, and T are 
positive diagonal matrices. Because {M, N, P, Q} is a commuting family, 

MP = UAYU = UA^YA^U = PHlP s < P^NP^ = N^PN^. (2.3) 


Since 0 < P < Q, 


Combining (2.3) and (2.4), we have 
This completes the proof. 


N^PNi <NiQNz =NQ. 
MP < NQ. 


(2.4) 


□ 


Now, we prove that the sequence {X n } in Algorithm M4 is monotone decreasing and converges to the 
maximal solution X + , and the sequence {Y n } in Algorithm M4 is monotone increasing and converges to XT 1 . 

Theorem 2.5. Let A be normal. If the nonlinear matrix equation (1.1) has a positive definite solution, and 
the two sequences {X n } and {Y n } are determined by Algorithm Mf, then {X n } is monotone decreasing and 
converges to the maximal solution X + , and {Y n } is monotone increasing and converges to Xf 1 . 
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Proof. We will prove that 
and 

Since X + is a solution of (1.1), i.e., 

X 0 = I >X + and I < X+ 1 . Also 
and 

X\ = I — A* A > 7 - A*X+ 1 A = X+, 

i.e., I = X 0 >X i > X+. 

For the sequence {Y n } we have Y 0 = Y 1 = I, and since / < Xf 1 , then Y 0 = Y t < X+ 1 . From Lemmas 
2.3 and 2.4, on the one hand, 


I = X 0 > X 1 > ■ ■ ■ > x n > x + 
I = Y 0 <Y [ <■■■ < Y n < Xf 1 . 
X+ = I - A*X+ x A, 

A, = / - A* A <I = X 0 


on the other hand 


i.e., Y 0 = Y 1 <Y 2 < Xf 1 . 


Y 2 = (I- X,)y, + I = A* A + I > I = Yi = Y 0 


Y 2 = (I- XJYi +/<(/- X+)X + 1 + I = X- 1 , 


Assume that the above inequalities are true for n = k, i.e., 

/ = X 0 > X 1 > ■ ■ ■ > x k > x + 


(2.5) 


and 

/ = y 0 <yi<---<y fc <^+ 1 . ( 2 . 6 ) 

Now we prove inequalities for n = k + 1. From (2.5) and (2.6), the sequences {X n } and {Y n } are Hermitian 
positive definite for * = 0, 1, . . . , k. According to Algorithm M4, Lemmas 2.3 and 2.4, (2.5), and (2.6), we get 

Y k+ i = (J - X k )Y k + />(/- X k _ x )Y k _ x +I = Y k , 

Y k+1 = (7 - X k )Y k + /<(/- X + )X^ +1 = X~\ 

i.e., Y k < Y k+ 1 < X+ 1 . Concerning the sequence {X n }, we have 

X k - X k+1 = A*(Y k+1 - Y k )A 

since Y k+ 1 > Y k . Hence X k > X k+ i. Therefore, 

X fc+1 = /- A*Y k+1 A > I - A* X^ 1 A = X +l 

he-; X k > X k+1 < X + . 

This completes the induction for n = k + 1. Thus, 

I = X 0 >X i> ->X n >X+ 


and 

7 = y 0 < Y 1 < ■ ■ ■ < Y n < Xf 1 

are true for all n. Therefore, These are convergent sequences, i.e., lim X n and lim Y n exist. Taking limit 

n—>o o n—¥ oo 

in Algorithm M4 leads to Y — X~ l and X = I — A*X~ Y A. Moreover, as each X n > X + and Y n < Xf 1 , 
then X = X + and Y = Xf 1 , respectively. This completes the proof. □ 
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According to Theorem 2.5, we know that the sequence { Y n } determined by Algorithm M4 is monotone 
increasing and converges to XL . From Lemmas 2.1 and 2.3, if A is normal, then { A , Y n , Y n+ 1 } is a commuting 
family, n = 0, 1, 2, . . .. So we can amend Algorithm M4 and obtain the following algorithm. 

M5 • / y ° = 

' \ Y n+1 = (AY n )*(AY n ) + 1, n = 0, 1, ... . 

In this algorithm, M5 generates a Hermitian sequence, and requires two matrix-matrix multiplications per 
iteration. Notice that it only requires to compute X = I—A*Y A at the end of the process. It is an inverse-free 
iterative method. 

If A is normal, from [9, Theorem 11], the nonlinear matrix equation (1.1) has a solution if and only if 
p(A) < Therefore, the nonlinear matrix equation (1.1) has a solution if and only if ||A|| < g. 

Lemma 2.6. Let A be normal. Assume that nonlinear matrix equation (1.1) has a positive definite solution 
and the sequence { Y n } is determined by Algorithm M5. Then {Y n } satisfies ||AK„|| < 1 for every n = 0, 1, . . .. 

Proof. Since A is normal and the nonlinear matrix equation (1.1) has a positive definite solution, ||A|| < g. 
Because Y 0 = /, ||AYo|| = ||A|| < \ < 1. For Y\ we have Y\ = A* A + /, thus ||AYi|| = ||A(A*A + 1)\\ < 
||A|| 3 + ||A|| < 1. That is, the inequality holds for n = 0, 1. So, assume that the inequality satisfies n = k, 
i.e. , ||AYfc|| < 1. Now we prove the inequality when n = k + 1. 

\\AY k+1 \\ = \\A((AY k nAY k ) + I)\\ 

= \\A(AY k )*(AY k ) + A\\ 

<\\A\\\\AY k r + \\A\\ 

< Pll + Mil 

< l. 


This completes the induction for n = k + 1 and the lemma. □ 

Lemma 2.7. Let A be normal. The maximal solution X + of the nonlinear matrix equation (1.1) commutes 
with A. 

Proof. If A is normal, by [18], we have 

X+ = ^ 1+ (J-4A*A) 1/2 . 

So, AX + = X + A. This completes the proof. □ 

Theorem 2.8. Let A be normal. If the nonlinear matrix equation (1.1) has a positive definite solution, then 
the sequence {Y n } determined by Algorithm M5 satisfies 

||Y n+1 -X+ 1 || < ||AX; 1 ||!|Y„-X; 1 || 

for all n large enough. 

Proof. Since the nonlinear matrix equation (1.1) has a positive definite solution, X + = | I + (J — 4 A* A) 1 ^ 2 
is the maximal solution. Then 

AT+ + A* XL) 1 A = I. 

Multiplying by Xf 1 on the right, we obtain 

AT+ 1 = {X-^-AyAXf 1 + I. 


By Lemma 2.7, 

By Algorithm M5, 


X + 1 = {Ax^yiAxy^ + i. 

Y n+1 = (AY n )*(AY n ) + I. 


(2.7) 
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Subtracting X, 1 from both sides of (2.7) we have that 

Y n+ 1 - X- 1 = C AY n )*(AY n ) +I-X- 1 

= (AY n )*(AY n ) + I - ((AX- 1 )* (AX- 1 ) + 1) 

= (AY n )*(AY n ) - (AX- 1 )* (AX- 1 ) (2.8) 

= (. AY n )*(AY n ) - (AX~ 1 )*(AY n ) + (AX~ 1 )*(AY n ) - (AX- 1 )*(AX~ 1 ) 

= (Y n - X~ 1 )*A*(AY n ) + (AX^yA^ - X; 1 ). 

Taking norms in (2.8) and recalling that lim Y n = X7 1 and 1 1 A 1 1 < I, we have that 

n—too ' z 

II Y n+1 - X+'\\ = || (Y n - Xf 1 )* A* (AY n ) + (AX- 1 )*A(Y n - X+ 1 ))! 

<||y„-x- 1 ||p||(py n || + px+ 1 ||) 

< px; 1 ||||F n -x+ 1 ||. 

This completes the proof. □ 


3 Numerical Experiments 

To illustrate the performance of our method described in the previous section, in this section several interesting 
examples are given, which were carried out using MATLAB on a PC computer. We report the number of 
required iterations (denoted as IT), the norm of the residual (denoted as Res), the computing time in seconds 
(denoted as CPU), and the number of matrix-matrix (denoted as MM) multiplications required when the 
process is stopped. Assume A is normal and (1.1) has a solution. Then 

X + = i 1+ (I-4A*A) 1/2 (3.1) 

is the maximal solution, and if A is nonsingular, 

X_ = ^ I- (J-4A*A) 1/2 . (3.2) 

is the minimal solution [18, Theorem 4.1]. This allows us to test the local convergence behavior of the five 
methods by taking the computed X + by using (3.1) as the accurate maximal solution and X_ by using (3.2) 
as the accurate minimal solution. 

In our implementation, 

||y„-x+ 1 || < ||x+ 1 || x io - 9 

is used as the termination criterion for Ml, M2, M4, and M5, and 

||X„ — X_ || < ||X_|| x 10” 9 

is used as the termination criterion for M3. We compare our iteration M5, with the inverse-free methods 
Ml, M2, M3 and M4 for solving (1.1). In all cases we describe also the initial guess for which convergence is 
guaranteed. 

Since M3 converges to the minimal solution, we use M3 to find the minimal solution YL of the dual 
equation Y + AY~ X A* = I. We can obtain the maximal solution of (1.1) through X + = I — Y_. The value 
of ”Res” in our tables reports ||F(X„)||i? = ||X„ + A* X~ x A — I\\p for Ml, M2, M3, M4 and M5 when the 
process is stopped. 

Experiment 3.1. In this test, the matrix A is from [8] using Example 3.1 



0.2 

-0.1 

-0.5 

0.1 

-0.1 

0.6 

-0.5 

0.7 

-0.5 

-0.5 

0.1 

0.8 

0.1 

0.7 

0.8 

0.5 
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Table 1: Performance of Ml, M2, M3, M4 and M5 to solve (1) for Experiment 3.1. 


Scheme 

IT 


MM 

Ml 

6 

8.7390e-12 

24 

M2 

4 

2.9322e-14 

16 

M3 

7 

1.7493e-ll 

21 

M4 

4 

1.1655e-13 

12 

M5 

3 

1.1655e-13 

6 


Since A is normal and ||yl|| = 0.0412 < 0.5, from [9, Theorem 11], the nonlinear matrix equation (1.1) 
has a solution. In Table 1, we can see that Ml requires more matrix-matrix multiplications than the other 
methods to achieve convergence. M3 requires more iterations than the other four methods to satisfy the 
stopping criterion. M5 carries out fewer iterations and matrixCmatrix multiplications than all the other 
methods. For this experiment, we could say that M5 is the best option. 

Experiment 3.2. In this test, let 


( 4 -1 

-1 4 

V 


-1 

-1 4 

-1 


\ 


^ ^ynxm 




Table 2: Iterations and the number of matrix-matrix products for Experiment 3.2. 


m 

Pll 

Ml 

M2 

M3 

M4 

M5 

IT 

MM 

IT 

MM 

IT 

MM 

IT 

MM 

IT 

MM 

4 

0.4013 

29 

116 

16 

64 

15 

45 

22 

66 

21 

42 

8 

0.4200 

33 

132 

18 

72 

17 

51 

26 

78 

25 

50 

16 

0.4261 

34 

136 

19 

76 

18 

54 

27 

81 

26 

52 

32 

0.4279 

35 

140 

19 

76 

18 

54 

28 

84 

27 

54 

64 

0.4284 

35 

140 

19 

76 

18 

54 

28 

84 

27 

54 

128 

0.4285 

35 

140 

19 

76 

18 

54 

28 

84 

27 

54 

256 

0.4286 

35 

140 

19 

76 

18 

54 

28 

84 

27 

54 

512 

0.4286 

35 

140 

19 

76 

18 

54 

28 

84 

27 

54 

1024 

0.4286 

35 

140 

19 

76 

- 

- 

28 

84 

27 

54 


Table 3: CPU tirne(s) for Experiment 3.2. 


m 

Ml 

M2 

M3 

M4 

M5 

4 

0.002191 

0.000315 

0.000634 

0.000986 

0.000246 

8 

0.002479 

0.000821 

0.000937 

0.001263 

0.000568 

16 

0.005854 

0.001868 

0.003523 

0.002451 

0.000956 

32 

0.012124 

0.008553 

0.006721 

0.006701 

0.004385 

64 

0.019125 

0.014864 

0.017950 

0.022326 

0.013876 

128 

0.075103 

0.046237 

0.075727 

0.065126 

0.049925 

256 

0.522263 

0.300470 

0.479174 

0.383668 

0.290019 

512 

3.557083 

2.176928 

20.980815 

2.392791 

1.886120 

1024 

46.442456 

24.082342 

- 

27.282594 

21.436297 


According to Table 2, we know that ||Vl|| < 0.5. Since A is normal and A is nonsingular, the nonlinear 
matrix equation X+A*X~ 1 A = I has a solution. In this test, the matrix sequence of X n in M3 is badly scaled 
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Table 4: Errors for Experiment 3.2. 


m 

Ml 

M2 

M3 

M4 

M5 

4 

1.9737e-10 

5.8016e-ll 

2.2961e-10 

1.3549e-10 

1.3549e-10 

8 

1.8449e-10 

6.3914e-ll 

2.1623e-10 

9.5667e-ll 

9.5667e-ll 

16 

3.2512e-10 

5.5185e-ll 

1.8543e-10 

1.4121e-10 

1.4121e-10 

32 

2.5631e-10 

9.4206e-ll 

3.0952e-10 

1.1751e-10 

1.1751e-10 

64 

3.8878e-10 

1.4330e-10 

4.6222e-10 

1.8003e-10 

1.8003e-10 

128 

5.6750e-10 

2.0941e-10 

6.7030e-10 

2.6386e-10 

2.6386e-10 

256 

8.1479e-10 

3.0082e-10 

9.5949e-10 

3.7953e-10 

3.7953e-10 

512 

1.1608e-9 

4.2868e-10 

1.3654e-09 

5.4118e-10 

5.4118e-10 

1024 

1.647e-19 

6.0853e-10 

- 

7.6847e-10 

7.6847e-10 


when m = 1024. In Table 2, we can see that Ml requires more iterations and matrix-matrix multiplications 
than the other methods to satisfy the stopping criterion. We can also observe that M5 needs more iterations 
than M2 and M3 to reach convergence, but it carries out fewer matrix-matrix multiplications than Ml, M2, 
Mf. Table 2 shows that M5 and M3 require the same number of matrix-matrix multiplications, but M5 
considerably outperforms M3 in CPU time from Table 3. From Table 3 we observe that M5 outperforms the 
other methods in CPU time. From our numerical results, we can see that Ml is the most expensive iteration 
out of the five methods. For this experiment, we could say that M5 is the best option. 
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involving Hadamard Fractional Derivatives 
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Abstract 

In this paper, we show the Ulam-Hyers stability and Ulam-Hyers-Rassias stability criterion for 
nonlinear Hadamard fractional relaxation differential equations on compact and unbounded time 
intervals. More explicit Ulam-Hyers stability and Ulam-Hyers-Rassias results are presented by virtue 
of estimation of Mittag-Leffler functions. 

Keywords: Hadamard fractional derivative, Relaxation differential equations, Ulam-Hyers 
stability, Ulam-Hyers-Rassias stability, Mittag-Leffler functions. 


1. Introduction 

The widely application of fractional differential equations arise in various areas of physics and 
engineering (see [1, 2, 3, 4]). During the past decades, fractional differential equations has been more 
and more recognized as an alternative model to the classical differential equations. There are many 
interesting advance on the theory analysis for Caputo type and Riemann-Liouville type fractional 
differential equations as well as Hadamard type fractional differential equations (see, for example, 
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]). 

The well-known Ulam stability problem of functional equations originated are posed in 1940. 
Numerous monographs and special issues have appeared devoted to the theory of Ulam stability 
for functional equations and differential equations (see for example [16, 17, 18, 19, 20, 21, 22, 23]). 
Recently, Li and Wang [24] explore some fundamental properties of continuity, integrable estimation, 
asymptotic property on Mittag-Leffler functions for a Hadamard fractional differential equation with 
constant coefficient and present existence results for such equation by using fixed point theorems. 
However, to our knowledge, Ularn’s stability results for nonlinear Hadamard fractional differential 
equation with constant coefficient have not been investigated extensively. Especially, there are few 
research on the Ularn’s stability for this kind of equation on noncompact interval. 
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In this paper, we investigate Ularn’s type stability of Hadamard fractional differential equations 
with constant coefficient Ae 1\ {0} of the type: 

H D^+y( x) = A y(x) + f(x, y(x)), 0 < a < 1, x £ J = (1, e] or (e, oo), (1) 

where denotes the left-sided Hadamard fractional derivative of order a with the low limit 1 

(see Definition 2.2), and nonlinear term / :JxR->Risa given function satisfying some certain 
conditions. Let e > 0 and <p : J — > R + be a continuous function. 

Set J := [l,e] or [e, oo). Consider equation (1) and the following inequalities: 

| h D^+z(x) — A z{x) — f(x,z(x)) | < e, 0 < a < 1, x £ J, (2) 

and 

| H D\+z(x) — A z(x) — f(x, z(x))\ < £i p(x), 0 < a < 1, x £ J. (3) 

Definition 1.1. Equation (1) is Ulam-Hyers stable if there exists a constant c > 0 such that for each 
e > 0 and for each solution z € C' 7> i n (J,R) of inequality (2) there exists a solution y € C' 7> i n (J,R) 
of equation (1) with 

\z(x) — y(x ) | < C£, x € J. 

Remark 1.2. A function z € C' 7j i n (J,K) is a solution of inequality (2) if and only if there exists 
a function h € C 7 ,i n (J, R) such that (i) \h(x) \ < £,x £ J, ( ii ) nD‘f + z(x) = A z(x) + f(x,z(x)) + 
h{x), x £ J. 

Definition 1.3. Equation (1) is Ulam-Hyers-Rassias stable stable if there exists a constant c > 0 
such that for each £ > 0 and for each solution z € C' 7> i n (J,R) of inequality (3) there exists a solution 
y £ C 7j i n (J,R) of equation (1) with 

| z(x) — y{ x)\ < c£<p(x), x £ J. 

Remark 1.4. A function z £ C 7 j n (J, R) is a solution of inequality (3) if and only if there exists a 
function h £ C 7 j n (J, R) such that (z) \h(x)\ < £ip(x),x £ J, (ii) nDf+z(x) = A z(x) + f(x,z(x)) + 
h(x), x £ J. 

The rest of this paper is organized as follows. In Section 2, some notations and preparation 
results are given. In Section 3, some useful remarks on bounded and unbounded time intervals are 
presented. Section 4 is devoted to to give LHam-Hyers stability and Ulam-Hyers-Rassias stability 
criteria of the equation (1) on bounded and unbounded time intervals respectively. Finally, the 
reason on the equation (1) is not necessary Ulam-Hyers-Rassias stable is analysed. 
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2. Preliminaries 


Let Y be a Banach space endowed with the norm || • ||y . Set J := (1, e] or (e, oo). Denote C( J, Y) 
be the Banach space of all continuous functions from J into Y with the norm Hylic = sup^g j ||y(x)||y . 
For 0 < n < 1, we denote the set Y) := { y(x ) : y : J — > Y is continuous such that 

(ln^) A1 y(x) £ C(J,Y)}. Following [1, Theorem 3.29], i n (</, Y) is a Banach space with the norm 

IMIc„, ln = ll(lna;) /i y(a:)|| c = sup \\(lnx)^y(x)\\ Y . 

x€J 

The following definitions and lemmas will be used in this paper. 

Definition 2.1. (see [1, p.110, (2.7.1)]) The left-sided Hadamard fractional integral of order a £ R + 
of function y(t) are defined by 

{HJa+y)(t) = — * L w [ (hi*) y{s) — , (0 < a < t < b), 
r(a) J a V sj s 

where T(-) is the Gamma function. 


Definition 2.2. (see [1, p.lll, (2.7.7)]) The left-sided Hadamard fractional derivative of order 
a € [n — 1 ,n), n € Z + of function y(t) are defined by 


( H D a a+y )(t) = 


1 


d 

t— 


n r t / , \ n—a+1 


In 


ds 

y(s) — , (0 < a < t < b). 
s 


r(n — a) \ dt / 

Lemma 2.3. (see [4, Theorem 2.3]) Let a, f3 £ (0, 1] and (3 < 1 + a be arbitrary. Then the following 
statements hold: 

( i ) For all z > 0, we have 


oo k ^ i 1 POO 

E "-» (z) : =E r( J + W = 5*' • eM* i ) + l S(v,z)iv 


where 


S(v,z ) = + 

na v z — 2 vz cos(7ra) + z 2 


(it) For all z < 0, we have 


POO 

Ecy ,/3 (z) = / S(v y z)dv , 

Jo 


where 


S(v,z) = + 

7ra v z — 2 vz cos(7ra) + z 2 


We note that E a (z) = E ai i(z). 

By virtue of Lemma 2.3, Li and Wang [24] derived the following useful results for two-parameter 
Mittag-Lefflcr function. 


Lemma 2.4. (see [24, Theorem 2.11]) Let A > 0 be arbitrary, a, (3 £ (0, 1] and (3 < 1 + a. Denote 


to(a, (3, A) = max 


asin(/37r)r(2a — (3 + 1) 
A 2 a7r sin 2 (7ro;) 


a | sin(7r(/3 — a))|r(a — 
\mr sin 2 (7ra) 
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For all x € (l,oo), we have 

< ui(a,a,X) 
~ (lnx) Q+1 ' 


In particular, for all x € (1, oo), 

E Q (A(lna:)“) exp(A“ In a.) 

a 

Further, we give the following integral estimation. 


— (lnx)“ 


(lna;) Q 1 E ct Q,(A(lna;) a ) — — A “ exp(A° lnx) 
’ a 


Lemma 2.5. Let A > 0 be arbitrary, a € (0, 1], we have 
( i ) For all x € (1, e], we have 




J ^(lna: — lnt) a 1 E QjC( (A(lna; — lnt)“) — A <* E Q (A(lna;)“) exp(— A° In 


< E a , a (A) E a (A) 


A ' 

(ii) For all x € (e, oo), we have 

J ^(ln x — lnf) a_1 E a;a (A(lna; — lnt) Q ) — (lna;) a_1 E a!Ct (A(lna;) a ) exp(— A° lni)^ 

Ea,a(A) , exp(Ai) , , ^(l t 2\ „„ ^ 

1 t h u>(a, a, A) — h — t ) M(a, A). 

a a\ \a As J 


Jo 


< 


Proof, (i) For all x € (1, e], we obtain 


Ji < E a>a (A) 


(lnx — lnt) c 


, dt 


+ A “ E q (A) 


exp(— A q Inf) 


dt 


< 


E a>Q (A) E«(A) 
a + A ’ 


where we use the decreasing property of ¥, at0t (z) for z > 0. 
(ii) For all x > e, by using Lemma 2.4, we have 


h := 


< 


J ^(lna; — lnt)“ 1 E aiQ (A(lna; — lnt)“) — (lna;)“ 1 E Q , ia (A(lna:) a ) exp(— A° lnt)^ ^ 


(lnx — lnt)“ 1 E ct a (A(lnx — lnt)“) — — A <* exp(A“ (lnx — lnt)) 

rv 


dt 


— A <* exp(\<* (\nx — \nt)) — (\nx) a 1 E Q; a (X(\nx) a ) exp(— A« Int) J — 


< 


< 


< 


f e u>(a,a, A) dt f e u>(a,a, A) . i .dt 
f (lna: — lnt)° +1 ~ + 7, '"^7 

x XL 

f e ui(a,a, A) dt , , . f e . , 1 , .dt 

u>(a,a, A) ui(a,a, A) 
a + Ao 

uj(a,a, A) ■ 


4 
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According to Lemma 2.4 again, we have 


(lnx) Q 1 E Q>ct (A(lna;) a ) < + -yA^ ex P(^“ lnx). 


(In x ) 


a 


Thus, using the decreasing property of E a ,a{z) for z > 0 again, one has 


1 2 


dt 

t 


J ^(lnx — lni)“ 1 E Q)a (A(lnx — lnt)“) — (lnx)“ 1 E a>a (A(lna;) Q ) exp(— A“ lnf)^ 

e 

/ X 7 1 p X li 

(lnx — lnt) a_ 1 E aia (A(lnx — lnt) a )^- + / (lna;) a_ 1 E Q , iQ (A(lnx)“) exp(— A" lnt) — 

e e 

r x dt 

< E Q)Q (A) / (lnx — lni )“ _1 — 

J * t 


ui(a, a, A) 

(lr 


A 


1a+l 


exp(— A“ Inf) 4 exp(A“ (lnx — In t)) — 


dt 


< 


< 


< 


E Q)Q (A) w(a, a, A) 


a 


(lnx) 


a+l 


, jl, .dt 1 l-o 

exp(— A“ inf) 1 — A » 

t a 


exp(A « (In x — In t)) -j- 


+ O) _ «PMi) + I A ^ A -i exp(A i) 

a As A» a. 

E Q , a (A) w(a, a, A) exp(A°) 


a Ac 

From above, we obtain 


aA 


E a ,a(A) exp(Ao) 


a 


a A 


, . w 1 2 

-haj(a,a,A) — I ( 

a As 


■ J‘2 < I\ + I 'l 5k 

The proof is completed 

To end this section, we recall the following inequality which will be used in the sequel. 
Lemma 2.6. (see [25, Lemma 23]) If A,v,w > 0, then for any t > a, a > 0, we have 

nr 

where C is a positive constant independent of the time variable t. 


□ 


3. Some useful lemmas and remarks 


Now we plan to give the following integral estimation. 


Lemma 3.1. Let A > 0, z € C 7l i n ([l, oo), K) be a solution of inequality (2). Then z is a solution of 
the following inequality: 


r x dt 

z(x) — (lnx) a ^ 1 E QiQ (A(lnx)“)co — (lnx — lnf) a-1 E QjCt (A(lnx — In t) a )f(t, z(t)) — 

Ji ’ t 


< 


f x uj(a,a, A)e dt ex Xa 
(lnx — lnt) a+1 t ^ aA 


where Cq = HJ\+ a z( 1 + ). 
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dt 

t 


Proof. According to the Remark 1.2, we have 

H D“+z{x) = A z(x) + /( x, z(x)) + h(x), x £ (1, oo). 

By [1, p.234, (4.1.89)-(4.1.95)] or [26, p.182, (7.2.60)-(7.2.64)], we obtain 

z{x) = (lnx) a_1 E a)a (A(lnx) a )co + J (lnx — lnt) a_1 E a!a (A(lnx — lnt) a )f(t, z(t)) 

nX 

+ / (lnx — lni) a_1 E a)a (A(lnx — lnt) a )h(t) — , x£(l,oo). 

J l ’ t 

For all 1 < x < oo, using Lemma 2.4, one has 

r x dt 

z(x) — (lnx) a_1 E QQ (A(lnx) a )co — / (lnx — lnt) Q_1 E Q]Ct (A(lnx — In t) a )f(t, z(t)) — 

J l ’ t 

r x dt 

= / (lnx — lnt) a_1 E aia (A(lnx — \nt) a )h(t ) — 

J l ’ t 

< J ^(lnx — lnt) a_1 E QiCe (A(lnx — lnt) Q ) — — A - " - exp(A“ (lnx — lnt))^ h(t )y- 

+ [ — exp(A“ (lnx — In t))h(t) — 

J i a t 


< 


< 


< 


f x u)(a,oe,\ )e dt f x 1 i-a i , ..dt 

/ ?i \ \L+ i T +£ / -A^-exp As Inx-lnt - 
h (mx — int) a+i t Ji a t 

f x u>(a,a, A)e dt e i , . e 

/, (ln(-ln t )^ T + 1lA eX1>(A " lnl) -XT 

f x u)(a,a, A)e dt ex A “ 


/ x (lnx — lnt) a+1 t aA 
The proof is completed. 

Remark 3.2. Note that for some fixed point Xq and xq > S > 1, we have 


□ 


1 


dt 


1 


, = lim / — — — = lim — [(lnx 0 — In 5) “ — (lnx 0 ) Q ] = oo, 

Ji (lnxo — lnt)“+ 1 t 5^-xoJi (lnx’o — lnt)“ +1 t s^x 0 a v 

which yields that it is not possible to obtain some explicit estimation in this case. 

Next, we divide our time interval (l,oo) into two subintervals (1 , e] and (e, oo). 

Remark 3.3. Let A > 0, z € C' 7] i n ([l, e], M) be a solution of inequality (2). Then z is a solution of 
the following inequality: 

/ X 

(lnx — lnt) Q_1 E Qja (A(lnx — In t) a )f(t, z(t))- 


dt 

t 


< 

+ 

< £ 

£ 


(lnx — lnf) a 1 E a>a (A(lnx — lnt)“) — A « E a (A(lnx) a ) exp(— A° lni)^ h(t)^- 
C X 

/ A _ ^E a (A(lnx) a ) exp(— A“ In t)h(t) — 
n t 


Ea,a (A) i E q (A)\ i eE Q (A) 

A 

x e (1, e], 


a A 

E a>a (A) 2E a (A) 


a A 

where we use Lemma 2.5(i), Remark 1.2 and E Q a ( 2 ) is an increasing function for z > 0. 
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Remark 3.4. Let A > 0 , z £ C 7 ,in([e, oo), K) be a solution of inequality (2). Then z is a solution 
of the following inequality: 

f' x dt 

z(x) — (lna:) a_ 1 E a>a (A(lna;)“)co — / (lna; — lnf)“ _ 1 E aia (A(lna; — In t) a )f(t, z(t )) — 

J l t 

< J ^(lna; — lnt) a_ 1 E aia (A(lna; — lnt)“) — (lna;) a_ 1 E aia (A(lna;) a ) exp(— A“ lnf)^ /i(t)^ 

+ ( (lna;)“^ 1 E aiQ ,(A(ln;r) a; ) exp(— A» \nt)h(t) — 

J l ’ t 

< eM(a,X)+£ [ exp(— A° Inf) + — A~^~ exp(A“ (lna; — lnt))^ — 

J 1 \ (lna;) a + 1 a J t 

. . £ui(a,a, A) ea;° 

< £M(a, A)+ V 7 +— r- 

A « A a 

A x co(a. a. A) x i \ 

M(a, A) + v + jrh 

where we use Lemma 2-4, Lemma 2.5(H) and Remark 1.2. 


Remark 3.5. Let A < 0, z £ C 7 ,i n ([l, oo), M) be a solution of inequality (2). Then z is a solution 
of the following inequality: 


C X rl+ 

z(x) — (ln;c) a_ 1 E aja (A(lna;) a )co — I (lna; — lnt) a_ 1 E aja (A(lna; — In t) a )f(t, z(t)) — 

J l ’ t 


e(lna’)“ , 

< r / , x e (i,oo , 
1 (a + 1 ) 


where we use the fact E aiCl (z) < p^y for z < 0 . 


Remark 3.6. Let A < 0, z £ C 7 i i n ([l, oo), K) be a solution of inequality (3). Then z is a solution 
of the following inequality: 

nX 7 , 

) — (ln;r) a_ 1 E Q , jC ,(A(ln.a;) a )co — / (lna; — lnt) a_ 1 E aja (A(lna; — In t) a )/(t, z(t)) — 

J l ’ t 

(lna; — lnt)“ _ 1 E a)a (A(lna; — In t) a )h(t) C ^- 

< ^ 7 -t / (lnx-lnt)“ _ V(t)^, x £ (1, oo), 

T(a) J x t 

where we use the fact E a>a (z) < yyyjy for z < 0 again. 



4. Main results 

4-1- Ulam-Hyers stability results 

We introduce the following assumptions: 

(Ai) / : ( 1 , e] x R. — > R. be a function such that /(•,?/(•)) € C 7 i n [l,e], 1 — a < 7 < 1 . 
(A 2 ) There exists L > 0 such that 

| f(x, y) — f(x, z) | < L\y — z | for each x £ J and all y, z £ R. 

(A 3 ) ui = 1 — LE ata (X)B[l - 7, a] > 0. 
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Theorem 4.1. Assume that (A\), ( A 2 ), and (A 3 ) are satisfied. Then equation (1) with A > 0 is 
Ulam-Hyers stable on J = ( 1 , e] . 

Proof. Let z £ C 7 ,i n ([l, e], R) be a solution of inequality (2). By (Ai), (A 2 ), and (A 3 ), one can apply 
Banach fixed point theorem to derive 

H Df + y(x) = Xy(x) + f(x, y{x)), 0 < a < 1, x € J, 

H J\f a z{ 1+) = c 0 , 

has the unique solution 

nX rl+ 

y(x) = (lna;)“ _1 E QiQ ,(A(lna;) Q )co + / (lna; — lnf) a_1 E aiCt (A(lna; — lnf) a )/(f, y(t)) — . 

J 1 ’ t 

By using Lemma 2.5(f) and Remark 3.3, we have 
\{z{x) - y(x))(\nxy\ 

(lna;) 7 ^z(x) — (lna;) Q_1 E Q!Q ,(A(lna;) a )co — J (lna; — lnf) a-1 E aiCt (A(lna; — In t) a )f(t, y(t))^j 


< 


+ 


(lna;) 7 ^z(x) — (lna;) a 1 E aia (A(ln;r) a )co — J (lnx — lnt) a 1 E a;Ct (A(lna; — In t) a )f(t,z(t))^j 
r x 

J (In a;) 7 (In a; — lni) a_ 1 E a)Ct (A(lna; - In t) a )(f(t,z(t)) - f(t,y(t))) — 

\ r x dt 

)+LE a , a (X) J (lna;) 7 (lna; — lnf) a_ 1 (lni )~ 7 — 1|2 — y||c 7 ,,„ 

+ LE ai0l (X)B[l - 7 , a ] || 2 - y||c 7 ,m, 


< £(lna :) 7 

< £(lna :) 7 


Eq,a(A) 2E a (A)' 


Eq, a (A) 2E a (A) 


which yields that 


Thus, 


11 11 , £ /E aa (A) 2 E q: (A) 

\\ z - y\\c y , n < - 


U) 


a 


(lna ;)' 1 


\ z (x) — y{x)\ < C£, c = 


1 /E a>Q (A) , 2E a (A) 


ui 


a 


A 


> 0 . 


The proof is completed. 


□ 


Remark 4.2. Let A < 0. Assume that (Ai) and (A 2 ) are satisfied. One can use the above similar 
methods via Remark 3.5 to check that the equation (1) is Ulam-Hyers-Rassias stable on J = (l,oo) 
provided by p = 1 — L-B p (Q 7 ’ a ^ > 0. That is, 


| z{x) — y(x)| < ceip(x), x £ ( 1 , 00 ), c = 


pT(a + 1 ) 


> 0 , <p(x) = (lna;)“. 


Example 4.3. Let a = 1, A = \ and 7 = \. Consider the fractional order differential equation 


and the inequality 


2 ) ' ' 2 '-All VKAJ I 2 

2 \ 1 

H Dl + y{ x) = -y{ x) + -s\n 2 y{x), x £ (1, e], l > 0, 


2 \ 1 

\ H D* + z(x) - -z (a;) - - sin 2 2 (a;)| < £, x £ (l,e|. 


( 4 ) 


( 5 ) 
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Let z £ C 7 > in([l, e], R) be a solution of inequality (5). Then there exists a function h(x) = e\nx £ 

2 

C 7 j n ([l, e],R) such that |/i(x)| < s, x £ (1, e], and nDf + z(x) = \z{x) + \ sin 2 z(x) + h(x), x £ (1, e]. 

Define f(x,y(x)) = \ sin 2 (:r), x £ (1, e] and L = 2 . Obviously, (Ali) and {A 2 ) hold. Moreover, 
we choose l = 6 E 2 2 (A) B [A, |] , then 


2 / 1 

to = 1 — -E 2 2 j — ) B 
l 3’3 \ 2 


1 2 
2’ 3 


= 3 >0 ’ 


which implies that ( 0 I 3 ) holds. According to Theorem 4-2, we have 
\z(x) - y(x) | < y ^ 1 - 5 E| 2 + 4 E| Q 

Thus, equation (4) is Ulam-Hyers stable on ( 1 , e] with c= | ^1.5E| 2 (A) + 4 E| (|)^. 

4-2. Ulam-Hyers-Rassias stability result 

Next, we introduce the following assumptions: 

(£>1) Let A < 0 and 7 = 1 — a. 

(B 2 ) / : J x R R is jointly continuous and there exists L(-) £ C([l, 00), R+) such that 
\f(x, y) — f{x, z) | < L(x)\y — z\ for each x £ J and all y, z £ M, 
where L(-) satisfying 

dt ~ , ~ 

/ (lna:) 7 (lna; — lnf)“ _1 (lnt) 7 L(t) — < C(lna:) a_1 , C > 0. 

01 i 

(i? 3 ) There exists a (/?(•) £ C([l, 00), R+) such that 


(lncc — lnt)“ < C(p(t), C > 0. 


( 6 ) 


(7) 


(i? 4 ) w 7 = 1 - rfe > 0 - 


Theorem 4.4. Let A < 0. Assume that (B 1 ), (B 2 ), (- 63 ) and (.B 4 ) are satisfied. Then equation (1) 
is Ulam-Hyers-Rassias stable on J = (l,oo). 

Proof. Note that the fact E Q .a(z) < jyy-y for z < 0. By Remark 3.6, one can obtain 
IO(z) - y{x))(lnxy\ 

(In :r ) 7 ( z(x) — (lna;) Q ^ 1 E Q!Q ,(A(lna:) a )co — / (lna: — lnt) a_ 1 E a;Ct (A(lna; — lnf) a )/(t, z(t)) — 

f x dt 

J (In x) 7 (In a; - lnf)“ _ 1 E a>a (A(ln;r - In t) a )(f(t, z(t)) - f(t,y(t))) — 

r x dt 

/ (lna;) 7 (lna; — h\t) a ~ l etpft) — 

J 1 t 


< 


+ 


< 


T(a) 


< 


< 


+ — *— [ (In x) 7 (In a; — lnt)“ 1 L(t)\y-z 

T(a) J 1 

e(lna :) 7 


dt 

T 


T(a) 


1 f x dt 

-C(p(x) + -— / (ln;r) 7 (lna;-lnt) Q ' 1 (lnt)- 7 L(t) T ||r/-z||c 7 , ln 
T(a) J 1 t 


" ^ ^ Cip(x) + (In x) 1+a l \\y - z||c 7 , In - 
1 (a) 1 (a) 
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This yields that 


This implies that 


The proof is completed. 




Ce 

I y(x) - z{x)\ < M x), x e J. 
u/i (a) 


□ 


Example 4.5. Let a = k, A = — \ and 7 = Consider the fractional order differential equation 


and the inequality 


H Df + y(x) = -^y(x) + — -jg sin 2 y{x), x £ (l,oo),Z > 0, 


| H Df + z(x) - ^ z(x ) - ^3 sin 2 z{x)\ < sip(x), x £ (1, 00 ). 


( 8 ) 


(9) 


Define f(x,y(x)) = ^ sin 2 (x) and L(x) = x £ (l,oo). Let z £ C 7> i n ([l, 00 ), K) be a solution 

of inequality (9). There exists a function h(x) = |(lnx) a ~ 1 ~ 7 £ C 7 j n ([l, 00 ), M) such that |/i(x)| < 

e(lnx) Q ^ 1_T := tp(x), x £ (l,oo). Moreover, (5) via Lemma 2.6 reduces to 

f x . , i„ . _i, . _i 2 dt 2 C . _i . . 

/ (lnx) 2 (lnx — Ini) 2 (lni) 2 — — < — — v3(lnx) 2 , x£(l,oo), 

J 1 It 6 t l 

and (9) reduces to 

r X rj+ 

/ (lnx) 7 (lnx — lnt) a_1 £(lnx)“~ 1_7 — < (7£(lnx)“ _1_7 = C'e(lnx) -1 , C > 0, x£(l,oo). 

J 1 t 

From above, {B\), ( B 2 ) and ( B 3 ) hold. Now we choose l = 7 ^ 7 ^ and to' = 1— 2 C 7/3 = i > 0 , which 
implies that ( B 4 ) holds. According to Theorem f.f, we have 

\z(x) - y(x ) | < ^|y( ln x) _1 . 

Thus, equation ( 8 ) is Ulam-Hyers-Rassias stable on (1, 00 ) with c = and <p{x) = e(lnx) -1 , x £ 

(l,oo). 

4-3. Final remarks 

Let A > 0. Assume that ( B \ ) and ( B 2 ) are satisfied. It seems that we can not use the above 
approach to discuss Ulam-Hyers-Rassias stability of the equation (1) with A > 0 on J = (e, 00 ). 

In fact, by Remark 3.4, one has 

\(z(x) - y(x))(lnx) 7 | < ^eM(a, A) + £u> (^’ + j (lnx) 7 

r x dt 

/ (lnx) 7 (lnx — lnt) a_1 E aia (A(lnx — \i\t) a )L(t)\y(t) — z(t) \ — 

J 1 ’ t 

< (cM(a, A) + (l nx ) 7 + T(x)||y - z\\ c ^, (10) 


10 
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where 


T(x) = (In x) 7 E QiQ , (A(ln x) Q ) 


J (lnx — lnt)“ 1 L(t)(lnt) 7 


Set L(t) =t w , w > 0. According to Lemma 2.6, we have 


T(x) = (lnx) 7 E a>a (A(lnx)“) 

= (lnx) 7 E a>a (A(lnx)“) 

i_- Y E a;Ct (A(lnx) a ) 
(lnx ) 1 " 0 - 7 


dt 


Cw 


j (lnx — lnt) a_1 (lnt) _7 t _u ' 

J (lnx-hit) a - 1 (hit) { 1 -^- 1 t- w 
(C> 0) 


< 




where we use the fact 

lim exp(A° lnx) 

x^oo (lnx) a_1 E a)Ce (A(lnx) a ) 

Dividing (lnx) 7 by (10) we obtain 


= 1 . 


\(z(x)-y(x))\ < f g M(a,A) + g “ ( “’“’ ' A) + ^ j + ^yWv ~ z\\ Cy , in . 


Obviously, 


T(x) A <» cud 7 x A +7 

lim — r— = lim — — = oo. 

x—>oo (mx) 7 a x^oo (lnx) 7 


( 11 ) 


Thus, the term \\y - z\\ c 7 , ln in (11) does not vanish. Therefore, the equation (1) with A > 0 is 
not necessary Ulam-Hyers-Rassias stable on J = (e, oo). 
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LINEARLY STABLE PERIODIC SOLUTIONS FOR 
LAGRANGIAN EQUATION 

FENG WANG 1 ’ 2 AND SHENGJUN LI 3 ’ 4 


Abstract. In this paper we study the existence and uniqueness of linearly 
stable periodic solutions for the Lagrangian equation. The proof is based on 
the eigenvalue theory combined with degree theory. Compared with those 
results in the literature, our conditions are weaker. 


1. Introduction 

This paper is devoted to the study of the existence and uniqueness of linear 
stablity of periodic solutions for the following nonlinear scalar Lagrangian equation 

(1.1) X + g(t, x) = 0, 

where g(t,x ) : R x R A R is a T-periodic function in t and is semilinear in the 
following sense: There exist T-periodic functions (/),$>£ T 1 (0,T) such that 

4>{t) < g x (t,x) < $(t), 

uniformly in t € [0, T\. We say that a T-periodic solution ip(t) of (1.1) is linearly 
stable if the linearized equation 

(1-2) y + {g x (t,ip{t))y = 0 

is stable. But it is not sufficient to guarantee that ip(t) is Lyapunov stable as 
(1.1) is a conservative system, Lyapunov stability of i/j(t) cannot be determined by 
linearized equation (1.2) and involves higher order approximations of (1-1). Based 
on this idea, a practical method, now known as the third order approximation, has 
been developed by Ortega based on the Birkhoff normal forms and the Moser’s 
twist theorem [17]. After there has been considerable progress on this topic. We 
refer the reader to [2, 3, 4, 5]. However, an “almost” necessary condition for ip(t) 
to be stable is that it is linearly stable. In this direction, it is worth mentioning 
the example found by Chu [3]. That is, the equilibrium x(t) = 0 of the motion of 
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a pendulum with variable length and relativistic effects 

( = = ) + l(t) sinx = 0, l(t) > 0, l € C(R/TZ), 

' v 1 — x' 2 ' 

is stable if its linearized equation 

x + l{t)x = 0 

is stable. In this paper it is shown how a topological invariant, the index of an 
oscillation, can be used to obtain linear stability results. Actually, it will be proved 
that the index characterizes linearly stable in certain case (see section 2). Our 
study is mainly motivated by [7], where a result is the following. 

Theorem 1.1. If there exists a > 0 and $ € L 1 (0,T) such that 

(1.3) a < g x (t,x) < ®(t), 

for all x and a.e. t £ [0, T], and ||$|| p < K(2p*) for some p £ [l,+oo], then (1.1) 
has a unique T-periodic solution which is linearly stable. 


It must be noticed that the strict positiveness assumption of g x (t, x) is crucial 
for this result since this implied the monotonicity of the nonlinearity and then a 
method of lower and upper coupled with the monotone iterative technique was used 
to get existence and linear stability. Unfortunately, in some interesting problems we 
find that the constant g x (t,x) changes sign and Theorem 1.1 cannot be applied. It 
should be pointed out that Ortega has presented the index characterized asymptotic 
stability in dissipative case. See the references [15, 16] and the surveys [18, 19]. In 
this paper, we try to obtain similar results for the conservative case following the 
ideas in [15, 16, 18, 19], see Theorem 2.3 below. 

The purpose of the present paper is to extend Theorem 1.1 which hold when 
g x (t,x) changes sign, we prove the following theorems. 

Theorem 1.2. Suppose that g{t,x) £ U 1 (K x R) satisfies the following semilin- 
earity condition: there exist T-periodic functions <p, $ € L 1 (0,T) such that 

(1.4) <j>{t) < g x (t,x) < $(t), 
uniformly in t. Furthermore, assume 

(1.5) (j>{t) > 0 and A 1 (4>) > 0, 

here (j>{t) denotes the average of<j>(t ) over a period and is antiperiodic eigenvalue. 
Then (1.1) has a unique T-periodic solution which is linearly stable. 


Let us recall a lower bound for A 1 (4>) from [20]. Let us define the positive part 
of a function $ as 4> + = max{<!>, 0}. If the L p norm ||<I> + || p satisfies 


|$H 


<I<(2p*), p*=p/p- 1, 


then (see (13) in [20]) 


/ 7T \ 2 / 

Al($) - (t) ( 


% P + II P 

I<(2p*) 


Here K(q) is the best Sobolev constant in the following inequality: 

C\\x\\l<\\x\\l for all x £ Hq(0,T), 
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where Hq (0, T) is a Sobolev space of all the T-periodic absolutely continuous func- 
tions x such that J Q T x 2 ft)dt < oo with the norm 


F i,t = 


x 2 (t)dt - 


Explicitly, 


2 7T 


Y_2_V _2/a / r (f 


/Y(g)=| qTi+2/<! V 2 +97 

See Talenti [13]. Thus we have the following 


4_ 

T’ 


( Fi ) y 


if 1 < q < oo, 
if q = oo. 


Corollary 1.3. 

sume 


Assume all conditions of Theorem 1.2 hold except (1.5) and as- 
4>(t) > 0 and ||<3? + || p < K(2p*), 1 < p < +oo. 


Then the same conclusion holds. In particular, when p = +00, we arrive at the 
usual criterion 


Halloo < K(2) 


7 r 


2 


' 


2. Linear stability and index 


2.1. Hill’s equation and eigenvalue theory. To each function a € L 1 (K/TZ), 
we associate a linear equation 


(2.1) 


x + a(t)x = 0, 


which is called Hill’s equation and there are many studies about it. The book by 
Magnus and Winkler [11] is a classical reference. 

Now we recall some standard notions in the theory of Hill’s equations. Denote 
by 4'(<) = <j>i(t) + i(j) 2 (t) the complex-valued solution of (2.1) with the initial data: 
T(0) = 1 and ^'(0) = i, where (pi and f >2 are respectively the real and imaginary 
parts of H/. Let 


01 (t) <p2 (t) 
(pi (t) <p2 (t) 

be employed for the fundamental matrix solution of 


M(t) = 


X = A(t)X, X(0) = I 2 , 

where the column vector function X(t) = (x(t), x'(t)) T , I 2 is the 2x2 identity 
matrix and Aft) is the matrix function 


Mt) = 


0 

-aft) 


Liouville’s theorem implies that the matrix solution Mft) always satisfies 


det M(t) = 1. 


This property motivates our interest in the symplectic group. The monodromy 
matrix associated with (2.1) is 


M[T) = 


MT) MT) \ 
MT) MT) J ■ 


Then M is symplectic, i.e. , det M = 1. The eigenvalues pi, i = 1,2, of M are called 
the Floquet multipliers of (2.1). They satisfy p\ • p 2 = 1- We can classify (2.1) 
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into three types, according to the Floquet multipliers, as either hyperbolic when 
|/?i ,2 1 7 ^ 1, or elliptic when |pi j2 | = 1 but pi >2 ±1, or parabolic when pi >2 = ±1, 

respectively. 

Next we introduce some notations on eigenvalues. Consider the eigenvalue prob- 
lems 

(2.2) x" + (A + a{t))x = 0 
subject to the periodic boundary condition 

(2.3) x(0) - x(T) = a/(0) - x'(T) = 0, 
or to the anti-periodic boundary condition 

(2.4) cc(0) + x(T) = x'(0) + x'(T) = 0. 

We use 

Af(a)<A?(a)<...<A»... 

to denote all eigenvalues of (2.2) with the Dirichlet boundary condition ( D ) : 

(2.5) x(0) = x{T) = 0. 

The following are standard results for eigenvalue theory. See, e.g. Reference [11]. 
A partial generalization of these results to the one-dimensional p-Laplacian with 
periodic potentials is given in Reference [14]. 

Theorem 2.1. There exist two sequences {A„(a) : n G N} and {A„(a) : n € Z + } 
of the reals such that 

(Pi) they have the following order: 

—00 < Ao (a) < A 1 (a) < Ai(a) < • • • < A n (a) < A „(a) < • • • 

and A n (a) -A + 00 , A n (a) -A +00 as n -A 00 . 

(P 2 ) A is an eigenvalue of (2.2)-(2.3) if and only if A = A n (a) or A n (a) for some 
even integer n; A is an eigenvalue of (2.2)-(2.f) if and only if A = A n (a) or A n (a) 
for some odd integer n. 

(P3) (Continuity) A® (a), A n (a), and A n (a) are continuous functions of q with 
respect to the L l -metric on q’s: d(ai,a 2 ) = J ^ |ai (t) — a 2 (t)\dt. 

(P4) the eigenvalues A n (a) and A„(a) can be recovered from the Dirichlet eigen- 
values in the following way: for any n £ N, 

A„(a) = min{A^ (a to ) ■ t 0 G K}, A„(a) = max{Af (a to ) : t 0 G M}, 

here at 0 (t) denotes the translation of aft) : at 0 (t) = a(t + to). 

(P5) (Comparison) the comparison results hold for all of these eigenvalues. If 
«i > 02 then 

(2.6) A„(oi) < A n (o 2 ), A„(oi) < A„(ai), A^(qi) < A ^ (< 72 ) , 

for any n G N. If ai(t) > a 2 (t) for all t, and ai(t) > a 2 (<) for t in a subset of 
positive measure, then all of the inequalities in (2.6) are strict. 

(Pq) (Nodal structure) The eigenfunction of Ao (a) do not vanish everywhere. For 
n G N, the eigenfunctions of A„(a) or A n (a) have exactly n— 1 zeros in the intervals 
of the form (to, to + T). 
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2.2. Definition of the index via the Poincare map. In this subsection we 
assume uniqueness for the initial value problem associated to (1.1). Given £ = 
(£ 1 ,^ 2 ) G R 2 , let a ;(t;£) be the solution of (1.1) satisfying 

z(0)=£i, a/(0) = £ 2 - 

The Poincare map is defined as the mapping 

P T : D t C R 2 -Y R 2 , Pr(£) = (a:(T; £), a;(T; £)), 

where Dt = {£ € R 2 : a;(t;£) is defined in [0,T]}. 

The standard theory of the Cauchy problem says that Dt is open in R 2 and Pt 
is a homeomorphism between Dt and Pt(Dt)- In addition, the fixed points of Pt 
correspond to the initial conditions of the T-periodic solutions and the search of 
T-periodic solutions is reduced to the study of the equation in R 2 , 

£ = PAO- 

Let a: be a T-periodic solution of 1.1 and £ 0 = (a;(0), a/(0)). The solution x is 
said to be isolated (periodic T) if £ 0 is an isolated fixed point of Pt- In such case 
the index of x is defined in terms of the following formula 

ind T (a:) = «[Pt,£o], 

where i refers to the definition of the local fixed point index in the plane employed 
in [1], For more information on the index of periodic solutions see [8] and [12]. 

2.3. Connection between linear stability and index. In this subsection we 
proof a few lemmas that are crucial for the proofs of the main results. First we 
need the following. 

Definition 2.2. Given a T-periodic solution x(t) of (1.1). It will be said that x(t) 
is non- degenerate of periodic T if the variational equation is 

(2.7) y + g x (t,x)y = 0 

has no periodic solutions different from zero of periodic T. 

Theorem 2.3. Assume that x is a nondegenerate T-periodic solution of (1.1) such 
that the inequality below holds 

(2.8) hi(gx{t, x)) > 0, 

for t £ R. Then x is linearly stable if and only if voAt(x)=1. 

Remark 2.4. Notice that a nondegenerate solution is always isolated and it is 
assumed that a; is a nondegenerate in order to employ linearization techniques. 
We do not know if Theorem 2.3 is still valid when nondegenerate is replaced by 
degenerate. Because the computation of the index in the degenerate case 

Pi = P2 = 1 

is more delicate the previous technique does not work and the index of x depends 
not only on (2.7) but also on the nonlinear terms of the Taylor expansion of g. 
Some methods about computation in the degenerate case can be found in [?] or [9] 
for more details. 

The crucial step in proof of Theorem 1.2 is the following observation on the Hill 
equation (2.1). 
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Lemma 2.5. Assume that 

(2.9) A 1 (o)>0. 

Then problem (2.1) does not admit any negative Floquet multipliers. In particular, 
(2.1) does not admit any nontrivial subharmonic periodic solution of order 2. 

Proof. Suppose that there is a nontrivial solution of (2.1) with a negative Floquet 
multiplier, i.e. x(t + T) = px(t), 1 £ 1 for some p < 0. Hence, there exists 
to € [0,T] with x(to) = x(to +T) =0. Thus the corresponding x is a nontrivial 
solution of the following Dirichlet boundary value problem 

( x(t) + a(t)x = 0, 

{ x(t 0 ) = x(T + t 0 ) = 0. 

That is, x is an eigenfunction associated with eigenvalue A 0(a) = 0 for some k > 1 
of 

( x(t) + (A + a(t))x = 0, 

\ x(to) = x(T + to) = 0, 

and hence A 1 (a) < Af*(a) < A^(a) = 0, contradicting (2.9). 

Proof of Theorem 2.3. When the inequality in (2.8) is not strict it is elementary 
to show that x is linearly stable and indy (a;) = 1. Therefore it will be assumed that 
the inequality in (2.8) is strict, at least on a set of positive measure. Denote by 
pi,p 2 (|pi| > |>c> 2 1) the Floquet multipliers of (2.1). By Lemma 2.5 the multipliers 
are either conjugate complex or real and positive. In the elliptic case, 

Pi = P2 

if and only if 

ind T (a;) = sign{det(/ 2 - M(T))} = sign{|l - p x \ 2 } = 1. 

In the hyperbolic case, 

0 < pi < 1 < p 2 

if and only if 

ind T (a;) = sign{det(/ 2 - M(T))} = sign{(l - pi)(l - p 2 )} = -1. 

The parabolic case is excluded because x is nondegenerate 1 cannot be a Floquet 
multiple!'. 

The conclusion now follows from the well-known principle of stability for Hill 
equation (see Theorem 7.2 in [6]) that periodic system (2.1) is stable in the sense 
of Lyapunov if and only if (2.1) is elliptic, or is parabolic (pi = p 2 = ±1) with 
further property that all solutions of (2.1) satisfy x(t + T) = x(t), the T-periodic 
solutions in case p\ = p 2 = 1, or x(t + T) = —x(t), the T-anti-periodic solutions in 
case pi = p 2 = — 1. 


3. Proof of Theorem 1.2 

The proof of existence is based on the following two lemmas. 
Lemma 3.1. Assume that 

(3.1) aft) > 0 and A 1 (a) > 0. 

Then Hill equation (2.1) has only the trivial T-periodic solution. 


1459 


FENG WANG et al 1454-1462 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


7 

Proof. Suppose on the contrary that (2.1) admits a nontrivial T-periodic solution 
x (t). We claim that x(t ) vanishes at some t 0 £ [0, T]. If not, then x(t) ^ 0 for all t 
in M. By the periodic boundary conditions, we have x(T) = x(0) and = ^y. 
Dividing (2.1) by x(t) and integrating by part gives that 

+ = o, 

Jo x{ty j Q 

which contradicts the hypothesis aft) > 0. So x(t) has a zero in [0,T], We may 
assume that s(0) = 0 so that a;(0) = x(T) = 0. Thus the corresponding £ is a 
nontrivial solution of the Dirichlet boundary value problem (2.1)-(2.5) That is, x is 
an eigenfunction associated with eigenvalue A jj(a) = 0 for some k > 1 of (2.2)-(2.5), 
and hence A 1 (a) < Af(a) < A)P(a) = 0, contradicting (3.1). 

Lemma 3.2. Under the conditions of Lemma 3.1, the Hill equation (2.1) is stable. 

Proof. The proof will be completed using Theorem 2.3. To this end, we compute 
the local index and consider following parametric equation 

L\ — x T [An(t) T (1 — A)cio]*r = 0, A £ [0, 1], 

where 0 < ao < (n/T) 2 . 

Let a\ = A a(t) + (1 — A)ao- Since 

a\ = Xa(t) + (1 — A)a 0 > 0, 

and 

A 1 (a>) > A A 1 (a) + (1 — A)A 1 (ao) > 0, 

it follows from Lemma 3.1 that L\x = 0 does not admit a nontrivial T-periodic 
solution. Let B e be the e-ball of 0, then L\X = 0 has no T-periodic solution on dB e 
for A G [0, 1]. By the liomotopy invariance properties of the topological degree, we 
have that 

ind(Ti,0) = deg(Ti,B £ ,0) = deg(T A , T e , 0) 

= deg(Toi B tl 0) = sgn 0 n = 1 - 

—ao U 

The conclusion follows from Theorem 2.3. 

Proof of Theorem 1.2 In order to show that the conditions are sufficient, we 
divide the proof into two steps. 

Step 1: Uniqueness. Suppose that x\ (t) and X 2 (t) are two T-periodic solutions 
of (1.1). Then 

(3.2) [xi (f) - x 2 {t )]" + [g(t, x 1 (t)) - g(t, x 2 {t))\ = 0. 

Setting x(t) = aq (t) — x 2 (t), we obtain, from (3.2), that 

(3.3) x"(t) + (3(t)x(t) = 0, 

where /3(t) = s( ' t ’ x flZ 9 J* ,X2 ' > ■ It follows from Lemma 3.1 that x(t) = 0, which implies 
that x\(t) = x 2 (t) for all let. 

Step 2: Existence and linearly stable. Without loss of generality, we may assume 
that g{t, 0) = 0, for otherwise we can reduce both sides of Eq. (1.1) by g(t, 0). 
A natural choice for the parametrized equation in applying homotopy invariance 
property is to take H defined by 

(3.4) H\(x) = x{t) + A g(t, x) + (1 — A)$(t)a: = 0, 
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in which <1 >(i) is as in Theorem 1.2. 

We claim that there is R > 0 such that equation (3.4) has no solution on dB R 
in T°°[0, T\ for all A € [0,1]. Suppose the assertion is not true. Let x n = x n (t) 
be a sequence of T-periodic solutions such that ||x„| — > oo and A n G [0, 1] be the 
corresponding sequence. Let z n (t) = |^|. First, dividing (3.4) by ||x„||, then 
multiplying by pit) G C R and finally integrating by parts we have that 
r T 

J $yZ n <p+ X n g(t,x n ) + (1 - \n)$(t)x n ■ <p/\\x n \\}dt = 0. 

The conditions of Theorem 1.2 imply that {[A n g{t,x n ) + (1 — A n )$(t)x„]/||a; n ||} is 
bounded and hence is pre-compact in weak star topology in L 1 [0,T]. Thus there 
is a subsequence such that g(t,x n )/x n a(t) and A„ -A A. Taking the limit as 
n — ^ oo, one obtains that z n — » z, 

rT 

(zfi + zu>(t)ip)dt = 0 , 


Jo 

where oj(t) = Xa(t) + (1 — A )4>(f) satisfying the conditions of Lemma 3.1. It follows 
from Lemma 3.1 that z(t) = 0, which contradicts ||z(t)|| = 1. This shows the 
boundedness of the periodic solutions of (3.4). By the standard argument one can 
verify that the C 1 -norm is bounded independently of A. Next, by applying the 
homotopy invariance property, we have that 


deg(H 1 ,B R ,0) = deg(H Ol B R ,0). 

From the same reasonings of Lemma 3.2 one proves that deg(Ho, B R , 0) = 1. This 
completes the existence of T-periodic solution x, and linear stability can be obtained 
by Lemma 3.2. 


4. Final remark 

Theorem 2.3 can be applied to other kinds of problems. In particular, to the 
piecewise linear equation 

(4.1) x + g(t)x + — v{t)x~ = 0, 

where x + = max{x, 0}, x“ = max{— x, 0}, /z, v G T 1 (0,T). The equation (4.1) 
is very popular since a series of works of Lazer and McKenna [10] as a simple 
mathematical model for vertical oscillations of a long-span suspension bridge. The 
following result can be proved in a way similar to Theorem 1.2 
Equation (4-1) has a unique T-periodic solution which is linearly stable if pit) > 
0 , v(t) > 0 and 

|| max{/z(f),z'(t)}|| p < K(2p*), 1 < p < +oo. 
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Abstract: The primary focus of this paper is to investigate the boundedness and asymptotic 
behavior of the following symmetric system of max-type difference equations 



y 

x n+1 = maxfc, -f-}, y n+1 = maxfc, 
zLi 


'n - 1 


where the parameters c,p,qe( 0,oo) and the initial conditions x_ u x 0 ,y_ u y n ,z ,,z 0 are 

arbitrary positive real numbers. Our main results considerably improve results appearing in 
the literature (see, Stevie, (2014) [29]). 

Keywords: max-type system, difference equations, boundedness, global attractivity. 

1. Introduction 

In last few decades there has been a great interest in studying nonlinear difference 
equations and systems for developing some new techniques which can be used in 
investigating the models describing real life situations in biology, control theory, economics, 
etc. (see, e.g., [1-15] and the references therein). Recently, the so-called max-type difference 
equation has attracted more and more attention. However, the maxima operator is not a 
smooth function in n-dimensional real vector space so that the techniques which use 
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derivatives could be of almost no use, so the study of max-type systems of difference 
equations become more difficult. Some studies of these difference equations have been 
presented in [16-25]. 

Paper [26] is one of the first such papers on max-type difference equations. It studies 
positive solutions of the difference equation 

x p 

x n+1 = max{a,-^-}, neN 0 , (1.1) 

Cl 

where initial values v p x (] , and parameters a and p are positive numbers. 

In [27], Stevo Stevie studied the boundedness character of positive solutions to the 
following max-type difference equation, 

x n =max{A,^-}, neN 0 , (1.2) 

\- k 

where k e N \ { 1} , the parameters A and r are positive and P is a nonnegative real number. 

As an extension of (1.2), Stevo Stevie studied the boundedness character and global 
attractivity of positive solutions of the following symmetric system of max-type difference 
equation 


y p X p 

* n+1 = maxfc,— ^-}, y n+1 = maxfc,— M, ne N 0 , (1.3) 

C yl i 

where c, p e (0, +oo) (see [28]). 

Above results motivated Stevo Stevie to continuously investigate the behavior of positive 
solutions of the following max-type system of differences 

yP Z P X P 

x „+i = niax{c, — f-}, y n+ i = maxfc, — f-}, z n+1 = maxfc, — f-}, ne N 0 , (1.4) 

Ci Ci yl i 

where the parameters c and P are positive real numbers. It is proved that system (1.4) is 
permanent when p e (0, 4) and so forth (see [29]). 

Motivated by works [26-29], the primary focus of this paper is to investigate the 
boundedness character and global attractivity of the following max-type difference equations 

y p z p x p 

x n+1 = maxfc, -M, y n+1 = maxfc, -f-}, z n+1 = maxfc, ne N 0 , (1.5) 

Ci Ci y n - 1 
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where c, p, q e (0, +oo) . It is obvious that the paper can be considered as a continuation of 
studying special cases of the next systems of difference equations 


x n+1 = maxf^ , ^p-}, y n+1 = maxf^ , , z n+1 = max{A„ , n e N 0 , 


' J n-k 


x n-k 


ylk 


where m,k e N , p, q e (0, +oo) , and ( 2^ ) nejv is a sequence of positive numbers. For more 

related papers in this research area, see, for example, [30-33] and the references therein. 

The rest of the paper is organized as follows. In Section 2, we will focus our attention on 
the buondedness character of solutions of system (1.5) by developing new iterative method 
and inequality technique. In Section 3, we will investigate the asymptotic behavior of 
solutions of system (1.5). Then we show an example and carry out numerical simulations in 
Section 4, from which it can be seen that all simulations agree with the theoretical results. 
We finally conclude our paper in Section 5. 

2. Boundedness character of solutions 


This section is devoted to analyzing the boundedness of the positive solutions to the max- 
type difference systems (1.5). 

Theorem 2.1. Assume that f(A) = A 2 -pA + q and (a) there is A l > 1 such that f(A 1 ) = 0, 
or (b) there is A 1 = A 2 = 1 such that f (^) = f(A 2 ) = 0. Then the system (1.5) has positive 
unbounded solutions. 


Proof. Obviously, from (1.5), we can easily see that 


*„ + i^ 


y n 


y n+l ^ ' 


v 


yh 


( 2 . 1 ) 


By taking logarithm in (2.1), for any n e N () , we obtain 

In x n+1 > pin y n -q\n z n _ v lny, 1+1 > plnz„ -qlnx^, In z n+1 > p In x n - q In y n-1 . (2.2) 

Moreover, it follows that 

ln ^ P In \y n z n ~ q In x n t y n l z n _, . (2.3) 


Let v n = ln x n y n z n > where n > -1, then inequality (2.3) becomes 

Li+i ~ P^n Qy n-i > neN 0 . (2.4) 

By hypothesis (a), we have that f (^ = o and A 1 > 1- 

Let 
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then it follows that 


fM) = 


m 

A, — A^ 


A, + Q 

5 


f(A) = (A + a)(A-A l ). 

Thus, we can obtain p = \-a and q = -a\ . 

Set 


K= V n+ aV n- V «eN 0 . 

Then inequation (2.4) can be written in the following form 

Vi - py n + qv n _i = V n+1 a)v n - a2 1 v n _i 

= v n + i + a v n -/i a (v n +av n _ 1 ) 

= “n + r^n 
> 0 . 


(2.5) 


( 2 . 6 ) 


(2.7) 


(2.8) 


That is 

U n+1 - A U n • (2 -9) 

Let v_,, v 0 be chosen such that 

v o -I 0 II v _j | . (2.10) 

This, along with (2.9), yields to 

u n+1 >AJu 0 , and u 0 > 0 . (2.11) 

Letting n— »oo in (2.11), from assumption (a) \>1 and u 0 > 0 , it follows that 

U n =V n +ClV n - i ~ > +°° aS H — » +00 . (2.12) 


Hence (v„j is unbounded. As v =lnx y z , it follows that 

I " 1 j7> — i n rii-' n n ' 


3S 0°, (2.13) 

which along with + y\ + z 2 n > S^jx n y n z n implies 

^l+yl+K (2-14) 

from which it follows that the sequence {(*„, y n , z n )} n> unbounded. 
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By hypothesis (b), we have p = 2, q=l. Then from (2.1) we get 


X n + 1 > y n 

y n z „-i’ 


Tn+l ^ Z n Z n+ 1 y X n 

Z n ~ X n-1 X n _ Fn-1 ' 


Moreover, one has 


x n+ iy n+ i^ n+ i > x n y n z n > > x ®y o z o 

X n y n Z n X n-iy n -l Z n-l ’ 


(2.15) 


(2.16) 


and consequently 


W.^G^^rWo. "s Wo. (2.17) 

If we choose the initial conditions x ,, y : , z_ p x 0 , y 0 , z 0 such that x 0 y 0 z 0 > x_ 1 y_ 1 z_ 1 > 0 then 
we obtain (2.13) and consequently (2.14), which implies that the sequence^,, y^zj]^ is 
unbounded, and then the proof of Theorem 2.1 is completed. 

Next, we study the different cases concerning with the boundedness of positive solutions 
to the systems (1.5). 

Theorem 2.2. If c > 0 , p > 0 and p 2 < 4q , then the solutions to system (1.5) are bounded. 

Proof. Assume that (x n ,y n ,z n ) n£ _ 1 is a positive solution to systems (1.5). Then the following 
estimate obviously holds 

min{x n ,y n ,z (] }>c, ne N 0 . (2.18) 


Due to the symmetry among {*„} , {y n } and {z n } , as long as we prove the boundedness of 
{x n } , other sequences {y„ } and {zj can be proved as well. 


From systems (1.5), it follows that 


* n +i = max { c > = maxfc, %H, neN 0 . 


“'n-1 


7 q y pq 
Z n-1 n-2 


(2.19) 


Casel. When p 2 <q, we get 


x n+1 < maxfc, 


1 1 


C q P ’ r pq ~ p2+q ' 


( 2 . 20 ) 


Thus, the sequence {*„}„>_! is bounded. 

Case2. When p 2 > q , let sequence } ;>0 be defined as follows 


5 


1467 


Chang-youWang etal 1463-1479 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


a /+i = q/(p-Qi). a o = °- /ei V 


( 2 . 21 ) 


From (1.5) and (2.21), we have 


y P (.P Z P ~Q 

x n+1 = ma x{c, -M = maxfc, — , 


Ci 

c 


7 q \ Pq 
L n-l A n-2 


= ^{ C -(^) P -(^)) lM,P,P } 

Z n-1 A n-2 

r r y p-q/(p-q/p) 

= max(c,(-)',(--— j'"""'} 


7 q/p' ’ v v q/(p-<?/p) ' 
Z n-1 A n-2 


yl 3 


r r X p ° 3k 

= max < c ’ ^ (^75) - • ' •* (-^)^ ■ ■ O^)'} 

z n-l A n-2 J n-3k 

r r r P~ a 3 k-l v P(P- Q 3k-l)-P 

= max{c, (— , ( — it~ — j~r , • • • , (- , ^ ) p -° 3k - 2 , ■ ■ ■Y p - q/p) ) p } 

1 ’ v 7 q/p ’ v ylKp-q/p) ’ q ’ q ' ' ' ’ 

L n- 1 A n- 2 J n- 3k z n-(3k+l) 

yP-aik 

r n-3 k )P-°3k-i ; ,yp-q/p))P} 


(2.22) 


c c V p ° 3t 

= max{c, ( — — ,( — — —,•••,( y '^ 3k ) p 

,K q/p ,K q/(p-qlp) ’ ’ K q ’ 

L n- 1 A n-2 (3k+l) 

r r z P- a 3 k+i 

= ma x{c,(^,(^^,"^(^)^,.0 ( - /rt r}. 

z n-l A n-2 A n-(3/c+2) 


From the monotonicity of g(x) = q/(p-x ) on the interval (0, p) along with the fact 
0 = a 0 <a 1 = q/ p , it follows that the sequence {a,} is increasing as far as a, < p for 

every hN 0 , Hence, we have lim,^ a, = x* , x* e (0, p] and x* is the solution of the 
following equation 

f(x) = x(p-x)-q = 0. (2.23) 

However the equation (2.23) has no real roots existing in (0, p] when P 2 < 4 q , which is 
contradiction. Hence there is Z 0 e N such that <3, o _, < p and a, 0 ^ p . 

If Z 0 = 3k , then by using (2.18) in (2.22) it follows that 


x„i = max{c,( (— — 


v P- a 3k 

! y rl-3k \P-aik-l 

> ) ’ 


yp-q/p)jp j 


n-1 


x n-2 


<ma ix{c,(4-,(-^-,-,( 1 


q-P+a^k 


^n-(3k+ 1) 

.jP- fl 3k-i > ...yp- a i)jPj 


(2.24) 


for n > 3k , from which the boundedness of (x„| follows in this case. 

I n ) n >- 1 

If / 0 = 3k + 1 , then it follows that 
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P-« 3 k+i 


7 Q/P 9 V v q/(p-q/p) 
Z n-1 A n-2 


c , c 


v n-(3/c+2) 


<max{c, 


c 1 c 


,q-P+a 3 k+i 


■jP-a 3 k )P j 


(2.25) 


for n > 3/c + 1 , from which the boundedness of 1 x„ 1 follows in this case. 

1 n J n>-l 

If Z 0 = 3/c + 2 , then it follows that 


x n +i = maxfc, (— — , ( 


7 q/p ’ v Y q/(p-q/p) ’ 

Z n-1 A n-2 3n- 


P~ a 3k+2 

n-(3k+2) ^ P~^ 3 k+! .J(P-<J/P))PJ 


3(k+l) 


c , c 


Smax{c,(— 


1 


c 1 c 


^q-p+a 3k+ 2 


.•jP-« 3 k + i ) ...\(P-Oi)-jPj. 


(2.26) 


for n > 3/c + 1 , from which the boundedness of 1x1 follows in this case. 

K n ) n >- 1 


Combined the case 1 p 2 <q and the case 2 q<p 2 <4q, we can obtain that the sequence 
KWi is bounded when $<4q. In the same way, we can prove that the sequence fy n } and 
{z n } are bounded as well. Hence, every solution to systems (1.5) is bounded when p 2 <4q. 

Theorem 2.3. Assume that c > 0 , q > 0 and p =1 . Then the solutions to systems (1.5) 
are bounded. 

Proof. Assume that {(\,y n ,z n )} is any positive solution to systems (1.5) in particular p = 1. 
We can easily know that x n >c,y n >c,z n >c. Therefore, we have 


x n+1 < maxfc, ?f} } y n+1 < maxfc, ^-}, z n+1 < maxfc, %, neN 0 . (2.27) 


(2.28) 


From the above (2.27), it follows that 

V C Z C C X 

x n , , < max{c, — } < maxfc, — , < maxfc, — , — — , -^r 2 -} . 

1 c q c q c 2q c q c 2q c 3q 

Set 

v n+ i = maxfc, ^g-}, n = 1, 2, • • • and v x = x v v 0 = x 0 , = x_, . (2.29) 

Assume that fv n } is the solution to (2.29). Then v n is greater than x n for any n> 2. 
Case 1. c>l. 
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(a) . If v_ 1 <c 3q+1 , v 0 < c 3q+1 and v 1 < c 3q+l , from (2.29) we can obtain that c q > 1 and 
v , 

< c , so v 2 = c, v 5 = c, v 8 = c, ■ • • , which implies that v 3n _ 1 = c . Moreover, v 4 = c , v 7 = c , 

v io=Cv, which implies that v 3n+1 = c and similarly v 3n = c . Hence, the boundedness of 
{ v n } na l follows in this case . 

(b) . If v_j > c 3q+1 , v 0 >c 3qi and v, > c 3q+1 , from (2.29) we can obtain that c < z 5 < z 2 < z , , 
Through iteration, we can get that (v 3n _ 1 } is monotonically decreasing. Additionally, 
v n > c for any n = 3k keN, we can obtain that {v 3n , } is bounded. Similarly, {v 3n } and 
{v 3n+1 } are bounded as well. Hence, the boundedness of {v n } na l follows in this case. 

(c) . If v_ 1 <c 3q+1 , v 0 < c 3q+1 and v, > c’ q < , from above proof we can obtain that v 3n _, =c, 

V 3 „ =C and {v 3n+1 } is monotonically decreasing. Additionally v n > c , we can obtain the 
boundedness of follows in this case. 

(d) . If v , <c 3,rl , v 0 > c 3q+1 and v 1 <c 3q+1 , from above proof we can obtain that 

V 3„-1 = C, V 3n + l=C and (v 3n } is monotonically decreasing. Additionally v„ > c , we can 

obtain the boundedness of {v n } n> x follows in this case. 

(e) . If v_| > c 3q 1 1 , v 0 < c 3q+1 and v, < c 3q+1 , from above proof we can obtain that v 3n = c , 
V 3n+1 — C and {v 3n _J is monotonically decreasing. Additionally v n > c , we can obtain the 
boundedness of { v rl } n> _ 1 follows in this case. 

(f) . If v 1 < C iq+ ' , v (l > c ,q 1 and v, > c ’ q ' ] , from above proof we can obtain that v 3n _, =c, 
{v 3n } and {v 3lHl } are monotonically decreasing. Additionally v n >c ; we can obtain the 
boundedness of { v „ } n >_ , follows in this case. 

(g) . If v_j >c 3q+1 , v 0 < c 3q+1 and v, > c 3q+1 , from above proof we can obtain that v 3n = c , 

{ v 3n ,} and (v 3n+1 } are monotonically decreasing. Additionally v n > c ? we can obtain the 
boundedness of { v „ }„> 3 follows in this case. 

(h) . If v_ 1 >c 3q+1 , v 0 > c 3q+1 and v, < c ' q+1 , from above proof we can obtain that 

v 3 n+i =c , { v 3 „_i} and (v 3n } are monotonically decreasing. Additionally v n >c , we can 

obtain the boundedness of {v n } n >_ 1 follows in this case. 
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Due to the bounededness of { v „ } n >_T and < v n , we can obtain the boundedness of fx„ } . 

Similarly fy„} and fz„} are bounded as well. Hence, every positive solution to systems 
(1.5) is bounded. 

Case 2. 0<c<l. 


(a) If q>l, in fact \ , from (1.5) it follows that 

x n+1 = maxfc, = maxfc, 

= maxfc, 


n - 1 


n-1 

c 


7 Q 7^ 

Z n- 1 Z n-l A n-2 


„ 9 a— 1 q 

Z n- 1 Z n-l X n-2 


1 } < maxfc, 1 


c^’c 2 ^ 1 


for neN , which means that fx„ } is bounded. 


(b). If 0 < q < 1, let sequence {a, j be defined as follows 

a i+i = a i~b\, b l+1 = qa , , a^l-q, b t = q, leN. 
Thus, from (1.5) we have 


x n+1 = maxfc, 


7 q X q 
Z n-1 A n-2 


7 l ~ q r 7° l 

^}=max{ c, — ,4^} 


Z n- 1 A n-2 


c 

c M 

x (1 7 ) - 

-<? 

r c 

c 



n-2 

_ i = 

m i y -f r* 


J q 

7 h 
z n- 1 

J Q 
X n- 2 

’ 

*/ n-3 

7) ^ 

illdX\C, 

z n-l 


c 

C M 


q v [(l-q)-qhq(l~q) 

J n-3 l. 

— IT 

’ z 1 ' 

z n-l 

5 q 

X„_ 2 

’ q(l-q) ’ 

*/ n-3 

q[(l-q)-q] J 

^n-4 

11 

c 

c fll 

c 01 "^ 

c a 2- b 2 

y a 3k-2 ~^3 k- 

A n-(3k-l) 

-2 

_l: 

q 9 

7 h 
z n- 1 

x bl ’ 

X n-2 


z b3 

z 'n-4 

V b 3fe-i 

7n-3k 

J 

c 

C° l 

c 01 ^ 

c “2->h 

■t, a 3k-l~^3k- 

7n-3k 

l 

_l = 

q 9 

7 h 
z n- 1 

x bl ’ 

X n-2 


Z^ 

z 'n-4 

’ 7 *>3k 

z n-(3k+l) 

J 

C 

c Ql 

c%-^ 

c “2-b2 

7 a 3k~^3k 

z n-(3k+l) 

1= 

q 9 

7 h 
z n- 1 

’ 

A n- 2 


Z ^ 
z n- 4 

’ y^3k+l 

A n-(3k+2) 

J 


C 1 X 


fll-bl 


v*\ 

J n- 3 


c 1 c 


Q1 -bl <7,-^ 

/n-3 


7 q ’ vA ’ v 9 " 1 ’ 7 q ° 2 

i n- 1 A n-2 2n-3 z 'n-4 


: maxfc, 
: maxfc, 
: maxfc, 


for every keN . 

From (2.31), we can deduce 


<* ’ V fc l ’ V b 2 ’ 7^ 

n-1 ^n-2 */ n-3 ^n-4 


c" 1 


4 ’ vA ’ y b 2 ’ ? b l 

n-1 A n- 2 Jn - 3 A n-4 


c Ul 


^n-l A n-2 Jn - 3 ^n-4 


(2.30) 


(2.31) 


Y a 3k-1 

v n-(3k-l) 




-3k 


v 3k 

7n-3k - 

*’ 7 &3* 

z n-(3k+l) 


^n-3k+l l 

y^3k+l 

\-(3k+2) 

(2.32) 


■*z+i 


a, + qa,^ = 0,1 eN . 


(2.33) 
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It is easy to see that the general solution of difference equation (2.33) is 

a, = cX + C-X , q, c 2 e R , (2.34) 

where \ 2 = (l±- s /l-4q)/2 . The fact \\ 2 |<1 along with (2.34) implies that the sequence 
lim ; ^ +oo a, = 0 . From this and (2.31) we get lim,^ b, = 0 . 

Now note that from (2.32) it follows that 




x n+ i <ma xfc,-^,-^-,-^,^ 

yH V 1 17 2 ry 


n-(3k-l) 
kik-i 




(2.35) 


Z „- 1 *n-2 JV-3 Z n-4 T„-: 


3k 


or 


x„ +1 < maxfc, 


c c 1 c 


v 3fc 

n-3k 


q 9 b, 9 bo 9 bo 

z?, x?, y„% z, 03 


J n - 1 n-2 


9 

3 ^n-4 ^-(3*+!) 


■}, 


(2.36) 


or 


Ol On 

C C ^ C 


x n+1 < maxfc, 


°n-(3k+l) 


’ V 5 ! 5 A/ b 2 5 7 ^3 5 v^fc + 1 

Z n-1 A n-2 Jn-3 Z n-4 A 


}• 


(2.37) 


n-(3k+2) 


The convergence of {a, } z > x and {b ; } ja l along with (2.35)-(2.37) implies the boundedness 
of { x n } n >_! . Since systems (1.5) is symmetric, the boundedness of {x„} n > : implies the 
boundedness of {y n }„> i and {z n } na x , as claimed. 

Theorem 2.4. Assume that c > 0 , p e (0,1) , then the solutions to systems (1.5) are bounded. 

Proof. Assume that (x„,y n ,z n ) n >_, is a positive solution to systems (1.5). Then the following 
estimate obviously holds 


Hence 


min{x n ,y n ,z n } > c, ne N 0 . 


yP C P Z P- 

x n , . < maxfc, — } < maxfc, — , n 1 } 
n+i c q c q c pq+q 


(2.38) 


< maxfc, — , 


c p c p ~ 


(2.39) 


\i-2 


C <1 ’ ^PP+P ’ c P 2 q+pq+q 


}• 


Let fvj be the solutions of the following difference equation (2.40) and v_ 1 = x_ 1 . 


v 0 =x 0 ,v 1 =x 1 . 


10 
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v„ + i = max{c, 


1 1 


C q P ’ qPQ~P 2+c I ’ c P 2( l + P c l +c l 


}, n = 1,2,3,- 


(2.40) 


Since p e (0, 1) , the following function 

f(x) = max{c, ^ ^ 


Q q p ’ c pq-p 2 +q ’ c P 2 q+P‘?+q ' 


(2.41) 


is a concave function for sufficiently large x • Thus, it follows that there is a fixed point x , 
such that f(x)<x for x>x*. It is easy to see that if v 2 e (0, x*] , the sequence {v n }„> 2 is 
bounded above by x* and if v 2 > x* , it is non-increasing and bounded below by x* . 
Hence the sequence {v n } is bounded and consequently the sequence {*„} is bounded too. 
In the same way, we can prove that the sequence ly„} and {z n } are bounded as well. 
Hence, every solution to systems (1.5) is bounded as claimed. 

3. Asymptotic behavior of solutions 

This section is devoted to analyzing the asymptotic behavior of solutions to system (1.5) 
for c > 1 and c e (0, 1] . 


Theorem 3.1. Assuming 0 < p < 1 , when c e (0,1] then ((*„, y n , z„)} converges to 
(x*,y*,z*) = (1,1,1), while c> 1, { (x„,y n ,z n )} converges to (x*,y*,z*) = (c,c,c) . 

Proof. Case 1. ce(0,l]. 


Due to the positivity of the solution to {(x n ,y n ,z n )} with initial data x 0 , x , > 0 > 
To>T-i >0 and z 0 ,z_ r >0, the systems (1.5) can be transformed to the following systems (3.1) 
by the change of x n = e s " , y n = e f " , z n = e r " , where s n > 0, t n > 0, r n > 0, n > k and In c < 0 . 

s n+1 = max {In c, pt n - qr n ,} < max{ln c, pt n }<pt n , 

t n+1 = maxflnc, pr n -qs^J < maxflnc, pr n }< pr n , (3.1) 

r„ +1 = max {In c, ps n - qt nl } < max{ln c, ps n }<ps n . 

Obviously, from systems (3.1), inequality (3.2) follows 

S n+3 - P^n’ t n+ 3^P%’ r n+3 ^ P\ ■ (3.2) 


For p<l, s n+3 < s n can be obtained from inequality (3.2). The sequences {s 3rJ }, {s 3n+1 } 
and {s 3n+2 } are monotone decreasing. In addition, as s n > 0 ; we can get that lim n ^ OT s n = 0 
and lim^^ x n = lim^^ e s " =1. Then {x n } converges to 1. {y n } and {zj can be proved 
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in the same way. Therefore, when ce(0,l] , if p< 1, then {(x n ,y n ,z n )} converges to 

(/,/,/) = ( 1 , 1 , 1 ). 


Case 2. c>l. 

Correspondingly, systems (1.5) can be transformed to systems (3.3) by the change of 
x„ =c s ",y n =c‘",z n =c r ", where s n >1, t n >l,r n >1 due to x n >c,y n >c,z n >c. 


s „ + i = maxfl, pt n -qr n ,}, 
bn, = max {1, pr n — qs n ,}, 
r ,. i = max{l, ps n -qt n ,}. 

Furthermore, systems (3.3) can be written as systems (3.4). 

s „+i - 1 = ™x{0, PK, ~ Q r n - 1 - !}» 

*n + l - ! = max {°- P r n - Q S n- 1 "D. 

r n+ i -1 = max{0, ps„ -1}. 

Similar proof has been fully given in case c e (0, 1] and here the rest proof is omitted. 
Then the result is much alike with the one in above case: 

lim s n = 1 lim t n = 1 lim r n = 1 

n— >oo * n— >oo 9 n— >oo 9 


(3.3) 


(3.4) 


(3.5) 


and 


lim x n = lim c s " = c lim y n = lim c‘ n = c lim z n = lim c r " = c _ 

n — >oo n— >oo J n— >oo n — >oo ’ n— >oo n— >oo 


(3.6) 


Therefore, assume 0<p<l and c>l, then ( x n ,y n ,z n ) converges to (x*,y ,z*)=(c,c,c). 
Hence Theorem 3.1 is proved completely. 

4. Simulation experiment 

In this section, some numerical simulations are given to support our theoretical analysis. 
As examples, we consider the following difference equations 


and 


0.5 z 0.5 z 0.5 

x n+1 = max{0.5, ^-}, y n+1 = max{0.5, y n+1 = max{0.5, n e N 0 , (4.1) 


v z X 

x n +i = maxfl, -f-}, y n+1 = maxfl, z n+1 = maxfl, -f-}, ne N 0 , 

Vl *„-l Yn - 1 


(4.2) 


0.5 z 0.5 x 0.5 

-^ n+1 = maxfl. 5, ^ } , y n+ i = max {1.5, | } , z n+1 = maxfl. 5, ^ } , ne 

Vi *„-i y„-i 

12 


(4.3) 
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By employing Matlab R2013b, we solve the numerical solutions of the above equations, 
which are shown respectively in the following Figures. 

More precisely, the initial conditions of (4.1) are that x, =1.5 , x 0 =1.2 , y, = 0.5 , 
y 0 =0.8 , z : = 1 , and z 0 =1.5 . It is easy to show that the equations (4.1) satisfy the 
conditions of Theorem 2.2. Fig.4.1 shows that the solutions of the equations (4.1) are 
bounded. The initial conditions of (4.2) are that = 1.5 , x 0 = 1.2 , y, = 0.5 , y 0 = 0.8 , 

z , = 2.5 , and z 0 = 3 . It is easy to show that the equations (4.2) satisfy the conditions of 
Theorem 2.3 and Theorem 3.1. Figure 4.2 shows the solutions to equations (4.2) are 
bounded and globally attractive. The initial conditions of equations (4.3) are that x , =1.5 , 

x 0 = 1.2 , y_, = 0.5 , y 0 = 0.8 , z_ x = 1 , and z 0 = 1.5 . It is easy to show that the equations 

(4.3) satisfy the conditions of Theorem 2.4 and Theorem 3.1. Figure 4.3 shows the solutions 
to the equations (4.3) are bounded and globally attractive. 



n 


Figure 4.1. the solutions to equation (4.1) 
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n 


Figure4.2. the solutions to equation (4.2) 



Figure 4.3. the solutions to equation (4.3) 
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5. Conclusion 

It is obvious that the system of three max-type difference equations (1.5) is the extension 
of the models in [26-29]. In this paper, we have dealt with the problem of boundedness 
character and global attractivity for a class of max-type difference system. And we have 
obtained some sufficient conditions which ensure the boundedness character and global 
attractivity of the max-type system. Especially, the sufficient conditions that we obtained are 
very simple, which provide flexibility for the application and analysis of max-type 
difference system. These results generalize and improve some previous works. In addition, 
we present the use of a new iteration method for symmetric systems of max-type difference 
equations. This technique is a powerful tool for solving various difference equations and it 
can be applied to other nonlinear differential equations in mathematical physics. 
Computations are performed using the software package Matlab R2013b. Finally, some 
numerical examples are given to show the validity of the obtained theoretic results 
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saddle point conditions of the fuzzy optimization problems 
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Abstract The purpose of this work is to consider the optimization problem of n-dimensional fuzzy 
number valued functions. Firstly, the differentiability and convexity of n-dimensional fuzzy number 
valued function are discussed by means of the support function and a new order relation, which is built 
in the aid of the support function and the order of vector. Secondly, the fuzzy Lagrange function of fuzzy 
nonlinear programming is presented and weak duality theorems are obtained. At last, the saddle point 
of fuzzy lagrangian function is defined, the sufficient and necessity conditions of saddle point are given. 
Keywords Fuzzy numbers; fuzzy programming; saddle point; duality theorem 

1. Introduction 

Since the concept and operations of fuzzy set were introduced by Zadeh, many studies have focused 
on the theoretical aspects and applications of fuzzy sets, one of the main stream is the fuzzy optimization 
in operation research. In 1970, Bellman and Zadeh[l] inspired the development of fuzzy optimization by 
providing the aggregation operators, which combined the fuzzy goals and fuzzy decision space. After this 
motivation and inspiration, there came out a lot of articles dealing with the fuzzy optimization problems 
and the insightful survey can be seen in [3, 7, 11]. 

The duality of fuzzy linear programming was first studied by Rodder and Zimmermann[9] who consid- 
ered the economic interpretation of the dual variables. Zhong and Shi [20] presented a parametric approach 
for duality in fuzzy multi criteria and multi constrainted linear programming which extended fuzzy linear 
programming approaches. Wu[14]formulate the fuzzy primal and dual linear programming problems with 
fuzzy coefficients by using fuzzy scalar product, prove the weak and strong duality theorems. Wu[15] 
discuss the saddle-point optimality conditions in fuzzy optimization problems by introducing the fuzzy 
scalar product. In Wu[16], under a general setting partial ordering, the duality theorems and saddle point 
optimality of fuzzy nonlinear programming problems are derived. Zhang[21]discuss the saddle-points and 
minimax theorems under fuzzy environment, obtain the KT conditions for fuzzy programming and con- 
sider the “perturbed” convex fuzzy programming. Gong[5] propose the fuzzy Lagrangian function of a 
fuzzy optimization problem by considering a total ordering on the set of fuzzy numbers, and the saddle 
point of fuzzy Lagrangian function with its optimality condition were dicussed.Howere,the fuzzy number 
in these research above is on the real line, which is one dimensional. There are few studies on n-dimensional 
fuzzy numbers, maybe the ranking of n-dimensional fuzzy numbers has been a bottleneck for researchers. 

The differentiability of fuzzy mappings from an open subset of a normed space into the n-dimension 
fuzzy number space E n was developed by Puri and Ralescu[8], which generalized and extended the 
concept of Hukuhara differentiability for set mappings. Wang and Wu[12] proposed the directional 
derivative, differential and sub-differential of fuzzy mappings from R n into E using Hukuhara difference. 
Hai[6] characterize the generalized difference of n-dimensional fuzzy number valued functions by means 
of support functions and give the order relation A s by the aid of support function. Yan[18] give the order 
relation on E considering the left and right endpoints and weights, which is a total order. Based on this, 
we give the order relation of n- dimensional fuzzy numbers by means of the support function and the 
order of vector, this order is partial and practical. 

'This work is supported by National Natural Science Foundation (11461062) and the Scientific Research Project for 
Higher Education of Gansu Province (2015A-144). 

‘Corresponding Author: Hong-Xia Li. Tel.: +8613830467235. E-mail addresses: lhxia0929@163.com 
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The purpose of this work is to consider the optimization problem of n-dimensional fuzzy number 
valued function. First, we present the terminology used in the present paper, and give the order relation 
of n-dimensional fuzzy-number-valued function. In section 3, the differentiability and convexity are 
introduced and its relations is studied. For nonlinear fuzzy programming problem, the weak duality 
theorem the saddle point of fuzzy lagrangian function is is presented, further, the sufficient and necessity 
condition of saddle point are obtained. 

2. Definitions and preliminaries 

In this section, basic definitions and operations for fuzzy numbers are presented. 

Definition 2.1 1 17 ! X = R n , n > 1 is the real n-dimensional Euclidean space, A fuzzy number is a 
mapping u : R n -+ [0, 1] with the following properties: 

(1) 5 is a normal fuzzy set, i.e.there exists .To £ R n such that u{x o) = 1, 

(2) 5 is a convex fuzzy set, i.e. u( Xx + (1 — A )y) > mm{u(x),u(y)} for any x, y £ R n and A £ [0, 1]. 

(3) u is upper semi-continuous. 

(4) [u]° = cZ(suppu) = {t £ R n : u(x) > 0} is compact. 

we will denote E n the set of fuzzy numbers.lt is clear that any u £ E n ,r £ [0, 1], [tt] r = {t £ R n : 
u(x) > r} denoted as r— level cut is a compact convex set. Further, we give the representation theorem 
of these compact convex sets. 

Theorem 2.2I 1 '] Let u £ E n , then 

(1) [2] r is a nonempty compact convex subset of R n for any r £ [0, 1], 

(2) [rt] ri C [ u \ r 2 , for 0 < r 2 < n < 1, 

(3) If rfc > 0 and is a nondecreasing sequence converging to r £ (0, 1], then P|'j?L 1 [2] ? ’ fe = [2] r > 
Conversely, if {[A] r C R n : r £ [0, 1]} satisfies the conditions (l)-(3),then there exists a unique u £ E n 

such that [tt] r = [A\ r for each r £ (0, 1] and [ft] 0 = c/(|J re ( 0 1 ][u] r ) C [A] n . 

Let u, v £ E n and k £ R, the addition u + v and scalar multiplication ku is defined as: for any x £ R n , 

(u + v)( x) = sup min{u(s), 

S~\~t=X 

(ku)( x) = u( — ), k / 0, On = 0, 
k 

where 0 (t) = 1 when x = 0, 0(x) = 0 when r/0. 

It is easy to get that the addition u + v and scalar multiplication ku have the level cut: 

[u + E\ r = [E\ r + = {x + y : t £ [Sf, y £ [Sf}, 

[kE\ r = k[E\ r = {kx : t £ [S] r }. 

The Hausdorff distance D : E n x E n — > [0, +oo) is defined by 

D(u,v) = sup d([u] r ,v\ r ), 

re[o,i] 

where d is Harsdorff metric given by d(A, B) = inf{e : N(A,s) D B,N(B,e) D A }, and N(A,e) = {x £ 
R n : d(x, A) = infy £j 4 d(x, y) < e}is the e— neighborhood of A. Then (. E n , D) is a complete metric space, 
and satisfies D(u + w,v + w) = D(u, v), D(ku, kv) = \k\D(u, v) for any u,v,w £ E n and k £ R. 
Definition 2.3l 17 l Let u £ E n , the support function of u is defined by 

u*(r,p ) = sup (a,p), (r,p) £ I x S n ~\ 

a£[u] r 


where I = [0, 1], S n 1 = {x £ R n : ||x|| = 1} be the unit sphere of R n and (-, -)be the inner product in 
R n , that is (x, y) = Yh=i x iVii where x = (xi, x 2 , • • • , x n ) £ R n , y = (yi, y 2 , - * • , Un) G R n - Also, assume 
that u, = (ui,v, 2 , • • • , u n ), then (x, u } = Ya= i ^ E n ■ 

Theorem 2.4t 6,1 ']Let u £ E n , then support functions* satisfy: 

(1 )u*(r,p + q ) < u*(r,p) + u*(r , q) for p, q £ S 1 ” -1 . 

(2 )u*(r,kp) = ku*(r,p),k > 0. 
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(3) it* is uniformly bounded on I x S n x , and \u*(r,p)\ < sup agS io ||a||, 

(4 ) u*(r,p) is nonincreasing and left continuous on r £ [0, 1], right continuous at r = 0 for each fixed 
peS n -\ 

(5 ) u*(r, •) is uniformly Lipschitz continuous for r £ [0, 1], that is 

\u*(r,p) -5*(r,g)| < (sup ||a||)||x - y\\, 

aEu]° 


(6) 

d([u\ r ,[v] r ) = sup \u*{r,p) -v*(r,p)\, 
p&S n ~ 1 

for any r £ [0, 1], u, u £ E n . 

(7 )(-u)*(r,p) =u*{r,-p). 

Theorem 2.5 Let u, v £ E n , then 

(1) (s5 + tv)*(r,p ) = su*(r,p ) + tv*(r,p),s , t > 0, 

(2 ) D(u,v) = sup r e [ 0i p J u*{jr , p) - v*(r,p)\\ = sup re[01 ] sup peS n-i | u*(r,p) - v*(r,p)\. 

Proof (l)We prove that (u + v)*(r,p) = u*(r,p) + v*(r,p) firstly. From the definition of support function, 

(u + v)*(r, p) = sup (a,p) = sup (a,p) = sup (b + c,p) 

a£[u+v\ r aG[u] r ’+[t^] r 6G[tx] r ,cG[^] r 

= sup ((b,p) + (c,p)) = u*(r,p) +v*(r,p). 
bG[u] r ,cG[vj r 

in addition, for any k > 0, 

(. ku)*(r,p ) = sup (a,p) = sup (a,p) = sup k(-,p) = ku*(r,p), 

a£[ku] r a£k[u\ r f e R r ^ 


therefore, we get (1). 

(2) 


D(u,v) = sup d([u] r ,[u] r ) = sup sup \u*(r,p) — v*(r,p)\ = sup \\u*(r,p) — v*(r,p)\\. 
re[0,i] relo.iJpeS"- 1 re[o,i] 


we denote by JC n and /C g the spaces of (nonempty) compact convex sets of R n respectively.The 
generalized Hukuhara difference of two set A, B £ /C£ (gH-difference for short)is dehned in[4,6, 10] as 
follows: 


A Q g H B = C <G> 


(a) A = B + C, 
or(b)B=A+(-l)C 


where A + B = {x + y : x £ A, y£ B}, kA = { kx : x £ A}, k £ R. Stefanini[10] extent the generalized 
Hukuhara difference to the fuzzy case. For any u, v £ E n , the generalized Hukuhara difference (gH- 
difference for short)is the fuzzy number w, if it exist, then 


u QgH v = w <G> 


(a)u = v + w, 
or (b)v = u + (—1)5;. 


From the theorem 2. 4, it is easy to have the follows: 

Theorem 2.6 Let u, v £ E n , u Q g n v = w, Then w*(r,p ) = u*(r,p) — v*(r,p),r £ [0, l],p £ S’" --1 
Proof Since u Q 9 h v = w, then either (a)u = v + w, or (b)v = u+ (—1)55. For (a), from 2. 5(1), we have 

u* (r, p) = v* (r, p) + 55* (r, p) . 


For (b), 
then 


v*(r,p) = u*(r,p) + (— 1 )w*(r,p) = u*(r,p ) + w*(r, —p), 
w*(r,p) = — 55* (r , —p) = u*(r,p ) — v*(r,p) 
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for any r E [0, l],p£ S n 1 . 

Definition 2.7 18 lLet u,v E E,u F u denoted as 


/ r(u (r) + u + (r))dr < / r(v (r) + v + (r))dr, 

Jo Jo 


where [u\ r = [5 _ (r), u + (r)], \y\ r = [v~(r),v + (r)\,r E [0,1]. 

For any x = (xi, x 2 , ■ ■ ■ , x n ), y = (r/i, y 2 , * ■ ■ , y n ) £ F n , we define: x < y if and only if Xi < yi for any 
i(i = 1, 2, • • • , n), and x < y means x < y and there exist m, such that x m < y m (m = 1, 2, • • • , n). 
Definition 2.8 For any u, v E E n , we say that u F F if 


(r(ui), r(u 2 ), • • • , r(u n ) < (t(ui), r(u 2 ), • • • , r(n n ), 

where t(u*) = f* r(u*(r, ef) - u* (r, e~))dr, ef = (xi,x 2 ,--- ,x n ) E S' n ~ 1 ,e~ = (yi,y 2 ,--- ,y n ) e5 n “^ 
andxj = 1, yj = —1 when j = i, Xj = yj = 0 when j / i(i,j = 1, 2, • • • , n). we say that n -< F if F F F 
and there exist i(i = 1,2, ,n), such that r(Fj) < r(Fj). Particularly, Def 2.8 is just as Def 2.7 when 
n = 1, it means the Def 2.8 is the extension of the Def 2.7. u F F also denoted as F F F. 

min(F, F) = w if and only if r(wi) = min(r(Fj), r(vi))(i = 1,2, ••• , n). In the follows, we denote 
(t(ui),t(u 2 ),"- j T~(u n )) = H[u \ , 


3. Differentiability and convexity 

Wang and Wu[12] present the directional derivative of the fuzzy mapping F : R n — >• E , that is 
characterized by the directional derivative of the real function. Below we give the differentiability of 
F : R n — > E n . and transformed it into the differentiability of functional in Banach space, then defined 
gradient and convexity and studied its relations. 

Definition 3.1 Let F : M(c R n ) — > E n be a fuzzy-number-valued function, x° = (x^x!],--- , x°) E 
intM. If there exist Fi , F 2 , ■ ■ ■ , u n E F n , such that 


lim 


D(F(x),F(x°) + E- = i(^-^) 

F(x, x°) 


= 0, 


then we call F is differentiable at x°, and denotevF(x°) = (ui, tt 2 , • • • , u n ) the gradient of F at x°, where 
x = (xi,x 2 , • • • ,x„). 

Theorem 3.2 Let F : M(c R n ) — > E n be a fuzzy-number- valued function, x° = (xj, x°, • • ■ , x°) E intM. 
F is differentiable at x° if and only if 


F(x)*(r,p) = F(x°)*(r,y) + y](xj — Xj)u*(r,p) + o(d(x,x 0 )) 

3 = 1 


for any r E [0, 1] and p £ S n 1 . 

Proof F is differentiable at x°, if and only if 


lim 


F(F(x),F(x°) + E-=i(^-^) 

d(x, x°) 


= 0, 


if and only if 


sup r6[0 !] sup e5 „_i |F(x)*(r,p) - F(x°)*(r, p) - J2]=i( x j ~ x ))u*{r,p)\ 

lim — 77 P77 — - = o, 

x^x° d(x,x°) 


if and only if 


lim 


I F(x)*(r,p) - F(x°)*(r, p) - ELiOl - x °j)u*(r,p)\ 


d(x, x° 


= 0 


for any r E [0, 1] and p £ S n , if and only if 


(3.1) 


F(x)*(r,p) = F(x°)*(r,p) + ^(xj — x°)u*(r,y) + o(d(x, x 0 )) 

l=i 
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for any r £ [0, 1] and p £ S n 1 . 

Theorem 3.3 Let F : M(c R n ) — t E n be a fuzzy-number- valued function, F is differentiable at x, if x 
is a local minimum solution, then X7F(x) = (0, 0, • • • , 0). 

Proof Since x is a local minimum solution, then there exist a 5 > 0, such that F(x) F F(x) for any 
x £ (J(x, 5) fl M. that is 

r(F{x)i) = [ r[F(x)*(r, ef) - F(x)*(r, ej)\dr > [ r[F(x)*(r, ef) - F(x)*(r, e~)]dr = r(F(x)j) 

Jo Jo 

for 1 < i < n. From the theorem 3.2 and arbitrariness of x, 

T~((uj)i) = [ r[u*(r, ef) — u*(r, e~ )}dr = 0(i, j = 1, 2, • • • , n), 

Jo 

thus Uj = 0, and VF(s) = (0, 0, • • • ,0). 

Definition 3.4 Let F : M(c R n ) — > E n be a fuzzy-number- valued function, M be a convex set. Then 
F(x) is said to be a convex fuzzy-number- valued function on M if for any x, y € M, A £ [0, 1], such that 
Xx + (1 — A) y £ M, we have 


F( Xx + (1 - A )y) < X F(x) + (1 - X)F(y). (3.2) 

we call F(x) is a strictly convex fuzzy- number- valued function on M, if for any x,y £ M. x ^ y, A £ 
[0, l],such that Ax + (1 — A )y £ M, we have 

F( Xx + (1 - A )y) X A F(x) + (1 - A )F(y). 

Theorem 3.5 Let M be an open convex set, F : M E n , and F is differentiable, then F is convex if 
and only if 

F{x) F F(y) + (VF(y),x - y) (3.3) 

for any x, y £ M . 

Proof Assume that F is convex, then for any x, y £ M, A £ (0, 1), we have 

F(Ax + (1 - A )y) < XF(x) + (1 - A )F(y), 

that is 

H[F( Xx + (1 - A)y)] < A H[F{x)\ + (1 - A )H[F(y)\. 

thus 

t(F( Xx + (1 - A )y)i) < X r(F(x)i) + (1 - A )r(F(y)j) 

for any 1 < i < n, that is 

f r[F( Xx + (1 - A )y)*(r, ef) - F( Xx + (1 - A )y)*(r, e~)}dr 
Jo 

<X [ r[F(x)*(r, ef) - F(x)*(r, e~)]dr + (1 - A) f r[F(y)*(r, e+) - F(y)*(r, ej)]dr. 

Jo Jo 

Since F is differentiable, then 


F(Ax + (1 - A )y)*(r,p) - F(y)*(r,p ) = ^A(xj - yj)v*(r,p) + Ao||x - y\\, 

3 = 1 

for any r £ [0, 1] and p £ 5 n_1 , where VF(y) = (v \ , V 2 , ■ ■ ■ ,v n ), therefore, 

[ r[F(Xx + (1 — X)y)*(r, ef) — F(Xx + (1 — X)y)*(r, e~ )}dr — [ r[F(y)*(r, ef) - F(y)*(r, e~)}dr 
Jo Jo 
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thus 


that is 


We have 


therefore 


< A( [ r[F(x)*(r,ef)-F(x)*(r,e i )}dr - f r[F(y)*(r,ef) — F(y)*(r,e i )\dr), 

Jo Jo 

n n 

/ X ( x i ~ ( r > e (~ )l dr 

J ° 3 = 1 3 = 1 

< A( [ r[F(x)*(r,ef) - F(x)* (r, er)\dr - [ r[F(y)*(r,el) - F(y)*(r, e~)]dr), 

Jo Jo 


~ %')( V J ')0 - r ( F ( x ) i ) - T ( i? (2 /)*). 

3 = 1 

n 

~ yj) x 3 ^ F ( x ) - F 0/)> 
j=i 


F(x) >: F(y) + (VF(y),x - y). 
Conversely, assume that for any xW,x( 2 ) £ M, we have 

F(x (2) ) >: F(x (1) ) + (VF(x (1) ),x (2) - x (1) ). 

Let y be a point between the x^ and x@\ then y = Ax^ -+ 
since M is a convex set. Based on the assumption, we have 


that is 


From (3.4)and (3.5), 


— A)x^ 2 ) for some A £ (0, 1), 

and y £ M 

1 - y), 


1 - y), 


,® (1) - y)], 

(3.4) 

,x (2) - y)}. 

(3.5) 

£ (1) - y))i), 

(3.6) 

,x (2) ~ y))i ) 

(3.7) 


for 1 < i < n. Multiple(3.6),(3.7)by A, (1 — A) respectively, and then add the result, we have 

At(F(x ( 1) );) + (1 - A )r(F(x (2) )i) > r(F(y)j), 


that is 

F(Ax (1) + (1 - A)x (2) ) r< AF(x (1) ) + (1 - A)F(x (2) ), 
thus F is a convex fuzzy-number-valued function. 

4. The duality and the saddle point 

Duality plays an important role in the development of optimization theory and algorithm. In this 
section, the duality theory of fuzzy nonlinear programming is introduced, and the weak duality theorems 
are obtained. At the same time, the Lagrange function of fuzzy nonlinear programming and saddle 
point are defined, and then discusses the relation between the saddle point of Lagrange function and the 
optimal solution of prime problem and dual problem and given saddle point optimality conditions. 
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Let X C R n be an open set, F(x),Gi(x)(i = 1,2, ••• , m) be fuzzy- valued functions on X , now we 
consider the following primal fuzzy optimization: 


(FP) 


min F(x), 

Gj (x) ^ 0 (j = 1, 2, - - - , m), 


(4.1) 


where S = {x G X\ Gj(x) F 0(j = 1,2, •• • ,m)} is the set of feasible solutions for problem ( FP ), and 
denote x G S the feasible solution for problem (FP). 

We define the fuzzy-valued Lagrangian function for the primal problem as follow: 

m 

L(x,u) = F(x) + UjGj(x) 

3 = 1 

for all x G 5 and all («i, it 2 , • • • , u rn ) G R m , Uj > 0 (j = 1, 2, • • ■ , m). 

Now we define the dual fuzzy optimization problem as follow: 


(FH) 


max L(u) 

> 0(j = 1,2,- 


,m). 


(4.2) 


where L(«) = min x L(x, u),u = (u±,U 2 , - • • , u m ) G R m . 

Theorem 4.1 (Weak Duality Theorem) Let x G X(c R n ),u G T(c i?, m ) be the feasible solution of 
problems (FP) and (FD) respectively, then 


F(x) y L(u). 


Proof From the definition of L(u ), we have 

m m 

L(u) = min L(x,u) = min(F(x) + UjGj(x )) F F(x) + E “iGiW- < 4 - 3 > 

./ i l=i 


that is 

m 

T(L(u)i) < r(F(x)i) + Yu 3 T(G j (x)i), 

3 = 1 

for 1 < i < n. Since x and u is the feasible solution of problems (FP) and (FD) respectively, that is Uj > 0 
and Gj(x) ^ 0 (j = 1, 2, • • • , m), thus r(Gj(x)i) < 0(i = 1, 2, • • • , n), then we have r(L(u)i) < r(F(x)j)for 
1 < i < n, then L(u) F F(x). 

From above it follows easily: 

Proposition 4.2 For the problems (FP) and (FD), we have 


min{F(x)|Gj(x) < 6, x G X, j = 1, 2, • • • , m} E max{L(u)|u > 0}. 


Proposition 4.3 Assume that 


F(x) A L(u), 


where x G {x|Gy(x) F 0, x G X,j = 1,2, , m}, u > 0, then x and u are the optimal solutions of 

problems (FP) and (FD) respectively. 

Definition 4.4 Let x G X(c R n ),u € Y ( C i? m ), then (x, u) is called a saddle point of the fuzzy-valued 
Lagrangian function L:Ix7a E n if and only if 


L(x, it) A L(x, u ) A L(x, u ) 


(4.4) 


holds for every (x, u) £ X x Y. 

Theorem 4.5 Let (x, u) be a saddle point of the fuzzy- valued Lagrangian function L(x,u), then x and 
u are the optimal solutions of problems (FP) and (FD) respectively. 
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Proof Assume that (x,u) be a saddle point, we are going to prove x G S firstly. It follows easily from 
the definition of saddle point, L(x,u ) ^ L(x,u ) holds for all u G R m , that is 

m m 

F(x) + ^2 u jGj(x) ■< F{x) + UjGjjx ), 

3 = 1 i =1 


so 

m m 

T (F(x)i) + J2u 3 T(G j (x) i ) < r(F(x)i) + ^2u j T(G j (x) i ), 
j = 1 i =1 

m 

X>i “ Uj)T(Gj(x)i) < 0. (4.5) 

j=i 

holds for any 1 < i < n, Let = ftfc + 1 and Uj = Uj,j / k, from (5.5)we have r(Gk(x)i) < 0(k = 

1.2, •• • , m).It says that x is a feasible solution of (FP). Now we’ll prove x and u are the optimal so- 
lutions of problems (FP) and (FD) respectively. Let Uj(j = 1,2, ••• ,m) in (4.5) be taken as 0, then 
Y?jLi(—Uj) T (Gj(x)i) < 0. since Uj > 0 ,r(Gj(x)i) < 0, then we have 

m 

^2(-Uj) T (Gj(x)i) = 0. (4.6) 

3 = 1 

From the right inequality of (4.4), r(F(x)i) < t(F(x)i) + J2j l =i(^j T (Gj(x) t ) holds for all x € S. So 
F{x) >z L(u). That is x and u are the optimal solutions of problems (FP) and (FD) from the proposition 

4.3. 

Lemma 4.6l 16 l Let A be a nonempty convex set in a real vector space R n , F : X — >• R,G = (G i, G- 2 , • • • , 
G n ), Gi : R n — > R(i = 1, 2, • • • , n) be convex functions. We consider the following conditions. 

Condition a: F(x) < 0 and G(x) < 0 for some 

Condition b: uoF(x) + (it, G{x)) > 0 for all x G X , (uo,u) > 0 and (no, u) / 0. 

If x does not satisfy Condition a, then Condition b has a solution {uo,u) when x substitute x. 
Theorem 4.7 Let X C R n be a nonempty convex sets, F : X — »• E n , Gj : X — >• E n (j = 1 , 2, • • • , m) 
be convex fuzzy- valued functions, x be an optimal solution of problem (FP), assume that there exist x 
, such that Gj(x ) y< 0, then there exists u > 0,such that 

L(x,u) >: F{x) 


holds for every x G X. 

Proof x be an optimal solution of (FP), then F(x) P F(x) for any x G X, that is 

r(F(x)i) = f r[F(x)*(r, ef) — F(x)*(r, e~)]dr > f r[F(x)*(r, ef) - F(x)*(r, e^))dr = r(F(x)j) 

Jo Jo 

for 1 < i < n, Since F : X — > E n ,Gj : X -> E n (j = 1,2,--* ,m) be convex fuzzy-valued functions, 
then t(F ( x)i),r(G j(x)i)(j = 1 , 2 , • • • ,m,i = 1 , 2 , • • • , n) are convex real-valued functions. Therefore we 
consider the following systems: 

f r[F(x)*(r, ef) — F(x)*(r, e~)]dr - f r[F(x)*(r, e+) — F(x)*(r, e~)]dr < 0, 

Jo Jo 

[ r[G* (r,ef) — G*(r, e“ )\dr < 0 (j = 1,2, ••• ,m), 

Jo 

the system has no solution on X, then from lemma 4.6, there exists (uq, u) > 0 and (uq, u) / 0 such that 

m 

u 0 (T(F(x)i) - r(F(x)i)) + ^2 UjT(Gj(x)i) > 0 

3=1 
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for every x € X. assume that uq = 0, then Yl'jLi u j T (^j( x )i) > 0 holds for every x G X, since there 
exists x, such that r(Gj(x)i) < 0 for 1 < i < n, then Uj = 0 (j = 1, 2, • • • , m), it contracts (no, u) / 0, 
thus uq > 0. dividing the inequality by uq, we have 

m 

r{F{x)i ) - T(F(x)i) + yu'T(G j (x) i ) > 0, 

3 = 1 

where u'j = = 1, 2, • • • , m). then 

m 

F(x) + y u'Gj(x) y F(x). 

3 = 1 

denote u by u\ and then there exists u> 0, such that L(x,u) >z F(x). 

Theorem 4.8 Let X C R n be a nonempty convex set, F : X — > E n , Gj : X — > E n {j = 1, 2, • ■ ■ ,m) be 
convex fuzzy- valued functions, x be a optimal solution of problem ( FP ), assume there exists x. such that 
Gj(x) < 0, then there exists u > 0, such that (x, u) be a saddle point of the fuzzy- valued Lagrangian 
function L(x,u). 

Proof Let x be an optimal solution of problem (FP), from the theorem 4.7, there exists u > 0 such that 

L(x,u) y F(x) (4.7) 


holds for every i£l. then 

m 

L(x,u) = F(x) + J2ujGj(x) y F(x), 

3 = 1 

and uj > 0, Gj(x) P 0 (j = 1, 2, • • • , m), so 

m 

yujGjix) = 0 . 

3 = 1 


That is 


From (4.7), we have 


L(x, u) = F(x) + ^2 u jGj(x) = F(x), 

3 = 1 

L(x,u ) ^ L(x,u). 


From the definition of L(x,u), we have 


m 

L(x, u ) = F(x) + UjGj(x), 
3=1 


(4.8) 


(4.9) 


and Gj(x) P 0, Uj > 0 (j = 1, 2, • • • , m), then 

L(x,u) P F(x) = L(x,u). (4-10) 

the (4. 9), (4. 10) indicate that (x, u) be a saddle point of the fuzzy- valued Lagrangian function L(x,u ). 


5. Conclusion 

In this article, we introduced the convexity and differentiability of n-dimensional fuzzy-number- valued 
function by means of a new order relation, which Pave a way for n-dimensional fuzzy optimization 
problem, so the saddle point optimal condition can be implemented. The n-dimensional fuzzy number 
valued function has been embedded into a complete Banach space, which is expressed by its support 
function, but the order of its support function is improper for fuzzy number, and establish this new order 
relationship more grasp the location information of fuzzy numbers. In the future work, we will discuss 
the application of n-dimensional fuzzy optimization in practice. 
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Abstract 

The full comprehension and handling of the phenomenon of shattering, sometime happening 
during the process of polymer chain degradation [29, 32], remains unsolved when using the tra- 
ditional evolution equations describing the degradation. This traditional model has been proved 
to be very hard to handle as it involves evolution of two intertwined quantities, moreover, the 
explicit form of its solution is, in general, impossible to obtain. In this article, we explore the 
possibility of generalizing evolution equation modeling the polymer chain degradation and ana- 
lyze the model with f3 derivative. We consider the general case where the breakup rate depends 
on the size of the chain breaking up. In the process, the alternative version of Sumudu integral 
transform is used to provide an explicit form of the general solution representing the evolution 
of polymer sizes distribution. In particular, we show that this evolution exhibits existence of 
complex periodic properties due to the presence of cosine and sine functions governing the so- 
lutions. Numerical simulations are performed for some particular cases and proves that such a 
system describing the polymer chain degradation contains complex and simple harmonic poles 
whose effects are given by these functions or a combination of them. This result may be crucial 
in the ongoing research to better handle and explain the phenomenon of shattering. 

Keywords: f3- derivative; depolymerization; replicated fractional poles; simple and complex 
harmonic motion; shattering 


1 Introduction, motivation and Justification 

Depolymerization is the process where polymers or biopolymers are converted into 
monomers or mixtures of monomers. Polymers range from familiar synthetic plastics 
such as polystyrene (also called styrofoam) to natural biopolymers such as DNA and pro- 
teins that are fundamental to biological structure and function. Historically, products 
arising from the linkage of repeating units by covalent chemical bonds have been the 
primary focus of polymer science; emerging important areas of the science now focus on 
non-covalent links. Polyisoprene of latex rubber and the polystyrene of styrofoam are 
examples of polymeric natural/biological and synthetic polymers, respectively. In biolog- 
ical contexts, essentially all biological macromolecules, i.e. proteins (polyamides), nucleic 
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acids (polynucleotides), and polysaccharides are purely polymeric, composed in large part 
of polymeric components, for instance, isoprenylated/lipid- modified glycoproteins, where 
small lipidic molecule and oligosaccharide modifications occur on the polyamide backbone 
of the protein. 

Today, it is widely known that the Newtonian concept of derivative can no longer 
satisfy all the complexity of the natural occurrences. A couple of complex phenomena 
and features happening in some areas of sciences or engineering are still (partially) un- 
explained by the traditional existing methods and remain open problems. Usually in 
mathematical modeling of a natural phenomenon that changes, the evolution is described 
by a family of time-parameter operators, that map an initial given state of the system to 
all subsequent states that takes the system during the evolution. A widely devotion has 
been predominantly offered to way of looking at that evolution in which time’s change 
is described as transitions from one state to another. Hence, this is how the theory of 
semigroups was developed [16, 25], providing the mathematicians with very interesting 
tools to investigate and analyze resulting mathematical models. However, most of the 
phenomena scientists try to analyze and describe mathematically are complex and very 
hard to handle. Some of them like depolymerization, the rock fractures and fragmentation 
processes are difficult to analyze [11, 33] and often involve evolution of two intertwined 
quantities: the number of particles and the distribution of mass among the particles in the 
ensemble [15, 20, 28]. Then, though linear, they display non-linear features such as phase 
transition (called “shattering” ) causing the appearance of a “dust” of “zero-size” particles 
with nonzero mass. The phenomena of “shattering” remain (partially) unexplained by 
traditional models. 

Another example is the groundwater flowing within a leaky aquifer. Recall that an 
aquifer is an underground layer of water-bearing permeable rock or unconsolidated mate- 
rials (gravel, sand, or silt) from which groundwater can be extracted using a water well. 
Then, how do we explain accurately the observed movement of water within the leaky 
aquifer? As an attempt to answer this question, Hantush [17, 18] proposed an equation 
with the same name and his model has since been used by many hydro-geologists around 
the world. However, it is necessary to note that the model does not take into account 
all the non-usual details surrounding the movement of water through a leaky geological 
formation. Indeed, due to the deformation of some aquifers, the Hantush equation is not 
able to account for the effect of the changes in the mathematical formulation. Hence, all 
those non-usual features are beyond the usual models’ resolutions and need other tech- 
niques and methods of modeling with more parameters involved. 

Furthermore, time’s evolution and changes occurring in some systems do not happen 
on the same manner after a fixed or constant interval of time and do not follow the same 
routine as one would expect. For instance, a huge variation can occur in a fraction of 
second causing a major change that may affect the whole system’s state forever. Indeed, 
it has turned out recently that many phenomena in different fields, including sciences, en- 
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gineering and technology can be described very successfully by the models using fractional 
order differential equations [4, 6, 9, 10, 13, 14, 19, 22, 27]. Hence, differential equations 
with fractional derivative have become a useful tool for describing nonlinear phenomena 
that are involved in many branches of chemistry, engineering, biology, ecology and numer- 
ous domains of applied sciences. Many mathematical models, including those in acoustic 
dissipation, mathematical epidemiology, continuous time random walk, biomedical engi- 
neering, fractional signal and image processing, control theory, Levy statistics, fractional 
phase-locked loops, fractional Brownian, porous media, fractional Liters motion and non- 
local phenomena have proved to provide a better description of the phenomenon under 
investigation than models with the conventional integer-order derivative [6, 22, 26]. 

One of the attempts to enhance mathematical models was to introduce the concept 
of derivative with fractional order. There exist in the literature number of definitions of 
fractional derivatives, including Riemann-Liouville and Caputo derivatives respectively 
defined as 

ujhajii) l ( 1 ) 

n — 1 < a < n and 

B “ (/(x)) = r mdt ’ (2) 

n — 1 < a < n. A new fractional derivative with no singular kernel was recently proposed 
by Caputo et al. in [7]. However, Caputo fractional derivative [8], for instance, is the 
one mostly used for modelling real world problems in the field [4, 6, 13-15, 20, 28]. 
However, this derivative exhibits some limitations like not obeying the traditional chain 
rule; which chain rule represents one of the key elements of the match asymptotic method 
[20, 28]. Recall that the match asymptotic method has never been used to solve any 
kind of fractional differential equations because of the nature and properties of fractional 
derivatives. Hence, the conformable fractional derivative was proposed [2, 21]. This 
fractional derivative is theoretically very easier to handle and obeys the chain rule. But 
it also exhibits a huge failure that is expressed by the fact that the fractional derivative 
of any differentiable function at the point zero is zero. This does not make any sense in a 
physical point of view and then, a modified new version, the ^-derivative was proposed 
in order to skirt the noticed weakness. The main aim of this new derivative was, first 
of all, to extend the well-known match asymptotic method to the scope of the fractional 
differential equation and later to describe the boundary layers problems within the folder 
of fractional calculus. The ^-derivative was defined as [1, 15, 20]: 


I hm^ t+ ^ +r ^^ 

for all t> 0, 0 < /3 < 1 


0 D?g(t)=l 


(3) 

1 9(t) 

for all t > 0, /3 — 0, 
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where g is a function such that g : [0, oo) — >-M and T the gamma-function 

poo 

r(C) = / t^e^dt. 

Jo 

If the above limit of exists then g is said to be /3— differentiable. 

Note that for /3 — 1, we have g(t) = 4 g(t ). Moreover, unlike other derivatives with 

fractional parameters, the /3-derivative of a function can be locally defined at a certain 
point, the same way like the first order derivative. For a general order, let us say m/3, the 
m/3-derivative of g is defined as 

o D ? P g{t) =o D t for all t > 0, m G N, 0 < (3 < 1 (4) 

Notice that the m/3-derivative of a given function provides information about the previous 
n — 1-derivatives of the same function. For instance we have 


0 Dfg(t) = 


o 


o D t 9 (t) 

1-/3 


— t-\ 


r (P) 


[ t+ W) 


-ft 


g'+ 


t + 


r(/3) 


1-/3 


( 5 ) 


This gives the /3-derivative a unique property of memory, that is not provided by any 
other derivative. It is also easy to verify that for /3 = 1, we recover the second derivative 
of g. For more properties and details on this new derivative, the readers can consult the 
reference [1, 15, 20, 28]. 

1.1 The kinetic equation 

The evolution of the sizes distribution occurring during polymer chain degradation is 
well known [12, 15, 32] to be described by the following integrodifferential equation 


d f x 

—g(x,t) = -g{x,t) J H(y,x-y)dy + 2 


g{y,t)H(x,y-x)dy, x,t> 0. (6) 


Expressing the solution of equation (6) in its explicit form is very hard since fragmentation 
(or polymer chain degradation) processes, as explained in the previous section, are difficult 
to analyse as they involve evolution of two intertwined quantities: the distribution of 
mass among the particles in the ensemble and the number of particles in it. That is why, 
though linear, they display non-linear features such as “shattering” phenomena which 
they cannot fully explain [11, 15, 33]. Then, in order to have a broader idea about the 
evolution of polymer chain degradation and maybe trying to understand the phenomenon 
of shattering as described here above, we explore the possibility of extending the analysis 
by considering the ^-derivative defined in the previous section. This yields the following 
integrodifferential equation: 
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0 D tg{x,t) 


oo 



X 


x, t> 0. 


( 7 ) 


subject to the initial condition 


g(x,0) = g 0 (x), a: > 0 (8) 

where g(x,t) represents the density of avgroups (i.e. groups of size x) at time t and Hp(x,y) 
gives the average fragmentation rate, that is, the average number at which clusters of size 
x + y undergo splitting to form an rr-group and a y-gronp. 

2 Some useful properties in the /3— differentiation 

Recall that there is a growing problem about the choice of the type of fractional 
derivative to use among the large number of its existing versions. We already men- 
tioned the incapacity of most of them to explicitly provide the variation of the functions. 
Moreover, many models using fractional derivatives are not easy to handle analytically. 
The /3-derivative allows us to palliate some insufficiencies of other fractional derivatives 
and then, we were able to successfully extend the well-known match asymptotic method 
[20, 28] to the scope of the fractional differential equation and also describe the boundary 
layers problems within the scope of fractional calculus. Next we recall some properties of 
the /3-derivative all proved in [15, 20, 28]. 

Theorem 2.1. Assuming that, a given function, say g : [a, oo) — >• M is /3— differentiable 
at a given point, say t 0 > a, /3 G (0, 1], then g is also continuous at t 0 . 

Theorem 2.2. Assuming that f is (3— differentiable on an open interval (a, b ) then 

1. If ^D^fft) <0 for all f G (a, b ) then f is decreasing on ( a,b ); 

2. If q Df f(t) > 0 for all t G (a, b) then f is increasing on ( a,b ); 

3. If q D^f(t) = 0 for all t G (a, b) then f is constant on ( a,b ). 

Theorem 2.3. Assuming that, g 0 and f are two (3— differentiable functions with (3 G 
(0, 1] then the following relations are satisfied 

1. o -Df (a/ (t) + bg(t )) = <Tq Ilf (/ (t)) + 6g Zlf (g (t)) for all real numbers a and 6; 

2. o Dt (c) = 0 for any given constant c; 

3. $D? (/ (t)g(t)) = g (f) (/(«)) + /« SV>? (j (0) i 

A An/ 3 _ gWo g f(/(0)-/W^of(g(0) 

' 0 t \g(t) ) 9 2 {t) 
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Theorem 2.4. Let f : [a, oo) — * K be a function such that f is differentiable and also 
(3— differentiable. Let g be a function defined in the range of f and also differentiable, 
then we have the following rule 

SP {go f{t)) =U+ Nyy) 1 “mg' (f(t)) (9) 

Definition 2.1. Let / : [a, oo) — » M be a given function, then we propose that the /3— 
integral of f is 

rt/ i \ p — i 

M(/W) = y R+fm) /«« ( 10 > 

The above operator is the inverse operator of the proposed fractional derivative. We 
shall present to underpin this statement by the following theorem. 

Theorem 2.5. q q if /(f) = fit) for all t > 0 with / a given continuous and 

differentiable function. 

Proof. [1, Theorem 7] □ 

Theorem 2.6. 

it [Pm] =/(<)-/(«) (ii) 

for all t > a with / a given continuous and differentiable function. 

Proof. [1, Theorem 8] □ 

3 Solutions to the model 

Note that these above models (6) and (7) are well applicable in many branches of 
natural sciences, including physics, chemistry, engineering, biology, ecology, just to name 
a few, and in numerous domains of applied sciences, such as the rock fractures and break 
of droplets. Various types of fragmentation equations have been comprehensively an- 
alyzed in numerous works (see, e.g., [12, 30, 33]). In the domain of polymer science, 
the fragmentation dynamics has also been of considerable interest, since degradation of 
bonds or depolymerisation results in fragmentation, see [5, 23, 32], In [23], the authors 
used statistical arguments to find and analyze the size distribution of the model. The 
authors in [5] analysed the model in combination with the inverse process, that is, the 
coagulation process, and provided a similar result for the size distribution. However, the 
classical fragmentation model (6) has been proved to be unable to fully describe some 
bizarre phenomena observed in such a degradation process, like for instance shattering 
as described above and also in [11, 23, 32, 33]. Recall that shattering is a phenomenon 
seen as an explosive or dishonest Markov process, see e.g. [3, 24] and has been associated 
with an infinite cascade of breakup events creating a ‘dust’ of particles of zero size which, 
however, carry non-zero mass. Hence, to have explicit solutions to the model, we consider 
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the case where the breakup rate depends on the size of the chain breaking and takes the 
form 

Hp(x,y) = (x + y) v , v G M (12) 

Substituting in equation (7) yields 


D t( 9 {x,t)) = -x u+1 g(x,t) + 2 I y u g(y,t)dy, 0</3<l (13) 

X 

Taking the the modified Sumudu transform Sp (see the Appendix below) of both sides of 
equation (13) yields 


Sp(D?g(x,t),r) = -x v+1 GP(x,r) + 2 / y u G%(y,r)dy , 


where G%(x,r) represents the the modified Sumudu transform Sp(g(x,t),r ) of g(x,t). 
Using the relation (23) of Appendix, we obtain 

OO 

r ~ 2 ( G s(x,r)~g 0 (x)) = -x u+1 G fS s (x,r) + 2 J y u G^ s (y,r)dy, 

X 

rearranged to have 

OO 

(l + x I/+1 r 2 ) Gg(x,r) — 2r 2 [ y u G' 3 s (y,r)dy = g 0 (x). (14) 


Next, it is important to mention that considering the differential equation (13), it is 
implicitly required that the function £ — >-g(£,f) is integrable, in the sense of Lebesgue, 
on any interval [e, oo) for e > 0 and almost every £ > 0. Obviously, the same assertion 
applies to the functions £ — * # 0 (£) and £ — » G% (£,r), 0 < f3 < 1. 

This allows us to put 

OO 

Z(x,r) = -2r 2 J y u G^ s (y,r)dy (15) 

X 

knowing that the integrand will be integrable over any interval [e, oo) and the integral will 
be absolutely continuous at each x > 0. The substitution of Z(x,r) into (14) yields the 
partial differential equation 

1 + r2 x „ jd x Z(x,r) + Z(x,r) = g Q (x). (16) 

Choosing the constant in the general solution so as to have solutions converging to zero 
at oo, we obtain its solution given as 


Z(x,r) 


2 r 


2 „ ^r : v(x) 


Cg.CO 

\ _)_ r 2£v+l 


•■*' ( °d£ 


X 
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where 


Vr,A X ) = j 1 + r 2 e +l ^ = Ill ( 1 + rV+1 ) • 

0 

Thus, substituting Z(x,r) into (15) yields the solution of (14) given as 


G s(x,r) = — 


1 ( 2 r 2 x v 


0 0'r,u(x') 


x v \1 -\-r 2 x v 


Cg„«) 

l _|_ r 2 ^ i /+ 1 


'^d{ + 


1 + r 2 x p+l 


9 oW 

1 + r 2 x u+1 


(1 + r 2 x u+1 )‘ 


r(i +r 2 r +1 )^" <? 0 m 


Applying the inverse of the modified Sumudu transform, which coincides with the inverse 
Sumudu transform, we are finally lead to the solution of the model (13), given by 


g{x,t) = S 0 1 (G%(x,r),t) 


= 9o(x)Sp 1 ( 1 + r 1 2xU+1 ,t^-2 j Cg 0 (OV 


_ 1 I r 2 (1 + r 2 t; u+1 )' 


(1 + r 2 x u+1 Y 


,M d£ 


= 9o( x ) cos(tV x u+1 ) — 2 Cg 0 (£)<V \ <yl + r ^ ,t)dg 

£ V (lArV'* 1 )^ / 

Remark 3.1. The expression g(x,t ) in (19) is well-defined only if the integral 


i \ (l + r 2 ^ 1 ) 1 ^ / 

converges. 

We are now capable of taking some specific values of v to see the exact expression of 
the solution. 

• For v = 1, expression (19) becomes 


g(x,t) = g 0 (x)S p ( 1 + r%2 ,tl- 2 j £g 0 (OSp 


(1 + r 2 x 2 ) 




, . tsinxt f . . 

= g 0 {x)cosxt — / ^oU)«? 
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• For v = —3, expression (19) becomes 



Fig. 1. g(x,t) when is=l and g 0 (x) = l/x' i 


4 Concluding remarks 

We have explored the possibility of using new and alternative methods to generalize 
evolution equation modeling the polymer chain degradation. In the process, a modified 
version of the Sumudu transform is exploited to perform analysis of the system endowed 
the /3— derivative and where the breakup rate depends on the size of the chain breaking 
up. Explicit forms of the solutions in some particular cases showed that the dynamics of 
this evolution exhibits complex periodic properties due to the presence of cosine and sine 
functions, as shown in Figs. 1 to 6, plotted for a positive value (v = 1) and a negative 
value ( v = —3) of u. Figs. 1 to 3 represent the solution for v — 1 with initial condition 
g Q {x) = 1/x 3 : Fig.l is the 2— D surface plot while Fig. 2 and 3 are respectively its cross 
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g 1 (t) when g Q (x) = 1/x 3 



Fig. 2. g(x,t) as a function of t when u = l and g {) (x) = 1/a: 3 , for a few values of x 


g,(x) when g Q (x) = 1/x 3 



Fig. 3. g{x, t.) as a function of x when u = 1 and g 0 (a:) = 1/a; 3 , for a few values of t : 0, n, 2n, 37r, 4n 

section and longitudinal section drawn for some specific values of the size x and time t. A 
similar reasoning applies to Figs. 4 to 6, but this time with v — —3. This infers existence 
of complex and simple harmonic poles in the dynamics of polymer chain degradation 
whose effects are characterized by these functions or a combination of them. This work 
improved the preceding one with the inclusion of a more general expression of the breakup 
rate derivative and f3— derivative. This work might be a breakthrough that may lead to 
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g 2 (x,t) when g Q (x) - 1/x 3 



0 0.5 


Fig. 4. g(x,t) when u = — 3 and g 0 (x) = 1/x 3 


g 2 (t) when g 0 (x) - 1/x 3 



Fig. 5. g(x,t) as a function of t when u = —3 and g 0 (x) = 1/x 3 , for a few values of x 


a better understanding of bizarre phenomena happening in some dynamics such as the 
phenomenon of shattering. 
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g 2 (x) when g 0 (x) = 1/x 3 



Fig. 6. g(x,t) as a function of x when v = —3 and g 0 (x) = 1 /x 3 , for a few values of t : 0, tt. 2it , 37r,47r 


Appendix: The new Sumudu integral transform 

Definition: Let g be a function defined in (0,oo), then, we define the modified Sumudu 
transform of g as 


/ °o / ^ \ fi—\P\ ^ t 

v + f05)J -e~«g(t)dt, (22) 

where \(f\ is the smallest integer greater or equal to (3. Since /3 e (0, 1] in this article then, 

P-\0]=I3-1. 


An important property of the modified Sumudu transform: 

If S(g(t),u ) is the well known Sumudu transform of g defined in [31] as 


S(g(t),u) 


fOO x 

t 

/ — exp 

— 

Jo u 

u 


g{t)dt, 


then, we have the following relation: 


Ss(*D?g"-Ht).u) 


1 

u n 


S(g(t),u) 


n— 1 

E 


k = 0 


1 

u n-k 


9 W(0) 


(23) 
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Proof. By definition we have 



/ , y-P 

where we have put rj = £(t+p^yj — > 0 as £ — > 0. Hence, making use of the well 

known property of Sumudu transform S(g(t),u) [31], we obtain 

1 n_1 1 
k = 0 

which concludes the proof. □ 
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Abstract 

A fixed point theorem is given under general conditions on the opera- 
tors involved in a Banach space setting. The results find applications in 
left multivariate fractional calculus. 
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1 Introductions 

Numerous problems can be formulated as an equation like 

R(x)= 0, (1.1) 

where R is a continuous operator defined on a subset fl of a Banach space B \ 
with values in a Banach space B 2 using Mathematical Modelling [1], [7], [11], 
[12], [16], [18]. The solutions denoted by x* can be found in explicit form only 
in special cases. That is why most solution methods for these equations are 
usually iterative. Let C (B 1 ,B 2 ) denote the space of bounded linear operators 
from Bi into B 2 . Let also A (•) : O — > £ (Bi,B\) be a continuous operator. Set 

F = LR , (1.2) 
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where L G C ( H 2 , Hi). We shall approximate x* using a sequence {x„} generated 
by the fixed point scheme: 

Xn+l ■■= x n + Z n , A (x n ) Z n + F (x n ) = 0 
Z n — Q (^n) * = {I A (x^)) z n F (x n ) , 

where xq € ft. The sequence {x n } defined by 

X n +1 = Q (X n ) = Q ( ™ +1) (X 0 ) 

exists. In case of convergence we write: 

Q°° (xo) := lim (Q n (x 0 )) = lim x n . 

n—> oo n— > oo 

Many methods in the literature can be considered special cases of method (1.3). 
We can choose A to be: A{x) = F' (x) (Newton’s method), A{x) = F 1 (x 0 ) 
(Modified Newton’s method), A{x) = [x,g(x);F\, g : ft — > B i (Steffensen’s 
method). Many other choices for A can be found in [1-20] and the references 
there in. Therefore, it is important to study the convergence of method (1.3) 
under generalized conditions. In particular, we present the semi-local conver- 
gence of method (1.3) using only continuity assumptions on operator F and for 
a so general operator A as to allow applications to left multivariate fractional 
calculus and other areas. 

The rest of the paper is organized as follows: Section 2 contains the semi- 
local convergence of method (1.3). In the concluding Section 3, we suggest some 
applications to left multivariate fractional calculus. 


(1.3) 

(1.4) 

(1.5) 


2 Convergence 

Let B (w, £), B (w, £) stand, respectively for the open and closed balls in Bi 
with center w £ B\ and of radius £ > 0. 

We present the semi-local convergence of method (1.3) in this section. 

Theorem 2.1 Let F : C B\ — > B 2 , A (•) : 17 — » C (Hi, Hi) and xq £ fl be as 
defined in the Introduction. Suppose: there exist c>o G (0, 1), c>i € (0, 1), ?? > 0 
such that for each x,y £ ft 


S — £0 + ^1 ^ 1 ? 

(2.1) 

11^ Mil < v, 

(2.2) 

\\I - A(x)\\ < S 0 , 

(2.3) 

)-A{x) (y-x ) || < c>i \\y — x\\ 

(2.4) 
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and 

(2.5) 

where 

(2 - 6) 

Then, sequence {x n } generated for Xo G ft by 

x n +i = x n + Q 00 (0) , Q„(z) := (I - A (x n )) z - F (x n ) (2.7) 

is well defined in B{xo,p), remains in B{xo,p) for each n = 0,1,2,... and 
converges to x* which is the only solution of equation F{ x) = 0 in B(xo,p). 
Moreover, an apriori error estimate is given by the sequence {p n } defined by 

p 0 :=p, p n = Tff (0) , T n (t) = S 0 +6 lPn _ 1 (2.8) 

for each n — 1,2, ... and satisfying 


lira p n = 0. (2.9) 


Furthermore, an aposteriori error estimate is given by the sequence {a n } derfined 
by 

a n := H™ (0) , H n (t) =St + <y lPn _i, (2.10) 

q n ■■= \\x n - X 0 \\ < P - Pn < p, (2.11) 


where 


Pn-i ■■= \\x n - x n -i\\ for each n= 1,2, ... 


( 2 . 12 ) 


Proof. We shall show using mathematical induction the following assertion 
is true: 

{An) x n € X and p n > 0 are well defined and such that 

Pn +Pn-1 < Pn-l- ( 2 -!3) 

By the definition of p , (2.3)-(2.6) we have that there exists r < p (Lemma 1.4 
[7, pp. 3]) such that 

5 0 r + ||i ? (a;o)|| = r 

and 

6 k 0 r < SqP — y 0 as k — > oo. 

That is (Lemma 1.5 [7, pp. 4]) X\ is well defined and po < r. 

We need the estimate: 


Ti (p~ r) = S 0 (p — r) + 5i/j 0 = 
S 0 p - S 0 r + Sip = Go(p) - r = p - r. 
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That is (Lemma 1.4 [7, pp. 3]) p 1 exists and satisfies 
Pi + Po < P - r + r = p = p 0 . 

Hence (Jo) is true. Suppose that for each k = 1,2 , assertion (I k ) is true. 

We must show: #*,44 exists and find a bound r for r p k . Indeed, we have in turn 
that 

doPk + ^1 (Pk - 1 — Pk) = ^0 Pk + ^lPfc-l — $lPk 
= Tk (, Pk ) “ dlPk < Pk- 
That is there exists r < p k such that 

r = S 0 r + 5i (p k _! - p k ) and (5 0 + 5i)’ r -> 0 (2-14) 

as i — * oo. 

The induction hypothesis gives that 
k-1 k- 1 

<^2p m <^2 {p m - Pm+l) = P ~ Pk < fo 

m— 0 m—0 

so Xfc € 5 (xo, p) C and x\ satisfies ||/ — A (a;i)|| < So (by (2.3)). 

Using the induction hypothesis, (1.3) and (2.4), we get 

II F (x k )\\ = \\F(x k ) - F(xk- i) - A(x k -i) (x k — ar fe _i) || (2.15) 

< SiPk-l < S 1 (p fc _! - Pfc) 
leading together with (2.14) to: 

<5 0 r + \\F (iCfc) || < r, 

which implies x k +\ exists and pk < r < p fc . It follows from the definition of 
Pfc+i that 

7fc+i (p fe -r)=T k (p k ) — r = p k — r, 
so p fc+1 exists and satisfies 


Pk+ i + Pk < Pk - r + r = p k 

so the induction for (I n ) is completed. 

Let j > k. Then, we obtain in turn that 

3 3 

\\x j+ k - X k \\ <^2pi<Y^ ( Pj ~ Pj+ 1 ) = Pk- Pj+k < Pk- (2-16) 

i—k i—k 

We also have using induction that 

Pk+ i = Tk + 1 (Pfc+i) < T k + 1 (p k ) < Sp k < ... < S k+1 p. (2.17) 
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Hence, by (2.1) and (2.17) lim p k = 0, so {x k } is a complete sequence in a 

k — »oo 

Banach space X and as such it converges to some x*. By letting j — > oo in 
(2.16), we conclude that x* € B ( x k ,p k )• Moreover, by letting fc — » oo in (2.15) 
and using the continuity of F we get that F (x*) = 0. Notice that 

H k (p fc ) < T k (, p k ) < p k , 

so the apriori bound exists. That is a k is smaller in general than p k . Clearly, the 
conditions of the theorem are satisfied for x k replacing x 0 (by (2.16)). Hence, 
by (2.8) x* € B (x n ,cr n ), which completes the proof for the aposteriori bound. 

■ 

Remark 2.2 (a) It follows from the proof of Theorem 2.1 that the conclusions 
hold, if A (•) is replaced by a more general continuous operator A : Q — » B\. 

(b) In the next section some applications are suggested for special choices of 
the "A " operators with y 0 := <5o and ') 1 := c>i. 

3 Applications to left multivariate fractional cal- 
culus 

Our presented earlier semi-local convergence results, see Theorem 2.1, apply in 
the next two multivariate fractional settings given that the following inequalities 
are fulfilled: 

l|l-^(*)lloo<7 0 e(0,l), (3.1) 

and 

(F (y) - F (x)) ~i - A (x) (y - x) <7il|y-a:|h (3-2) 

where 7 0) 7i G (0,1), furthermore 

7 = 7o +7i € (0, 1) , (3.3) 

k 

for all x, y € J)[ [a*,b*], where at < a* < b* < bi , i = 1, ..., k. 

i= 1 

Above i is the unit vector in R fc , k £ N, i =1, and ||-|| is a norm in R fc . 
The specific functions A (. x ), F (x) will be described next. 

I) Consider the left multidimensional Riemann-Liouville fractional integral 
of order a = (oq, ..., a k ) (cti > 0, i = 1, ..., k): 

i rx i rXk k 

(l% + f)(x)=— / ... / JJ(xi - ti)**- 1 f ih, ...,t k ) dh-.dtk, 

nr(a t ) Jai Jak i=1 

i = 1 

(3.4) 
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where F is the gamma function, / G L ^ a = (ai,...,Ofc), and 

k 

x = (xi, ...,Xk) G n Wi,bi] ■ 

i = 1 

k 

By [6], we get that (7“ + /) is a continuous function on [a*, 6*]. Further- 

2= 1 

more by [6] we get that is a bounded linear operator, which is a positive 
operator, plus that (/“+/) (a) = 0. 

k 

In particular, (/£+/) is continuous on [a*, 6*] . 

2=1 

k 

Thus there exist xi,X 2 G [a*, b*] such that 


(7“+/) O = min (7“ + /) (x) , 
(7“+/) O = max (7“ + /) (x) 


(3.5) 


k 

over all x G Jl [«*,&*]• 
We assume that 


(7„V) (*i) > 0- 


Hence 


Here, we dehne 


■C/ll A r . h.i = (C/) O > °- 

Jf (x) = mf(x), 0 < m < 




for any x G II [<,&*] • 

2=1 

Therefore the equation 


k 

J/(x) = 0, ig[[ [«*,&*] , 
2=1 


(3.6) 

(3.7) 


(3.8) 


(3.9) 


has the same solutions as the equation 

Jf (x) 


F (x) := 


2 (7“ + /) O 


= 0, xGjjjaJ.ft?]. 


2=1 


Notice that 


/ 


a+ 


2 (7“+/) (* 2 ) 


\ , v = (7q+/) (g) 1 TT r * 

} 2 (4V) (X 2 ) - 2 < 


(3.10) 


(3.11) 
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We notice that 


¥xe n | “ l -‘ ;| - (3 - 13) 

Hence, the first condition (3.1) is fulfilled by 

|1 ~ A( x )\ = 1- A(x) <1- =: 7o, V * G J] [a*, b*} . (3.14) 

k 

Hence, ||1 - A (x)^ < j 0 , where IHI^ is over fl [a*, b *\ ■ Clearly 7o G (0, 1). 
Next, we assume that . — - is a contraction, that is 

2 (4V) (ra ,-2 0<,,<L 

(3.15) 

Hence 

7 mf . m/( ^ < md ||x — y|| < - ||x — y\\ , allx^G TT[a*,&* 

2 (4“ + /) (* 2 ) 2 (/“+/) (0:2) - " _ 2 

(3.16) 

Set A=|,itisO<A< We have that 


|F(a;)-F(y)| < A||x-y|| , 


all x,y G II [<,&*] ■ 

i=l 

Equivalently we have 


\Jf(x)-Jf(y)\<2X(l^f)(x 2 )\\x-y\\, all x, y G J] [a*, b*] . (3.18) 


We observe that 


— F (x)) i — A{x) (y — x) < 


\F(y)-F(x)\ + \A(x)\ \\y — x|| < 


A||j/-x|| + |H(x)| \\y-x\\ = (A + \ A (x)|) ||y-x|| =: (V>r), V x,y G A*] • 
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By [6], we have that 


I (4V) 0*01 < 


(fr (bi -ai) ai \ 


(3.20) 


V x € II where IH4 

i= 1 

Hence 


k 

now is over ]Q [a*, bi ) . 

i= 1 




1(4“+/) (4 1 ^ i 

2 (4“+/) (* 2 ) “ 2 (/“+/) (x 2 ) 


/A (bi-air^ 

l A i r («* + !)>/ 


Il/lloo <00. (3-21) 


V x £ II [a*,b*]. 


i—1 

Therefore we 


get 


(V’l) < 


( A+ 2 (/“ + /) (x 2 ) 


fjj {bi-atr } 


ll/ll 


112/ — ^11 » 


(3.22) 


V x,y G II [a>i,b*] ■ 

i—1 

Call 


0 < 7i : — A + 


{bj - aj) ai 

2(4 a +/) (* 2 ) r (a* + 1) 


n 


(3.23) 


and by choosing (b, — a,i) small enough, i — 1, k, we can make 7 1 € (0, 1), 
fulfilling (3.2). 

Next, we call and we need that 


0 < 7 == 7o + 7i = 1 ~ 


(4“+/) 0d) \ 
2 (4“+/) (* 2 ) ; 


A + 


(h - 0i )“‘ 

2(4“+/) (s 2 ) \i\ r(a i + i) 


n 


< 1, 


equivalently, 


' , 1 fr (bi-ai) ai 

2(4“+/) (* 2 ) Vi=i r (“< + !) 


< 


(4“+/) 44 
2(4“+/) 44' 


equivalently, 


(3.24) 


(3.25) 


2A (4“ + /) (x 2 ) + (n r\a i ( +l) ) ll/llo ° < (CCl) ’ (3 ' 26) 
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which is possible for small A and small ( 6 , — a*), all i = 1, k. That is 7 € (0, 1), 
fulfilling (3.3). So our numerical method converges and solves (3.9). 

II) Let a = (ai, ..., Ofc), a* > 0, to* = \ai\ (["•] ceiling function), ct; ^ N, 

i = 1, ..., k € N, and G € G^?=! mi ~ 1 ^ J~[ [ a *> , such that 

k 

d Si mi G ( k \ 

0 ^ dx?\..dx™ k g L °° (n ^ b ^J ■ 

Here we consider the multivariate left Caputo type fractional mixed partial 
derivative of order a: 


1 rx 1 fx k fc 

d^g (*) = - / ... / ( 3 - 27 ^ 

nrK-«r 01 ° fc i=i 


Y1 m i 

d i=1 G(ti,...,t k ) 
dt^...dt n k lk 


dt 1 • • • dtfc , 


where again T is the gamma function, a = (ai, a^), V x = Xfc) G 

k 

[7 [a*, &*] . Notice here that mi — ai > 0, i = 1, k. 

k 

By [ 6 ], we get that D* a G is a continuous function on Yl [ a i > &*] , and it holds 

i— 1 

that D“ a G (a) = 0 . 

k 

In particular D“ a G is continuous on Jj [a* . 6 * ] , where a.; < a* < b* < 6 .j, 

i = 1, ..., fc. 

k 

Therefore there exist Xi,X 2 G n [a*, 6 *] such that 

i= 1 


(^mG) (xi) = min (D“ a G) (x) , 
(£*£,<?) O 2 ) = max (D“ a G) ( x ) , 


over all x e J} [°i , ] 

2—1 

We assume that 


(D“ a G) (xO > 0. 


Hence 


Here we define 



(D“ a G) (x 2 ) > 0. 


JG (x) = mG (x) , 


0 < m < 


1 

2 ’ 


(3.28) 


(3.29) 

(3.30) 


(3.31) 
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for any x € II i a *-. b *.} ■ 

i—l 

Therefore the equation 


JG{x) = 0, x e [a * , b* ] 


has the same solutions as the equation 

JG (x) 


Fix) := 


2 D? a G(x 2 ) 


= 0, xe]J[a*,b*]. 


i—l 


Notice that 


D° 


We call 


G(x) 


D? a G(x) ^ 1 


2 D? a G(x 2 )J 2D« a G(x 2 )~2 
D* a G (x) 


<R<1> X&H [a*,b* 


i=l 


We notice that 


A ( x ) := 


0 < 


\/ xel[[a*,b*}. 


i=l 


2 D° a G{x 2 ) 

DZgGjxi) <A(X)< 1 

2 D? a G(x 2 )~ ~ 2 


Hence, the first condition (3.1) is fulfilled by 


II- 


Hence 


a (x ) | = l - A (x) < 1 - 7o, v ® e n K > K) ■ 




I 1 -^Mlloo ^ 7o> 


where IMloo is over n l a h b *] ■ 

Clearly y 0 € (0,1). 

Next we assume that 2 (d^ < 'g)(x 2 ) a contraction, that is 


G(x) 


G(y ) 


2 (D? 0 G)(z 2 ) 2 D? a G(x 2 ) 


i—l 


with 0 < 6 < 1. 
Hence 

mG (x) 


mG (■ y ) 


2 {D? a G)(x 2 ) 2{D° a G)(x 2 ) 


< mO ||x -y || < - ||x - ; 


(3.32) 


(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 


<9\\x-y\\, all x,y £ [a * , 6*] , (3.39) 


(3.40) 


10 
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all I] [a*,b*]. 

i = 1 

Set A=|,itisO<A<|. We have that 


\F{x) - F{y)\ < A || a: — y\\ , 


all x,y £ II [<A*] • 

i— 1 

Equivalently we have 


| JG (x) - JG (y)| < 2A (I>“ G) (x 2 ) II® - 2 /|| , all x, t/ G n [a*, b 
We observe that 

(F(y)-F(x))^ -A(x)(y-x) < 

\F(y)-F(x)\ + \A(x)\ \\y-x\\ < 

A ||2/ - x|| + \A (x)| || y - x|| = (A + \A (x)|) ||y - x|| =: (ijj 2 ) , 

V x,y€ II [a*,b*] ■ 

i—1 

By (3.27), we notice that 


\D? a G{x)\< 


nrK- a*) 

i = 1 


rx i 


((Tj ti') 

'a i 


— CKi — 1 


dti...dtk 


^ g 


I— 1 — n 

n r (, m i - a i) ' * _i 


(xj - a*)" 


dx™ 1 -^ 


52 m« 
cA G 




(Xj - dj) 

^ r {mi - aii + 1) 


n 


fe 

52 mi 

a*=i g 


ax™ i ...5x™ fc 


We have proved that 


i^G(x)i< m 


(i bi - ai) r 


^ r (to, - Qfi + 1) 


771 i 

G 


dx^.-.dx™* 


11 
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k k 

Vie n [a*, 6 *], where (Hl^ now is over J] [ ai,bi }. 

i=l i=l 

Hence we get 


ia(*)|< 


n 


(■ bi - di) r 


2D fa G (* 2 ) r {mi - + 1 ) 


I Z m i 

G 


dx? i ...dx% h 


< 00 , (3.46) 


Viefl [a*, 6 *]. 

i—1 

Therefore we obtain 


/ 


(^ 2 ) < 


A + 


n 


{bi - Oi) r 


2 D? a G{x 2 ) ^r(mj - a* + 1) / 


V nrti 

G 


dx^.-dx™* 


lly-^lh 

(3.47) 


Vi,i/e n [«*,&*] • 

i=l 

Call 


0 < 71 : — A + 


n 


{bi - a.i) r 


2D% a G {x 2 ) r (to* - ati + 1) ^ 


H mi 

a-' g 




, (3.48) 


and by choosing {bi — cq) small enough, i = 1 , ..., k, we can make 7 1 € ( 0 , 1 ), 
fulfilling (3.2). 

Next we call and we need that 

D« a G{ Xl ) 


0 < 7 == 7o + 7i = 1 - 


2VA“ 0 G {x 2 ) 


A + 


n 


(b» - a*) r 


2£>“ a G (£ 2 ) r (m, - a» + 1) 


k 

12 

0’=' G 




< 1, (3.49) 


equivalently, 


A + 


n 


{bi - di) r 


2D« a G {x 2 ) T { mi -ai + 1) 


S mi 

d'=' G 


dx^-dx™* 


< 


D^gG{x 1 ) 

2 D- a G{x 2 y 

(3.50) 
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equivalently, 


2A Df a G(x 2 ) + 


(yr {bi-ai)""-"* \ 
r ( TOi - a i + 1)/ 


k 

G 

dx™ 1 ...dx™ k 


<D? a G( Xl ), (3.51) 


which is possible for small A and small (6, — a*), all z = 1, k. That is 7 € (0, 1), 
fulfilling (3.3). So our numerical method converges and solves (3.32). 
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Abstract 

In this paper, we study the stability analysis of a virus dynamics model with CTL immune response 
and with both cell-to-cell and virus-to-cell transmissions. The model contains three types of distributed 
time delays. The existence and global stability of all steady states of the model are determined by two 
parameters, the basic reproduction number (Ro) and the CTL immune response activation number (J?i). 
By using suitable Lyapunov functionals, we show that if Ro < 1, then the infection- free steady state Eo 
is globally asymptotically stable; if R\ < 1 < Ro-, then the CTL-inactivated infection steady state E\ 
is globally asymptotically stable; if Ri > 1, then the CTL-activated infection steady state E 2 is globally 
asymptotically stable. Numerical simulations are conducted to support the theoretical results. 

Keywords: Virus dynamics; CTL immune response; Global stability; time delay; cell-to-cell transmis- 
sion. 


1 Introduction 

During the past decades, several mathematical models have been proposed to describe the dynamical behavior 
of many human viruses such as HIV, HBV, HCV and HTLV-I (see e.g. [l]-[27]). Studying the global stability 
of the model’s equilibria has become one of the most important features which help us to better understanding 
of the virus dynamics. Thus, several researchers have devoted extensive efforts to study the global stability of 
virus dynamics models (see e.g. [2]- [13]). All the above mentioned works focus on cell- free viral spread in a 
compartment such as the bloodstream. Recently, some viral infection models have been proposed to model both 
virus-to-cell and cell-to-cell transmissions (see [28]- [29]). The viral infection model with cell-to-cell transmission 
and distributed time delay has been proposed in [29] as: 

T(t) = A - dT(t) - ft T(t)V(t) - p 2 T(t)T*(t), (1) 

COO 

T*(t) = / [fcTit ~ s)V{t - s)ds + (3 2 T(t ~ s)T*{t - s)} .f(s)e-^ s ds - LnT*(t), (2) 

Jo 

V(t) = bT*(t — s)ds — cV(t), (3) 

where, T(t), T*(t) andV(f) are the concentrations of the uninfected cells which are susceptible to infection, 
infected cells that produces viruses, and free virus particles at time f, respectively; /?i is the virus-to-cell infection 
rate constant; fd 2 is the cell-to-cell infection rate constant; /ii and c are death rate constants of the infected 
cells and viruses, respectively; b is the average number of viruses that bud out from an infected cell. e~^ lS is 
the survival rate of infected cells during the time delay s, where s is assumed to be distributed according to a 
probability distribution /(s). 
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It is observed that, all the viral infection models with cell-to-cell transmission did not consider the effect 
of immune response. The immune response is universal and necessary to eliminate or control the disease after 
viral infection. The Cytotoxic T Lymphocyte (CTL) cells are responsible to attack and kill the infected cells. 
Several viral infection models have been introduced in the literature to model the CTL immune response to 
several diseases [23]- [27]. However, in [23]- [27], only virus-to-cell transmission has been considered. Therefore, 
our aim in this paper is to propose and analyze a delay-distributed virus dynamics model with virus-to-cell and 
cell-to-cell transmissions and takes into account the CTL immune response. 


2 The model 

In this section, we propose a virus dynamics model with cell-to-cell transmission and CTL immune response. 


T(t) = A - dT(t) - ft T(t)V(t) - p 2 T(t)T*(t), (4) 

pOO 

T*(t) = / fi(s)e~^ s [ft T(t - s)V(t - s) + ftT(t - s)T*(t - s)} ds - piT*(t) - pT*(t)Z(t), (5) 

Jo 

POO 

V(t) = b e~^ s f 2 {s)T*{t- s)ds-cV(t), (6) 

J o 

Z(t) = kT*(t)Z(t)-qZ(t), (7) 


where, Z(t) is the concentration of CTL immune cells at time t. The infected cells are killed by the CTL 
immune response with rate pT*(t)Z(t), where p is constant. The CTLs are proliferated at a rate kT*(t)Z(t) 
and die at a rate qZ(t). All the other variables and parameters of the model have the same meanings as given 
in (l)-(3). 

Let us assume that the probability distribution function /,(s) satisfy fi(s) >0, i = 1,2 and 

OO OO 

J fi(s)ds = 1, J fi(u)e iu du < oo, i = 1, 2, 

0 0 

where £ > 0. Denote 

pO O 

Vi= fi{s)e~ fliS ds , i = 1,2. 

Thus 0 < r/j < 1. Define the Banach space of fading memory type 

C a = {(f> & C((— oo,0],R) : (j>{6)e ae is uniformly continuous for 6 € (— oo,0] and ||(^|| < oo} 

where a is a positive constant and ||0|| = sup \4>(9) \ e a6 . Let 

e< o 

C+ = {</> G C a : m > 0 for 6 G (-oo,0]}. 

The initial conditions for system (4)-(7) are given as: 

T(O) = <p 1 (0), T*(e) = <p 2 (6),V(8) = p 3 (0), Z(d) = M0), for 0e (-00,0], 

W6C+ * = 1,...,4. (8) 

By the fundamental theory of functional differential equations [33], system (4)-(7) with initial conditions (8) 
has a unique solution. 

2.1 Non-negativity and boundedness of solutions 

We show the non-negativity and boundedness of the solutions of model (4)-(7). 
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Lemma 1. The solutions (' T(t),T * (t), V ( t ), Z(t)) of model (4)-(7) with initial conditions (8) are non-negative 
and ultimately bounded. 

Proof: First we prove T(t) > 0 for all t > 0. Assume the contrary and let t\ > 0 such that T{t\) = 0. Then 
from Eq. (4), we have T{t\) = A > 0. Therefore T(t) < 0 for t € (ti — e, t\) and e > 0 is sufficiently small. This 
contradicts with the fact of T(t) > 0 for t £ [0, ti). It follows that T{t) > 0 for t > 0. From Eqs. (5)-(7), we 
have 

T*(t) = ip 2 {0)e~ fo(^+P z (0) d C 

nt nOO 

+ / e ~ I*(^+P z (0)d( / f 1 ( s ) e -w\p 1 T(ri-s)V(Ti-s) + foT(T}-s)T*(Ti-s)]dsdTi, 

Jo Jo 

nt nO O 

V(t) = <p 3 {0)e~ ct + b / e-^-V / / 2 (s)e-^T*(C - s)dsd(, 

Jo Jo 


which yield that T*(t) > 0, V(t) > 0 and Z(t) > Ofor all t > 0. 

Next we show the boundedness of the solutions. From Eq. (7) we have lim supT(t) < — . Let 

t—*o o d 


F{t) = [ h(s)e-^ s T(t - s)ds + T*(t ) + f Z(t ). 
Jo k 


Then 


F(t) = / fi{s)e~^ lS [A - dT{t -a)- P\T(t - s)V(t - s) - faT{t - s)T*{t - s)] ds- 

J o 

nOO noo 

+ / fcT{t - s)V(t - s)fi(s)e~ >J ' lS ds + / p 2 T{t - s)T*(t - s)f 1 (s)e~^ s ds - piT*(t) - ^Z{t) 
Jo Jo 

nO O 

= A vi ~d fi{s)e~ fJ ‘ lS T{t - s)ds - W T*(t) - ^-Z{t) 

Jo k 

< A - a ( jf /i (s)e-^ lS T{t - s)ds + T*(t) + = A - <rF(t), 


where, cr = min{d, Hence, lim sup^^ F(f) < — . Since / n °°/i(s)e ^ lS T(t — s)ds > 0 , T* > 0 and Z > 0, 

(J ^ 

then limsup t , T*(t) < and limsup t , Z(i) < L 2 , where L| = and L 2 = -Iq. From Eq. (6) we have 

(T p 

nOO 

V = b f 2 {s)T*{t — s)ds — cV{t) <bp 2 Li — cV{t) <bL\ — cV{t). 

Jo 

Thus lim sup F(t) < L 3 , where L 3 = — 1 Therefore, T (t) , T* (t) , V (t) and Z(t) are ultimately bounded. □ 

t—to o C 


2.2 Steady States 

Lemma 1. 

(i) If i?o < 1, then there exists only positive steady state E 0: 

(i) if R\ < 1 < Rq, then there exist only two positive steady states E 0 and E\, 

(ii) if R\ > 1, then there exist three positive steady states E 0 , E\ and E 2 . 

The proof. Let the R.H.S of system (4)-(7) be equal zero 


o = A — dT - /3i TV - p 2 TT*, 

(9) 

0 = r7i (ft TV + p 2 TT*) - mT* - pT* Z, 

(10) 

0 = 7/2 KP - cV, 

(11) 

0 = kT*Z - qZ. 

(12) 
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Solving Eqs. (9)-(12) we find that the system has three steady states, infection-free steady state E 0 = 

(T 0 , 0, 0, 0, 0), where T 0 = CTL-inactivated infection steady state Ei(Ti,T * , V\, 0) and CTL-activated infec- 
tion steady state E 2 (T 2 , T| , V 2 , Z 2 ), where 


Ti = 

T 2 = 


Ro’ ^ mr/ 2 +c/3 2 ) (R ° 1)1 

= q = blj 2 

kdc + bqP\rj 2 + qP 2 c 2 k’ 2 c 2 


Vl = 


by 2 Tl 

C 


Z 2 = — (R, - 1) , 
P 


and 


Ro = (&/ 3 i 772 + /? 2 c) , 

Mic 


Ri = 


kdc 


q(b/3ir] 2 + p 2 c) + kdc 


Ro 


where Ro represents the basic infection reproduction number which describes the average number of newly 
infected cells generated from one infected cell at the beginning of the infectious process and R\ represents the 
immune response activation number which expresses the CTL load during the lifespan of a CTL cell. Clearly 


Ro > R\- CH 


2.3 Global stability analysis 

In this section, we study the global stability of all the steady states of system (4)- (7) employing the method 
of Lyapunov function. We will use the foilwing function g(x) = x — 1 — In x and the notation (T,T * , V. Z) = 

(T(t),T*(t),V(t),Z(t)). 

Theorem 1. If R 0 < 1, then E 0 is GAS. 

Proof. Define a Lyapunov functional L as follows: 


L(T,T*,V,Z) = T 0 g[ +-T* + ^V+^-Z 
\Tq ) 771 c 771 k 


+ — f /i(s)e _MlS f [pi T(t-e)V(t~e) + p 2 T{t~0)T*{t-d)]d8ds 
Vi Jo Jo 

+ bfRTo_ r ^ e -„ 2 s f T *(t-e)d0ds. 

C Jo Jo 


Calculating the derivative of L along the solutions of the system (4)-(7), we obtain 


dL 


To 


T 


— = ( 1 - ^ ) (A- dT — p\TV - p 2 TT*) 


+ 


1 


+ 


m IJ 0 
P1T0 


/»oo 

/ /i(s)e"' ilS [P\T{t - s)V(t - s) + p 2 T(t - s)T* [t - s)] ds - m T* - pT*Z 

Jo 

/»00 

b e~^ s f 2 {s)T*{t- s)ds-cV 

. Jo 


+ -JJ- [kT* Z - qZ] 
m k 


+ — f fi(s)e~^ s [ft TV + p 2 TT* - ftT(i - s)V(t - s) - p 2 T(t - s)T*{t - s)] ds 
Vi Jo 

+ bf5 J T J r f 2 {s)e-^ s [T* - T*(t - s)l ds 

c Jo 


= -d 


T 0 

(T-T 0 ) 2 , 


= (1-^) (A — dT) + ( p 2 To + 


bP\Tog 2 pi 


j rji* 

m 


PQ , 
771 k“ 


pq 


T 


+ h -(Ro-l)T*^TEZ. 
Vi Vi k 


(13) 


dL 


If Ro < 1, then — < 0 for all T,T*,Z > 0. Thus the solutions of system (4)-(7) limit to M, the largest 
dt 

invariant subset of {(T, T*, V, Z) : = 0}. Clearly, it follows from Eq. (13) that ^ = 0 if and only if T = T 0 , 
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T* = 0 and Z = 0. Noting that M is invariant, for each element of M we have T* = 0 and Z = 0, then T* = 0. 
From Eq. (5) we drive that 


0 = T* = 


f 1 (s)e-^ s ^ 1 T 0 V(t~s)ds. 


It follows that E = 0. Hence ^ = 0 if and only if T — To, T* = 0, E = 0 and Z = 0. LaSalle’s invariance 
principle implies that Eq is GAS when Rq < 1. □ 

Theorem 2. If Ri < 1 < R 0 , then is GAS. 

Proof. Define the following Lyapunov functional 


T 


U(T,T*,V,Z) = T l9 (- +-T*g(— + 


,Ti 

m 

m 

PiTiV! 

V2 


1 

m 




PiTxVx 


V 


P 


Vi 9 [ Vi \+±t_Z 


fi{s)e~^ s 

f 2 (s)e-^ s 


bi l2 Tl 
T{t - 9)V(t - 9) 

/ ; \ ! 

T(t — 9)T*(t — 0) 

TiT* 

T*(t-9) 


mk 

ddds 

ddds 


rj-i* 


ddds. 


dU 

dt 


The time derivative of U along the trajectories of (4)-(7) is given by 
(l - (A - dT - faTV - /3 2 TT*) 

+ ^ (i - P) (^°° .fi(s)e~^ s [/3i T(t - s)V(t -s) + (3 2 T(t - s)T*(t - s)] ds - ^T* - P T*Z^j 
(l - y) ( & /°° h{s)e~^ s T*{t - s)ds - ce) + ^ {kT* Z - qZ) 


PiT\Vi 

bm tz 

P1T1V1 

m 

m 

PiTM 

V2 


fi{s)e 


/i(s)e“ 


TV T(t - s)V(t - s) 

T\Vi T X V X 

TT* T(t — s)T*(t — s) 
XjTj* 


TiT* 


In 


+ In 


T(t - s)V{t - s) 
TV 

T(t — s)T*(t — s) 


ds 


r p r J~'* 


ds 




T*{t — s) 

'J 1 * 


ds. 


(14) 


Collecting terms of Eq. (14) and applying the steady state condtions for E\: 


A - dTi = PiTiVi + p 2 T{T{ = —T* = Pi, 

m o ? h»?2 


we get 


^ ~ (T - T ,) 2 + (PiTiVi + ftTilT) (l - 


PiTM 

Vi 

PxTxVx 

m 

P 2 T l T* 

Vi 

P1T1V1 

m 


' izVT is-^ 


TiElT* 


m 




f 2 (s) 

/i(s)e 


/ 2 (s)e _ 


T*(t-s) 


ds 


PiTiVj. 


’ In 


In 


ETj 

T(t — s)T*(t — s) 

J U J '* 

T*(t-s ) 


/i(s)« 


' In 


TiT* 

T{t - s)V(t - s) 
TE 


ds 


ds 




ds+^ 

m 


(t* ~t)z + 2p 1 T 1 V 1 + p 2 TiT*. 


1522 


Elaiw etal 1518-1531 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

Consider the following equalities 


In 

In 


(T(t- s)V(t- s) 
V TV 
T{t-s)T*(t- s) 

T*(t — s) 


In 


rj-i* 


= In 

= In 
= In 


T(t - s)V(t - s)t; 

TiViT * 

T{t- s)T*{t- s) 
T,T* 
VT*(t-s ) 


In 


+ In 


V Z T* 
YT* I ’ 


VT* 


Using Eq. (15) with i = lwe get 

^ (T - Ti) 2 - (ATiU! + faTtf) 


Ti 

T 


— 1 — In 


In 


■In [ — 
T 


VT* 
VT * 


i = 1,2. 


( 15 ) 


pttiVi r 
Vi Jo 

p 2 T x T{ f°° 

m Jo 
Pitm r 
m Jo 


fi(s)e~^ s 
h(s)e ~^ s 
f 2 {s)e~^ s 


T(t - s)V(t - s)T i* 
TiV\T* 

T(t — s)T*(t — s) 
Ti T* 

V T*(t-s) 

VT* 


- 1 - In 


- 1-ln 


(T(t - s)V(t - s)Tf 
V T\V\T* 

T(t — s)T*(t — s) 


ds 


Ti T* 


ds 


— 1 — In 


= -f( T ~ T 0 2 - {PiTiVi + /9 2 Ti T*) g 


( Vi T*(t-s) 
V VT* 

Pi Tin r 




fori?? 

Vi 

p Pi bqr/2 + P2qc + dck 
Vi (Pibqr]2 + p2.qc)k 


Vi Jo 
_ PVTiVi r 

m Jo 


ds+P- 

m 

fi(s)e~^ s g 


(t; - l) z 

T(t — s)V(t — s)T* 


f 2 {s)e » 28 g 


T\V\T* 
(Vi T*(t-s) 


ds 


VT* 


ds 


(Ri - 1 ) z. 


Hence, if R\ < 1, then we obtain that < 0 and then solutions of system (4)-(7) limit to M, the largest 

invariant subset of {(T, T*, V, Z) : ^ = 0}. It can be seen that, ^ = 0 if and only if 

Ti T(t- s)V(t- s)Tf T(t — s)T*(t — s) Vi T*(t-s) 


T 


T{V{T* 


TT * 


VT* 


= 1. 


LaSalle’s invariance principle implies the global stability of E\. □ 
Theorem 3. If R\ > 1 , then E 2 is GAS. 

Define the following Lyapunov functional 


W(T,T*,V,Z)=T 2 g 


T 

% 

PiT 2 v 2 r°° 
Vi Jo 
P 2 t 2 t% r°° 
Vi Jo 
PiT 2 v 2 r°° 
m Jo 


+ -T*g 

m 


PiT 2 V 2 


V 2 g 


/i( s ) e_MlS 

f2(s)e~^ s 


bv 2 T£ 

(T(t-0)V(t-0) 

V TTV 

/T(t — 6)T*{t — 6) 


v) + Jk ZlS 


T 2 T* 


d6ds 

d6ds 


T*(t — 6) 
Tf 


d6ds. 
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The time derivative of W along the trajectories of (4)-(7) is given by 


^ = ( 1 - ^ ) (A - dT - piTV - p 2 TT* ) 


dt 


T 


+ ^ (i - P) (jH h{s)e~^ s {Pi T(t - s)V(t -s)+ &T(i - s)T*(t - s)) ds - ^T* - P T*Z^j 

(‘ “ v) ( b T A(,)e "” r ’ ( ‘ - s)<fe - cV ) + ii (‘ - 1) (tr ‘ z * ?z) 


/3iT 2 U 2 

V* 

Pi t 2 v 2 


Vi Jo 
P 2 t 2 t* r°° 
Vi Jo 
Pi T 2 v 2 


fi{s)e 


— Mi S 


TV T{t — s)V(t — s) 


T 2 V 2 


t 2 v 2 


In 


T(t - s)V(t - s) 
TV 


ds 


/i0) f 


-Mi s 


TT* T(t - s)T* ( t-s ) ^ f T(t - s)T* (t - s) 


T 2 T* 


t 2 t* 


V 


JY 1 * 


ds 


12 


ro O / /y-i* 


T* T*{t-s) 


T* 


In 


T*(t-s) 

Ji* 


ds. 


Using the following steady state conditions for E 2 


P 


Pi r 


X-dT 2 = PiT 2 V 2 + p 2 T 2 T* = T. 2 * Z 2 + — T* , T 2 * = f , U 2 = 


Vi 


Vi 


bqr]2 

ck 


we get 


dW d 


= - = (T - T 2 ) + (AT.U, + /? 2 T 2 T 2 *) 1 - 


dt T 

_ PiT 2 V 2 r 

m Jo 
_ PiT 2 v 2 r 
V2 Jo 

5(5 /»00 


/i(s)f 


T 2 
T 

- Ml . T(t - s)V{t - s)T * 2 dg _ /? 2 T 2 T 2 * 


t 2 v 2 t* 




di do 
/»00 


p2T 2 T 2 j 

Vi Jo 
PiT 2 v 2 


h{s)t 


‘ In 


771 J 0 

T(t - s)T*(t - s)' 

r J nr J n * 

T*(t — s)' 


hY 


h(s) 


'In 


_^ s T(t-s)T*(t-s) 

t 2 t* 

T(t — s)V(t — s) 


ds 


TV 


ds 


ds 


12 


J f 2 (s)e~^ s In ( T ds + 2piT 2 V 2 + p 2 T 2 T* 2 . 


Using Eq. (15) with i = 2 we get 


dW 


— = -- (T - T 2 ) z - (/3iT 2 U 2 + /? 2 T 2 T 2 *) <7 ( ^ - 

p2T 2 T* 


T 2 \ PiT 2 V 2 


T 


m Jo 
PiT 2 V 2 


.fi(s)e-^g 


T(t - s)V(t - S )T% 


di 


jf A(.x--» jT A(.x-» 


t 2 v 2 t* 

V 2 T*(t — s) 
VT* 


ds 


ds. 


Noting that T,T*,V,Z > 0, we have that < 0. The solutions of model (4)-(7) converge to M, the largest 
invariant subset of { (T, T*,V . , Z) : ^ = 0} . We have ^ = 0 if and only if T = T 2 and g = 0 i.e., 


T 2 _ T(t - s)V{t - s)T 2 * _ T(t - s)T* (t - s) _ U 2 T*(f - s) _ 

t 7 _ t 2 u 2 t* _ t 2 t* _ vrf _ 


(16) 


If T = T 2 , then from Eq. (16) we get T* = T 2 and V = V 2 . The set M is invariant and for any element belongs 


to M satisfies T* = T 2 and 


T* = 0 = rji (PiT 2 V 2 + p 2 T 2 TZ) - m T* - pT^Z, 

which gives Z = Z 2 . Therefore, = 0 if and only if T = T 2 ,T* = T 2 ,V = V 2 and Z — Z 2 . The global 
asymptotic stability of E 2 follows from LaSalle’s invariance principle. □ 
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3 Numerical simulations 


In this section, we perform numerical simulations for the model (4)-(7) with particular distribution functions 
/i(s) and / 2 (s) as: 

/i(s) = S(s - si), f 2 (s) = S(s - s 2 ), 

where S(.) is the dirac delta function, si and s 2 are positive constants. Then, we can see that, 


OO 

J fi(s)ds = 1, Tji = J S(s - Si)e~ fliS ds = 


* = 1 , 2 , 


cOO 

/ 6(s — Si)e~^ s (t)(t — s)ds = e _MSl 0(t — si), 

Jo 

for any function (j). With such choice, model (4)-(7) leads to: 


T(t) = A - dT(t) - /?i T(t)V(t) - p 2 T(t)T*(t), (17) 

T*(t) = [/3i T(t - ai )V(t - si) + p 2 T(t - si)T*(t - Sl )] e _/ilSl - - pT*(t)Z{t), 

V(t) = be-^ S2 T*(t-s 2 )-cV{t), (18) 

Z(t) = kT*(t)Z(t)-qZ(t). (19) 


r rl ^ D , D 1 u e MlSl ^(^ie ^ 2 S 2 +p 2 c) kdc 

ihe parameters Kq and Ki become ito = , iti = — r -—/to. 

c^id q{bpe ~^ 2S2 + p 2 c) + kdc 

Now we perform some numerical simulations for model (17)-(19) with parameters values given in Table 1. 


Table 1: The values of the parameters of model (17 )-(19). 


Parameter 

Value 

Parameter 

Value 

A 

10 

c 

3 

d 

0.01 

q 

0.1 

V 

0.1 

fa 

0.0001 

b 

10 

Ml 

0.9 

Sl 

Varied 

M2 

0.1 

s 2 

Varied 

Pi,k 

Varied 


3.1 Effect of the parameters (5i and k on the stability of steady states 

To show the global stablity of the steady states we consider three different initial conditions: 

IC1: pi (9) = 600, p 2 (0) = l,p 3 (0) = l,p 4 (0) = 10, 

IC2: ip^d) = 200, p 2 (0) = 0.5, p 3 (0) = 3, p 4 (0) = 5, 

IC3: pi(0) = 700, p 2 (0) = 5, p 3 (0) = 9, p 4 (0) = 12, 
where, 9 € [— max{si, s 2 }, 0]. 

In this case we choose si = 0.5, s 2 = 0.9 and study the following subcases: 

(i): R 0 < 1. We choose, = 0.0001 and k = 0.008, then we compute R 0 = 0.295489 and i?i = 0.194228. 
From Lemma 2 we have that the system has one steady state Eq. From Figures 1-4 we can see that, the 
concentration of uninfected cells is increasing and tends its normal value X/d = 1000, while the concentrations 
of infected cells, free viruses and CTls are decaying and approaching zero. It means that, Eq is GAS and the 
virus will be removed. This result support the result of Theorem 1. 
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(ii) : i?i < 1 < Rq. We choose (3 1 = 0.001 and k = 0.008, and then, R 0 = 2.317257 and Ri = 0.455395. 
Lemma 2 state that the system has two steady states Eq and E\. Figures 5-8 show that the numerical re- 
sults are consistent with Theorem 2. We can see that, the solution of the system converges to the steady 
E\ (431.54, 4.03, 12.77,0) for the initial conditions IC1-IC3. 

(iii) : R\ > 1: In this case, we choose /3i = 0.001 and k = 0.03 and then Ri = 1.108600 > 1. According to 
Lemma 2, the system has three steady states Eq,Ei and £ 2 . From Figures 9-12 we can see that, the solutions 
of the system approach the steady state £ 2 (478.41, 3.33, 10.57,0.98) for large t and for the initial conditions 
IC1-IC3. This support the result of Theorems 3. 

3.2 Effect of the time delays on the stability of steady states 

In this case, we consider the initial condition IC2. We take the values /3\ = 0.001 and k = 0.03. Without loss 
of generality we let 5 = Si = s 2 . In Table 2, we present the values of R 0 , R\ and the steady states of system 
(17 )-(19) with different values of 5. 

From Table 2 we can see that, the values of Rq and R\ are decreased as S is increased. Using the values of 
the parameters given in Table 1, we obtain that the following: 

(i) if 0 < S < 0.8447, then E 2 exists and it is GAS, 

(ii) if 0.8447 < S < 0.8868, then Ei exists and it is GAS, 

(iii) if S > 0.8868, then E 0 is GAS. 

Figures 13-16 show that the numerical results are also compatible with the results of Theorems 1-3. From a 
biological point of view, the intracellular delay plays a similar role as an antiviral treatment in eliminating the 
virus. We observe that, sufficiently large delay suppresses viral replication and clears the virus. This gives us 
some suggestions on new drugs to prolong the increase the intracellular delay period. 

Table 2: The values of steady states, Rq and R\ for model (17)-(19) with different values of the delay parameter 
S. 


Delay parameter 

Steady states 

Ro 

Ri 

5 = 0.0 

£ 2 (578.98, 1.11, 1.23, 27.89) 

6.54 

3.79 

5 = 0.2 

£ 2 (626.03, 1.11,1.01,17.56) 

4.40 

2.76 

5 = 0.4 

£ 2 (670.65, 1.11, 0.83, 9.87) 

2.96 

1.99 

5 = 0.7 

£ 2 (731.69, 1.11, 0.61, 1.99) 

1.64 

1.2 

5 = 0.80 

£ 2 (751.30, 1.11,0.55,0) 

1.33 

1 

5 = 0.9 

£i (904.23, 0.39, 0.18,0) 

1.11 

0.85 

5 = 0.95 

£ o (1000, 0,0,0) 

1 

0.78 

5=1 

£ o (1000, 0,0,0) 

0.91 

0.71 

5= 1.5 

£ o (1000, 0,0,0) 

0.34 

0.29 

5 = 2 

£ o (1000, 0,0,0) 

0.13 

0.12 
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Figure 1: The evolution of uninfected cells with ini- Figure 2: The evolution of infected cells with initial 

tial IC1-IC3 in case of i?o < 1- IC1-IC3 in case of iig < 1. 




Time Time 


Figure 3: The evolution of free viruses with initial 
IC1-IC3 in case of Rq < 1. 


Figure 4: The evolution of CTLs with initial IC1- 
IC3 in case of Rq < 1. 




Figure 5: The evolution of uninfected cells with ini- Figure 6: The evolution of infected cells with initial 

tial IC1-IC3 in case of R\ < 1 < Rq. IC1-IC3 in case of Ri < 1 < Rq. 
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Figure 7: The evolution of free viruses with initial Figure 8: The evolution of CTLs with initial IC1- 

IC1-IC3 in case of R\ < 1 < R 0 . IC3 in case of i?i < 1 < R 0 - 




Figure 9: The evolution of uninfected cells with ini- Figure 10: The evolution of infected cells with ini- 
tial IC1-IC3 in case of R\ > 1. tial IC1-IC3 in case of R\ > 1. 




Figure 11: The evolution of free viruses with initial Figure 12: The evolution of CTLs with initial IC1- 

IC1-IC3 in case of R\ > 1. IC3 in case of R\ > 1. 


1528 


Elaiw etal 1518-1531 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 




Figure 13: The evolution of uninfected cells with Figure 14: The evolution of infected cells with dif- 

different delay parameter S. ferent delay parameter S. 



Figure 15: The evolution of free viruses with differ- 
ent delay parameter S. 



Figure 16: The evolution of CTLs with different 
delay parameter S. 
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Abstract 

This paper study the dynamical behavior of HIV-1 infection model with saturated virus-target and 
infected-target incidences. The model is incorporated by two types of intracellular distributed time delays. 
The model generalizes all the existing HIV-1 infection models with cell-to-cell transmission presented in the 
literature by considering saturated incidence rate. The nonnegativity and boundedness of the solutions of 
the model as well as global stability of the steady states are studied. The global stability are established 
using Lyapunov method. Using MATLAB we conduct some numerical simulations to confirm our results. 
The effect of the saturated incidence of the HIV-1 dynamics is shown. 

Keywords: HIV-1 dynamics; Global stability; time delay; cell-to-cell transfer. 


1 Introduction 

It is known that human immunodeficiency virus type 1 (HIV-1) infects the CD4 + T cells which play the central 
role in the immune system of the human body. Mathematical models that describe the dynamics of HIV-1 
are helpful in understanding the virus dynamics and improving diagnosis and treatment strategies. The basic 
HIV-1 infection model has been given in [1] as: 

T = p — dT — f3TV (1) 

T* = (3TV — ^T* , (2) 

V = bT* - cV, (3) 

where, T, T* and V are the concentrations of the uninfected CD4 + T cells, infected cells, and free HIV-1 
particles, respectively. The CD4 + T cells are replenished at rate p, die at rate dT and become infected at rate 
/3TU, where /3 is the virus-target incidence rate constant. The infected cells are die at rate p. The HIV-1 
particles are produced from infected cells at rate bT* and cleared at rate cV. Parameters p, d , /?, p, b and c are 
all positive. 

In model (l)-(3), the infection rate is given by bilinear incidence (3TV . In case when the concentration of the 
viruses is high, this bilinear incidence may not describe the HIV-1 dynamics accurately. Therefore, the model 
has been modified to incorporate the saturated incidence rate [2]: 

(4) 

T '=' T (V^ r - (5) 

V = bT* - cV, (6) 
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where, a is the saturation constant. Moreover, several works have been done to modify the basic model (l)-(3) by 
considering different effects such as: CTL immune response [3]-[5], humoral immune response [ 6 ]- [ 8 ], nonlinear 
incidence rate [9]- [11], intracellular time delay [10], [12], [13], [15], antiviral treatments [15]-[17], latently infected 
cells [18]- [19] and two types of target cells [20]- [22] . All the these works assume that the uninfected CD4 + T 
cells becomes infected due to HIV-1 contacts. Recently, it has been reported that the uninfected CD4 + T cells 
can also become infected due to direct contact with infected cells (see [23]- [26]). However, in [23]- [26], the rates 
of virus-target and infected-target infection are based on the mass action principle. 

The aim of this paper is to study the dynamical behavior of HIV-1 infection model with saturated virus- 
target and infected-target incidences. Both discrete and distributed time delays are incorporated. We study 
the global stability analysis of the model using Lyapunov method. 


2 HIV-1 model with discrete delays 


We formulate an HIV-1 infection model with saturated virus-target and infected-target incidences and two types 
of discrete time delays as: 


PiT(t)V{t) p 2 T(t)T*{t) 
l + oi V(t) 1 + a 2 T*(t)' 

P\T{t - Ti)V{t - Ti) PiT{t - n)T*(t - Tl) 


T(t) = p - dT(t) - 

= 1 +a\V(t - ti) 

V(t) = be~ 52T2 T*(t - r 2 ) - cV(t). 


1 + a 2 T*(t - ri) 




(7) 

( 8 ) 
(9) 


Parameter n represents for the time between the virus or the infected cell contacts with an uninfected CD4 + T 
cell, until it becomes infected but not yet producer cell. The parameter t 2 represents the time needed for new 
HIV-1 to be mature. The factor e~ SlTl is the loss of CD4 + T cells during the interval [t — T\,t\ while, e~ &2T 2 
represents the loss of infected cells during the interval [t — r 2 ,t], where <5i and S 2 are positive constants. 

The initial conditions for system (7)-(9) are given as: 


T{ri)=ip i ( 77 ) , T* ( 77 ) = <p 2 ( 77 ) ,V{rj) = ip 3 ( 77 ) , 

<Pj(v) > 0, 77 e [— r, 0 ], j = 1,2,3 ( 10 ) 

where r = max{ri,T 2 } and (^ 1 ( 77 ), (p 2 (r]), ^ 3 ( 77 )) G C([-r : 0), ), where C is the Banach space of continuous 

functions mapping the interval [— r, 0) into R3_. System (7)-(9) with initial conditions (10) has a unique solution 
[27]. 


2.1 Basic properties 

The non-negativity and boundedness of the solutions of system (7)-(9) is established in the following lemma: 

Lemma 1 . All solutions (T(t),T*(t),V(t)) of model (7)-(9) with initial conditions (10) are non-negative 
and ultimately bounded. 

Proof: From Eq. (7), we have T |t=o= P > 0, therefore T(t) > 0 for t € (0, w\) where (0,?zq) is the 
maximal interval of existence of solution of system (7)-(9) with (10). Moreover, from Eqs. (8)-(9), we have 


T*(t) = e“^V 2 ( 0 ) + e~ SlTl f e-rt*-”'* 

Jo 


PiT(y - n)V(r] - ti) f3 2 T( 77 - ri)T *(?7 - n) 

l + aiV(j] — Ti) 1 + a 2 T*{j] — n) 

V(t) = e~ ct ip 3 (0) + be~ S2T2 f — r 2 )dr] > 0, 

Jo 

for t G [0, t]. By recursive argument we obtain T*(t),V(t) > 0 for all t > 0. 


dr] > 0 , 


1533 


Elaiw etal 1532-1546 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

From Eq. (7) we know lim supT(f) < - Let Fi(t) = e~ SlTl T(t — n) + T*(t). Then 

t— >oo a 


Fi(t) = e 


— 0-SlTl 


p - dT(t - ri) - 


Pi T(t - n)V(t - ri) P 2 T(t - n)T*(t - ri) 


+ e 


SlTl 


l + aqE(f — ri) 1 + a 2 T*(t — n) 

PiT(t — Ti)V(t — ri) /3 2 T(t - ri)T*{t - n) 


l + aiV(t — ri) l + a 2 T*(t — ri) 

= pe" 5lTl - de~ SlTl T(t - n) - pT*(f) 

< p - a (e~ SlTl T(t - n) + T*(i)) = p - aF^t), 




where, a = min{d, /x}. Hence, limsup^^ Fi(t) < — and then lim sup^^ T* (t) < — . From Eq. (9) we have 

cr a 

E(f) = be~ S2T2 T* (t - r 2 ) - cE(f) < be~ &2T2 ?~ - cV(t ) < 6^ - cE(t). 

cr a 

Thus lim sup E(t) < — . Therefore, T(t),T*(t ) and E(t) are all ultimately bounded. □ 

t— >o o C(7 

Now we prove the existence of the steady state of the model (7)-(9). 

Lemma 2. 

(i) If 77o < 1, then there exists only positive steady state So, 

(ii) If 1 y TT-o, then there exist two positive steady states *Sq and S i* 

The proof. Let the R.H.S of system (7)-(9) equal to zero 


0 = p~dT- 
0 = e~ SlTl 


Pi TV 


p 2 tt* 


1 + a{V 1 + a 2 T* ’ 
PiTV P 2 TT 


1 + a{V 1 + a 2 T* 
0 = e -$2T2 b T* - c v 


-pT\ 


( 11 ) 

(12) 

(13) 


Solving Eqs. (11)-(13) we find that the system has two steady states, disease-free steady state So = (To, 0,0), 
where T 0 = ^ and endemic steady state Si(7i,T* , Ei), where 


Ti = 

V! = 


pc (1 + aqVi) ( be~ S2T 2 + a 2 cVi) 
^ e -(5i-ri+52T2) [ ( 0 1 ( be~ s 2T2 + a 2 cVi) + p 2 c (1 + ai El)] ’ 
be S 2T2 T * 

c 


where 


T* 


-B + VB 2 - 4 AC 
2 A 


A = pbe~ S2T2 (da \a 2 + P\a 2 + P 2 a \) , 

B = p 2 (pc — paibe~ l ' SlTl+S2T 2 ' > ) + pibe~ S2T2 (p — pa 2 e~ 5lTl ) + dp(ca 2 + aq be~ &2T2 ), (14) 

C = dpc (1 — 7 Z 0 ) ■ 


and 


where TZq 


T 0 e~ SlTl ( bp ie - S2T 2 + p 2 c ) 
7v-o — 

\1C 

represents the basic infection reproduction number. □ 


2.2 Global properties 

In the following we established the global stability of the two steady states by of system (7)- (9) by constructing 
suitable Lyapunov functionals. Through the paper we will use the following function g(x ) = x — 1 — In x and 
the notation (T,T*,V) = (T(t),T*(t),V(t)). 
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Theorem 1. If 1Z 0 < 1, then So is globally asymptotically stable. 

Proof. Define a Lyapunov functional 


Li(T,T*,V) 


To 9 [ TfT ) + 
■ 1 0, 


3 -<5iti 


rjn* 


PiT 0 


V- 


b _Ml e - S2T2 r T*(t-r])dr). 
c Jo 


PfT{t — rf)V (t — 7?) 
1 + ai V(t. - rf) 


/3 2 T(t — rj)T* (t — rf) 
1 + a 2 T*(t - if) 


We evaluate along the solutions of the system (7)-(9), 
at 


dLt = ( To 

dt V T 

1 


p-dT- 


Pi TV 


p 2 TT* 


1 + aiV 1 + a 2 T* 


e -Si Ti 

PiT 0 


-Sxn ( PlTft-T^Vft-Tx) P2T{t-T 1 )T*{t-T 1 ) \ _ 

\ l + a\V{t — Ti) 1 + a 2 T*(t. - ri) J 


— [be -, nT . (t _ T2) _ cV] + J^_ + MT_ 

Pi T(t. - Ti)P(f - n) _ p 2 T{t-T)T*{t-T 1 ) bPiTp _ S2T2 


1 + a\V(t — ri) 


1 + a 2 T*(t - ri) 


[T* — T*(t — t 2 ) 


T \ V 2 T* 2 

= | 1 - ^ ) ip - dT) - 

V- [T„b rofee- 8 -" _ 


o-ilTl 


/xc 


9 




T + aiV 


1 + a 2 T* 


O — 5 iti 


(^o - 1)T*. 


(15) 


If IZo < 1, then — — 1 - < 0 for all T,T* ,V >0 and — — 1 1 = 0 if and only if T = Tq , T* = 0 and V = 0. 
dt dt 

Let D 0 = {(T,T*,V) : = 0}. It is easy to show that So is the largest invariant subset of D 0 . LaSalle’s 

invariance principle implies that Sq is globally asymptotically stable when 1Z 0 < l.D 
Theorem 2. If 1 < TZq, then Si is globally asymptotically stable. 

Proof. Define 


U(T,T*,V)=T 1 g(Jr 

P 1 T 1 V 1 

+ 1 + aiPi 
P^TiTf 
+ 1 + a 2 Tf 


T*i9 Ur + 


P 1 T 1 V 1 


3 _5 lTl 1 y \ T *J be~ s ^Tf( 1 + arPi) 

dr] 


V 


f T(t — rf)V{t — rf) (1 + aiVi) 


V 


9 


mil + ai V{t-rf)) 
f T(t — r])T* (t — rj) (1 + a 2 Tf ) 

V TiT^l + aaT*)*-^)) 


di] • 


P 1 T 1 V 1 
1 + a\V\ 


T* (t — rf) 
T* 


dp. 
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Evaluating along the trajectories of (7)-(9) as: 


dUi 

dt 


= 1 - 


Ti 

T 


p-dT - 


Pi TV 
1 + a{V 


p 2 TT* 

1 + a 2 T* 


o — SlTl 


rp * 

l -p 




PlT(t - Ti)V(t - Ti) p 2 T(t-Ti)T*{t-T 1 ) 


PiTtVi 


be~ s ^T*( 1 + aiVi) 

P1T1V1 


1 + aiV(i — ti) l + a 2 T*(t — ri) 

(l- (be~ s ^T*(t-T 2 )^cV) 


( TV (1 + aiEi) T{t - ri)E(t - n) (1 + aiVi ) \ 

1 + aiVi \T 1 V 1 (l+a 1 V) T ± Vi (1 + a{V{t — n)) J 
/ T(t — T\)V(t — ri) (1 + aiV)\ 

“V TV{l + aiV{t-Ti)) ) 

TT* (1 + a 2 Tf) T(i - n)T*(t - n) (1 + a 2 T^) 


PiTiVi 
1 + aiVi 

PiT x T{ 

1 + a 2 T* 
P 2 TiTt 
1 + a 2 T 1 * 
PiTiVi 
1 + aiVi 


In 


TiT* (1 + a 2 T*) TiTf (1 + a 2 T*{t - n)) 
f T(t — Ti)T*[t — Ti) (1 + a 2 T* y 
V TT* (1 + a 2 T*(t — Ti)) 


T* T* (t — t 2 ) 


T* 


rj~<* 


In 


T*(t-T 2 ) 

J-'* 



(16) 


Collecting terms of Eq. (16) and applying the steady state conditions for Si: 


n-PT - 13 lTlVl I feTlTl * - fi T* — ^ W 

P 1 1+aiVi l + a 2 T( e _<5lTl 1 be~^ T i+^r 1 ’ 


we get 


dUi = _ d _ 2 / _ 7\ • \ / P 2 T ± T* \ P 1 T 1 V p 2 T{T* 

dt T 1 ’ \ T ) V 1 + aiVi 1 + a 2 T * ) 1 + cqC 1 + a 2 T* 

PiTjT(t-Ti)V{t-Ti) p 2 T?T{t - n)T*{t - ti) P 2 T{T* PVTWi 
T*(l + a 1 V'(t-r 1 )) T* (1 + a 2 T*(t — n)) 1 + a^T-f + 1 + aiVi 

p 2 T 1 T 1 * p&Vi ViT*(t-T 2 ) P 1 T 1 V P 1 T 1 V 1 
+ l + a 2 T* 1 + a±Vi VT* l + ai^i 1+ai Vi 

P1T1V1 / r(t-r 1 )E(f-r 1 )(l + a 1 E) \ feljT* / T(t- n)T*(f - n ) (1 +a 2 T*) \ 

+ l + aiVi V TV(l + aiV(t-n)) / 1 + a 2 T* \ TT* (1 + a 2 T*(t — n)) / 

P1T1V1 , (T*{t-T 2 ) 


Consider the following equalities: 

fT(t-n)V(t-n)(l + aiV) 


In 


In 


V TV{l + aiV{t-Ti)) 


T(t — n)T*(t — ti) (1 + a 2 T*) 
TT* (1 + a 2 T*(t - n)) 


In 


T*(t-r 2 ) 

Ji* 


= In 


+ ln 


= In 


+ In 


= In 


( T(t — Ti)V (t — ti) (1 + aiVi) 

V T\Vi (1 + a\V(t — iq)) T* 
1 +<*iV\ (Vi T* 

1 +a 1 V 1 ) +ln \VT* 

/ T(t - n)T*(t - n) (1 + a 2 Tl) 

V T{T* (1 + a 2 T*(t — ri)) 

1 + a 2 T* 

1 + a 2 T* 

( V\T*{t — r 2 ) 


V VT* 


In 


VTl 
Vi T* 


In 


In — 


(17) 
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Using Eqs. (17) we get 


dU x d . ,9 

i = "' r - T ') 


Then 

dUx 

dt 


(1 


PiTxVx 
1 + aiUi 
a 2 T?)T* 


T 

l+a 2 T* L(l + a 2 T*)T* 
PiTxVx 
1 + aiVi 

fcT x T{ 


(1 +a 1 V 1 )V 


(1 


V 

Vi 


J >* 

- T* ~ 1 


aiU) Vi 

1 + a 2 T 


-7T-1 + 


l + a 2 T*\ 


1 + ot 2 T£ 
PiTxVx 
1 + aiUi 
PzTiTx 


'Vi T*(t-T 2 ) 

- 1 - 


L 

VT* 


v VT* 

'Tx 

- 1 - ln 


faTxTl 

T 

\ 

t) 

1 + ol^TI 

T(t 

- Tx)V{t 

-n) 

(1 a 1 V 1 ) Ti 


TxVx (1 + 

axV(t-Tx))T* 


1 + aiU 
1 + aiVi 

PiTM ' 

1 + aiUi 
1 + aiU 


— - 1 - In 
T 


_ 1 _ ln ( 1± 

1 + QfiVi \l + aiVi/ 


aiV \ 


a 2 T * ( 1 + a 2 T* 

— 1 — In 


T(t-n)T*(t-ri)(l + a 2 T 1 *) 


— 1 — ln 


a 2 T£ \ 1 + a 2 T£ 

/T(t-n)y(t-n)( 1 


cnV^Tl 


1 + a 2 T* [ TxT* (1 + a 2 T*{t - n)) 


- 1 - ln 


V T 1 V 1 {l + a 1 V(t-T 1 ))T* 
/ T(t-n)r*(t-r 1 )(i + a 2 r 1 *) 

V TiT* (1 + a 2 T*{t — ri)) 


= --(T-Tx) 2 


PiTiVx 


PiTxVx 


1 


ax {V - Ui) 2 

faTxT* 

a 2 (T* - T*f 

{l + axV){l + axVx)Vx 

1 + a 2 T* 

(l+a 2 T*)(l+a 2 T*)T* 


1 + aiUi 

1 + a 2 T)* 


Ti 

T 

T\ 

T 


■ aiUi 

( T(t - Tx)V(t - rx) (1 + aiUi) Tj 
\ TxVx(l + axV{t-Tx))T* 

T{t — Tx)T*(t — Tx) (1 + u 2 T £ ) 


9 


+ 9 


TxT* (1 + a 2 T*(t - tx)) 


l + axV\ 

1 + axVx) +9 \ 
1 + a 2 T* 


(VxT*(t — r 2 ) 


VT* 


1 + a 2 Tj" 


(18) 


Since TZq > 1, then T,T*,V > 0. From Eq. (18) we have < 0 and = 0 ocurs at Si. Let Dx = 
{(T, T*,V) : = 0}. It is clear that Si is the largest invariant subset of Dx. Using LaSalle’s invariance 

principle we obtain that Si is globally asymptotically stable when 1Z 0 > 1. □ 


3 HIV-1 model with distributed delays 


In this section, we formulate an HIV-1 infection model with saturated virus-target and infected-target incidences 
and two types of distributed time delays: 


T(t) =p- dT(t) 

POO 

T*(t ) = / fx(s) 
Jo 


PxT(t)V(t) f3 2 T(t)T*(t ) 
l+axV(t) 1 + a 2 T*(t) ’ 

\ PiT(t-s)V(t-s) p 2 T(t-s)T*(t. 
l + axV(t — s) 1 + a 2 T*(t — 



ds — pT*(t), 


pOO 

V(t) =b f 2 (s)e~^ s T*{t- s)ds 

Jo 


cV(t). 


(19) 

(20) 
(21) 


Let us assume that the probability distribution functions /,(s) satisfy fi(s) > 0, * = 1,2 and 


J fi(s)ds = 1, J fi{u)e lu du < oo, * = 1 , 2 , 

0 0 

where (. > 0. Denote rji = / 0 °° fi(s)e~ SiS ds, i = 1,2, thus, 0 < rji < 1. Define the Banach space of fading 
memory type 


C 1 = {</> G C((— oo, 0], R) : e ar] (j)(ij) is uniformly continuous for rj € (— oo,0] and ||</>|| < oo} 
where 7 is a positive constant and ||0|| = sup | </>(??) | e 7 V Let 

T]< 0 

C+ = {</> G C 1 : </>(??) > 0 for 77 G (- 00 , 0]}. 
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The initial conditions for system (19)-(21) are given as: 


T{ri) = (pi{r]), T*{rj) = ip 2 (v), V(v) = <P3(ri), for 77 <= (- 00 , 0], 

<Pi€C+, i= 1,2,3. (22) 

System (7)-(9) with initial conditions (22) has a unique solution [27]. 


3.1 Basic properties 


The non-negativity and boundedness of the solutions of model (19)-(21) will be established in the next lemma. 

Lemma 3. The solutions (T(t),T*(t),V(t)) of model (19)-(21) with initial conditions (22) are non-negative 
and ultimately bounded. 

Proof: Similar to the proof of Lemma 1, one can show T(t) > 0 for all T(t) > 0 for t £ (0, K7 2 ), where 
( 0 ,- 072 ) is the maximal interval of existence of solution of system (19)-(21) with (22). From Eqs. (20)-(21), we 
have 

pt pO O 

T*(t) =e-^V 2 (0)+ / e-rt-rt / fi(s)e~ SlS 

Jo Jo 

pt po o 

V(t) = e~ ct y>3(0) + b / / f 2 {s)e~ S2S T*(r] — s)dsdr] > 0. 

Jo Jo 

From Eq. (19) we have lim supT(t) < Let F(t) = / n °° fi(s)e~ SlS T(t — s)ds + T*(t). Then 

t—too CL u 


PiT(r] - s)V(r] - s) /3 2 T(ri - s)T*(rj - s) 


1 + aiV(r] - s ) 


1 + a 2 T* (77 - s) 


dsdrj > 0 , 


Mt) = / fi(s)e 


—Sis 


p — dT{t — s) — 


AT(t - s)V{t - s) p 2 T{t - s)T * (t - s ) 


+ / /i( s ) e 


— <5is 


1 + a\V{t — s) 1 +a 2 T*(t — s) 

hTit-sWt-s) , 0 2 Tit-a)T*it-8)] ds _ 


ds 


1 + aiP(t — s) 1 + a 2 T*{t — s) 

pO O 

PVi-d fi{s)e~ SlS T{t — s)ds — pT*(t) 
jo 

<P ~ a (/ A ( s ) e ~ SlS T(t- s)d s + T *{t)^J =p-aF 2 (t), 


where, a = min{d, p,}. Hence, limsupj^.^ F 2 {t) < Since f^° /i(s)e SlS T{t — s)ds > 0 and T* > 0 , then 
lim sup^^ T* (t) < — . From Eq. (21) we have 


poo 

V(t) = b / f 2 (s)e- 52S T*(t - s)ds - cV(t) < h l2 - - cV(t) < 6 - - cV(t). 

Jo a a 


Thus limsup V{t) < — . Therefore, T(t),T*{t) and V(t) are ultimately bounded. □ 

£—>■00 C(J 

The existence of the steady state of the model (19)-(21) will be shown in the next lemma. 

Lemma 4. 

(i) If IZo < 1, then there exists only positive steady state So, 

(ii) if 1 <7^o, then there exist only two positive steady states So and Si. 

The proof. Let the R.H.S of system (19)-(21) be equal zero 


0 = 

0 = 
0 = 


p-dT - 


/3i TV (3 2 TT* 


ill 


1 + ai V 1 + a 2 T 
Ai TV j3 2 TT* 


1 + aiV 1 + a 2 T* 



i l2 bT* - cV, 


(23) 

(24) 

(25) 
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Solving Eqs. (23)-(25) we find that the system has two steady states, disease-free steady state S 0 = (T 0 , 0, 0, 0), 

where To = — , and endemic steady state S-[ (T-[ . T-,* ,V\). where 
a 

T _ pc (1 + ai Vi) {br) 2 + a 2 cV 1 ) _ ~B + VB 2 - \AC _ br] 2 T^ 

1 br)ir ]2 [Pi (br] 2 + a 2 cVi) + p 2 c (1 + otiVi)\ ’ 1 2 A ’ 1 c 

where 

A = pbr] 2 {da \a 2 + pia 2 + foai) , 

B = P 2 {pc — paibpip 2 ) + Pibrj 2 (p — pa 2 i) i) + dp{ca 2 + aibr/ 2 ), (26) 

C = dpc (1 — 1Z 0 ) > 

and 

n 0 = (6/3i 772 + (3 2 c ) , 

pc 

where TZq represents the basic infection reproduction number. □ 


3.2 Global properties 

In this section, we study the global stability of all the steady states of system (19)-(21) employing the method 
of Lyapunov function. 

Theorem 3. If TZq < 1, then So is globally asymptotically stable. 

Proof. Define 


L 2 {T, T*,V) = T 0 g 

m J 0 Jo L 1 


J^JI* PlTp y 

Vi C 

Pi T(t - rpV{t - rp 


+ «i V(t - rj) 


+ 


bpiTo 


poo ps 

/ f 2 {s)e~ S2S / T*{t — ipdrjds. 
Jo Jo 


P 2 T{t — rj)T*{t — rj) 
1 + a 2 T*{t - rj) 


dr/ds 


Calculating 


dL 2 

dt 


along the solutions of the system (19)-(21), we obtain 


dL 2 

dt 


1 

Vi 

P 1 T 0 


‘ pOO 

/ fi(s)e~ Sl 
Jo 


P\TV p 2 TT* 


1 + aiP 1 + a 2 T* 

PiT(t-s)V(t-s) /3 2 T(f — s)T*{t — s) 
1 + a\V{t — s) 1 + a 2 T*{t — s) 


ds - pT* 


pO O 

b h{s)e~ S2S T* (t - s)ds - cV 

. Jo 


poo 

/ fS«)p~ SlS 

f PiTV 

p 2 TT* 

piT{t - s)V{t - s) 

P 2 T(t — s)T*{t — s y 

1 0 

_l + ai V 

1 + a 2 T* 

1 + a\V{t — s) 

1 + a 2 T*{t — s ) 


+ l ^~ - J f 2 {s)e~ S2S [T* -T*{t- s)]ds 

= (‘ - y) - dT) - “ Ar "rryv - + i ( 


p ( T 0 b/3i7pr] 2 T 0 p 2 rp 


ds 


-IT 


pc 




( r f _ 'T 1 T /2 rr 1*2 .. 

= -d- ^ a\p\To 1 , _ „ - a 2 p 2 T 0 1 , _ ^ + ^(K 0 - 1)T*. 


T 


1 + aiV 


1 + a 2 T* rp 


(27) 


If ^0 < 1, then — - < 0 for all T, T* , V > 0. Similar to the proof of Theorem 1 one can easily show that So is 
dt 

globally asymptotically stable when TZq < 1 .□ 

Theorem 4. If 1 < TZq , then Si is globally asymptotically stable. 
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Proof. We construct the following Lyapunov functional 


U 2 {T,T* ,V, Z) = T ig 

+ 

+ 

+ 


T 
Ti 
ATiVi 


1 

?7i 


-Tig 


P 1 T 1 V 1 

bmT 1 * (1 + aiVi) 


Vig 


Vi (! + oc\V{) 
feTiPi* f 
Vl (1 + Oi 2 Ty ) Jq 
Pirn 


I',,,*-- I 


T(t - r]) V (t — rj) (1 + aiVi) 
(1 + ai V{t - g)) 
T{t-g)T*{t-g){l + a 2 T^) 


?? 2 (1 + aiVi) 


T\Tl (1 + a 2 T*(t — 77 )) 
J o °° / 2 ( S )e- fes jT g dgds. 


dgds 

dgds 


We evaluate along the trajectories of (19)-(21) is given by 


dU 2 


dt 


^ = (1 -^)[ P -dT- 


Pi TV I3 2 TT* 


T 

rp* 

d ( 1 — T* 

?7i V T* 

P\T\V\ 


1 + a\V 1 + a 2 T* 




PiT(t - s)V(t -a) j3 2 T(t - s)T*(t - s) 


ds - /jT 


+ 

+ 

+ 

+ 

+ 

+ 


6772^(1 + 01^) \ 

PiTiVi 

7*00 

?7i (1 + aiVi) , 

L ■ 

P\T\V\ 

7*00 

?7i (1 + aiVi) , 

L ■ 

/3 2 TiTi* 

t»oo 

gi (1 + a 2 T £ ) 

Jo 

/? 2 Ti T* 

7*00 

?7i (1 + at 2 Tl ) 

Jo 

PiTiVi 

7*00 

772 (1 + aiVi) . 

L ■ 


!-* 

V 


1 H - oc (t — 5) 1-|- 0L2 T* (t — s) 

(bj f 2 (s)e~ 52S T*(t- s)ds-cV^j 

f ( \ -^{TVil+aM) T(t-s)V(t-s)(l + a 1 V 1 )\ 
Jo Jl[> \T 1 V 1 (1 + a{V) mil + a, V(t-a)) J 

/T(t-s)V(t-s)(l + a 1 V) 


fi(s)e~ SlS 

/i(s)e _<hs ln 


ds 

v TP(l+aiP(i-a)) ' 

TT* (1 + u 2 T { ) T(t - s)T*(t - s) (1 + a 2 Tf) 
T X T* (l + a 2 T*) T X T* {l + a 2 T*{t- s)) 
T(t — s)T*(t — s) (1 + a 2 T*)' 


ds 


TT* (1 + a 2 T*{t — s)) 

T*{t-s ) 


ds 




'J 1 * 


ds. 


Collecting terms of Eq. (28) and applying the steady state conditions for Si : 

P 1 T 1 V 1 fd 2 T{T* x _ a, _ eg T , 

1 1 + aiVi l + a^Tj* 77 ! 1 bg ig 2 11 


we get 


f = 4v-U) 2 + ( 1 -* 


T 

/? 2 Ti T 
1 + a 2 T* g x T 


T 


P iTiVi , /3 2 TiT* 


1 + ol 1 V 1 1 + a 2 TT 


PiTxV 

l + a{V 


r h{s)e - ^T{t-s)V{t-s) 

ViT*Jo h[) 1 + ai V(t-s) 


T* 




1 + a 2 T*(t - s) 


foTVTt 

PiTiV! 

7*00 

/ / 2 (s)e-' 2S 

Jo 

1 + <^ 2^1 

?72 (1 + Oil Pi) 

Pi TM 

ATiP 

7*00 

/ A(s)e- 5lS 
/o 

1 + OiPi 

?7i (1 +OiPi) , 


ATiVi 

1 + a 2 T* 1 + aiEi 

_, 2S PiT*(t-s) /?iTiP 


/3 2 TiT* 


Vl (1 + a 2^T ) 7o 
P 1 T 1 V 1 


fi( s )e~ SlS In 


PT* 1 + aiVi 

T(t - s)V(t - s) (l + aiP)\ 
TV (l + ai V(t~ s)) J 
T(t — s)T*(t — s) (1 + a 2 T*) 


In 


ds 


g 2 (1 + aqVi) 


TT* (1 +a 2 T*{t- s)) 
J™ f 2 (s)e~ S2S In ( T * {t T ~ s) ^)ds. 


ds 
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Using Eq. ( 17 ) we get 


dU 2 

dt 


t-t i) 2 




(1 


PiTiV i 
1 + a.\V\ 
a 2 T*)T* 


(1 + a\Vi) V V 1 + a±V 

(1 +a 1 V)V 1 ~ V x ~ + 1 + aiUi 


l + a 2 T* [ (1 + a 2 T*) T* Tj 

Pirn 


T* 1 

- — - 1 + 


Ti 

T 


1 + aiUi 

V i (1 + aiVi) , 
P 1 T 1 V 1 

Vi (! + a{Vy) , 
^T x T* 

V i (1 + otiTf) 
hTiTj 
Vi (1 + a 2Ti ) 
PiT\Vi 

rj 2 (1 + ot\V\) , 


1 - In ( — 
T 


ol 2 T 

1 + a 2 T[ j 
fcTxTl 


h(s)e 


— Sis 


Ty _ i _ i n ( Ty 

1 +a 2 T* [T \T 

T(t — s)V (t — s ) (1 + atiVi) T* 


fy(s)e 


— Sis 


In 


/i(fi 

/i(fi 


= -i5is 


T 1 U 1 (l + a 1 U(t-s))T 
T(t — s)V (f — s) (1 + qi U i) T-j* 
TiVi (l+aiV(i-s))T* 
T(i-s)T*(f-s)(l+a 2 T*) 


- 1 


ds 


ds 


- 1 


a -<5is 


In 


T\T* (1 + a 2 T*(t — s)) 

/ T(t — s)T*(t — s) (1 + a 2 Tf) 
V T^T* (1 + a 2 T* (i — s)) 


(is 


(is 


Ma)e~^ 


PyTM 

1 + aiUi 


1 + 
1 + 


o 

aqU 

aiVi 


— 1 — In 


Vi T*(t-s) 
VT* 

1 + aqVV 

1 + aiVj 


- 1 - In 


1 + a 2 T* 


V\T*(t — s) 
VT* 

1 + a 2 T 


1 + ol 2 T * 


ds 


— 1 — In 


n+a 2 T*\ 

\l + a 2 T*J 


P1T1V1 

<*i (V - Ui ) 2 

foTi T* 

a 2 (T* - T*f 

1 + aiUi 

(1 + aiU) (1 + a\V\) Vi 

1 + a 2 T* 

(l + a 2 T*)(l+a 2 T*)T* 


fiyTiVi 

rOO 

/ /i( s ) e_<5lS 

/o 

rji (1 + aiVi) , 

p 2 T\Tl 

/»oo 

/ fi(s)e~ s 

Jo 

m (1 + a 2 TZ) 

0 yT{Vi 

poo 

/ f 2 (s)e~^g 

) 0 

r] 2 (1 + aiVi) , 



V\T*{t — s) 
VT * 


T(t — s)V(t — s) (1 + aiVi) T* 
TiVi(l + a 1 V(t-s))T* 
T(t— s)T*{t — s) (1 + a 2 r*)\ 
T X T* (1 + a 2 T*(t- s)) J 

^ ds. 



/ 1 + ot\V \ 
Vl + aiVj 
1 + a 2 T* V 
l + a 2 T* ) 


J ds 
ds 


Similar to the proof of Theorem 2, one can easily show that Si is globally asymptotically stable. □ 


4 Numerical simulations 

In order to illustrate our theoretical results, we will perform numerical simulations for system (7)-(9). We use 
the data given in Table 1. 


Table 1: The data of system (7)- (9). 


Parameter 

Value 

Parameter 

Parameter 

A 

10 cells mm - 3 day -1 

n 

Varied 

d 

0.01 day” 1 

t 2 

Varied 

Pi 

Varied 

Si 

0.9 day -1 

P 2 

0.0001 cells -1 mm 3 day -1 

62 

0.1 day -1 

a i 

Varied 

b 

10 virus cells -1 day -1 

a 2 

Varied 

c 

3 day -1 

d 

0.9 day -1 
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4.1 Effect of the parameter f3\ on the stability of steady states 

To show the global stability of the steady states we consider three different initial conditions: 

IC1: ifii(r)) = 600, ip 2 {rj) = 1, ¥>3(^7) = 1, 

IC2: <pi(r}) = 200, <p 2 (ri) = 0.5 ,^ 3 (r?) = 3, 

IC3: y?i(?7) = 700, <p 2 (rj) = 5, ^3(77) = 9, 
where, t] € [— maxjri, t 2 }, 0]. 

In this case we choose t-\ = 0.5 day, t 2 = 0.9 day, cu = 0.009 virus -1 mm 3 , a 2 = 0.005 cells -1 mm 3 and 
study the following subcases for the initial conditions IC1-IC3.: 

(i) R-o < 1. We choose, /3i = 0.0001 virus -1 mm 3 day -1 , then we compute 1Z 0 = 0.2867 < 1. From 
Lemma 2 we have that the system has one steady state So- From Figures 1-3 we can see that, the concentration 
of uninfected CD4 + T cells is increasing and tends its normal value p/d = 1000, while the concentrations of 
infected cells and free HIV-1 are decaying and approaching zero for all the three initial conditions IC1-IC3. It 
means that, Sq is globally asymptotically stable and the virus will be removed. This result support the result 
of Theorem 1 . 

(ii) IZq > 1. We take /3i = 0.001 virus -1 mm 3 day -1 , and then, TZq = 2.2292 > 1. Lemma 2 state that 
the system has two positive steady states So and Si. It is clear from Figures 4-6 that, both the numerical 
results and the theoretical results given in Theorem 2 are consistent. It is seen that, the solutions of the system 
converges to the steady Si (491.6543, 3.6015, 10.9717), for all the three initial conditions IC1-IC3. 

4.2 Effect of the saturation infection on the HIV-1 dynamics 

In this case, we consider the initial condition IC2. We take the values ti = 0.5 day, t 2 = 0.9 day and/?i = 0.001 
virus -1 mm 3 day -1 . Figures 7-9 show the effect of saturation infection. We observe that, as a± and a 2 are 
increased, both the virus-target and infected-target infection rates are decreased, and then the concentration 
of the CD4 + T cells are increased, while the concentrations of the infected cells and free HIV-1 particles are 
decreased. 

4.3 Effect of the time delays on the stability of steady states 

In this case, we consider the initial condition IC2. We take the values /3 1 = 0.001 virus -1 mm 3 day -1 , a.\ = 0.009 
virus -1 mm 3 and a 2 = 0.005 cells -1 mm 3 . Let us consider the case r = Ti = t 2 . The values of TZq and the 
steady states of system (7)-(9) with different values of r are presented in Table 2. 

Table 2: The values of steady states, Rq for model (7)-(9) with different values of the delay parameter r. 


Delay parameter 

Steady states 

Ro 

r = 0.0 

Ei = (319.8688,7.5570,25.1900) 

3.8148 

t = 0.2 

Ei = (373.1935,5.8172,19.0069) 

3.1251 

s 

II 

0 

b> 

Ei = (517.7076,3.1228,9.8032) 

2.0973 

r = 0.9 

Ei = (670.8935,1.6267,4.9557) 

1.5552 

r = 1. 

Ei = (733.0161,1.2061,3.6377) 

1.4077 

r =1.3431 

E 0 = (1000,0,0,0) 

1 

r = 1.5 

E 0 = (1000,0,0,0) 

0.8552 

T = 2 

E 0 = (1000,0,0,0) 

0.5196 

t = 2.5 

E 0 = (1000,0,0,0) 

0.3157 
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From Table 2 we can see that, IZg is decreased as r is increased. Using the data given in Table 1, we get: 

(i) if 0 < t < 1.343070098, then S\ exists and it is globally asymptotically stable, 

(ii) if t > 1.343070098, then 5 0 is globally asymptotically stable. 

Figures 10-12 show that the numerical results are also compatible with the results of Theorems 1 and 2. It 
can be seen that when the time delay is increased, the system can be stabilized around the disease-free steady 
state Sq- This means that the delay plays a similar job as the antiviral treatment in clearing the HIV-1 from 
the plasma. 




Figure 1: The evolution of uninfected CD4 + T cells 
with initial IC1-IC3 in case of Rq < 1. 



Time 


Figure 2: The evolution of infected cells with initial 
IC1-IC3 in case of Rg < 1. 



Figure 3: The evolution of free HIV-1 with initial 
IC1-IC3 in case of Rg < 1. 


Figure 4: The evolution of uninfected CD4 + T cells 
with initial IC1-IC3 in case of Rq > 1- 
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Figure 5: The evolution of infected cells with initial Figure 6: The evolution of free HIV-1 with initial 

IC1-IC3 in case of Rq > 1. IC1-IC3 in case of R 0 > 1. 




Figure 7: The evolution of uninfected CD4 + T cells 
with different saturation parameters ai,« 2 - 



Figure 8: The evolution of infected cells with dif- 
ferent saturation parameters ai,a 2 - 



Figure 9: The evolution of free HIV-1 with different Figure 10: The evolution of uninfected CD4 + T 

saturation parameters a\,cx 2 - cells with different delay parameter r. 
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Figure 11: The evolution of infected cells with dif- Figure 12: The evolution of free HIV-1 with differ- 

ferent delay parameter r. ent delay parameter r. 
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Abstract 

The aim of this paper is utilize proper iterative methods for solving 
equations on Banach spaces. The differentiability of the operator involved 
is not assumed neither the convexity of its domain. Applications of the 
semi-local convergence are suggested including Banach space valued func- 
tions of fractional calculus, where all integrals are of Bochner-type. 
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Key Words and Phrases: iterative method, Banach space, semi-local 
convergence, Fractional Calculus, Bochner-type integral. 

1 Introduction 

Let Bi , B 2 stand for Banach space and let fi stand for an open subset of Bi . 
Let also U ( z,p ) := {u £ B 1 : ||it — z\\ < p} and let U ( z,p ) stand for the closure 
of U ( z,p ). 

Many problems in Computational Sciences, Engineering, Mathematical Chem- 
istry, Mathematical Physics, Mathematical Economics and other disciplines can 
written as 

F(x) = 0 (1.1) 

using Mathematical Modeling [1]-[17], where F : 12 — > B 2 is a continuous op- 
erator. The solution x* of equation (1.1) is sought in closed form, but this is 
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attainable only in special cases. That explains why most solution methods for 
such equations are usually iterative. There is a plethora of iterative methods 
for solving equation (1.1), more the [2, 6, 7, 9 - 13, 15, 16]. 

Newton’s method [6, 7, 11, 15, 16]: 

x n+1 = x n - F' {x n )~ l F(x n ) . (1.2) 

Secant method: 

Xn + 1 — [*Tn— 1 , %n , A] A (x n ) , (1-3) 

where [-,-;F] denotes a divided difference of order one on O x Q [7, 15, 16]. 
Newton-like method: 


•Tn+l — n ^ n ^ (^-n) , (1-4) 

where E n = E (F) ( x n ) and E : ft — > £(Bi,i? 2 ) the space of bounded linear 
operators from B\ into B 2 . Other methods can be found in [7], [11], [15], [16] 
and the references therein. 

In the present study we consider the new method defined for each n = 
0,1,2,... by 

x n+ i = G ( x n ) 

G(x„ + i) = G(x n ) - A~ 1 F(x n ) , (1.5) 

where Xq G fl is an initial point, G : B 3 — > Q (B 3 a Banach space), A n = 
A(F) (x n+ i,x n ) = A(x n+ \,x n ) and A : fi x fl — » C(Bi,B 2 ). Method (1.5) 
generates a sequence which we shall show converges to x* under some Lipschitz- 
type conditions (to be precised in Section 2). Although method (1.5) (and 
Section 2) is of independent interest, it is nevertheless designed especially to be 
used in g - Abstract Fractional Calculus (to be precised in Section 3). As far as 
we know such iterative methods have not yet appeared in connection to solve 
equations in Abstract Fractional Calculus. 

In this paper we present the semi-local convergence of method (1.5) in Sec- 
tion 2. Some applications to Abstract g-Fractional Calculus are suggested in 
Section 3 on a certain Banach space valued functions, where all the integrals 
are of Bochner-type [8], [14]. 

2 Semi- local Convergence analysis 

We present the semi-local convergence analysis of method (1.5) using conditions 

(M): 

(mi) F : C B\ — » B 2 is continuous, G : B 3 — > Q is continuous and 

A (x, y) € C (B \ , B 2 ) for each (x,y) € fl x O. 
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(m2) There exist /3 > 0 and fio C B\ such that A(x,y) 1 € C{B2,Bi) for 
each (z, y) G flo x flo and 

A(x,yY l </ 3 -1 . 

Set fi 0 . 

(m3) There exists a continuous and nondecreasing function if : [ 0 , +00) 3 — > 
[0, +00) such that for each x, y € fii 

II F{x) — F (y) — A (z, y) (G {x) - G (y))|| < 

pip(\\x-y\\ , Hz - m 0 || , || y - z 0 ||) ||G(z) - G(y)|| . 

(7714) There exists a continuous and nondecreasing function if 0 : [ 0 , +00) — » 
[ 0 , +00) such that for each x G 

||G (z) - G (z 0 )|| < if 0 ( 1 1 z - zoll) ||z — z 0 || . 

(7715) For Zo G $ 7 o and Zi = G (zo) G Oo there exists 77 > 0 such that 

A (zi, zo ) -1 F (zo) <77. 

(m 6 ) There exists s > 0 such that 

ip(rj,s,s) < 1 , 

V’o («) < 1 

and 

II G (z 0 ) - zoll < s < — , 

J- — qo 

where qo = ip (77, s, s ) . 

(7717) U (zo, s) C fl. 

Next, we present the semi-local convergence analysis for method ( 1 . 5 ) using 
the conditions (M) and the preceding notation. 

Theorem 2.1 Assume that the conditions ( M ) hold. Then, sequence {x n } 
generated by method ( 1 . 5 ) starting atxoGft is well defined in U (zo, s), remains 
in U (zo,s) for each n = 0 , 1 , 2 ,... and converges to a solution x* G U (zo,s) 
of equation F (z) = 0 . The limit point x* is the unique solution of equation 
F (z) = 0 in U (zo, s ) . 

Proof. By the definition of s and (ms), we have Zi G U (zo,s). The proof 
is based on mathematical induction on k. Suppose that ||zfc — Zfc_i|| < qi) 1 !! 
and ||zfc — Zo|| < s. 
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We get by (1.5), (m 2 ) — (ms) in turn that 

\\G(x k+ 1 )-G(x k )\\ = ||A* 1 F(a*)|| = 

H^T 1 (F (Xk) - F( X k -i) - A k - 1 (G (Xk) - G(a;/ S _i))):[| 

< ||VII || F{x k ) - F(x k _ 1) - A k _ 1 (G(x k ) - G(a; fc _i))|| < 

(Ha;*, - ar fc _i || , ||£Cfe_i - x 0 || , || y k - x 0 ||) ||G( 2 Jfc) - G{x k - 1)|| < 

ip{v,s,s ) || G(x k ) - G(x fc _i)|| = q 0 || G{x k ) -G(x k - 1)|| < q ||xi - x 0 || < hoV 

( 2 . 1 ) 

and by (mg) 

||ajfe+i ^ a; 0 || = || G(x k ) - x 0 || < || G(x k ) - G (x 0 )|| + ||G (x 0 ) - a; 0 || 

< ko (I \ x k - aio||) ||aifc ^ £ 0 || + ||G (x 0 ) - aj 0 || 

< i > 0 ( s ) s + ||G (x 0 ) - xoll < s. 

The induction is completed. Moreover, we have by (2.1) that for m = 0, 1, 2, ... 

1 — q m 

||®fc+m - Xfcll < — 9 c 7 ?- 

l- 9 o 

It follows from the preceding inequation that sequence {G (a;*,)} is complete in a 
Banach space B\ and as such it converges to some x* € U (xq, s ) (since U (xq, s ) 
is a closed ball). By letting k — > +00 in (2.1) we get F (x*) = 0. We also get 
by (1.5) that G (x*) = x*. To show the uniqueness part, let 2 :** € U (xo ,s) be 
a solution of equation F( x) = 0 and G(a;**) = 2 ;**. By using (1.5), we obtain 
in turn that 


\\x** - G (x k+1 )\\ = \\x** -G^+A^Fix^-A^Fix**)]] < 

ll^ 1 1| 11^ (***) - F (x k ) - A k (G ( 2 ;**) - G (a*))|| < 
/3 _1 /3^o (Ik** - ajfcll , lkfe+i - aj 0 || , Ikfc - ®o||) ||G ( 2 :**) -G(x k )\\ < 
Qo II G ( 2 ;**) — G ( 2 :^) || < 9 q +1 || 2 ;** — x 0 || , 
so lim x k = 2 ;**. We have shown that lim x k = x* , so x* = x**. m 

k — »+oo k — >-+oo 


Remark 2.2 (1) Condition (m2) can become paid of condition (m3) by consid- 
ering 

{ms)' There exists a continuous and nondecreasing function ip : [0, + 00) 3 — > 
[0, + 00 ) such that for each x, y € f2i 


A (x,y) 1 [F (x) — F (y) 


A (x, y) (G ( 2 :) — G ( 2 /))] 


< 
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v (II® - y II , II® - ®o|| , II y - ®o||) ||G (®) - G (y)|| . 

Notice that 

tp(ui,U2,U 3 ) < (ui,U 2 ,U 3 ) 

for each u\ > 0 ; U 2 > 0 and u 3 > 0. Similarly, a function ip 1 can replace ip 1 for 
the uniqueness of the solution part. These replacements are of Mysovskii-type 
[6], [11], [15] and influence the weaking of the convergence criterion in (me), 
error bounds and the precision of s. 

(2) Suppose that there exist ft > 0, > 0 and L € C (Bi, B 2 ) with L -1 £ 

C(B 2 ,Bi) such that 

ll L_1 ll ^ z 3 ” 1 

\\A(x,y) - L\\ < fl 1 

and 

P 2 := P 1 Pi < 1 - 

Then, it follows from the Banach lemma on invertible operators [11], and 

|| L_1 || II A(x,y) - L\\ < P~ 1 P 1 = P 2 < 1 

that A(x,y) 1 £ C (B 2 , B\). Let fl = . Then, under these replacements, 

condition (m 2 ) is implied, therefore it can be dropped from, the conditions (M). 


Remark 2.3 Section 2 has an interest independent of Section 3. It is worth 
noticing that the residts especially of Theorem 2.1 can apply in Abstract g- 
Fractional Calculus as illustrated in Section 3. By specializing function ip, we 
can apply the results of say Theorem 2. 1 in the examples suggested in Section 
3. In particidar for (3.21), we choose for U\ > 0, 112 > 0, u 3 > 0 

, , , ak 


if 1 9 (®) 

if 1 9 (®) 


g(y) | < Pi for each x, y £ [a, b ] : 


ip(ui,u 2 ,u 3 ) = 


Xp.2 


at (v) (u + iy 
g(y ) I < £ 2 II® - y II f° r each x ,y e [a,&] and p 2 


ip(ui,u 2 ,u 3 ) = 


[IT (v) (i/ + l )’ 


£2 \b~ a \ ; 


if | g (a;) | < £ 3 for each x, y £ [a, b] and /i 3 = 2£ 3 , where X, v and F are defined 
in Section 3. Other choices of function ip are also possible. 

Notice that with these choices of function ip and f = F and g = G, crucial 
condition (m 3 ) is satisfied, which justifies our definition of method (1.5). We 
can provide similar choices for the other examples of Section 3. 
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3 Applications to X-valued ^-Fractional Calcu- 
lus of Canavati type 

Here we deal with Banach space ( X , ||-||) valued functions / of real domain [a, b ]. 

All integrals here are of Bochner-type, see [14]. The derivatives of / are defined 
similarly to numerical ones, see [17], pp. 83-86 and p. 93. 

Here both needed backgrounds come from [5]. 

Let v > 1, v ^ N, with integral part [v] = n g N. Let g : [a, b] — * K. be a 
strictly increasing function, such that g £ C 1 ([a, &]), g~ 1 € C n ([g (a) , g (b)]), 
and let / g C n ([a, b ] , X). It clear then we obtain that (/ o g” 1 ) g C n ([ g (a) , g ( 6 )] , X). 
Let a := v — [v] = v — n (0 < a < 1). 

(I) See [5]. Let h g C {[g (a) , g ( 6 )] , X), we define the X-valued left Riemann- 
Liouville fractional integral as 

(z) := - if ” 1 h 0 1 ) dt , (3.1) 

for g (a) < zq < z < g (b), where T is the gamma function. 

We define the subspace ([ g (a) , g ( 6 )] , X) of C n ([ g (a) , g (&)] , X), where 

x € [a, b] : 

C v g(x) ([ 9 {a) , g (&)] , X) := [h g C n ([g (a) , g ( 6 )] , X) : g C 1 ([g (x) , g (b)} , X)} . 

(3.2) 

So let h g Cg( x X[g (a) , g (b)\ , X)\ we define the X-valued left ^-generalized 
fractional derivative of h of order u, of Canavati type, over [g (x ) , g ( 6 )] as 

^(x) /l:= ( J l-« )/^( " ) ) , • (3 - 3) 

Clearly, for h g CC x x {[g (a) , g ( 6 )] , X), there exists 

M " rcrbo i - tr ° hM (t) dt ' m 

for all g{x) < z < g{b) . 

In particular, when / o g _1 g CC , ( [g (a ) , g ( 6 )] , X) we have that 

( D «V> (/ °»" 1 )) « = -L ) ' i)_ ° (/ ° 9 " 1)<n> (t) dt ' (3 ' 5) 

for all 2 : g (x) < z < g ( b ) . 

We have that £P (x) (/ o ^T 1 ) = (/ o g _1 ) (n) and D° (x) (/ o g- 1 ) = / o g” 1 . 

From [5] we have for ( fog -1 ) g CC , ([3 (a) ,5 ( 6 )] ,X), where x g [a, 6 ], 

(X - -valued left fractional Taylor’s formula) that 

^ v - 1 (/°s _1 ) (fc) (9(x)) , 

/ ( 2 /) - / (a?) = 2^ Y| (5 ( 2 /) - 0 (a’)) + (3-6) 

fc=i 
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1 f 9( - y ' ) / \ 

ttt t / ( g{y)-t) U \ D g(x) (f ° a -1 )) (t) dt, for all y G [a, b] : y > x. 

1 \ v ) Jg(x) V J 

Alternatively, for {fog- 1 ) g C v g{y) {[g (a) , g (6)] , X), where y G [a, b], we 
can write (again X-valued left fractional Taylor’s formula) that: 


fix) - f(y) = Yl 


(f°9 1 ) (t) ( g{y )) 


fc=l 


k! 


(. 9 (x) - g (y)) + 


(3.7) 


TT 7 -T [ (: g{x)-t) v ‘(d^) (/oj 1 ))(i)di, for all a: € [a, 6] : Z > y. 

Here we consider / g C n ([a, 6] , X), such that (/ o g -1 ) g Cg( x ) (19 ( a ) > 3 (/)] > -X’) J 
for every x G [a, 6]; which is the same as (/ o g- 1 ) g ([g (a) , g (6)] , X), for 
every y g [a, b\ (i.e. exchange roles of x and y); we write that as (fog- 1 ) g 
C g+ {[g(a),g(b)],X). 

We have that 

i D 9(v) (/°3 -1 )) (*) 


1 

T (1 — a) dz , 


[ (z~t) a (f°g 1 ) {n) (t) dt , (3.8) 

dg(v) 


for all 2 : g (y) < z < g (b) . 

So here we work with /gC” ([a, b] , X ), such that (/ o g- 1 ) g Cg + ([y (a) , g (6)] , X) . 
We define the X-valued left linear fractional operator 


E n — i 

k = 1 


-1 (/°9 1 ) (fc) (flfo)) /■_ /. \ / \\k-l 

k\ 


{g (y) - g (*)) 


{A 1 (f)) (x,y) := { 


( D g( X )(f°g 1 )) (g(y)) (9fa r ( , 9 +i) r x . y > x > 

{f 0 g~ 1 ) {L> (g(y)) , , s , \\k-i . 

E fc =i m (3 (x) - g (y)) _ + 

fe) (/°5' 1 ))(3W) M! feif^. x > y, 


(3.9) 


l / (n) (a;) , a; = y. 

We may assume that (see [12], p. 3) 

11(^1 (/)) ( x ,x) {A, {f)) (y,y ) || = ||/<"> (s) - / (ra) (y) 

(/ ( " } off -1 ) (y(a;)) - (/ (n) oj-'j (y(y)) < $ |y (a;) - g (y)\ , (3.10) 

where $ > 0; for any x, y g [a, 6] . 

We make the following estimations: 

(i) case of y > x : We have that 


11/ (3) ~ f{x)~ {Ai (f)) (x, y) (g (y) - g (x))|| = 
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1 [ (9 (y) ~ tY 1 ( D g(x) (/ ° 9 *)) (t) dt- 

Jg(x) v ' 


rw 


r (*/ -h i) 


(by [1], p. 426, Theorem 11.43) 


(by [8]) 


C9(V) 


' g{* 


(g(y)-ty 1 ((% (/09 x )) (*) ^ ( D g(x) (f °9 x )) (g (y))) dt 

(3.11) 


[ (g(y)-tY 1 k%)(/°s ^(sfe)) 

J g(x) 

(we assume here that 

( D g(x) if°9~ 1 )) (t) - ( D g(x) (Z 0 ^ 1 )) (g(y)) <M\t-g(y)\ , (3.12) 

for every t, g{y),g ( x ) G [g (a) , g (6)] such that g (y) > t > g (x) ; Ai > 0) 

a, r 9 ^ 

< ^ -j {9 (y) - ty- 1 (g (: v ) -t)dt= (3.13) 

T \V) J q(x) 




dt 


Ai /' 9(?/) 


r(^ 

We have proved that 


/ (0 (y) - *)" dt = 

dg(x) 


Ai (g{y)-g(x)) 

r» (1/ + 1) 


v+i 


(3.14) 


11/ (■ y ) -/(*)- (^1 (/)) (®, 2/) (5 (y) - 9 0*0) || < 

for all x,y £ [a, 6] : y > x. 

(ii) Case of x > y : We observe that 


M (ff(y)-fl(aO ) 
TM (^ + 1) 


y+1 


(3.15) 


11/ (y) ~f(x)~ (Ai (/)) (a;, y) (g (y) - g (x))|| = 

11/ (x) - f (y) - i A i (/)) (*, y) l g (x) - g (y))|| = 

<-g(x) 


1 

I>) 


's(y) 


1 . , \ 

r yyj g{y) ^(x)-ty (^ w (/or))(t)^- 

(3-16) 

feW-r 1 (( D g(v) (/°9 _1 )) (*) - (^( W ) (f°9~ 1 )) (g(x))) dt 


< 


1554 


Anastassiou etal 1547-1560 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


rsfr) 


' g(y ) 


{g ( x ) — t) v 1 ( D g( y) (fog *)) (t) - (D v g{y) (fog 1 fj(g(x)) 


dt 


rw 

(3.17) 

(we assume that 

{p V g( v ) (f°9~ 1 )) (*) ~ ( D g(y) (f ° 9^)) (9 ( x )) < A 2 / - (x)| , (3.18) 

for all t, g ( x ) ,g(y) £ [g (a) , g (6)] such that g (x) > t > g (y) ; \ 2 > 0) 


< 


I» 


/ ( 9 (x) - t) v 1 [g (x) — t)dt = 


(3.19) 


^2 


rM 

We have proved that 


rate) 

/ ( 9 (x) - tf dt = 

dg(y) 


A 2 (g (x) - g (y)) 
r» (u + 1) 




11/ (y) -f(x)~ {Ai (/)) (x, y) {g (y) - g (x))|| < 


for any x,y £ [a, b] : x > y. 


A 2 (g(x)-g(y) ) 

r M (^ + 1 ) 


V+l 


(3.20) 


Conclusion 3.1 Set A := max(Ai, A 2 ). Then 


11/ (2/) - / (x) - ^ (/)) (x, y) (g (y) - g (x))|| < 


V x,y £ [■ a,b ] (the case of x = y is trivially true). 


A I g (y) - g (x )\ v+1 
r» (I/ + 1) 5 

(3.21) 


We may choose that < 1. 

Also we notice here that v + 1 > 2. 

(II) See [5] again. Let h £ C ([g (a) ,g (6)] , X), we define the X-valued right 
Riemann-Liouville fractional integral as 

1 r z ° 

( J zo- h ) ( z ) '■= ffy, J (t- z) v ~ X h (t) dt , (3.22) 

for g (a) < z < z 0 < g (b) . 

We define the subspace Cg^_ (\g (a) , g (&)] , X) of C n ([g (a) , g (6)] , X), where 
x £ [a, b] : 

C v g(x) . ([ g (a) , g (6)] , X) := {h £ C n {(9 (a) , g ( b )] , X) : j]^_ fc (n) e C 1 ([g (a) , g (x)] , X)} . 

(3.23) 

So let h £ Cg( x )~ (id ( a ) '9 (&)] j-X'); we define the X-valued right ^-generalized 
fractional derivative of h of order v, of Canavati type, over [g (a ) , g (x)] as 

n» g{x) _h := (-lr 1 (3.24) 
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Clearly, for h € C g( x \_ ([ g (a) , g (&)] , X ), there exists 

(fo-)-'*) <*> = f C - ‘P" '•<"> <‘> M 

for all g (a) < z < g (x) < g ( b ) . 

In particular, when / o g _1 g CC X )_ ([5 (a) , g ( b )] , X) we have that 



(- I )"" 1 rf 
r (1 — a) dz 


for all g (a) < z < g (x) < g ( b ) . 
We get that 



(t) dt, 

(3.26) 


{p n B W- (/ ° ff” 1 )) (*) = (-l) n (/ ° 9- 1 )™ (z) , (3.27) 


and 

[p%)~ (/ 0 5” 1 )) {z) = (/ o g - 1 ) ( 2 ) , (3.28) 

for all z g [5 (a) , g (a;)] , see [5] . 

From [5] we have, for (fog- 1 ) g C v g{x) _ ([g (a) , g (6)] , X), where x g [a, b\, 
v > 1 (X-valued right fractional Taylor’s formula) that: 


f/ ^ f \ 1 ] {k) (g(x)) r , A 

f(y)~f ( x ) = 2 ^ Y, (9 (y) - 9 (x)) 

k = 1 


( t ~9(y)T 1 (-Dg(x)- (/ 0 9 X ))(t)dt, all a<y<x. (3.29) 

Alternatively, for (/ (Iff (a) , 5 (b)} , X), where y€[a,b],u> 

1 (again X-valued right fractional Taylor’s formula) that: 


k = 1 


f i 1 f < ) (/ 0 5 ^ J (5 (j/)) / / x / \\k 1 

f(x)-f ( y ) = 2 ^ (y w - 9 (y)) + 


1 r 9 ^ 1 / \ 

YfyjJ ( t -9(x)Y \D V g{ y )- (f°g~ 1 )) (t)dt, all a<x<y. (3.30) 

Here we consider / g C n ([a, b ] , X), such that (/ o g- 1 ) g ([g (a ) , g (6)] , X), 

for every x g [a, 6]; which is the same as (/ o g” 1 ) g C g ^_ ([g (a) ,g(b )] ,X), 
for every y g [a, b ] ; (i.e. exchange roles of x and y) we write that as (fog- 1 ) g 
C"_([g(a),g(b)\,X). 

We have that 



(-l) n_1 d f 9{v) 

r (1 - a) dz J z 


( t~Z ) a (fog 1 


(n) ( t)dt , 

(3.31) 
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for all g (a) < z < g (y) < g (b) . 

So here we work with / S C n ([a, 6] ,X), such that (/ o j" 1 ) g C"_ ([g (a) , g (&)] , X) 
We define the X-valued right linear fractional operator 

(g (!>)-»(*))*-* - 

(f “»'’)) to (»)) w T(*S) r 1 ■ *>#, 

(A 2 (f))(x,y) := < ^n-i ( / ° g ~ 1 ^, fc) ( g (^) ) ( g ( x ) - g (y))*^ 1 ( 3 - 32 ) 

(/,('„- </ ° r ■>) 0 mi “"i-Tar 1 . »>*. 

. / (n) 0*0 > x = y. 

We may assume that ([12], p. 3) 

110*2 (/)) Or,*) - (YL 2 (/)) (ff,ff)|| = ||/<"> (*) - /<"> (ff)|| < <J>* Iff (*) - <7 (ff)| , 

(3.33) 

where $* > 0; for any x, y € [a, 6] . 

We make the following estimations: 

(i) case of x > y : We have that 

11/ 0*0 0*2 (/)) (x, y) (ff (aO - ff (ff))|| = 

11/ (y) - f 0*0 - (2*2 (/)) (*, ff) (ff (ff) - ff 0*0)11 = (3.34) 

11/ (ff) - / 0*0 + ( a 2 (/)) 0*h ff) (ff 0*0 - ff (ff))ll = 

rh l! ' ~ 9 {v)r ' ( D »<*>- (/ 0 »~'>) (t) dt ~ 


{ D 9(x)-(f°g 1 ))(ff(ff)) 


(g 0*0 -g(ff)) 1 ' 

r(^ + i) 


(by [1], p. 426, Theorem 11.43) 


[ {t- g {y)T 1 (( D g(x)- (f°9 x )) (0 - ( D g( x) - (fog 1 

J n(v) V V ' V 


(by [8]) 


J {t-g{y)T ( D g(x)- (/°ff *)) W - (^(x)- (/°ff *)) (ff(ff)) 


(we assume here that 


(-DgOrO- (/°ff *)) 0) - ( 5 S %)- (/°ff *)) (ff (ff)) <Pil*-ff(ff)|, (3-37) 
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for every t, g(y),g (x) € [g (a) , g (6)] such that g (x) > t > g (y ) ; p x > 0) 


■ [ (t-g(y)Y 1 {t-g{y))dt = 

Jq(v) 


■iy)Ja(y) 0 + 1 ) 


We have proved that 

11/ (x) (M (/)) (x, y) {g (x) - g (g))|| < 

V x, y e [a, b\ : x > y. 

(ii) Case of x < y : We have that 


Pi (g(x)-g(y)Y 
I» (u + 1) 


11/ (x) -f(y)~ ( a 2 (/)) (X, y) (, g (x) - g (y))|| = 

11/ 0*0 - f{y) + (M (/)) (X, y) {g (y) - g (a0)|| = 
T^y J (t-g (x)Y~ 1 (D v g(y) _ (/ o g" 1 )) (t) dt- 


(■ D g(y)-(f°g 1 ))( 5 (^)) 


(g (y)-g(x)T 
r (^ + 1) 


i II f Av) 


r 00 Jg(x 


{t-g{x)Y (/°3 *)) (*) - ( D g(v)~ (f°9 


/ (*-9 {x)Y 1 | ( D g(y)~ (/ 0 g ')) (*) - ( D g(y)- (/ ° g ' 


(we assume that 


(/°5 *)) 0) - (/°g *)) (ffW) </3 2 |t-g(x)|, (3.42) 

for any t, g(x),g (y) G [g (a) , g ( b )] : g (y) > t > g (x) ; p 2 > 0) 

rg(y) 

< jrrr / (i - g ( a: )) iy_1 (i - g 0*0) dt = 


[ 9iV) (t-g (x)Ydt = 

L \ V ) J g(x) 

P 2 (g (y) - 9 P*0r +1 
r/) (v + i) 
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We have proved that 


11/ 0) - f{y)~ {M (/)) (x, y) ( g (x) 


V x, y € [a, b\ : x < y. 


a(y))\\ < 


P 2 (g (y) - g (x)Y +1 
r M (* + i) 

(3.45) 


Conclusion 3.2 Set p := max (p lt p 2 ). Then 


II f{x) ~f(y)~ {A 2 (/)) (x, y) (, g (x) - g (y))|| < 


V x,y £ [a, b\ ((3-46) is trivially true when x = y). 


p \g (x) - g (y)\'' +1 

r» (* + 1) ’ 

(3.46) 


One may choose < 1. 
Here again v + 1 > 2. 


Conclusion 3.3 Based on (3.10) and (3.21) of (I), and based on (3.33) and 
(3-46) of (II), using our numerical results presented earlier, we can solve nu- 
merically f (x) = 0. 


Some examples for g follow: 

g (x) = e x , x € [a, b] C R, 
g (x) = sinx, 
g (x) = tanx, 

where x € [— \ + e, f — e] , with £ > 0 small. 
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